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—— Abstract

A k-leaf power of a tree T is a graph G whose vertices are the leaves of T' and whose edges
connect pairs of leaves whose distance in T' is at most k. A graph is a leaf power if it is a k-leaf power
for some k. Over 20 years ago, Nishimura et al. [J. Algorithms, 2002] asked if recognition of leaf
powers was in P. Recently, Lafond [SODA 2022] showed an XP algorithm when parameterized by k,
while leaving the main question open. In this paper, we explore this question from the perspective
of two alternative models of leaf powers, showing that both a linear and a star variant of leaf powers
can be recognized in polynomial-time.
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1 Introduction

Leaf powers were introduced by Nishimura et al. in [23], and have enjoyed a steady stream
of research. Leaf powers are related to the problem of reconstructing phylogenetic trees. For
an integer k, a graph G is a k-leaf power if there exists a tree T — called a leaf root — with a
one-to-one correspondence between V' (G) and the leaves of T', such that two vertices u and v
are neighbors in G iff the distance between the two corresponding leaves in T is at most k.
G is a leaf powers if it is a k-leaf power for some k. The most important open problem in
the field is whether leaf powers can be recognized in polynomial time.

Most of the results on leaf powers have followed two main lines, focusing either on the
distance values k or on the relation of leaf powers to other graph classes, see e.g. the survey
by Calamoneri et al. [7]. For the first approach, steady research for increasing values of k
has shown that k-leaf powers for any k < 6 is recognizable in polytime [4, [5], 8] [IT], 12} [23].
Moreover, the recognition of k-leaf powers is known to be FPT parameterized by k and the
degeneracy of the graph [13]. Recently Lafond [I9] gave a polynomial time algorithm to
recognize k-leaf powers for any constant value of k. For the second approach, we can mention
that interval graphs [5] and rooted directed path graphs [3] are leaf powers, and also that
leaf powers have mim-width one [I7] and are strongly chordal. Moreover, an infinite family
of strongly chordal graphs that are not leaf powers has been identified [I8]; see also Nevris
and Rosenke [22].

To decide if leaf powers are recognizable in polynomial time, it may be better not to focus
on the distance values k. Firstly, the specialized algorithms for k-leaf powers for k£ < 6 do not
seem to generalize. Secondly, the recent XP algorithm of Lafond [19] uses techniques that will
not allow removing k& from the exponent. In this paper we therefore take a different approach,
and consider alternative models for leaf powers that do not rely on a distance bound. In order
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to make progress towards settling the main question, we consider fundamental restrictions
on the shape of the trees, in two distinet directions: subdivided caterpillars (linear) and
subdivided stars, in both cases showing polynomial-time recognizability. We use two models:
weighted leaf roots for the linear case and NeS models for the stars.

The first model uses rational edge weights between 0 and 1 in the tree 7" which allows
to fix a bound of 1 for the tree distance. It is not hard to see that this coincides with the
standard definition of leaf powers using an unweighted tree T' and a bound & on distance.
Given a solution of the latter type we simply set all edge weights to 1/k, while in the other
direction we let k be the least common denominator of all edge weights and then subdivide
each edge a number of times equal to its weight times k.

The second model arises by combining the result of Brandstddt et al. that leaf powers
are exactly the fixed tolerance NeST graphs [3l Theorem 4] with the result of Bibelnieks
et al. [I, Theorem 3.3] that these latter graphs are exactly those that admit what they call
a “neighborhood subtree intersection representation”, that we choose to call a NeS model.
NeS models are a generalization of interval models: by considering intervals of the line as
having a center that stretches uniformly in both directions, we can generalize the line to a
tree embedded in the plane, and the intervals to embedded subtrees with a center, stretching
uniformly in all directions from the center, along tree edges. Thus a NeS model of a graph G
consists of an embedded tree and one such subtree for each vertex, such that two vertices are
adjacent in G iff their subtrees have non-empty intersection. Precise definitions are given
later. The leaf powers are exactly the graphs having a NeS model. Some results are much
easier to prove using NeS models, to illustrate this, we show that leaf powers are closed under
several operations such as the addition of a universal vertex (see Lemma @

We show that fundamental constraints on these models allow polynomial-time recognition.
Using the first model, we restrict to edge-weighted caterpillars, i.e. trees with a path
containing all nodes of degree 2 or more. We call linear leaf power a graph with such
model. Brandstidt et al. [2] considered leaf roots restricted to caterpillars (see also [6]) in
the unweighted setting, showing that unit interval graphs are exactly the k-leaf powers for
some k with a leaf root being an unweighted caterpillar. In the unweighted setting, linear
leaf powers are graphs with a leaf root that is a subdivision of a caterpillar. We show that
linear leaf powers are exactly the co-threshold tolerance graphs [20], and combined with the
algorithm of Golovach et al. [I4] this implies that we can recognize linear leaf powers in
O(n?) time. Our proof goes via the equivalent concept of blue-red interval graphs introduced
by [15], see Figure

The recognition of linear leaf powers in polynomial time could have practical applications
for deciding whether the most-likely evolutionary tree associated with a set of organisms
has a linear topology. Answering this question might find particular relevance inside the
field of Tumor phylogenetics where, under certain model assumptions, linear topologies are
considered more likely [9] 25].

For NeS models, we restrict to graphs having a NeS model where the embedding tree is
a star, and show that they can be recognized in polynomial time. Note that allowing the
embedding tree to be a subdivided star will result in the same class of graphs. Our algorithm
uses the fact that the input graph must be a chordal graph, and for each maximal clique X
we check if G admits a star NeS model where the set of vertices having a subtree containing
the central vertex of the star is X. To check this we use a combinatorial characterization,
that we call a “good partition”, of a star NeS model.
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2 Preliminaries

For positive integer k, denote by [k] the set {1,2,...,k}. A partition of a set S is a collection
of non-empty disjoint subsets By, ..., By of S — called blocks — such that S = By U---U B;.
Given two partitions A, B of S, we say A C B if every block of A is included in a block of B,
i.e. C is the refinement relation.

Graph. Our graph terminology is standard and we refer to [I0]. The vertex set of a graph
G is denoted by V(G) and its edge set by E(G). An edge between two vertices x and y
is denoted by zy or yx. The set of vertices that is adjacent to = is denoted by N(z). A
vertex x is simplicial if N(x) is a clique. Two vertices z,y are true twins if zy € E(G) and
N(z)\ {y} = N(y) \ {z}. Given X C V(G), we denote by G[X] the graph induced by X.
Given a vertex v € V(G), we denote the subgraph G[V(G) \ {v}] by G —v. We denote by
CC(G) the partition of G into its connected components. Given a tree T and an edge-weight
function w : E(T) — Q, the distance between two vertices z and y is denoted by dr(z,y) is
> cer(pyW(e) with P is the unique path between z and y.

Leaf power. In the Introduction we have already given the standard definition of leaf
powers and leaf roots, and also we argued the equivalence with the following. Given a
graph G, a leaf root of G is a pair (T,w) of a tree T and a rational-valued weight function
w : E(T) — [0, 1] such that the vertices of G are the leaves of T" and for every u,v € V(G), u
and v are adjacent iff dr(u,v) < 1. Moreover, if T is a caterpillar we call (T, w) a linear leaf
root. A graph is a leaf power if it admits a leaf root and it is a linear leaf power if it admits
a linear leaf root. Since we manipulate both the graphs and the trees representing them, the
vertices of trees will be called nodes to avoid confusion.

Interval graphs. A graph G is an interval graph if there exists a set of intervals in Q,
T = (Iy)vev(a), such that for every pair of vertices u,v € V(G), the intervals I, and I,
intersect iff uv € E(G). We call (I,),ev (i) an interval model of G. For an interval I = [/, ],
we define the midpoint of I as (¢ + r)/2 and its length as r — £.

Clique tree. For a chordal graph G, a clique tree CT of G is a tree whose vertices are
the maximal cliques of V(G) and for every vertex v € V(G), the set of maximal cliques of
G containing v induces a subtree of CT. Figure [4] gives an example of clique tree. Every
chordal graph admits O(n) maximal cliques and given a graph G, in time O(n + m) we can
construct a clique tree of G or confirm that G is not chordal [I6], 24]. When a clique tree is a
path, we call it a clique path. We denote by (K7,..., K) the clique path whose vertices are
Ki,..., K and where K; is adjacent to K;41 for every i € [k — 1].

