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Here, we show analytically that the thermal rectification via evanescent waves is obtained in the

parallel semi-infinite bodies of the dielectric-coated silicon carbide and uncoated silicon carbide.

The permittivity and the thickness of the dielectric coating are derived for maximizing the thermal

rectification. In the nonequilibrium situation holding temperatures of 500K for one body and 300K

for the other, either a coating with a high permittivity of 14 and a thickness of 1 nm or a coating

with a low permittivity of 2 and a thickness exceeding 10 nm, results in rectifying coefficients of

0.4 to 0.44.VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4737465]

I. INTRODUCTION

In the near field regime, the electromagnetic heat transfer

between a hot body and a cold body is enhanced by orders of

magnitude compared to the far-field blackbody limit, due to

the contributions from the evanescent waves of the bodies

when the two bodies are sufficiently close to each other.1–3

Such enhancement opens up the potential applications such

as thermophotovoltaics,4 thermal radiation scanning tunnel-

ing microscopy,5 heat-assisted magnetic recording,6 and

nanolithography.7

Various geometries for the near-field heat transfer have

been theoretically investigated, including two spherical

bodies,8 a sphere and a plate,9,10 a sphere and a structured

surface,11,12 one-dimensional photonic crystals,13 gra-

tings,14,15 porous slabs,16 thin films,17 and many bodies.18

Near-field heat transfer behaviors of doped silicon,19 meta-

materials,20,21 and between graphene and amorphous silica22

have been also investigated. Experimental demonstrations

of parallel plates23,24 and sphere-plate structures25–27 have

verified that the evanescent heat transfer enhancement can

exceed the blackbody limit.

A thermal rectification scheme via evanescent waves

was presented in Ref. 28, where the rectification relied on

the temperature dependence of electromagnetic resonances.

The system consisted of one half-space of isotropic 3C poly-

type silicon carbide (SiC-3C) and the other half-space of uni-

axial 6H polytype silicon carbide (SiC-6H), separated by a

vacuum gap. A film and a half-space of doped silicon with

different doping levels also showed a thermal rectification

characteristic.29

In this paper, we present a rectification system between

the same material bodies. Our geometry consists of one half-

space of SiC having the transparent dielectric coating, and

the other half-space of SiC that has no coating. The same

material structure extends the degrees of freedom for designs

of thermal rectification devices. The coating permittivity and

thickness are very important parameters for the thermal recti-

fication performance. Our paper is organized as follows: In

Sec. II, the configuration of the rectification system and the

formalism of the near-field heat transfer are presented. The

coating permittivity and thickness condition are derived for

maximizing the rectification performance. In other studies

on the near-field transfer, coated plates were investigated30

and the maximum heat flux31,32 was discussed. But these

works30–32 did not study rectification effects. In Sec. III, nu-

merical results of the thermal rectification are presented. We

also present the dispersion analysis that complements the

direct fluctuational electrodynamic calculations presented in

Sec. II. Such dispersion analysis provides additional insights

into the thermal rectification effects. The concluding remarks

are then given in Sec. IV.

II. THERMAL RECTIFICATION IN FOUR MEDIA
STRUCTURE

A. Configuration

Figure 1 shows the configuration of a rectification sys-

tem. It consists of the two semi-infinte SiC plates; the bot-

tom semi-infinite SiC plate has the dielectric coating and the

top semi-infinite SiC plate has no coating. The plates are

separated by a vacuum gap. Electromagnetic resonances at

the surfaces of SiC plates are temperature dependent.28 The

nonequilibrium situation is considered where the two plates

maintain different temperatures TH and TL (TH> TL). The

forward temperature-biased scenario is defined as the top

plate held at temperature TH and the bottom plate held at

temperature TL. While in the reverse temperature-biased

scenario, the temperatures of TH and TL are swapped, i.e.,

the top plate and the bottom plate hold temperatures of TL
and TH, respectively. Both the top and the bottom bodies

