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1. Introduction

Let (2, F, F,, O@,, P., X,) be a standard Markov process taking values in a
locally compact separable metric space (S, p), that is, for each xS, X, is an S-
valued, right continuous and quasi-left continuous strong Markov process starting
at x defined on a probability space with filtrations (2, &, 9., P.) (c.f. [1]). Let
B(S) be the topological Borel field of S. For an E= 8(S), we denote by ¢z the
hitting time of E, i.e.,

{inf{t>0: X.€E}. if {t>0: X,€E}+¢
Op—
oo, it {t>0: X,€E}=¢.

The Markov process (2, F, F;, 0., P, X,) (henceforth we will write (X;, P.)) is
called irreducible if

(LD Pylay<o0)>0 for every x<S and every open subset U#¢ of S.
For the Markov process (X, P.), an a<S is called a recurrent point if

(1.2) Pa(lzi:rg o(Xy, a)=0)=1.

If every a€S is a recurrent point for (X,, P,), we say that the Markov process
(X:, P,) is recurrent. On the other hand, an a=S is a transient point for
(X, Pe) if

(1.3) Polim p(X:, 2)>0)=1.

Furthermore, if every a&S is a transient point for (X;, P.), we say that the
Markov process (X;, P,) is transient.

For the Markov process (X,, P,), one of most important problems is to de-
termine whether it is recurrent or transient, and this problem has been exten-
sively studied by many probabilists under various settings. ([11, [2], [3], [5], [8],
[9], ---). Nevertheless there are a few classes of Markov processes for which
complete criteria of recurrence are known.
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The purpose of the present paper is firstly to discuss recurrence criteria in
terms of mean sojourn times for general Markov processes, secondly to give an
explicit necessary and sufficient condition for irreducibility of Gaussian diffusion
processes, and thirdly to determine recurrence and transience completely for ir-
reducible Gaussian diffusion processes.

Let R? (d>1) be the d-dimensional Euclidean space. For x&R? and y=RY,
let <x, > be the inner product and [x|=<x, x)>'/* the norm. We denote by
M(R%) the totality of real dXxd matrices and by M.(R?) the totality of real,
symmetric and non-negative definite dXd matrices.

For each B&M. (R%) there corresponds a d-dimensional Brownian motion W,
with the diffusion matrix B, which is defined on a complete probability space
with filtrations (@, ¢, &;, P), namely, W, is a continuous Gaussian process on
R? with the mean vector 0 and the covariance matrix

(1.4) EWWH=b;, min {¢, s} (I1<s, j<d) for B=(by;).

For arbitrarily given A= M(R?) and B M,(R?), let us consider the follow-
ing equation

(15) Xt=x+S:AXsds+Wt,

where x=R® and W, is a d-dimensional Brownian motion with the diffusion
matrix B defined on a complete probability space with filtrations (2, &, &,, P).

As easily seen, for every x&R?, the equation (1.5) has a unique solution,
which defines a diffusion process (a continuous process having the strong Markov
property) (2, F, F., O;, P, X;) (shortly we write (X,, P.)) taking values in R¢
Such Markov processes are called Gaussian diffusion processes, following [6],
since the transition probabilities are Gaussian distributions as seen in Lemma 3.1.
From now on, we say the diffusion process (X;, P,) governed by the equation
(1.5) the Gaussian diffusion process associated with A= M(R®) and BE M (R?).

This paper is organized as follows. In section 2, we give sufficient condi-
tions for a point to be recurrent or transient in terms of mean sojourn time at
neighbourhoods of the point for general Markov processes. The conditions turn
to be necessary and sufficient if the process satisfies the strong Feller property.
In section 3, we obtain a necessary and sufficient condition for a Gaussian diffu-
sion process to be irreducible. It will also be shown that non-irreducible Gaus-
sian diffusion processes can be reduced to irreducible ones. In section 4, we
completely determine recurrence and transience of all irreducible Gaussian diffu-
sion processes.

ACKNOWLEDGEMENTS. The author would like to express his hearty gratitude
to Professors T. Shiga and D. Fujiwara who guided him to this study and en-
couraged him warmly. He also thanks Professors T. Fukuda, K. Uchiyama and
T. Morita for their helpful suggestions. In particular Uchiyama kindly allowed
the author to include his unpublished counter example Remark 3 in Section 2 in
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the present paper.

