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Abstract- A new photometric method Is proposed for
determining the 3-D shape of the object from multiple shad-
Ing images under the point light source illumination. When
the surface Is the perfect diffuser with the uniform
reflectance, an algorithm for the determination of 3-D
shape with positions is developed by using the method of
least squares and basing on the principle of the monocular
vision and the Inverse square law for illuminance. In the
proposed method, the number of the necessary images is
four for the general surface, and can be reduced to three
for the continuous surface.

I. INTRODUCTION

As a method for estimating 3-D shape from 2-D shading
information, Photometric Stereo [1],[2] was proposed by
Woodham, and has been studied for the practical appli-
cations [3]-[6]. Photometric Stereo can determine the
surface gradient of an object from three images illuminated
by parallel light beams from three different directions.

However, Photometric Stereo can not determine the 3-D
(X,Y,2) coordinate of the object by Iitself, since the
{l1lumination by parallel light beams does not give the dis-
tance Information. The process of integrating the gradient
(p,q) Is required to get the coordinate (X,Y,Z) at a surface
element. On the other hand, when the object is illuminated
by a point light source, the Inverse square law for
{1luminance may be applied to determine (X,Y,Z) coordinate
of the object, because the distance information is in-
cluded in the law.

In this paper, a new photometric method, named PSIS
(Point Source Illuminating Stereo) which can determine the
3-D (X,Y,Z) coordinate, is proposed. PSIS uses multiple
images of the object illuminated by a point light source
positioned at different (Xs,Ys,Zs) coordinate.

If the surface of the object is the perfect diffuser, the
{lluminating equation becomes a nonlinear equation with
four variables (p,q,Z,C), where (p,q), Z and C are the
surface gradient, the distance from the lens plane and the
reflectance factor, respectively.

By moving the point light source, we can get a series of
{lluminating equations, which forms nonlinear simultaneous
equations. The coordinate (X,Y,Z) at a surface element can
be directly obtained by solving these equations.

Under the conditions that the surface is the perfect
diffuser with the uniform reflectance and that at least one
local brightest surface element is observed in each image,
an algorithm is proposed by using the method of least
squares as follows.

Firstly, the brightest surface elements are chosen from
all images, and the value of the common reflectance factor
C Is determined from Z values of these elements. Secondly,
the value of Z at each surface element is determined by
treating C as a known constant.

In the proposed method, four shading images are needed to
determine the unique soiution for the general surface (l.e.
including the surface discontinuity ), and the number of
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the necessary images can be reduced to three for the con-
tinuous surface.

II. ILLUMINATING EQUATION

A. Coordinate System :

Fig.1 shows the coordinate system of the perspective pro-
jection. The center of the lens is placed at the origin O,
and a polnt light source is located at the coordinate
(Xs,Ys,Zs). A surface element P(X,Y,Z) on the object Is mapp-
ed onto the image pixel p'(X,y) on the film. The symbol b rep-
resents the distance between the origin 0 and the film.

B. Definition of Vectors at Surface Element
We define three vectors at a surface element as follows.

n: unit surface normal vector

s : unit vector from a surface element to a point light
source

»: unit vector from a surface element to the origin 0

n s Ee ST (1)
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v = —— -ttt (3)
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where p and q represent the gradient components:
2Z
and q= —=—
q Y (4)

The coordinate (X,Y) of the surface element Is represented

by the distance Z and the coordinate (x,y) of the image pix-
el as
z
X=x - (5)

C. Illuminating Equation

The luminous intensity I represents the luminous flux ¢
per unit solid angle emitted by a point light source.

dg¢

I= de (n

Y-y -2- ®

where dw Is the solid angle subtended to the small area dA
of the surface element P by the point light source. dw is
represented by

dw= ——5—— (8)
where i is the incident angle. The illuminance Ex in the di-
rection of the surface normal n is given by

cos i

En=d¢/dA=Idw/dA=I——r§-— 9)

The luminous exitance M emitted from dA is represented in
terms of the surface reflectance R.
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Fig.l. The coordinate system of PSIS.

