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1. Introduction and summary

Let {X,} be a sequence of independent and identically distributed (i.i.d.)
random vectors in R* with zero mean vector and identity covariance matrix.
The distribution @, of the normalized sum n~**(X, + -+ + X,) converges
weakly to the k& dimensional standard normal distribution ®. Although many
important results on rates of convergence have been obtained in the past, most of
them refer to approximations of the distribution function F, of @, by the normal
distribution function. An exception to this is the case where @, is assumed to
have a density with respect to Lebesgue measure or to have a lattice distribution.
In this situation, one obtained local limit theorems as well (see [14], Chapter 186,
and [19]). The first notable exception was a result of Esseen [13] which states
that if fourth moments are finite, then, uniformly over all spheres 8 (open or closed)
with center at the origin, one has

(1.1) Q,(8) — ®(S) = O(n M+ n— 0.

Esseen showed the remarkable depth of this result by relating a special case of
this to the lattice point problem of analytic number theory. In 1960, Ranga Rao
[29] investigated the rate of convergence over the class € of all measurable
convex sets and proved that if fourth moments are finite, then

(1.2) sup |@.(C) — ®(C)| = O(n™?(log n)*~D/2k+1)) n — 0.
Ce

He also obtained a number of asymptotic expansions extending some results of

Cramér [9] (Chapter 7) and Esseen [13] for distribution functions. The present

author [1] and von Bahr [34] independently obtained rates of convergence for

general classes of sets; a typical application gives the following precise bound
for €:

(1.3) sup |@4(C) — ®(C)| = O(n™1/?), n = 0.
€€

In [1], this was proved under the assumption of finiteness of moments of order
3 + 6 for some positive 5, while in [34] E| X, |**! was assumed finite for k& = 2.
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Sazonov [32] has now shown that (1.3) holds if E|X,|* is finite. However,
Sazonov’s method does not seem to extend to general classes of sets and
functions. In [2], [3]. the author has given an account of his results on the
estimation of | g dQ, — [ g d® for arbitrary real valued, bounded, almost surely
(®) continuous functions g.

In addition to the results mentioned above, various useful refinements of
other aspects of the central limit theorem have been obtained over the years.
We mention only a few. Petrov [27], Richter [30], [31], and Linnik [21]. [22],
[23] improved Cramér’s results on large deviations. Petrov [28]. and Bikjalis
[6], [7] sharpened some mean central limit theorems and asymptotic expansions.
Ibragimov [17]. [18] and Heyde [ 16] investigated exact rates of convergence for
F,. Nagaev [24], [25] obtained rates of convergence and asymptotic expansions
for Markov chains. Recently, Stein [33] has devised a general method for dealing
with dependent sequences. In another direction, Cramér [10] has obtained the
first significant results on the speeds of convergence to other stable laws.

In Section 2 of this article, two lemmas are proved for an arbitrary separable
metric group. They estimate the effect of a ““small’” perturbation by convolution
on a finite signed measure. Although the only uses of these lemmas made here
are in proving the main results in Section 4. they may be used to compute
convergence rates for limit theorems in locally compact abelian groups when
estimates of rates of convergence of characteristic functions are available. In
[4], the author has used them to obtain some convergence rates in the Levy-
Ito-Kawada theorem. Section 3 collects a number of lemmas of a different
nature. Some of them provide Cramér type expansions of the characteristic
function of Q. Others deal with truncation and choice of proper kernels. Section
4 contains the main results of this article. Theorems 4.1 and 4.2 improve previous
results of [2], [3] by relaxing the assumption of finiteness of moments of order
3 + 0 for some positive J to finiteness of third moments. Theorem 4.3 gives an
asymptotic expansion under Cramér’s condition (3.31). for an arbitrary
bounded, almost surely (®) continuous function. It shows that even for functions
which are not very smooth the error of approximation is of the order o(n =~ 2/2)
if sth moments are finite, s being an integer not smaller than 3. Theorems 4.4
and 4.5 on asymptotic expansions when X; has a nonzero absolutely con-
tinuous component and when it has a lattice distribution, respectively, are stated
for the sake of completeness. In their present form they are due to Bikjalis [6],
[7]. However, Ranga Rao [29] was the first to show that an expansion like
(4.113) holds uniformly over all Borel sets in the lattice case. Ranga Rao’s
estimate of the remainder involved a logarithmic factor, which has been removed
in [7]. Theorem 4.6 gives a “distribution free’” asymptotic expansion for a special
class of functions. Theorem 4.7 deals with the case of summands with inde-
pendent coordinates. The multidimensional extension of one dimensional results
is particularly simple here, and one gets a good hold on the constants involved
in the error bounds. Theorems 4.8 and 4.9 due, respectively. to Heyde [16] and
Ibragimov [17], are concerned with exact rates of convergence.
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2. Two lemmas for separable metric groups

In this section, G denotes a separable metric group, unless otherwise specified.
We write the group operation as + (addition) and the identity (or zero) element
as “‘0”. Let p be a left invariant metric on @, that is,

2.1 plu +x,u+y) = plx,y), u,x,yeq.
That there always exists such a metric defining the topology of ¢ is well known
(see [15], Theorem (8.3)). As is usual, u*, u~, and || will denote, respectively.
the positive, negative, and total variations of a finite signed measure pu. Also,
||| denotes the variation norm of u: |u| = |u|(G). All measures or signed

measures mentioned here are defined over the Borel o-field # generated by the
open sets of (7. The convolution p % v of finite signed measures g, v, is defined by

(2.2) uxv(B) = f w(B — x)dv(x), Be %.
G
The n-fold convolution of a finite signed measure u with itself is written as u*".
Let f be a real valued function on (. Define
S(x.e) = {y: plx.y) < ¢}. xed,
wy(4) = sup {lf(x) —fy)|;x. ye A4}, A <@,

(2.3)
o5 @) = sup {f(y); y e S(x. &)}; f*¢(x) = inf {f(y); y € S(x, &)}

we(x: g) = f&5(x) — fP5(x) = w(S(x, €)).
One can show that f* ¢ is lower semicontinuous and f* ¢ is upper semicontinuous
if f is bounded (see [3], relation 2.18)).
LEmMA 2.1, Let u be a finite measure, v a finite signed measure, and K, a

probability measure with all its mass in the sphere 8(0, €). Let f be a real valued,
bounded, Borel measurable function on G. Define

))(8) = max {J fs'ed(ﬂ - V)*Ks’ - j fi,sd(# - v)*Ks}v
G
(2.4) ¢

7(e) = max H (fo% = frav®, J (f —f"'h)dv*}.
G G

Then for all positive €,

(2.5) = y(e) + t(e).

jfd(u —v)
G
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Proor. We have

(2.6) y(e) = | f**d(u — v)*K,

m

= U foHy + x)d(u — V)(y)] dK,(x)
J8(0,¢)

= U [y + x) du(y) — j fly) dv(y)
G G

J5(0,¢)

- j (f**(y + 2) — f(y) dv(y)] dK,(x)
G

f U fly) du(y) — f f(y) dv(y)
S(0,¢) G G

- L (/> + 2) - f(w) dV*(y)] dK,(x)

> j fap —v) - f (f2 - Havt 2 J fp = v) - (@)
G G G
Similarly,

27) -y = J e d(p — v)*K,

= J U o5y + =) du(y)
S(0,¢) G

- J fy)yavly) + L (f(») = f*(y + ) dv(y)] dK,(x)

v

deu—v f(f—f"'“)olv+ éjfd(u—")+r(s).

If [ fd(u — v) is positive, then (2.5) follows from (2.6). Otherwise, it follows
from (2.7). Q.E.D.
CoRroOLLARY 2.1. Under the hypothesis of Lemma 2.1, one has

(2.8) Lfd(u -v)| < Lfd(,u - v)xK,| + J;; we(; a)d|(u - v)*KGI

+ J wy(-; 2¢) d|v|.
If, in addition, ¢
(2.9) (k= v)*K,(G) = 0,

which will be true in all our applications, then

(2.10)

k= )| S w@hw = ekl + [ w2
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The corollary follows easily from Lemma 2.1 and definitions of y(g) and (g).
We choose the kernel probability measure K, for the next lemma to satisfy

1
(2.11) o= J dK] > —.
8(0,¢) 2
For a real valued function f on @, we define the translate f, of f by
(2.12) fux) = flx + u), ue .

