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Abst r act

I nt er val and poi nt al gebr as have been pr oposed f or r epr esent i ng

qual i t at i ve t empor al i nf or mat i on about t he r el at i onshi ps bet ween pai r s

of i nt er val s and pai r s of poi nt s, r espect i vel y . I n t hi s paper , we addr ess

t wo r el at ed r easoni ng t asks t hat ar i se i n t hese al gebr as : Gi ven ( possi bl y

i ndef i ni t e) knowl edge of t he r el at i onshi ps bet ween some i nt er val s or

poi nt s, ( 1) f i nd one or mor e scenar i os t hat ar e consi st ent wi t h t he i nf or -

mat i on pr ovi ded, and ( 2) f i nd al l t he f easi bl e r el at i ons bet ween ever y

pai r of i nt er val s or poi nt s . Sol ut i ons t o t hese pr obl ems have appl i ca-

t i ons i n nat ur al l anguage pr ocessi ng, pl anni ng, and a knowl edge

r epr esent at i on l anguage . We def i ne comput at i onal l y ef f i ci ent pr ocedur es

f or sol vi ng t hese t asks f or t he poi nt al gebr a and f or a cor r espondi ng sub-

set of t he i nt er val al gebr a. Our al gor i t hms ar e mar ked i mpr ovement s

over t he pr evi ousl y known al gor i t hms . We al so show how t he r esul t s f or

t he poi nt al gebr a hel p us t o desi gn a backt r acki ng al gor i t hm f or t he f ul l

i nt er val al gebr a t hat i s usef ul i n pr act i ce .

Topi c : Qual i t at i ve r epr esent at i ons of t i me .

Decl ar at i on of mul t i pl e submi ssi on : Thi s paper was al so submi t t ed t o

AAAI - 90 .



1 . I nt r oduct i on

Qual i t at i ve t empor al i nf or mat i on i s i nf or mat i on such as " The Cuban Mi ssi l e cr i si s t ook

pl ace dur i ng Kennedy' s pr esi dency, " wher e onl y t he or der i ng of t he end poi nt s of t he

t wo event s i s speci f i ed . Al l en [ 2] and Vi l ai n & Kaut z [ 29] have pr oposed al gebr as f or

r epr esent i ng such qual i t at i ve i nf or mat i on about t he r el at i onshi ps bet ween pai r s of

i nt er val s and pai r s of poi nt s, r espect i vel y .

I n t hi s paper , we addr ess t wo f undament al t empor al r easoni ng pr obl ems t hat ar i se

i n t hese al gebr as : Gi ven ( possi bl y i ndef i ni t e) knowl edge of t he r el at i onshi ps bet ween

some i nt er val s or poi nt s,

1 .

	

f i nd one or mor e scenar i os t hat ar e consi st ent wi t h t he i nf or mat i on pr ovi ded .

2 .

	

f i nd al l t he f easi bl e r el at i ons bet ween ever y pai r of i nt er val s or poi nt st .

Speci f i c appl i cat i ons of sol ut i ons t o t hese pr obl ems i ncl ude nat ur al l anguage pr ocessi ng

( Al l en [ 3] , Song & Cohen [ 23] ) , pl anni ng ( Al l en & Koomen [ 5] , Hogge [ 10] ) , pl an r ecog-

ni t i on ( Kaut z [ 11] ) , and a knowl edge r epr esent at i on l anguage ( Koubar aki s et al . [ 13] ) ,

and hi st or y- based qual i t at i ve si mul at i on ( Wel d & de Kl eer [ 31] ) . As wel l , t he t ech-

ni ques devel oped her e coul d be par t of a speci al i st i n a gener al t empor al r easoni ng sys-

t em ( see [ 20] ) t hat woul d have ot her speci al i st s f or ot her ki nds of t empor al i nf or mat i on

such as quant i t at i ve i nf or mat i on about t he di st ances bet ween i nt er val s or poi nt s

( Decht er et al . [ 8] , Dean [ 6] ) , or combi nat i ons of qual i t at i ve and quant i t at i ve i nf or ma-

t i on ( Al l en & Kaut z [ 4] , Ladki n [ 14] , Mal i k & Bi nf or d [ 19] ) .

The mai n r esul t s of t he paper ar e as f ol l ows . For t he poi nt al gebr a and f or a

cor r espondi ng subset of t he i nt er val al gebr a, we def i ne comput at i onal l y ef f i ci ent pr o-

cedur es f or sol vi ng bot h of t hese t asks . Our al gor i t hms ar e mar ked i mpr ovement s over

t he pr evi ousl y known al gor i t hms . I n par t i cul ar , f or f i ndi ng one consi st ent scenar i o we

devel op an O( n 2 ) t i me al gor i t hm ( as opposed t o t he pr evi ousl y known O( n 3 ) al gor i t hm

[ 15] ) and f or f i ndi ng al l t he f easi bl e r el at i ons we devel op an al gor i t hm t hat t akes, under

cer t ai n assumpt i ons, O( n3) t i me ( as opposed t o t he pr evi ousl y known O( n 4 ) al gor i t hm

[ 26] ) , wher e n i s t he number of i nt er val s or poi nt s .

