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ABSTRACT: The infinite chain of transitions of one pair of mesons (channel I) into another
pair of mesons (channel IT) can produce bound states and resonances in both channels
even if no interactions inside channels exist. These resonances which can occur also in
meson-baryon channels are called channel-coupling (CC) resonances. A new mechanism
of CC resonances is proposed where transitions occur due to a rearrangement of confining
strings inside each channel — the recoupling mechanism. The amplitude of this recoupling
mechanism is expressed via overlap integrals of the wave functions of participating mesons
(baryons). The explicit calculation with the known wave functions yields the peak at
E = 4.12GeV for the transitions J/¢ + ¢ < D + D¥, which can be associated with
Xc1(4140), and a narrow peak at 3.98 GeV with the width 10 MeV for the transitions D +
D < J/v¢ + K*~, which can be associated with th recently discovered Z.s(3985).
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1 Introduction

The modern situation with the spectra of quarkonia and baryons requires the dynamical
explanation of numerous extra states, which are not present in the one-channel spectra
of a given meson [1].! A similar situation occurs in the excited baryon spectra.? To be
more precise, in the case of heavy quarkonia, i.e. states, which contain c¢ and bb pairs,
the experimental data contain a number of charged Z., Z;, and neutral Y., Y} states, which
cannot be explained by the dynamics of ¢, or bb pairs alone, see [2] for review.

There are theoretical suggestions of different mechanisms [3-24], which should be taken
into account. E.g. poles (resonances) in the meson-meson channels can occur due to strong
interaction in these systems, and appear as additional poles in the S matrix [4, 7, 8, 18, 19]
— the molecular-type approach.

1See also the update on 6th December 2019.
2M. Karliner and T. Skwarnicki, Pentaquarks, in [1].



A similar in the choice of the driving channels (Q¢Qq), but different in the dynamics,
is the approach of the tetraquark model [5, 10, 12-14, 17, 20, 24|, see [25-27] for reviews.
A more general approach contains features of both molecular and tetraquark models — the
hybridized tetraquark model [28]. One of the basic features of these models (as well as of the
hadron-hadron interaction in general) is the determination of the dynamics in the system
of two white objects. In the case of a deep tetraquark state one can disregard the two-
body white asymptotics with some accuracy,however in the molecular case and in general
one needs a classification of possible dynamical exchanges V},;, between two white hadrons,
taking into account the full gauge invariance and the confinement via general Wilson loop
representation, which is now standard. It is clear that one-gluon exchange and its spin
versions (spin-spin,spin-orbit,tensor) are not present in Vjj, while two-gluon exchange is
the glueball exchange. The “exchange of confining interaction” is not a local potential but
the transition of two white objects into a common white one with ¢q annihilations before
and after, eg. T+ 7 — p — m+ 7. In a similar way one obtains (actually nonlocal)
t—channel and u—channel hadron exchanges. A special role is played by the Coulomb
(not color Coulomb) interaction, which always exists locally in addition to listed above
interactions. It is important that all types of interaction between white objects (except
for Coulomb) are short ranged for massive exchanged hadrons and do not produce narrow
singularities by themselves. Our purpose in this paper is to find the dynamical origin of
relatively narrow peaks nearby threshold which occur due to transformation of one white
pair into another arbitrary number of times and to find what is the transformation itself.
As we shall see, we shall meet a completely different type of transformation — we shall call
it the recoupling and explain this mechanism in some detail. As a result we shall have here
a new theoretical treatment of hadron-hadron interaction, suggesting a simple and quite
general mechanism for exotic peaks in mesons and baryons — the recoupling mechanism.

In contrast to the approaches, where white-white interaction in the one-channel sys-
tem, (e.g. in meson-meson) is generating resonances, we propose the dynamical picture,
where the summed up transitions from one channel to another (without interaction inside
channels) can be strong enough to produce resonances nearby thresholds. The specific
feature of this interaction is that it depends strongly on the wave functions of both chan-
nels, entering in the overlap integral of the transition matrix element, which measures the
amplitude of the transition between the initial ¢@Q + ¢gQ and final ¢ + QQ states.

In what follows we are exploiting the channel-coupling (CC) interaction in the form of
the energy-dependent recoupling Green’s functions as a possible origin of extra states —
the recoupling mechanism.

Indeed, more than 30 years ago, the present author participated in the systematic study
of CC effects in the spectra of hadrons, nuclei and atoms [29]. It was found there, that
the CC interaction defined by the Transition Matrix Element (TME) is able to produce
resonances (poles) of its own, if TME is strong enough, i.e. if the corresponding TME
satisfies certain conditions, similar to that for one-channel potential.

We show below, that at the basis of this recoupling process lies a simple picture of the
string recoupling between the same systems of quarks and antiquarks, which does not need
neither energy nor additional interaction, and is simply a kind of topological transformation
of two confining strings with fixed ends into another pair of strings — the string recoupling.
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Figure 1. The transition of the mesons (q1G2) + (¢3q4) <> (¢1q4) + (G2g3) via recoupling of the
confining strings.
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Figure 2. The mechanism of string recoupling via double string-breaking process at the points
shown by thick dots.

One can see in figure 1 the confining regions (the crossed areas) for the bound states of
quark-antiquark (mesons) q1g2 and ¢3qy in the Lh.s. of the figure 1, which is transformed in
the middle part of figure 1 into the confining region between g1 g4 on the plane of the figure,
and “the confining bridge” — the double-crossed area between gags. The r.h.s. of the fig-
ure 1 is the same as the L.h.s. As the result the transition is (¢1G2)+ (¢3q4) <> (¢1G4) +(G2q3).
It is interesting to understand what kind of vertices are responsible for this transition, and
to this end we demonstrate in figure 2 below the possible construction of the “confining
bridge” in the figure 1 by cutting the confining film and turning up the middle piece.