LEMMA 2.2.  Let u be a finite measure, v be a finite signed measure, and K, be
a probability measure satisfying (2.11). Let f be a real valued, bounded, Borel
measurable function on G. Define

ueG

71(€) = sup max {L (f)**dp — v)*K;, — L (f)"* du — V)*Ké},

(2.13)

T1(¢) = sup max {L (((f)>2 = fu)w) @v™, L ((fu - (fu)"’“)..')dv*}-
Then one has
@14)  5=sup Lf..d(u = )| S @ = D7 e + nel

where o is defined by (2.11).

Proor. Suppose 5 is a positive number such that 6 — n — 7,(¢) is non-
negative (if this is not possible, then 6 < 7,(¢) and (2.14) surely holds). Now
either (a) sup,eq {fc fu d( — v)} = 8, or (b) sup,s {—[ofid(n — v)} = 8. If
(a) holds, choose u, such that {¢ f,, d(p — v) > & — n. Then

(2.15) L (fuo)* d(pt — V) K.

= f lj (Ju)**(y + x)d( — V) () dKé(w)]
§(0,¢) G

+ J U (fuo)"*(y + x)d(p — v)(y)] dK,(x)
G—-S8(0,¢)

= J U Juoly) duly) — J Juoy) dv(y)
$(0,¢)

~

- ((f...,)“(y + 2) = fuo(®) dv(y)] dK,(x)

+ U Juoly + ) du(y) — J Suoly + ) dv(y)
JG—5(0,¢)

— | ((fu)**(y + 2) = fus(y + ) dv(?/)] dK; (x)
G



458 SIXTH BERKELEY SYMPOSIUM: BHATTACHARYA

g J |:6 -n - f ((fuo)s’e(y + .’IJ fuo ) ):] dK’((L‘)
5(0,¢) G

+ J [- 5 — j (fo)**(y + @) = fuoly + @) dv+(?/)] dK;(x)
G-S(0,¢) G
2 I |:5 -n- J ((fuo) 2 (¥) — fuo®)) @™ (y )] dK, (x)
5(0,¢)

+ j [— 6 — t1(e)] dKi(x)

G-5(0,¢)
2-n—-t@E]ae+[-06—-1)]1—0a)
= (20 — 1) — T,(¢).

Since n may be taken arbitrarily small, one has

(2.16) 71(€) 2 fG (fuo)* d(u — v)*xK{ 2 (20 — 1)d — 1,(e),

from which (2.14) follows. If (b) holds, choose u, such that - jG fuod(u — v)is
larger than 6 — 7, then by looking at — f,, (instead of f, ) and noting that

21 (—f" = = (f)",

[, (= gy avt = [ (=fr2 = (=fa) av*,
one obtains, exactly as in (2.15),
218)  n@ 2 - [ () dm - VK 2 2 = 1S - ()

Again, (2.14) follows. Q.E.D.
REMARK. If the group @ in Lemma 2.2 is abelian, one may replace 1, (¢) by

(219)  7i(e) = sup max { f ((f)2 = fi)dv*, f (fu — (fu)"’h)dv*}.
ue G G

CoROLLARY 2.2. If Gisabelian, then under the hypothesis of Lemma 2.2

j fdp—v)| =
+ J we (5 8) d|(n — v)*K]| + sugj wy,(*; 2¢) dv+:|.
G ueG Jg
If, in addition, (u — v)x K (G) = 0, then

v[fdu—v

< (20 — D)7 'w ()| (n — v)*K;| + sup L wy,(+; 2e) dv™*

(2.20)

(2a — 1) sup [J fud(u — v)*K;

ueG

(2.21)
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For G = R*, Lemmas 2.1 and 2.2 were proved by the author in [2], [3]. In
Section 3, we shall make use of the inequalities (2.10) and (2.21). Although
adequate for our purposes, these inequalities appear somewhat wasteful because
of the presence of variation norms. For example, with G = R* and the indicator
function of a measurable convex set as f, one may easily obtain the following
inequalities from Lemmas 2.1 and 2.2:

sup |(u — v)(O)| < sup |(p — v)*xK,(C)] + sup v¥((3C)"),

Ce¥ Ce¥ Ce¥
2.22 o _ , .
@22 Sup | — v(O)] £ @ — 1)~ [sup |(u — v)*KL(C)] + sup v ((2C))],
Ce¥ Ce¥ Ce¥%

where € is the class of all measurable convex sets, dC is the boundary of the set
C, and

(2.23) A = {x; p(x, A) < &}, A < R¥,

where p denotes Euclidean distance.

3. Some lemmas on characteristic functions

The random vectors introduced below are all defined on a probability space
(Q, B, P), P being a probability measure on the o-field & of subsets of the set Q.
For a random variable X defined on this space, f X will denote EX the expecta-
tion of X. Let {X, = (X, ,, -, X, x)} be a sequence of independent and
identically distributed random vectors with values in R* satisfying

(3.1) EX, = (EX, ;. . EX,,) = (0.,0), CovX, =1,

where Cov X, is the covariance matrix of X,, and I is the k x k identity
matrix. For x, y in R*, (x. y) denotes the usual inner product between x and ¥,
|| = (x, )"/2. For positive integers s, define

k

(3.2) Bs.i = E|X, if, Bs = ‘Zﬁ Bs, i Ps = E|X1|s-

If p, is finite for a positive integer s, then define

(3.3) Ag(u) = i‘s%[log E(exp {it(Xy, w)})]|i=0. ue R

where log is the principal branch of the logarithm. Thus, A (u) is the sth
cumulant of (X, u). The definition goes over when u is a k-tuple of complex
numbers. Suppose now that p, is finite for some positive integer s not smaller
than three. Let Pj(u), j = 0.1, --,s — 2, be polynomials in u (k-tuple of
complex numbers) obtained by equating coefficients of n "2 on both sides of the
formal identity

i n“‘f‘z‘/zij(u)(j!)—‘} = i n~I2Pj(u).

j=3 j=0

(3.4) exp {



460 SIXTH BERKELEY SYMPOSIUM: BHATTACHARYA

In particular,

Aq(u) Ag(“)
24 + 72

35) P =1, P, (u) = '13(;“), Py(u) =

Note that X522 n~92P;(it) exp { —}|¢|?} for t € R* is an approximation of the
characteristic function f, of the normalized sum Y,

Y,=n"12Y X,
ji=1

fa(t) = Elexp {(it, Y,)}] = fi(tn="72), te R*
This important idea as well as some of the estimates below are essentially due to
Cramér ([9], Chapter 7).
CONVENTION. In this section and the next the positive constants a, b, ¢, with
or without subscripts or superscripts, depend only on the indicated arguments.
Lemma 3.1 (see [5]). Suppose p, is finite for some positive integer s, s = 3.
Then for |t| < n'/?/[8p}/c=2], one has

s—3
fu(t) — exp {—%Itl’}[l + ) n""zP,-(z'w]l
j=1

s C; (k, 8)ps|t|’ exp {_ %ltIZ}n-(s—z)/z.

(3.6)

3.7)

LeMMA 3.2 (see [5]) Suppose p, is finite for some integer s, s = 3. Then one
has, for |t] < ca(k)n'/2/B}/e=2,

E— falt) — exp< — -1—|t|2 1+ sis n 2P, (it)
ot I'" 2 i=1 i

< cslk, Bt + |)2¢7) exp {— L]t }n "2,

ifosr<sl1<mZsk
Lemma 3.3 (see [5]). If ps is finite, then for |¢t| < n'/?/(4p;), one has

(3.9) |£2(0)] < exp {—3]¢]*}.