support electromagnetic surface resonances at the vacuum

interfaces. The one-sided dielectric coating on the bottom

plate in Fig. 1 can manipulate the electromagnetic resonance

at the surface of the bottom plate. As a result, the wave-

length of the surface resonances of the two plates coincide

in the forward biased scenario, while differ in the reverse

biased scenario, resulting in thermal rectification effect.28

To achieve maximum rectification, we consider, in this pa-

per, the effects of both the permittivity and the thickness of

the coating.
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B. Formalism

In our formalism, the vacuum region, bottom SiC plate,

top SiC plate, and dielectric coating are represented by

media numbers 0, 1, 2, and 3, respectively. The cylindrical

coordinate system (R, /, z) is used in Fig. 1. It is assumed

that the top and bottom plates are nonmagnetic, isotropic,

and homogeneous and that the dielectric coating is transpar-

ent, i.e., e3 ¼ Reðe3Þ. The heat transfer between the plates

can be calculated from the fluctuational electrodynamics by

determining the ensemble average of Poynting vector, repre-

sented as a cross correlation function of electric and mag-

netic fields.1 The fields are obtained by integrating

contributions from the thermal current sources whose

strengths are provided by the fluctuation dissipation theorem

and by using the dyadic Green’s functions of the system.

We first consider the forward temperature-biased sce-

nario. The transmittance from medium 1 with TL to medium

2 with TH in the four media of Fig. 1 is given by33

T12;jðx;b;TL;THÞ

¼ t13;jt30;jt02;je
ic3t3þic0g0

1� r31;jr30;je2ic3t3 � r03;jr02;je2ic0g0 � r31;jr02;je2ic3t3þ2ic0g0
;

ðj¼ p; sÞ; ð1Þ

where tuv,j and ruv,j are the Fresnel transmission and reflection

coefficients from medium u to medium v for p-polarization

(j¼ p) and s-polarization (j¼ s). cu is the z-component of

wavevector ku in medium u and has the form cu ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

euk02 � b2
p

; ðb � ffiffiffiffi

eu
p

k0Þ for propagation waves and cu ¼
iju ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 � euk02
p

; ð ffiffiffiffi

eu
p

k0 � bÞ for evanescent waves. b,

k0, and x are the radial-component of wavevector ku, the

free space wavenumber, and the angular frequency, respec-

tively. Note that Fresnel coefficients tuv,j, ruv,j, and the

z-component of wavevector cu, iju are functions of x and b

for u¼ 0, 3 and are functions of x, b, TL, and TH for u¼ 1, 2

due to the temperature-dependence of the permittivity. In the

presentation that follows, the explicit dependence of various

quantities on (x,b), (x,b,TL), and (x,b,TH) are suppressed to

avoid complicated expressions. The net ensemble average of

the z-component of the cross correlation function of electric

and magnetic fields at z¼ g0þ t3 is given by
19

hS
$
12;zðx;b;TL;THÞi

¼Hðx;TLÞ

ðþ1

0

bdb

4p2
jT12;sð x;b;TL;THÞj2

Reðc1ÞReðc2Þ
jc1j2

"

þjT12;pðx;b;TL;THÞj2
Reðe1c1�ÞReðe2c2�Þ

je1jje2jjc1j2

#

; ð2Þ

where Hðx; TÞ ¼ �hx=
�

e�hx=ðkBTÞ � 1
�

is the mean thermal

energy of a single optical mode at an angular frequency, �h

and kB are the reduced Planck constant and the Boltzmann

constant, respectively. Substituting Eq. (1) into Eq. (2), we

obtain the net heat flux in the forward biased scenario

/Forward ¼

ðþ1

0

dx½hS
$

21;zðx; b; TL; THÞi

� hS
$
12;zðx; b; TL; THÞi�

¼

ðþ1

0

dxf½Hðx; THÞ �Hðx; TLÞ�

�

ðþ1

0

Zðx; b; TL; THÞbdbg; (3a)

