Kent Academic Repository
Full text document (pdf)

Citation for published version

Clarkson, Peter (2013) Recurrence coefficients for discrete orthonormal polynomials and the
Painlevé equations. Journal of Physics A: Mathematical and Theoretical, 46 (18). ISSN 1751-

DOI
https://doi.org/10.1088/1751-8113/46/18/185205

Link torecord in KAR
https://kar.kent.ac.uk/33120/

Document Version
UNSPECIFIED

Copyright & reuse

Content in the Kent Academic Repository is made available for research purposes. Unless otherwise stated all
content is protected by copyright and in the absence of an open licence (eg Creative Commons), permissions
for further reuse of content should be sought from the publisher, author or other copyright holder.

Versions of research

The version in the Kent Academic Repository may differ from the final published version.

Users are advised to check http://kar.kent.ac.uk for the status of the paper. Users should always cite the
published version of record.

Enquiries
For any further enquiries regarding the licence status of this document, please contact:
researchsupport@kent.ac.uk

If you believe this document infringes copyright then please contact the KAR admin team with the take-down
information provided at http://kar.kent.ac.uk/contact.html

KAR =

Kent Academic Repository



Recurrence coefficients for discrete orthonormal
polynomials and the Painlevé equations

Peter A. Clarkson

School of Mathematics, Statistics and Actuarial Science, University of Kent,
Canterbury, CT2 7TNF, UK

E-mail: P.A.Clarkson@kent.ac.uk

Abstract. We investigate semi-classical generalizations of the Charlier and Meixner
polynomials, which are discrete orthogonal polynomials that satisfy three-term
recurrence relations. It is shown that the coefficients in these recurrence relations
can be expressed in terms of Wronskians of modified Bessel functions and confluent
hypergeometric functions, respectively for the generalized Charlier and generalized
Meixner polynomials. These Wronskians arise in the description of special function
solutions of the third and fifth Painlevé equations.

PACS numbers: 02.30.Gp, 02.30.Hq, 02.30.1k

AMS classification scheme numbers: 34M55, 33E17, 33C47

Submitted to: J. Phys. A: Math. Theor.



Discrete orthonormal polynomials and the Painlevé equations 2

1. Introduction

In this paper we are concerned with the coefficients in the three-term recurrence
relations for semi-classical orthonormal polynomials, specifically for generalizations of
the Charlier and Meixner polynomials which are discrete orthonormal polynomials. It
is shown that these recurrence coefficients for the generalized Charlier polynomials and
generalized Meixner polynomials can respectively be expressed in terms of Wronskians
that arise in the description of special function solutions of the third Painlevé equation

(Prr)

Pw 1 (dw\® 1dw Auw?+B , D
=) =+ == = 1.1
dz? w(dz) " Cw s (11)

z dz z
where A, B, C' and D are arbitrary constants, and the fifth Painlevé equation (Pv)
dw 1 N 1 dw\? 1dw+(w—1)2 " +B
- - - - R - - - 7 w —
dz? 2w w-—1 dz z dz 22 w
Cw  Dw(w+1)

. 1.2
+z+ w—1 ()

Wronskians for special function solutions of Ppyp are expressed in terms of modified
Bessel functions and for Py in terms of confluent hypergeometric functions.

The relationship between semi-classical orthogonal polynomials and integrable
equations dates back to the work of Shohat [51] in 1939 and later Freud [26] in 1976.
However it was not until the work of Fokas, Its and Kapaev [21, 22| in the early 1990s
that these equations were identified as discrete Painlevé equations. The relationship
between semi-classical orthogonal polynomials and the (continuous) Painlevé equations
was demonstrated by Magnus [37] in 1995. A motivation for this work is that recently
it has been shown that recurrence coefficients for several semi-classical orthogonal
polynomials can be expressed in terms of solutions of Painlevé equations, see, for
example, [2, 4,5, 7,9, 10, 11, 14, 15, 17, 18, 19, 25, 52, 56, 57].

This paper is organized as follows: in §2 we review properties of Py (1.1) and
Pv (1.2), including special function solutions and the Hamiltonian structure of these
equations; in §3 we review properties of orthogonal polynomials and discrete orthogonal
polynomials; in §4 we derive expressions for the recurrence coefficients for the generalized
Charlier polynomials in terms of Wronskians that arise in the description of special
function solutions of Pyyr; in §5 we derive expressions for the recurrence coefficients for
the generalized Meixner polynomials in terms of Wronskians that arise in the description
of special function solutions of Py; and in §6 we discuss our results.