3 Linear leaf powers

In this section we show that linear leaf powers are exactly the co-threshold tolerance graphs
(co-TT graphs). Combined with the algorithm in [I4], this implies that we can recognize
linear leaf powers in O(n?) time.

Co-TT graphs were defined by Monma, Trotter and Reed in [20]; we will not define them
here as we do not use this characterization. Rather, we work with the equivalent class of
blue-red interval graphs [15, Proposition 3.3].

» Definition 1 (Blue-red interval graph). A graph G is a blue-red interval graph if there exists
a bipartition (B, R) of V(G) and an interval model I = (I,)yev () (with (B, R,T) called a
blue-red interval model) such that E(G) = {biby : bi,ba € B and Iy, NI, # @} U{rb : r €
R,be B and I, C I}.
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The red vertices induce an independent set, (Ip)pep is an interval model of G[B], and we
have a blue-red edge for each red interval contained in a blue interval. The following fact
can be easily deduced from Figure

» Fact 2. Consider two intervals Iy, Iy with lengths £1,£€s and midpoints my, mo respectively.
We have It N1y # & iff [my —ma| < %. Moreover, we have Iy C I iff |m1 —ma| < %-

|m1 N m2’ |m1 - m2|
b o ! — 5%
L —2 i Iy : 2 |
1o j A | I A ; |
2 2

Figure 1 Example of two intervals overlapping and one interval containing another one.

To prove that linear leaf powers are exactly blue-red interval graphs, we use a similar
construction as the one used in [2, Theorem 6] to prove that every interval graph is a leaf
power, but in our setting, we have to deal with red vertices and this complicates things quite
a bit.

» Theorem 3 (x). G is a blue-red interval graph iff G is a linear leaf power.

Proof. (=) Let G be a blue-red interval graph with blue-red interval model (B, R, (I, )vev(a))-
We assume w.l.o.g. that GG is connected as otherwise we can obtain a leaf root of G from leaf
roots of its connected components by creating a new node adjacent to an internal node of each
leaf root via edges of weight 1. For every v € V(G), we denote by £(v) and m(v) the length
and the midpoint of the interval I,,. We suppose w.l.o.g. that, for every v € V(G), we have
0 < £(v) < 1 as we can always divide the endpoints of all intervals by max{{(v) : v € V(G)}
and add some € > 0 to the right endpoints of the intervals of length 0. We fix an ordering on
V(Q), {v1,...,v,}, such that m(v;) < m(v;) for every ¢ < j.

We define T' a caterpillar and its edges fi1,..., fn,€1,...,en—1 as depicted in Figure
Let w: E(T) — [0, 1] such that for every i € [n — 1] we have w(e;) = m(v;y1) — m(v;) and
for every i € [n] the weight of f; is %(”) if v; € B and %(U) if v; € R. Since we assume
that G is connected and the length of the intervals are at most 1, for every i € [n — 1], we

have w(e;) = m(v;11) — m(v;) < 1 so the weights are well-defined.

U1 Un—1 Un

(%) V3
Iﬁ If2 If:; fnl[ fn]

€1 €2 €3 €n—2 €n—1

Figure 2 The linear branch-decomposition used to prove that every blue-red interval graph is a
linear leaf power. Observe that the weight of an edge e; can be 0 if I, and I, _, have the same
midpoint, in that case, e; can be contracted.

We claim that (7', w) is a linear leaf root of G. Let i,j € [n] such that ¢ < j. We have to
prove that v;v; € E(G) iff dp(v;,v;) < 1. The edges of the path between v; and v; in T are
fis€i,€it1,...,€j-1, fj. By construction, we have

w(ei)+ - Fw(ej—1) = Miy1 — My +Miya —Mig1 +- - +mj_1 — Mg +m; —mj_1 = m; —m;.

Hence dr(vi,vj) = w(f;)+|m; —m;|+w(f;). If v; and v; are red vertices, then w(f;), w(f;) >
% because we suppose that £(z) > 0 for every vertex z. Thus, dr(v;,v;) > 1 for every pair of
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red vertices (v;,v;). So at least one vertex among v;, v; is blue. Suppose w.l.o.g. that v; is
blue. As dr(vs,v;) = w(f;) + |m; —m;| +w(f;), we deduce that

1+ m(v;) — m(vy)] — (L24d) ity e B

dT(Uia’U'): A ) 1
’ 1+ |m(v;) — m(ug)| — (LS8} if o) € R, M

If v; € B then by Fact we have I, NI, # @ iff [m(v;) —m(v;)] < W. We conclude
that v;v; € E(G) iff dr(v;,v;) = |[m(v;) — m(v;)| — (%) +1 < 1. On the other hand,

if v; € R then I, C I, iff [m(v;) — m(v;)| < % We conclude that v;v; € E(G) iff

dr(vi,v;) = |m(v;) — m(v;)| — %) + 1 < 1. Hence, (T,w) is a linear leaf root of G.

This proves that every blue-red interval graph is a linear leaf power.

(<) Let G be a linear leaf power and (T, w) a linear leaf root of G. Let (uq,...,u:) be
the path induced by the internal vertices of T'. We suppose w.l.o.g. that G does not contain
isolated vertices as we can easily deal with such vertices by associating each of them with
an interval that does not intersect the other intervals. Consequently, for every leaf a of T
adjacent to some u;, we have dr(a,u;) < 1. For every vertex v € V(G) whose neighbor
in T is u;, we associate v with an interval I, and a color such that the midpoint of I, is
m(v) = dr(u1,u;) and

if w(u;v) < 3, the length of I, is £(v) = 1 — 2w(u;v) and the color of v is blue,

otherwise (3 < w(u;v) < 1), the length of I, is £(v) = 2w(u;v) — 1 and the color of v is

red.
Let B, R C V(G) be the sets of blue and red vertices respectively. Observe that the red
vertices induce an independent set since their distance to the inner path is strictly more than
1/2. By construction, we have the following equation for every vertex v whose neighbor in T
is u;

1=t) iy e B
WWw)={ o (2)

L) ify e R.

Moreover, from the definition of the midpoint’s, we deduce that for every v;,v; € V(G)
whose neighbors in T' are respectively u; and u;, we have

dr(vi, v;) = [m(vi) —m(vj)| + wluivs) + w(u;v;). (3)

From Equations [2] and [3] we deduce that Equation [1] holds also for this direction for every
v; € B and v; € V(G). By Fact [2] and with symmetrical arguments to the ones of the
previous direction, we conclude that (B, R, (I,),cv(g)) is a blue-red interval model of G. <

4 Star NeS model

In this section, we first present an alternative definition of leaf powers through the notion of
NeS models. We then show that we can recognize in polynomial time graphs with a star NeS
model: a NeS model whose embedding tree is a star (considering subdivided stars instead of
stars does not make a difference).

For each tree T', we consider a corresponding tree 7 embedded in the Euclidean plane so
that each edge of T' corresponds to a line segment of 7, these lines segments can intersect
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Figure 3 A split graph G with a blue-red interval model of G and a linear leaf root of G obtained
from the blue-red interval model by using the construction described in Theorem [3] Note the
midpoint of each interval has been marked, to better understand where each vertex is placed in T'.
Weights on edges is calculated as explained in the proof of Theorem [3] and note every edge has a
weight that is a multiple of i because the length of I is 12.

one another only at their endpoints, and the vertices of T' correspond (one-to-one) to the
endpoints of the lines. Each line segment of 7 has a positive Euclidean length. These
embedded trees allow us to consider T as the infinite set of points on the line segments of
T. The notion of tree embedding used here is consistent with that found in [26]. The line
segments of 7 and their endpoints are called respectively the edges and the nodes of T.
The distance between two points z,y of T denoted by dr(z,y) is the length of the unique
path in 7 between x and y (the distance between two vertices of T' and their corresponding
endpoints in 7 are the same).

