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Abstract

We give recurrence and transience criteria for two cases of time-homogeneous Markov chains
on the real line with transition kernel p(x,dy) = f.(y — x)dy, where f,(y) are probability
densities of symmetric distributions and, for large |y|, have a power-law decay with exponent
a(z) + 1, with a(z) € (0, 2).

If f.(y) is the density of a symmetric a-stable distribution for negative x and the density
of a symmetric S-stable distribution for non-negative x, where «, 8 € (0,2), then the chain is
recurrent if and only if a4+ 8 > 2.

If the function & — f, is periodic and if the set {z : a(x) = ap := inf e a(z)} has positive
Lebesgue measure, then, under a uniformity condition on the densities f,(y) and some mild
technical conditions, the chain is recurrent if and only if ag > 1.

Keywords and phrases: characteristics of semimartingale, Feller process, Harris recurrence, Markov
chain, Markov process, recurrence, stable distribution, stable-like process, T-model, transience

1 Introduction

Let (2, F,P) be a probability space and let {Z,},en be a sequence of i.i.d. random variables on
(Q, F,P) taking values in R Let us define S, := Yoy Zi and Sp := 0. The sequence {S }n>0 is
called a random walk with jumps {Z,}nen. The random walk {S),},>0 is said to be recurrent if

P (hminf 1S,| = o) =1,
n—-aoo

and transient if
IP’( lim |S,|= oo) =1.
n—oo

It is well known that every random walk is either recurrent or transient (see [DurlO, Theorem
4.2.1]). In the case d = 1, a symmetric a-stable random walk, i.e., a random walk with jump
distribution with characteristic function ¢(§) = exp(—v[£|*), where a € (0,2] and v € (0,000), is
recurrent if and only if & > 1 (see the discussion after [Durl0, Lemma 4.2.12]). For recurrence
and transience properties of random walks see [Chu01, Durl0]. In this paper we generalize one-
dimensional symmetric a-stable random walks in the way that the index of stability of the jump



distribution depends on the current position, and we study the recurrence and transience property
of the generalization.

From now on, using the notation from [ST94|, we will write SaS for the one-dimensional symmet-
ric a-stable distribution. Let us denote by B(R) the Borel o-algebra on R and by A(-) the Lebesgue
measure on B(R). Furthermore, let us introduce the notation f(y) ~ g(y), when y — g, for
limy, .y, f(y)/9(y) = 1, where yo € [—00, 00]. Recall that if f(y) is the density of SasS distribution
with characteristic function ¢(§) = exp(—~[¢|*), where a € (0,2) and v € (0, 00), then

fy) ~caly| ™7,

when |y| — oo, where ¢; = % and ¢o = 2I(a + 1)sin (%), for o # 1, (see [ST94, Property
1.2.15]).

Let @ : R — (0,2) and ¢ : R — (0, 00) be arbitrary functions and let {f,}.cr be a family of
probability densities on R satisfying:

(i)  — f2(y) is a Borel measurable function for all y € R and
(i) fa(y) ~ c(z)ly| ==, for y| — oo.

We define a Markov chain {X,,},>0 on R by the following transition kernel

p(x,dy) := fo(y — x)dy. (1.1)

Transition densities of the chain {X,},>0 are asymptotically equivalent to the densities of sym-
metric stable distributions. We call the Markov chain {X,,},>0 a stable-like Markov chain.

For Borel measurable functions @ : R — (0,2) and v : R — (0,00), let f(a(a)(2))(¥)
be the density of a Sa(x)S distribution given by the following characteristic function ¢(x;&) =
exp(—7(z)|€]*®)). A special case of the stable-like chain {X,},>0 is a Markov chain {Xﬁ(z)}nzg
given by the following transition kernel

p(z,dy) = fa(@) () (Y — T)dy. (1.2)

The stable-like chain { X, (x)}nzo has state dependent stable jumps, i.e., it jumps from the state x
by a Sa(z)S law.

The recurrence and transience problem for the stable-like chain {X,,},>0 (the chain given by
(1.1)) was already treated in [San12]|. Using the Foster-Lyapunov drift criterion for recurrence and
transience of Markov chains, under a uniformity condition on the densities f,(y) and some mild
technical conditions (see conditions (C1)-(C5) in [San12]) it is proved that if lim inf |, a(x) > 1,
then the stable-like chain { X, },>¢ is recurrent, and if limsupj,|_,o @(x) < 1, then the stable-like
chain { X, },>0 is transient. Results in [San12] give us only sufficient conditions for recurrence and
transience. In this paper we treat two special cases of the stable-like chain {X,, },>0 not covered in
[San12], and give their recurrence and transience criteria. For recurrence and transience properties
of Markov chains on general state space see [MT93b].

As already mentioned, we treat only two special cases of stable-like chains:

(i) Let o, 8 € (0,2) and 7,6 € (0,00) be arbitrary. Let {X,(La’ﬁ)}nzg be a stable-like chain given
by transition densities with following characteristic functions

exp(—7/€|Y), <0
90<$§§) = { eX§)<_Z’§|’B)7 x> 0. (13)



(ii) Let @ : R — (0,2) and ¢ : R — (0,00) be arbitrary Borel measurable functions and let
{fz}zer be an arbitrary family of probability densities on R with f;(—y) = fz(y) for all
xz,y € R. Furthermore, let us assume that the function x — f, is a periodic function with
period 7 > 0 and that the following conditions are satisfied:

(PC1) the function (z,y) — fz(y) is continuous and strictly positive;
(PC2) f.(y) ~ c(z)|y| @1 when |y| — oo, for all z € R;

fx(y)w’ai -1

(PC3) lim sup @)

ly|—>oc0 z€(0,7]

(PC4) inf c¢(x) > 0.

z€[0,7

Let {X}},,>0 be a stable-like chain, called a periodic stable-like chain, given by the transition
kernel

p(z, dy) := foly — x)dy (1.4)

Note that 7-periodicity of the function x — f, implies 7-periodicity of the functions a(x) and
c(x). Indeed, let © € R be arbitrary, then, by (PC2), we have:

T |y’a(ac)+1 C(l’) o(z+71)—a(z)
= lim (fx(y) @) @i

am+T —a(x
| ()

Therefore, both stable-like chains {XT(La’ﬂ )}nzo and {X}},>0 satisfy conditions (C1)-(C5) from

[San12]. In particular, both stable-like chains {Xr(La’ﬁ )}nzo and {X?%},>0 are irreducible with re-
spect to the Lebesgue measure (see [Sanl12, Proposition 2.1]). Thus, we have recurrence-transience
dichotomy in both cases. Further, together with the 7-periodicity of the function ¢(x), condition
(PC3) implies
sup c¢(z) =supc(x) < 0o (1.5)
z€[0,7] zeR
(see [Sanl2, Remark 1.1]).

From now on, we assume that the stable-like chain {X,,},>0 (the chain given by (1.1)) satisfies
conditions (C1)-(C5). Note that, in general, this is not the case for the stable-like chain { X, (x)}nzo
given by (1.2) (for sufficient conditions see [San12, Proposition 5.5]). We refer the reader to [San12]
for more details about conditions (C1)-(C5).

An example of the periodic stable like-chain { X% },,>0 satisfying conditions (PC1)-(PC4) is given
as follows: Let a : R — (0, 2) be an arbitrary continuous periodic function with period 7 > 0 and
define the family of density functions {f;}.cr on R by

1_o(z)
faly) = 5) e "=
Ja @) _|y|meln) =1 |yl > 1

for all z € R. In this case ¢(x) = %a?m(ﬁ)rl

Now, let us state the main results of this paper:




Theorem 1.1. The stable-like chain {X,(La’ﬁ)}nzo is recurrent if and only if o + 5 > 2.

Theorem 1.2. If the set {z : a(x) = ap := infcr a(x)} has positive Lebesgue measure, then the
periodic stable-like chain { X} },>0 is recurrent if and only if g > 1.

As a simple consequence of Theorems 1.1 and 1.2 we get the following well-known recurrence
and transience criterion for the random walk case:

Corollary 1.3. A SaS random walk on the real line is recurrent if and only if a > 1.

The same problem was already treated, but in continuous-time case, in [Bot11] and [Fra06,
Fra07]. In [B6t11] it is proved that the stable-like process {Xt(a’ﬂ)}tzo with the symbol p(z,§) =
v(2)|€]*®) is recurrent if and only if a + 8 > 2, where a : R — (0,2) and v : R — (0,00) are
continuously differentiable functions with bounded derivative such that

a, < —k , < —k
aw={5 T2 mow={F L5

for a, 8 € (0,2), 7,0 € (0,00) and k& > 0. In [Fra06] the author considers the recurrence and
transience problem of the stable-like process {X?};>0 with the symbol p(x, &) = ~(x)|¢|*®), where
a:R — (0,2) and v : R — (0,00) are continuously differentiable and periodic functions with
bounded derivative, and proves that if the set {x € R : a(z) = g := infyer a(z)} has positive
Lebesgue measure, then the process is recurrent if and only if ag > 1. Both results and technics, in
[Bot11] and [Fra06], will be crucial in proving our results.

Now we explain our strategy of proving the main results. In [B6t11] it is proved that the

stable-like process {Xt(a’ﬂ )}tzo is recurrent if and only if & + § > 2, and in [BS09] it is proved
that {Xt(a”g )}tZO can be approximated by a sequence of Markov chains {X,(Lm) tn>0, m € N, such

that {X,gl)}nzo 4 {Xéa”g)}nzo. In Theorem 1.1 we prove that all chains {X,(Lm)}nzo, m € N, are
either recurrent or transient at the same time and we prove that their recurrence property is
equivalent with the recurrence property of the stable-like process {Xt(a’ﬁ )}t20~ This accomplishes
the proof of Theorem 1.1. In Theorem 1.2 we subordinate the periodic stable-like chain {X%},>0
with the Poisson process {N;};>0 with parameter 1 and, following the ideas form [Fra06], prove

_L
that the sequence of strong Markov processes {n @0 Xﬁ,nt}tzo, n € N, converges in distribution,
with respect to the Skorohod topology, to symmetric ag-stable Lévy process. Furthermore, we

prove that all the processes {n_(TOXﬁ,m}tzo, n € N, are either recurrent or transient at the same
time, their recurrence property is equivalent with the recurrence property of a symmetric ag-stable
Lévy process and recurrence properties of the process {X glt}tZO and the periodic stable-like chain
{X%}n>0 are equivalent. This accomplishes the proof of Theorem 1.2.