where

ðþ1

0

Zðx;b;TL;THÞbdb¼

ðk0

0

bdb

p2
c3c0

ðc3þc0Þ2
ð1�jr31;sj2Þð1�jr02;sj2Þ

1

jDa;sj2
þ e3c3c0

ðc3þe3c0Þ2
ð1�jr31;pj2Þð1�jr02;pj2Þ

1

jDa;pj2

" #

þ

ð

ffiffiffi

e3
p

k0

k0

2bdb

p2
c3j0

c3
2þj02

ð1�jr31;sj2ÞImðr02;sÞ
e�2j0g0

jDb;sj2
þ e3c3j0

c3
2þe32j02

ð1�jr31;pj2ÞImðr02;pÞ
e�2j0g0

jDb;pj2

" #

þ

ðþ1

ffiffiffi

e3
p

k0

4bdb

p2
j3j0

ðj3þj0Þ2
Imðr31;sÞImðr02;sÞ

e�2j3t3�2j0g0

jDc;sj2
þ e3j3j0

ðj3þe3j0Þ2
Imðr31;pÞImðr02;pÞ

e�2j3t3�2j0g0

jDc;pj2

" #

;

(3b)

FIG. 1. Configuration of the thermal rectification system consisting of the

dielectric-coated silicon carbide (SiC) plate and the uncoated SiC plate

(dimensions: g0þ t3¼ 100 nm, t3 is variable, temperatures: TH¼ 500K and

TL¼ 300K, permittivities: e1 and e2 are referred to Ref. 34. e3 is variable).
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Da;j ¼ 1� r31;jr30;je
2ic3t3 � r03;jr02;je

2ic0g0

� r31;jr02;je
2ic3t3þ2ic0g0 ; (3c)

Db;j ¼ 1� r31;jr30;je
2ic3t3 � r03;jr02;je

�2j0g0

� r31;jr02;je
2ic3t3�2j0g0 ; (3d)

Dc;j ¼ 1� r31;jr30;je
�2j3t3 � r03;jr02;je

�2j0g0

� r31;jr02;je
�2j3t3�2j0g0 : (3e)

Z(x, b, TL, TH) is the exchange function introduced in Ref.

19 that characterizes the exchange behavior of electromag-

netic waves between the plates at a single point of x and b.

Equation (3b) includes the contributions of both propagation

and evanescent waves, i.e., propagation waves in the vacuum

and coating regions for the first term ð0 < b � k0Þ, evanes-
cent waves in the vacuum and propagation waves in the coat-

ing for the second term ðk0 � b � ffiffiffiffi

e3
p

k0Þ, and evanescent

waves in the vacuum and coating for the third term

ð ffiffiffiffi

e3
p

k0 � bÞ.
Similar to the forward biased scenario, the reverse bi-

ased scenario is characterized by swapping TL and TH in

Eq. (3).

/Reverse ¼
ðþ1

0

dx½hS
$
12;zðx; b; TH; TLÞi

� hS
$
21;zðx; b; TH; TLÞi�

¼
ðþ1

0

dx

�

½Hðx; THÞ �Hðx; TLÞ�

�
ðþ1

0

Zðx; b; TH; TLÞbdb
�

: (4)

The rectifying coefficient is defined as

RFR ¼ /Forward � /Reverse

/Reverse

: (5)

Next, let us consider maximizing the integrand

Zðx; b; TL; THÞ of the net heat flux in the forward biased sce-

nario. In the extreme near-field regime investigated in this

paper, i.e., the heat transfer occurs in k0 � b, the evanescent

p-polarization is dominant and b � k0 � k3 � km is assumed.

The integrand Zðx; b; TL; THÞ in Eq. (3b) can then be

approximated with

Zðxm; jm; TL; THÞ �
4

p2
e3

ð1þ e3Þ2
Imðr31;pÞImðr02;pÞ

� e�2jmðt3þg0Þ

½ReðDc;pÞ�2 þ ½ImðDc;pÞ�2
; (6a)

where

ReðDc;pÞ ¼1� Reðr31;pÞr30;pe�2jmt3 � r03;pReðr02;pÞe�2jmg0

� Reðr31;pr02;pÞe�2jmðt3þg0Þ; ð6bÞ

ImðDc;pÞ ¼ � Imðr31;pÞr30;pe�2jmt3 � r03;pImðr02;pÞe�2jmg0

� Imðr31;pr02;pÞe�2jmðt3þg0Þ; ð6cÞ

r31;p �
e1 � e3

e1 þ e3
; (6d)

r30;p ¼ �r03;p �
1� e3

1þ e3
; (6e)

r02;p �
e2 � 1

e2 þ 1
: (6f)

xm and jm are the angular frequency and the wavenumber

when the integrand Z is maximal. To determine the optimal

thickness, we use

@Zðxm; jm; TL; THÞ
@t3

¼ 0: (7)

The third and the fourth terms in Eq. (6b) and the first to

the third terms in Eq. (6c) are much smaller than the second

term in Eq. (6b), Reðr31;pÞr30;pe�2jmt3 . Then, Eq. (7) yields

the simplified equation.