M=RE.=RI-2%~

(10)
Assuming that the reflectance property of the surface is
the perfect diffuser of the Lambert's Law,

M=zL (11)

Therefore, the luninance L of the surface element Is ex-
pressed by
cos

= (12)

Tr

L=RI

cos i is the scalar product of unit vector n and s, then
p(Xs-X)+a(Ys-Y)-(Zs-Z)
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in which r is the distance between the surface element and
the point light source. r® is represented by

(13)

r2 = (Xs-X)2+(Ys-Y)2+(Zs-2)® (14)
Substituting Egs.(13) and (14) into Eq.(12) gives
. —_ RI(pl+agm-mn) _
L= 7 (lz’mz*nz)s/z(pzl(_qz’l) 172 (15)
where, z
1=Xs-x—~ (16)
S Ys - v 2
m=Ys-y % in
n=7Zs - 2 (18)

Let D be the image density on the film, and assuming the
Gamma Property to be linear, then

D=kKL

where K Is a proportional constant.
From Egs.(15) and (19), the image density D is rewritten by

(19)

D(x,3) = C £(p,q,2) (20)
where,
C=k —R;‘— (21)
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pl+qm-n
f(p.q,2) = TSI TR pRgE D) E (22)
It should be noted that there are four unknown variables,
i.e., (p,4,Z,C) In Eq.(20) and the equation is a nonlinear
equation.

II. PRINCIPLE OF PSIS

A. Procedure

The Independence of the density D(x,y) can be held by tak-
ing images of the object under the different lighting condi-
tions. The surface has the uniform reflectance R, therefore
this proposed method uses the constraint that the value of
C is constant for all of surface elements. So, the illuminat-
ing equations can be solved by the following two steps.

[Step 1] Choose the brightest surface element in each Image,
and estimate the value of C from Z values obtained by solv-
ing the simultaneous i{lluminating equations of these surface
elements.

[Step 2] Determine the values of Z and (p,q) at each surface
element by using the value of C obtained In step 1.

B. Property of Brightest Surface Element

The brightest surface element is defined as the surface el-
ement on which the value of cos i /r® becomes maximum, and
exists as one of the local brightest surface elements.

The local brightest surface element has the gradient n
given by
(23)

I.e. the surface normal vector directs towards the light sou-
rce. This can be explained by means of the reductive absur-
dum as follows.

cosi=l, n=s

From the physical constraint, cos i{ should be greater than
0 and less than or equal to 1 at the observed surface ele-
ment. As shown in Fig.2, the surface element (a) is assumed
to be a local brightest surface element, and letn # s at its
surface element. If the local surface is assumed to be a pla-
in, the plain should cross the sphere surface whose center
is located at a point light source and on which the local
brightest surface element exists. This means that another
surface element (b) exists near the local brightest surface
element (a) and exists inside the sphere surface.

Then, (7 o, $ o) < (B b, s ) and ra > ry are obtained. Accord-
ingly, (B o $ a)/Te® < (n b, 5 b)/ruv= Let the corresponding
Image densities be Da and D» respectively, then Da < Ds.

This is in conflict with the definition that the surface ele-
ment (a) is the local brightest surface element. Therefore,
n must be equal to s at the local brightest surface ele-
ment.

Point light Source

Spherical Surface
r =1a Const.

TN

Fig.2. Explanation of the property of brightest surface
elements.



C. Step 1
C-1. Simultaneous Equations at Brightest Surface Elements
Let k be the ordinal number of the selected brightest sur-
face element i{lluminated by the k-th light source, and let j
be the ordinal number of the image of the object 11luminated
by the j-th light source. Letting N be the number of input
images, the 1lluminating equations at the brightest surface
elements become

Dyws = C f1(Pwr @1 Z1)

_Pr lis + Qi My = Dy

=cC (Lt Mies 2 D) 2(Prc+Que]) 72 24
where, z (for k=1..N, j=1..N)
lxs = Xsy - Xk—bL