For t he f ul l i nt er val al gebr a, Vi l ai n & Kaut z [ 29, 30] show t hat bot h of t hese t asks

ar e NP- Compl et e . Thi s st r ongl y suggest s t hat no pol ynomi al t i me al gor i t hm exi st s .

We show how t he r esul t s f or t he poi nt al gebr a hel p us t o desi gn a backt r acki ng al go

r i t hm f or f i ndi ng one consi st ent scenar i o t hat , whi l e exponent i al i n t he wor st case, i s

shown t o be usef ul i n pr act i ce . A si mi l ar backt r acki ng appr oach i s gi ven f or f i ndi ng al l

t he f easi bl e r el at i ons . The r esul t s her e ar e l ess encour agi ng i n pr act i ce and we con-

cl ude t hat a bet t er appr oach i n t hi s case i s t o, i f possi bl e, accept appr oxi mat e sol ut i ons

t o t he pr obl em ( Al l en [ 2] , van Beek [ 26] ) .

The t er mi nol ogy i s f r om [ 8] . Ot her names f or pr obl em ( 1) i ncl ude consi st ent si ngl et on l a-

bel i ng [ 26] and a sat i sf yi ng assi gnment of val ues t o t he var i abl es [ 15] . Ot her names f or pr obl em

( 2) i ncl ude deduct i ve cl osur e ( 30] , mi ni mal l abel i ng [ 26] and, as i t ar i ses as a gener al on, t r ai nt

sat i sf act i on pr obl em, mi ni mal net wor k [ 21] .



2 . Backgr ound, Def i ni t i ons, and An Exampl e

I n t hi s sect i on we r evi ew Al l en' s i nt er val al gebr a and Vi l ai n & Kaut z' s poi nt al gebr a .

We end wi t h an exampl e f r om t he i nt er val al gebr a of t he t wo r easoni ng pr obl ems we

want t o sol ve .

Def i ni t i on 1.

	

I nt er val al gebr a, I A ( Al l en [ 2] ) . Ther e ar e t hi r t een basi c r el at i ons

( i ncl udi ng conver ses) t hat can hol d bet ween t wo i nt er val s .

We want t o be abl e t o r epr esent i ndef i ni t e or uncer t ai n i nf or mat i on so we al l ow t he

r el at i onshi p bet ween t wo i nt er val s t o be a di sj unct i on of t he basi c r el at i ons . We use

set s t o l i st t he di sj unct i ons . Somewhat mor e f or mal l y, l et I be t he set of al l basi c r el a-

t i ons, { b, bi , m, mi , o, oi , d, di , s, si , f , f i , eq) . I A i s t he al gebr ai c st r uct ur e wi t h

under l yi ng set 2 I , t he power set of I , unar y oper at or conver se, and bi nar y oper at or s

i nt er sect i on and composi t i on ( see [ 2] f or t he def i ni t i on of t he oper at or s) . Ladki n &

Maddux [ 16] show t hat 1A sat i sf i es t he def i ni t i on of a r el at i on al gebr a.

Def i ni t i on 2.

	

Poi nt al gebr a, PA ( Vi l ai n & Kaut z [ 29] ) . Ther e ar e t hr ee basi c

r el at i ons t hat can hol d bet ween t wo poi nt s <, =, and >. As i n t he i nt er val al gebr a,

we want t o be abl e t o r epr esent i ndef i ni t e i nf or mat i on so we al l ow t he r el at i onshi p

bet ween t wo poi nt s t o be a di sj unct i on of t he basi c r el at i ons . PA i s t he al gebr ai c

st r uct ur e wi t h under l yi ng set { 0, <, S =, >, >_, 0, ?) , unar y oper at or conver se, and

bi nar y oper at or s i nt er sect i on and composi t i on ( see [ 29] f or t he def i ni t i on of t he oper a-

t or s) . Not e t hat <, f or exampl e, i s an abbr evi at i on of { <, =} , 0 i s t he i nconsi st ent

const r ai nt , and ? means t her e i s no const r ai nt bet ween t wo poi nt s, { <, _, >} . Ladki n

& Maddux [ 16] al so show t hat PA sat i sf i es t he def i ni t i on of a r el at i on al gebr a .

Vi l ai n & Kaut z show t hat a subset of t he i nt er val al gebr a can be t r ansl at ed i nt o

t hei r poi nt al gebr a. We denot e as SI A t he subset of t he under l yi ng set of t he i nt er val

al gebr a t hat can be t r ansl at ed i nt o r el at i ons bet ween t he endpoi nt s of t he i nt er val s

usi ng t he under l yi ng set of PA ( see [ 15, 28] f or an enumer at i on of SI A) .

We wi l l use a gr aphi cal not at i on wher e t he ver t i ces r epr esent i nt er val s or poi nt s

and t he di r ect ed edges ar e l abel ed wi t h el ement s f r om t he appr opr i ; t t e al gebr a

r epr esent i ng t he di sj unct i on of possi bl e r el at i ons bet ween t he t wo i n<< . I - \ ~ I I s or poi nt s .