We show in this way that topologically this process is equivalent to the double string
breaking, and numerically is defined by the everlap integral of participating hadron wave
functions. This mechanism is quite general and can work for meson-meson, meson-baryon,
baryon-baryon states. In particular it can work for some of X,Y and Z states of heavy
quarkonia, like Z.(3900) and Z.(4020).

It is a purpose of the present paper to exploit this formalism for the case of ex-
tra states in meson-meson or meson-baryon spectra and define possible resonances and
thresholds, and further on to apply this formalism to the case of pentaquark states like
P.(4312), P.(4440), P.(4457).

Our main procedure will be the calculation of TME using realistic wave functions of
cé, bb, cu systems, as well as approximate for baryon systems. Using those we calculate the



resulting Green’s functions and resonance positions and compare them with experiment.
The plan of the paper is as follows.

In the next section we introduce the reader to the method by solving a simplified two-
channel problem with a separable potential. Section 3 is devoted to the explicit formulation
of the recoupling mechanism, section 4 contains application to the meson-meson channel,
and section 5 considers the meson-baryon case. Section 6, 7 are devoted to the analysis
of the physical structure and numerical results and discussion, while section 7 contains
conclusions and an outlook.

2 The simplest case: only separable CC interaction

Suppose we have two channels 1 and 2 with thresholds F; and E5 and the CC interaction
is separable

Via(p1,p2) = —Avi(p1)va(p2) = Var. (2.1)

The Schroedinger-like (possibly relativistic) equations are
(Th — E)p1 + Vigp2 = 0, (To — E)p2 + Varp1 =0 (2.2)

and can be reduced to the equation

(T1 = E)p1 + Vi1 (E)p1 = 0, (2.3)

where Vio1 is , ; ,

k)d’k/(2m)
% (E) = N2 W . 2.4
121(p1, p1 E) v1(p1)vi(py) Tok) + o — B (2.4)
Solving (2.3) one obtains the equation for the eigenvalue E
e [ B0/ En)? [ BE)EE en)? 05
Tl(p)—i-El—E TQ(k})—I-EQ—E7
or

1= X1 (E)L(E). (2.6)

For Ey < E5 one can put £ = E; and get a condition for the existence of a bound state in

our two-channel system [29].
N1 (E)L(E) > 1. (2.7)

One of the intriguing points now is how the bound state poles, or more generally, any
poles appear when the interaction strength A is large enough. To this end we make a
simplifying assumption about the form of v;(k) and write

1 k2
2 _ 2 _
) V) =g b)) = e (—4 Bi2> (28)
where V1,12 and (1, f2 are some constants. Assuming also the nonrelativistic kinematics

T, = 2,; one obtains in the case a)
1

L(E) = s . Ai=E-—E, (2.9)



and we have taken square root (2.9) on the physical Riemann sheet, £ = E + id. Hence
the equation (2.5) for the poles (energy eigenvalues) is

1 pa X2

o (2.10)

(Vl — i/ 2u1 (E — El)) (Vz — i/ 2p2(E — Ez)) =C=
We shall be mostly interested in the poles around the threshold Fy and therefore in the first
approximation we replace the first factor on the Lh.s. of (2.10) by a constant, assuming, that
E5 — Ej has a large positive value, hence one can write for ky = /2 (E — E2) using (2.10)

! ! A2
fy & —ivy + N2, N2 = H1/t

A (v —i/2u (B — Er))

From (2.1) one can see that the pole is originally (at A’ = 0) on the second F5 sheet,

(2.11)

ko = —ivy and remains on the second Fs sheet with increasing \'. Note, however, that since
originally we have been on the Ej first sheet, then Im N2> 0, and therefore Reky < 0,
implying that the pole can be of the Breit-Winger type for Re N2>,

As will be shown below in section 4, resonance production cross sections are propor-
tional to the function

2

do"(B) ! ko (E). (2.12)

dE ‘ 1— N1(E — B\ L(E — E)

We can generalize this separable form to the relativistic case, when two hadrons with
masses ms, my, so that the denominators in (2.5) look as follows:

Ti(p) + By — B — \Jp2 +m3 +\/p? +mj — B,
Ty(p) + B2 — E — \/k2 + m3 + /A2 + m? — E. (2.13)

Here we have two thresholds mi+mso and ms—+my, and we shall assume that m;+ms <
ms -+ my.

Making the replacement (2.13) in I;(E), Io(E) one can calculate these functions and
find the behaviour of the approximate cross section in (2.12).

3 Equations for two channel amplitudes in the recoupling formalism

In this section we discuss the Green’s function of the system of two white (noninteracting)
hadrons hy, ho, which can transform into another system of white hadrons Hs, H4 and this
transformation can occur infinite number of times h1ho — H3H4 — hiho — H3Hy — ...

Denoting the transition amplitude V (h1hy — H3Hy) = VT (H3Hy — hihs), and the
corresponding Green’s functions as G, G 7, we obtain the total Green’s function Gz, e.g.
Ghun

Gun = G+ G VinGuVunGh + GeVinGuVanGhVanGuVanGr + ... =

T M VanGaViGy

(3.1)



as a result one obtains the equation, which defines all possible singularities of the physical
amplitudes, including the resonance poles.

