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§1. Introduction

Let K < C be a bounded set. In this paper we shall give a simple necessary and
sufficient condition for K to lie in a rectifiable curve. We say that a set is
a rectifiable curve if it is the image of a finite interval under a Lipschitz mapping.
Recall that for a connected set I' = C, I' is a rectifiable curve (not necessarily
simple) if and only if /(') < co, where (‘) denotes one dimensional Hausdorff
measure. This classical result follows from the fact that on any finite graph there is
a tour which covers the entire graph and which crosses each edge (but not
necessarily each vertex!) at most twice. If K is a finite set then we are essentially
reduced to the classical Traveling Salesman Problem (TSP): Compute the length of
the shortest Hamiltonian cycle which hits all points of K. This is the same, up to
a constant multiple, as asking for the infimum of [(I') where I' is a curve, K < T
(Such a I is called a spanning tree in TSP theory.) For infinite sets K, we cannot
hope in general to have K be a subset of a Jordan curve. What we should therefore
look at is connected sets which contain K.

Let I'nin be the shortest (minimal) spanning tree. Then we cannot possibly
solve our problem for sets K of infinite cardinality if we cannot find I,
I(I') £ Cy (I min), for any finite set K. (Here and throughout the paper C, C,, C,,
¢y, etc. denote various universal constants.) While there are several algorithms for
computing [ (I'y;n), these algorithms work for finite graphs satisfying the triangle
inequality, and do not use the Euclidean properties of K. (See [13] for an excellent
discussion of some of these algorithms.) Therefore these methods cannot solve our
problem for general infinite K. We present a method which is a minor modification
of a well-known algorithm (“Farthest Insertion” — see [13]) which yields a I with
I(I') £ Co (I ip)- The Farthest Insertion algorithm has been extensively studied
with large numerical calculations on computers, and is experimentally good in the
sense that the I' produced satisfy I(I') £ Cy I(I'min) for all examples which have
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been calculated. If K contains N points our method could be modified to calculate
{up to a constant multiple) [(I',,,) in time O (N log N), which is what one would
expect and which is available for other algorithms [17]. We can thus say that, in
a certain sense, our theorem gives a geometric “solution” to the TSP.

A square Q < Cisadyadicsquareif Q= j27",(j+ 1)27") x [k27", (k+ 127 "],
where j, k, ne Z. We denote by I(Q) = 27" the sidelength of Q. For A > 0 we denote
by AQ the square with the same center as Q, with sidelength A/(Q), and with sides
parallel to the axes. For Q a dyadic square let S, be an infinite strip (or line in the
degenerate case) of smaliest possible width which contains K n 3Q, and let w(Q)
denote the width of §,. We then define

w(Q)
) = TTAy
@ =75
so that B,(Q) measures in a scale invariant way (0 £ B(Q) < 3) the deviation of
K from a straight line near @ on scale [(Q). Our main result states that K is
contained in a rectifiable curve I' if and only if

BHK) =Y R(Q)1(Q) < (1.1
)

where the sum is taken over all dyadic squares (or equivalently over all dyadic
squares @ with 1{Q) < diameter (K}). Furthermore, the shortest possible I" has
length comparable to diameter (K) plus the sum in (1.1). This is an elementary (if
quite lengthy) computation with the Pythagorean theorem if S (Q) < ¢, for all
O (g, sufficiently small) or if K already lies in a Lipschitz curve (defined in Section 2).
However, if ,(Q) is large for many Q (K is “dispersed”) there are technical
difficulties to be overcome. Conversely, if I is a Lipschitz curve it is not hard to
prove (and is already in [9]) that 82(I") is bounded by a multiple of /{I").

Theorem 1. If I' = C is connected, then
B2y < Co (). (1.2)
Conversely, if B*(K) < o0 there is a connected set I', K < I, such that
KI) 2 (1 + é) diameter (K) + C(8) B*(K) . (1.3)

Corollary 1. If K is an analytic set and 1(K) < o, then K is totally unrectifiable in
the sense of Besicovitch ([4], [5]) if and only if

B*(E) =
Jor every E ¢ K with I{E) > 0.