Let us remark that the idea of studying recurrence and transience property of a Markov process
in terms of the property of the associated Markov chain is studied in [TT79].

The paper is organized as follows. In Section 2 we introduce some preliminary and auxiliary
results which will be needed to make the connection with results proved in [B6t11] and [Fra06]. In
Sections 3 and 4 we give proofs of Theorems 1.1 and 1.2 and in Section 5 we treat discrete version of
the stable-like chains {X,(la’ﬁ )}nZO and { X} }»>0 and we derive the same recurrence and transience
criteria as in Theorems 1.1 and 1.2.

Throughout the paper we use the following notation. We write Z, and R, respectively, for
nonnegative integers and nonnegative real numbers. For z,y € R let A y := min{z,y} and
x Vy := max{z,y}. For two functions f(x) and g(z) we write f(z) = o(g(x)), when =z — xg, if
limg— s, f(2)/g(x) = 0, where o € [—00, 00]. Write By(R), C(R), Cp(R), and Cy(R), respectively,



for the sets of bounded Borel measurable functions, continuous functions, continuous bounded
functions and continuous functions vanishing at infinity. Together with the supnorm || - || =
supger | - |, Bp(R), Cp(R) and Cy(R) are a Banach spaces. Furthermore, ({X,}n>0, {P*}2er),
(X220, AP aer), (Xm0, {P7}oer) and ({XE} s, {P7}ocr) will denote the stable-like
chains on (R, B(R)) given by (1.1), (1.2), (1.3) and (1.4), respectively, while ({Y5 }n>0, {P* }zer) and
({Y:}i>0, {P*}2er) will denote an arbitrary Markov chain and an arbitrary cadlag strong Markov
process on (R, B(R)) given by transition kernels p(z, B) and p'(z, B), for x € R, B € B(R) and
t € Ry, respectively. Using the notation from [Twe94], we use the term Markov model and notation
{Y; }1er, where T is either Z, or R, when the result holds regardless of the time set involved. For
z €R, Be B(R)and n €N, let p"(x,B) :=P*(Y,, € B). For z € R and B € B(R) we put np :=
Z;.LO:O l{YnGB} or np ‘= fooo 1{YtEB}dta B ‘— mf{n 2 0: Yn S B} or 7Tgp ‘= inf{t 2 0: Y;g S B},
Q(z,B) :==P*(np = ), L(z, B) := P*(1p < 00) and U(z, B) := E*(np).

2 Preliminary and auxiliary results

In this section we give some preliminary and auxiliary results needed for proving the main results
of this paper.

Definition 2.1. A Markov model {Y;}ieT on (R, B(R)) is p-irreducible if there exists a probability
measure p(-) on B(R) such that, whenever p(B) > 0, we have U(x, B) > 0 for all z € R.

Note that the stable-like chains {X},},>0 and {Xff(w)}nzo (the chains given by (1.1) and (1.2))
are p—irreducible for any probability measure ¢(-) on B(R) which is absolutely continuous with
respect to the Lebesgue measure (see [Sanl2, Proposition 2.1]).

In [Twe94, Theorem 2.1] it is shown that the irreducibility measure can always be maximized.
If {Yi}ieT is a @-irreducible Markov model on (R, B(R)), then there exists a probability measure
¥(-) on B(R) such that the model {Y;}¢er is ¢-irreducible and ¢ < 1, for every irreducibility
measure ¢(-) on B(R) of the model {Y;};er. The measure 9(-) is called the mazimal irreducibility
measure and from now on, when we refer to the irreducibility measure we actually refer to the
maximal irreducibility measure. For the ¢-irreducible Markov model {Y;}ier on (R, B(R)) set
BT(R) = {B € B(R) : ¥(B) > 0}. The maximal irreducibility measure for the stable-like chains
{ X }n>o0 and { X5 (x)}nzo is equivalent, in absolutely continuous sense, with the Lebesgue measure
(see [Sanl2, Proposition 2.1]).

Recall that a function f : R — R is called lower semicontinuous if liminf, ., f(y) > f(x)
holds for all z € R.

Definition 2.2. Let {Y;}ier be a Markov model on (R, B(R)).

(i) A set B € B(R) is uniformly transient if there exists a finite constant M > 0 such that
U(z,B) < M holds for all z € R. The model {Y;}1er is transient if it is -irreducible and
if there exists a countable cover of R with uniformly transient sets.

(ii)) A set B € B(R) is recurrent if U(z, B) = oo holds for all x € R. The model {Yi}ier is
recurrent if it is Y-irreducible and if every set B € BT(R) is recurrent.

(i1i) A set B € B(R) is Harris recurrent, or H-recurrent, if Q(x, B) = 1 holds for all x € R. The
model {Y; }ier is H-recurrent if it is 1-irreducible and if every set B € BT (R) is H-recurrent.



(iv) The model {Y;}ier is called a T-model if for some distribution a(-) on T there exists a kernel
T(xz,B) with T(x,R) > 0 for all x € R, such that the function x —— T(x,B) is lower
semicontinuous for all B € B(R), and

/Tpt(x,B)a(dt) > T (z, B)

holds for all x € R and all B € B(R).

Let us remark that the H-recurrence property can be defined in the equivalent way: The model
{Y;}ter is H-recurrent if it is ¢-irreducible and if L(x, B) = 1 holds for all z € R and all B € B*(R)
(see [Twe94, Theorem 2.4]). In general, recurrence and H-recurrence properties are not equivalent
(see [Twe94, Chapter 9]). Obviously, H-recurrence implies recurrence. In the case of a Markov
model which is a A-irreducible T-model, these two properties are equivalent (see [San12, Proposition
5.3] and [Bot11, Theorem 4.2]).

In the following proposition, by assuming certain continuity properties, we determine “nice”
sets for Markov models.

Proposition 2.3. Let {Y;}ier be a -irreducible Markov model, then:
(i) the model {Yi}ier is either recurrent or transient.
In addition, if we assume that {Y;}ier is a T-model, then:

(ii) the model {Yi}ier is H-recurrent if and only if there exists a H-recurrent compact set.

(iii) assume the following additional assumption in the continuous-time case: for every compact
set C € B(R) there exists a distribution ac(-) on Ry, such that

inf / P*(X, € B)ac(dt) > 0 2.1)
zeC 0

holds for all B € BT (R%). Then the model {Y;}ser is transient if and only if every compact
set is uniformly transient.

(iv) under the assumption (2.1) for the continuous-time case, the model {Yi}ier is recurrent if
and only if there exists a recurrent compact set.

Proof. (i) The proof is given in [Twe94, Theorem 2.3].
(ii) The proof is given in [MT93b, Proposition 9.1.7] and [MT93a, Theorem 3.3].

(iii) The proof for the discrete-time case is given in [MT93b, Theorems 8.3.5]. If the process
{Yi}+>0 is transient, then there exists at least one uniformly transient set B € BT (R). By

assumption (2.1),
oo

oc := inf P*(X; € B)ao(dt) >0
zeC 0

holds for every compact set C' € B(R). Using the Chapman-Kolmogorov equation we have:
U(z, B) :/ U(z, B)ac(dt) :/ / p°(x, B)dsac(dt)
0 o Jo
> [ et Bsactdn = [ [T [ v dn v Bydsac(d)
o Jo o Jo JRr

> 6(;/ / p’(z,dy)ds = o6cU(x,C).
0 C



(iv) The proof follows directly from (i) and (iii).
U

Now, we derive the recurrence and transience dichotomy by using sample-paths properties of
Markov models. Let B € B(R) be arbitrary and let D(R) be the space of real-valued cadlag functions
equipped with the Skorohod topology. In the continuous-time case, define the set of recurrent paths
by:

R(B) :={w e D(R):Vn €N, 3t > n such that w(t) € B},

and the set of transient paths by:
T(B) :={w € D(R):3s > 0 such that w(t) & B, Vt > s}.

It is clear that T'(B) = R(B)¢, and for any open set O C R, by the right continuity, R(O) and T'(O)
are measurable (with respect to the Borel o-algebra generated by the Skorohod topology). In the
discrete-time case, using the same notation, we similarly define the set of recurrent paths by:

R(B) := {w € R%* : ¥n € N, Im > n such that w(m) € B},
and the set of transient paths by:
T(B) := {w € RZ+ : 3m > 0 such that w(n) ¢ B, ¥n > m}.
Clearly, T(B) = R(B)¢ and for any B € B(R), R(B) and T(B) are B(R)?+ measurable.

Proposition 2.4. Let Y = {Y; }ier be a A-irreducible T-model, and let us assume (2.1) holds for
the continuous-time case. Then the following 0-1 property must be met:

P* (no =o00) =0 for all x € R and all open bounded sets O C R

or
P*(no =o00) =1 forall x € R and all open bounded sets O C R.

In particular, the model Y is recurrent if and only if P(R(0)) = 1 for all z € R and all open
bounded sets O C R, and it is transient if and only if P3,(T(0O)) = 1 for all x € R and all open
bounded sets O C R.

Proof. The 0-1 property in the discrete-time case follows from [San12, Proposition 5.3] and [MT93b,
Theorems 6.2.5 and 8.3.5]. The claim in the continuous-time case follows from Proposition 2.3,
[Twe94, Theorem 5.1] and [B6t11, Theorem 4.2]. Now, the characterization by sample paths easily
follows from the 0-1 property and [MT93a, Theorem 3.3]. O

As already mentioned, the stable-like chains {X,},>0 and {X; (x)}nz() (the chains given by
(1.1) and (1.2)) are A-irreducible and, by [Sanl2, Proposition 5.2], the stable-like chain {X,,},>0
is a T-model. In the following proposition we give sufficient conditions for the stable-like chain
{Xff(x)}nzo to be a T-model.