1= VagGaVanGh. (3.2)

Note, that the described above method of the channel coupling was proposed before
in the nonrelativistic form by the Cornell group [30-33], and exploited for the analytic
calculation of the charmonium spectra, where the hihy are strongly interacting quarks
cc. The subsequent development of this method in [34-36] has allowed to understand the
nature of the X (3872) [35] and Z, states [36]. For the light quarks this method requires
the explicit knowledge of ¢¢ spectrum and wave functions, which are available in the QCD
string approach [37-46].

Recently the same approach, called the relativistic Cornell-type formalism successfully
explained the spectrum of light scalars [47, 48]. In our present case we disregard the
interaction of hadrons h; with hy and H3 with Hy.

Both Green’s function G g, Gj, describe propagation of two noninteracting subsystems,
but each of these hadrons can have its own nontrivial spectrum.

In the simplest case, e.g. h = n7, H = KK, the Green’s functions of noninteracting
particles are well known, see e.g. [47, 48] for the scalar 7w, K K Green’s functions with the
fixed spatial distance between 7w or KK, needed to define the transition matrix element.

Since each of h; or Hj is a composite system consisting of ¢g or ggq one must write the
corresponding relativistic composite Green’s function, using the path integral formalism,
see [44-46] for a recent review.

As it is seen from (2.13), one needs the explicit form of the relativistic Green’s function,
consisting of two quark-antiquark mesons hi(q1, Q1) and ha(g2,Q2) with the zero total
momentum P = 0, so that the c.m. momentum of ¢;Q1 is py, while for G2Q3 it is —p;. As
a result the wave function of the hihs system with P = 0 and c.m. coordinates R can be
written as

Upopy (0 —x;y —v) = PIROX=DRE V) (0 — )y (y — v). (3.3)

At the same time the relativistic wave function of the hadrons Hz, Hy, hi(q132), Hi(Q1Q2)
has the form

Upan,(u—v;v—y) = eip?R(u’V)_iPQR(X’Y)wg(u —V)y(x —y). (3.4)

Here we have introduced the c.m. coordinates R of the hadrons, expressed via the
average energies w;, (2; of the quarks and antiquarks in the hadron [49]

wiua + le wov + oy
Ru,x)= ———, R(y,v) = ——, 3.5
(u, x) w1+ &.v) wa + §2o (3:5)
B Q 9]
R(u,v) = BTV R(x,y) = —2x 24y (3.6)
w3 + Wy Q3+ Qy

Here w;, {); are given in the appendix A of this paper.



Next we must calculate the overlap matrix element of Wy, 5, and Wp,p,

Vigi34(P1, P2) = /??1234d3(u —z)d* (y —v)d® (w — 0)Up,p, U, (3.7)

Introducing the Fourier component of the wave functions e.g. ¥i(u — x) =

[ 1 (qy)e'd(=%) (‘5;?)13, one obtains in the simple case when ¢ = q1, Q2 = Q1

d’qy - 7 7 P2 wi
Vigza(P1,P2) = /(2w)3y1234¢1(q1)¢2(q1 +P)Us (—a1— 75— Pio 0,
(g —P2_
i@ -2 -m ) (33)

In (3.7), (3.8) we introduced the numerical recoupling coefficient 1234, which is dis-
cussed in appendix B.

The transition element (3.7) with the factor yj234, responsible for the recoupling of
hadrons, shown in figure 1, has a simple structure. Indeed, as one can see in figure 1, the
creation of two string configurations in the intermediate confining strings position and back
into the original configuration. One may wonder what is the explicit mechanism of this
recoupling, and what are the vertices denoted by thick points in the figure 2. To this end
we note, that we have two strings on the r.h.s. of figure 2: string from Q; to Q- and another
from @ to go; this position results from the double string decay (the Lh.s. of figure 2) with
the subsequent rotation of the string between @ and Qs to the right, where this string is
at some distance above the string between i, g2. One can associate the quantity M (x,y)
with this process and we must add this factor to Vigz4. Writing M(x,y) = o|x — y| in
analogy with the one-point string decay described by the effective Lagrangian [50] for the
string decay,

Log = / d*aap(x) M (z))(x) (3.9)

and replacing it with the numerical value M, similarly to [34-36], (see appendix B for
details) one can write yio34 = Myx1234 in (3.8), with x1234 describing the spin-isospin
recoupling. Finally one obtains the expression for the whole combination

N(E) = Gh1h2V12/34Gh3h4‘/34/12 (310)
[ dp; &py Vi234(P1, P2) Vaaj12(P1, P2)
NE = | o e BET T B B Py T 1Y

The resulting singularities (square root threshold singularities and possible poles from
the equation N(E) = 1) can be found in the integral (3.11).

One can see, that the structure of the expression (3.11) is the same as in eq. (2.5),
provided Vjyj34 factorizes in factors vy (p1)v2(p2), and consequently one expects the same
behaviour of the cross sections as in (2.12).

At this point it is useful to introduce the approximate form of the wave functions
in (3.8), which is discussed in [36]. Here we only give the simplest form of the Gaussian
wave functions for the ground states of light, heavy-light and heavy quarkonia. One can
write

B 2 8 3/2 _ 43
Yi(q) = ciexp (—;62> , ¢ = 7;73 /UJ?(Q) (2733 =1 (3.12)



where (3; was found in [34-36], see appendix C, e.g. for ground states of bottomonium
B = 1.27 GeV, for charmonium 5 = 0.7 GeV and for D, B mesons § = 0.48,0.49 GeV.
Inserting 1;(q) in (3.12) into (3.8) and integrating over d®q; one obtains