A consi st ent scenar i o i s a l abel i ng of t he gr aph wher e ever y l abel i s a ~, MJet on set ( a

set consi st i ng of a si ngl e basi c r el at i on) and i t i s possi bl e t o map t he ver t 1, - t o a t i me

r el at i on symbol conver se meani ng

x bef or e y b bi xxx yyy

x meet s y m mi xxxyyy

x over l aps y o of xxx

yyy

x dur i ng y d di xxx

yyyyy
x st ar t s y s si xxx

yyyyy
x f i ni shes y f f i xxx

yyyyy

x equal y eq eq xxx

yyy



l i ne and have t he si ngl e r el at i ons bet ween ver t i ces hol d . The set of f easi bl e r el at i ons

bet ween t wo ver t i ces consi st s of onl y t he el ement s ( basi c r el at i ons) i n t hat l abel capa-

bl e of bei ng par t of a consi st ent scenar i o . Fi ndi ng t he f easi bl e r el at i ons i nvol ves

r emovi ng onl y t hose el ement s f r om t he l abel s t hat coul d not be par t of a consi st ent

scenar i o .

An Exampl e . Her e i s an exampl e f r om t he i nt er val al gebr a of our t wo r easoni ng

t asks . Suppose Event A ei t her over l aps or st ar t s Event B, but we ar e not sur e whi ch,

and Event B meet s Event C. We r epr esent t hi s as f ol l ows

wher e t he l abel I , t he set of al l basi c r el at i ons, shows we

t he r el at i onshi p bet ween A and C. Ther e ar e t wo possi bl e

scenar i o t hat i s consi st ent wi t h t he i nf or mat i on pr ovi ded .

I t r emai ns t o answer pr obl em 2 : f i nd al l t he f easi bl e r el at i ons bet ween ever y pai r of

i nt er val s . The onl y change i s t hat t he f easi bl e r el at i ons bet ween A and C ar e j ust t he

" bef or e" r el at i on . We see t hat t hi s i s t r ue i n t he di agr am above . No ot her r el at i on

bet ween A and C can be par t of a consi st ent scenar i o .

3 . The Poi nt Al gebr a and a Subset of t he I nt er val Al gebr a

I n t hi s sect i on we exami ne t he comput at i onal pr obl ems of f i ndi ng consi st ent scenar i os

and f i ndi ng t he f easi bl e r el at i ons f or t he poi nt al gebr a, PA, and t he cor r espondi ng sub-

set of t he i nt er val al gebr a, SI A.

3 . 1 . Fi ndi ng Consi st ent Scenar i os

have no di r ect knowl edge of

answer s t o pr obl em 1 : f i nd a

Revi ew of pr evi ous sol ut i ons . Ladki n & Maddux [ 15] gi ve an al gor i t hm f or f i ndi ng

one consi st ent scenar i o t hat t akes O( n3) t i me f or PA net wor ks wi t h n poi nt s . I f no

consi st ent scenar i o exi st s, t he al gor i t hm r epor t s t he i nconsi st ency . Thei r al gor i t hm

r el i es on f i r st appl yi ng t he pat h consi st ency al gor i t hm [ 17, 21] bef or e f i ndi ng a con-

si st ent scenar i o .

An i mpr oved sol ut i on . Her e we gi ve an al gor i t hm f or f i ndi ng one consi st ent scenar i o

t hat t akes O( n 2 ) t i me f or PA net wor ks wi t h n poi nt s . Our st ar t i ng poi nt i s an obser -

vat i on by Ladki n & Maddux [ 16, p . 34] t hat t opol ogi cal sor t al one wi l l not wor k as t he

l abel s may be any one of t he ei ght di f f er ent PA el ement s, { 0, <, <, =, >, >, * , ?) ,
and t hus may have l ess i nf or mat i on about t he r el at i onshi p bet ween t wo poi nt s t han i s

r equi r ed . For t op sor t we need al l edges l abel ed wi t h <, >, or ? ( see [ 12] ) . The " pr ob-

l em" l abel s ar e t hen { _, 0, <, >, 0} . The i nt ui t i on behi nd t he al gor i t hm i s t hat we

somehow r emove or r ul e out each of t hese possi bi l i t i es and, once we have, we can t hen



I nput :

	

A PA net wor k r epr esent ed as a mat r i x Cwher e el ement Ci j i s t he set of possi bl e r el at i ons on
edge ( i , j ) .

Out put :

	

A consi st ent scenar i o ( a l i near or der i ng of t he poi nt s) .

St ep 1 .

	

I dent i f y al l t he st r ongl y connect ed component s ( SCCs) of t he gr aph usi ng onl y t he edges
l abel ed wi t h <, <, and = .