Proposition 2.5. Let a : R — (0,2) and v : R — (0,00) be continuous functions. Then the
stable-like chain {Xﬁ(x)}nzg is a T-model. In particular, {Xﬁf(x)}nzo is H-recurrent if and only if
1t 18 recurrent.



Proof. Let us define a(-) := 01(-) and T'(x, B) := p(z, B) for z € R and B € B(R). We prove that
the function z — T'(x, B) is lower semicontinuous for every B € B(R). Let = € R and B € B(R)
be arbitrary and such that A(B) < co. By the dominated convergence theorem and continuity of
the functions «(z) and ~y(x) we have

lim p(yaB) = lim fa(y) v(y)) ( y)dZ

y—>ﬂf y—)x
_ a(y)
-1 hm//cos z—y))e YW geq
'y—}{lf

//cos )e (= ‘ﬂa(z)d{dz

= p(z, B).

Let B € B(R) be arbitrary, then, by Fatou’s lemma, we have

lgﬂgfp(y, )—hmlnf%p y, BN (n,n+ 1)) >Z€%px ,BN(n,n+1]) = p(z, B). (2.2)
n n

O

Recall that a Markov model {Y;}ier is said to satisfy the Cy-Feller property if for all f € Cp(R)
and all t € T the function  — [ p'(x,dy)f(y) is in the space Cy(R). Furthermore, a Markov
model {Y;}er is said to satisfy the strong Feller property if for all f € By(R) and all ¢t € T \ {0}
the function z — [ p'(x,dy)f(y) is in the space Cy(R). In [MT93b, Proposition 6.1.1] it is
shown that the Cp-Feller property (respectively the strong Feller property) of a Markov model is
equivalent with the lower semicontinuity of the function x — pt(z, O) (respectively the function
x — pl(z, B)) for all open sets O C R (respectively all Borel sets B C R) and all t € T\ {0}.
Note that (2.2) reads that the stable-like chain { X, (x)}nzo satisfies the Cjp-Feller property and the
strong Feller property.

Unfortunately, the stable-like chain {X}la”g )}nzo (the chain given by (1.3)) does not satisfy the
Cy-Feller property and the strong Feller property (liminf, o p(y,O) > p(0,0) does not hold for
some open sets O C R). We introduce its “continuous” and in the recurrence and transience sense
equivalent version: Let & > 0 be arbitrary and let {X,(f“’ﬂ )}nzo be the stable-like Markov chain
defined by transition densities with following characteristic functions

Bla; €) = exp(— () |€]*™),

where functions & : R — (0,2) and 7 : R — (0, 00) are continuous functions such that

_ a, < —k , < —k
oz(x):{ﬁ x>k and  7(z) = {75 x> k.

Proposition 2.6. The stable-like chain {Xﬁa’ﬂ)}nzo is recurrent if and only if the stable-like chain
{X}la”g )}nzo is recurrent.

Proof. By [Sanl2, Propostion 5.4], it suffices to prove that condition (C5) holds, i.e., that there
exists [ > 0 such that for all compact sets C' C [—[,1]¢ with A(C') > 0, we have

lnf / fa@)5(2)) (dy) >

[—k,k]

8



Let us take | = k. Without loss of generality, let C' C (k,00) be a compact set with A\(C) > 0.
Then by symmetry and bell-shaped property of densities f(a(a)5(2)) (%) (see [Gaw84, Theorem 1]),
we have

inf dy > inf () A dy.
J:El[rflk,k} o xf(oza: A( x)( ) Yy 7m€1[£1k,k] /C’+k f(a(a:),'y(x))(y) Y

Let us assume that infye_p 1 [0, fia()5(2)(¥)dy = 0. Then there exists a sequence {p}nen C
[—k, k], such that lim,, o 2, = ¢ € [—k, k] and

lim fia( (@) (W) dy = (27) 1 lim / /COS Ey)e T@nIEl" (xn)dfd =0.
C+k

Now, by the dominated convergence theorem and continuity of the functions @(z) and 7(z) we have

0=(2m)"" lim / /cos Ey)e —(an) Il In)df’dy
C+k

n—oo
_ 5 (o) [3(0)
— (2n) / / cos(Ey)e TN geqy = [ g @)y,
C+k JR C+k

This is impossible since A\(C') > 0. O

For a Markov process {Y;}:>0 we define a family of operators {P;};>0 on By(R) by P.f(z) :=
E*(f(Y:)). Since {Y:}+>0 is a Markov process, the family {P;};>¢ forms a semigroup of linear
operators on (By(R),|| - ||o), i-€., Pt o Ps = Py1s and Py = I. Furthermore, the semigroup {P;}:>0
is contractive (||Pif|loo < ||f||co for all f € By(R)) and positivity preserving (P;f > 0 whenever
f >0, f € By(R)). The process {Y;}:>0 is said to be a Co-Feller process if the semigroup {P;}+>0
forms a Feller semigroup. This means that:

(i) the family {P;};>0 is a semigroup of linear operators on the space Cp(R);
(ii) the family {P;}+>0 is strongly continuous, i.e., lim;— o ||Pif — f|loo = 0.

The infinitesimal generator A of the semigroup {P;}+>0 is defined by

Af = lim L2t}

t—0 t

on Dy := {f € Bp(R) : limy_,9 P”;_f exists in supnorm}. If the set of smooth functions with
compact support C2°(R) is contained in Dy and A(CZ°(R)) € C(R), then Alce(r) is a pseudo-
differential operator, i.e., it can be written in the form

Al f(2) = — /R Pl )€ F(€)de, (2.3)

where f(£) = (2m)! J €7 f(z)dx is the Fourier transform of f(z) (see [Cou66, Theorem 3.4]).
The function p : R x R — C is called the symbol of the pseudo-differential operator. It is
measurable and locally bounded in (z,&) and continuous and negative definite as a function of &.
Hence, by [Jac01l, Theorem 3.7.7], £ — p(x, &) has for each z the Lévy-Khinchine representation,
ie.,

p(fE,f) = a(as) - Zb(ﬂ?)f + %C($)§2 - /IR <6iy§ —-1- iygl{z:|z\§1} (y)) V(SC, dy)? (24)



where a(z) > 0, b(x) € R and ¢(z) > 0 are Borel measurable functions and v(z, -) is a Borel kernel
on R x B(R), such that v(z,{0}) = 0 and [(1Ay?)v(z,dy) < oo holds for all z € R. The quadruple
(a(x),b(x),c(z),v(z,-)) is called the Lévy-quadruple of the pseudo-differential operator Algeo(r)-
In the following we assume, without loss of generality, that every Feller process has cadlag paths
(see [RY99, Theorem III1.2.7]).

Proposition 2.7. Let a # 0 be arbitrary and let {N{'}i>0 be the Poisson process with parameter
k > 0 independent of a Markov chain {Y,}n>0 on (R, B(R)). Then the process {Y;(a’ﬁ)}tzo, defined
by Yt(a’ﬁ) = a¥nr, is

(i) a strong Markov process with the strongly continuous semigroup {Pt(a’ﬁ)}tzg and the infinites-
imal generator

A f(z) = & / (F(y) = f(@)p (o™ 2,0 dy)
R
with the domain D y(a,x) = By(RY);

(11) A-irreducible and recurrent (respectively H-recurrent) if and only if the chain {Y;,}n>0 is A-
irreducible and recurrent (respectively H-recurrent).

Proof. (i) First, note that if {Y},},>0 is a Markov chain with respect to the family of probability
measures {P*}, gpa, then {aY, },,>0 is a Markov chain with respect to the family of probability

measures {Q7 := P“ilx}meR. Hence, the process {Yt(a’ﬁ)}tzg is a strong Markov process.
Clearly, its transition kernel is given by

o0 t n
plla,dy) =e ™) (Kn!) p" (e w,a" dy) .
n=0

Now, the claim easily follows.

(ii) The equivalence of A-irreducibility and recurrence between the process {Yt(a"{)}tzo and the
chain {Y}, },>0 easily follows from the definition and the fact that the exponential distribution
has finite all moments. In the case of H-recurrence we have

L) (2, B) = Qz(ng’H) <o00) = Pa_lz(Ta_1B < 0) = L{a 'z,a”'B).
Hence, the process {Yt(a’ﬁ)}tzg is H-recurrent if and only if the chain {Y}, },>¢ is H-recurrent.
O

It is natural to expect that if the functions  : R — (0,2) and v : R — (0, 00) are continuous,
the process {Yta(x)}tzo = {aXZO\‘,?)}tZO is a Cp-Feller process. We need the following lemma.

Lemma 2.8. Let 0 < ¢ < 2 and C > 0 be arbitrary, and let & : R — (¢,2) and v : R — (0,C)
be arbitrary functions. Furthermore, let {f(a(x)(2)) }zecr be a family of Sa(x)S densities given by

the following characteristic functions @(x;€) = exp(—y(z)|€|*®)). Then the following uniformity
condition holds

lim sup/b f(a(a:),'y(x))(y)dy = 0. (25)
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Moreover,

’y|a(z)+1
f (a(xm(x))(y)w —1

lim sup

ly|—>o0 {z€R: a(z)<1}

where

c(x) = MF(oz(:c) +1)sin <7Ta(x)> .
s 2
Proof. Let 0 < p < € be arbitrary and let {Z,},cr be a family of random variables with Sa/(z)S
distributions with densities {f(4(z),y(2)) }zer- Then we have

o0
1
Sup/ fa(z) (@) (W)dy = supP(Z, > b) < supP(|Z,| > b) < -— supE[Z,|°.
zeR Jo zeR zeR b zer

Since sup,cgr E|Z;|? is finite (see [Sat99, page 163]), the first claim easily follows.