» Definition 4 (Neighborhood subtree, NeS-model). Let T be an embedding tree. For some
point ¢ € T and non-negative rational w, we define the neighborhood subtree with center c
and radius w as the set of points {p € T : dr(p,c) < w}. A NeS model (T,(Ty)vev(a)) of
a graph G is a pair of an embedding tree T and a collection of neigbhorhood subtrees of T
associated with each vertex of G such that for every u,v € V(G), we have wv € E(G) iff
T.NT, # .
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Figure 4 A graph with a clique tree and NeS model. The dots are centers of T, and Ty.

» Theorem 5. A graph is a leaf power iff it admits a NeS model.

Proof. Brandstiadt et al. showed that leaf powers correspond to the graph class fixed
tolerance NeST graph [3, Theorem 4]|. Bidelnieks and Dearing showed that G is a fixed
tolerance NeST graph iff G has a NeS model [I, Theorem 3.3]. <

See Figure [4] for a NeS model. Observe that every interval graph has a NeS model
where the embedding tree is a single edge. Moreover, if a graph G admits a NeS model
(T, (Tv)vev(a)), then for every embedding path £ of T, (£, (T, N £)yex) is an interval model
of G[X] with X the set of vertices v such that T, intersects £. As illustrated by the proofs
of the following two lemmata, some results are easier to prove with NeS models than with
other characterizations.

We use the following operation on NeS models several times in the following proofs:

Given a NeS model (7, (T)vecv(g)) of a graph G and x € V(G), if the center ¢, of T} is

not an endpoint, we turn it into one by splitting the line containing c,. We add a new

line L with endpoint ¢, that is sufficiently long so that L contains a point p that is not
in any neighborhood subtree. We replace the center of T, by p and increase the radius of

T, by dr(p, cz).

We call this operation isolating T, in (T, (Ty)vev(c)). Observe that after this operation,
(T, (Ty)vev(c)) will remain a NeS model of G since the intersection relations between T,
and the other neighborhood subtrees do not change. Moreover, after this operation, T, is
the only neighborhood subtree in (T3 ),cv(g)) that contains the center of 7.

» Lemma 6. For a graph G and u € V(G) such that either (1) w is universal, or (2) u has
degree 1, or (8) N(u) is a minimal separator in G — u, or (4) N(u) is a mazimal clique in
G —u. Then G is a leaf power iff G — u is a leaf power.

Proof. The forward implication is trivial as being a leaf power is a hereditary property. For
the backward implication, we assume we have a NeS model (7, (T )vev(G—u)) of G — u, and
in each case we show how to obtain a NeS model for G:
u is universal, we simply create T, a neighborhood subtree with an arbitrary center and
a radius sufficiently large so that T, intersects all the other neighborhood subtrees.
u has degree 1 with z as neighbor. We isolate T, in (7, (Tv)UEV(Gfu))- Then, we set
T, = {cs} where ¢, is the (new) center of T.
N(u) is a maximal clique in G — u. Then T' = Nyen ()T, is not empty and the only
neighborhood subtrees intersecting T' are those associated with the vertices in N(u). We
set T, = {¢,} for some arbitrary point ¢, € T.
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N (u) is a minimal separator in G — u. Let T'= Ny n(u)Ty. Since T is the intersection of
neighborhood subtrees, by [I, Lemma 2.1], T is a neighborhood subtree and has a center
cr. We add a line L to T with endpoint ¢y. Let ¢, be the point on L NT such that
dr(er,cy) is maximum. As N(u) is a minimal separator, the only neighborhood subtrees
containing T are those associated with the vertices in N(u). By construction, we deduce
that the only neighborhood subtrees containing c,, are those associated with the vertices
in N(u). We set T, = {cy }-

It is not hard to see that in each case, (T, (Ty)vev (@) is @ NeS model of G. <

» Lemma 7. Let G be a graph and v € V(G a cut vertex. Then G is a leaf power iff for
every component C of G —u, GV (C) U {u}] is a leaf power.

Proof. Aswith Lemmal6] the forward implication is trivial. For the backward implication, let
Ci,...,Cy be the components of G —u, and for every 1 < i < k we let C;f = G[V(C;) U {u}].
By assumption, every C; is a leaf power and there exists a NeS model (77, (Tj)vev(cj)) of
C;F. For each 1 < i < k, we do the following, we isolate 77 in (75, (Tg)vev(cj)) and we make
the new center ¢!, of T an endpoint by subdividing the new line containing ¢,. Then, we
multiply the length of every line of 7; and the radius of every (Té)UGV(Cj) by % where 7 is
the new radius of T. After these operations, for every 1 < i < k, the radius of T? is 1 and
T! is the only neighborhood subtree in (Tv)ve\/(cj)) that contains the center of T%.

We make a new NeS model (7, (Ty)ycv(c)) where T is obtained from the union of
Ti,...,Tr by identifying the centers (which are endpoints) of the neighborhood subtrees
T, ..., TF as a unique point ¢, We define T,, the neighborhood subtree with center ¢, and
radius 1. Finally, for every v € V(G —u), we define T, = T! with i € [k] such that v € V(C;).

It is straightforward to check that (7, (Ty)vev(a)) is a NeS model of G. <

We now give the algorithm for recognizing graphs having a star NeS model. Our result is
based on the purely combinatorial definition of good partition, and we show that a graph
admits a star NeS model iff it admits a good partition. Given a good partition, we compute
a star NeS model in polynomial time. Finally, we prove that our Algorithm [I]in polynomial
time constructs a good partition of the input graph or confirms that it does not admit one.

Consider a star NeS model (7, (T)yev(a)) of a graph G. Observe that 7 is the union
of line segments Lq,..., Lg with a common endpoint ¢ that is the center of 7. Let X be
the set of vertices whose neighborhood subtrees contain c¢. For each i € [§], we let B; be
the set of all vertices in V(G) \ X whose neighborhood subtrees are subsets of L;. The
family B = {B; : i € [5]} must then constitute a partition of V(G) \ X. We will show in
Theorem 13| that the pair (X, B) has the properties of a good partition.

» Fact 8. Let G, (T,(T,)vev(c)) and B be as defined above. We then have:
There is no edge between B; and B; for i # j and thus CC(G — X) C B.
For every i € [B] the NeS model (L;, (T, N L;)vep,ux) s an interval model of G[X U By].
For each x € X the neighborhood subtree T}, is the union of the 8 intervals LiNT,, ..., LgN
T, and there exist positive rationals £, and h, with £, < h, such that one interval among
these intervals has length h, and the other 5 — 1 intervals have length ¢, .
If . = hg, then the center of T, is c.

> Claim 9. If G has a star NeS model, it has a one, (7, (Ty)vev()), Wwhere vertices whose
neighborhood subtrees contain the center of 7 is a maximal clique.

Proof. Let (T, (Tv)vev(c)) be the star NeS model of a graph G with c the center of T.
Suppose that the set X of vertices x such that ¢ € T, is not a maximal clique. We deduce
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that there exists at least one maximal clique Y containing X. For every such clique Y,
Nyey Ty does not contain c since X C Y. We take a maximal clique ¥ such that X C Y and
min{dr(c,p) : p € NyeyT,} is minimum. Let L be the line segment of 7 containing Nyey Ty.
By Fact [8] the neighborhood subtrees of the vertices in Y \ X are intervals of L. We modify
the NeS model by stretching the neighborhood subtrees of the vertices in Y\ X so that
they admit ¢ as an endpoint. After this operation, these subtrees remain intervals of L and
consequently, they still are neighborhood subtrees. Moreover, the choice of Y implies that
the only neighborhood subtrees that were intersecting the interval between c and Nycy Ty,
are those associated with the vertices of Y. Thus, after this operation, we obtain a star NeS
model where the set of vertices x such that ¢ € T}, is now the maximal clique Y. <

Claim [J] follows since we can always stretch some intervals to make X a maximal clique.
So far we have described a good partition as it arises from a star NeS model. Now we
introduce the properties of a good partition that will allow to abstract away from geometrical
aspects while still being equivalent, i.e. so that a graph has a good partition (X, B) iff it has
a star NeS model. The first property is CC(G — X) C B and the second is that for every
B € B the graph G[X U B] is an interval graph having a model where the intervals of X
contain the last point used in the interval representation.

» Definition 10 (X-interval graph). Let X be a mazimal clique of G. We say that G is an
X -interval graph if G admits a clique path (Ki,..., K, X).