4 2 2
o exp(— APy — Bpi — Cp1py)
Vig3a(P1P2) = Y1234 <Zl_[1 Ci) (273873232 ; (3.13)
where a, A, B,C are
131 1 ( 1 1 1 ) 1 (1 1 1 )2
a=-Y — Nmt—=mt+t-=m) =t tm 3.14
2 §ﬁ3 2 \BTmtw) w\Btm (314
21 0 2 1 /1 1 Q 2
B=— < >+2( ! )—(2 SE ) (3.15)
20 wl—l—Ql 254 w1 + 4a ﬁ3 wr + 64 w1 + Q4
SFS ¥ (ENCRE T HE AT M T
2\B2 (wi+Q) BF(wi+Q)) 22\B3 282 23
w1 Ql )
X — . 3.16
<B§(w1 + Q1 Biwr + N (3:16)

The resulting N(FE) has the form

M2 XRo34 d*p1d®py exp(—2Ap3 — 2Bp? — 2Cp;p,)
N(E) = — = / (3.17)
a3(I1; Bi)*(m)* ) (Er(p1) + Ea(p1) — E)(E3(p2) + Ea(p2) — E)
and the differential cross section with the final second channel is proportional to
d E
o p(E) (3.18)

dE " 1= N(B)]2

where p(E) ~ /E? — (m3 + my4)2. It is interesting, that for the fully symmetric case, when

all §; are equal, and w; = €21, one obtains for the exponent in (3.13) exp (—nggg), and
Vigj34 = V312 and N(E) are

25/2 /x - p2 4+ p2
‘@y@m(l)hpz) = a3 Y1234 €Xp | — ! 5) 2 (3.19)
p 4p
2MZXT034 pidpip3dps exp( 43§2>

N(E) =

30 / (E1(p1) + Ea(p1) — E)(Es(p2) + Ea(p2) — (E) (3.20)

4 Recoupling mechanism for the meson-meson amplitudes

The formalism introduced on the previous section can be directly applied to the amplitudes,
containing two meson-meson thresholds, mi + mo <> ms + my4 with the singularities given
by the equation

1 — N(mi,ma, ms,mg; E) = 0. (4.1)

As we discussed in section II, the conditions for the appearance of visible singularities
require that the threshold difference AM = mg + m4 — mq — mo should be comparable
or smaller than average size () of the hadron wave functions in momentum space, while



the recoupling coefficient 254, is of the order of unity, i.e. there should be no angular
momentum excitation or spin flip process.

An additional requirement is the relatively small widths of participating hadrons, oth-
erwise all singularities would be smoothed out.

One can choose several examples in this respect.

1) The set of tranformations
J/b+ ¢ Di+Di = J/Y+¢ (4.2)

with masses my1 = 3097 MeV, moy = 1020 MeV, m3z = my = 2112MeV, and the
corresponding thresholds mq + mo = 4117 MeV and mg + my4 = 4224 Mev. One can
see no spin flip in the sequence c;é4 + s45- — c45- + ¢y s4 for (4.1), where lower
indices denote spin projections, and therefore no damping of transition probability.
One can expect, that the yield of the reaction (4.2) would have the form similar to
that of x.1(4140) with the mass (4147 MeV with the width I' = (22 +8) MeV [51-54].

2) One of the best studied exotic resonances Z.(3900) [55-58] was found in the reaction
ete™ — ntn=J/y — 75 Z.(3900). It can be associated with the recoupling process
DD* 7wJ /1, where the higher threshold is My = 3874 MeV, and the spin, charge
and isospin recombination agrees with this recoupling. One expects the peak above
My in agreement with experiment.

A similar situation can be in the case of the Z.(4020) observed in the reaction ete™ —
nrhe [59], which can be associated with the recoupling 7h, — D*D* with threshold
M; = 3665 MeV and My = 4020 MeV. One can one can envisage the yield of the
reaction to be described by the equation (3.18), with p(E) — p3(E), since one need
the P-wave in D*D* near threshold, as in h,.

Note, that in general the recoupling can easily produce both Z;, Z. resonance peaks, when

a charged particle (like p) is participating in the sequence of transformations.

5 Recoupling mechanism for meson-baryon systems

One can consider the transformation sequence for baryons of the form, e.g.

(999) + QQ) « (¢4Q) + (¢@Q) (5.1)

and apply the same formalism as the used above for the meson-meson recoupling transfor-
mations.

In principle it implies the new degrees of freedom, associated with the additional quark
in (gqq) as compared to the meson (¢g). To simplify the matter, we start below with the
assumption, that the diquark combination can be factorized out in the baryon (qqq) —
q(qq) and does not change during the recoupling process, which can now be written as

a(qq) + (QQ) + Q(qq) + (¢Q). (5.2)



In doing so we neglect also the internal structure of the diquark (gq) system, which
stays unchanged during the recoupling process, so that only its total spin, spin pro-
jection and its relative motion with the quark ¢ or@ in the baryon bound state is
present in the matrix element (3.11), while the norm of (gq) is factored out. As a
result one can use egs. (3.11), (3.13), where we need the wave functions of the relative
motion of quark and diquark in the baryons ¢(gq) and @Q(gg). Using our notations
h (g1 Q1) + h2(G2Q2) <+ hs(q1@2) + ha(Q1Q2) we are replacing g2 by the diquark (gq’). The
accuracy of this replacement was discussed in literature [61-65] and the interactions are
discussed and compared in [66]. In what follows we need the approximate baryon wave
functions as 1a(y — v)e " PiIREY V) and ys(u — v)e=PRUV) iy (3.2) (3.4), where v
denotes the center-of-mass of the diquark, and R(y,v) is the c.m. of the quark-diquark
combination, i.e. actually is the c.m. of the baryon Q2(gq). The same for the ¥3(u — v)
and its c.m. R(u,v). Using the oscillator forms for 9,13 one is actually exploiting
the description of the only one part (factor) of the baryon wave function, which can be
associated with only one leaf of the three-leaf baryon configuration. As a result, one can
approximate this part of the wave function with the wave function of the heavy-light meson
for the Q2(qq) baryon (Q2(qq) — Q2q) or with the light baryon for the hs(q1g2 — ¢1(qq)).

