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ABSTRACT
The vibrating elastic membraneis a classicalproblem in

MathematicalPhysicswhich arisesin a wide variety of physi-
cal applications.Sincethegeometryof themembraneis usually
well definedfor aparticularproblem,determinationof thenature
of any nonhomogeneityis critical. The eigenvaluesof particu-
lar membranesareoftenquite accessibleexperimentallyandso
a methodfor thedeterminationof thenonhomogeneitybasedon
theavailableeigenvaluesis of practicalimportance.Projectionof
theboundaryvalueproblemandits coefficientsontoappropriate
vectorspacesleadsto a matrix inverseproblem. Although the
matrix inverseproblemis of nonstandardform, it canbesolved
by afixed-pointiterativemethod.Convergenceof themethodfor
a rectangularmembraneis discussedandnumericalevidenceof
thesuccessof themethodis presented.

Introduction
The modesof vibration or eigenvaluesof any physicalob-

ject dependon a varietyof factors.Typically the geometryand
boundaryconditionsgoverninga particularobjectcanbe deter-
mined by inspectionof the object and its circumstances.For
example,whenaviolin stringis pulledtautover its bridge,it can
betreatedasa one-dimensionalstringof fixedlength.A drumis
typically describedby a clampedmembranewhosegeometryis
describedby theshapeof thedrum. Thin platesandshellsalso
havespecificgeometriesandboundaryconditionsunderdifferent
circumstances.

and Considerthe situationwhere the geometry, boundary

conditions,andfrequenciesor eigenvaluesareknown andthepa-
rametersgoverningthe material’s constitutionaresought. This
classof problemsareknown as inversespectral problems.Is it
possibleto recover theparametersthat led to thoseeigenvalues?
If aninfinite numberof eigenvaluesis available,it maybepossi-
ble. In general,if thenumberof eigenvaluesis finite, theanswer
is no. However in certaincircumstancesit is possibleto recover
anapproximationto theunknownnonhomogeneity,althoughthis
recoverymaynot beunique.

We begin by posingthe inverseeigenvalueproblemfor the
clampedmembrane.A matrix inverseeigenvalueproblembased
onthis is formulated.Thesolutionof thematrix inverseproblem
via a fixed-pointmethodis discussed.A numberof numerical
examplesarepresented.

The nonhomogeneous membrane inverse problem
Considera clampeddrum or nonhomogeneousmembrane

overa 2-dimensionalregion Ω � Thevibrationsof themembrane
satisfytheboundaryvalueproblem� ∇

�
p∇u��� qu � λru � � x � y�	� Ω � (1)

u
�
x � y�
� 0 on ∂Ω � (2)

The readeris referred to Love (1944) or Courant & Hilbert
(1953)for furtherdetails. We seekto recover the unknown pa-
rametersp � q � r from theeigenvaluesof (3-4).

There is extensive literature for one-dimensionalinverse
spectralproblems,McLaughlin (1986). Much of the literature
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on the two-dimensionalproblemconcernstherecovery of a po-
tentialq whenp � r � 1 � Thefirst generaluniquenessresultfor
the two-dimensionalpotentialproblemwasnot discoveredun-
til 1988whenNachman,SylvesterandUhlmann(1988)estab-
lishedtheq is uniquelydeterminedby theDirichlet eigenvalues
andthe normalderivativesof the eigenfunctionson the bound-
ary. Barcilon (1990)showed that whenΩ is the unit disk and
the boundaryconditionsare of Neumanntype (i.e. the normal
derivative is zeroon ∂Ω), thepotentialq canberecoveredfrom
the eigenvaluesandeigenfunctiondata. El Badia(1989)estab-
lisheda uniquenessresultfor q independentof onedirectionon
the unit square.Seidman(1988)establishedan approximation
methodfor the recovery of rotationallysymmetricq � Knobel&
McLaughlin (1994)extendeda one-dimensionaltechniquedue
to Hald (1978)to thetwo-dimensionalcasewith symmetricpo-
tential.

In thispaper, weseekto generalizeHald’s techniquefurther
to the recovery of a positive densityon a known rectangleR ��
0 � π � a�� � 0 � π � � That is, giventheeigenvaluesof theboundary

valueproblem, � ∆u � λρu on R (3)

u � 0 on ∂R� (4)

we seekto recover thedensityfunctionρ
�
x � y��� 0 � Thedensity

ρ is assumedto besymmetricwith respectto themidlinesof the
rectangle.Ultimately, the goal is to apply this approachto the
generalproblemin futurework.