2. Painlevé equations

The six Painlevé equations (P1—Py;) were first discovered by Painlevé, Gambier and
their colleagues in an investigation of which second order ordinary differential equations
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of the form

dz? dz’

where F is rational in dw/dz and w and analytic in z, have the property that their

2
dw F (dw w,z) , (2.1)

solutions have no movable branch points. They showed that there were fifty canonical
equations of the form (2.1) with this property, know known as the Painlevé property.
Further Painlevé, Gambier and their colleagues showed that of these fifty equations,
forty-four are either integrable in terms of previously known functions (such as elliptic
functions or are equivalent to linear equations) or reducible to one of six new nonlinear
ordinary differential equations, which define new transcendental functions (see Ince [31]).
The Painlevé equations can be thought of as nonlinear analogues of the classical special
functions [13, 20, 28, 33|, and arise in a wide variety of applications, for example random
matrices, see [23, 50] and the references therein.
The Painlevé equations Pr;—Py possess hierarchies of solutions expressible in terms
of classical special functions, cf. [13, 28, 40] and the references therein. For Py (1.1)
these are expressed in terms of Bessel functions [42, 43, 48], which we discuss in §2.1,
and for Py (1.2) in terms of confluent hypergeometric functions (equivalently, Kummer
functions or Whittaker functions) [47, 40, 58|, which we discuss in §2.3.
Each of the Painlevé equations P;—Py; can be written as a (non-autonomous)
Hamiltonian system. For Py (1.1) and Py (1.2) these have the form
do_on, dp_ om
dz op’ dz dq '
for a suitable Hamiltonian function H;(q,p,z) [34, 45, 47, 48], which we discuss in

J =TI,V

§2.2 and §2.4. Further, the function o(z) = H;(q, p, z) satisfies a second-order, second-
degree equation, which is often called the Jimbo-Miwa-Okamoto equation or Painlevé o-
equation, whose solution is expressible in terms of the solution of the associated Painlevé
equation [34, 46, 47, 48]. Hence there are special function solutions of these equations,
which are also discussed in §2.2 and §2.4.

2.1. Special functions solutions of the third Painlevé equation.

In the generic case when C'D # 0 in Py (1.1), then we set C' =1 and D = —1, without
loss of generality, so in the sequel we consider the equation

Pw 1 (dw\® 1dw Aw*+B 4 1

=) e = S— 2.2

dz* w(dz) P T (22)
Special function solutions of (2.2) are expressed in terms of Bessel functions, see
(42, 43, 48].

Theorem 2.1. Equation (2.2) has solutions expressible in terms of Bessel functions if
and only if

e1A+eB=4n+2, (2.3)
withn € Z and €1 = £1, €5 = £1 independently.
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Proof. See Gromak [27], Mansfield and Webster [38] and Umemura and Watanabe [55];
also [28, §35]. O

An alternative form of Py, due to Okamoto [45, 46, 48], is obtained by making the
transformation w(z) = u(t)/V/, with ¢t = 122, in (2.2) giving

d2u71 du\? 1du+Au2+B+u3_1 (2.4)
dt? w \ dt ’ '

t det 2t2 2t U
which is known as Pyp. Equation (2.4) has solutions expressible in terms of solutions
of the Riccati equation

d
td—lg = c1u® + vu + est, (2.5)

if and only if A and B satisfy (2.3). To solve (2.5), we make the transformation

u(t) = —€1t ln %( )
then v, (t) satisfies

d?y, di, _
t 2 +(1— )F +e182¢, =0, (2.6)
which has solution
e eneh). ot et
e { G2V + O, <2ﬁ>} if e =-1 e=-1
bult) = 20
P {OLEVD ORI a1 s=-L,
\ t‘”/Q{ L(2Vt) + G2 K. (2\/5)} it e=-1 &=1

with C7 and Cy arbitrary constants, and where J,(z), Y, (2), I,(2) and K,(z) are Bessel
functions.

2.2. Hamiltonian structure for the third Painlevé equation.
The Hamiltonian associated with Pryp (2.4) is
Hur(q,p,t) = ¢°p* — (¢ +200q — t) p+ (6o + 0, (2.8)

with 6y and 0, parameters, where p and ¢ satisfy

t% = 2¢°p — ¢* — 20pq + t,
dp
dt

see Okamoto [45, 46, 48]. Eliminating p then ¢ = u satisfies Py (2.4) with (A, B) =

(—40,4(00 + 1)).

The second-order, second-degree equation satisfied by the Hamiltonian function is

= —2qp* + 2qp + 200p — (0 + 0),

given in the following theorem.
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Theorem 2.2. The Hamiltonian function
o(t) = tHur(q,p,t) — %t + 65,

with Hyr (g, p,t) given by (2.8), satisfies the second-order, second-degree equation

d20\ do\? do do

t—5 A=) —1p(t—— 4000 — = 6 + 6% 2.9
(dt2> +{ (dt) }(dt “)Jr WWocqy =0T 0 (2.9)
Proof. See Okamoto [46, 48]; see also [24]. O

The special function solutions of (2.9) are given in the following theorem.