To prove the second part of lemma we use [Zol86, Theorem 2.4.2]. Let us fix x € R with
a(z) < 1. Then, for all |y| > 1, we have

‘y|o¢(x)+1 .
f(a(x),'y(w)) (y) W -

[e.e]

Z(—l)"ﬂwsm (nwa(@) ( 7($))>n_1

= n! 2 |y|a(x

ST+ 1)15111 (%) i (Iy0|5>n

n=1

Now, by taking sup(,cg. a(z)<1} and letting ly| — oo, we get the desired result. O

Proposition 2.9. Let 0 < e < 2 and C > 0 be arbitrary, let « : R — (€,2) and vy : R — (0,C) be
continuous functions. Furthermore, let a # 0 be arbitrary and let {N{ }+>0 be the Poisson process

with parameter k > 0 independent of the stable-like chain {Xg(m)}nzo (the chain given by (1.2)).
Then the process {Y;a(x)}tzo = {aXﬁif)}tzo is

(i) a Cy-Feller process with the symbol
p(m7§) =a 'k (1 - /]Reiﬁyf(a(a133),'\/(alz))<a_1y)dy>

and the Lévy quadruple (0,0,(),ailmf(a(aflmm(aqx))(aily)dy), and it satisfies the Cy-Feller
property and the strong Feller property;

(ii) a T-model.

Proof. By Proposition 2.7, the semigroup of the process {Yta(gc)}tzo is given by

PO‘(I) _ oKt = M n( —1 —ld
t f(ZL‘) e nZ:O nl /Rp (CL z,a y) f(y)7
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for f € By(R), and the generator

Aa(z)f(x) =a 'k /]R(f(y + LE) - f(x))f(a(a_lm);y(a—lx))(a_ly)dy (26)

with the domain D 4a(z) = By(R). Furthermore, it is shown that the semigroup is strongly contin-
uous.

(i) The Cp-Feller property easily follows from (2.2) and Fatou’s lemma. Now, let us show that
P (Cy(R)) C Co(R) for all t € Ry. For f € Cy(R), by the Cy-Feller property, P f €
Cy(R) for all t € Ry. Next we show that Pta(x) f(z) vanishes at infinity for all f € Cp(R) and
all t € Ry. Let f € Cy(R) and € > 0 be arbitrary such that ||f||cc < M, for some M > 0.
Since C,(R) is dense in (Cp(R), || - ||oc), there exists fe € C.(R) such that ||f — f||cc < €. We
have

[ ot aatansw)| < [ et anlio)l < [ oo i)+
R R .
=a™ /suppfe—g; fa(a—lz),'y(a—lm))((l_ly)‘fe(y + x)|dy + €

< a_l(M + 6) / fa(a*lx),'y(aflx)) (a_ly)dy +e

supp fe—=

Since supp f; is a compact set, by applying Lemma 2.8, the function z — [p pla=tz,a=tdy) f(y)
is a Cp(R) function. Thus, by the dominated convergence theorem we have the claim, i.e.,
the process {Yta(m)}tzo is a Cp-Feller process.

The second part of the proposition easily follows from the relations (2.3), (2.4) and (2.6), and
the strong Feller property follows from [SW12, Theorem 1.1]

(ii) The claim follows from [Twe94, Theorem 7.1].
O

Let us recall the notion of characteristics of a semimartingale (see [JS03] or [Sch09]). Let
(QF {F:}>0,P, {St}+>0), {St}t>0 in the sequel, be a semimatingale and let h : R — R be a
truncation function (i.e., a continuous bounded function such that h(z) = z in a neighborhood of
the origin). We define two processes

S(h)r:=>> (AS,—h(AS,)) and  S(h); =S, — S(h),
s<t
where the process {AS;}+>0 is defined by AS; := S; —S;— and ASp := Sp. The process {S(h):}+>0
is a special semimartingale. Hence, it admits the unique decomposition
S(h)e = So+ M(h); + B(h)s, (2.7)

where {M (h);}+>0 is a local martingale and { B(h); }+>0 is a predictable process of bounded variation.

Definition 2.10. Let {S:}i>0 be a semimartingale and let h : R — R be the truncation function.
Furthermore, let {B(h):}+>0 be the predictable process of bounded variation appearing in (2.7), let
N(w,ds,dy) be the compensator of the jump measure

:U’(w7 ds, dy) = Z 5(S,ASS(UJ)) (dS, dy)
5:ASs(w)#0
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of the process {St}1>0 and let {Ci}i>0 be the quadratic co-variation process for {Sf}i>o (continuous
martingale part of {St}i>0), i-e.,

Cy = (5S¢, S5).
Then (B,C,N) is called the characteristics of the semimartingale {St}i>0 (relative to h(x)). If we

put é’(h)t = (M(h)¢, M(h):), where {M(h)¢}i>0 is the local martingale appearing in (2.7), then
(B,C, N) is called the modified characteristics of the semimartingale {St}+>0 (relative to h(x)).

Proposition 2.11. Let a # 0 be arbitrary and let {fy}.er be a family of probability densities on
the real line such that x — fz(y) is a Borel measurable function for all y € R. Let {Y,}n>0
be a Markov chain on (R,B(R)), with respect to the filtration {F,}n>0, given by the transition
kernel p(z,dy) := f.(y — x)dy. Furthermore, let {Yt(a’n)}tzo be the process defined by Y := aYnr,
where {N{'}+>0 is the Poisson process, with respect to the filtration {G;}i>0, with parameter k > 0

independent of the chain {Yy}n>0. Then the process {Yt(a’ﬁ)}tzo is a semimartingale with respect
to the filtration {o{Foc U Gt} }i>0, where Foo = Up— g Fn, and its characteristics and the modified
characteristics, relative to the truncation function h(x), are given by:

(a ® = q” ﬂ/ / nyN aYy)dyds,

Ct(a /4)
a - / / R (y nyH a ty)dyds and
N@R) (ds, dy) = a~ /@nyg (a™1y)dyds.

Proof. Clearly, the process {}Q(a’”)}tzo is a semimartingale. By Proposition 2.7, the infinitesimal

generator of the process {Y;(a"i)}tzo is given by A@*) f(z) = a 'k Je(f(y+2)— f(2)) famr(aty)dy,
f € By(R). Furthermore, by [EK86, Poposition IV.1.7], for every f € B,(R) the process

t
M= ) = ) = [ A0 s

is a martingale. Let h(z) be the truncation function and let f € C{(R). Then {Mtf}tzo can be
rewritten in the following form

M = 5 = ) =t [ (1 Y0 = ) e (o s
= P F) o / |70 g (s

i [ (oY) 50 = ) e (s
Now, from [JS03, Proposition I1.2.17 and Theorem I1.2.42], the claim follows. O

We refer the reader to [JS03, Sch98, Sch09] for more details about characteristics of a semi-
martingale and connection with Feller processes.

As we know, the recurrence property of SaS random walk, given by the characteristic function
©(§) = exp(—7|£|“), depends only on the index of stability a € (0, 2] and it does not depend on the
scaling constant v € (0,00). In the following proposition we show that this is also the case with

the stable-like chain {X,O{(z)}nzo (the chain given by (1.2)).
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Proposition 2.12. Let {X }n>0 be the stable-like chain defined in Proposition 2.9. Further-
more, let ¢ > 0 be arbitrary and let { X, (a(), C)}
the scaling function y(x) by the scaling function cy(z). Then the stable-like chain {Xq(za(x)’c)}nzo is

recurrent if and only if the stable-like chain {Xﬁ(z)}nzo s recurrent.

>0 be the stable-like chain which we get by replacing

Proof. Let {N}}i>0 be the Poisson process with parameter 1 independent of the stable-like chain
{Xfla(gg)’c)}nzo. Let us define the process X = {Xf}i>0 by X7 := X](\g(m)’c). By Proposition 2.11,
the process X¢ has the modified characteristics (relative to the truncation function h(x)) given by:

a $)sc $ ydydsv
/ /R\{O} (xe),ev(xe)) (¥)

Y emy(XE dyds and
//R\{O} fa(xe),evixe) ()

Ne(ds, dy) = fla(xe)ev(xe) (Y)dyds.
Let cg > 0 be arbitrary and fixed and let us show that

d
X¢ — X%  when ¢ — cg,

where —%5 denotes the convergence in the space of cadlag functions equipped with the Skorohod
topology. We only have to check assumptions 4.3, 4.7, 4.9, 4.10, 4.11 and 4.12 from [JS03, Theorem
IX.4.8]. Assumptions 4.3, 4.7, 4.10 and 4.12 can be easily verified by use of [Durl0, Theorem 3.3.5],
continuity assumption of the functions a(x) and 7(z), the dominated convergence theorem and
Propositions 2.9 and 2.11, while assumption 4.9 follows from Lemma 2.8. To verify assumption
4.11 we have to show that

lim sup
€0 ze[a,b]

/Rg(y) (fra@)con@) ) = Fia@),er@) ) dy‘ =0
holds for all g € Cy(R) and all [a,b] C R. If that would not be the case, then there would exist

g € Cy(R), [a,b] € R, § > 0 and sequences {c,}neny and {zp}tnen C [a,b] with limits c¢o and
xo € [a, b, respectively, such that

‘/ a(xn cofy(:rn))(y) - f(a(:pn),cn'y(:pn))(y)) dy‘ >0 (28)

holds for all n € N. Let M > 0 be such that ||g(x)||cc < M and let R > 0 be arbitrary. We have
'/ ) (Fa@a)cor(en)) ) = Fiaten)enr(an)) @) dy‘
‘/ oz Tn cofy(xn))(y> - f(a(a:n),cn'y(:zfn))(y)) dy‘

+

/ 9W) (Flaten)cor(wn)) W) = Faten)enviwa) () dy|
ly|>R

From continuity of the functions a(x) and () and from [Ush99, Corollary 1.2.4], we have

R
lim ‘ / 9W) (faten)cor@n) @) = Faten)enry@n)) (¥)) dy‘ =0.

n—aoQ R
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Furthermore, by Lemma 2.8 we have

lim sup
R—00 peN

/ g(y) (f(a(acn),cov(acn)) (y) - f(a(acn),cn'y(acn))(y)) dy
ly|>R

R—00 peN R—00 neN

<M lim sup/ fa(@n),cor(@n)) (¥) + M lim sup/ fia(@n)enr(@n)) (¥) = 0.
ly>R ly|>R

Hence,

=0,

n—oo

fn ‘/Rg ¥) (fatncor@n)¥) = Fa@a)cnr(@a)) V) dy

what is in contradiction with (2.8). The locally uniform convergence of the other two characteristics
easily follows from [Durl0O, Theorem 3.3.5], the continuity assumption of the functions a(z) and
v(z) and the dominated convergence theorem.