2, Criteria of recurrence and transience via mean sojourn times.

Let (X;, P;) be a standard Markov process taking values in a locally compact
separable metric space (S, p). Let us denote by Pi(x,dy) and R(x, dy) the
transition probability and the resolvent kernel of (X;, P,) respectively, so that

Rix, B):S:’e-“a(x, B)dt

- E(S0 e MI(X)d1),
where 1>0, x&S, B 8(S), E, denotes the expectation with respect to P,, and

1, if xeB,
[B(x):{

0, otherwise.

In particular, R.(x, B) is called the mean sojourn time in B.
Let B(S) be the totality of bounded measurable functions defined on S, and
let C,(S) be the totality of bounded continuous functions defined on S. For an

feB(S), set
Pf(x)={ Pz, d9f).

If P(CSHCCyS) holds for every >0, we say that the Markov process (X;, P;)
satisfies the Feller property. Furthermore, if P,(B(S))CCy(S) holds for every
t>0, we say that the Markov process (X,, P,) satisfies the strong Feller property,

We here give criteria of recurrence and transience of the Markov process
(X,, P,) in terms of mean sojourn times.

THEOREM 2.1. Suppose that the Markov process (X, P,) satisfies the Feller
property. Let acS be fixed. If for some open set U containing a, Ra, U)<c,
then a is a transient point for (X, P.).

Proof. Clearly Ry(a, U)>0. We first claim that there exists an open set V
containing a such that

(2.1) inf Ro(b, U)>0,
be?

To see this, choose an f<0 from C,(S) satisfying f(@)>0 and f=0 outside of U.
Then Ry (a, U)>0 implies that for some >0

S:Psf(a)ds>0.
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Using the Feller property we have an open subset V containing a such that

VU and
infStPsf(x)ds>0,
zePJo
which implies (2.1). For each »>0, let
op=0y-O,=inf{i>r; X, V}.
By the strong Markov property we have
[Catpia, 02E([, dt 1y(x0: o <o)
T UV

=Eo(R Xy, U): 0 <o)
>inf Ro(b, U)YP, (0, < 0).

e’

Hence letting r—oco and using (2.1) and the assumption we get

Iim P,(6% < o0)=Py(0} <o for every r>0)=0,

which yields (1.3). Therefore, a is a transient point.

Q.E.D.

THEOREM 2.2. Let a<=S be fixed. Suppose that the Markov process (X;, P,)

satisfies the following property - for every open subset U contaimng a,

(2.2) lim sup )Pz(o§e<a><00)£Pa(a’U<00) for every r>0,

e-0 rEB(a

where BJa) denotes the closed ball centered at a with the radius ¢>0. If Ry(a,U)
=oo for every open subset U containing a, then a is a recurrent point for (X, P.).

Proof. For any fixed >0 and ¢>0, set B=B.(a) and define a sequence of

stopping times 7, by
7,=0,
TIZGTB; ey
{mo@,n_l—l—rn_l, if 7,.,<oo
Tp=

0o, if Tp1=00,

By using the strong Markov property repeatedly, we have
(2.3) sup Py(r,<oo)<(sup Pe(r;<o0))*  (n=1, 2, ),
reB zxeB

so that
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Ria, By= B ([ Lo(Xdt 1 0<oo)

n=90

= 3 Bol Bae (| 15(X0d8) 1 7, <o0)
<7 3 Pa(ra<o0)
<r S upPule<eo).  (by (2.3)
n=0 e
Since R,(a, B)=occ by the assumption, we have

(2.4) sup P, (05<c0)=1.

zeB

Noting that (2.4) holds for B=B.(a) with an arbitrary small ¢>0, by the as-
sumption (2.2) we obtain that

Po(op<oo)=1

holds for every »>0 and every open subset U containing g, which yields (1.1).
Therefore a is a recurrent point. Q.E.D.

We here discuss about the condition (2.2).

Remark 1. Suppose that the Markov process (X, P,) satisfies the strong
Feller property. Then the condition (2.2) is fullfilled.