The third property is the existence of an elimination order for the vertices of X based on
the lengths £, in the last item of Fact |8, namely the permutation (z1,...,2;) of X such that
by, < Ay, < ... < {y,. This permutation has the property that for any 7 € [t], among the
vertices x;, X;41, ..., T+ the vertex x; must have the minimal neighborhood in at least § — 1 of
the blocks of B; we say that x; is removable from {z;,...,x;} for B.

» Definition 11 (Removable vertex). Let X C V(G), Y C X and let B be a partition of
V(G)\ X. Given a block B of B and x € Y, we say N(x) is minimal in B for Y if
N(x)NB C N(y) for everyy € Y. We say that a vertex x € Y is removable from Y for B if
N(z) is minimal in at least |B| — 1 blocks of B forY .

» Definition 12 (Good partition). A good partition of a graph G is a pair (X,B) where X is

a mazimal cliqgue of G and B a partition of V(G)\ X satisfying:

1. CC(G - X) C B, i.e. every C € CC(G — X) is contained in a block of B.

2. For each block B € B, G[X U B] is an X -interval graph.

3. There exists an elimination order (r1,...,x¢) on X such that for every i € [t], x; is
removable from {x;,...,x} for B.

X is the central clique of (X,B) and (x1,...,x¢) a good permutation of (X, B).

» Theorem 13. A graph G admits a good partition iff it admits a star NeS model. Moreover,
given the former we can compute the latter in polynomial time.

Proof. (<) Let G be a graph with a star NeS model (7, (T )vev (). Let X be the set of
vertices = such that T, contains the center ¢ of the star 7. By Claim [0} we can assume that
X is a maximal clique. As 7 is a star, 7 is an union of line segments Ly, ..., Lg with one
common endpoint that is ¢. Let B = {Bi, ..., Bg} such that, for every i € [], B, is the
set of vertices v € V(G) \ X such that T, intersects L;. We claim that (X, B) is a good
partition of G. Fact [§ implies that Property [T and Property [2] are satisfied. For every z € X,
let ¢, be the rational defined in Fact [8] Take a permutation (z1,...,2:) of X such that
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lyy <lypy < ... <Ay, Let f(i) € [B] such that the center of z; lies in Ly;). From Fact [8) we
have |T,, N L;| = ¢, for every j # f(i). Hence, for every j # f(i) the interval T, N L; are
contained in the neighborhood subtree T, for every y € {z;,...,2;}. Consequently, N(z;) is
minimal in B; for {x;,...,x.} for every j # f(i). We conclude that (z1,..., ;) is a good
permutation of (X, B), i.e. Property [3|is satisfied.

(=) Let (X, B) be a good partition of a graph G with B = {Bs,...,Bg} and (z1,..., %)
be a good permutation of X. For every i € [t], we define X; = {z;,...,2:}. Since x; is
removable from X, there exists an integer f(¢) € [5] such that N(z;) is minimal for X; in
every block of B different from By ;) (note that f(i) is not necessarily unique, as z; could be
minimal in every block of B for X;).

Take 7, the embedding of a star with center ¢ that is the union of 8 line segments
Ly,...,Lg of length 2¢ + 1 whose intersection is {c}. We start by constructing the neighbor-
hood subtree of the vertices in X. For doing so, we associate each x; € X and each segment
L; with a rational ¢(z;, L;) and define T}, as the union of over j € [] of the points on L; at
distance at most ¢(z;, L;) from c .

For every i € [t] and j € [3] such that j # f(i), we define ¢(x;,L;) = i. We define
Uz, Lyeyy) =t and for every i from ¢ — 1 to 1 we define £(x;, Ly (;)) as follows:

If N(x;) is minimal in By(; for X; then we define £(x;, L)) = i.

If N(2;)NBy;y C N(x;) for every x; € X, then we define £(z;, Ly(;)) = 1+max{{(y, Ly«;) :

ye X}

Otherwise, we take zmin and Tmax € X;41 such that

N(l’min) N Bf(i) - N(l‘l) n Bf(i) C N(xmax) N Bf(i)

and N(2min) N By(;) is maximal and N (2max) N By(;) is minimal. We define £(z;, Ly(;)) =
(L(z™", Lyy) + (2™, Lg;y))/2. Observe that the vertices omin and rmax exist because
G[X U By(;)] is an X-interval graph and thus the neighborhoods of the vertices in X in
By ;) are pairwise comparable for the inclusion.

By construction, we deduce the following properties on the lengths ¢(z;, L;).

> Claim 14. The following conditions hold for every j € []:
1. For every i € [t], we have {(z;, L;) > i.
2. For every z,y € X, if N(z) N B; C N(y) then ¢(z, L;) < {(y, L;).

Proof. We prove by induction on ¢ from ¢ to 1 that Condition (1) holds for z; and that
Condition (2) holds for every z,y € X;. That is obviously the case when ¢ = t. Let ¢ € [t — 1]
and suppose that Condition (1) holds for every x;11,...,2; and Condition (2) holds for every
z,y € Xiy1. Let j € [B] such that B; # Bj(;). By construction, we have £(z;, L;) = i so
Condition (1) holds for z; and B;. Moreover, we have N(z;) \ By, C N(y) for every y € X;.
As Bj # By, it follows that N(x;) N B; C N(y) for every y € X;. The induction hypothesis
implies that ¢(y, L;) > i+ 1 for every y € X;. Hence, {(z;, L;) < {(y, L;) for every y € X,
and Condition (2) holds for X; and every B; # By ;.

It remains to prove that both Conditions holds for By(;). We define £(x;, Ly(;)) either
to i, a4 1 or (b+ c)/2 where a,b and ¢ belong to {£(y, Ls«) : y € X;11}. The induction
assumption implies that £(y, Lf(l-)) > i+ 1 for every y € X;41. Thus a,b and ¢ greater than
or equal to i + 1. We deduce that £(x;, Lf(;)) = 4. This proves that Condition (1) holds for
ZTi.

If N(x;) is minimal in By for Xj, then £(x;, L;) < L(y, L;) for every y € X; and
Condition (2) is satisfied. Suppose that N(z;) is maximal in By for Xy, i.e. N(y)N By €
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Figure 5 Illustration of the neighborhood subtree T, where the number  of edges of the star
NeS model is 4.

N (z;) for every y € X;. In this case, we set £(x;, Ly(;)) is define as 1 +max{l(y, L)) : y €
Xiy1}. Thus, we have £(x;, Ly;)) > £(y, Ly@y) for every y € X;11 and Condition (2) holds
for ng(i)'

Finally, assume that N (z;) is neither minimal nor maximal in By for X;. If M = z™"
then we have €(xz;, Ly(;)) = £(2™>, Ly;)) and also N(z;) N By = N(z™") N Bygy. We
deduce that Condition (2) holds for every z,y € X; because by induction hypothesis we have
for every x,y € X;41 and 2™" € X, .

Now, assume that ™" # 2™, The way we choose ™" max

and ™M implies that

N(z™™ N Byy € N(xi) N By € N(@™) N By

As N(wmi”)ﬂBf(i) C N(z™)N By, by induction hypothesis, we deduce that O(z™in, Lyiy) <
£(z™*, Lf(;y) and thus we have

é(l'min,Lf(i)) < Z(xi,Lf(i)) < e(xmavaf(i))

So Condition (2) holds for every z,y € {z;, z™", 2™},

Let y € X;11 such that N(x;) N By € N(y). The minimality of N (2™®)N By implies
that N (™) N By € N(y). By induction hypothesis, we have £(x™, L)) < £(y, Ly))-
Thus, for every y € X;;1 such that N(x;) N By € N(y), we have £(z;, L)) < £(y, Lya)).

Symmetrically, the maximality of ™" implies that for every y € X; 1 such that N(y) N
Byiy € N(x;), we have £(y, L)) < £(xs, Ly(;)). We conclude that Condition (2) holds for
every x,y € X;. By induction, we conclude that Condition (1) holds for every i € [t] and
Condition (2) holds for every x,y € X. This concludes the proof of Claim <

Observe that each T}, is a neighborhood subtree as by construction and Condition (1) of
Claim |14] the lengths ¢(x;, L;) satisfy the last item of Fact [8| See Figure [5|for an illustration
of this neighborhood subtree.