1� Reðr31;pÞr30;pe�2jmt3 � 0: (8)

The coating thickness is given by

t3�
1

2km
ln½Reðr31;pÞr30;p��

1

2km
ln

ðje1j2�e3
2Þð1�e3Þ

je1þe3j2ð1þe3Þ

" #

: (9)

An interesting point here is that the optimal coating thick-

ness is determined by the coating permittivity. Also, Eq. (9)

indicates that the coating thickness for maximizing the inte-

grand Z may be temperature dependence, due to the tempera-

ture dependence of e1. With regard to the maximum heat flux

satisfying Eq. (9), it may not change so much with variation

of t3 when the distance, g0þ t3, between the SiC plates is kept

constant. This can be understood by the fact that the heat flux

between the plates is mainly determined by the distance when

the top and bottom plates have the same electromagnetic reso-

nance. It should be also mentioned that maximizing the inte-

grand Z of the net heat flux in the forward biased scenario

provides a good approximation for maximizing the thermal

rectification. Because in the reverse biased scenario, electro-

magnetic resonances of the top and bottom plates are different

with any parameters, and thus the heat flux in the reverse bi-

ased scenario is less sensitive to geometrical parameters.

III. RESULTS

The evanescent p-polarization is mainly discussed for

the thermal rectification since it is the dominant polarization

due to the fact that the surface resonance is p-polarized. The

temperature dependence of the SiC permittivity is referred to

Ref. 34 in the calculation. Temperatures are set at TH¼ 500K

and TL¼ 300K for the top plate and the bottom plate in the

forward biased scenario and for the bottom plate and the top

plate in the reverse biased scenario, respectively. A distance

of g0þ t3¼ 100 nm between the SiC plates is kept constant

when the coating thickness t3 is varied. Figures 2(a) and 2(b)

show the net spectral heat fluxes of the p-polarized evanes-

cent wave with the two coating parameter sets that meet

Eq. (9); (a) e3¼ 2, t3¼ 10 nm and (b) e3¼ 14, t3¼ 1 nm. A

024304-3 H. Iizuka and S. Fan J. Appl. Phys. 112, 024304 (2012)



spectral peak is observed at x¼ 1.78 � 1014 rad/s in the for-

ward biased scenario (solid line) and it is suppressed in the

reverse biased scenario (dashed line) in both parameter sets.

On the other hand, no peak is observed in Fig. 2(c), where pa-

rameters of (c) e3¼ 14, t3¼ 10 nm do not meet Eq. (9). This

is due to the fact that the electromagnetic resonance of the

bottom plate is shifted down to x¼ 1.73 � 1014 rad/s.

The coating condition is next numerically investigated.

The net heat flux is calculated with variation of e3 from 2 to

15 with a step of 1 nm and t3 from 1 nm to 15 nm with a step

of 1 nm. The total number of structures considered is 210.

The coating permittivity and thickness are plotted in the e3-t3
diagram of Fig. 3(a) when the rectifying coefficients are

larger than 0.4. Here, we include the contributions of both

polarizations, as well as contributions from both propagating

and evanescent fields. The result of Eq. (9), represented by

the solid line, agrees with the plots in Fig. 3(a). In applying

Eq. (9), we used km¼ 41k0, which is obtained by the disper-

sion analysis as shown in Fig. 5(a) and discussed in details

later. The validity of the coating condition was confirmed. It

should be mentioned that the rectifying coefficient larger

than 0.4 is obtained with variation of the coating thickness t3
from 1 nm to 15 nm when the coating permittivity e3 is prop-