(3.8)

LemMA 3.4. If p, is finite for some positive integer r, then one has
ar

(3.10) A

< co(r)By mn?| filtn ™3|, 1<m<k

fa(t)

Proor. Using Leibniz’ formula, (0"/oty,) f.(t) may be expressed as the sum
of n" terms each of magnitude not exceeding n~"'?B, | fi(tn~/?)|""". Q.E.D.

LeMMA 3.5 (see [5]). If pj4, is finite for some positive integer j, then for
1=m=Zk0=r=<jonehas
7 pyit)

(3.11) 3

< eslk, )pi+2(1 + [t).
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We shall truncate the random vectors X; following Bikjalis [6]. Define

X, if X5 ' .
(3.12) Xjisn = {01 . IX;I > a2, 1 <i<k,

X] n= (Xj,l;n’ T Xj,k;n)'

Let D = ((0;,;)) be the covariance matrix of X,.,. The same symbol will be used
to denote a linear operator and its matrix relative to the standard Euclidean basis.
Thus, D will also denote the linear operator whose matrix is D.

LeEmMA 3.6.  Suppose p; is finite for some integer s, s = 3. Let vy, v5, ", v
be nonnegative integers and let v = vy + v, + - + v,. Then for 1 < i,i' < k,
one has

IE(XI [P 'i':k;n) - E( u; te Xli’:k)| =< n—(s_")/2psk"/2 if v <s,
(3.13) B(X{ 40 X§0) = X3, - X35,
+ o(n~ "2y §f p L s
E|IXT ., XPua S a7 92p k"% if v >,
(3.14) X1, ‘Xl = . /: :
E|XT 10 Xfkal = 079 if v>s;
EX,..| = psn‘(s—l)IZ’
(3.15) |EX .| e
|EX1;”| = o(n ( M );
Var (X, .,) — 1| < —-(s—2)/2 2= 1),
(316) | ar ( l,l,n) | = psn + pin
Var (X,,;,) — 1 = o(n™¢"272);
(3.17) |Cov (X4, i, X1,i,n)| S 20,0772 4 pn=6~1),

Cov (Xy,5m X1,1:0) = o(n=C7212),

Lemma 3.6 may be proved along the lines of Bikjalis ([6], Section 4).
Let A be the smallest eigenvalue of D. Since D is self adjoint and nonnozative
definite,

271/2
3.18) A= ( inf |Dz|?)'? = |:|xl'nf )) (Z 0% ,> ]

|x]=1

= (mf Y [o?.a? + (Z ou ) + 20,7 Z . ij]>1,2

=1 /=4
2 1 — ce(k)Byn™ 12,
if n is sufficiently large, that is, if
(3.19) B3 < c,(k)nt/2.

We shall henceforth always assume that (3.19) holds, even though this will not
usually be mentioned. In obtaining the inequality (3.18), we have made use of
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(3.16) and (3.17) from Lemma 3.6. The largest eigenvalue A of D likewise
satisfies

(3.20) A £ 1 + cglk)Byn 2
Similarly, if p; is finite, s = 3, then, denoting by |D| the determinant of D, one

obtains
A=1—on 622 A =1+ o(n" 67272,

G D2 B 21— copan D] =1~ o=,

Let D = Zf_; A,E; be the spectral decomposition of the operator D. The
distinct eigenvalues of D are 4,, 4,, -+, 4,;and E,, E,, - - -, E, are the corres-
ponding orthogonal projections. Let 7 = Xf_, ;7 !/2 E,. Then T is self adjoint
and positive definite, and
T'T =T*=D7", IT] £ 1 + ciolk)B3n™ 2,
(322) [T 1| S cyy(k)BanM2 T =1+ o(a"¢7D72),
|T = I| = o(nt"212),

We now define for each z an i.i.d. sequence {Z,,,} by

(3.23) Z,,=TKX,, - EX,,) r=1,2---
Note that
(3.24) EZ,,=(0,0,-",0), Cov Z,, = L
Define
k r
(325) Bv,i;n = Elzl,i;n|vv Bv;n = ‘Zl ﬂv,i;n’ pu;n = E‘Zl;n!u‘
Also, by Lemma 3.6 and (3.22), if p; is finite, s = 3, then
3.96 Pu;n é ch(k)ﬁsv pv;n = Py + O(n—(s—Z)/Z) if v é S,
( ' ) pv;n é 013(k)n(v—5)/2ﬂs’ pv;n = O(n(v—S)/Z) lf v > 8,

(327) E(Z'il,l;n e Zli’:k;n)
_BX§ X)o7Y i v = 4+ + gy S8,
~ o(®™92) if v=v+ " +v>

Let the polynomials {P;,;j =1,2,---,s — 2} correspond to {Z,,} as the
{Pj;j=1,2,--+,s — 2} correspond to {X,}. Noting that
1 (Jj - i)1j+2—i(u)Pi(u)

= 1_,{ + -
SGr W L T e —

one may prove the following lemma using (3.26) and induction (see [5], relation

(10)).

(3.28) P;(u)
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Lemma 3.7, If p; is finite for some integer s, s = 3, then
(3.29) |P;(it) — Pj.,(it)] = o(n™C¢~I=212), 15j<s—-2

It should be noted that Lemmas 3.1 to 3.5 hold if f,, B, p,, P; are replaced by

fas Bs;n> Ps;n» and P;, ., respectively. Here f; is the characteristic function of the
normalized sum Z,,

(3.30) Z,=n"1? Zn:l Zyw,  [falt) = Elexp {it, Z,}) = (fi(tn~ %)), t € R

Lemma 3.8, If f; satisfies Cramér’s condition

(8.31) lim sup |fy(t)] < 1,

then there exists an integer ny such that

(3.32) sup lim sup |f](¢)| < 1.

n>ng |t}j= o0
Proor. Note that
(3:33)  [fiO)] = |Elexp {(it, Zy;,)})|
= |Blexp {(it, TX,;,)})| = |E(exp {(Tt, Xy.,)})|
< |Blexp {6Tt, X,)})] + 2P(Xy,, # Xy) £ |fu(T8)] + 2p3n~ 12
By (3.22), for a sufficiently large integer ny, n > ny implies
(3.34) |7¢| > 1]t 2p3n” 12 < (1 — lilrtrll_'sgp TAGIE

Q.E.D.
The next two lemmas are concerned with the choice of proper kernels.
LeMMA 3.9. There exists a probability measure M on the Borel o-field #* of
R* which concentrates all its mass in S (0, 1) and which has a characteristic Sfunction

{ satisfying

r
arr,

for0 = r <k +s,1 2m £k, where s is a given nonnegative integer, and w is
a nonnegative decreasing function on [1, ) satisfying

(3.35) L(t)| < cralk, s)exp {— |t]u(|t])}, |t| 2 1,te R,

(3.36) fl‘” z 'u(z) de < oo.

Proor. Let {U,} be a sequence of independent random variables, U, having
uniform distribution in the interval (—r,, r,), where the 7, are positive numbers
such that

(3.37) Yo (k+s+ 1) k12
n=1

and, further, such that the characteristic function {; of the distribution M, of
X2, U, (the sum converges almost surely) satisfies



464 SIXTH BERKELEY SYMPOSIUM: BHATTACHARYA
(3.38) 181(8)] < cys(k, s) exp {— |t|u(]¢])}, lt| = 1,te R

This is possible by a result of Ingham [20]. Let M, = M}{**s*1 Then, clearly,
M, and its characteristic function {, = {§***1) satisfy

Mz[(_k—llz’ k—l/Z)] = 1,

%c‘{‘““’u){ < cy6lk, s)exp {— |t|u(]t])}, |¢| = 1,te R,
for0 < r <k +s Nowtake M = M, x M, x - x M,, a k dimensional
product probability measure on (R, #*). Q.E.D.

REMARK. Ingham [20] actually proved that in order that there exists a prob-
ability measure M, with compact support (in R') whose characteristic function
obeys (3.38), it is necessary as well as sufficient that (3.36) holds.