= Ys, - y. Lk
My = Y8y - ¥x b
Nky = 2S5 = Zx

The gradient (pw,qx) at the selected surface element is rep-
resented by using Eq.(23) as

Px = - —;“;L and qi = - = (25)
Substituting Eq.(25) into Eq.(24) gives

£3(Pr Qs Zxe) = £1(Z)

ol Lier * Mo Wiy % Moerlles (26)

T (Taes P2+ D) ¥ 2 (L™ k) 7=

By using f;(Zx) of Eq.(26), the following simultaneous equa-
tions at the brightest surface elements (k=1..N) are obtained

Dws = C £1(Zy) (for j=1..N, k=1..N) (27)

Let the number of simultaneous equations be ne and the
number of unknown variables be n., then ne.=N® and n.=N+1.
In step 1, the values of (N+1) unknown variables, (Zk), x=t..n
and C are estimated by using the method of least squares.

C-2. Objective Function
Let the objective function E, be designated as
N N =
Ei =2 2 (Duy-C1f(Zi)) (28)
k=1 J=1
Considering the quadratic expression of C in Eq.(28), and

letting fy(Zx) be fi,;, the objective function E, can be re-
written by

Ei = (E2fusd(C- — Dt g2 0 (g9
where I3 i

' 2

Ez= £ EDws®- L%%—?i’gfﬁ—)— (30)

The first term of the right hand side of Eq.(29) equals zero
when C satisfles the next relation.
———————— (31)

For a set of the values of (Zx), k-1..n, the value of C that
minimizes E, can be determined by Eq.(31). Under this con-
dition, E, equals E=. Hence, the searching problem of the
minimum value of E, becomes equivalent to that of Ez.

C-3. Initial Values of Zy
N equations of Eq.(27)

Dxs = C £3(Zw), J=1..N (32)

are held at the brightest surface element k. From two equa-
tions of Dy; and Dy, obtained from the different light sour-
ce | and j (1# j), the following high-order equation of Zx
can be obtained as

= _hi'_r_“.’i (33)
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where,
his = ( XSk - Zic Aw ) ( XSt - Zi Ak )
+( ¥sk - Zx By ) ( Ysy - Zy Bk )
+(Zsik - Zx ) (Zst - Zx)
hiys = (XSx ~ Zx Ak ) ( XSy - Zx A )
+( Ysk - Zx Bk ) ( Ys; - Zx Bk )
H(Zsk -2k ) (Zsy - Zx)
Tir = { (XSt - ZuAw)® +(Ysy - Zx Bu)®+(Zsy - Zy)Z }'2
Tis = { (X383 - Z4AW)®+(Ysy - Zy Bi)®H(2s, - Z)2 }'2

Ax =Xk /b, Bre=yx/Db

The number of combinations of the light source i and j is

~nC= when N light sources exist. Then,
ey (D Bare® o
E1Zyw) = l)‘:]( Dy By Frei® ) (34)

where I means the summation of nC= combinations. Eq.(33) be-
comes the following 10th-order equation of Zy.

Dis® rxx® hies® = Dics® rs® hyt® (35)

This means that only one minimum point of E.(Z.) exists
when the number of light sources (images) is more than three,
because more than three light sources produce more than
two independent equations of Zy.

Zyx which minimizes E,; is adopted as the initial value of Zx
which gives the minimum of some minimal points of E;;.

D. Step 2
D-1. Relation between Gradient and Distance at Surface
Element from Three Images

In step 2, the values of three varlables (p,q,Z) at each sur-
face element are determined under the constraint which C is
treated as a known constant. The relation between (p,q) and
Z can be obtained from three Independent image density D:
(J=1,2,3) as follows.