Let x € R be arbitrary and let O C R be an arbitrary open bounded set. Since the process X
satisfies the Cy-Feller property, by [Fra06, Lemmas 2 and 3|, we have P%., (OR(O)) = 0. Here 0A
denotes the boundary of the set A. Therefore, by [Bil99, Theorem 2.1], we have

Jim Pxe(R(0)) = Px« (R(0))

for all x € R and for all open bounded sets O C R. Hence, for all x € R and all open bounded sets
O C R, the function
¢ — Px:(R(0))

is a continuous function on (0, c0). Note that (2.1) is satisfied if for the distribution ac(-) we take
ac(+) := 94, (+), where tg > 0 is arbitrary. Since the processes X¢ are A-irreducible T-models, by
Proposition 2.4, P%.(R(0)) =1 for all ¢ € (0,00), all z € R and all open bounded sets O C R, or
P%(R(O)) = 0 for all ¢ € (0,00), all z € R and all open bounded sets O C R. This means, again
by Proposition 2.4, that all processes Y€, ¢ € (0,00), are either recurrent or transient at the same
time. Now, by Proposition 2.7, the desired result follows. ]

3 Proof of Theorem 1.1

In this section we give a proof of Theorem 1.1. Let the function p : R x R — C be given by
p(z, &) = ~(x)[€]*®), for some functions a : R — (0,2) and v : R — (0,00). In [Bas88] it is
shown that if the functions «(z) and ~y(x) satisfy:

(i) 0 <infzer a(x) < sup,yep a(z) < 2 and 0 < infyer y(z) < sup,cp Y(z) < 00,

(ii) B(z) = o(1/|In(2)|), when z — 0, where 5(z) 1= supj,_, <. |a(z) — a(y)|,

(iii) fol @dz < 00, i.e., the function a(z) is Dini continuous and

(iv) v € C(R),

then the function (symbol) p(z,€) = ~(z)|£|*® defines Cy-Feller process on (R, B(R)) called a
stable-like process. Note that if the function a(x) is Lipschitz continuous, i.e., if there exists L > 0,
such that |a(z) — a(y)] < L|xr — y| holds for all x,y € R, then it is also Dini continuous and
condition (ii) is satisfied. Write C(R) for the set of bounded continuously differentiable functions
with bounded derivative. Clearly, a € C}(R) implies Lipschitz continuity of a(z). Furthermore,
by [SW12, Theorems 1.1 and 3.3], o,y € Cl} (R) imply that the corresponding stable-like process is
a Co-Feller process and it satisfies the Cy-Feller property and the strong Feller property.
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Proof of Theorem 1.1. Let k > 0 be arbitrary and let X(®8) = {Xt(a’ﬁ)}tzo be the stable-like
process on R which corresponds to the symbol p(z, &) = ~v(z)|€|*®), where the functions a,v €
C(R) are such that

a, r<—k , < —k
O‘("”):{ﬁ >k o V(x):{g x>k

By [Kol00, Theorem 5.1], transition kernel ]P’m(Xt(a’ﬁ ) e dy) is absolutely continuous with respect
to the Lebesgue measure, and by [SW12, Theorem 3.3, IP””(Xt(a”B) € B) > 0 holds for all x € R, all
t € Ry and all B € B(R) with A(B) > 0. Therefore, the stable-like process X(*#) is A—irreducible
and, by [Twe94, Theorem 7.1], it is a T-model. Hence, from [B6t11, Theorem 4.2], H-recurrence and
recurrence properties of the stable-like process X(®?) are equivalent. Furthermore, from [Bot11,
Corollary 5.5], the stable-like process X(@#) ig recurrent if and only if a + 8 > 2.

By [BS09], the stable-like process X (@5 can be approximated by a sequence of Markov chains,
i.e., for a sequence of Markov chains {Xflm)}nzo, m € N, on (R,B(R)) given by a sequence of
transition kernels p,,(z, dy), m € N, such that

/ &Y, (, dy) = €7 m@E) = eir— 1)
R

we have that
x(m 4, X@B) as m —» oo,

where X (™) = {X EZZE J}tZO' Again, 45 denotes convergence in distribution in the space of cadlag

functions equipped with the Skorohod topology. By Proposition 2.12, the chains {Xy(bm)}nzg, m e N,
are either recurrent or transient at the same time. Hence, the rest of proof is devoted to prove that
this dichotomy is equivalent with the recurrence-transience dichotomy of the stable like process
X (e8)

Since the stable-like process X (@A) is a Cy-Feller process, by [Fra06, Lemmas 2 and 3] we have
P% .5 (OR(0)) = 0 for all 2 € R and all open bounded sets O C R. Therefore, by [Bil99, Theorem
2.1], we have

lim_ P (R(O)) = By (R(O)) (3.1)
for all x € R and for all open bounded sets O C R.

Let us assume that o + § > 2. Hence, the stable-like process X (@P) is recurrent. Note that
assumption (2.1) follows if for the distribution ac(-) we take ac(-) := & (-), where tg > 0 is
arbitrary, and apply the strong Feller property. Hence, by the 0-1 property (Proposition 2.4)
P% a5 (£2(0)) = 1 holds for all z € R and all open bounded sets O C R. From (3.1), for any starting

point x € R and any open bounded set O C R there exists my > 1 such that ]P”)”((mo)(R(O)) > 0,
ie., P* (ZZO:O 1{Xﬁm°)60} = oo) > 0. But, since the stable-like chain {X,(Lmo)}nzo is A—irreducible

T-model, by 0-1 property,
oo
P* <ZO L xmo) oy = oo) =1
n—

holds for all + € R and all open bounded sets O C R, i.e., the stable like chain {Xflmo)}nzo
is recurrent. Now, by applying Proposition 2.12, all stable-like chains {Xy(lm)}nz(], m € N, are
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recurrent. Therefore, since {X7§La,ﬁ)}n20 4 {Xﬁl)}nzo (recall that the stable-like chain {Xéa,ﬂ)}nzo
is defined in Proposition 2.6), by Propositions 2.6 the stable-like chain {Xq(f"ﬁ ) }n>0 is recurrent.

Let us now show that the recurrence property of the stable-like chain {X,(la’ﬁ )}nzo implies

a+ B > 2. Let us assume that this is not the case, i.e., let us assume that o + 5 < 2. Hence,
the stable-like process X(*#) is transient, i.e., P% s (T(0)) =1 holds for all z € R and all open
bounded sets O C R. Now, by (3.1), we have

lim P% ., (T(0)) =Pys(T(0)) =1.

m—oo X

Hence, for any starting point x € R and any open bounded set O C R, there exists mg > 1 such
that P¥ (T'(0)) > 0. Therefore, P* (ZZO:O 1{X(m0>€0} = oo) < 1. Again, by the 0-1 property,

X (mo)
oo
P <Z Lixgmocoy = OO) =0
n=0

we have

for all z € R and all open bounded sets O C R. Hence, the stable like chain {X (mo)}nzo is transient.
Therefore, by Proposition 2.12, all the stable-like chains {X,(Lm)}nzo, m € N, are transient. Since
{X,(la’ﬁ)}nzo 4 {Xr(zl)}nzo, by Proposition 2.6, the stable-like chain {X,(LQ’B)}nZO is also transient.

But this is in contradiction with recurrence assumption of the stable-like chain {Xfla’ﬂ )}nZO- Hence,
we have proved the desired result. O

4 Proof of Theorem 1.2

In this section we give a proof of Theorem 1.2. Recall that the functions z — f,, a(x) and c(z) are
T-periodic, the function (z,y) — fz(y) is continuous and strictly positive and a(x) and ¢(z) are
Borel measurable. Let us put A := 77 and let II5 : R — R/A be the covering map. We denote by
{XAP},>0 the process on R/A obtained by projection of the stable-like chain { X%}, (the chain

given by (1.4)) with respect to IIp(z). By [Kolll, Proposition 3.8.8], the process {Xé\p}nzo is a
Markov chain on R/A with transition density function

P, y) = ZP(Zxazy +k)= Zfzm(zy —z+k)

keA keA

for all x,y € R/A, where z, and z, are arbitrary points in HXI({JJ}) and HXI({y}), respectively.

Furthermore, by [BLP78, Theorem III.3.1], the chain {X,/l\p }n>0 possesses an invariant measure
7(-), with m(R/A) < oo, and there exist constants C' > 0 and ¢ > 0, such that for all 7-periodic
functions f € Bp(R) we have

f(zg)m(dz) =0 = H/pn(-,dy)f(y)H < C||flloce” " for all n e N.
R/A R 00

Since m(R/A) < oo, without loss of generality, we assume that m(R/A) = 1. Following the ideas
from the proof of [Fra06, Theorem 1], we give the proof of Theorem 1.2.

Proof of Theorem 1.2. Let {Xfl\p}nzg be as above. Let us suppose that the set {x € R : a(x) =
ap = infyep a(x)} has positive Lebesgue measure. By A-irreducibility of the stable-like chain
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{XP} >0, this is equivalent with 7(IIx({z € R : a(x) = ap = infyeg a(z)})) > 0. Indeed, since
m(-) is the invariant measure of the chain {Xﬁ}p tn>0,

/ Mz, Byr(dz) = (B)
R/A

holds for all B € B(R/A), where B(R/A) denotes the Borel o-algebra with respect to the quotient
topology. Let us put A:={z € R: a(z) = ap := infcr a(z)} and B :=II5(A). We have

_ A - -1 _
~(B) = /R P Byl = /R P I (B)r(de) = /R Pl Al

Now, if A(A) > 0, then p(z;, A) > 0 for all z, € R. Therefore, 7(B) > 0 as well. On the other
hand, if A(A) = 0, then p(z;, A) = 0 for all z, € R. Hence, 7(B) = 0.