Condense t he gr aph by col l apsi ng each st r ongl y connect ed component i nt o a si ngl e ver t ex .
Let { S1, S2 , . . . , SzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� , } be t he SCCs we have f ound ( t he Si par t i t i on t he ver t i ces i n t he gr aph i n
t hat each ver t ex i s i n one and onl y one of t he Si ) . We const r uct t he condensed gr aph and i t s
mat r i x r epr esent at i on, C, as f ol l ows . Each Si i s a ver t ex i n t he gr aph . The l abel s on t he
edges bet ween al l pai r s of ver t i ces i s gi ven by

r - n C.

v ES;

w ESJ.

i , j =1, . . . , m

I f t he empt y l abel , 0, r esul t s on any edge, t hen t he net wor k i s i nconsi st ent .

St ep 2.

	

Repl ace any r emai ni ng < l abel s i n Cwi t h < . Per f or m a t opol ogi cal sor t usi ng onl y t he edges
i n Cl abel ed wi t h <.

Fi g. 1 . Consi st ent Scenar i o Al gor i t hmf or PA Net wor ks

appl y t op sor t t o gi ve a consi st ent scenar i o . Much of t he di scussi on t o f ol l ow r el i es on
t he assumpt i on t hat l ooki ng at pat hs ( t he t r ansi t i vi t y i nf or mat i on) i s suf f i ci ent f or
deci di ng t he l abel on an edge . The onl y except i on t o t he t r ut h of t he assumpt i on i s
t hat l ooki ng at pat hs wi l l somet i mes assi gn a l abel of _< i nst ead of < ( see Sec . 3 . 2) but
t hi s wi l l not af f ect t he di scussi on .

St ep 1 : The = r el at i on . To r emove t he = r el at i on f r om t he net wor k, we i den-
t i f y al l pai r s of poi nt s t hat ar e f or ced t o be equal and condense t hem i nt o one ver t ex .
By f or ced t o be equal , we mean t hat i n al l consi st ent scenar i os, t he ver t i ces ar e equal
so no ot her r el at i on wi l l r esul t i n a consi st ent scenar i o . Mor e f or mal l y, we want t o par -
t i t i on t he ver t i ces i nt o equi val ence cl asses Si , 1 _< i _< m, such t hat ver t i ces v and w
ar e i n t he same equi val ence cl ass i f and onl y i f t hey ar e f or ced t o be equal . But , t he
ver t i ces v and w ar e f or ced t o be equal pr eci sel y when t her e i s a pat h of t he f or m

u < v < . . . < w < U

wher e one or mor e of t he _< can be =. Thi s i s t he same as sayi ng v and w ar e i n t he
same equi val ence cl ass i f and onl y i f t her e i s a pat h f r om v t o w and a pat h f r om w t o
v usi ng onl y t he edges l abel ed wi t h <_ or =. Thi s i s a wel l - known pr obl em i n gr aph
t heor y . Det er mi ni ng t he equi val ence cl asses i s t he same as i dent i f yi ng t he st r ongl y
connect ed component s of t he gr aph and ef f i ci ent al gor i t hms ar e known ( Tar j an [ 24] ,
see al so [ 1] ) . An exampl e i s shown i n Fi g . 2 . Onl y < and = edges ar e shown except
t hat sel f - l oops ar e al so omi t t ed ( each ver t ex i s equal t o i t sel f ) . Ther e ar e f our st r ongl y

connect ed component s .



Sl = ( 1, 7, 8)

	

S3 = { 4, 5)

S2 = ( 2, 3)

	

S4 = { 6}

Fi g. 2 . St r ongl y Connect ed Component s

St ep 1 : The 0 r el at i on . To r ul e out t he 0 r el at i on we must det er mi ne i f t he

t he net wor k i s i nconsi st ent . The net wor k i s i nconsi st ent i f a ver t ex i s f or ced t o be <,

>, or =9-1 t o i t sel f . That i s, when t her e i s a pat h of t he f or m

or of t he f or m

u = v = . . . = w * u

u < v < . . . < w < u

wher e al l but one of t he < can be _< or =. We can i dent i f y t hese cases si mpl y by al so

l ooki ng at edges l abel ed wi t h <* when i dent i f yi ng t he st r ongl y connect ed component s .

The i nconsi st enci es ar e t hen det ect ed when t he ver t i ces ar e col l apsed . For exampl e,

suppose t he l abel on t he edge ( 1, 7) i n t he gr aph shown i n Fi g . 2 was < i nst ead of t he

< shown . Condensi ng t he st r ongl y connect ed component S, gi ves

C22 = C17 n c18 n C7 , n C7. n cg , n C87

= { <) n { >, =) n { >) n { <, =) n ( <, =) n { >, =) = o
wher e agai n we have omi t t ed t he sel f l oops C;;.

St ep 2 : The <,

	

r el at i ons . To r emove t he _< r el at i on f r om t he net wor k, we

si mpl y change al l _<l abel s t o <. As a r esul t of St ep 1, we know a consi st ent scenar i o

exi st s and t hat no r emai ni ng edge i s f or ced t o have = as i t s l abel i n t he consi st ent

scenar i o . Changi ng < t o < can onl y f or ce ot her l abel s t o become <; i t cannot f or ce

l abel s t o become =. So af t er t he changes, a consi st ent scenar i o wi l l st i l l exi st . We can

al so show t hat no new i nconsi st enci es ar e i nt r oduced by t hi s st ep .