For certain purposes (see .g. [1]) it is useful to know that the curve constructed
for (1.3) can have extra properties. We will show that by taking & large enough there
is I', K < I', such that (1.3) holds, and

(1.4) Ifz,,z,erl thereis a connected set y = I' such that z,,z,eyand I(y) £ C,
lz; — 23]
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(1.5) If KnQ # ¢ and I(Q) < diameter (K), there is an infinite strip S, with
width B(Q) 1(Q), with axis L,, S, 0 K N Q # ¢, and such that if P denotes
orthogonal projection onto L,

PBRQ) < P(TAS,).

Condition (1.4) says that I' is uniformly locally connected and (1.5) asserts that
I" “crosses” S, N 3Q.

To prove the first theorem we will use a result which is of some independent
interest. An M Lipschitz domain of size one centered at the origin is a simply
connected domain whose boundary is a Jordan curve described by r(8)e®,

1
0 < 0 £ 2xn, where
1+

i < r(0) £ 1,and where |r(8,) — r(0,)| £ M| — &?2|.

An M Lipschitz domain is a dilate and translate of one of the above domains.
Lipschitz domains play a central réle in modern one complex variable theory,
and their behavior vis-a-vis Cauchy integrals and harmonic measure is well
understood.

Theorem 2. If Q is a simply connected domain and 1 (0Q) < o0, there is a rectifiable
curve I' such that Q\T" =\ ) Q; is a decomposition of Q into disjoint C, Lipschitz
domains, and I

Y 1(0Q;) < Co 1(09) .

We thank Charles Pugh for pointing out that the above theorem fails if we
replace C, by ¢, < 1. Indeed if one tiles (in the above sense) the unit square by ¢,
Lipschitz domains Q;, ) [(6Q;) = co. Now let I be a bounded connected set and
attach to I' a line segment L and circle S. Applying Theorem 2to C\(I"u LU S) we
obtain

Corollary 2. If T is connected there is a connected set I’ such that I < T,
15 g C, ('), every bounded component of C\Tisa C, Lipschitz domain, and the
unbounded component of C\I is the complement of a disk. Furthermore, if x, ye I’
there is a subarc y < I such that x, yey and I(y) € C,|x — y|. The constant C, may
be taken to be 3.

The theorem’s proof can be modified to yield further structure on I' if (1.1) holds
in some uniform sense. A curve I is said to be Ahlfors-David regular (AD) if

sup r t({zeljz—zp| Sr)) < 0 .
z,€C
r>0

Then one can show that K lies in an AD curve if and only if
sup1(Q)™" ), BR@)IQ)< o0, (1.6)
) g0

and this therefore gives us a characterization of AD curves. If I is an ¢ quasicircle
passing through oo, 8 (Q) < C,e'/? for all Q. Conversely, our construction can be
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modified to show that if S (Q) < ¢ < ¢, for all Q, K is a subset of a §(¢) quasicircle
passing through oo.

The history behind our proof of Theorem 1 is at first glance a bit surprising, in
that it was discovered by a careful study of Cauchy integral operators on Lipschitz
curves. If I' is a Lipschitz curve, a famous theorem due to A.P. Calderon [2] (for
small Lipschitz constants) and Coifinan, McIntosh and Meyer [3] later, (for any
Lipschitz curve) asserts that the Cauchy integral operator is bounded on the
Lebesgue space L2 (I'). By now there are myriad proofs of this result. The theorem
is very old when I' = R, and is equivalent there to the L? boundedness of the
Hilbert transform. This is essentiaily easy because one can apply Plancherel’s
theorem. The author had attempted to find a proof of the result for Lipschitz curves
by using the intuitive idea that a Lipschitz curve should look like a straight line at
most places on most scales. This was accomplished in [9] by noting that (1.6) holds
for Lipschitz curves.