Proof. If BCU,
(2.5) Py(0p<e0) < Pr(0p< ).
By the strong Feller property,
Py(op<oo)=P,¢(x)

is continuous in x&S, where ¢(x)=FP,(oj<co). Hence (2.2) follows immediately.

Remark 2. Suppose that (X,, P,) is a L.évy process (a process with inde-
pendent increments) on B¢ Then the condition (2.2) is fullfilled.

Proof. By the translation invariance of the Lévy process

sup Pr(0%,ay<0)= sup P05, ar-2< o)
zEBg(a) TEB(Q)

< P05, <o)
LP(oh<o), if By (a)TU.
Thus we obtain (2.2).
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Remark 3. It might be expected that even though the condition (2.2) fails,
Theorem 2.2 holds under the assumption of the Feller property of (X, P,).
However, it is not true. We indeed have the following counter example, which
is due to K. Uchiyama. Let

Se={(m, n):meZ,, nsZ, and m>n}, Si={(co, n):n=sZ,},

and set
S:Sousl y

where Z, stands for the totality of nonnegative integers. We equip S, with the
discrete topology, and each element (oo, n) of S, is regarded as a limit point of
the sequence {(m, n):meZ,} as m—oo, so that if U is an open set containing
(e, n), U contains {(m, n): m>=m, or m=oc} for some my>n. Clearly S is a
locally compact separable metrizable space with the topology.

Now we choose a 1/2<p<1, and a decreasing sequence 0<gn, <1—p vanish-
ing as m—oco, Let us define a generator A of a Markov process (X, P,) on S
as follows. For each f=Cy(S)

Af(m, m=p(f(m, n+1) = f(m, m)+A—p)f(m, n—1)— f(m, n))
if 1<n<m or m=o0,
Af(m, m)=f(m—1, m—1)~f(m, m) if m>1,
Af(m, 0)=p—qu)f(m, D—f(m, 0))+g.(fm+1, 0)—f(m, 0))
+(1A=p)f 0, 0)—f(m, 0))  if m=1,
Af(oo, 0)=p(f(o0, 1)—f(oo, 0)+(1—pXf(0, 0)—f (o0, 0)),
Af(Q0, O)=1(L, 0)—(0, 0).

Then it is easy to see that A is a bounded operator from C,(S) into itself.

It is obvious that A generates a Markov process (X;, P.) on the state space
S that satisfies the Feller property. Moreover, the Markov process is irreducible
in the sense of (1.1).

On the other hand, if we equip the state space S with the discrete topology,
then the Markov process (X;, P.) is a continuous time Markov chain that is not
irreducible. In fact, S, is an irreducible class and S, is a transient class in the
sense of Markov chain theory, because for every (o, n)&S,, X, starting at (co, n)
goes far away along the line {(co, n'):n'=0, 1, 2, --} with positive probability.

We next claim that the Markov chain (X,, P,) restricted on the irreducible
class S, is recurrent.

Let us define a function h:S,—R by h((m, n))=m for each (m, n)&S,. Ob-
viously, h is nonnegative, h(x)—co as x—oo, and satisfies Ah(x)<0 for every
x&S5,\{(0, 0)}. This is a well-known criterion of recurrence for Markov chains
(c.f. [77), so that the restricted process (X., P;);es, is recurrent. Therefore, by
the general theory of Markov chains, we have
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Ro(x, {(m, m)})=o0

for every x&S and every (m,n)eS,. From this it follows that for every (oo, n)
&S, and every open set U containing (oo, n) with respect to the topology specified
in the beginning,

(26) RO((OO) n)} U)::OO,

Accordingly, we have shown that the condition (2.6) does not imply that (oo, n)
is a recurrent point.

THEOREM 2.3. Suppose that the Markov process (X;, P,) is irreducible and
satisfies the strong Feller property. If there is at least one recurrent point for
(X:, P.), then the process (X,, P.) is recurrent.

Proof. Suppose that ¢ be a recurrent point. Let U be an arbitrarily fixed
open set containing a with compact closure U. Then obviously

2.7 Pap<oo)=1 for every r>0.
We first claim that
(2.8) P.loh<eo)=1 for every x=8S.

By the strong Feller property ¢(x)=P.(¢4<c0) is a continuous function of x&S.
Using (2.7) and th= strong Markov property, we see that for every A>0

(2.9) Rig(@)= e Pu(ap <oodr= .