St ep 2 : The : 0 r el at i on . We can now per f or m t opol ogi cal sor t t o f i nd one con-

si st ent scenar i o . The : 0 r el at i ons wi l l be handl ed i mpl i ci t l y by t op sor t as al l t he ver -

t i ces i n C wi l l be assi gned a di f f er ent number .

Theor em 1 . The al gor i t hm i n Fi g . 1 cor r ect l y sol ves t he consi st ent scenar i o pr obl em

f or PA and SI A net wor ks i n O( n 2) t i me .



Not e t hat f or SI A net wor ks we j ust f i r st t r ansl at e t he net wor k i nt o a PA net -

wor k, sol ve, t hen t r ansl at e back . For t he t i me bound, f i ndi ng t he st r ongl y connect ed

component s i s O( n2) [ 24] , condensi ng t he gr aph l ooks at each edge onl y once, and t opo

l ogi cal sor t i s O( n2) [ 12] . I t i s easy t o see t hat t he al gor i t hm i s asympt ot i cal l y opt i mal

as we must at l east exami ne ever y edge i n t he net wor k, of whi ch t her e may be as many

as O( n
2

) . I f we do not , we can never be sur e t hat t he l abel on t hat edge does not

i nvol ve a cont r adi ct i on by, f or exampl e, bei ng par t of a l oop t hat causes a ver t ex t o be

l ess t han i t sel f .

Some appl i cat i ons of t he r esul t s . Koubar aki s et al . [ 13] use a subset of SI A i n a

knowl edge r epr esent at i on l anguage so t he al gor i t hm gi ven i n Fi g . 1 i s appl i cabl e . The

deci si on por t i on of t he al gor i t hm, f or exampl e, coul d be used when addi ng new i nf or -

mat i on t o t he net wor k t o det ect i f t he new i nf or mat i on i s i nconsi st ent wi t h t he ol d .

PA may be usef ul i n pl anni ng and schedul i ng wher e a common appr oach i s t o model

act i ons or r esour ces by poi nt s and t her e ar e pr ecedence const r ai nt s and const r ai nt s on

t wo act i ons co- occur r i ng . Her e a consi st ent scenar i o cor r esponds t o a pl an or a

schedul e . Fi nal l y, t he al gor i t hm wi l l be shown t o be usef ul i n desi gni ng al gor i t hms f or

I A ( Sec . 4 . 1) .

3 . 2 . Det er mi ni ng t he Feasi bl e Rel at i onshi ps

Revi ew of pr evi ous sol ut i ons . Ghal l ab & Mouni r Al aoui [ 9] gi ve an i ncr ement al

pr ocedur e, based on a st r uct ur e cal l ed a maxi mal i ndexed spanni ng t r ee, t hat i s shown

t o wor k wel l i n pr act i ce . The pat h consi st ency al gor i t hm ( PC) [ 17, 21] can be used t o

f i nd appr oxi mat i ons t o t he set s of al l f easi bl e r el at i ons [ 2] . Much pr evi ous wor k ar e

ef f or t s at i dent i f yi ng cl asses of r el at i ons f or whi ch PC wi l l gi ve exact answer s . Mon-

t anar i [ 21] shows t hat PC i s exact f or a r est r i ct ed cl ass of bi nar y const r ai nt r el at i ons .

However , t he r el at i ons of i nt er est her e do not al l f al l i nt o t hi s cl ass . Val des- Per ez [ 25]

shows t hat PC i s exact f or t he basi c r el at i ons of I A. I n [ 26, 30] , we show t hat PC i s

exact f or a subset of PA and a cor r espondi ng subset of SI A. The new poi nt al gebr a

di f f er s f r om PA onl y i n t hat # i s excl uded f r om t he under l yi ng set . But we al so gi ve

exampl es t her e t hat show t hat , ear l i er cl ai ms t o t he cont r ar y, t he pat h consi st ency

al gor i t hm i s not exact f or PA nor f or SI A net wor ks and we devel op an O( n 4 ) f our -

consi st ency al gor i t hm t hat i s exact .

An i mpr oved sol ut i on . Her e we gi ve an al gor i t hm f or f i ndi ng al l f easi bl e r el at i ons

t hat , under cer t ai n assumpt i ons, t akes O( n 3 ) t i me f or PA net wor ks wi t h n poi nt s .

The al gor i t hm i s of mor e pr act i cal use t han t he pr evi ousl y known O( n 4 ) al gor i t hm.

Our st r at egy f or devel opi ng an al gor i t hm f or PA i s t o f i r st i dent i f y why pat h con-

si st ency i s suf f i ci ent i f we excl ude * f r om t he l anguage and i s not suf f i ci ent i f we

i ncl ude * . Fi g . 3 gi ves t he smal l est count er - exampl e showi ng t hat t he pat h con

si st ency al gor i t hm i s not exact f or PA. The gr aph i s pat h consi st ent . But i t i s easy t o

see t hat not ever y r el at i on i n t he set of possi bl e r el at i ons bet ween s and t i s f easi bl e .