Further reflection shows that the above connection between Cauchy integrals
and the TSP should not be so surprising. Let K have finite one-dimensional
Hausdorff measure, /(K) < oo An old problem is to decide whether y(K), the
analytic capacity of K, is zero. In other words, is there a non-constant, bounded
holomorphic function on C\K? (See [6] or [15] for more on y(K).) An easy
necessary condition is that /(K) > 0. An old conjecture is that y (K} > 0if and only
if Fav(K) > 0, where Fav(-) is Favard length,

Fav(K) = j" I(K,)do,
0

and where K is the orthogonal projection of K onto the line Re®. This is known to
be false for sets where K has non sigma finite fength [11, 157, but is still open when
I(K) < co. The idea Murai has used [11, 15] to attack this problem is to use deep
estimates on the L? bounds for Cauchy integrais on Lipschitz curves. Now sets
where 0 < I(K) < o and Fav(K) = 0 play a central réle in Besicovitch's theory of
rectifiable sets (see e.g. [4, 5]). Besicovitch proved this occurs if and only if
(K nT) =0 for every rectifiable curve I'. Such sets are called totally irregular.
Combining this with Calderdn’s theorem on the Cauchy integral [2], it follows that
I{K) < co and Fav(K) > 0 imply y(K) > 0. This connection between Cauchy
integrals, geometric measure theory, and the TSP seems all the more natural when
one considers that the Cauchy integral also plays a vital part in Borsuk’s proof of
the Jordan curve theorem. In [ 1] Christopher Bishop and the author use Theorem
1 and the machinery developed for Cauchy integrals to settle some conjectures
about harmonic measure.

The paper is organized as follows. In Section 2 we use an argument with
conformal mappings to prove Theorem 2. Section 3 uses Theorem 2 to give a proof
of (1.2). Section 4 is devoted to a construction of the curve I' which satisfies
(1.3)A1.5). Section 5 is an appendix where we give an elementary proof that (1.2)
holds for Lipschitz curves. That result (first proved by Fourier analysis in [9]) is
used in Section 2.

The author is grateful to Stephen Semmes for many conversations on condition
(1.1). T believed at one time that I had a counter-example to (1.3). When Stephen
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Semmes repeatedly asked me to write it down, I found an error, and Theorem
1 soon appeared.

§2. Proof of Theorem 2

We assume the reader is familiar with corona type constructions as presented e.g. in
the book of Garnett [7]. Let F: D — Q be any choice of a Riemann map of the unit
disk onto Q. Since the theorem is trivial if [(0Q) = oo, we assume [(0Q) < o so
that F'(z) is in the Hardy space H'. (See [11].) Let G(z) = (F'(z)}"/? so that Ge H?,
and apply either Green’s formula or Plancherel to obtain

[1G(®) — G(0)|2d6 = [§1G'(2) |2 logll—| dxdy .

From this we see that if we set F/ = G2 = ¢,
1 .
SIF@Ne @)1 log|—z—|dxdy SA4(|F(f))do 2.1
D T

<81{0Q).
Now it is well known that ¢ is in the Bloch space B and of norm at most 6, i.e.
lo'(2) £ 6(1 —|z1)"!, zeD. (2.2)

See e.g. [16]. Let us decompose T into dyadic arcs, i.e. arcs of length n2™". For such
a dyadic arc I we associate to it a dyadic “square”

0=0,= {zﬁel, | —m2"<z| € 1} .
z
Let T, = {zeQ: 1 —2n"" < |z| £ 1 — n27"" '} denote the “top half” of Q. Let z,
be the center of T},.
Fix a dyadic square Q and perform the following stopping time argument. If
there is ze T, with |@(2) — @(zy)| 2 ¢, stop and let 2, = T,,. In this case we say

Q is of type 0. Otherwise let Q,, @,, . . . . be those dyadic squares inside Q which
satisfy
sup |o(z) — p(zp)l 2 ¢,
zeTy.
and define ’
D=0\ U ©Q

Then if 2, is not of Type O,
lp(z) — @)l S&,  z€Dy. (2.3)