Since the irreducibility of (X., P.) implies that R;(a, ) is everywhere dense, it
follows from (2.9) and the continuity of ¢ that ¢{x)=1 for every x<S, thus we
get (2.8). We next show that

(2.10) Ryx, Uy=o00 for every x&S.
Let us define a sequence of stopping times {z,} by
7,.=0 =04, -, Ta=110c,_ FTay, -
By (2.8), 7,<o0 P,—a.s. for every n>1. Noting that E,(S:IU(Xs)ds)>0 and it

is continuous in xS, by the strong Feller property, we get for every n>1

(2.11) E(|"" 1o(X0ds)=Eu(Ex,, (| InX0ds))

>inf Ey(gj Iy(X)ds)

yel T

>0,
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which yields (2.10).
Finally it follows from the resolvent equation that for every i>0

(2.12) Ry=R,;4+2R\R;
>ARR;.

Hence for every =S and every open set V containing b we have
(2.13) Rob, V)zxgsRo(b, dx)Rx(x, V)
> AR (b, U)inf Ri(x, V).
el

Since inf ey R;(x, V)>0 follows from the irreducibility and the Feller property,
by (2.10), we obtain R,b, V)=co. Therefore by virtue of Theorem 2.2 b is a
recurrent point. Q.E.D.

3. On irreducibility of Gaussian diffusion processes

Let A= M(R® and BeM (R?%), and let (X;, P,) be a Gaussian diffusion pro-
cess associated with A and B, governed by the equation (1.5).
We first find the transition probability P,(x, dy) explicitly.

LEMMA 3.1. Px, dy) 1s a Gaussian distribution on R® with the mean vector
et4x and the covariance matrix

t
0

(3.1) V(t):g ¢4 Bt s,

where A* is the transposed matrix of A. In particular, the characteristic function
Pux, z) of P(x, dy) is

3.2) Pyx, z)=exp {z’(e“‘x, z>~——$—<V(t)z, z>} .

The proof is quite routine, so we omit it.

We first present a necessary and sufficient condition for the process (X,, P;)
to be irreducible. However, we notice that this result was alreadly discussed
in the introduction of [4] in a different setting. We set

N= (i\oKer BA*,  g=dim(Ker B),

where
Ker C={xsR?: Cx=0}.

THEOREM 3.2. The Gaussian diffusion process (X,, P.) associated with Ae
M(R?%) and BeM.(R?%) is irreducible on R? if and only if
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(3.3) (:\0 Ker BA*"= {0},

where g=dim(Ker B). In this case, for every t>0, V(t) is a regular matrix and
the transition probability P,(x,dy) has a Gussian density with respect to the Lebesgue
measure on R?¢

(3.4) Py(x, »)=Q2m) %/*det V(1)) /2 exp {— %( V(X —etx), y——e’Ax>}~ .

In order to make the paper self-contained we will here give the proof, which
is based on the following

LEMMA 3.3. For every t>0, N=Ker V(¢).
Proof. Suppose that V(#)x=0. Then we see by (3.1) that

S: |vVBet4*x|2ds=0,
so that
(3.5) VBet4*x=0, 0<Vs<t.
Noting that ¢'4"x is analytic in #>0, we see that (3.5) is equivalent to
v BA*"x=0, Vn=0.
Since for every C&M(R?%)

Ker ~/BC=Ker BC,
we get

Ker V(1) nfjo Ker BA*",
The inverse inclusion is clear, hence we have shown
(3.6) Ker V()= [ Ker BA*".
It remains to show that
3.7 [\ Ker BA*"= [\ Ker BA*".
Noticing that
N= nf:\o {(x: A*x=Ker B},

we find it sufficient for (3.7) to show

(3.8) A*NCN
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(this is another expression for NCM5H, Ker BA*™). But if ze N, the g+ 1 vectors
z, A*z, -+, A*z must be linearly dependent, or what amount to the same, there
must be a real sequence ¢, ¢, -+, ¢, With n<« and ¢,+0 such that

coztc A*z+ -+, A¥z=0.