In the sequel (because of T-periodicity) we use the abbreviation a(x) and ¢(z), for a(z,) and
¢(2z), where x € R/A and 2, € II, ' ({z}) are arbitrary.

Let {Nt1 }t>0 be the Poisson process with parameter 1 independent of the periodic stable-like
chain {X7},>0 and let us define a M-irreducible Markov process Y? := { X}, };>0. By Proposition
2.7, the semigroup of the process Y? is given by

P f(x _tztn/ (z,dy) f

for f € By(R) and t € Ry. Hence, for every 7-periodic function f € By(R) we have

[e.9]
_ " —$(1—e—c
1P flloc < Cllflloce™ D —e™" = C| flloce™ 7. (4.1)
n=0
_1
Let us define the sequence of semimartingales Y2 := {n @0 Xﬁ,m}, n € N. Now, we prove

that the sequence of processes Y2, n € N, converges in distribution to a symmetric agp-stable Lévy
process L = {L; };>¢ with the modified characteristics (relative to the truncation function h(z))

dy
=0t [ (hw) ~ vty oy
_ dy
C’Oz@t/h2 Taert  and
¢ . (y) |y|a0+1
dyds
0 _
N(ds, dy) = @W’

where O := fR/A Lia(z)=ao)c(@)m(dz) (see [Sch98, Theorem 3.5]). Without loss of generality, we take
all the processes Y2, n € N, and L to be defined on the same probability spaces (€2, F, {P*},cr).
In order to prove this convergence, by [JS03, Theorem VIII.2.17] it suffices to show that initial
distributions of Y%, converge to initial distribution of L (what is trivially satisfied) and the modified
characteristics (B” C’" N™) of the processes Y2 n € N, converge in probability to the modified
characteristics (BO,CO,N 9), when n — oo. By Proposition 2.11, the modified characteristics
(B",C™, N™) of the process YE are given by

By =n'" / / fyp “10 y) dyds,
~ 1
Cy = n't / / fyp neo y) dyds and

N"(ds,dy) = it fxp (n ( s )dyd,s
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Note that (PC4), (1.5) and A({z € R : a(z) = ap := infyepa(z)}) > 0, ie., 7(IIx({z € R :
a(z) = ap = infyer a(z)})) > 0, imply 0 < © < oo, therefore the above ag-stable Lévy process
characteristics are well defined.

Recall that for a Borel measurable function ¢ : R — R and a random measure p(w,ds, dx) on
B(R;) x B(R), the x-product is defined by

S 9@ nw, ds dx), [ g5 19(@)|u(w, ds, dz) < oo
g pmle) = { 00, otherwise,

(see [JS03, Definition I1.1.3] for details). Let g € Cy(R) vanish in a neighborhood of the origin. We
have

t
g N = / / o(y)N"(ds, dy)
1
/ / a5 fyn ( %0 )dyds
:/ /g <na(Y7€s) &0 y> n nS)ngS‘ <na(yﬁs)y> dde
0 R
t 1 _ 1 1+ 1 1
:/(; /Rl{a(xgs):ao}g <’I’LD‘(Y7€5) @0 y) n D‘(Y'}L)s) fo;g (na(Y»gg)y> dde
t 1 _ 1 1+ 1 1
t / / La(vi)>a0}9 <na<yfs> 0 y) n o) fyp <n“<y*’58>y> dyds
c(Yrs)
/ [ Natvemanys @) Sratsrduds (4:2)

/ / La(viy)—ao}d (V) < "2 fyg, (nooy) - |§fi)1>dyds (4.3)

1— D‘(?;ns) ( ns)
1{a YD) >a0}g( ) 0 mdyds (4.4)
1 1—e0s) (VP
/ / Liayr,) >ao}g( ) < a0 Jyp, (nao y) —n @ M) dyds. (4.5)

Let 0 < € < 1 be arbitrary. Then, by (PC3), there exists y. > 1, such that

c(x) c(x)

(1 - E)W < fz(y) < (1 +€) ‘y|a(x)+1 (46)

holds for all |y| > y. and all z € R. Since the function g(z) vanishes in a neighborhood of the
origin, by (4.6) and the dominated convergence theorem, (4.3) and (4.5) converge to 0, P*-a.s.,
when n — oco. Let us prove that (4.4) converges in L?(2,P*) to 0, when n — co. We define

-2 ¢(2) 1—e@  ¢(x)
Un(z) = /Rg(y) (1{a(z)>ao}n 0 W _/R/A 1{a(x)>ao}n “0 Wﬂ-(dm) dy'

By 7-periodicity of functions «(z) and c¢(z), the function U, (z) is 7-periodic and

/ Un(2)(d2) =
R/A
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Using integration by parts formula, Markov property and (4.1), we have

</OtU > _2//1@96 U, (Y2 ) drds

= / / B2 (B2 U (V) | Fon | Un (V2 drds
—2 /0 | B U320 V2 s

El‘

t s 2 t 2
—2 / / Cenli=e )61 |12, = 2C\|Un||oo) / (1= el sygg < ClUnllee 0y )
0 JO 0

n(l —e¢ n(l—e°)

Note that, by (1.5),

C
@ <swp ([ lotl Sz [ ol [ O n(aniay | < oo
zeR | | R/A |y‘

i.e., ||Un||so remains bounded as n grows. Hence

([ Un<st>)2

lim E* =0.

n—aoo

Furthermore,

1
t Lot (YD) 21\ 2
1 Cl¥ns
(/0 /Rl{a(yfsbao}g(y)n ao |y|a(Y£’s)+1dde>
t 2 %
) )
0
[ L] temsann'™ 5 o) 2ty 1) (48)
alz)>a T . .
o JrJr/a {a(z)>a0} |y[a@)+1

By the dominated convergence theorem, (4.8) converges to zero, when n — o0, i.e., (4.4) converges
in L?(Q,P%) to 0, when n — oco. Now, let us prove that (4.2) converges in L?(2,P%) to

c(z)
g*NO—t// L a(a)=a0) 9(¥) 5 w(dx)dy,
t R JR/A {a(z)=a0} ( )|y\0‘0+1 ( )

when n — oco. We define

- c(2) c(w)
U(z) = /Rg(y) (1{a(z)ao}W - /R/A 1{a(m)a0}|y|ao+17f(d$)> dy.

By 7-periodicity of functions «(z) and ¢(z), the function U(z) is 7-periodic and

/ U(z)n(dz) =
R/A
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Hence, in the same way as for (4.4), it can be shown that g N} converges in probability to g * NY.
In the same way one can prove that B converges in probability to B, when n — oo.

At the end, let us show that C’” converges in probability to C’?, when n — oo. Recall that
the truncation function h(z) is a bounded Borel measurable function satisfying h(z) = z in a
neighborhood of the origin. Let § > 0 be small enough and such that h(z) = z for all x € (-9, 9).
We have

~n ! 2 1+-L L
Ci :/ /h (y)n"" 20 fyp, (n“0y> dyds

0 Jr

t
1+L 1
_/o Al{a(st)=ao}h2 (y)n o fyp, ("ao y) dyds
t
2 455 a5
+/0 Al{a(Y£S)>ao}h (y)n "o fyp, (n 0y> dyds

:/t/ La(v2)=ao}h’ (9) ’Z(|§+)1d ds (49)
/ / (—6,6)° La(vr)=aoth” (¥) ( % Ty, (n%y> - |§/(‘Z§i)l) dyds (4.10)

+ /0 /( . Ya(vi)=a0}¥’ <n 2 fyp <n%y) - @ﬂfﬂ) dyds (4.11)
+ /t / Lav)>aoyh? () e %dyds (4.12)
/ / . (v >aoth” (U )( 0 fye, (n%y) _nl—%m> dyds  (4.13)

+ /0 /(_ . Vvt >0}y’ <n 50 fyn (n%y) e Mfff;g) dyds. (4.14)

By (4.6) and the dominated convergence theorem, (4.10) and (4.13) converge to 0 P*-a.s., when
n — o0o. Let us prove that (4.11) converges to 0 P*-a.s., when n — oo and 6 — 0, respectively.
By using (4.6), we have

! 1 1 C(yp)
1 al(YP ) =a 2 <n1+ao » [noo . ns >d ds
/0 /(575) fa(rt)=ao}¥ fY"S( y) |gy| 01 Yy
t L
- La(vt)=agy 0 0 dyds
/(]/(_n(%&n;oa) {a(VE)=a0}Y fyr, (y) dy

t
- Liavry—aolyl 0 c(YE) dyds
/0 /('—(5,5) { (Yns) 0}

t
1—2
- / / Va(vi=ayy™n ™ frp, (y) dyds
0 J(—ye,ye)

t
1—-2
+/ / 1 1 1{04(st):a0}y2n “0 fY,{L (y) dyds
0 J(—n%08,~y:)U(ye,n 0 4)

2 o ¢
2_%52 ’ /0 Lavp)=aoyc(Yas)ds

+
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-2 [t
<n' %0 / / La(vi)=ao¥ frz, (v) dyds
0 J(—Yeye)

-2 ! 2 c(Yiis)
B A At

2 o0 [f
2_a052 ’ /0 Liavi)=aeyc(Yiis)ds

12 [t
- / / La(yr)—any ¥ fyr, (y) dyds
0 (_ya7ya)

t
52&0/0 Liavr)=aoy¢(Yas)ds

_l’_

2
+(1+€)2_a0
2 2

t
1-= 2—a
—(1 a0 — 0 1 Py YP))d
( +€)n 02_a0y5 /0 {a(YnS)—ao}c( ns) S
2

2 — o

t
+ (5270[0 /0 1{a(Y7{)S)=a0}C(ans)dS'

Now, by (1.5) and the dominated convergence theorem, we have

t 1 1 p
. . 2 1+? on C(Yns) _
6hm0nhmoo/0 /(—5,5) Lia(vP)=aot¥ <n o fyp, <n oy) — W dyds =0 P*-a.s.