By the construction of 9, we see that 69, = y, is a chord arc domain:
If z),z,€7,, there is an arc y < y, joining z, to z, and of length I(y) £ 6
|2y = z,].
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Using this procedure we tile D by regions %, via the usual stopping time
arguments. If a region &, so formed is not of Type 0, we say 2, is of Type 1 if
Ty 2 LI(T~ 0Q), and we say 9, is of Type 2 otherwise. Then if 9, is of
Type 1 or 2,

| F'(z) — F'(zg)| < 26 F'(zg)|
whenever ze 9,
We first bound the Type O regions. By normal families and (2.2),

1
JIF'(2)lds(z) < CfIF (DIl 10gmdxdy :
Yo Ty
whenever 2, = T, is of Type 0. Consequently, inequality {2.1) yields
Y [IF@lds(z) < Cl(eQ) ,
Type O 7o

because the regions 9, are disjoint. Now let N, be a suitably large integer (in fact,
N, = 2 will do) and divide each 2,, = T, € Type 0 into 4"° “squares” of essentially
equal sidelength. Then if @Q is any of these “squares”, (2.2) shows that F(2 Q) is
a C, Lipschitz domain. By our last estimate,

Y YIOF(@) £ C,ol(09).

“o€Type O ./Q

We now turn to the regions of Type 1. Since the sets Tn 0Q; and TndQ, can
intersect in at most two points if j + k, and since (2.3) holds,

Y JIF@Ids2)

Type 1 7,

< Y 11+ 2 j z)}ds(z)
Type 1 Ty

<

12(1 + 2¢) [ | F'(2)1ds(2)
T

=12(1 + 2 1(0Q) . (2.4)

The Type 2 regions are a little trickier to bound. The following is the main idea
of this section: Use the L2 bounds of (2.1} to bound the Type 2 regions. Let
I,1,,...be the horizontal line segments in y,\ Q. Then by hypothesis,

Z 1
Y lu)z 7200 (2.5)
j=1
By normal families and estimate (2.2) there is 6 > 0 such that
I({ze 17 19(d) — 0lzg) 2 8)) 2 81(1,) (26)

(Because sup |@(z) — @(z5)| 2 €.) Now let @ denote harmonic measure for the
zeT(Q,)
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region &, with respect to the base point z,, and let g(z) denote Green’s function for
9, with pole at z, so that

1 dg

Then since 2, is a chord-arc domain, the results of Jerison and Kenig [8] show
that w is an 4 weight, i.e. there are constants 4, n, ' > 0 so that

(HEY (E)Y'
H_—1 < Ey< — 2.7
4 Qw@>5w()5Awa) @7

for any Borel set E < y,. (The usual definition of A, uses only the second
inequality, but it is well known that this is equivalent to the first [7].) Combining
(2.3) with (2.5+2.7) we see that

f [G(z) — G(zg)l do 2 ¢| F'(zp)]
where ¢ = ¢{0, 4, n) > 0” Green’s formula is valid for chord arc domains, so that
27 {1G(2) — G(zp))P dow = jH |G'(2)1? g(z) dxdy .
o Yo
An elementary argument with the maximum principle shows that if I = T'n 0Q,

4(z) < CUI)  log

|z|

1
whenever ze Zyand |z — zy| 2 % I(I). Applying the maximum principle again we
obtain

JIF@)ds(z) < Cl(VQ)_f 1G(2) ~ Glzg) |* dw

1
S Cl(y) []1G(@)1* (o)™ " log mdxdy

1
=C" [[IF@)l¢'(2)|* log — dxdy .

%y |z

Since the regions &, are disjoint, it follows from (2.1) that

1
Y [ IF@1ds2 S CJ[IF ()¢ log —dxdy (2.8)

Type 2 79 2]
SCNH0Q).

