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We present a flat emergent universe model in modified Gauss–Bonnet gravity in four
dimensions. The emergent universe model is free from a big-bang singularity and also
describes the observed universe fairly well. It is assumed that the present universe
emerged from a static Einstein universe phase that exists in the infinite past. To obtain
the flat emergent universe model, we reconstruct mimetic modified f(G)-gravity (G
representing Gauss–Bonnet terms). The functional form of f(G)-gravity is determined
with or without matter, and can accommodate the early inflation and late accelerating
phases satisfactorily. In contrast, in Einstein’s general theory of relativity, a flat emergent
universe was obtained within the modified matter sector.

Keywords: Flat emergent universe; modified gravity; Gauss–Bonnet gravity.

1. Introduction

In modern cosmology it is believed that the present universe emerged from an
inflationary phase in the very early universe.1–3 The big bang model of the uni-
verse, which is based on Einstein’s general theory of relativity with a perfect fluid,
fails to account for some of the conceptual issues in the observed universe. It is
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established that a semiclassical description of the theory or a higher order the-
ory of gravity4 admits an inflationary universe scenario which resolves some of the
outstanding problems of big bang cosmology.Recent cosmological observations5–7

predict another interesting feature of the observed universe, i.e. that it is passing
through an accelerating phase. Theoretically, it is a challenge to describe the origin
of the late accelerating phase as the physics of inflation,8–12 and the introduction of a
small cosmological constant for late acceleration are among the features that are not
yet fully understood.13,14 The known fields of the standard model particle physics
are not suitable to describe present observations. For this, some new physics may
emerge in future beyond the standard model at very high energy scales. Investiga-
tions have been carried out in several gravitational theories to realize early inflation
and late acceleration either by a modification of the gravitational sector15–17 or by
a modification of the matter sector of Einstein’s general relativity (GR). Thus there
is enough motivation to explore an alternative cosmological model.

Astashenok et al.18 investigated various scenarios of cosmological evolution in
mimetic modified gravity models, with or without matter, to obtain different cos-
mological evolutions. Considering the simplest formulation based on the use of
the Lagrange multiplier constraint, it can be shown that in some theories, it is
possible to realize the accelerated expansion of the universe or even unified evo-
lution, which includes inflation with dark energy, and dark matter described by
the theory. Adopting general reconstruction schemes, it is found that mimetic
gravity also generates bouncing cosmologies. The Gauss–Bonnet (GB) combina-
tion G = R2 − 4RμδR

μδ + RμανβRμανβ plays an important role in cosmology.19–21

Recently, in the literature,18,22–24 cosmological models with a number of known
evolutionary features were examined in a gravitational theory reconstructed with
the GB functional form. The motivation of this paper is to reconstruct modified GB
gravity which permits a singularity free cosmology, namely, a flat emergent universe
(EU) model which encompasses the unified evolution of the universe.

The possibility of a cosmological model in which there is no big bang singular-
ity, no beginning of time, and in which the universe effectively avoids a quantum
regime for spacetime by staying large at all times was considered first by Ellis and
Maartens.25 In this model, the universe started out in the infinite past in an almost
static Einstein universe state, and subsequently it entered into an expanding phase
slowly, eventually evolving into a hot big bang era. Later Ellis et al.26 constructed
an EU scenario for a spatially closed universe with a minimally coupled scalar field
φ, using a special form for the interaction potential V (φ). However, it was shown27

immediately that such a potential can be recovered starting from a modified gravita-
tional action with a polynomial Lagrangian L = R + αR2, making use of a suitable
conformal transformation and identification of the field as φ = −√

3 ln(1 + 2αR).
In the above however, one requires a negative coupling term α for a consistent EU
scenario. Later in a flat spacetime, Mukherjee et al.28 obtained new cosmological
solutions with a static Einstein universe in the framework of semiclassical gravity.
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It is known that the EU scenario promises to solve several conceptual and technical
issues of the big bang model.