As a first example one can take the transitions p + ¢ — K* + A with thresholds
M; = 1960 MeV and M, = 2005 MeV, where the role of quarks Q1, Qs is played by 3, s
and one has a transition u(ud) + §s — Su + s(ud), where all § parameters have a similar
magnitude, and one can expect a peak nearby Ma.

As a concrete example one can take the case of the triad P.(4312), P.(4440) and
P.(4457), found experimentally in [67, 68], with a vast literature devoted to this phe-

nomenon, called pentaquark, see a review in PDG,? and for the latest pentaquark papers
see [69-86].

The most part of the literature considers pentaquarks as a result of molecular inter-
action between a white baryon and a white meson, which creates a bound state nearby
the threshold of this system. In what follows we shall exploit the recoupling mechanism
and we shall show, that it can provide the observed peaks without an assumption of the
white-white strong interaction.

We shall have in mind the recoupling transformations of the type

J/b+ P (5,59 + (D, D) (5.3)

and we impose the requirement of s-wave recoupling without spin flip processes and parity
conservation, which excludes A%(2595) with (IJ7) = (0,3 ) and includes A.(2286)(0, %Jr),
.(2455)(1, 17),T = 2MeV, ¥#(2529)(1, 37),T ~ 15 MeV, in addition to D(1864), (3,07)
and D*(2010), (3,17) with I'p,T'p« < 1 MeV.

,10,



thresholds (MeV) | 4150 4319 4465 4384

pairs A.D Y.D ».D* EzD
pentaquarks P.(4312) | P.(4457) | P.(4440)
width, MeV I'=938 I'=64 | I'=20.6

Table 1. Meson-baryon thresholds and the associated pentaquarks.

As a result one obtains the thresholds My = mg + my4 in the table 1 together with P..
Following the table, we can consider two types of reactions,

L. (c(ud))(Se, X7) + (cu)(D, D*) = (ce)(J/¥) + (u(ud))(p)

II. (c(uw))(SF) + ed(D, D*) « (cc) + (u(ud))(p) . (5.5)

To proceed one needs the values of f;,i = 1,2,3,4 and A, B,C and a in (3.17). Using
appendix A one finds the values of w,Q in (3.14), (3.15) £; = 1509 MeV, w; = 507 MeV.
From appendix C one finds the values of 3;:

Bi(D, D*) = By(S) = 0.48 GeV, Bs(p) ~ 0.26 GeV, (5.6)

and B4(J/v) = 0.7 GeV. Note, that for ¥ and p we have used the principle of replacement
of light diquark by a light antiquark, (ud) — ¢. Therefore 3(0) = f(c(ud) = p(cu) = (D).

As a consequence one obtains the values given in (5.6). Using those we get the numer-
ical values for a, A, B, C.

a=12.76 GeV™2, A=14.02CGeV 2 B =094 GeV 2, |C|<0.03GeV 2 (5.7)

As a result one can neglect the Cp,p, in (3.17) and the integrals d®p,, d®p, factorize.

We turn now to the recoupling coefficients M,,, 1j1234.

As it was shown in [50], the effective parameter M, can be expressed via the wave
functions of objects, produced by the string breaking, in our case it is heavy-light mesons
with the coefficient 5(D) = f(B) = 0.48 GeV, and from eq. (35) of [50] one has

M, = = 0.8 GeV.

B(D) (5.8)

Finally, the coefficient Y1234 for the transition into (X.D) and (3.D*) can be estimated as

in the appendix B to be equal to 1.

6 Physical amplitudes and their singularities in the recoupling process

As was discussed in section 3, (3.18), the differential cross section for the production of
hadrons in channel 1 can be written as

do _

1B |Fy(E) fi2(E)|*p1(E)

(6.1)
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where Fj(FE) is the production amplitude of channel 1 particles without final state F'S
interaction and fi9 is the F'S interaction,which we take as an infinite sum of transitions
from channel 1 to channel 2-the Cornell-type mechanism [30-35].

fi12(E) can be written as

1B) = =75 (62)
where N(F) has the form
N(E) = AL(E)(E), (6.3)

where I;(F) has the form

[ dp v} (ps)
HB) = | G BT+ By —F (64

Here v; is proportional to the product of wave functions in momentum space (see (ref 42))
and can be written in two forms: a/ as a Gaussian of p and b/ as an inverse of (p? + v?).
To simplify matter we shall consider situation close to nonrelativistic for the energies in
the denominator of (6.4) and write

2
E'(p1) + E”(p1) = m1 +mg + 2%11, E'(p2) + E”(p2) = ms + my + s (6.5)

2

We have considered above in the paper v?(p) as a Gaussian exp(—b;p? with by = 2B, by =

Q

24, see (3.17). We simplify below this expression, writing exp(—b;p?) =

bi_1 L where v; = —

1
exp(b;p?)
As a result one can write for [;(E) in the region E > E;(th) =

mi + ma(i = 1) or ms + my(i = 2)
L(E) = iy, —i/2ui, A = B — Ei(th). (6.6)

2mb;
As a result one obtains a simple expression for the amplitude fi2(E)

1 1

1-— AN i pp :1—Zt Bt (E)
(v1—i/2p1 A1) (v2—in/2p282) 1(E)t2(E)

f12(E) =

(6.7)