COROLLARY 3.1. There exists a probability measure M in R* which concen-
trates all its mass in S(0, 1) and whose characteristic function { satisfies the
inequality

(3.39)

ar
oty
forallr,0 = r <k + s.

LemMA 3.10. There exists a probability measure K’ on the Borel o-field #* of
R* with a characteristic function {' such that

(3.40)

c<t)| < cyq(k, s) exp {— [¢]'/}, lt| 2 1,

3
(3.41) [ dK' > -, j ||t ** dK' () < oo, {'@)y=0
S(0,1) 4 Rk
if |t 2 calk, 9),

where s is a given positive integer and c,g(k, s) is a suitable positive constant.

Proor. One can construct a probability measure obeying (3.41) in various
ways. We give just one such construction. In R', let U, be the uniform distribu-
tion in the interval (—a, a), @ > 0. The characteristic function p, of U, is given
by

(3.42) pa(t) = (at)™! sin at, te R'.

The characteristic function p?*** of U*2**%) is nonnegative real valued and
integrable. Let the constant ¢}g(a, k, s) be chosen so that

(3.43) f+w cisla, k, 8) p2*t9(x)dx = 1.

The probability measure N, whose density is given by the integrand in (3.43),
has finite moments of all orders up to 2(k + s) — 2, and has a characteristic
function which is equal to a constant multiple of the density of U****9, and
therefore vanishes outside the interval [ —2a(k + s), 2a(k + s)]. Let N, =
N, x N; x -+ x N,, a product probability measure in R*. To getK' from N,
one only has to choose a suitably. @.E.D.
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4. Main results

We continue to use the notation introduced earlier.
THEOREM 4.1. If B, is finite then for every real valued, bounded, Borel
measurable function g on R¥, one has

(4.1)

J~ gd(Qn - (I))\ é a’(k)wg(Rk)ﬂ3n_1/2 + 2 su]zj wgu(.; 8”)d(b, ’
Rk Rk

ueR
for all n such that By < a,(k)n'/?(log n)~*, where
(42) &y = aZ(k)ﬁ?:n—l/z’

and the positive constants a(k), a,(k), a,(k) depend only on k.

Proor. We shall apply Lemmas 3.1 to 3.5 throughout this proof to the
sequence {Z,,,}. Let Q, denote the distribution of Z, = ZI_, Z,.,n""/?. Let K;
be the distribution of ¢X, where X has distribution K’ of Lemma 3.10 with
s = 2, and K] that of eTX. The characteristic function {;" of K satisfies

4.3) L) = U = 0
if |t| 2= a;(k)/e. We first show that, for a suitable choice of &,
(4.4) (@, — @) +K; | < a'(k)B3n™ 112

if B3 < a,y(k)n'/*(log n)~*. Let I'z,, denote the density, and ¢, the Fourier—Stieljes
transform of (Q, — ®)*K_. Then as in Bikjalis [6],

4.5) |@, — ®)=K;|

= j |a()| d
Rk

k k
= J (l‘[ 1+ xi(k+2))l/2k>|hn(x)| T (1 + a26+2)" 2k gg
Rk m=1

m=1
k 1/2 K 172
< [ [T @ + &2&+2)-1k dx] [J (1-[ 1+ x,f,"‘”))l”‘) h2(x) dx]
Rk m=1 Rk \m=1
1/2k
< a0 11 U (1 + 222 a) da
m=1 Rk
k
S aqk) 1 ¢ + 1)V,
m=1
where
(4.6) I= f 12 (x) de, I, = fm 226+ DR () doe,
R

Let us write

(4.7) P.(t) = ki‘ n~I2P,  (it) exp {— %|t]*}.
i=0
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By the Plancherel theorem, and noting that i~**2(g*+2/atk*2)¢ (1) is the
Fourier transform of 2¥* 24, (x), one has

ak+2 2
“s 1= (zn)—k JR" |é"(t)|2 dt, I, = (277-')_ f at“+2£
Now let
4.9) & = as(k)Bsn~ 12, as(k) = a3(kl)18p3;".

3

Using Lemma 3.1 with s = 3, one then has

2 2
(4.10) I a6(k)p3;n < a7(k)BS‘
n n
The last inequality of (4.10) follows from (3.26) and (3.27). Also, I, < I, , +
I, ,, where

I,,= 2(21:)"‘J

ak+2

gz (A0 = n@)l )

2
dt,

(4.11) o

2
777 {(®) = exp {= StPH0 D)} at,

I.,= 2(21t)""f

where both integrals are taken over the set {|{| < n™'/?/(4p;,)} so that

(4.12) I, 1 £ ag(k) (f a,(t) dt + J a,(t) dt>,
B 82
where
k+2 k + 2 ak+2—r 2
an(t) = ;o( r )I:at' (fn 'yn(t))—J WC’(ST” ,
(4.13) = {|t| = calk)Biifhan'?},
nil2
B, = { ﬂk:ék n'? < Itl }
p3 n
Noting that
ak+2 r
(4.14) 6t"+2 i ¢ (eTt) ‘ < aq(k), 0rsk+2

it follows, by Lemma 3.2 withs = & + 2, that

2
(4.15) I %, (t) dt < a;o(k)pis 2™ S “—“(:)ﬂ?
B,

The last inequality is a consequence of (3.26) and (3.27). To evaluate IBz (¢) dt
note that, by (3.26) and (3.27),

(4.16) c2(k)Bics' S an'? Z a5 (k) B3 et/
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Hence, by Lemmas 3.3 and 3.4, and letting B; = {|t| 2 a,,(k)B5 *n'/?*},

(4.17) J
B>

r

Fra

Ja(t)

2
dt = Ci(’)ﬂrz;nn'j | f1(tn= 12|20 gt

B>
2 — 2
exp {__ — (_n.__ﬁ_l_i} dt
R 3

< ay3(k)B3n> J
B n
< ay4(k)B3
= nlogn’
if B3 < a,(k)n''?/(log n)*. Also, by Lemma 3.5, if B3 < a, (k)n'/? (log n) ¥, then

r

?
— (va(t) — exp {— 3]¢|*})

2

k+2 2 o
4.1 — — 1142
(4.18) rgo Lz T dt + Lz at:nexp{ Fley| de
k-1 o a/ k 2
é Z als(k,.l)” Jpj?+2;n + M
j=1
< ale(k)ﬁg_
- n
From (4.14), (4.17), and (4.18), one gets
2
(4.19) J a ) de < 228Bs
B n
The inequalities (4.15) and (4.19) yield
2
(4.20) Iny < ‘3#)&

The estimation of 1,, , is simpler. In fact, using Lemma 3.5 as in obtaining (4.18),
one gets

2

(4.21) I, < a5 (k)Bs
n

Combining (4.20) and (4.21), we obtain

azo(k)ﬁg
—

(4.22) 1,

IIA

Finally, (4.10) and (4.22) lead to (4.4). We shall now show that
(4.23) 1@, — ®)xK;|| < a”(k)Bsn™ ',

if B3 < a;(k)n? (logn)~*. Let Q,, and @, , denote the distributions of
n~ 2%l X,,, and n”'?Z}_, (X,, — EX,,), respectively. Also, ®; will
denote the normal distribution with mean vector —n~'?Z!_, EX, , and
covariance matrix I, while @, stands for a normal distribution with mean vector
—n~Y2E"_. T(EX,,,) and covariance matrix D~'. Now
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429) (@ = ©)*K; — (@1 ~ D)*KL[ S [ Q0 — Q1] S 20P(X,] > n'?)
< 2p3n 712 < 2N Bym T2,

Next,

(4.25) (@1 — ®)+K,|

=2 Lk (Qn1(B — x) — ®(B — 2)) dK,(x)

= 2 sup J‘ (Q,,,Z(B -n"Y2 Y EX,, - x)
Rk

Bed&k r=1

- ®,(B-n"12Y EX,, — x)) dK.(x)

r=1

= 2 sup Lk (Qn,2(B — ) — ®,(B — ) dK,(x)

= (@2 — ®1)*K,|.