This almost finishes the proof of the theorem, because if ¢ is small enough each
domain F (2,) will have boundary a (7) chord-arc curve. (This follows immediately
from (2.3).) Furthermore by estimates (2.4) and (2.8) on the Type 1 and Type
2 domains,

YIOF(24) £CL(0Q).
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We thus need only show that each Type 1 or 2 region 2, can be decomposed into
disjoint C,, Lipschitz domains Q; with Y [(0Q;) = Cyl(yg). For then F (Q;) will be

a C, Lipschitz domain if ¢ is small enojugh, and
YIOF Q) < CI@F(2y) .
j

The construction is a little easier to describe on the upper half plane
R% = {z x + iy: y > 0}. We are given a dyadic square Q = R% with side I = R.
The region 2, is constructed by removing from Q disjoint squares Q,, @,, . . . with
(disjoint) sides I; = R. Let I denote the top side of Q;. We now build a Cantor
type tree T;. Put I in T, and add on line segments on the left and right of I; down
to R and of length \/— 2 I(1;). We obtain a nice “tree” T} with two “roots” of length
\/5 I(1;) touching R at angle n/4. Let z; and z, be the two points in T} of height
1/41(I;)sothatRe z; = x; = k;(1/4 1(1;)), k;eZ,j = 1, 2. (In other words, x, and x,
are appropriate dyadic rationals.) Attach to z, and z, the line segments to R (of
angle n/4 with R) which are not already in T} and call this T7. T7 is obtained by
sprouting the roots of T} . Continue sprouting, by dropping by a factor of 1/4 each

time and obtain T}, 77, ..., T7, . .. Then T} has 2" “roots” of length \/5 4 "I

and each terminates at a point k 4" [(I;) where ke Z. Setting T; = | ] T} we have
e

HT)=(1+3/21().

It is an exercise to see that every component of @Q\U T; is a C, Lipschitz
domain. O

We remark that the idea of using Littlewood-Paley estimates to impose bi-
Lipschitz structures on sets has been used before in {10] to give a certain quantitat-
ive version of Sard’s theorem.

§3. Proof of (1.2)

We may assume that /(') < oo and the conclusions of Corollary 2 hold for T,
because if I' = I, f2(I') < f?(I"). We denote by Q; the components of C\I" and set
I;=0Q,; d;=diameter (I';). For a dyadic square Q let F(Q)= (I
I'indQ #+ d), d; 2 1(Q)} and let G(Q) = {I';:T; 50 + ¢, d; <1(Q)}. Also let Q*
be the dyadic double of Q.

Lemma 3.1.

BR@SC, Y BR@*)+CLIQ)T? ), Area(Q).
7(Q) G(©@
Proof. The lemma is immediate if % (Q)= ¢, for then cither f(Q) =0, or

Y Area (9,) = 9(Q)>. So suppose I, € # (Q). By scaling we may assume /(Q) = 1.
G©@
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Let L be a line such that
d= sup distance(z, L) £ B (Q*) (Q*).
zelyn 50

Let zoe I’ n 3Q maximize distance (z, I';) and let distance (z,, [,) = d,. Denote by
z, the closest point in " to z,, and let I = [z,, z,]. We define z, = 1/2(zy + z;) to
be the midpoint of I.

Case 1. #(Q) contains three or more curves. Then there is I';€ # (Q) such that
pE(Q@*) 2 Cy, 50
2 BH©@*)2C,.

Z(0)

d _
Case 2. % (Q) contains only I',. Then B<zz,7°> < U Q,. Consequently,
G (@

BHQ) < (d + dy)
< 2B7,(Q*) + 243

8
S247,(0%) + - ¥ Area(®,).
G(Q)
Case 3. F(Q) = {ILAT).

We may as well assume S (Q*) < &y, j = 0, 1, for otherwise there is nothing to

prove. Letd, = sup distance (z, [,). Then if &, is small enough I n 3Q is trapped
zel n4Q

between I and I, and

Br(Q) = Bro(Q*) + fr, (Q*) + d, .