Here z = 5mz and the (6.7) refers to the region E > Ej(th), Ea(th) otherwise one

should replace —i before the ,/ terms by (+1) for the roots, where A(E) is negative.
We now consider the channel coupling constant ', which enters (6.7). From (3.17)

one obtains

) MZxRo34b1bo

Ama ([ Bi)*

The resulting z is larger than unity for the recoupling coefficient xi1234 of the order of 1,

(6.8)

and one can vary z in the interval from one to larger values. At this point we shall discuss
the physical structure of the obtained expression for the amplitude f12(E) (6.7). One can
see that fio contains the product of two unitary single channel amplitudes t¢1,ts which
describe separately scattering amplitudes in channel 1 and 2 characterizing by numbers
vi, i = 1,2. The latter are obtained from the hadron wave functions and reflect their
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structure given by the Gaussian coefficients ;. Now let us study the structure of the
possible singularities of fi in the E plane, which is given by zeros of the denominator of
fi2 in (6.7) and we concentrate on the k1 plane while the second channel is characterized
by the value of B(E) = UTIM and —iks > 0 below higher threshold E,. As a result one
obtains an equation for the pole of fio

k1 = —ivqn + iZB(E), B(E) > 0,1 > 0. (69)

It is evident that originally (at zB = 0) virtual pole of k; is proceeding to the upper
half plane of k; with increasing zB, and at some zB at appears at k1 = 0 i.e. at the
threshold F7, and at larger zB one obtains a real pole, i.e. the effect of recoupling with
the channel 2 increases the attraction and creates a real pole from the original distant
virtual pole. However for the physical amplitude ¢;(E) of the hadron-hadron interaction
the virtual pole can be not a good approximation and more generally one sh(Q)uldQWﬂte for
the amplitude 1 (F) = m the v1(F) in the form v (E) = a + bln(mgﬁkl
a,b are positive numbers. This construction occurs from the t-channel exchange of the

), where

hadron with mass m. One can see from (6.9) that the logarithmic singularity is moving
towards the threshold with the increasing z and can appear on the first sheet (E < Ej).
We can now study the situation with the singularities associated with the threshold FEs
and find that here the situation is completely different because when E Es the momentum
ki1(E) as a rule is large and positive imaginary. As a result there is no pole solutions of
the equation (6.7) for all values of E nearby the threshold Fy and all resulting widths
are of the order of parameters pu;,v;, i.e. (0.5 — 1) GeV, and therefore cannot be seen in
experiment. Nevertheless we give in the Apendix 4 full quartic equation and its analysis
for the finding of resonance poles in the whole combination of ki, ko planes. As a special
case one can consider the situation when the distance A = F5 — Fy is small as compared
with v;,7 = 1,2. In this case the amplitude fi2(F) written as

]-6‘2 — le/2

+i(vy — )

I/%-‘rk‘%

fi2 = i (6.10)

kot or i

One can see that for k1 < v1 and vy 7Z1 one obtains a resonance pole slightly shifted

above the threshold Fs, however this situation is coincidental. Summarizing we expect that
the resulting singularities of the recoupling amplitude are produced by the singularities of
the lower threshold process (process 1 in our definition) shifted to the lower threshold due
to recoupling interaction with the process 2). In the next section we shall study this effect
numerically in real physical examples.

7 Numerical results and discussion

We can now consider 3 transitions, partly discussed above:
1)
J/Yv+¢— D+ D:

Ei(th) = 4.12 GeV, Ep(th) = 4.224 GeV, u1 = 0.767, s = 1.056,01 = 0.96,v5 =
0.87,z =1 (all GeV).
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E(GeV) | 4.0 | 4.05 | 4.12 | 4.17 | 4.224 | 4.3
|fi2(E)2 | 3.43 | 4.49 | 17.36 | 10.76 | 5.6 | 1.24

Table 2. The values of the |fi2(E)|? near the channel thresholds for the transition 1).

2)
J/Y+ ¢ — D+ D,

E1(th) = 3.936, Eo(th) = 4.12, uq = 0.767, p12 = 0.984, 11 = 0.96, 5 = 0.87, 2 = 1.

As a special interesting case we consider below the recent experiment of BES III [87],
e" +e — K" (D, D*+ D D).

Applying here our recoupling mechanism, shown in the figure 1, one easily finds that
the second channel obtained from the first channel D D* by recoupling is the channel
J/v¥ + K*~ which creates the chain of reactions possibly generating a peak in the
system D D* or D~ D, namely we consider as the third example

3)
Dy + D — J/ip+ K*~

Ey(th) = 3.975, Ey(th) = 3.992, 1 = 0.9936, uy = 0.692,1, = 0.87,v5 = 0.96 (all
GeV).

One can easily find that in all cases the values of v; and the values of p; are in the
range 0.35 — 1.06 GeV. Applying the (6.7) one can find the fi5 in all cases and hence j—g in
the cases 1), 2), 3), assuming z as a positive number typically larger or equal 1. However
for the 3) one could use also the sum: fio — fi2 + af],, implying possible superposition
of intermediate states in the rescattering series.

We proceed now with the cases 1)-3) and insert the values of E;(th), i, v; in (6.3), (6.7)
and fixing the value of z one obtains the form of the recoupling amplitude shown in the
tables 2-4 below.

For the case 1) the resulting values of |f12(E)|? can be seen in the table 2.

One can see in the table 2 a strong enhancement around £ = 4.12 GeV with the width
around 10 MeV which can be associated with the resonance x.1(4140) having the mass
4147 MeV and the width I' = 22 MeV.