From two 1lluminating equations of D: and D=, the opera-
tion D1/D= gives

Diri®(plz+qmz-na)

=Darz2"(ply+qm -n;) (36)
Similarly, from two equations of D1 and Ds,
Di ri®(pla+tqms-nz)
=Dara® (ply+qm -n;) (37)
These equations are linear equations of (p,q). Then,
Uz - DE) E@ - B@) FEZ)
P =08 = ) D) - B@) ¢Z) 28
B _ _A(Z) F(z) - C(Z) E(Z)
= U=(Z) = 37 52~ B(@) ¢2) (39)
where,
A(Z) =a11z-a= 11
B(Z) =a, mz- az m,
C(Z) =a) la-as 11 (40)
D(Z) = a1 me - ag I,y
E(Z) =ainz- azm
F(Z) = a; na - aa N,

a; =Dyr,® (§=1,2,3)

D-2. Determination of Distance at Surface Element from

Four Images
(p,q) given by Egs.(38) and (39) are rewritten by
- = N2
p = Us(2) ) (41)
- - YD)
q = U=(Z) = Va2 (42)
Let C obtained in step 1 be Ce, and let
Ds; /Ce=d; (J=1..4) (43)
then,



(V) 1 +Vame - Vang )*
= d3( Vi% V22 Va®) ( 13+ m® nd)® (44)
(for 1=1,2,3)

is obtained for D, to Dz by using relations of Eq.(20) to Eq.
(22). Similarly, for Da,

(Vily+Vamy - Van,)?
= d 3 Vi3 V2% Va® ) (1,2 m,® nyd° (45)
(for j=4)

is obtained. Eq.(44) and Eq.(45) are independent high-order
equations of Z each other. Accordingly, an unique solution
of Z for each surface element can be obtained when four in-
put images are used.

From the above discussions, Z which minimizes the following
objective function Ea(Z) is adopted as the solution of Z whi-
ch gives the minimum of some minimal points of Ea(Z).

Ea(Z) = £ (D; - Cof1(U1(2),U=(2),2) )= (46)

where ¥ means the summation by the point light source ordi-
nal number j (j=1..4). When four images are used, only one
minimum point of Ea(Z) exists.

E. Determination of Distance at Surface Element from Three
Images

In step 1, more than three input images (N=3) are neces-
sary to obtain unique solutions of Zx and C. that minimize
Eq.(29). When three input images are used, the assumption
that Z values of the neighbouring surface elements are clo-
se to each other (i.e. the assumption of the surface conti-
nuity) is used in step 2.

In Eq.(46), three terms for the summation are not dependent,
then the number of the minimum point of Ea(Z) is not one.

Therefore, Z that minimizes Ex(Z) is orderly estimated at
from the brightest surface element towards the surrounding
surface elements by using the value of Z, obtained in step
1 as the initial value. The initial value of Z for minimizing
Ea(Z) at the surface element is set to the value of Z ob-

tained at its neighbouring surface element. The searching
direction is set to the direction that decreases Ea(Z). Let
the initlal value be Z and the moving step of Z be dZ, then
the sign of dZ that satisfles

Eg(Z+dZ) < Ea(Z) (47

is firstly determined. Z which gives the minimal point of
Ez(Z) is adopted as the solution of Z at each surface element.

This algorithm of three input images is effective for the
continuous surface.

F. Arrangement of Point Light Sources

It is necessary for solving simultaneous equations that the
constituent equations are independent each other. Further-
more, it is desirable that each light source gives a great va-
riety of illumination.

Since the luminance of a surface element is determined by
the incident angle and the distance from the light source,
the light sources must be arranged so that both the inci-
dent angles and the distances at the surface elements are
much different.

Accordingly, it is required that the distance between light
sources should be large.

IV. Experiment

A. Method of Experiment

As an object, a plaster hemisphere with r=45[mm] was a-
dopted, which was put on Z=Zg plane, where Zp=695[mm}. The
film size was 7x7[mm], b was equal to 25[mm], and the image
plane was divided into 64x64 pixels. Flg.3 shows the ob-
servation environment.

The diffused spherical light source with 30[mm] diameter
was adopted. The distance r is more than ten times of the
scale of the light source, then the light source may be re-
garded as a point light source. Each light source is located

so that the brightest surface element in each image exists
within the commonly illuminated region in all images.