Recent cosmological observations predict that the universe is most likely spa-
tially flat. Therefore, it is important to explore a flat EU model. In the framework
of Einstein gravity, Mukherjee et al.29 obtained an EU scenario in a flat universe
making use of a cosmic fluid described by the nonlinear equation of state (EOS)
p = Aρ − B

√
ρ where A and B are arbitrary constants. The possibility of emer-

gent cosmology using the effective potential formalism has been further explored
recently showing that new models of emergent cosmology can be realized within
limits set by the constraints imposed by the cosmic microwave background (CMB)
radiation.30 It has also been demonstrated that within the framework of modified
gravity, the EU may be obtained in a spatially open or closed universe. Later it
was found that a flat EU scenario can be obtained in a modified theory of gravity
by including higher-order GB terms in the presence of a dilaton coupling.31 The
EU model in a flat universe has been explored in various theoretical frameworks,
namely, the brane world.32–34 Brans–Dicke theory,35 as well as in the context of
the nonlinear sigma model.36,37 It was found that the EU scenario can be obtained
with all the features of the observed universe. The EU model accommodates late-
time de Sitter expansion and thus, naturally permits late-time acceleration of the
universe. Such a scenario is promising from the perspective of offering unified early
as well as late-time dynamics of the universe. Note, however, that the focal point
of unification in such EU models lies in the choice of the EOS for the polytropic
fluid, while several other models of unification rely more on scalar field dynamics
in the presence of a suitable field potential.

It is known that the GB term without a dilaton field does not contribute to the
dynamics31 of the universe in four dimensions as it is an Euler number. The motiva-
tion of this paper is to obtain an EU scenario in a modified gravity with a modified
GB gravity term without a dilaton field. We wish to accommodate a flat EU model
of the universe, and reconstruct theoretically an acceptable modified gravity with
GB terms in the gravitational action for accommodating the EU scenario. The EU
model is interesting because of its various observed features. It permits a nonsin-
gular solution of cosmology, an important and new property in understanding the
early evolution of the universe. This is different from that obtained recently in the
literature18,22,24,38 where a modified functional form of GB gravity is determined
to describe singular bounce solutions. The motivation of the paper is to determine
the functional form of modified GB gravity that permits EU models which are
singularity free. The modified form of the action is determined with or without
matter.

The paper is organized as follows: In Sec. 2, we set up the relevant field equa-
tions starting from a gravitational action for modified GB gravity. In Sec. 3, the
reconstruction of modified GB gravity in vacuum is discussed for a given scale fac-
tor of the universe. In Sec. 4, the modified GB theory is determined for a flat EU.
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In Sec. 5, nonsingular bounce solution in mimetic F (G) gravity is presented, and
in Sec. 6, we present a brief discussion.

2. Gravitational Action and the Field Equations

The gravitational action for modified GB gravity theory is given by

I = − 1
2κ2

∫
(R + f(G))

√−g d4x + Im, (1)

where κ2 = 1
M2

P
with the Planck mass represented by MP , R represents the Ricci

scalar and Im represents the action for matter fields. The field equations are given
by22–24

Rμν − 1
2
gμνR − 1

2
gμνf(G) − (4RμδR

δ
ν − 2RRμν − 2Rδστ

μ Rνδστ

+ 4gαδgβσRμανβRδσ)f ′(G) − 2(�μ�νf ′(G))R

+ 2gμν(�f ′(G))R − 4(�f ′(G))Rμν + 4(�μ�νf ′(G))Rδ
ν

+ 4(�δ�νf ′(G))Rδ
μ − 4gμν(�δ∇σf ′(G))Rδσ

+ 4(�δ�σf ′(G))gαδgβσRμανβ = κ2Tμν , (2)

where the prime represents the derivative with respect to G, ∇μ represents the
covariant derivative, � represents the covariant d’Alembertian, κ2 = 8πG and Tμν

represents the energy–momentum tensor of matter. We consider the Robertson–
Walker metric for spatially homogeneous and isotropic spacetime which is given
by

ds2 = −dt2 + a2(t)
[

dr2

1 − kr2
+ r2(dθ2 + sin2 θdφ2)