Also, letting W,, W,, eX be independent random vectors with respective distri-
butions @, ,, ®,, K,

(4.26) (@2 — @)*K;|
= 2§uap [P(W, + eXeB) — P(W, + ¢X € B)]
e Bk
= 2 sup [P(TW, + eTX € TB) — P(TW, + eTX € TB)]
€.
= [[(@ — @)*K;|.
Finally,
4.27) (@ — @3)xK; — (@, — O)*K[|| < | @, — @ < ayy(k)Byn~ 2.

The last inequality is obtained in a straightforward manner using (3.22) and the
fact, which follows from (3.15) in Lemma 3.6, that

(4.28) n~ 1?2

Z EXr;n‘ é nllzlEXr;nl é p3n_1/2-
r=1

The desired inequality (4.23) now follows from (4.4), and (4.24) through (4.27).
An immediate application of Corollary 2.2 with y = @, and v = @, and the
kernel K| as used here, completes the proof of the theorem. @ .E.D.
AppLICATION 4.1. In the space 2 of all probability measures on the Borel
o-field of R*, define the distance d, by

(4.29) do(P, Q) = sup |P(C) — Q(0)|,

% being the class of all Borel measurable convex sets of R*. If § is finite, then

(4.30) do(@,, @) = azz(k)ﬂsn_llz,
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if B3 < a,(k)n'/%/(log n)*. This follows from Theorem 4.1 by taking the indi-
cator function I of an arbitrary Borel measurable convex set C for g, and by
ndting that the class € is translation invariant, that is, (C — x) belongs to ¢
for all x in R* and for all C in €, and that

(4.31) supf wy (-3 €) d® = sup ((AC)) S d(k)e, £ >0,
Rk Ce¥

Ce¥

where 0C is the boundary of C and (0C)® is the & neighborhood of dC as defined
by (2.23). The constant d (k) depends only on k. The inequality (4.31) was first
obtained by Ranga Rao [29]. Later it was independently obtained by von Bahr
[34] and Sazonov [32]. The last named author has shown

(432) dO(Qm (D) é Ck4ﬁ3n_1/25

where ¢ is an absolute constant. The usefulness of the metric d, derives from
the richness of the class € which is large enough for many applications. It is also
quite convenient to have a metric like d, which is free of scale; that is, if P and @

are two probability measures and L is an affine non singular linear transforma-
tion on R* then d,, satisfies

(4.33) do(P, Q) = do(P-L™%, Q-L7").

Here PoL™'(B) = P(L™'B), B being an arbitrary Borel set.
APPLICATION 4.2. Let & be the class of all real valued functions g on R*
satisfying

(4.34) we(R*) £ 1, lg@@) — g < |x — .

for all z, y in R*. The distance d, on 2 defined by

Rk

is known to metrize the topology of weak convergence (see [11], Theorem 12).
It is immediate from Theorem 4.1 that if §; is finite, then

(4.36) d1(Qns ®) < ay3(k)Bayn~ /2

(4.35) d,(P, Q) = su
ge

if B3 < a,(k)n''?/(log n)*.
Several other applications are given in [2]. There are Borel measurable
functions g for which

4.37)

j wy("; €) dtb’ = 0(g), su}ij~ w, (-3 €)d® 50 as ¢€]0.
Rk xeR¥* | gk

For example, see [3]. Clearly, for such functions Theorem 4.1 is useless. The
following theorem provides effective bounds in this situation.
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THEOREM 4.2. If B is finite then for every real valued, bounded, Borel
measurable function g on R*, one has

(4.38)

Lk 94(Q, - o)l < by, (R)Byn™ " + f w0,(¢3 5,) d®

Rk
if By < by(k)n''*(log n)~*, where
(4.39) &, = by(k)Bsn~ 2 log =,

and the positive constants b(k), by (k), b, (k) depend only on k.

Proor. Let the probability measure M be as in the Corollary 3.1. Let M, be
the distribution of ¢T'Y, where the random vector Y has distribution M. Let
K, . = M}’ pbeing a positive integer (depending on z) specified by (4¢.41) below.
We continue to use the notation introduced in the course of proving Theorem 4.1.
We first show that if B is less than b, (k)n'/?(log n) ¥ then

(4.40) (@ — @)K, | < b'(k)Bsn™ "7,
where, denoting by [x] the smallest integer larger than x,
(4.41) p = [logn], e = by(k)pa;un 12
The constant b’ (k) will be appropriately chosen in the sequel. Now define
(4.42) &u(t) = [fa(0) — exp {—3[t|*}]CP(T),
where { is the characteristic function of M. As in (4.5),
k

(4.43) 1(@n — ®)+K, .|| < bs(k) [T (7 + Jn)"%

m=1
where

J = (2m) J &) de,
Rk

(4.44) ok+2 2
J, = (2n)"‘J Wf;(t) dt.
Rk m
Now
(4.45) J 2327y + Iy + J3),
where

Ji = [{|t] < n'7/(8ps;a)} |falt) — exp {— 3[¢|?}]? dt,
(4.46) I3 = [ {lt] 2 n'%/Bps,n)} |fr(1)CP(eTH)|? dt,

I3 = [ {lt] > "72/(8ps;n)} exp {— ¢[*} at.

By Lemma 3.1, with s = 3,

by (k) B3
(4.47) J| < -i‘—(n—)ﬁi
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It is elementary to check that

(4.48) Iy < bs (k)3

n

By (3.22) and (3.40),
449) J, < f{|t| > nV2/(8p, N} (Tt)|? dt
< b3 (k) f {lt] > n'"%/(8ps;)} exp { — 2p|et|*/?} dt

< 637 (k) [

n/2{(8p3;n)

é bgp(k)bS(k)c;2k+l exp {_an}v

uk~!exp {— 2pe'?u'/?} du

where
(4.50) c, = 2pe'’?, a, = 2pe'*n'*(8p,,,) 12
It is clearly possible to choose b’ (k) such that

by (k) B3
(4.51) Jgg"(T)ﬁ’.

Combining (4.47), (4.48), and (4.51), we get

(4.52) J< b1o(k)f3
— n M

To estimate J,, write

k+2

0
73 () = 7a(®)E(eT))

ak+2
+ »[
Rk

Fras ((va(t) — exp {— 3|¢|?}){P(eTt))

2

4.53) J, <2@2n)* j dt
Rk

2
dt.

Estimation of the integrals over the set {|t| < n'/?/(8p,,)} is exactly like that of
I,,. The integrals need to be estimated, therefore, only over the set B; =
{lt| > n'*/(8ps;,)}. Clearly,

k+2 2 2
(4.54) j % ((va(t) — exp {— %Itlz})C"(sTt))‘ dt < _—bll(:)ﬁ3,
B3 m

Also,

ak+2
(4.55) f Pz ((frt) = va(®))LP(eTE))
Bj3 m

2
dt £ 21 + I, 2)
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where
k+2 2
Im1 = j W(ﬂ(tﬁ"(eﬂ)) dt,
Ba m
(4.56) k+2 2
I, 2 =f W(y,,(t)(”(sf’t)) dt.
B3 m
By (3.22), (3.26), and (3.27),
k+2 ak+2—r 2
457) S, S Zobn(r,k)ﬂf,m;"f sz LT di
r= B3 m

s kiz bys(r, k)B3n’|| T || 2%+ 2~ ng2lk+2-np2k+2-n
r=0

(4.58)  b2P(k) L exp {—(p + 7 — k — 2)e"2t|Y2} dt < by, (k) B2,

if the constant b5 (k) is suitably chosen. Note that there is no conflict between
this choice and that made in getting (4.51). In both cases one has to take it
sufficiently large. Estimation of J,, , is much simpler. In fact, J,, , is of the order
of [, (0**2/0ts*?) exp {— %|¢|*} dt. Hence,

by s(k) B2
(4.59) I 2 < L(n)&

It then follows that if 85 is less than b, (k)n'/?(log n) ¥, then

bls(k)ﬁg‘

(4.60) J, <
n

By (4.52) and (4.60), one finally obtains the inequality (4.40). It now follows
exactly as in the proof of Theorem 4.1 that if f; is less than b, (k)n'/?(log n) 7%,
then

(4.61) 1(@n — @)K, .|| < bk)Byn~ "2,

The proof of the theorem is now completed by applying Corollary 2.1 with
U= @,, v = ® replacing ¢ by pe. Q.E.D.
ArpricaTioN 4.3. The Prokhorov distance d, is defined in £ by

(4.62) dy(P,Q) =inf{e;e>0,Q(4) < P(4°) + &, P(4) £ Q(A°) + ¢, A e B*}.
This distance metrizes the topology of weak convergence of probability measures

on the Borel o-field of a separable metric space (see, for example, [8], pp. 237-
239). It may be shown (see [12], Proposition 1) that

(4.63) dy(P,Q) = inf{e; e > 0, Q(A) £ P(4°) + ¢, 4 € B*}.