Operating A*“*+'=® to the left-hand side and thereby finding that A***Vze
Ker B, we see A*ze N and hence (3.8). The proof of Lemma 3.3 is completed.
Q.E.D.

Proof of Theorem 3.2.

Suppose that (3.3) holds. Then by Lemma 3.3, V(t) is a regular matrix for
every t>0. Hence for every x=R¢ Py(x,dy) is a non-degenerate Gaussian
distribution on R¢, so it follows immediately that (X;, P,) is irreducible. Con-
versely, suppose that (3.3) fails. Then by Lemma 3.3 N=Ker V(¢)+ {0} for every
t>0. Let E=("\5.,Ker BA*")* be the orthogonal compliment of (., Ker BA*",
which is a proper subspace of R%. Then it is easy to see

Supp P(0, - )=(Ker V(t))*=E  for every >0,
which implies
3.9 P(X,eFE for all t=0)=1,

because E is a closed subset of R? and X, is continuous in >0 P,—a.s..
Therefore (X;, P,) is not irreducible. Q.E.D.

Remark. The generator of the Gaussian diffusion process associated with
AeM(R?) and BeEM,(R%) is given by

(3.10) L=

Note that L can be rewritten as follows:

@.1D L=SVitv,,
=1

where

V.= éc 9 with C=(c, ;)= le (1<i<d)

1 ]=1 (¥ axl h 1j 2 —_—
and
d d 0

Vo— 1§1 J=1 Ges%s ax,
Then it is easy to show that the Lie algebra L[V, V,, ---, V,] generated by
vector fields Vi, Vi, -+, V, is a linear space that is spanned by

%}(CA*?»)” aa (1<i<d, n>0) and V,.
=1 X,




220 JIAN-JY LIOU

Hence by (3.7), the condition (3.3) is equivalent to

(3.12) rank of L[V, V, -, Valx)=d for every xeR?,
which is the Hoérmander condition of the hypoellipticity of L (c.f. [4]).

Example 1. Suppose that BeM (R?) is a regular matrix. Then (3.3) clearly
holds since N\&_, Ker BA*"=Ker B={0}. Hence for every A=M(R?) the Gaus-
sian diffusion process (X;, P,) associated with A and B is irreducible.

Example 2. Let us consider the following A=M(R?%) and BeM, (R?%)
0 0 1 0 -0
A={1 " . B=[0
01 0
In this case, B is extremely degenerate. Nevertheless, (3.3) is verified and the
associated Gaussian diffusion process is irreducible. In fact we have
r=dim(Ker B)y=d—1,
but for 0<n<d—1
0O 0 -0 1 0 0
BA*"=| 0 )
5 0
Ker BA*={x=(xy, +*+, %a) % Xn41=0} ;

hence (3.3).

We will next show how to reduce a non-irreducible Gaussian diffusion process
to an irreducible one. Suppose that we are given AcM(R? and BeM.(R%)
such that

(3.10) N= [30 Ker BA*" {0} with s=dim (Ker B).

Let (X;, P;) be a Gaussian diffusion process on R? associated with A and B,
governed by the equation

(L5) Xt=x+S:AXsds+Wt,

where xeR? and W, is a d-dimensional Brownian motion with the diffusion
matrix B. Then by (3.10) and Theorem 3.2 the diffusion process (X,, P.) is not
irreducible. Let E=N" be the same one as in the proof of Theorem 3.2. Note
by (3.10) that E is a proper subspace of R? Furthermore, we can restrict the
diffusion process (X, P.) into the state space E so that it may be an E-valued
irreducible Gaussian diffusion process as seen in the following
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THEOREM 3.4. (i) AECE, (ii) W, is an E-valued Brownian motion with the
diffusion matrix Bl|g (the restriction on E of the linear transformation B), (iii)
(X, Pr)zez 1s an ivreducible Gaussian diffusion process on E.

Proof. (1) follows from (3.8). For y=N, we get

E(<Wt: y>2):<By’ J’)l‘:(),
which implies that
PW,eE for all t=0)=1.