]
(3)

in units in which c = 1 and � = 1, where a(t) represents the scale factor of the uni-
verse and k = 0, +1,−1 representing a flat, closed and open universe, respectively.
We consider a flat spacetime k = 0 to obtain a functional form f(G) which admits
an EU as in Ref. 29. The Ricci scalar and the GB combinations in a flat spacetime
are given by

R = 6Ḣ + 12H2, G = 24H2(Ḣ + H2), (4)

where H = ȧ
a is the Hubble parameter and (̇) is the time derivative. The gravita-

tional field equations are given by39

6H2 + f(G) − Gf ′(G) + 24H3Ġf ′′(G) = 2κ2ρ, (5)

4Ḣ + 6H2 + f(G) − Gf ′(G) + 16HĠ(Ḣ + H2)f ′′(G)

+ 8H2G̈f ′′(G) + 8H2Ġ2f ′′′(G) = −2κ2p. (6)
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In GR, the gravitational field equations in a flat Robertson–Walker metric can be
written as

ρeff =
3
κ2

H2, peff = − 1
κ2

(2Ḣ + 3H2). (7)

The effective energy density and pressure in the FRW background in f(G)-gravity
can be expressed as

ρeff =
1

2κ2
(6H2 + f(G) − Gf ′(G) + 24H3Ġf ′′(G)) + ρ, (8)

peff =
1

2κ2
(Ḣ + 6H2 + f(G) − Gf ′(G) + 8H2G̈f ′′(G)

+ 16HĠ(Ḣ + H2)f ′′(G) + 8H2Ġ2f ′′′(G)) + p, (9)

using Eq. (4). Now we define

ζ(H, Ḣ, . . .) = peff − p (10)

so that Eq. (15) can be written as

ζ(H, Ḣ, . . .) = − 1
κ2

[2Ḣ + 3(A + 1)H2 − B
√

3H ]. (11)

Thus it is evident that the ζ(H, Ḣ, . . .) is a combination of H and its derivatives.
The existence of a cosmological model can be ascertained by exploring the behavior
of the function ζ(H, Ḣ, . . .). A number of cosmological solutions are presented in
the literature,40–75 to obtain cosmological models viable for present accelerating
universe which has an initial singularity. Recently Ellis and Marteens25 obtained a
singularity free universe in a closed model of the universe in GR in the presence of
a homogeneous scalar field with a specially constructed potential.25 Subsequently
it has been shown that such a potential exists in a modified GR with an R2-term.26

In this scenario, such a universe emerged from an Einstein static universe which
exists in an infinitely past time. Thereafter it was found by Mukherjee et al.29 that
an EU can be obtained in a flat universe with a nonlinear EoS. The EoS is given
by

p = Aρ − B
√

ρ. (12)

In the EU model, H and Ḣ are nonvanishing, thus the effective pressure is different
from that of the isotropic pressure as ζ(H, Ḣ, . . .) �= 0. The emergent model is
interesting and it satisfies all the physical features of the present observed universe.
The nonlinear equation is equivalent to three different cosmic fluids. The problem of
the model was that once the EoS value or the EOS parameter is fixed, the universe
does not accommodate the transition of the universe from a radiation-dominated
to a matter-dominated phase. It has been shown76 that a universe with interacting
fluids however gives a realistic scenario. The flat EU can be obtained in GR modified
with GB terms coupled with a dilaton field.31 In four dimensions, the GB-term is

2250045-5



April 19, 2022 11:26 WSPC/S0218-2718 142-IJMPD 2250045

B. C. Paul, S. D. Maharaj and A. Beesham

a topological quantity and does not contribute to the dynamics of the evolution.
The motivation of this paper is to include a functional form of GB gravity f(G)
in the gravitational action without a dilaton field to obtain an EU scenario both
in vacuum and in the presence of matter described by a nonlinear EoS. The EU is
interesting, which evolves from a static phase of the universe in the infinite past. It
is free from a big bang singularity and exhibits the features of the past and present
universe.76–83 The functional form of modified gravity f(G) will be reconstructed
in this paper for obtaining a flat EU making use of the methods outlined in Refs.
18, 22, 24 and 38

3. Reconstruction of f(G) Gravity

It is known that the GB terms in four-dimensions are Euler numbers which have
no role in the dynamics of the universe. A GB term coupled with a dilaton field,
however, plays an important role in understanding the dynamics of the universe.31