Now letting 4 = @, and v = P, in Lemma 2.1, one obtains the following
inequality from the inequalities (2.6).
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(4.64) ff”dQ P)*K, > ffdQ P) ff”s—f dP,

where P and @ are arbitrary probability measures on #* and f is an arbitrary
real valued, bounded, Borel measurable function on R* Specializing to indicator
functions of Borel sets, one gets

(4.65) Q(4) — P(4) < (Q — P)xK,(4°) + P(4% — A).
Now take @ = Q,, P = ®, and replace ¢ by pe, to get

(4.66) Q.(4) £ B(4) + DA™ — 4) + (@, — D)*K, .|
= Q(4%P*) + (@, — D)*K

pels

from which, using (4.61), and (4.63), we obtain
(4.67)  dy(Q,, @) < max {2pe, b(k)B3n™ 2} < by, (k)Bn~ 12 log n,

for all n such that B, is less than b, (k)n'/?(log n) ~*.

REMaRKs. The author does not know if the factor log 7 in (4.39) may be
removed. The method of computation of d, and d, as given here is valid in
the more general context mentioned in the introductory section (see [4] in
this connection).

We next turn to asymptotic expansions. Suppose p;, , is finite for a positive
integer j. Let P;(— ) be the real valued function on R* whose Fourier trans-
form (evaluated at t) is P;(it) exp { — 3|¢|*}. Since exp {— }|¢|*} is the value
at ¢t of the Fourier transform of the standard normal density which we denote
by ¢, Pj(—¢) is obtained by formally replacing (it;)" (8;)" - - - (it;)™
exp {—3[¢|?} in P;it) exp {—3|¢|} by (—0/0%,)""(—0/0x;)™ - - - (—0/0x,)™ 0.

For example, from the expression for P, (it) given in (3.5) one obtains

63
(4.68) P (—o)(x) = —ils' Z EX, jXI j'Xl i)

X1, i Xy ) e ).
j, i, j" 6.’1:1 ax}' axj«'

Let P;(—®) be the finite signed measure whose density (with respect to
Lebesgue measure) is P;(—¢). We write Py(—¢) for ¢, and Py(—®) for ®.
For the random vectors {Z,,,}, we similarly define P;,(—¢) and P;,(—®) to
correspond to P;, , (it).

THEOREM 4.3. If p; is finite for some integer s, s = 3, and if the characteristic
function f, of X, satisfies Cramér’s condition (3.31), then for every real valued,
bounded, Borel measurable function g on R* one has

s—2
[odfe.Eumi o]
Rk j=0

< w,(R*),(n) + J w,(-; e ") d
Rk

(4.69)

s—2 s

j=o



474 SIXTH BERKELEY SYMPOSIUM: BHATTACHARYA

and, also,

(4.70)

s—2

Jj=0
< w,(RYd(n) + (1 + cS(r»))Jv wy(+; e”*") dD,
Rk

) = o(n~ " P2) §(n) = o(1), and B is a positive

where §,(n) = o(n~ ¢~ 2/2) §\(n) =
), 01(n), 6(n), and B depend only on the distribution of

constant. The quantities 6,(n
X, and not on the function g.
Proor. We continue to use the notation introduced earlier. In addition, let

]
S

¥ n~I2P(—®), n 2P, . (—®),

uM‘

r

-~

471 () n” 72 Py(it) exp {— 3|¢|*},

-~

n~2 P, (it) exp {— 3|t}*}.

yr;n(t)

.

Let us first show that
(4.72) 1(@r — Yoo 2,0)*x M, || = o(n™ =272,

where ¢ is defined by ¢ = e™*", « being a suitable positive constant to be chosen
later. The probability measure M, is the distribution of ¢7'Y, Y having distri-
bution M of corollary to Lemma 3.9. Now remembering how the density of
P;,,(— @) is formally obtained from the polynomial P; ,(it), it is easy to see that
(4.73) ”n_j/zpj;n(_d))” = ”—jlzbls(k’j)l’ﬁ 2in

= o(n™¢"27),

for j>s—2.
Therefore, (4.72) will be proved if we prove
(474) "(Q;x - ‘Pk+s—1;n)*Me" = O(n—(s—2)/2).

As in (4.5) (also see [6], p. 413),

k 1/k
(475) "(Q:: - lI,k'O-s-—l;n)*Jus"z é b n I:J 1 + xZ(k+S))p (x) dx:l

k

18(6) [1 (Lo + L)',

m=1

where p, is the density of (@, — W +s—1,,)*M,, and Ly and L, are given by

Ly = (2m) kj 2 (8) = Prrs-1, (O [C T at,

= (2n)"‘f
Rk

(4.76)

k+s 2

a7 (720 = Tews-1n (D)L (eT1)
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Again,
(4.77) Lo £ 4(21) Lo,y + Lo, + Lo,3 + Lo, 4),
where
Ly, = fn |f':(t) - 7k+s-1;u(t)|2 dt,
Ly, = |f2(0)|? dt,
(4.78) f”l""

Los= [, fulerofat

L0,4 = f ka+s—1;n(t)|2 dt’
Rk—-B,

the sets B, B, being defined by

(479) B, = {|t] < $'2p7 %320, B, = {f] < 4n"2p51L).
By Lemma 3.1, (3.26), and (3.27),
(480) LO,I é b19(k’ s)pl%+s+2;nn-(k+8) = O(n-(s—Z))-

By (3.26) and (3.27),

1,.1/2 -1/(k+ 1/2~(k+2)/[2(k+
(4.81) 2 EED 2 bk, 5)pynt /3= D20,

Hence, by Lemma 3.3,

(4.82) LooS [ exp (=3t} dt = o e~2),
B>—-B;

By Lemma 3.8, (3.26), and (3.27),
(4.83) N =sup sup |fi®)] < 1.

n>no |t >(4p3;0) !

Hence,

(4.84) Lo 3 < by (k,s)n*" werp P {—2|eTt|"/?} dt < byy(k, s)n"(e|| T~

Now choose a number 5’ such that n < ' < 1, and let

7\2n/k 2 1
(4.85) e = (n')*"* = exp {—an}, a={z log )
Then clearly L, 3 = o(n~®~?). Lastly, because of (4.81) and the presence of

the exponential term exp { — %|¢|?} in the integrand of Ly 4, Lo, 4 = 0(n™¢~?).
It follows that

(4.86) Ly = o(n™6"2),
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Next,

(487) Lm é 4(2n)—k(Lm,1 + Lm,Z + Lm,3 + Lm.4)’
where
r k+s 2
Lm,l = B ath'((fr:(t) - '}’k+s—1;n(t))C(8Tt)) dt’
J b3 m
r k+s 2
Ly, = ) 2 (fr(®) ¢ (eTt))| dt,
JB2-B3 m
(4.88) ! e ,
Lp,s = . (%Tg(f.ﬁ(t)‘:(«?i”t)) dt,
JRk—B;, m
r ak+s 2
Lp,s = 57{4-_3('}’1:+s—1;n(t)C(8Tt)) dt,
JR¥—B3 m

the set B; being defined by B; = {|¢t| < c,(k)n'/?B; 1 1%35}. By Lemma 3.2,
(3.26), and (3.27),