Since B is symmetric and NCKer B, BECE. Thus W, is an E-valued Brownian
motion with the diffusion matrix B|gz. Finally, by Lemma 3.1 and (i) just
verified, we see

(3.11) Supp P(x, - )=E+e4x=FE for every x=E and every t>0,

completing the proof of (iii). Q.E.D.

4. Determination of recurrence and transience of irreducible Gaussian
diffusion processes

Let (X,, P.) be a Gaussian diffusion process on R? associated with an A<
M(R?%) and a BeM,(R?), governed by the equation (1.5). In this section, as-
suming that (X,, P.) is irreducible, we determine whether it is recurrent or
transient in terms of A and B.

Recall that by Theorem 3.2 the irreducibility assumption is equivalent to

“.1) i\oKer BA**={0}  with r=dim(Ker B).

Under the condition (4.1), we will give criteria for recurrence properties of
(X., P;) by means of the real Jordan canonical form A of A:

Ji, 0\
T
Kl.
0 K,
where J, (1<i<r) are m,Xm, Jordan blocks with real eigen-values 4, and the
size m,, 1.e.;

2
fl

Zl. 0
]1: y
01
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K, (1<j<s) are 2n,X2n, Jordan blocks with complex eigen-values 4;,=a,+
~/—1b, and the size n,, i.e.;

b, a,
10
0 1
o= a, -—b,
b, a,
1 0 a, —b,
0 0 1 b, a;

and

é ml+ éIan——‘-d .
i=

1=1

Now we can state a main result of this section.

THEOREM 4.1. Let (X, P,) be the Gaussian diffusion process on R associated
with A M(R?) and BEM,(R?). Let A be the real Jordan cononical form of A.
Suppose that the process (X,, P;) is irreducible. Then

(1) If every eigen-value A of A has negative real part (i.e. Rel<0), then
(X:, P.) has a unique stationary distribution, hence it is positively recurrent.

(I1) If the following (a) or (b) holds, then (X., P.) is null recurrent (i.e.
(X:, P,) is recurrent but has no stationary distribution).

(a) A contains a unique Jordan block of the form (0 —Ob) b+#0) and all
other Jordan blocks have eigen-values with negative real parts.

(b) A contains one or two Jordan block with size 1 of the form (0) and all
other Jordan blocks have eigen-values with negative real parts.

(IIl) In all remaining cases, the process (X, P;) is transient.

In what follows (X;, P.) denotes the irreducible Gaussian diffusion process on
R? associated with A= M(R%) and BeM_. (R?). For the proof of Theorem 4.1
we prepare several lemmas.

LEMMA 4.2. Suppose that the irreducible Gaussian diffusion process (X,, P.)
satisfies

(4.2) R0, U)=o0 for every open set U containing 0.
Then the process (X;, P,) is recurrent.

Proof. Clearly (X;, P,) satisfies the strong Feller property, hence the proof
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is immediate from Remark 1 after Theorem 2.2 and Theorem 2.3. Q.E.D.

LEMMA 4.3. Let V(t) be the covariance matrix of the transition probability,
whose explicit form is given in Lemma 3.1.

(i) If
(4.3) S‘:’(dez V()i < oo,

then the process (X, P.) ist ransient. In this case, it holds that
Pz(lirElthzm)zl for every x= R4,
(i) If
(4.4) | et vy rdt=co,
then the process (X, P;) is recurrent.

Proof. For Be ®(R%), we denote by A(B) the Lebesgue measure of B.
(i) For every compact subset K of B¢ and every xeR¢

Px, K)<Q@m) 42K )(det V(t)) /%,

hence by (4.3), Ry(x, K)<<oo, so that Theorem 2.1 is applicable and the process
(X,, P.)is transient. The latter statement can be easily shown by applying the
arguements in the proof of Theorem 2.1,

(ii) By Lemma 4.2, it suffices to show that for every open ball U containing 0,

4.2) R0, U)=o0,

The explicit form of V(t) in Lemma 3.1 implies that V{(#) is increasing in >0,
so its inverse V(¢)™* is decreasing in t>0, hence for every t>1,

C(t)=sup{V(t) 'y, »<C().
yel
Using this we get for t>1,
Pi0, U)=Q2x) %*det V(t))‘”ggve"/w"‘"ly'y>dy
>e M)A U ) det V(1))7H2,

from which and the assumption of (ii), (4.2) follows, and the process (X;, P.)is
recurrent. Q.E.D.