We investigate f(G) gravity models, which admit an EU model in the absence of a
dilaton field. The reconstruction method is used here to obtain the modified gravity
which permits a singularity free universe. The modified gravitational action24 in the
absence of matter is given by

I =
∫ [

1
2κ2

(R + P (t)G + Q(t))
]√−gd4x, (13)

where P (t) and Q(t) are two proper functions of a scalar field and t represents
cosmic time. We investigate the f(G) gravity models in which the flat EU model
can be implemented. To determine the functional form of f(G)-gravity, we use the
reconstruction method of modified gravity.16,17,23 Using proper functions P (t) and
Q(t) of a scalar field which we identify with the cosmic time, the action in Eq. (13)
can be rewritten using the method adopted in Ref. 24. Now varying the action with
respect to t, one obtains23,24,52,53

dP (t)
dt

G +
dQ(t)

dt
= 0 (14)

which can be used to find t = t(G). Consequently by substituting t in Eq. (13), we
can determine the functional form which is

f(G) = P (t)G + Q(t). (15)

It is interesting to determine P (t) and Q(t) in terms of the Hubble parameter to
study observed cosmological consequences. The modified action may work well to
get early inflation as well as a late accelerating phase. Using Eqs. (5) and (15), one
obtains

Q(t) = −6H2(t) − 24H3(t)
dP (t)

dt
. (16)
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Finally using Eqs. (6), (15) and (16), one obtains a second-order differential equa-
tion neglecting the matter which is given by

2H2(t)
d2P (t)

dt2
+ 2H(t)(2Ḣ(t) − H2(t))

dP (t)
dt

+ Ḣ = 0. (17)

This second-order differential equation can be solved if the scale factor is given. In
Sec. 4 we consider the scale factor of an EU obtained in GR in the presence of a non-
linear EOS to determine the modified f(G)-functional form which accommodates
EU.

4. Gauss–Bonnet Modified Gravity and The EU

The flat EU model in Einstein’s gravity is obtained with a nonlinear EoS. The field
equations (7) are given by

ρ = 3H2, p = −(2Ḣ + 3H2), (18)

where H represents Hubble parameter, κ2 = 1 and ζ(H, Ḣ, . . .) = 0. The conserva-
tion equation is given by

dρ

dt
+ 3H(ρ + p) = 0. (19)

The conservation equation can be integrated using the nonlinear EoS given in Eq.
(18) which determines the energy density in terms of the scale factor as

ρ(a) =
1

(A + 1)2

(
B +

K

a
3(A+1)

2

)2

. (20)

It is interesting to note that by expanding the expression for the energy density, it
is possible to identify the three terms with three different types of fluid which are
determined by the EoS parameters A and B. The total energy density is made up
of three terms with three different types of EoS,

ρ(a) =
3∑

i=1

ρi and p(a) =
3∑

i=1

pi. (21)

It is noted that the parameter A plays an important role in understanding differ-
ent types of cosmic fluids present in the universe.29 Later, considering interactions
among the fluids, it is shown that a physically viable EU can be obtained for differ-
ent strengths of interactions among them accommodating the observed universe.76

The scale factor of the universe is obtained using Eqs. (18) and (19), which is

a(t) =
[
3K(A + 1)

2

(
σ +

2√
3B

e
√

3
2 Bt

)] 2
3(A+1)

, (22)

where σ and K are integration constants. It is evident that in the infinitely past, i.e.
t → −∞, the scale factor becomes a = ao, a static Einstein universe, which evolves
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later into a dynamical universe scenario29–37 encompassing the present observed
universe. The interesting aspect of the EU is that there is no singularity, and the
early inflationary universe can be realized in addition to the present accelerating
phase. The universe however emerged out of an Einstein static phase. It is also
shown that the static Einstein phase can be realized in the context of wormholes in
GR with exotic matter. The throat of the wormhole expanded into a large universe
after a fairly long time determined by a cosmological term Λ.77 The functional form
of the modified GB gravity will be determined to implement the flat EU model.