Since I is a C, Lipschitz curve there is z;€9/20\(2, v 2,) such that distance
(23, I}) 2 cody, j =0, 1. But then

BH(Q) < Co(B7,(Q*) + BF,(2*) + Codi

S Co(BF,(Q*) + B, (Q*) + C; Y, Area(Q,).
G(D)

It is now an easy matter to finish the proof of (1.2). By the results of [9] (or our
section 5),

YL@ UQ) S C T
Q
for any C, Lipschitz curve. By Lemma 3.1 it is enough to estimate the sum

YUHQ)™ Y, Area(L,).
0

G

Now for each ne Z such that d; < 27" there are at most C, squares Q such that
(@) =27" and I';eG(Q). Consequently, we may estimate the above sum by
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reversing the order of summation to obtain

Y Area(Q,) Y Q7!
I'e Q

2,eG(Q)

w©

<CYArea(2) Y (nd)"!
T =0

m

S2CY Area(Q,)d; !

Ty

<CYIr) 2010,

§4. Construction of I'. (Proof of (1.3)(1.5).)

We build sets £, &,, ..., %, <= K with the following properties:
lz;—z]z 27", 2, €L, jEk.
and
inf |z—2z;]£277, zekK .
z,e¥,

These sets may need to be slightly perturbed at various stages of the construction,
but the two properties listed above will still hold. We may assume K < [0, 172, and
by scaling we may also assume ., = {z,, z, } where |z, — z,| = sup |z — w|. We

z,wekK

define I'y = [2z, — z,, 2z, — z,] to be a line segment containing z,, z,, and ex-
tending beyond those points. We let 4 = 1 be a constant to be fixed later, 4 = 2%,
and then let ¢, > 0 be small. The value of ¢, is determined later. Suppose by
induction that I, I'y,...,I,_, have been formed and let x,e £ \&,_,. If
xo,€T',_; we do no construction about x,,. Let Q be that dyadic cube containing x,,
with [(Q) = A27". We call the collection of all such cubes 2,. By a translation and
rotation we may assume x, = 0 and its nearest neighbor in .%, _, is the origin. Let
W={z0<|z|<A27"*", |argz| < 27/3}, and let W* = {z: 0 < |z| £ A27"*!,
|n-argz| < 27/3}, so that WU W* = @ = {z: 0 < |z| £ 427"*!}. We assume by
induction that the following properties hold:

(Pl) Let {y,...,yn}=%,-: {20 {0}} and arrange the points so that
Rey, < Rey, ... < Reyy. Then I',_, contains the segments [y;, y;,,],
I1=N-1

(P2) If xo¢l,.;, and &, nW=4¢ there is 0, |08 <2n/3, such that
[0, 427" e® I, . If x0¢T,_, and &, , N W* = ¢, there is ,
[ — m| £ 2n/3, such that [0, 427" ' e¥] =T, _,.

Case 1. B(Q) = &,. Connect x, to all points in £, N {|x —x,]<C27"} by
(straight) line segments. Also add on the line segment [0, 44x,]. Then the amount
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of length added to I', _, is bounded by
CY/@Q=sC Y QN

Qe, Qe?,
because each Case 1 Q has B(Q)? = &3.
For the rest of the cases we assume §(Q) < ¢,.

Case2. L, nW¢, &, nW*% ¢ Let y, € Wminimize |z, ze L,_, " W,
andlet y_, e W* minimize |z|,z6 ¥, , n#*. Let {x,, ... ,x,} be those points in
Z,nW such that Rey_, < Rex;<Rey,, and label the points so that
Rex, < Rex, £ ... = Rex,,. Replace the segments [y_, 0], [0, y,] = I,,_; with
[xys %51, - .-, [Xa—1, xy]- Then by the Pythagorean theorem, the amount of
length added to I', is bounded by

CB*(Q) Q).
Since f(Q) < ¢4, properties (P1) and (P2) are maintained.