LEMMA 4.4. Let (Y3, Q) be the Gaussian diffusion process on R? associated
with the same A as of (X;, Py) and I4.q (identity) in place of B. If (Y., Q.) is
reccurvent, then (X,, P,) is also recurrent.

Proof. By Example 1 of section 3, (Y,, Q) is irreducible. Denote by V,()
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and V,(t) the covariance matrices of the transition probabilities P;(x, dy) and
Q:(x, dy) of (X,, P,) and (Y;, Q,) respectively. Since (V;, Q) is recurrent, by
Lemma 4.3

Sf(det V() dt = oo .
Note that by Lemma 3.1
Vm:S:eMBeM*ds
and
t
Vz(t):SOQSAesA*dS,

which implies V,({)<||B|| Vu(f). In particular we get
det Vi()<|| B||¢ det Vu(t).
Accordingly we have
Sf(det Vi) dt =oo.
Therefore using Lemma 4.3 again we see that (X;, P.) is recurrent. Q.E.D.

LEMMA 4.5. Let V(t) be the covariance matrix of its transition probability
Pyx, dy). For some 1<m<d, let V,(t) be the principal minor of V(i), that is,

Vu V1m
Vm(t)z V_21 “ Vaom
le me .

Then there is a constant C>0 such that for every t=1,
4.5) det V()= C det V,(t).
Furthermore, if

(4.6) g‘:’(det Vo) 2dt < oo,

the process (X:, P,) is transiedt.

Proof. By virtue of Lemma 4.3, we have only to prove (4.5). Let A()=
A()> +- >24(t) be eigen-values of V(¢). We know for every t>¢' and xR

VD), 52 V)%, x>,
This implies, by the mini-max theorem, that

lj(t)ZZj(t’), ]::1’ 2, -, d,
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if t>=¢#. In particular, if t>1, then

A=k, j=12,--,4d,
where 4, denotes 4,(1). Therefore,
4.7 det V(£)y=2A,(1)A:(t) -+ A4(t)

> (DA(t) -+ An(B)AGT,

if t>1. Applying the mini-max theorem again we see
4.8 A(D)A(E) - Anlt) 2 det Vi (1),
which proves (4.5). Q.E.D.

We are now in position to prove Theorem 4.1. Without loss of generality
we may assume that A is of the real Jordan canonical form, because by a suitable
regular transformation of the state space R¢, the process (X;, P,) is transformed
to another irreducible Gaussian diffusion process having a matrix of the real
Jordan canonical form in place of A and with its recurrence properties unchanged.

Proof of the part (I).

It is easy to see that for every x& R, its transition probability P,(x, -) con-
verges to a Gaussian distribution on R?¢ with the mean vector 0 and the covar-
iance matrix

(4.9) S:e“Be“‘*ds .

It is easy to see that the integral of (4.9) is convergent if and only if every
eigen-value of A has negative real part (see the computation for the case 2 below).
This implies that there is a unique stationary distribution if and only if every
eigen-value of A has negative real part.

Proof of the part (JI)-(a).

By the assumption of (II)-(a),

10 ~b ()
0 A

where ﬁeM(Rd‘g) and all the eigen-values of A have negative real parts. By
Lemma 4.4 we may assume B=I. By (3.1), we get

t12><2 O
V(t(: | .
0 Soe”e“‘*ds
and see
det V(t) ~ Const. t* as t—oo,
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Accordingly, by Lemma 4.3 (ii), the process (X;, P.) is recurrent.
Proof of the part (II)-(b).
The proof is the same as part (II)-(a).

Proof of the part (III).
Recall that we are assuming that A itself is of a real Jordan canonical form.

Under the assumption of irreducibility, all remaining cases in part (III) of Theorem
4.1 can be devided into the following six cases (1)~(6); The cases 1 and 2
correspond to the case when ReA>0 for some eigen-value A of A, and the cases
3~6 correspond to the cases when ReA<0 for all eigen-values A of A except

the cases in part (II).
Case 1.
a 0
A= R
* A
where a>0 and A= M(R¢Y),
Since V(t) is positive definite and by (3.1), we have for x=(l, 0, ---, 0),

0< Viu(t)
={W(t)x, x>

t

:So<e3ABe“*x, x>ds
t

:S e*%he*tds
L]

__lﬂ 2ta __
=9g (e 1).

We can apply Lemma 4.5 with m=1 and conclude that the process is transient.
Case 2.