I n par t i cul ar , asser t i ng s = t f or ces v and w t o al so be equal t o s and t ( poi nt er t o

pr evi ous sect i on) . But t hi s i s i nconsi st ent wi t h v 0 w. Hence, t he = r el at i on i s not



f easi bl e as i t i s not capabl e of bei ng par t of a consi st ent scenar i o . The l abel bet ween s

and t shoul d be <.

Fi g. 3 . " For bi dden" Subgr aph

Thi s i s one count er - exampl e of f our ver t i ces . But ar e t her e ot her count er -

exampl es f or n _> 4? The f ol l owi ng t heor em answer t hi s quest i on and i s t he basi s of an

al gor i t hm f or f i ndi ng al l f easi bl e r el at i ons f or PA net wor ks .

Theor em 2 ( van Beek & Cohen [ 28] ) . The net wor k i n Fi g . 3 i s t he smal l est count er -

exampl e t o t he exact ness of pat h consi st ency f or PA and, up t o i somor phi sm, i s t he

onl y count er - exampl e of f our ver t i ces . Al so, any l ar ger count er - exampl e must have a

subgr aph of f our ver t i ces i somor phi c t o t he exampl e .

We shal l sol ve t he f easi bl e r el at i ons pr obl em by f i r st appl yi ng t he pat h con-

si st ency al gor i t hm and t hen syst emat i cal l y sear chi ng f or " f or bi dden" subgr aphs and

appr opr i at el y changi ng t he l abel s ( see Fi g . 4 ; t he pat h consi st ency al gor i t hm i s sl i ght l y

si mpl i f i ed because of pr oper t i es of t he al gebr as) . The al gor i t hm makes use of adj a-

cency l i st s . For exampl e, adj c ( v) i s t he l i st of al l ver t i ces, w, f or whi ch t her e i s an

edge f r om v t o w t hat i s l abel ed wi t h ` < . We assume w E adj , , ( v) onl y i f v < w so

t hat we onl y pr ocess each such ver t ex once .

Changi ng t he l abel on an edge ( s, t ) f r om ` _< t o ` < may f ur t her const r ai n ot her

edges . The quest i on i mmedi at el y ar i ses of whet her we need t o agai n appl y t he pat h

consi st ency al gor i t hm f ol l owi ng our sear ch f or " f or bi dden" subgr aphs t o pr opagat e t he

newl y changed l abel s? For t unat el y, t he answer i s no . Gi ven a new l abel on t he edge

( s, t ) , i f we wer e t o appl y t he pat h consi st ency al gor i t hm, t he set of possi bl e t r i angl es

t hat woul d be exami ned i s gi ven by { ( s, t , k) , ( k, s, t ) 1 1 _< k _< n, k 0 s, k * t

( see pr ocedur e RELATED- PATHS i n Fi g . 4) . Thus t her e ar e t wo cases . For bot h, we

can show t hat any changes t hat t he pat h consi st ency al gor i t hm woul d make wi l l

al r eady have been made by pr ocedur e FI ND- SUBGRAPHS .



I nput :

	

A PA net wor k r epr esent ed as a mat r i x C wher e el ement Ci j i s t he set of possi bl e r el at i ons on

edge ( i , j ) .

Out put :

	

The set of f easi bl e r el at i ons f or Ci p i , j = 1, . . . , n .

pr ocedur e FEASI BLE

begi n

PATH- CONSI STENCY

FI ND_SUBGRAPHS

end

pr ocedur e PATH- CONSI STENCY

begi n

Q

	

U

	

RELATEDPATHS ( i , j )

i <i < ; <n

whi l e Q i s not empt y do begi n

sel ect and del et e a pat h ( i , k, j ) f r om Q

t

	

c i , n Ci k - ck ;
i f ( t 0 Ci j ) t hen begi n

Ci j zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" - t

Cr i	 CONVERSE( t )

Q " - Q U RELATED- PATHS ( i , j )

end

end

end

end

pr ocedur e RELATED- PATHS ( i , j )

r et ur n I ( i , j , k) , ( k, i , j ) I I <k<n, k0i , k0j }

pr ocedur e FI ND- SUBGRAPHS

begi n

f or each v such t hat adj , r ( v) 0 0 do

f or each e E adj >( v) do

f or each t E adj <( v) do

i f ( adj <( 8) n adj , , ( v) n ad j >( t ) 0 QS) t hen begi n

C, t 4- ` <

Ca
. - >>

end

Fi g . 4 . Feasi bl e Rel at i ons Al gor i t hm f or PA Net wor ks

Case 1 : ( s, t , k) . Changi ng t he l abel on t he edge ( s, t ) f r om ` _< t o ` < wi l l

cause t he pat h consi st ency al gor i t hm t o change t he l abel on t he edge ( s, k) onl y i n t wo

cases :

s <t , t <k, and . 5 <k

s<t , t =k, ands<k

I n bot h, t he l abel on ( s, k) wi l l become ` <' . For ( s, t ) t o change we must have t he

si t uat i on depi ct ed i n Fi g 3 . , f or some v and w. But v _< t and w _< t t oget her wi t h

t <_ k ( or t = k) i mpl y t hat v _< k and w < k ( we can assume t he r el at i ons wer e pr o-

pagat ed because we appl i ed t he pat h consi st ency al gor i t hm bef or e t he pr ocedur e f or



4 . The Ful l I nt er val Al gebr a

4 . 1 . Fi ndi ng Consi st ent Scenar i os

f i ndi ng " f or bi dden" subgr aphs) . Hence, ( s, k) bel ongs t o a " f or bi dden" subgr aph and

. t he l abel on t hat edge wi l l have been f ound and updat ed .