It remains to construct the neighborhood subtrees of the vertices in V(G) \ X. Let us
explain how we do it for the vertices in B; for some j € [5]. For every b € B;, we define T}, as
an interval on the line segment L;. As (X, B) is a good partition, G[X U B;] admits a clique

path (X, K1,...,K}). Clique path properties implies that X D K1 N X D --- O K N X.

For every i € [k], z € X \ K; and y € X N K, we have N(z) N B; C N(y) and thus
U(x,L;) < £(y,L;) thanks to Condition (2) of Claim As {(x,L;) corresponds to the
length of the interval T, N L; for every x € X, we conclude that there exist p1,...,px points
on L; such that

for every i € [k], K; N X is exactly the set of vertices « in X such that p; € T, and

11
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we have 0 < d7(p1,¢) < dr(p2,c) < -+ < d7(pk,c).
For every b € B; such that b is contained in every clique K; for ¢ between s and ¢, we define
Ty as the interval of L; between ps and py.

By construction, (7, (Ty)vev(e)) fulfill every property of Fact We deduce that
(T, (Ty)vev(c)) is a NeS model of G. Obviously, the construction of (7, (Ty)yev () can be
done in polynomial time. <

It is easy to see that every graph that admits a star NeS model has a clique-tree that
is a subdivided star. The converse is not true. In fact, for every graph G with a clique
tree that is a subdivided star with center X, the pair (X, CC(G — X)) satisfies Properties
and [2) of Definition [I2] but Property 3] might not be satisfied. See for example the graph in
Figure 4| and note that the pair ({a,b, c}, CC(G — {a, b, c})) does not satisfy Property [3] as
after removing the vertex ¢ neither a nor b is removable from {a, b}.

We now describe Algorithm [I] that decides whether a graph G admits a good partition.
Clearly G must be chordal, so we start by checking this. A chordal graph has O(n) maximal
cliques, and for each maximal clique X we try to construct a good partition (X,.A) of G. We
start with A <— CC(G — X) and note that (X, A) trivially satisfies Property [1| of Definition
Moreover, if G admits a good partition with central clique X, then (X,.A) must satisfy
Property [2] of Definition [T2] and we check this in Line [3] Then, Algorithm [I] iteratively in a
while loop tries to construct a good permutation (w1, ..., wx|) of X, while possibly merging
some blocks of A along the way so that it satisfies Property [3] or discover that there is no
good partition with central clique X.

For doing so, at every iteration of the while loop, Algorithm [I] searches for a vertex w
in W (the set of unprocessed vertices) such that notmin(w, W, A) — the union of the blocks
of A where N(w) is not minimal for W (see Definition — induces an X-interval graph
with X. If such a vertex w exists, then Algorithm [I] sets w, to w, increments r and merges
the blocks of A contained in notmin(w,, W, A) (Line |8) to make w, removable in A for W.
Otherwise, when no such vertex w exists, Algorithm [I|stops the while loop (Line @ and tries
another candidate for X. For the graph in Figure |4} with X = {a,b, ¢} the first iteration of
the while loop will succeed and set w; = ¢, but in the second iteration neither a nor b satisfy
the condition of Line

At the start of an iteration of the while loop, the algorithm has already choosen the
vertices wy, wa, ..., w,—1 and W = X \ {wy,...,w,_1}. For every i € [r — 1], w; is removable
from X \ {wy,...,w;—1} for A. According to Definition [11| the next vertex w, to be removed
should have N (w,) non-minimal for W in at most one block of the good partition we want to
construct. However, the neighborhood N (w,) may be non-minimal for W in several blocks of
the current partition .4, since these blocks may be (unions of) separate components of G \ X
that should live on the same line segment of a star NeS model and thus actually be a single
block which together with X induces an X-interval graph. An example of this merging is
given in Figure[6] The following definition captures, for each w € W, the union of the blocks
of A where N(w) is not minimal for W.

» Definition 15 (notmin). For W C X, x € W and partition A of V(G) \ X, we denote by
notmin(z, W, A) the union of the blocks A € A where N(z) is not minimal in A for W.

As we already argued, when Algorithm [1] starts a while loop, (X, .A) satisfies Properties
and and it is not hard to argue that in each iteration, for every i € [r — 1], w; is
removable from X \ {wi,...,w;_1} for A. Hence, when W = @, then (w1, ..., wyx|) is a
good permutation of (X,.A) and Property (3| is satisfied.

» Lemma 16. If Algorithm [1] returns (X, B), then (X, B) is a good partition.
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Algorithm 1

Input: A graph G.
Output: A good partition of G or “no”.
1 Check if G is chordal and if so, compute its set of maximal cliques X, otherwise
return no;
2 for every X € X do
3 if there exists C € CC(G — X) such that G[X U C] is not an X -interval graph
then continue;
4 A+ CC(G—-X), W+ X and r + 1;
while W # @ do
6 if there exists w € W such that G[X U notmin(w,, W, A)] is an X -interval
graph then w, + w;

7 else break;
8 Replace the blocks of A contained in notmin(w,, W, A) by notmin(w,., W, A);
9 W+ WA\{w,} and r < r + 1;

10 end

11 if W = @ then return (X, A);

12 end

13 return no;

Proof. Assume that Algorithm [l| returns a pair (X,B). We show that (X, B) satisfies
Definition As the algorithm starts with A = CC(G — X) and only merge blocks,
Property [1] holds. Line [7] guarantees that every block of CC(G — X) induces with X an
X-interval graph. Moreover, when merging blocks, Line [6] checks that the merged block
induces with X an X-interval graph. Thus Property 2] holds.

Observe that at every step of the while loop, we have A C B since we only merge blocks
of A and B is the last value of A. We show that (w1,...,w;) is a good permutation of (X, B)
where, for each i € [t], w; is the vertex chosen by the algorithm at the i-th iteration. Let

i € [t]. At the start of the i-th iteration of the while loop, the value of W is X; = {w;, ..., w:}.

During this iteration, we merge the blocks of A contained in notmin(w;, X;,.4). Consequently,
after the merging, there exists a block A, of A such that N(w;) is minimum for X; in
every block of A different from A,,. As A C B, there exists a block B,,, of B containing

Ay, We deduce that, N(w;) is minimal for X; in every block of B different from B,,,, i.e.

wj; is removable from X; for B. Thus, (wy,...,w;) is a good permutation of (X, B) and we
conclude that (X, B) is a good partition of G. <

To prove the opposite direction, namely that if G has a good partition (X, B) associated
with a good permutation (z1,...,x;), then Algorithm [I| finds a good partition, we need two
lemmata. The easy case is when Algorithm [I| chooses consecutively w, = x1,...,ws = x,
and we can use Lemma [I7] to prove that it will not return no. However, Algorithm [I] does not
have this permutation as input and at some iteration with w; = x1,...,w,_1 = x,_1, the
algorithm might stop to follow the permutation (z1,...,z:) and choose a vertex w, = x; with
r < i because x, may not be the only vertex satisfying the condition of Line[6] In Lemma
we show that choosing w, = x; is then not a mistake as it implies the existence of another
good partition and another good permutation that starts with (x1,...,2.—1,w, = x;). See
Figure [6] for an example of a very simple graph with several good permutations leading to
quite distinct star NeS models.

13
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Figure 6 A graph G and two star NeS models. The dots are the centers of the subtrees.
X ={=z,y, 2z} is a maximal clique with four components in G — X. The left NeS model corresponds
to permutations (y,z, z) or (y, z,z) and the right to permutation (z,y, z). If Algorithm [I| chooses
w1 = z, then the components {b} and {d} will be merged in Line[§] There is a third star NeS model,
corresponding to permutation (z,y, z), similar to the one on the right. The last two permutations of
X are not good permutations.

We need some definitions. Given permutation P = (x1,...,x,) of a subset of X and i € [{],
define AY = CC(G — X) and AL the partition of V(G) \ X obtained from AP | by merging
the blocks contained in notmin(x;, X \ {z1,...,7;_1}, A7 ;). Observe that when Algorithm

treats X and we have wy = 1, ..., wy = x4, then the values of A are successively A7, ..., Al
The following lemma proves that if there exists a good permutation P = (z1,...,2;) and at
some iteration we have wy = x1,...,w,_1 = T,_1, then the vertex z,. satisfies the condition of

Line [fland Algorithm [T] does not return no during this iteration. Thus, as long as Algorithm I]
follows a good permutation, it will not return no.