Case 3. Ly nWxop= L nWr=¢, L, nW*n{jz| £27""'} = ¢. Let
€€,y NW minimize |z,ze&, nW. Then ([0,y,1<Tl,.,. Let
{0,x;, x5, .. .,Xy, ¥, | be the points in .Z, " W between 0 and y,, arranged by
increasing real parts. Replace [0, y,] by [0, x,], [x,,x,]), .. .,[xsx, ¥, ]. Then by
Pythagoras the amount of length added is bounded by

CH Q) 1Q),

and properties (P1) and (P2) are maintained at x, . . . , x,, because f(Q) < ¢,. We
now add on some line segments near 0 and y, to assure properties (P1) and (P2)
hold there. First suppose x_; € K n W* maximizes |z], ze K n W* n {|z| £ 427"}
If|x_,| <84 '27"add to I', the line segment [ — 27"*! 0]. If |x_,| = 8471277,
add to I', the line segment |:2_"+ 11-%, 0]. In either case the amount of length
-1

added is bounded by 27" . Let z¢, z,, ... ,zy = X, be the points in &,,, n{|
z| £ 27"}, arranged by increasing real parts, where 2* = 242, We add on to I', the
line segments [z4,2z,1,....[zy_y,2zy], so that at stages n+ 1,
n+2,...,n+ ky,— 1 no constructions need be performed in {|z] £ 27"}. Since
B(Q) < &y, properties (P1), (P2) are preserved for z,, . . ., z, at stage n + k, by the
X-1

| |,0 . A similar construction is
X1

choice of [ —27"*1,0] [respectively 27t

performed at y,.

Let E=[0,A42""*'e®] < I',_, n W* be the line segment assured by hypo-
thesis (P2) and let

Io=[A27"""e® A27""] .
Then the construction will show that I, is not altered at any future stage,

Io < () Tpiy If A4 is large enough,
k=0

{4.1)  The amount of length added is bounded by 1,2 1dy).
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Furthermore, if I, and I, are any intervals so formed at any stage of the
construction,
Ionly=¢. 4.2)

Case 4. L, "Wk, Lo o W¥=¢, L AW n{]z]| 27"} + ¢. First
suppose L, " W*~{|z| £27"* 1} = {x_,}. We may assume, by changing %, if
necessary, that x_, maximizes |z),ze K n W* ~ {]z| £ 27"*'}. The construction
is as in Case 3, but we add the segment [2x_,, 0]. Then estimates (4.1) and (4.2)
hold and as in the argument of Case 3 properties (P1) and (P2) will hold at future
stages. If &, n W* 1 {|x| £ 27"*!} contains two points x _;, X_,, We may assume
x_, maximizes |z|,ze Kn W*n {|z] £27"*!}. Then we add [2x_,,x_,], and
[x_y,x_,], [x_;, 0] Estimates (4.1) and (4.2) hold as do properties (P1) and (P2)
at future stages. The case where &, N W* n {]z{ £27"*1} contains two points is
treated similarly.

Case 5. L, nW=¢n L,_,nW*+ ¢. We assume x, maximizes |z|,z€
KnWn{lzt 27" Let {y4, V3, - - -¥n = Xo} be the points in (£, n W*) v
{]z] £27"*!} arranged by increasing real parts, and as in Case 3 replace arcs of
I',_,inthatregionby [y,,¥,1, ... ,[¥x-1, Yn]- Asin Case 3 we add on [x,, 2x, ]
and line segments in Wn {|z| £27"*!}sothat £,y , " W {|z| 27"} < T,
We also choose I as in Case 3. Then (4.1) and (4.2) hold and as in Case 3, (P1) and
(P2) are preserved.

Case 6. ., O"W=¢, %, ., nW*=¢. Let {y,...,yy} be the points in
Frrig M {jz] £ 2771} arranged by increasing real part. We may assume either
y, =0 or y, maximizes |z|,ze K n W* ~ {270*%) < 7] <27"*1} and we may
assume yy maximizes |z|,ze K n W {]z| £27"*'}. Add on the line segments
[2y;,y.1, [2yx, ¥yl and [y, ;411 1 £j< N — 1. Let I, be as in Case 3. Then
(4.1) and (4.2) hold and (P1) and (P2} are preserved.

Remark. By the choice of I'y only Case 1 or Case 2 constructions can happen at z,
and z, until stage k,, 2% = A. Therefore (P1) and (P2) will always hold at z, z,.