Li: (Xs1,Ys1,Zs1)=(32,191,405)

Lz: (Xs2,Ysz,Zs2)=(166,-108,419)

La: (Xsa,Ysa,Zsa)=(-84,-130, 386)

La: (Xs4,YS4,254)=(180,11,387) [mm]

These values were computed photometrically by the cali-

bration using the method of least squares from the image
densities of original 256x256 pixels.

B. Reconstructed Results

Input images with 8-bit quantizations and the commonly illu-
minated region are shown in Fig.4. In case of four input im-
ages, images (a)-(d) are used. On the other hand, in case of
three input images, images (a)-(c) are used. The brightest
surface element in each image is plotted by a black point In
Fig.4.

The obtained objective function E;1(Zk), k1., ~n for N=4 is
shown in Fig.5. Z. which minimizes E.: is determined by
getting the values of Z which give the minimal points of Ei;.

Furthermore, using the obtained Zy as the initial values,
Powell method [7] is used to search the minimum point of Ez
of Eq.(30).

The objective functions Ez(Z) in step 2 are shown in
Fig.6-(a) and (b) for N=4 and N=3 respectively. These are
Ea(Z) at the surface elements on the Y-Z plain. In case of
four input images, the number of minimum points of Es(Z) is

CCD CAMERA TI-22A
b=25mm, Filmsize=Tmm

[FM/PC- 256
IMAGE PROCESSOR
Paint ligl|1t Source

NEC PC-9801VX
< (Xs,Ys,Zs)

Object R=45mm

/
/Z: > Z=7o Plane

z

Fig.3. Observation environment.

Fig.4. Input images.
(a)-(d): four input images.
( e): commonly illuminated region in all images.
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Fig.7. Reconstructed shapes for four input images

only one, while in case of three input images, that Is not al-
ways only one.

The results of the distance distribution obtained in step 2
are shown In Fig.7, where the coordinate (X,Y) of a surface
element is determined from Z by Egs.(5) and (8). The shape
reconstruction of the object is performed by joining (X,Y,Z)
values of neighboring surface elements. In Fig.7, (Zo-Z) is
adopted as the measure of the height of the surface element
to display reconstructed shapes, and true curves of the ob-
Jject are also shown on the figure for the comparison. Under
the condition that the image quantization levels are about
maximum 200, the mean absolute errors of the Z-distribution
for the reconstruction are within 1[%] both for four input
images and three input images. Evaluating errors of the
2-distribution are as follows.

Four Images

2.5 mm
9.1 mm*

Three Images
2.7 mm

10.8mm™

Mean absolute errors
Mean square errors

Results from four images are better than those from three
images. The processing times in step 1 are about 3.5 minutes
for four images and 1 minute for three Images, and those for
each surface element in step 2 are about 3 seconds in case
of four images and 2 seconds in case of three images. These
processing times are measured under the environment of
80286 CPU + 80287 Arithmetic Co-Processor (10MHz clock)
hardware and MS-DOS Turbo Pascal system software.
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Fig.6. Objective function Es(Z).

The errors may be caused from some of facts such as that
the assumption of the perfect diffused surface Is not exact-
1y held and that the gradients at the brightest surface ele-
ments are calculated by basing on the limited image sampling
resolution. It is considered that the reliability of the esti-
mated value of C is reduced a little by these errors.

V. CONCLUSION

A new photometric method named PSIS is proposed and dis-
cussed. The method adopts the principle of the monocular
vision and the point light source illumination instead of the
parallel light {1lumination of Photometric Stereo.

Conditions used in this paper are as follows.

(1) the inverse square law for illuminance

(2) the object with the perfectly diffused surface -

(3) approximation of the paraxial ray

(4) neglecting the error of the precision of the coordina-
te of the image pixel

An algorithm based on the method of least squares is devel-
oped to determine the distance Z of each surface element of
an object from four and three shading Images.

Under the above conditions, it is shown that PSIS can re-
construct the shape of an object with positions in 3-D space.

It should be noted that further efforts are required to ex-
tend this method for real complex objects, and several ex-
tensions of the work presented here may be possible.
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