It is now interesting how these numerical data are explained by the exact solution of
the equation (6.7), (6.9). From these equations one obtains the exact position of the pole
k1 = 10.068 GeV, E = E; — 0.003 GeV which is unphysical result due to too small values
of 1, and in a more realistic case of the virtual pole its position moves to k1 = 0, F = E;
for 11 = 0.84 GeV. Three more complex poles are O(1 GeV) far from the thresholds, as can
be found from the solution of the quartic equation in appendix D. Looking at table 2 one
can see a good agreement with this result. In a similar way we obtain the results for the
J/¥ + p transitions of 2).
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E(GeV) | 3.8 | 3.85|3.936 | 4.0 |4.05 | 412 | 4.2
|fi2(E)2 | 3.12 | 3.84 | 18.9 | 6.15 | 5.33 | 298 | 1.17

Table 3. The values of the | fi2(E)|? near the XD threshold.

E(GeV) 3.96 | 3.975 | 3.98 | 3.985 | 3.992 | 4.0
|fi2|?(z=1) | 5.43 | 322 |67.56 | 31.84 | 12.95 | 5.54
|fi2]?(z=1.5) [ 19.9 | 2.93 | 3.19 | 2.58 | 1.61 | 2.71

Table 4. The values of the transition probability as a function of energy in the transition 3).

One can see in table 3 a strong peak near the lower threshold £ = 3.94 GeV and it
is easy to check that this peak is stable when one varies z in the region around z = 1,
One can associate this peak with the virtual pole appearing at 50 MeV below the threshold
E; = 3.94GeV. The exact form of the solution for fi3(F) near the peak has the form
fi12(E) = :iﬁg:gg. In this way our method can support the origin of the X (3915) state as
due to the J/¢ + ¢ <> Ds + Dj transitions.

We come now to the recent interesting discovery of the new state Z.s(3985) [87], where

we take for simplicity only the first chain denoted as the 3) above. Similarly to the previous
cases one obtains

One can see in table 4 a narrow peak with the summit at £ = 3.975 GeV for z = 1 with
the width around 10 MeV, which closely corresponds to the experimental data from [87] E =
3.982.5, " = 12.8 MeV. In our case the resonance parameters weakly depend on z. As seen
in the table 4, for z = 1.5 the peak shifts down to E = 3.960 GeV with much larger width.
Its form is exactly the same as in the previous two examples and corresponds to virtual
pole almost exactly at the lower threshold. In this way we can explain the newly discovered
resonance Z.s(3985) by the recoupling mechanism in the rescattering series of transitions

Dy +D* = J/p+ K* .

8 Conclusions and an outlook

As it was shown above, the new mechanism having the only parameter z is able to predict
and explain the resonances in different systems, as it was shown above, and possibly in other
systems which can transfer one into another via the recoupling of the confining strings.
The necessary conditions for the realization of these transitions and the appearance of
a resonance are connected to the value of the transition coefficient z, which should be
of the order of unity or larger. Therefore the transition should be strong, i.e. without
serious restructuring of the hadrons involved, since otherwise the transition will be strongly
suppressed e.g. in the case when not only strings are recoupled, but also spins,orbital
momenta, isospins should be exchanged. In any case the suggested mechanism provides
an alternative to the popular tetra — and pentaquark mechanisms, which dominate in the
literature. One should stress at this point, that the independent and objective checks, e.g.
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the lattice calculations do not give strong support for the molecular or tetraquark models
and the existence of an independent mechanism is welcome. It is necessary that this method
should be studied more carefully. As to the recoupling mechanism, it is strongly associated
with the thresholds participating in the transitions, and the best situation for its application
is when both thresholds are close by. In all 3 cases considered above the distance between
threshold was less than 200 MeV, and in all cases one could see a strong enhancement in the
transition coefficient and hence in the resulting cross section. The necessary improvements
of the present study are 1) a more accurate calculation of the coefficient z (originally X'),
and 2) the use of a more realistic Gaussian approximation for the wave functions instead
of approximate v; parametrizations to define fis with good accuracy in the future.
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A The center-of-mass coordinates and average quark and antiquark en-
ergies in a hadron

Following [49] one can define the c.m. coordinate of a hadron consisting of a quark @ at
the point x and an antiquark ¢ at the point u via average energies 2 and w of@ and ¢
correspondingly as

Ox 4+ wu
Ror=—q @=/po+mg), w={/pj+mj) (A.1)

where \/ p2Q + mé + \/ pg + mg is the kinetic part of the ()¢ Hamiltonian in the so-called
3

spinless Salpeter formalism or an equivalent form in the so-called einbein formalism.
As a result one obtains the following value of w = €2 for ¢g mesons, shown in table 2.

B The channel-coupling coefficient 4234

We discuss here two topics: 1) the problem of the double string decay vertex contribution

to the recoupling coefficient M, in (3.11), 2) the construction of the recoupling vertex ¥1234.
We start with the topic 1), and following [50] define the relativistic expression for the

string decay vertex as in (3.9), but without free parameters namely M (x) in (3.9) is

M(x)za(\x—xQ|+|x—xQ|). (B.1)

As one can see in figure 2, in our case the structure of the recoupling process can be
explained by the double string breaking, which we can write as a product

S = [ dad(e) (@)t @)bw) M (W)) (B2)

3See a short recent review in the last refs. in [44-46].
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State | J/ | (28) | v(3770) | v(35) | vw(4S)
Q, GeV 1.58 1.647 1.640 1.711 1.17

State | T(1S) | Y(25) | Y(3S) | T(4S) | T(5S5)
Q, GeV | 5.021 | 5.026 5.056 5.088 | 5.120
Sate D Dy B By P
Q, GeV | 1.509 | 1.515 4.827 4.830 0.4
w, GeV | 0.507 | 0.559 0.587 0.639 0.4

*) Note, that the difference in €, w obtained in these approaches
is less or around 1%.