erly selected to meet the coating condition of Eq. (9). We

also compare the rectification coefficients that include contri-

butions from all-components with the contribution only from

the p-polarized evanescent wave [Fig. 3(b)]. Including only

the contribution from the p-polarized evanescent wave, the

rectifying coefficient ranges from 0.6 to 0.67. Since other

components such as the s-polarized evanescent wave,

FIG. 2. Net spectral heat fluxes of the p-polarized evanescent wave for the

forward and reverse temperature-biased scenarios. (a) e3¼ 2, t3¼ 10 nm,

(b) e3¼ 14, t3¼ 1 nm, (c) e3¼ 14, t3¼ 10 nm. (a) and (b) meet Eq. (9), while

(c) does not meet it (solid lines: forward biased scenario, dashed lines:

reverse biased scenario).

FIG. 3. (a) Relationship of the coating permittivity and thickness and (b)

rectifying coefficients that are plotted when the rectifying coefficients are

larger than 0.4. The solid curve is the result of Eq. (9) derived for maximiz-

ing the rectification, and circles are the results of the heat flux calculation in

(a). Crosses and circles represent the evanescent p-polarization contribution

and all-components contributions; p- and s-polarized evanescent and propa-

gation waves, respectively, in (b).
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p-polarized, and s-polarized propagation waves are not

changed in the forward and reverse biased scenarios, the rec-

tifying coefficients by all-components contributions are val-

ues of 0.4 to 0.44. This finding about the coating permittivity

and thickness condition, particularly, low permittivity with

increasing the coating thickness, may be useful when the ac-

curacy of nanofabrication technology is considered for

designs of thermal rectification devices.

Figure 4 shows vacuum gap dependence characteristics

of rectifying coefficients with the coating permittivity and

thickness fixed. The rectifying coefficients are less sensitive

to the gap variation with narrow gaps, e.g., g0 � 100 nm for

the contribution only from the p-polarized evanescent wave

(dashed line) and g0 � 50 nm for all-components contribu-

tions (solid line). The rectifying coefficients go down with

wider gaps, indicating that the rectifying effect here is a

near-field effect.28 Also the comparison of the two curves

shows up that the rectifying coefficient by all-components

contributions (solid line) becomes close to the rectifying

coefficient including the contribution from the p-polarized

evanescent wave (dashed line) with narrower gaps since the

p-polarized evanescent wave becomes dominant in the heat

flux. These come from the nature of the evanescent wave

based thermal rectification scheme.28

The evanescent heat transfer behavior of the four media

structure is further investigated with coating parameters of

e3¼ 2, t3¼ 10 nm [Fig. 2(a)]. Figures 5(a) and 5(b) show the

integrand Z distributions of the p-polarized evanescent wave

in the x-b diagram for the forward and reverse biased sce-

narios that are normalized by each maximum value. It is

observed in Fig. 5(a) that the strong heat transfer occurs in

k0 � b; the normalized value of the integrand Z is higher

than 0.5 in the range of b from 32k0 to 59k0 at x¼ 1.78 �
1014 rad/s in the forward biased scenario. On the other hand,

the integrand Z is suppressed at this angular frequency in the

reverse biased scenario as shown in Fig. 5(b).

The behavior of the integrand, as shown in Fig. 5, can

be understood by analyzing the dispersion relation of the lay-

ered structure here. Following to multilayers dispersion

investigations given in Ref. 35, the dispersion equation for

the four media structure of Fig. 1 is given by

e2

j2
� e0

j0

� �

e0

j0
þ e3

j3

� �

e�j0g0 þ e2

j2
þ e0

j0

� �

e0

j0
� e3

j3

� �

ej0g0
	 


� e3

j3
� e1

j1

� �

e�j3t3 þ e2

j2
� e0

j0

� �

e0

j0
� e3

j3

� �

e�j0g0

	

þ e2

j2
þ e0

j0

� �

e0

j0
þ e3

j3

� �

ej0g0



e3

j3
þ e1

j1

� �

ej3t3 ¼ 0: ð10Þ

FIG. 5. Normalized integrand Z distributions (black-red-white colorscale)

of Eq. (3b) for the p-polarized evanescent wave in the x-b plane when the

coating has parameters of e3¼ 2 and t3¼ 10 nm [Fig. 2(a)]. Dispersion

curves (green lines) of Eq. (10) are also plotted. (a) Forward biased scenario

and (b) reverse biased scenario.