Now we construct an equation with Hubble parameter which admits EU solu-
tions corresponding to the scale factor in Eq. (22). The equation is

Ḣ = αH − βH2, (23)

where α =
√

3B
2 and β = 3(A+1)

2 . For simplicity, we rewrite the scale factor given
by Eq. (22) subsequently as

a(t) = ao[η + eαt]
1
β , (24)

by denoting ao = (3K(A+1)
2 )

2
3(A+1) 2√

3B
, η =

√
3Bσ
2 . This form of the scale factor

will be used in Sec. 4. In this case, in the infinitely past, i.e. t → −∞, the scale
factor becomes a → aoη

1
β . Thus, a static Einstein universe emerged, which later

evolves into a dynamical universe29,76 encompassing the present observed universe.
The Hubble parameter is given by H = αeαt

β(η+eαt) . In this case, we determine the
functional form of modified GB gravity which permits an EU without matter. Thus
we look for the existence of Eq. (23) in Eq. (17) without matter. The general
solution can be obtained which accommodates an EU solution in modified gravity
in vacuum which is given by

P (t) = −ηβ2(η + 2eαt)
α2(1 + β)e2αt

+ C1a
1+2β
o

∫
(η + eαt)2+

1
β

e2αt
dt + C2 (25)

and consequently, from Eq. (16), one obtains

Q(t) = − 6α2eαt

β2(η + eαt)2
[8ηβ + eαt] +

24C1a
1+2β
o α3eαt

β3(η + eαt)1−
1
β

, (26)

where C1 and C2 are integration constants. The GB combination can be expressed
as a function of cosmic time t which is now given by

G(t) =
24α4

β4

e3αt(ηβ + eαt)
(η + eαt)4

. (27)

The GB term G is a function of t which is highly nonlinear. An inverse function of
t in terms of G namely, t = t(G) can be obtained which is given by

t = ±
[

ln η

α
− 1

α
ln

((
24α4

β4G

) 1
4

∓ 1)

)]
. (28)
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Using the above expression, we get the functional form of modified GB theory which
is

f(G) = −
√

3G

2
− 2β2

α2(1 + β)

(
α

β

(
24
G

) 1
4

− 1

)
G

− 4βη2
√

6G(
α

β

(
24
G

) 1
4

− 1

) − β2G

α2(1 + β)

(
α

β

(
24
G

) 1
4

− 1

) + f0 (29)

for C1 = 0, C2 = 0 and f0 a constant. The interesting feature of the EU solution
is that there is no initial singularity and it admits the observed features of the
universe which was shown in Refs. 29 and 76. The functional form of the modified
f(G) gravity obtained here is in vacuum.

5. EU in Mimetic f(G) Gravity

We determine the functional form of mimetic f(G)-gravity following the
parametrization of the metric in the gravitational action given by Eq. (1).18,23 To
obtain mimetic f(G) gravity, one assumes the parametrization of metric,43–45,52–60

which is

gμν = −ĝρτ∂ρφ ∂τφ ĝμν , (30)

where φ is the mimetic scalar field instead of gμν . The following equation is obtained
by varying the metric

δgμν = ĝρτ δgτωĝωσ∂ρφ ∂σφ ĝμν − ĝρσ∂ρφ∂σφ δĝμν

− 2ĝρσ∂ρφ ∂σ(δφ) ĝμν . (31)

The following field equation is obtained now by varying the action with respect to
the redefined metric ĝρσ instead of the standard Jordan frame metric gμν

18,84

Rμν − 1
2
gμνR + 8

[
Rμδνσ + Rδνgσμ − Rδσgνμ

− Rμνgσδ + Rμσgνδ +
1
2
(gμνgσδ − gμσgνδ)R

]
�δ�σfG

+ (fGG − f(G))gμν + ∂μφ∂νφ(
−R + 8

(
−Rδσ +

1
2
gδσR

)
�δ�σfG + 4(fGG − f(G))

)

= Tμν + ∂μφ ∂νφ T, (32)

where 2κ2 = 1, fG = df
dG , �μVν = ∂μVν − Γλ

μνVλ, the energy–momentum tensor
Tμν = diag.(ρ,−p,−p,−p), with ρ the energy density and p the pressure. Now
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varying the action with respect to φ one obtains