To conclude the proof we note that by Cases 1-6 and estimate (4.1) the quantity
(') — I(I,_,) is bounded by

1
CY P +; Y .
Qe, Qe,

Summing from n = 1 to N we obtain

() - HL) S CTAQ@UQ +5 T 1)
Q

l@Qs27"
1
SCY B QUQ +51(Ty),
0
the final inequality being a consequence of (4.2). Therefore

Iy S21(T) + CLA@1Q),
]
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and taking limits we obtain the first part of the theorem. We note that the segments
[2z4 — 2,,24), [24,22, — z4] = I’y are never altered at any stage of the construc-
tion. By throwing them away and taking A large enough we could build I' so that

I(I) £ (1 + 6) diameter (K) + C, Y. f2(0) 1(Q),
Q

but then (1.5) would not hold for Q = [0, 1]%

To show property (1.5) holds, we must add some line segments to I' to form
a new curve I'. Fix a dyadic cube Q with $(20Q) < &, and first suppose that there are
points x,€ K n Q and x,, x,€ K n(5Q0\3Q) with the angle between [x,, x,] and
[xg, x,] greater than n/2. Then the construction yields a subcurve of I' which
connects x, to x, in §,. For the other case (where x,, x, € K n (5Q\3Q) implies the
angle between [x,, x, ] and [x,, x,] is less than n/2), the construction shows there
is an arc I, = I' n 3Q such that distance (I 5, K) z C I(Q). Add to I' a line segment
Jo crossing 5Q in S,. Then [(J)) < Cl(I,) and since the I, are essentially disjoint
from each other,

Z 1(J) S C Y II)<C I .
Q

Consequently [ (I") < C I(I').
~To show that (1.4) holds, apply Corollary 2 to I' and obtain F such that
Ir )= Co+ Cy B%(K) and such that the conclusions of Corollary 2 hold. Let

C\[={JQ,, and suppose x, yeF. Let I={[x,y] and let I—EUU I; be a

~ J
decomposition of I into E = I » I and open intervals I; which lie in Q ;. Setting
I; = [x; y;], we have x;, y;€ 0Q; ;), and consequently there is an arc y; = 0 (;)
connecting x; to y; such that [ (y;}) £ Cylx; — y;| Thenify = E{JJ7;, 7 is connec-

~ J
ted,y < I, and I(y) S HE) + Y 1(y;) SUE) + Co ) |x; — ¥l £ Colx — yl.
J J

§5. Appendix

In this section we show that (1.2) holds when I' is a C, Lipschitz curve. By using
a dilation, we may assume that I' is given by the parametrization ¥ (6) = r(8) ¢”,
where Co! < H0) £ 1, and |r(0,) — 1(0,)| £ C,|8, — 0,). Let I, be the polygon
obtained from the line segments

Jr=(R " g+ D27 ], 052",
Then J} splits into two intervals J3 ', J3}}, at stage n + 1. Define

Onj=2"" sup distance(z,J]) .
zelI I

Then by elementary geometry,

HIEFD + 13 = 1) 2 €6, 7 27"
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Summing from n =1 to oo we obtain

€Y (6, )*27" <UD .1

n,Jj

YooY @Gear2tsc2m.

k=n J”:ICGJ"

Here we define I''=I'n{j27"" 'z <0< (j+ 27" ' n} = ' n6}. Our result
will follow if we can show that

B(I?y = 27" sup distance (z, J})
zel®

satisfies
YBIrmn2rsC,, (5.2)

n, j

for then we may rotate the dyadic grid through [0, 27] to obtain quantities f, (I" )
and note that

Y @O =

g =2""""
2n -
cl {Z ﬂo(rf)zz-"} do .
o L
To prove (5.2) notice that

Brypsc, Yy sup 27FprE

k=1Jn*tkcgn
m J

Then (5.2) follows from the above inequality, Minkowski’s inequality (or Cauchy—
Schwarz), and (5.1).
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