Formulation of the Matrix Inverse Problem
Given the lowest m eigenvalues � λi

�
ρ ��� m

i � 1 of the bound-
ary valueproblem(3-4), we seekto recoveranapproximationρ̂
to the unknown symmetricdensityρ � With finite data,it seems
pragmaticto seeka finite-dimensionalframework in which to
proceed.Of particularinterestis themethoddevelopedby Hald
(1978)basedon the conversionof the one-dimensionalinverse
potentialproblemto afinite dimensionalmatrix inverseproblem.

Haldconsideredtheone-dimensionalpotentialproblem� u� ��� qu � λu � 0 � x � π � (5)

u
�
0��� u

�
π ��� 0 � (6)

for potentialsq evenwith respectto themidpointx � π � 2 � Using
theeigenfunctionsof theq � 0 case,� sin jx � n

j � 1 � asa basisfor
an n-dimensionalvectorspaceV � the eigenfunctionu waspro-
jectedontoV � Usingtheevenfunctions � cos2 jx � m

j � 1 � asa basis
for an m-dimensionalvectorspaceW � the unknown potentialq
wasprojectedontoW � Usingtheseprojectionsin aRayleigh-Ritz
formulationof theboundaryvalueproblem(3-4),Haldarrivedat
thematrix inverseproblem:

Given scalars� λi � m
i � 1 � find a vectorα � Rm suchthat

thematrixA
�
α � givenby

ai j
�
α ��� i2δi j � m

∑
k � 1

αk
4
π

� π

0
cos2kxsinixsin jxdx (7)

has � λi � m
i � 1 asits m smallesteigenvalues.

Thesolutionα of thematrix inverseproblemyieldsanapproxi-
mation

q̂
�
x�
� 2

m

∑
k� 1

αk cos2kx (8)

to theunknown potentialq �
This methodwas extendedto the two-dimensionalpoten-

tial problemby KnobelandMcLaughlin(1994).Following their
work closely, we canextendthemethodto thedensitycase.The
eigenvaluesandL2-orthonormaleigenfunctionsof thecaseρ � 1
aregivenby

λ0
i � a2n2

i � m2
i (9)

φi
�
x � y��� 2� a

π
sin

�
anix� sin

�
amiy� (10)

whereni andmi arepositive integers,orderedsuchthat

0 � λ1 � λ2 � ����� � ∞

Theset � φi � n
i � 1 formsa basisfor ann-dimensionalvectorspace

V � Theeigenfunctionu is projectedontoV �
In orderto take advantageof thestructureof this particular

problem,let us reformulatethe boundaryvalueproblem(3-4).
Let γ � 1 � λ andconsiderinsteadtheboundaryvalueproblem

ρ
�
x � y� u � � γ∆u onR (11)

u � 0 on∂R� (12)

Theprojectionof u ontothen-dimensionalvectorspaceV leads
to thefinite-dimensionalmatrix eigenvalueproblem

DU � γΛ0
nU

where u is an n-vector, Λ0
n � diag

�
λ0

1 � ����� � λ0
n ��� and Di j ��

Rρφiφ j � Thek-th eigenvalueof thissystemgivesa lowerbound
approximationto γk

�
ρ � �
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We seek approximationsto symmetric density functions
which aresmallperturbationsof ρ � 1 � Let usconsider

ρ̂
�
x � y��� 1 � r

�
x � y��� 1 � m

∑
i � 1

αiψi
�
x � y� (13)

where � ψi � m
i � 1 arethesymmetricL∞ functions

ψi
�
x � y��� 2� a

π
sin

���
2ni

� 1� ax� sin
���

2mi
� 1� y�

whereni � mi arethe integersusedin (9). Essentially, we areus-
ing � ψi � m

i � 1 asa basisfor anm-dimensionalvectorspaceW and
projectingρ � 1 ontoW �

Useof this projectionleadsto thefinite-dimensionalmatrix
inverseproblem:

Givenscalars� γi � mi � 1 � find avectorα � Rm suchthatthe
matrix B

�
r � givenby

bi j
�
α �
� 1

λ0
i

�
δi j � m

∑
k� 1

αk

�
R

ψkφiφ j  (14)

has � γi � m
i � 1 asits m largesteigenvalues.