(4’89) Lm,l é b23(k7 8)ﬂl%+s+2;nn_(k+3) + b24(k> 8)ﬂl§+s+2;n(8”71"),”.2s

= o(n~¢"2),
By Lemmas 3.3 and 3.4,

2

(4.90) L, .= j dt
Rk—B3

k+s 5 B
Z b25(k, 7, s)ﬂr;nnr/28k+s——r exp {— lm__ﬁ}

r=0 3 n

= o(n~ "),
Again by Lemma 3.4 and (4.83),
k+s k+s—r

Z b26(k’ 8, r)ﬂr'nn’ﬂ"”—‘r k+s—
r=0 ! 6tm T

2

dt

(491) L, < j {(eTt)
Rk—B,

k+s

= Z byq(k, s, r)ﬁrz;nnrr’Z(n—r)(S“T“)k+23—2r
r=0

=o(n~¢"%),

Finally, the presence of an exponential term exp { —%|¢|?} in the integrand of
L,, 4 immediately gives L,, , = o(n~*~?/?). We then have

(4.92) L, = o(n~¢"2/2),

which combined with (4.86), when substituted in (4.75), gives (4.74) and,
therefore, the desired inequality (4.72). We next show that

(4.93) 1(@n = ¥e-2)* M]| = o(n=C~2'%),
where M| is the distribution of ¢Y, ¥ having distribution M of Corollary 3.1.
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Now remembering the definitions of @, , @, ,, we see that
(4.94)  [(Qn — Weo2)* M, — (Qu1 — ¥,_2)* M|
S | @0 — @il £ 20P(X,| > ') = o(n™¢"2/2),
We next define two finite signed measures ¥,_,., ¥,_,.,, by
Yo (B) = ¥ooalB + 071 ¥ EX,,,)

(4.95)
\Ps—z;z(B) = lI’s—z(T_lB)>

It is not difficult to show that
(496) "\Ps—Z;l - ‘Fs—2” = O(n—(s—2)12)’ "‘.Ps—Z;Z - lI’s—2" = O(n_(S-Z)/z)-

The first assertion follows by estimating the density of ¥,_,.; — ¥,_,, using
the readily verified fact that

Be #*.

(4.97) n~1/2 il EX,.,| = o(n~ 22,

The second assertion in (4.96) follows in the same way, this time using the
relation |T — I| = o(n~“~?/2) given in (3.22). Since

(4.98) 1(@ns = W) s Me|| = [[(@n2 — Wu-

the first assertion in (4.96) together with (4.94) imply

(4.99)  [(@n - W, o) M| + o(n™¢7D2),
But

(4.100) 1(Qn2 = Wem2)x MZ|| = (@) — Womsi2)* M-
Hence, the second assertion in (4.96) yields

(4101)  [(Qn = ¥oo2)* M| = [[(@n — Waoa) M| + o(n™C7P"),
which, combined with

(4.102) [¥-2 — ¥o2n] = 0(n™C"2/2),

leads to

(4.103) [(@n — ¥o-2)* M, = [(Qn — Weozin)* M| + 0(n™C72P%).

The assertion (4.102) is a simple consequence of Lemma 3.7 (see [6], pp. 420-
421). The desired relation (4.93) now follows from (4.72) and (4.103). The first
assertion (4.69) of Theorem 4.3 follows on applying Corollary 2.1 with
p=@Q, v="Y_,, K, =M, (note that M concentrates all its mass in the
sphere S(0, e"T [). and that 2¢|T| < exp {—pn} for any positive § smaller
than a, 1f n is sufficiently large). To obtain the second assertion (4.70) observe
that
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(4.104) f w,y(-: 26) d|¥,_,| =f w,(-: 26) d|%,_,|
Rk S0, r)

* fkk~s<o,r) w0yl 20) |,

Take r = (3s log n)'/2. Then the first integral is bounded above by

(4.105) [1 + byg(k)psn™ V21 + 73] wy(+; 2¢) dD.

5(0,r)

and the second is bounded above by
(4.106) w,(RY)| W, 5[ (R* — 8(0, 7)) = w,(R*)3,(n),

where 8,(n) = o(n” ¢~ 2'2). Hence,

(4.107) fkk wy(-: 26) d|¥,_,| < w,(R*)8(n) + (1 + o(1)) ka w, (- 2¢) d.

Q.E.D.
Note that the error of approximation in Theorem 4.3 is of the order of
o(n~ 5~ 2/2) even for those functions g for which

1\ 22
(4.108) J wy(-:¢)d® = o|:(log ;) ] elo.
Rk

It may also be noted that if X has an integrable characteristic function, then
no kernel measure is needed for smoothing and one may show more simply
[(@, — Ws—2)| = o(n™¢~272), if sth moments are finite. However, Bikjalis [6]
has the following better result.

THEOREM 4.4. Suppose X, has a nonzero absolutely continuous component
If py is finite for some integer s, s = 3, then

(4.109) ‘ = o(n~ 72,

s—2
Q= X n"“Pj(—fb)l

j=0

Theorems 4.3 and 4.4 do not cover the important class of discrete distributions.
For the one dimensional lattice distributions, Esseen [13] obtained asymptotic
expansions of the distribution function of @,. Noting that ¢}, has point masses
of the order of n~'/2 (for k = 1). it is clear that the so called Edgeworth type
expansions above do not hold. But the fact that the distribution @, may be
roughly viewed as a probability measure on a group isomorphic to the additive
group of integers enables one almost trivially to express the “‘density”” of @,
with respect to counting measure on the group in terms of its characteristic
function via the Fourier inversion theorem (the dual group of the group of
integers being the circle group 7', Fourier inversion always holds for summable
functions on the integer group). Since the expansions of f,, given by Lemmas 3.1
and 3.2, are still valid, one obtains an expansion of the Edgeworth type for the
point masses of @,. This is the so called local limit theorem in the lattice case.
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To get approximations for @,(B), where B is an arbitrary Borel set, one then
uses something like the Euler summation formula to express a sum as an
integral. The multidimensional extensions of Esseen’s result as well as expan-
sions for arbitrary Borel sets are due to Ranga Rao [29]. Theorem 4.5 below is
a refinement of these results due to Bikjalis [7]. To be able to state it, we need
some additional notation. Let L be a lattice in R* defined by

(4.110) L = {xzy + m; m is an integer vector}, x, = (Xg 1, ", Xo.x)s

where by an integer vector we mean a point in R* all of whose coordinates are
integers. Without any essential loss of generality, we assume that the k¥ dimen-
sional lattice distribution of X, has all its point masses in L (and in no proper
sublattice of L). We further assume, again without loss of generality, EX, =
(0,0,---,0), CovX, = V. Here V is a positive definite matrix. The following
functions appear in the Euler summation formula. For ¢ in R!, define

(=1
@111) 80 = .
(=12 Y 2sin (2ant)/(2an))  ifjis odd,
a=1

2 cos (2ant)/(2am))  ifjis even
=1

j=1,2, - Thefunction 8, (¢) is periodic with period unity, and the expression
for 8,(t) in (4.111) is merely the Fourier series for S, (¢) = ¢t — [t] — 4 with
[¢] = integer part of ¢{. The function 8 is right continuous, is linear in the
open interval (N, N + 1) (for every integer N) with slope 1, and has a jump —1
at every integer point. Also, (d/dt)S;(¢) = S;_,(¢),j = 2. Thus, the functions §;,
j = 2, are all absolutely continuous. Now define the following operators T,
1<jsk,

s—2 o
(4.112) T =1+ Y (=1)yn""28,@x;n'? — nTo,j) 5

r=1 xj
Also, let us denote the formal product of 7%, 1 < j < k, by ITf_, T)(s). Let @,
here stand for the distribution of »~ /2 Z"_, X,. Other notation will also
remain unchanged.