Case 2 : ( k, s, t ) . Si mi l ar ar gument as Case 1 .

Theor em 3 . The al gor i t hm i n Fi g . 4 cor r ect l y sol ves t he f easi bl e r el at i ons pr obl em

f or PA and SI A net wor ks .

Not e t hat f or SI A net wor ks we j ust f i r st t r ansl at e t he net wor k i nt o a PA net -

wor k, sol ve, t hen t r ansl at e back . A desi r abl e f eat ur e of pr ocedur e FI ND- SUBGRAPHS

i s t hat i t s cost i s pr opor t i onal t o t he number of edges l abel ed : q&. For a wor st case

bound, t he pat h consi st ency al gor i t hm i s O( n 3 ) [ 18] , so t he al gor i t hm i s O( n 3 ) i f we

assume t hat t he adj acency l i st s ar e r epr esent ed as bi t vect or s and t hat i nt er sect i ng

t hem t akes one uni t of t i me . Thi s i s a r easonabl e assumpt i on si nce even f or n up t o

100 t hi s onl y t akes a f ew i nst r uct i ons on most comput er s . The al gor i t hm was i mpl e-

ment ed and t est ed on r andom pr obl ems up t o si ze 100 . I t was f ound t hat about 90%

of t he t i me was spent i n t he pat h consi st ency al gor i t hm and onl y about 2% i n

FI ND- SUBGRAPHS.

Some appl i cat i ons of t he r esul t s . Song & Cohen [ 23] and Nokel [ 22] bot h use a sub-

set of SI A so t he al gor i t hm gi ven i n Fi g . 4 i s appl i cabl e ( al t hough bot h r est r i ct t hem-

sel ves t o t he subset of SI A t hat does not need #, t he r esul t s her e show t hat t he

expr essi ve power of t hei r t empor al l anguage coul d be expanded wi t hout compr omi si ng

ef f i ci ency or exact ness) . Fi nal l y, t he al gor i t hm wi l l be shown t o be usef ul i n desi gni ng

al gor i t hms f or I A ( Sec . 4 . 2) .

I n t hi s sect i on we exami ne t he comput at i onal pr obl ems of f i ndi ng consi st ent scenar i os

and f i ndi ng t he f easi bl e r el at i ons bet ween i nt er val s f or t he f ul l i nt er val al gebr a, I A.

Vi l ai n & Kaut z [ 29, 30] show t hat bot h of t hese pr obl ems ar e NP- Compl et e f or t he

i nt er val al gebr a . Thus t he wor st cases of t he al gor i t hms t hat we devi se wi l l be

exponent i al and t he best we can hope f or i s t hat t he al gor i t hms ar e st i l l usef ul i n pr ac-

t i ce . We di scuss t o what ext ent t hi s i s achi eved bel ow.

Revi ew of pr evi ous sol ut i ons . Al l en [ 2] pr oposes usi ng si mpl e backt r acki ng sear ch

t o f i nd one consi st ent scenar i o of an I A net wor k or r epor t i nconsi st ency . Val des- Per ez

[ 25] gi ves a dependency- di r ect ed backt r acki ng al gor i t hm. Bot h sear ch t hr ough t he

al t er nat i ve si ngl et on edge l abel i ngs . As wel l , t her e has been much wor k on i mpr ovi ng

t he per f or mance of backt r acki ng t hat coul d be appl i ed t o t hi s pr obl em ( see [ 7] and

r ef er ences t her ei n) .

An i mpr oved sol ut i on . Her e we show how t he r esul t s f or t he poi nt al gebr a can be

used t o desi gn a backt r acki ng al gor i t hm f or f i ndi ng one consi st ent seen : i r - 1I i at i s

shown t o be usef ul i n pr act i ce .
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The key i dea i s t hat t he O( n 2 ) deci si on pr ocedur e f or SI A net wor ks ( St ep 1 of