» Lemma 17. Let G be a graph with good partition (X,B) and P = (x1,...,x¢) be a
good permutation of (X,B). For every i € [t|, we have AP T B and the graph G[X U
notmin(z;, {xi, ...,z }, AL )] is an X -interval graph.

Proof. For every ¢ € [t], we denote {z;,...,z:} by X;. We start by proving by induction
that, for every i € [t], we have AP C B. This is true for AY = CC(G — X) by Property
of Definition Let i € [t] and suppose that A” ; C B. Every block of AP different from
notmin(x;, X;, AF ;) is a block of AP | and is included in a block of B by the induction
hypothesis. As z; is removable from X; for B, there exists B,, € B such that N(z;) is
minimal for X; in every block of B different from B,,. Since AL, C B, for every block
A e AP | such that N(z;) is not minimal in A for X;, we have A C B,,. As the union of
these blocks A’s is notmin(z;, X;, A ;), we deduce that notmin(z;, X;, A ;) C B,,. Hence,
every block of A is included in a block of B, thus by induction A C B for every i € [t].
For every i € [t], we have proved that notmin(z;, X;, A |) C B,,. From Property of
Deﬁnition G[XUB,,] is an X-interval graph. We conclude that G[XUnotmin(z;, X;, A7 ;)]

is also an X-interval graph. |
» Lemma 18. Let P = (x1,...,2¢) be a good permutation of X and i € [t]. For every
w € {xi,..., x4} such that G[X Unotmin(w, {x;,..., 2}, AL |)] is an X-interval graph, there
exists a good permutation of X starting with (x1,...,2;-1,w).

Proof. This lemma relies on the following relation that will be applied to vertex subsets
corresponding to unions of connected components of G — X.
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» Definition 19. For every A C V(G) \ X, we define X-maxn(4) = N(A) N X and
X-minq(A) = NeealN(a) N X. Given A1, As C V(G) \ X, we say that Ay <x As if
X-maxn(A1) C X-minq(As).

As an example of the use of this, note that in Figure @, we have {b} <{;...3 {d} and in
the rightmost star NeS model we see this ordering reflected by d being placed closer to the
center of the star than b.

For every A C V(G) \ X, we have X-minn(A4) C X-maxn(A) and thus <x is transit-
ive. The following claim reveals the connection between Definition [I9 and Property [2] of
Definition

> Claim 20. Let P = (z1,...,2:) be a good permutation of X and ¢ € {0,...,t}. For all
distinct blocks A, A* € AP, if GIX U AU A*] is an X-interval graph, then A and A* are
comparable for <x.

Proof. We prove this claim by induction on £. By definition, we have Ay = CC(G — X). Let
C, C* be two distinct components of G — X such that G[X UC U C*] is an X-interval graph.
Let (Ky,..., Kk, X) be a clique path of GIXUCUC™]. Since C and C* are distinct connected
components, for every j € [k], K; is either a maximal clique of G[X U C] or G[X U C*].
Assume w.l.o.g. that K; is a maximal clique of G[X U C]. Moreover, there exists j € [k — 1]
such that X, Ky, K», ..., K, are all the maximal cliques of G[X UC] and X, Kj41,..., K}
are all the maximal cliques of G[X U C*]. Since (K7, ..., K, X) is a clique path, we have
KiNnXC---CK,NXCX. From Deﬁnition we deduce that X-maxn(C) = K; N X
and X-minn(C*) = K;1.1NX. As K;NX C K;41NX, we have X-maxn(C') € X-minn(C*)
and thus C' <x C* and the claim holds for A{,’ .

Let ¢ € [t] and suppose that the claim holds for AL ;. In the rest of this proof, we use the
shorthand notmin(z;) to denote notmin(x, {zy, ..., 2}, AL ;). We obtain Al" from AL’ | by
merging the blocks of AL | contained in notmin(z;). So every block of AL different from
notmin(z,) is also a block of .Aﬁ 1- By assumption, the claim holds for every pair of distinct
blocks of AP\ {notmin(z)}. To prove that it holds for AL, it is enough to prove that it
holds for every pair (A, notmin(xy)) with A # notmin(ay).

Let A € AL such that A # notmin(z,) and G[X U A U notmin(z,)] is an X-interval graph.

We need to prove that A <x notmin(z,) or notmin(zy) <x A. Observe that notmin(zy) is a
union of blocks A1,..., Ay of A |. As G[X U AU notmin(z,)] is an X-interval graph, also
for any two blocks B, C out of A, Ay,..., A) the graph G[X UBU (] is an X-interval graph,
and thus by induction hypothesis, we deduce that every pair of blocks among A, Ay, ..., Ak
is comparable for <x. Suppose w.l.o.g. that A; <x ... <x Ag.

Assume towards a contradiction that there exists j € [k—1] such that A; <x A <x Aj1.

By Definition [T5] we have

X-maxn(4;) € X-minn(A4) € X-maxn(A4) € X-minq(4;41).

Since N(w) is not minimal in A; for X,, we have N(w)N A, # @ and thus w € X-maxn(4;).

We deduce that w belongs to X-minn(A) and X-minn(A,41) and thus A, A;11 C N(w). As
N(w) is not minimal in A;1; and A,;1; C N(w), we deduce that there exists y € X, such that
Aj+1 € N(y) which means that y ¢ X-minq(A4;41). Since X-maxn(A4) € X-minn(Aj4+1), we
have y ¢ X-maxn(A). Hence, A C N(w) and N(y) N A = &. We conclude that N(w) is not
minimal in A for X, a contradiction with A # notmin(z,) because N(w) is minimal for X,
in every block of AL different from notmin(xy).

15
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It follows that A <x A; or Ay <x A. Since notmin(xy) = A; U--- U A, we deduce that
A <x notmin(x) or notmin(z¢) <x A, that is the claim holds for A} . By induction, we
conclude that the claim is true for every ¢ € {0, ..., t}. <

> Claim 21. Let X C V(G) and A a partition of V(G) \ X such that CC(G — X) C A. For
any Ai,..., A, € A that are pairwise comparable for <x, if for each j € [k] G[X U A;] is an
X-interval graph, then G[X U Ay U--- U Ag] is an X-interval graph.

Proof. Let Aq,..., A be k blocks of A such that A1 <x As <x ... <x Ak. Assume that
G[X U Aj] is an X-interval graph for each j € [k].

Since G[X U A;] is an X-interval graph for every j € [k], G[X U A;] admits a clique path
(K{,..., K}(i), X)), where f(j) is the number of maximal cliques minus one in G[X U A;]. For
every j € [k], we have K{ NnX C Kg NXC..-C K;(j) N X. Moreover, by definition, we have
X-minn(4;) = K and X-maxn(4;) = K;(j). For every j € [k — 1], since A; <x Ajt1, we
have X-maxn(A4;) € X-minn(A;41), that is K;(j) NX C K™ NX. Because CC(G—X) C A,
every maximal clique of G[X U A; U --- U Ay] different from X is a maximal clique of a
unique G[X U A;]. We conclude that (K{,..., KL\, ..., KF ... ,Kjf(k), X) is a clique path

()’
of GIX UA; U---U Ay <

For every ¢ € [t], we denote by X, the set {xy,...,2z:}. Let w € X; such that G[X U
notmin(w, X;, A |)] is an X-interval graph. Let (X, B) be a good partition of G such that
(1,...,2) is a good permutation of (X, B). If w = z,, is removable from B for X;, then
(@1, @i, W, Ty oo, Tp—1, Tpt1, - - -, T¢) 1 & good permutation of (X, B) and we are done.
In particular, w is removable from B if [notmin(w, X;, AF ;)| < 1. In the following, we assume
that |notmin(w, X;, AP )| > 2.