THEOREM 4.5. If X, has a lattice distribution as described above, and if sth

moments are finite for some integer s, 8 = 3, then

k
(4.113) Q,(B) — f dl:(l_[ Tj(s))\Ps—z:I = o(n~6=/2)
B

j=1
uniformly over all Borel sets B. Here ¥;_, is as defined by (4.71).
REMARKS. Theorems 4.3, 4.4, and 4.5 do not cover nonlattice discrete

distributions (as well as some singular distributions). For some special functions
g the Edgeworth type expansion

(4.114) 9dQ, = [ gd¥, + o™,
Rk Rk
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may be obtained, if p; is finite, s = 3, no matter what the type of distribution X,
may have. For example, if g is a trigonometric polynomial then Lemma 3.1
immediately provides such an expansion. Our next theorem provides a class of
functions for which this expansion is always valid.

THEOREM 4.6. If p, is finite for some integer s, s = 3, and if g (real or complex

valued) is the Fourier—Stieljes transform of a finite signed measure p satisfying

(4.115) f |*=2 d||(x) < oo,
Rk
then one has
s—2
(4.116) J gd(Q,, -3y n‘fszj(-cp)) = o(n~ 7212, n — 0.
Rk j=0

Proor. We need the following sharpening of Lemma 3.1 (see [29], Theorem
5.4.1, or use truncation and Lemma 3.1), a one dimensional version of which
appears in [13] (Lemma 2b, p. 44): if p; is finite for some integer s, s = 3, then
for [t] £ n'?/(8p,/2), one has

(4.117)

s—2

falt) — exp {—3|t]*} ¥ n72Pyit)
j=0

< ¢y (k, 8)p,|tf exp {— §[t|*}n =" 226(n),

where (n) goes to zero as n goes to infinity. Now by Parseval’s relation (see [14],
p- 480)

s—2
(4.118) f gd<Q,.— y n""’P,-(—‘D)>
Rk

i=0

s—2
= J (fn(t) —exp {—3[t]*} X n"“Pj(z‘t)) au(t).
j=0

Rk

The integral on the right is first estimated over the region B = {|t| <
n'2/(8p}!s=2)}. This is of the order o(n~¢~2/%) by (4.117). Over the com-
plement of B the integral is of the order of

n1/2

—(s—2)
(4.119) J dlu| < (m) j e~ 2 d|u| ) = o(n=~212),
R<—B Ps R<—B

by (4.115). Q.E.D.

Theorem 4.6 is a considerable improvement on a previous result of the author
(see Theorem 3 in [3], where a different form of Parseval’s relation was used).
The next theorem is designed to show that with the additional assumption of
independence of the coordinates of the random vectors, multidimensional
results become simple consequences of one dimensional results. The proof is
based on an easy trick involving Fubini’s theorem. Let P, @ be two probability
measures on (R* #*). Let U = (U,, -, U,) and V = (Vy, -, ;) be two
random vectors with respective distributions P, Q. Denote by P;, @;, the
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(marginal) distributions of U;, V;, respectively. On the space of all probability
measures & (on (RY %)) define the pseudometrics dy ;, 1 < i < k, by

(4.120)  do (P, Q) = do(P;, @) = sup {|P,(I) — Qi()|; I an interval of R'}.
TaeoREM 4.7. If P and Q are product probability measures on (R*, %), then

k
(4.121) do(P, Q) = .;1 do,i(P, Q).

Proor. Wehave P =P, x P, X -+ X P, Q = Q; x @, x -+ x Q. Let
C be an arbitrary Borel measurable convex set in R*. Denoting by 6, 0,, - - -, 6,
appropriate real numbers of magnitudes not exceeding unity, one has

4.122) P(C) = ka Py(Cryeyn )A(Py X Py % -+~ x By)

= - Q1(Cryxyox)@(Py X Py X - -0 X P) + 0,do,1(P, Q)
=Q, x P, x - x B(C) + 0, dy,, (P, Q)

= ka P2(Cx1'xsx4'"x;<)d(Q1 X P3 XX Pk) + 01 dO,l(P’ Q)

= R QZ(Oxl-xgxa--'xk)d(Ql X P3 X X Pk) + 01 dO,l(P’ Q)
+ 0, do,2 (P, Q)
=Q; X Q@ x Py x - X PB(C) + 0,do (P, Q)

+ 05do,2(P, Q)= """
k

= Ql X Q2 X X Qk(o) + 'Zl Gido,i(Ps Q)’

where

Cryxyoe = (%15 %1 € RY, (@4, Xp, @3, -+, ;) € O,
(4.123) )
C, xaxarse = %25 %2 € RY, (@4, @3, 3, -+, ;) € O},

and so on. Q.E.D.

As an immediate application it follows from the Berry—Esseen theorem
(with Zolotarev’s estimate of the absolute constant involved, as appears in [35])
that if third moments are finite and X, has independent coordinates, then
do(@,, ®) < 1.648;3n~ 12 Similarly, one may obtain asymptotic expansions of
Q,(C) for convex sets C using one dimensional Edgeworth expansions for
distribution functions. It should be pointed out that the equalities in (4.122)
hold for any set C (not necessarily convex) whose ‘“‘sections” Cy,5;...x, and so
forth, are all line segments (empty, finite, or infinite). In fact, the method
extends to all Borel sets B whose ‘“‘sections’” are disjoint unions of m(B) line
segments or less, 1 < m(B) < 0.
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For the sake of completeness, we state now two theorems on exact rates of
convergence. Theorem 4.8 is due to Heyde [16], while Theorem 4.9 is due to
Ibragimov [17]. These are both one dimensional results.

THEOREM 4.8. Let k = 1. Let 0 be a positive number,0 < 6 < 1. Then

a0

(4.124) Y do(@n, ®)n~ 1+ < o0,

n=1
if and only if B, , 5 is finite. Also,

(4.125) Y do(Q,, ®)n”! < 0
n=1
if and only if E(X} log (1 + |X,|) is finite.
THEOREM 4.9. Let k = 1. Let J be a positive number, 0 < 6 < 1. Then

(4.126) do(Q,, ®) = O(n%?%)

if and only if

(4.127) fl L, 7 40i@) = 0G™) 2 = .
Also,

(4.128) do(@,, ®) = O(n™1/?),

if and only if (4.127) holds with 6 = 1, and

(4.129) f_ 23 dQ,(x) = O(1), —

Extensions of Theorems 4.8 and 4.9 to all k¥ would be useful. In case the
random vector X, has independent coordinates, these extensions are immediate
in view of Theorem 4.7.

In conclusion, we make a few additional remarks. First, the assumption (3.1)
is merely a convenient normalization and does not involve any essential loss of
generality (see, for example, Section 4 of [2], and the concluding remarks in
[3]). Second, most of the results presented in this article have extensions to the
nonidentically distributed case. For example, Theorems 4.1 and 4.2 are proved
for this case in [2], [3], respectively, under the assumption of finiteness of
moments of order 3 + & for some positive 8. The average of the (3 + é)th
moments of the first » random vectors appears in the bounds. For k£ = 1, 2,
one may take & = 0, so that complete extensions of Theorems 4.1 and 4.2 are
available in one and two dimensions (see [2], Theorems 2 and 3. Theorem 1
in [3] admits similar modifications for k = 1, 2). To do away with J in the
general case, one would require a suitable extension of Lemma 3.2, which, to
the knowledge of the author, is not yet available. Third, Theorems 4.1 and 4.2
hold with 8, replaced by B, and n~'/? replaced by n~%? throughout, for &
satisfying 0 < & < 1. This follows by truncation if one remembers, in the
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notation of Section 3. that f;., = o(n'' ~¥'?), 5., < c(k)n"' ~¥?B, ;. In fact,
it is easily shown that the remainder in Theorem 4.1 is o(n~%?), while that in
Theorem 4.2 is o(n~%2log n), if one merely assumes finiteness of f,,;,
0 < 6 < 1. It should be mentioned that Bikjalis [6] was the first to exploit the
technique of truncation in the present context. Fourth, finally, a great deal
remains to be done as far as efficient estimations of constants appearing in the
bounds are concerned.
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