In completely the same way one can prove that (4.14) converges to 0 P*-a.s., when n — oo and
§ — 0, respectively. In order to prove that (4.12) converges in L?(£2,P*) to 0, when n — 0o, we
define

. 2 -2 o(z) -2 c(x)
Vn(z) = /]Rh (y) (1{a(z)>ag}n 0 W - R/A 1{a(x)>ozo}(‘r)n 0 Wﬂ-(d‘r) dy

and proceed as for (4.4). It remains to prove that (4.9) converges in L?(€, P*) to C?, when n — oo.
Let us define

_ [ 2 c(z) c(z)
Vi(z):= /Rh () (1{a(z)ao}’:l/|a0+1 - /R/A 1{a(z):ao}WW(d$) dy.

By 7-periodicity of the functions a(x) and ¢(x), the function V(z) is 7-periodic and
/ V(z)m(dz) = 0.
R/A

Hence, by repeating the same calculation as for (4.4), we have the claim. Therefore, by [JS03,
Theorem VIII.2.17], we have proved that the sequence of processes Y2 converges in distribution to
symmetric a-stable Lévy process L with the compensator (Lévy measure) N°(ds, dy).

Now, let us prove that the periodic stable-like chain {X%},,>¢ is recurrent if and only if ap > 1.
By [Fra06, Lemmas 2 and 3], the set of recurrent paths R(O) is a continuity set for the probability
measure Pf () for all # € R and all open bounded sets O C R. Furthermore, since L is a A-
irreducible T-model (note that (2.1) is trivially satisfied), by Proposition 2.4, L is recurrent if and
only if P{ (R(O)) =1 for all € R and all open bounded sets O C R, and it is transient if and only
if P{ (T'(O)) =1 for all z € R and all open bounded sets O C R.
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Let € R be an arbitrary starting point and let O C R be an arbitrary open bounded set. By
[Bil99, Theorem 2.1], we have

lim P4, (R(0)) = P§(R(0)). (4.15)

n——~oo

If the stable-like chain {X}},,>¢ is recurrent, since it is A-irreducible T-model, it is H-recurrent as
well. Hence, by Proposition 2.7, all the processes Y2, n € N, are H-recurrent. This implies

v:(R(O)) =1 forall neN.

Therefore, by (4.15), P1,(R(O);) = 1, i.e., L is recurrent.

Let us assume that the periodic stable-like chain {X%},,>¢ is transient. Then, by Proposition
2.4, P* (1o < 00) = 0 for all z € R and all open bounded sets O C R. Hence, by Proposition 2.7,
P* (15 < 00) =0, i.e.,

vz (R(0)) =0
for all n € N, all € R and all open bounded sets O C R. Therefore, by (4.15), P{ (R(O)) = 0,

i.e., L is transient. Finally, by [Sat99, Corollary 37.17], L is recurrent if and only if g > 1. This
accomplishes the proof. O

Remark 4.1. (i) In Theorem 1.2 we assume that the densities { f, }.cr satisty f.(—y) = fz(v)
for all 2,5 € R and f,.(y) ~ c(x)|y|~**)~1, when |y| — co. This assumptions can be relaxed.
Let a: R — (0,2) and cy,c_ : R — (0, 00) be Borel measurable functions and let {f;}zer
be an arbitrary family of probability densities on R. Furthermore, let us assume that the
function x — f, is a periodic function with period 7 > 0 and that the following conditions
are satisfied:

(PC1’) the function (z,y) — fz(y) is continuous and strictly positive;
PC2’) f,(y) ~ cq(z)y~*®~1 when y — oo, and
( y) ~ cr(@)y y

fo(y) ~ c_(x)(—y)~*@®)=1 when y — —oo0, for all z € R;

a(z)+1 ‘y’a(:p)Jrl

c_(x)

. Yy
PC3’) lim sup |f:(y
( ) Y= zelo,7] ( ) C+ (.T})

(PC4’) meir[%)fT](c_ () Aeg(x)) > 0.

-1 fm(y) -1

=0 and lim sup
Y= zel0,7]

=0;

Hence, the densities {f;}scr have two-tail behavior. Let {X}},>0 be a Markov chain given
by the transition kernel p(z,dy) := fz(y — x)dy. By completely the same arguments as in
the proof of Theorem 1.2, we can deduce recurrence and transience property of the chain
{XP} 0. If the set {x € R: a(z) = ap := infyeg ()} has positive Lebesgue measure, then
by subordination of the chain {X}},>0 with the Poisson process {N;};>o with parameter 1
(independent of the chain { X} },>0), one can prove that the process {nfi)? N, >0 converges
in distribution, with respect to the Skorohod topology, to ag-stable Lévy process. In general,
this ap-stable Lévy process is not symmetric anymore. Non-symmetry of the densities { f; }zer
implies that the ag-stable Lévy process has a nonzero shift parameter, and two-tail behavior
implies that the ap-stable Lévy process has a nonzero skewness parameter. Hence, by [Sat99,
Corollary 37.17], the only recurrent cases are if either oy > 1 and shift parameter vanishes or
ag = 1 and skewness parameter vanishes.
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(ii) As already mentioned, it is shown in [Fra06] that if the functions o : R — (0,2) and
v : R — (0,00) are continuously differentiable with bounded derivative and periodic and if
the set {x € R: a(x) = ap := inf,cr a(x)} has positive Lebesgue measure, then the stable-
like process with the symbol p(z, &) = v(z)|€|*®) is recurrent if and only if ag > 1. In general,
we cannot apply Theorem 1.2 for the discrete-time version of this stable-like process, i.e., for
the stable-like chain {Xf;(m)}nzg (the chain given by (1.2)), since we do not have a proof
that its transition densities satisfy condition (PC3). But, by repeating the proof of Theorem
1.1 we deduce: If & : R — (0,2) and 7 : R — (0, 00) are continuously differentiable and
periodic functions with bounded derivative and if the set {z € R : a(x) = o := inf er o)}
has positive Lebesgue measure, then the stable-like chain { X, (m)}nzo is recurrent if and only
if (675 > 1.

Similarly, by repeating the proof of Theorem 1.1, we can prove transience property of the
discrete-time version of the stable-like process considered in [SW12], i.e., the process given by
the symbol p(z, &) = v(z)|€|*®), where o : R — (0,2) and v : R — (0, 00) are continuously
differentiable functions with bounded derivative and such that limsup,_,., a(z) < 1 and
0 < infer y(z) < sup,er v(2) < 00.

5 Discrete state case

In this section we derive the same recurrence and transience criteria as in Theorems 1.1 and 1.2 for
discrete version of the stable-like chains {X7(1a,,8 )}nzo and {X%},>0 (the chains given by (1.3) and
(1.4)). Without loss of generality, we treat the case on the state space Z. Let o : Z — (0,2) and
¢:Z — (0,00) be arbitrary functions and let {f;};cz be a family of probability functions on Z
which satisfies f;(j) ~ c(i)|j|~*®~!, when |j| — oo. Let {X%},>¢ be a Markov chain on Z given
by the following transition kernel
p(ird) = Fi(j — ).

The chain {X%},>¢ can be understood as a discrete version of the stable-like chain {X,,},>0, i-e.,
the probability functions f;(j) are discrete versions of densities f;(y). It is clear that if f;(j) > 0
for all 4, j € Z, then the chain {Xg}nzo is irreducible. Therefore, it is either recurrent or transient.
If the following conditions are satisfied

(CD1) fi(j) ~ ¢(i)|j]~*@~1, when |j| — oo, for all i € Z;
(CD2) there exists k € N such that

lim sup
lil—r00 ie{—k,... k}e

then the chain { X2},,> is recurrent if lim infj;| o0 (i) > 1, and it is transient if lim supy;| o (i) <
1 (see [Sanl12]). Note that conditions (CD1) and (CD2) also implies irreducibility of the chain
{Xd},,>0 in the case when f;(j) > 0 is not satisfied for all 4,5 € Z.

5.1 Step case

Let {Xg(a’ﬁ)}nzo be a discrete version of the stable-like chain {XT(LO‘”B)},IZO given by (1.3), i.e., a
special case of the chain {X9},>¢ given by the following step functions

. a, 1<0 . c, 1<0
O‘(”:{/ﬁ i>o ond c(”:{d i>0
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where «, 8 € (0,2) and ¢,d € (0, 00).
Recall that a random walk {Sy, },,>0 is attracted to a random variable X if there exist sequences
of real numbers { Ay, }nen and { By, tnen, Bn > 0 for all n € N, such that

S, d
B—Z—An—>X.

Here —% denotes convergence in distribution. Furthermore, if A, = 0 for all n € N, then we say
that the random walk {S,}n>0 is strongly attracted to X. The random variable X can only have
a stable distribution (see [IL71, Theorem 2.1.1]). Now, from [GK54, Theorem 35.2] which gives
necessary and sufficient conditions in order that a random walk {S,,},>0 is attracted to a random
variable with stable distribution with the index of stability « € (0,2), we easily derive:

Proposition 5.1. Let a € (0,2) and ¢ € (0,00) be arbitrary and let fio) @ Z — R be an
arbitrary probability function such that f ¢ (j) ~ c|j|=*t, when |j| — oo. Let us assume that

fla,e)(=3) = fla,e)(j) holds for all j € Z if a =1, and Zjezjf(a,c)(j) =0 holds if « > 1. Then the
random walk {Sy, }n>0 with the jump distribution

< oo —1 0 1 .. )
"‘f(a,c)(_l) f(a,c)(o) f(a,c)(l)
is strongly attracted to SaS distribution.

From Proposition 5.1, as a special case of [RF78, Theorem 2|, we have:

Theorem 5.2. If the probability functions fi, ) (j) == fi(j), for i < 0, and fa)(j) == fi(4),
for i > 0, appearing in the definition of the chain {Xg(a’ﬁ)}nzo, satisfy fa,c)(J) = fla,e)(—7) and
f.a)(J) = fg,a)(—j) for all j € Z, then the chain {X:f(‘”‘ﬁ)}nzo is recurrent if o+ 3 > 2, and it is
transient if a 4+ [ < 2.