�μ
[
∂μφ

(−R − 8Eδσ�δ�σfG + 4(fGG − f(G)) − T
)]

= 0, (33)

where Eδσ = Rδσ − 1
2gδσR is the Einstein tensor. From Eq. (30) one gets

gμν∂μφ ∂νφ = −1,

and for a homogeneous scalar field φ which depends only on the cosmic time, this
leads to the constraint φ = t. Using this constraint in a flat universe, the time–time
component of the field equation in Eq. (32) can be expressed as

2Ḣ + 3H2 + 16H(Ḣ + H2)
dfG

dt
+ 8H2 d2fG

dt2
− (fGG − f) = −p. (34)

It may be mentioned here that the same equation is obtained for the space–space
components. By integrating Eq. (33), one gets

−R − 8
(

Rδσ − R

2
gδσ

)
�δ�σfG + 4(fGG − f(G))

= −ρ + 3p − C

a3
. (35)

Using the expression of the Ricci scalar with H in the RW metric, it can be rewritten
as

Ḣ + 2H2 +
2
3
(fGG − f(G)) + 4H(2Ḣ + 3H2)

dfG

dt
+ 4H2 d2fG

dt2

= −ρ

6
+

p

2
− C

a3
, (36)

where C is an integration constant. Using Eqs. (34) and (36), one obtains

Ḣ + 4H2 d2fG

dt2
+ 4H(2Ḣ − H2)

dfG

dt
= −1

2
(ρ + p) − C

a3
. (37)

For simplicity the constant C is redefined here. We now introduce a function g(t) =
dfG

dt , and the above equation becomes

4H2 dg(t)
dt

+ 4H(2Ḣ − H2)g(t) = −Ḣ − (ρ + p)
2

− C

a3
. (38)

To obtain a flat EU as mentioned in Eq. (23), the above equation will generate the
modified functional form of GB-gravity. The general solution now can be obtained
from Eq. (38), corresponding to a functional form by integrating the differential
equation.

In this section, we reconstruct the modified GB functional form which admits
a flat EU emergent universe29 obtained in Einstein’s gravity (GR) with nonlinear
EoS. In the absence of dark radiation (C = 0), Eq. (38) can be used to determine the
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functional form of f(G) to accommodate the EU solution. In this case we consider
the right-hand side of Eq. (38) as

Ḣ +
1
2
(ρ + p) =

1
2
H2. (39)

which is obtained in GR. The EoS, p = −2β−2
3 ρ−2α

√
ρ
3 for β > −1 is relevant here.

The modified f(G) functional forms in the presence of matter will be determined
in Sec. 6. Equation (38) reduces to a differential equation

dg(t)
dt

+
2Ḣ − H2

H
g(t) = −1

8
. (40)

The solution of this equation is

g(t) = − 1
8H2

o

(
H

Ho

)2

e
R

Hdt

∫
H2e−

R
Hdtdt + C1

(
H

Ho

)2

e
R

Hdt. (41)

Here gt is determined for a given scale factor of the universe. We consider an EU29

with the scale factor given by

a = ao(η + eαt)
1
β . (42)

The Hubble parameter for the EU corresponding to the scale factor given by Eq.
(24) is

H =
H0e

αt

η + eαt
, H0 =

α

β
.

Thus the general solution in terms of t is given by

g(t) =
g0(η + eαt)

H0
α +2

e2αt
+

(η + eαt)2

8H0e2αt
− η(η + eαt)

8(α + Ho)e2αt
, (43)

where g0 is an integration constant. The functional form of modified GB gravity is
then determined in terms of t as

fG(t) =
∫

g(t)dt. (44)

The functional form of g(t) given in Eq. (43) will be used here to determine the
function fG(t) for a singularity free universe for a given α.