Thesolutionα of thematrix inverseproblemyieldstheapproxi-
mation(13) to theunknown densityρ �
Solution of the Matrix Inverse Problem

Generallyspeakingmatrix inverseproblemshave multiple
solutions. In fact,whenm � n theremay be asmany asnn so-
lutions to theproblem.Therearemany algorithmsfor thesolu-
tion of the specialcasesof the inverseeigenvalueproblem,see
Chu’ssurvey article(1998).Ji (1998)developedanalgorithmfor
the constructionof all of the solutionsby treatingthe problem
asa multi-parametereigenvalueproblem. For examplesof the
many Newton-basediterativemethodsthathavebeendeveloped,
seeBiegler-König (1981)andFriedland,NocedalandOverton
(1987). In the casewherem � n � least-squareformulationsare
typically usedto generalizeotheralgorithms.

The approachusedhereis to reformulatethe problemasa
systemof non-linearequationsandto useafixed-pointapproach.
By writing thenon-linearsystemin fixed-pointform β � F

�
β ���

existenceof smallsolutionsandconvergenceasn ! ∞ of thema-
trix inverseproblemto solutionsof the inverseboundaryvalue
problemsoriginally posedcanbeestablished.Proofof thecon-
vergenceof this algorithmwill appearin a moregeneralframe-
work (McCarthy, 1999). The relevant assumptionsare stated
herefor completeness.

Let B j bethesub-matrixof B formedby deletingthe jth row
and jth columnfrom B � andlet Vj bethe

�
n � 1� -columnvector

formedfrom the jth columnof B by deletingb j j � Thenthematrix

"
B �$# b j j VT

j
Vj B j %

is similarto B andhasthesameeigenvalues.For theremainderof
this paperwe shallassumethat theeigenvaluesof theboundary
valueproblem(3-4) with ρ � 1 aresimple. Thus the minimal
eigenvalueseparationdefinedby

ν � min
1 & i '� j & m( 1 )))))

1

λ0
i

� 1

λ0
j )))))

is strictly positive, i.e. ν � 0 � If
*
α
*
2 � νπλ0

1

4 � a
and 0 � )))))

γ j
� 1

λ0
j )))))
� ν

2

thenit canbeshown that
�
B j
� γ j � is nonsingular. It follows that

γ j is aneigenvalueof
"
B when

�
b j j

� γ j � � VT
j
�
B j
� γ j �,+ 1Vj � 0 � j � 1 � ����� � m� (15)

Thesolutionof thematrixeigenvalueproblem(14)satisfies

α � Ψ + 1 - Λ0
m
�
Γ � G

�
α ��� � 1. (16)

where

Ψi j � �
Rψ jφ2

i

Λ0
m � diag

�
λ0

1 � ����� � λ0
m �

Γ � �
γ1 � ����� � γm � T

G � �
G1 � ����� � Gm� T

G j
�
α ��� VT

j

�
α � � B j

�
α � � γ j ��+ 1Vj

�
α �

In orderto establishexistenceof a solution(14), the prob-
lem mustberestrictedto a sufficiently small ball in Rm that the
function

F
�
α ��� Ψ + 1 - Λ0

m
�
Γ � G

�
α ��� � I . (17)
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mapsontoitself andis a contraction.If

// Γ � � Λ0m� + 1
//
2 � π2

128
*
Ψ + 1

* 2
2a� m 0 λ0

1

λ0
m 1 ν

thenF : Bδ ! Bδ whereBδ is a ball of radiusδ � If
κ � λ0

m 0 1

2λ0
1π
� 1

32
*
Ψ + 1

*
2 1 � 1

then F is also a contraction. It shouldbe noted that for the
choiceof ψ andhencethe matrix Ψ in this paper, thesecondi-
tions amountto the numberof eigenvaluesbeingmeasuredand
hencethe numberof termsbeingrecoveredfor the approxima-
tion (13) beingsmall. In factwe mustrestrictm � 8 in orderto
guaranteetheexistenceanduniquenessof smallsolutionsto the
matrix inverseproblem.

Eachmatrix inverseproblemhasa solution αn associated
with it that dependson the dimensionn of the underlyingsys-
tem. Convergenceof thesesolutionscan be proved underthe
assumptionthatn is largeenough.