FIG. 4. Vacuum gap dependence characteristics of rectifying coefficients

when the coating parameters are fixed with e3¼ 2 and t3¼ 10 nm [Fig. 2(a)].

The solid curve includes all-components contributions; p- and s-polarized

evanescent and propagation waves, while the dashed line includes only the

p-polarized evanescent wave contribution.
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Dispersion curves are also plotted in Figs. 5(a) and 5(b)

for the forward and reverse biased scenarios. The dispersion

curves describe the fluctuational electrodynamics results

well, comparing to the integrand Z distributions; b has a

peak of 41k0 at x¼ 1.78 � 1014 rad/s in the forward biased

scenario. This peak value was used for the calculation of

Eq. (9) with km¼ 41k0 as mentioned. While in the reverse

biased scenario, b has two peaks at x¼ (1.786 0.01) �
1014 rad/s.

Temperatures have so far been fixed with TH¼ 500K

and TL¼ 300K. Here, the temperature dependence of the

thermal rectification performance is investigated with varia-

tion of TH from 300K to 700K, holding TL¼ 300K. The

coating permittivity is set at e3¼ 2. The maximum achieva-

ble rectifying coefficient (solid line) is plotted in Fig. 6(a)

when the coating thickness t3 is selected (solid line) as

shown in Fig. 6(b). The thermal rectification includes all-

components contributions of p- and s-polarized evanescent

and propagation waves. The maximum achievable rectifica-

tion increases with increasing the temperature difference

TH� TL, since the split in the frequency of the electromag-

netic surface resonance between TH and TL becomes larger.

The optimum coating becomes thicker with the increase in

the temperature difference [Fig. 6(b)] since at larger temper-

ature difference the split of the surface resonance frequencies

becomes larger, and needs to be compensated with a thicker

layer in order to achieve resonance overlap in the forward

biased scenario. The temperature dependence characteristics

with t3¼ 10 nm (dashed line) and 25 nm (dotted line) are

also presented in Fig. 6(a); t3¼ 10 nm provides the maxi-

mum achievable rectification with TH�TL up to 250K, and

the further increase in TH makes the rectifying coefficient

decrease. While t3¼ 25 nm provides the maximum achieva-

ble rectification at TH�TL¼ 400K and the lower values as

TH decreases. This investigation result reveals that the maxi-

mum rectification can be obtained with a proper choice of

the coating thickness t3 depending on temperatures of TH and

TL. The thermal rectification system of Fig. 1 would work

effectively, when temperatures of dominant operations are

taken into account for designs. With regard to the evanescent

p-polarization only considered, the maximum achievable

rectifying coefficient increases with the increase of TH, and

reaches 1.16 at TH�TL¼ 400K.

The transparent dielectric coating is assumed throughout

the paper. Materials that have a permittivity of around two

and are transparent around the peak angular frequency

x¼ 1.78 � 1014 rad/s include barium fluoride and strontium

fluoride.36 The coating material loss at frequency ranges far

away from that peak angular frequency may not affect the

rectification performance that is mainly characterized by the

resonance peak of the p-polarized evanescent wave. Also,

the thermal expansion of the coating material and SiC should

be taken into account in practical designs.

IV. CONCLUSIONS

In the parallel semi-infinite bodies of dielectric-coated

SiC and uncoated SiC, the dielectric permittivity and thick-

ness condition were derived for maximizing the thermal

rectification. The fluctuational electrodynamics calculation

results including all-components contributions of p- and

s-polarized evanescent and propagation waves showed recti-

fying coefficients of 0.4 to 0.44 in a temperature set of 500K

and 300K, when the coating condition was met. High per-

mittivity coatings, e.g., e3¼ 14, needed a thin thickness of

t3¼ 1 nm, while low permittivity coatings, e.g., e3¼ 2,

increased the thickness by t3¼ 10 nm and more that would

allow us to fabricate devices.
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