Table 5. Average values of quark and antiquark kinetic energies in different mesons.
and one must take into account, that the energy minimum of the resulting broken string

occurs when both time moments zq, 39 of string breaking are equal. Indeed, taking the
integral in (B.2) with account of the string action in the exponent of the path integral,

T4+ Y4
ASstring = /0'\/7“32;3/ + (-174 - y4)2dTy7

which produces a factor on (B.2) (r4,)v/27, which denoted as M, in (3.11). The resulting
double string breaking action can be written as,

d(l‘4 + y4)

5 (B.3)

S / dapsi () (x) Py (y)d(y) Mo (x, y)

using the notation
[ d@a =901 @)31(w) = Ma(x.9).

In what follows one can estimate (M, (x,y)) = M, in the same way, as it was done
in [50], with the result M, ~ %", where £ is the oscillator parameter for the (QQ) meson.
We now turn to the point 2) above, the recoupling vertex yi234.

To define §1234 we notice that all 4 quarks ¢,q, Q,Q keep their identity and spin
polarization during the whole process of transformations, provided we neglect the spin
dependent corrections. This can be also seen in the structure of the recoupling process:
in (B.2) one does not see spin dependence, and this means, that the spin projection of each
quark or antiquark is kept unchanged during recoupling. As a result one can write the
nonrelativistic spin part of the matrix element V34 as

Vspm —C

meson

! ! 3 ! ! 7
1M2X/(11)X(2)C£1M2 () ()(CVll’QX’(/l)X(VQ)C;/]l]/W X(’)X(’)) (B'4)

where the Klebsch-Gordon coefficient C"V]l]\u/[2 =(C1 i L and X,(f), )‘(E\k) are quark and anti-
2 2
quark spinors.
As was told above, due to the spin conservation in recoupling, the matrix element (B.4)

should be proportional to dogdsgd17035, implying the recoupling of quarks.
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State | Y(15) | T(2S) | Y(35) | T(4S) | Y(55)
B, GeV | 1.27 0.88 0.76 0.64 0.6

State | J/¢ | $(25) | $(35) | ¥(45) | $(55)
B, GeV | 0.7 0.53 0.48 0.43 0.41

Sate D B p
B, GeV | 0.48 0.49 0.26

Table 6. The Gaussian parameters [ of different mesons.

As a result one obtains

spin __ Lm ~L'm' ~JM ~J M’
VIR =% O Crt i, - (B.5)

fis 1),
Here L,L’,J,.J" correspond to the spin values of hadrons L + L' — J + J’ and we have
assumed zero orbital momenta for all hadrons. Finally for the final expression in (3.11),
(VsP)2 should be summed up over all m, m’M, M’, so that for ¢35, one has

(1230)) = > (V") (B.6)
m,m/ M, M’
In a similar way one can find the recoupling coefficient g1234 for the ensemble trans-
formation

p+J/p = X(E*)+D(D*) = p+ J/. (B.7)

In this case we write the baryon wave function as ¥p = u(ud)y, where the lower
indices imply the total spin of the diquark (ud). In the simplest approximation one can

approximate the proton as the quark-diquark combination p = u(ud) = ud, with the
diquark d kept unchanged d during recoupling.

C Oescillator parameters of hadron wave function

The oscillator parameters for the bottomonium, charmonium and B, D mesons have been
obtained in [37-46], using the expansion of relativistic wave functions, obtained from the
solutions of the relativistic string Hamiltonian [49], in the full set of the oscillator wave
functions. As a result one obtains

The accuracy of the oscillator one-term approximation can be judged by the relative
value of the sum od squared coefficients of four higher term of expansion as compared to
the square of the main term. This amounts to the accuracy of the order or less than 10%
for lowest states of charmonia and bottomonia and few percent for D, B, p.

D Calculation of the cross sections |fi;|? and pole positions

As it is written in (6.7) the cross section is defined as j—% = | fix|*> where f;, = 25, and z
is numerical parameter proportional to A, where for three numerical examples (1), (2), (3)
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in that section z = 1,5,1 and A = —-— and B = —1 Moreover k; = \/2u;(E — E;)

vi1—ik1 vo—tkg "
and parameters pu;,v;, E; are given in the section. As it is seen in tables 2, 3, 4 the cross

sections have peaks and our purpose here is to calculate the positions of the poles both in
E plane and in k; plane. To do this one starts with two equations
kK
Vl—ikl Z/Q—ik‘Q :Zi—izEg—El. D.1
(1 i) = iky) = 2, 5~ (D.1)
One of possible strategy is to insert ki from the first equation into second equation

and one obtains an equation of 4-th power for ko. Note that both k; are positive on the
real axis for ¥ > FE; and positive imaginary below F;. Among many roots of eq. we need
the closest to the real axis. The pole positions are below in the table. Now defining from
the first equation in (D.1) k; via k2 and submitting it into second equation one obtains the
quartic equation for x = ko + i1

ot +ar® 4 ba® +cx+d =0, (D.2)
where the coefficients are
2 2
a = —2ivy,b = 2upA — 2 + P o= gTIM2E 5 TVRE (D.3)
251 1 H1

Now taking values of these coefficients from itemi), for three transitions i = 1,2, 3 discussed
in section Numerical examples and discussion with z = 1,0.2,1 respectively for these
transitions, and A = Fy — Fj, one obtains the roots of this equation together with the
corresponding values of the resonance energy. The results of this computation for the
examples 1)-3) are given in the text of the section 7.
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