Numerical Results
Each of the following examplesis on the rectangleR ��

0 � π � a�	� � 0 � π � with a � � 0 � 7 which for the boundaryvalue
problem(13) with ρ � 1 hasa minimal eigenvalueseparation
ν � 0 � 1 for thefirst 56 eigenvalues.Thecomputationsarewere
all carriedout with n � 64basisfunctionsfor thevectorspaceV
giving 64 � 64matrices.Thenumberof basisfunctionsm for the
vectorspaceW is variedin orderto show theaffectsof allowing
thetheoreticalassumptionsguaranteeingour contractive mapto
breakdown. Let

dh
�
x � y��� h2 �32 x � π

2a 4 2 � 4 2 y � π
2 4 2

anddefine

rh
�
x � y���65 e+ 17 dh 8 x 9 y: if d

�
x � y� � � 0

0 otherwise

ThedatawasgeneratedusingMatlab’sPDEToolboxwhichuses
afinite elementmethodwith apiecewiselineartriangulation,and
therecoveryalgorithmwasimplementedin Matlab.

Example 1
We seekto recoveranapproximationto thedensity

ρ1
�
x � y��� 1 � r3π 7 8 � x � y�

from thefirst meigenvaluesof theboundaryvalueproblem(13).
Figure1 shows the function ρ1 � The eigenvaluesof (3-4) with
ρ � ρ1 aregivenin Table1. Figures2, 3 and4 show therecovery
of ρ1 from 4, 8 and16 eigenvaluesrespectively. Notice that the
useof fewereigenvaluesgivesthebetterresultsincem � 8 guar-
anteesexistenceand uniquenessof small solutionsto the ma-
trix inverseproblem.Increasingm amplifiestheerror in theap-
proximation.Figure5 shows thebestpossibleprojectionby this
methodby showing ρ1 � 1 � r̂ wherer̂ is the truncatedFourier
sineseriesof r � theperturbationof thedensityfrom 1.
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Figure 1. The function ρ1
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Figure 2. The recovery of ρ1 using 4 eigenvalues
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Figure 3. The recovery of ρ1 using 8 eigenvalues
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Figure 4. The recovery of ρ1 using 16 eigenvalues

Example 2
We seekto recoveranapproximationto thedensity

ρ2
�
x � y��� 1 � r3π 7 8 � x � y� � 8 � 25rπ 7 4

from thefirst meigenvaluesof theboundaryvalueproblem(13).
Figure6 shows the function ρ2 � The eigenvaluesof (3-4) with
ρ � ρ2 aregivenin Table1. Figures7, 8 and9 show therecovery
of ρ2 from 4, 8 and16 eigenvaluesrespectively. In this case,the
highernumberof prescribedeigenvaluesgivesthe betterresult.
Both recoverieslocatetheperturbation,but neitheronerecovers
theamplitudeof theperturbationwell. Figure10 shows thebest
possibleprojectionby this methodby showing ρ2 � 1 � r̂ where
r̂ is thetruncatedFouriersineseriesof r � theperturbationof the
densityfrom 1.
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Figure 5. 1 � r̂, where r̂ is the Fourier sine series of ρ1
� 1with 8 terms
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Figure 6. The function ρ2

Conclusions
Therecoveryof anapproximationto asymmetricdensityfor

anonhomogeneousmembraneis possiblegivenalimitednumber
of eigenvalues. It may be possibleto apply the methodto non-
symmetricdensitiesthroughanappropriatechoiceof thevector
spaceW � The successof the methodrelies on the assumption
of a smallperturbationfrom thedensityρ � 1 � The issueof the
nonexistenceof multiple eigenvaluesfor theρ � 1 caseremains
unaddressed.KnobelandMcLaughlinreliedheavily onthesym-
metry of q to addressthis issue,and it is anticpatedthat their
resultcanbeappliedto this problem.
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Table 1. Eigenvalue Data

i ; ni < mi = λ0
i λi ; ρ1 = λi ; ρ2 =

1 (1,1) 1.7 1.4860 1.7250

2 (2,1) 3.8 3.5696 3.6724

3 (1,2) 4.7 4.5737 4.6255

4 (2,2) 6.8 6.7400 6.7509

5 (3,1) 7.3 6.7425 7.419

6 (1,3) 9.7 9.0075 9.9915

7 (3,2) 10.3 10.1307 10.2309

8 (2,3) 11.8 10.7096 11.5009

9 (4,1) 12.2 11.8523 12.0626

10 (4,2) 15.2 14.5549 15.0285

11 (3,3) 15.3 14.9412 15.8789

12 (1,4) 16.7 15.5623 16.1735

13 (5,1) 18.5 17.1382 18.4452

14 (2,4) 18.8 18.3369 18.4939

15 (4,3) 20.2 19.1837 20.1705

16 (5,2) 21.5 20.9599 21.3119

Seidman,T., 1988,An inverseeigenvalueproblemwith ro-
tational symmetry, InverseProblems,Vol. 4, pp.1093-1115.
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