’a—bO
A=|b a ,
x A

where a>0 and /NleM(Rd'z).
Since
e*®cosbs —e*?sinbs 0

e*4=| e*%sinbs  ¢**cos bs s

* * *

using (3.1) and the fact that

Ya>0, to(a); Vs>t,, e**>s?,
we have



GAUSSIAN DIFFUSION PROCESSES 227
t
Vu(t):gue”[bucoszbs-l—bzzsinzbs-(bm—{—bm)cos bssinbs]ds

ZX: $%[b11 OS2 bs+bypSin®bs —(biz+bs;) cos bssinbs]dss,
0

where we have also employed

by by
(%) ( ) e M (R?).

21 b22
Thus we get

1
Vu(t)_>_ ‘g(bn‘l‘bzz)ta"f‘o(tz)-
It therefore suffices to see

(4'10) b11+b22>0-

But if (4.10) fails, then by (%) b,,=50,,==0, so that V,,(¢)=0, the contradiction.
Case 3.

0 0
A=[1 0
x A

Using (3.1) again we can calculate

Vu(t)=but
1
Vao(t)= -§bul‘3—l—0(l‘2) .

Applying Lemma 4.5 with m=1 to V(¢), we conclude that the process is transient.
Case 4.

0 0

where A= M(R?-%) and D:(g —8) For convenience we here include the case

b=0.
We have by (3.1)
Vll(t):bllt

Voa(t)= V(1)
= 2 (b bt +O()
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Via(t)="Vis
=V,
=0(1).
Since V,(¢)>0 for every >0, b;,>0. And by, +b43>>0 follows from the fact that

0<V22(t>:S:(b22C052b$+bsgsinzbs)ds.
Applying Lemma 4.5 with m=3, we conclude that the process is transient

Case 5.
D 0
A=|1 D s

a~

* Al

where A= M(R*™%), D=(2 _8) and I:((l) (1))
We have by (3.1)
Vu(t): V22(t)

1
= E(bu‘{‘bzz)t‘i‘o(l)

V33<t): V44(t)
= _é'(b11+bzz)t3+o<t2)

sz(t): Vi
= V24

=0(t)
Vis(2)=Vay(t)
= butba)t*+0(t)

Vaul(1)=0(1%).

Since Vi,(¢)>0, we can prove that b,;+5.,,>0 by the same discussion as in the
proof of (4.10) for the case 2. We apply Lemma 4.5 with m=1 to V() and

conclude that the process is transient.
Case 6.
D 0



GAUSSIAN DIFFUSION PROCeSSES 229

where A< M(R*-*) and D:<2 ’“8) (b+0).

We have by (3.1)
Vu(t): sz(t)

1
= '_2"(bu+b22)t+0(1)
V()= V(1)
1
= 'é‘(b33+b44)t+0(1>

Vi(t)= Vaa
=0(1)
V13<t>: Vae(2)

1
= g(bw‘l‘bu)t‘f‘o(l)
1
Vidt)= §(b14—bza)l+0(l)

1
sz(t):‘z—(bzs—bu)t‘l”o(l)
We want to apply Lemma 4.5 with m=4. Let

=lim L V.(1).

100 |
Then
det V(H=tXdet V)+O(t%).

By virtue of Lemma (4.5), we have only to prove
(4.11) det Vi>0.
We have by (3.1)
V=) 3 eubua, (10, j<4),

0k 1

where

cosbs —sinbs 0
sinbs cos bs
(@ axa= .
cosbs —sinbs

0 sinbs cos bs

Since V,,(t) is an integral of a periodic function of s with the period 2z/{5],
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we get
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oo b
=0 V.(2r/1b]),

hence (4.11).
Accordingly, Theorem 4.1 has completely been Proved.

£1]
[2]
[3]
[4]
[5]
L6]
[7]

[9]

[Q.E.D.
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