We construct a good partition (X, Bpew) that admits good permutation starting with
(w1, ..., 2i_1,w). Let Ay,..., Ap € AL | such that notmin(w, X;, AL |) = Ay UAU---U A
As G[X U notmin(w, X;, AL )] is an X-interval graph, by Claim the blocks Ay, ..., Ak
are pairwise comparable for <x. Suppose w.l.o.g. that A; <x ... <x Ai. In Figure [0 with
notmin(z, {z,y, 2}, {{a}, {b}, {c}, {d}}) = {b} U {d} we have A; = {b} and A, = {d}.

By Lemma we have Aﬁl C B. Thus, there exists a block By of B containing A; and
By is a union of blocks of A ;. Let B"®™ be the union of all the blocks A of A | included
in B; such that A is not contained in notmin(w, X;, AZ ;) and A; <x A. Note that for every
A € B"™ we have A <x A because otherwise we have A; <x A <x Ax and that implies
A C notmin(w, X;, AL |) (see the arguments used in the proof of Claim .

> Claim 22. We can assume that B"® is empty.

Proof. Suppose that BI"> # &. Let Bf = By \ BI"™ and B* the partition obtained from B
by replacing the block B; with the blocks B{"® and Bj. As B{" is a union of blocks of
AP | and AP | C B, by construction, we have A7 ; C B*. We claim that (X, B*) is a good
partition that admits (z1,...,;) as a good permutation, this is sufficient to prove the claim.

As CC(G — X) C AP |, by definition we have CC(G — X) C B*. So Property [1| of
Definition [12|is satisfied. As By and B"® are subsets of By, we deduce that G[X U Bf] and
G[X U B"| are both X-interval graphs. Thus, Property [2|is satisfied.

It remains to prove that (x1,...,2;) is a good permutation of (X, B*). First, observe that
for every j € [i — 1], by definition, x; is removable from X for Af . Since Af C AP C B,
we deduce that x; is removable from X; for B*.

Let j € {4,...,t}. The vertex z; is not minimal in at most one block of B for X,;. We
claim that N(z;) is minimal in B for X,. Since the partition B* is obtained from B by
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splitting the block B; into Bf and BT"®, this implies that z; is removable from X; for B*.
We prove that N(x;) is minimal in B"® for X; by showing that, for every x, € X;, we have
B C N(zy).

Since A; C notmin(w, X;, AL ), we have N(w) N A; # @ and thus w € X-maxn(4;).
Let A be a block of A | contained in B"*. As A; <x A, we deduce that w € X-minn(A),
that is A C N(w). By definition, A is not contained in notmin(w, X;, AL ;) and thus N(w)
is minimal in A for X;. Consequently, for every z; € X;, we have A C N(z;). As this holds
for every A C B! we deduce that BI"™* C N(x) for every xz, € X;. This ends the proof of
Claim 22 <

From now, based on Claim @ we assume that BT = @. We construct Bpey as follows.
Recall that A; C B;. We create a new block 31 By UAsU--- U Ag, and for every block
B € B such that B # Bj, we create a new block B = B\ (4, U --- U A4;). We define
Brew = {B1}U{B : B € B\ {B;} and B # @}. The construction of Bpe, is illustrated in
Figure [7]

By

B As Al As

i —— \j

Figure 7 Construction of Buew from B with &k = 5. The blocks of B and Bhew are in blue, the
blocks Ay, ..., As of A, contained in notmin(w, X;, A ) are in red, the other blocks of AL | are
in purple. In each block of B or Bnew, the blocks of AL | are ordered w.r.t. <x from left to right.

Bnew

-

We claim that (X, Bhew) is a good partition that admits a good permutation starting
with (z1,...,2i—1,w). By construction, Buew is a partition of V(G) \ X and A | C Bpew-
As CC(G — X) C AP | by definition, we have CC(G — X) C Bpew- S0 (X, Bpew) satisfies
Property [I] of Definition

Observe that for every block B of Bhew such that B #* El, B is a subset of the block B
of B. Since (X, B) is a good partition, G[X U B] is an X-interval graph and hence G[X U B]
is also an X-interval graph. To prove that Property [2 is satisfied, it remains to show that
G[X U El] is an X-interval graph, for which we will use Claim

Since G[X U By] is an X-interval graph we know by Claim [20| that the blocks of AF ,
contained in B; are pairwise comparable for <x. Since B = &, for every block A € A |
such that A C B; and A is not contained in notmin(w, X;, A |), we have A <x A;.
Moreover, we have A7 <x ... <x Ar. We deduce that the blocks of AP , contained in §1
are pairwise comparable for <x because <y is transitive. By Claim [21] this implies that
G[X U By] is an X-interval graph. We conclude that Property [2 I is satisfied.

It remains to prove that (X, Byew) admits a good permutation starting with (x4, ..., 2;_1, w).

We prove it with the following four claims.

> Claim 23. For every j € [i — 1], z; is removable from X for Bpe, and w is removable from
X; for Bpew. Moreover, N(w) is minimal for X; in every block of Bpe, different from B .

Proof. For every j € [i — 1], we have A £ A[” | and thus z; is removable from X; for A
By construction of Byew, we have Afil C Bhew- We deduce that x; is removable from X

17
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for Bhew for every j € [i — 1]. By construction of Bpew, we have notmin(w, X;, A ;) C El.
Hence, N(w) is minimal for X; in every block of By, different from B;. It follows that w is
removable from X; for Bhew- <

Let p € {i,...,t} such that z, = w.

> Claim 24. For every j,¢ € [t] such that i < j < ¢ and p < ¢, if N(z;) is minimal in B; for
X]‘, then N(l‘]) n Bl Q N(Z‘@)

Proof. Let j, ¢ € [t] such that i < j < ¢and p < £and N(z;) is minimal in By for X;. Assume
towards a contradiction that N(z;) N By € N(zy). It follows that N(z¢) N By C N(z;)
because G[X U Bl] is an X-interval graph (these neighborhoods in B are comparable). As
N (z;) is minimal in By for X; and £ € X;, we haveE|N (z;)NB1 € N(x¢). So by construction
of By, there exists a block 4 € AP | such that A C B \ By and N(z;) N A C N(z;)NA.
This implies that ; ¢ X-minn(A). Since A C By \ By C notmin(w, X, A ) and A € By,
we have A1 <x A and thus X-maxn(A;) C X-minn(A). We deduce that 2y ¢ X-maxnq(47).

By definition A; C notmin(w, X;, A ;) and thus w € X-maxn(A;) € X-minn(A). Hence,
we have N(z¢) N A C N(w)N A and N(z,) N A1 C N(w) N A;. Since p < £ and w = z,, we
have z, € X,,. Consequently, N(w) is not minimal in A and A, for X,. Let B4 be the block
of B containing A. Since Ay C By and A C By, N(w) is not minimal in By and By for X,.
But By and B4 are two distinct blocks of B because A ¢ By, this is a contradiction with w
being removable from X, for B. <

> Claim 25. For every j € {p+1,...,t}, the vertex z; is removable from X; for Bpew.

Proof. Let j € {p+1,...,t}. The vertex z; is removable from X; from B. So there exists a
block B, € B such that N (asj) is minimal for X; in every block of B different from B,,. By
constructlon every block B of Bnew is associated with a block B of B and if B # B;, we have
B C B. Thus, for every block Be Brew different from By and B;;, N(z;) is minimal in B
for X; because B C B and N (z;) is minimal in B for X;. If B;, = By, then x; is removable
from X for Bhew-

Now suppose that B, # Bi. It follows that N(z;) is minimal for X; in B;. As p < j,
by Claim for every ¢ > j, N(z;) N By C N(x;). Thus, N(z;) is minimal in B for X;.
Consequently, N(x;) is minimal in every block of Bpew different from Exj. In both cases, z;

is removable from X; for Bpew- <
It remains to deal with the vertices of (x1, ..., ;) between z; and z,_1.

> Claim 26. There exists a permutation (mfﬂ, ooyxp) of {z;, ..., x,_1} such that, for every

Jjef{i+1,...,p}, % is removable from {z7%,..., 25} U X1 for Bhew.