Fi g . 1) can be used ef f ect i vel y t o deci de whet her a par t i al sol ut i on f ound so f ar i s con-

si st ent and so mi ght be par t of a sol ut i on t o t he whol e pr obl em. I nst ead of sear chi ng

t hr ough al t er nat i ve si ngl et on l abel i ngs, as Al l en and Val des- Per ez do, we can now

decompose t he l abel s i nt o el ement s of SI A. For exampl e, i f t he l abel on an edge i s { b,

bi , m, o, oi , si ) , t her e ar e si x al t er nat i ve si ngl et on edge l abel i ngs but onl y t wo when

decomposed i nt o el ement s of SI A: ( b, m, o) and { bi , oi , si ) . I t i s easy t o see t hat t hi s
i s guar ant eed t o be bet t er si nce, f or any choi ce of a si ngl et on l abel , we can choose a
l abel of l ar ger car di nal i t y t hat i s a super set of t he si ngl et on l abel . I f t he si ngl et on l abel
i s consi st ent , so i s t he l ar ger l abel . And, of cour se, t her e wi l l be t i mes when t he l ar ger

l abel i s consi st ent and t he si ngl et on l abel i s not . The out put of t he backt r acki ng al go-

r i t hm wi l l be a consi st ent l y l abel ed SI A net wor k and t he scenar i o al gor i t hm f or SI A
( Fi g . 1) i s t hen used t o f i nd a consi st ent scenar i o .

The al gor i t hm was i mpl ement ed and t est ed on r andom i nst ances f r om a di st r i bu-
t i on desi gned t o appr oxi mat e pl anni ng appl i cat i ons ( as est i mat ed f r om a bl ock- st acki ng

exampl e i n [ 5] ) . For a pr obl em si ze of n = 20, t he aver age t i me t o f i nd a sol ut i on was
about seven seconds of CPU t i me ( 25 t est s per f or med) . For n = 40, i t was 74 seconds

( aver age over 21 t est s) . Thi s seems sur pr i si ngl y f ast . However , i t shoul d be not ed t hat
f our of t he t est s f or n = 40 wer e not i ncl uded as t hey wer e st opped bef or e compl et i on

as a l i mi t on t he number of consi st ency checks was exceeded . We ar e cur r ent l y exa-

mi ni ng t he best or der i n whi ch t o sear ch t hr ough t he l abel s ( f or exampl e, per haps t he
most r est r i ct i ve r el at i ons shoul d be t r i ed f i r st ) t o f ur t her avoi d t hi s occasi onal t hr ash-

i ng behavi or t .

Some appl i cat i ons of t he r esul t s . I n pl anni ng, as f or mul at ed by Al l en and Koomen

[ 5] and Hogge [ 10] , act i ons ar e associ at ed wi t h t he i nt er val s t hey hol d over and t he f ul l
i nt er val al gebr a i s used . Fi ndi ng one consi st ent scenar i o cor r esponds t o f i ndi ng an or d-
er i ng of t he act i ons t hat wi l l accompl i sh a goal . Hence, t he r esul t s her e ar e di r ect l y

appl i cabl e .

4 . 2 . Det er mi ni ng t he Feasi bl e Rel at i onshi ps

A sol ut i on . A si mi l ar backt r acki ng al gor i t hm as i n t he pr evi ous sect i on can be

desi gned f or f i ndi ng al l t he f easi bl e r el at i ons . Agai n, i nst ead of sear chi ng t hr ough t he
al t er nat i ve si ngl et on ( or basi c) l abel i ngs of t he edges, we sear ch t hr ough t he al t er nat i ve
decomposi t i ons of t he l abel s i nt o el ement s of SI A. For each l abel i ng of t he net wor k
wi t h el ement s of SI A t hat i s consi st ent ( det er mi ned usi ng t he deci si on por t i on of t he
al gor i t hm i n Sec 3 . 1) , we f i nd t he f easi bl e r el at i ons ( usi ng t he al gor i t hm i n Sec 3 . 2) .

The f easi bl e r el at i ons f or t he I A net wor k i s t hen j ust t he uni on of al l such sol ut i ons .

I ni t i al exper i ence, however , suggest s t hi s met hod i s pr act i cal onl y f or ver y smal l

i nst ances of t he pr obl em ( but t her e exi st s met hods of decomposi ng l ar ge pr obl ems i nt o
smal l er ones [ 3, Decht er ] ) , or f or i nst ances wher e onl y a f ew of t he r el at i ons bet ween

i nt er val s f al l out si de of t he speci al subset SI A. We concl ude t hat i n most cases a

t I t woul d be i nt er est i ng t o compar e wi t h t he dependency- di r ect ed backt r acki ng appr oach of

Val des- Per ez . To t he best of our knowl edge no pr act i cal exper i ence has been r epor t ed and no

i mpl ement at i on made ( Val des- Per ez, per sonal communi cat i on) .
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bet t er appr oach i s t o, i f possi bl e, accept appr oxi mat e sol ut i ons t o t he pr obl em ( Al l en

[ 2] , van Beek [ 26] ) .

Some appl i cat i ons of t he r esul t s . The appr oach gi ven above may be usef ul when

much pr epr ocessi ng t i me i s avai l abl e or exact answer s ar e i mpor t ant . One exampl e i s

t he const r uct i on of a pl an l i br ar y f or pl an r ecogni t i on . Her e t he const r uct i on i s done

once and t he l i br ar y i s used many t i mes t o r ecogni ze pl ans ( see [ 11] f or t he use of I A i n

t hi s set t i ng) .
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