The GB term can be expressed as a function of t for the scale factor given by
Eq. (24) as

G =
24α4

β4

(
βη + eαt

(η + eαt)4

)
e3αt. (45)

For simplicity we take α = H0 which leads to

eH0t =
η(

G0
G

)1/3 − 1
, (46)
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where G0 = 24H4
0 . We can now invert it to express t as a function of G, which can

be written as

t =
1

H0
ln

⎡
⎢⎢⎢⎣ η(

G0

G

)1/3

− 1

⎤
⎥⎥⎥⎦ . (47)

The functional form of modified GB gravity is determined as

f(G) =
∫

fG(G)dG.

Integrating Eq. (44) once again, we determine the functional form of modified grav-
ity, which is

f(G) = a1G
1/3 − a2G

2/3 + a3G + a4 ln

[
1 −

(
G0

G

)1/3
]

− a5G ln

[(
G0

G

)1/3

− 1

]
+ a6 ln G

− a7 ln

[(
G0

G

)1/3

− 1

]
+ a8, (48)

where a1 = ( 1
32H2

0
− 3ηg0

2H0
)G

2
3
0 , a2 = ( 1

16H2
0

+ 3ηg0
H0

)G
1
3
0 , a3 = 3ηg0

2H0
+ 5

32H2
0

+ 3ηg0 ln η
H0

+
ln η
8H2

0
+ g1, a4 = (3ηg0

H0
+ 1

8H2
0
)G0, a5 = 3ηg0

H0
+ 1

8H2
0
, a6 = ηg0

H0
+ 1

24H2
0
, a7 = 3ηg0

H0
G0,

a8 = g2 − G0
3 (3ηg0

H0
+ 1

8H2
0
) ln G0, where g2 is an integration constant. Thus the

modified GB gravity in the presence of matter described by an EoS is determined.

6. Discussion

In this paper, modified gravity with GB terms is reconstructed which accommodates
a flat EU model in the presence or absence of matter. In the literature, a number
of cosmological models with cosmological evolution having a bouncing solution are
reported with a reconstructed mimetic gravity.18,22,23 In this work we reconstructed
modified GB gravity to accommodate the EU model, which is a singularity free
universe. The present universe emerged from a static Einstein universe in the infinite
past. As the GB terms in four dimensions is a topological term which arises in
string theory, it does not contribute to the dynamics of the universe. In that case,
a dilaton field coupled to the GB combination is generally considered to investigate
the evolutionary features of the observed universe. In a four-dimensional universe,
we determined the nonlinear functional form of the GB terms in the gravitational
action without a dilaton field which accommodates the EU scenario. We note that
in the absence of a dilaton field, a nonlinear combination of GB terms in four
dimensions accommodates an EU scenario. We reconstructed the modified gravity
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action with f(G) which is relevant in the early and also in the late universe. It
is found that a number of modified gravity models can be obtained with different
values of β = 3(A+1)

2 , a parameter which may be related to the EoS parameters
of the EU model in Einstein gravity with the nonlinear EoS p = Aρ − B

√
ρ. It is

found that for a given α =
√

3B
2 , the Hubble parameter decreases with an increase

in β at the present epoch.
Thus GB terms play an important and significant role in understanding the

observed features of the universe which predicts the existence of dark matter and
dark energy. Thus a rich structure of GR modified with nonlinear combinations
of GB terms in the Einstein–Hilbert action can be unearthed to understand the
evolution of the universe. The cosmological reconstruction method is adopted to
obtain the modified GB term in f(G) gravity. Two alternative representations for
the action are used, with and without matter for this purpose. It turns out that
the cosmological solutions in the representation with matter follow from the wider
class of theories. The cosmological solution without a big bang singularity, e.g. the
EU model, is reconstructed here. This can also be obtained in Einstein gravity
with matter described by a nonlinear EoS in the original formulation. The result
obtained here is different from the cosmologies with a big bang singulairity and big
rip singularity. We found both of them are applicable here with different functional
forms. It is shown that cosmological solutions with a bounce can be reconstructed
in the representations of modified gravity. We have reconstructed modified f(G)
gravity in the presence and absence of a definite EoS and found that a polynomial
mixed with logarithmic functional forms in powers of GB-terms are obtained, which
are interesting in cosmological model building for G �= G0. The functional form
obtained for the EU is different from that obtained for a universe with bounce
only.18,22,23
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