Note that previous theorem does not say anything about the case when o+ 8 = 2. This case is
not covered by [RF78] and it seems to be much more complicated.
5.2 Periodic case

In this subsection we consider a discrete version of the periodic stable-like chain {X%},,>¢ given by
(1.4). Let {X{"},,>0 be a Markov chain on Z given by

ali) = o, 1E€2L and (i) = c, 1 € 27
"1 B ie2Z+1 1 d i€2Z+1,

where o, 8 € (0,2) and ¢, d € (0,00), and let us assume that probability functions f(q ¢)(j) := f2:(j)
and f(g.a)(J) = fait1(4), i € Z, satisty f(a,e)(—J) = fla,e)(U) and f(g.a)(—7) = f(g,a)(4) for all j € Z.
Let us define the following stopping times inductively: T3 := 0, Toﬁ =0, T :=inf{k > T ; :
X e 2z} and T := inf{k > T° | : XP € 22 4 1}, for n € N.

Proposition 5.3. P/(T® < 0o) = P{(T} < 00) =1 for all i € Z and all n € N.
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Proof. Let us prove that P/(T¢ < oo) = 1 for all i € Z and all n € N by induction. Let i € Z be
arbitrary and let n = 1. We have

P T = o0) =P'(XP! € 2Z + 1, Vk € N) = lim PI(XP e2Z+1, 1<I<k)
—r00

= lm Y p(iin) Yo plivia)... Y pliv—aiin-)p(ie-1,2Z + 1),
11€27Z+1 i2€27+1 i _1€27Z+1

Note that p(2z +1,2Z + 1). = Y e fpay(j) < 1 for all i € Z. Therefore, if we put C' :=
ZjeQZ f(.4) (j) and C; := p(i,2Z + 1), we have

PYTY = 00) = lim C;CF 1 =

k—o0

i.e., P(T{ < 00) = 1. Let us assume that P*(T*_; < oco) = 1 and let us prove that P*(T)¥ < 0o) = 1.
By denoting NV :=T)" | and using strong Markov property we have

PHT < 00) = BB [1{7ecooy 0 On[FN]] = E'EXN [Ligpcoyll = > Elllixy—jy] =
JE2Z

where 6, is the shift operator on the canonical state space Z{%1}. In the completely analogously

way we prove that Pi(Tf <oo)=1forallie€ZandallneN. O
For n > 0, let us put Y,* = dg and ;) = ;Zﬁ’ then, from Proposition 5.3, {Y,*},>0 and

{Ynﬁ }n>0 are well defined Markov chains. Let ¢ € Z and let us define the following stopping times:
mi=inf{n>1: X9 =i}, 7% :=inf{n >1: Y2 =i} and 7° = inf{n > 1:Y;’ =i}

Proposition 5.4. For all v € Z, n € N, j1,...,jn € 2Z and all ky,...,k, € 2Z + 1 we have
PUY® = j1,...,Y,2 = j,) > 0 and ]P”(Yf = kl,...,YnB = k) > 0. In particular, the chains

rTn

{Y,*}n>0 and {Yf}nzo are irreducible on their state spaces.

Proof. The set 2Z is the state space of the chain {Y,},>0, and the set 2Z + 1 is the state space of
the chain {Ynﬁ}nzo . Let i € Z and j; € 2Z be arbitrary, then we have

P = 1) =p(i, )+ Y p(i)pin )+ Y plii) Y plin,io)p(ia, i) + ...

i1€27Z+1 i1€272+1 12€27Z+1

> > p(iinp(i ).

11€2Z+1

If i € 27Z, then we take i1 € 2Z + 1 such that f, (i1 —7) > 0 and fg 4)(j1 — 1) > 0. Therefore,

P(Y™ = j1) = flae (i1 — ) fg.a)(j1 — 1) > 0.

If i € 2Z + 1, then we take i1 € 2Z + 1 such that f(34)(i1 —i) > 0 and f(3,4)(j1 —41) > 0. Hence,
we have

PY(Y™ = j1) > fig.a(in — ) fa.a) (G —i1) > 0.
Let « € Z and j1, jo € 2Z be arbitrary, then we have

PV = 1, Y5 = jo) = P (V5" = jo| Y] = j1)P (V¥ = j1) = PP (Y] = jo) P (Y]* = j1) > 0.
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Let n > 2. Let us suppose that for all i € Z and for all ji,...j,_1 € 2Z we have
PY = g1y, Y, = jn_1) > 0.
Let j, € 27 be arbitrary, then we have

PUYE =1, ., Y, = jn) =PV, = 5,V = Gy, Y = GOP(Y =1, YO = )
=PIt (Y = 5 )P (YY" = J1, ., Yoy = Jno1) > 0.

Analogously we prove the claim for the chain {Ynﬁ tn>0. Let 4,5 € 2Z be arbitrary, then we have
P78 < 00) > P(r = 1) = PY(Y* = j) > 0.
Similarly, for arbitrary 4,j € 2Z 4+ 1 we have
Pi(r] < 00) > 0.
Hence, the chains {Y,*},>0 and {YnB In>0 are irreducible. O

Proposition 5.5. The Markov chains {Xﬁp}nzo, {Y*} >0 and {Yf}nzo have the same recurrence
property.

Proof. Let i € 27Z be arbitrary, then we have
P = 00) = PH(Y,® € 27\ {i}, n € N) = P{(X¥? ¢ 7\ {i}, n € N) = Pi(1; = o0).
Similarly, for arbitrary i € 2Z + 1 we have P!(7; = c0) = IP)i(Tf = 00). O

Proposition 5.6. Chains {Y,*},>0 and {Ynﬁ}nzo are symmetric random walks with jump distri-
butions PO(Y? € -) and PH(Y —1 € .).

Proof. Note first that for arbitrary 4, j € Z we have

POV, = 2i — 24|V, = 0) =p(0,2i —2j) + > p(0,k1)p(k1, 2i — 25)

k1€27+1
+ Y p0.k) Y plki,ko)p(ka, 26 —25) + ..
k1€27+1 ko €27+1
=p(2i,25) + > p(2), k1 +25)p(k1 + 25, 2i)
k1€27Z+1
+ > p2i ki +25) Y plkr + 24 ka + 2))p(ka +25,2) + ..
k1€27Z+1 ko€27+1

=P°(V;2,, = 2i|V," = 2j).

Let us prove that the random variables Y, ; — Y;*, n > 0, are symmetric i.i.d. random variables
with respect to the probability measure P%(-). Let n > 0. Then we have

POV, — )= POV, =20+ 2j, Y =2j)
JEZL
=S TPOYE, = 204 20 = 25)PO(Y, = 2) = PO(YY = 24).
JEZ
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Let n > 1. Then we have
PO(Y, — Y =26, Y -V, = 2j)
=Y POV, =20+ 2, V¢ =2k, VO, =2k —2j)
kEZ
= POV, =2+ 2KV, = 2k)PO(Y,Y = 2k[Y;0 ) = 2k — 2§)PO(V;, = 2k — 2j)
kEZ
— PO(v = 20) POV = 2j) = POV, — Vi = 20)P(Y — Y, = 2)).
This proves that the random variables Y, ; —Y;*, n > 0, are i.i.d. random variables. Symmetry is

obvious. Completely analogously we prove that the random variables Yf 1 Yr’? , n >0, are i.i.d.
symmetric random variables with respect to the probability measure P!(-). O

Proposition 5.7. If a A 5 < 1, then the chain {Xffp}nzo is transient.

Proof. Without loss of generality, let us suppose that a A § = a < 1. By Proposition 5.5, it is
enough to prove that the chain {Y,"},>0 is transient. From Proposition 5.6 we know that the chain
{Y,*},>0 is symmetric random walk on 27 with respect to the probability measure PO(.). For every
i € Z we have

POYY = 2i) =p(0,2) + Y p(0,§)p(J, 20) + ... > Flae)(20).
jE2741

Let ¢(€&) be the characteristic function of the distribution PY(Y® € -). From the symmetry property
of the distribution PY(Y® € -), we have

Re < 1 ) = 1 < 1 .
1L — () Z(l — cos(25E))PY (Y = 27) Z(l —¢08(25€)) f(a,e) (27)

JEZ JEZ

Note that > jez c08(25€) f(a,¢)(27) is the Fourier transform of the symmetric sub-probability measure
on 27. Using completely the same arguments as in [Spi76, page 88|, from [Durl0O, Theorem 3.2.9]
we get the desired result. O

Let m > 1, ag,...,am—1 € (0,2) and cp,...,cn-1 € (0,00) be arbitrary. Let {Xﬁfp}nzo be a

Markov chain on Z given by
a(i) =a; and c(i) =¢;

for i = jmod (m), i.e., the functions o : Z — (0,2) and ¢ : Z — (0, 00) are periodic functions
with period m. Furthermore, let us suppose that probability functions f(%ci)(j), 1=0,...,m—1,
satisty fia,.c)(=J) = flai,e)(J) for all j € Z and i = 0,...,m — 1. Then, it is not hard to prove
that Propositions 5.3, 5.4, 5.5 and 5.6, except perhaps the symmetry property of related chains
(random walks) {Y,*},,>0, 7 =0, ..., m, are also valid in this periodic case. Therefore, analogously
as in Proposition 5.7 using

R 1 1—-a < 1
e =

1—2 (1—a)?2+b® " 1-—a
for all z=a + ib € C such that |z| < 1, we have:

Theorem 5.8. If ag Aoy A+ Aaym_1 < 1, then the chain {Xﬁp}nzo 1s transient.

Clearly, the above statement should be an if and only if statement, i.e., there is no reason not
to believe that ag A ag A -+ A a1 = 1 implies recurrence of the chain {Xﬁp}nzo. But this case is
not covered by [Sanl12] and, again, it seems to be much more complicated.
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