Proof. Since (z1,...,x¢) is a good permutation of (X, B), for every j € {i,...,p — 1}, there
exists a block B, of B such that N(z;) is minimal for X; in every block of B different from
Bg;. Let j € {i,...,p—1}. We start by proving that (#) N(z;) is minimal for X; in every
block of Bpew different from B ; and El Take B € Bnew different from E ; and El By
construction, B is associated Wlth a block B of B. Since B # B%, N(z;) is minimal in B for
X;. As j < pand w = x,, we have w € X; and thus N(}"]) NB C N(w). By Clalm. 23] N(w

is minimal for X; in every block of Bpey different from Bj. In particular, N(w) is minimal in

! In fact, we have N(z;) N By = N(x¢) N Bi since By C By and N(z¢)N BiC N(z;).
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B for X;. As N(z;) "B C N(w) and B C B, we deduce that N(z;) is also minimal in B
for X;. This proves ().
Since G[X U Bj] is an X-interval graph, the neighborhoods of X in B; are pairwise

comparable for the inclusion. Thus, there exists a permutation (z7,,...,z}) of {zs, ..., z, 1}

such that N(z}, ;) N By C N(z},,) N By C - C N(x3) N By. ’

Let j € {i+1,...,p} and X7 = {a7,..., 25} U X;y1. We need to show that z} is
removable from X7 for Buew. As X7 is a subset of X;, from (#), we know that N(x}) is
minimal for X]’f in every block of By, different from B; and Bw;. Thus, if By = ijm then
x;‘ is removable from XJ* for Bhew-

Suppose that By # Bg-. Then N(z}) is minimal in B for X, with ¢ € [t] such
that 27 = z4. By Claim for every z, € Xp41, we have N(x;) N §1 C N(xy). Since
N(z;) N By C N(x3,,)N By €« CN(xp) N By and X7 = {a7,...,25} UXpp1, N(zj) is

minimal for Xj* in El. We deduce that N (x;) is minimal for Xj’-* in every block of Bjew

different from E;c; Thus, 1‘]* is removable from X;-‘ for Bhew- <
Let (zj,4,...,7;) be the permutation of {x;,...,z, 1} satisfying the condition of

Clai Take Prew = (@1, Tim1, W, L)1, Ty Tpy, -, 2¢), from Claims

and we deduce that Pey is a good permutation of (X, Bnew). Hence, (X, Bpew) satisfies
Property [3| of Definition and (X, Bpew) is a good partition of G. As P,e, starts with
(x1,...,xi—1,w), this concludes the proof of Lemma <

» Lemma 27. If G has a good partition then Algorithm[1] returns one.

Proof. Suppose G admits a good partition with central clique X. We prove the following
invariant holds at the end of the i-th iteration of the while loop for X.

Invariant. G admits a good permutation starting with wq, ..., w;.

By assumption, X admits a good permutation and thus the invariant holds before
the algorithm starts the first iteration of the while loop. By induction, assume the in-
variant holds when Algorithm [I] starts the i-th iteration of the while loop. Let L =
(wq,...,w;—1) be the consecutive vertices chosen at Line |§| before the start of iteration
i (observe that L is empty when ¢ = 1). The invariant implies that there exists a good
permutation P = (w1,...,w;—1,T;, Tit1,...,2¢) of G starting with L. By Lemma the
graph G[X U notmin(x;, {z;,..., 2}, AL |)] is an X-interval graph. Observe that AL |
and {z;,...,x:} are the values of the variables A and W when Algorithm [1] starts the
i-th iteration. Thus, at the start of the i-th iteration, there exists a vertex w; such that
G[X U notmin(w;, W, A)] is an X-interval graph. Consequently, the algorithm does not
return no at the i-th iteration and chooses a vertex w; € {;,...,x:} such that the graph
G[X Unotmin(w;, {z;, ...,z }, A)] is an X-interval graph. By Lemma [18] G admits a good
permutation starting with (wy,...,w;_1,w;). Thus, the invariant holds at the end of the i-th
iteration. If at the end of the i-th iteration W is empty, then the while loop stops and the
algorithm returns a pair (X,.4). Otherwise, the algorithm starts an 7 + 1-st iteration and the
invariant holds at the start of this new iteration. By induction, the invariant holds at every
step and Algorithm [I] returns a pair (X,.4) which is a good partition by Lemma <

» Theorem 28. Algo. |1] decides in polynomial time if G admits a star NeS model.

Proof. By Theorem [I3] G admits a star NeS model iff G admits a good partition, and by
Lemmata [T6] and 27] Algorithm [I] finds a good partition iff the input graph has a good
partition. Let us argue for the runtime. Checking that G is chordal and finding the O(n)
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maximal cliques can be done in polynomial time [I6] 24]. Given X,Y C V(G) we check
whether G[X UY] is an X-interval graph, as follows. Take G’ the graph obtained from
G[X UY] by adding v and v such that N(u) = {v} and N(v) = {u} U X. It is easy to see
that G[X UY] is an X-interval graph iff G’ is an interval graph, which can be checked in
polynomial time. <

5 Conclusion

The question if leaf powers can be recognized in polynomial time was raised over 20 years
ago [23], and this problem related to phylogenetic trees still remains wide open. We have
shown that polynomial-time recognition can be achieved if the weighted leaf root is required
to be a caterpillar (using the connection to blue-red interval graphs and co-TT graphs) or if
the NeS model has a single large-degree branching.

We strongly believe our results could be combined to recognize in polynomial time the
graphs with a leaf root whose internal vertices induce a subdivided star, that is a subdivided
star with some leaves added to it (this generalizes linear leaf powers as the internal vertices of
a caterpillar induce a path). Let us instead sketch how the techniques in this paper could be
generalized to handle the general case of leaf powers. Given a NeS model N' = (T, (T,)vev (c))
of a graph G with 7 the embedding of a tree T', we define the topology of N as the pair
(T, (Xu)uev(rry) where T" is the subtree induced by the internal nodes of 7" and for each
node u of T, we define X,, = {v € V(G) : u € T, }, which will be a clique of G. For a star
NeS model, 7" is a single node and we proved that (1) if a graph admits a star NeS model,
then it admits one where the only clique in the topology is maximal and (2) given a topology
with 7" a single node, we can decide in polynomial time whether the graph admits a star
NeS model with this topology. For the general case it would suffice to solve the following
problems:

Problem 1: given a graph G compute in polynomial time a polynomial-sized family F of

topologies such that G is a leaf power if and only if G admits a NeS model with topology in

F. A first step towards solving this problem would be to generalize Claim [J] to show that

we can always modify a NeS model so that all the cliques of its topology become maximal

cliques (or minimal separators, as these are also manageable in chordal graphs). A second
step is to study the structural properties of strongly chordal graphs with the aim of
showing a connection between these properties and a family F of topologies of NeS models.

One candidate among these structural properties is the notion of clique arrangements

introduced by Nevries and Rosenke [21], 22], which describes the intersections between

the maximal cliques of a chordal graph G more precisely than the clique trees.

Problem 2: given a graph and a topology, construct a NeS model with this topology

or confirm that no such NeS model exists, in polynomial time. For star NeS models,

this is handled inside the for loop of Algorithm [I] and relies on Definition [T2] A step

towards solving this problem would be to generalize the combinatorial definition of a

good partition to handle any topology.

We suggest to first employ this two-problems approach to graphs admitting NeS models with
a very simple topology. Natural first cases are topologies (T, (Xu)uev (7)) Where either T is
an edge or where UueV(T) X, is a clique. Both these restrictions generalize the topologies of
star NeS models and positive results should produce tools useful to attack the general case.

Let us end with a subproblem whose solution would simplify this approach towards
settling the general case. Inspired by blue-red interval graphs, we can define blue-red NeS
models where the red vertices induce an independent set and for every red vertex v its
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neighbors are the blue vertices u such that 7, C T,,. We can adapt the proof of Theorem 3] to
show that G admits a NeS model iff G has a blue-red NeS model where the blue vertices are
simplicial vertices without true twins, so these have the same modeling power. However, for

blue-red NeS models the necessary topologies can be significantly simpler. For example, NeS

models of linear leaf powers are caterpillars, whose topologies are paths, while its blue-red

NeS models can be restricted to an edge, whose topology is empty. Can we generalize the

concept of blue-red NeS models so that we can recursively color more vertices blue (by

allowing some of them to be adjacent under some conditions) and thereby simplify the

topologies we need to consider to solve Problems 1 and 27
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