Theorem 2.3. Let 7,,,(t) be the determinant given by

wu 6t(w1/) e 52%1(1/11/)
G(w) B e 8| d

2.1
SR CRT)

0 I . .
TN W) Op() e 6T (W)
with ¥, (t) a solution of (2.6). Then special function solutions of (2.9) are given by
on(tiv,e1,80) = 6i(InT,, (1) + 2ereat + 2% + In(1 —ev) — In?, (2.11)
for the parameters
0o = 3(v +n), O = 3e162(v — ).
Proof. See Okamoto [48]; see also [24]. O

4

The determinant 7, ,,(¢) given by (2.10) is often called a “r-function”, see [48].

2.3. Special functions solutions of the fifth Painlevé equation.

In the generic case when D # 0 in Py (1.2), then we set D = —3, without loss of

generality, so in the sequel we consider the equation

d2w 1 1 dw\? 1dw (w—1)2 B
@:(ﬁ+m)(a) 7&*7(“*5)
Cw w(w+1)
z 2w—1)

Special function solutions of (2.12) are expressed in terms of confluent hypergeometric

+

(2.12)

functions (equivalently Kummer functions or Whittaker functions), see [47, 40, 58].

Theorem 2.4. FEquation (2.12) then has solutions expressible in terms of Kummer
functions if and only if

a+b+e3C =2n+1, (2.13)
or

(a—n)(b—n)=0, (2.14)
where n € N, a = £1v/2A and b = e5v/—2B, with e;==1, j =1,2,3, independently.
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Proof. See Okamoto [47], Masuda [40] and Watanabe [58]; also [28, §40]. O

In the case when n = 0 in (2.13), then (2.12) has solutions in terms of the associated
Riccati equation

d
zd—w = aw® + (b — a + e3z)w — b. (2.15)
2
If @ # 0, then (2.15) has the solution
z d
= ———1
w(z) =2 Tinp(z),

where p(z) satisfies

d? d
sz—;g+z(a—b+1—5gz)d—f—abcp:0,

which has solution

( L{OM (b1 +a+b,2) +CoU(b,1+a+b2)}, if e3=1,

Z) =

e {CIM(1+a,14+a+b,2)+CU(l+a,1+a+b2)}, if e3=—1,

with C; and Cy arbitrary constants, and where M (o, 3, 2) and U(«, 3, z) are Kummer
functions.
2.4. Hamiltonian structure for the fifth Painlevé equation.
The Hamiltonian associated with (2.12) is

Hv(g,p,z) = qlg—1)°p* = {(b+0)¢* — (2b+ 0 — 2)q + b}p — 1{a* — (b + 0)*}q, (2.16)

with a, b and 6 parameters, where p and ¢ satisfy

d
Zd—f =2¢(q—1)°p— (b +0)¢* + (20 +0 — 2)q — b,
d
2 = ~(8g = 1)(g = Dp* +2(b+ O)ap — (26 + 0 — 2)p+ H{a® — (b +0)*},

see Jimbo and Miwa [34] and Okamoto [45, 46, 47]. Eliminating p then ¢ = w satisfies
(2.12) with (A, B,C) = (3a%, —3b* —0 — 1).

The second-order, second-degree equation satisfied by the Hamiltonian function is
given in the following theorem.

Theorem 2.5. The Hamiltonian function
o(z) = zHv(q,p,2) + $(2b + 0)z — £(2b + 6)?,

with Hvy(q, p, z) given by (2.16), satisfies the second-order, second-degree equation

2
20\ ? do\? d L /d
(zd—;> —{2 (i) —zd—Z+a} +4H(d—2+nj>:0, (2.17)
i=1

with parameters

_ 1 1 _ _ 1 1 _
k1 =30+ 350, Ke=30—35a, K3=—30+35b, Kyg=—30—3b
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Proof. See Jimbo and Miwa [34] and Okamoto [46, 47]. O

The special function solutions of (2.17) are given in the following theorem.
Theorem 2.6. Let W, () be the determinant given by

P 0-(v) -+ OrTH(Y)

Way) = ) &W) 51;?@), 5= 2L (2.18)

) r() e 0TE(Y)
and define @q p(z) by
Yo p(z) = CiM (o, B, 2) + CoU (e, 5, 2),

with Cy and Cy arbitrary constants, and where M («, 3, 2) and U(a, 3, 2) are Kummer
functions. Then special function solutions of (2.17) are given by

on(z;0,8) = 6.(In W, (¢ap)) — }l(Sn +2a—(F—1)z

—2p? — 120 =38 - 1)n— (20— B —1)%, (2.190)
on(zia, B) = 0.(In W, (2Ppap)) — 2(3n+2a — B — 1)z
52 1204 f— n— 20— §— 1) (2.19%)

for the parameters

k1 =120 — 6+ 3n—1), Ko =120 —f—n—1),

Ky =—12a—33+n+1), ki=—12a++n-3),
and

ou(zi, B) = 8.(In W (e % pap)) + 1(3n — 20 + 5 — 1)z

=+ 120 =38+ 1)n — 2(2a — 3+ 1)%, (2.19¢)

for the parameters

k1= 32a—F—-3n+1), Ko =120 —f+n+1),

Ky = —1(200— 38 —n+ 3), ki=—12a+p—n—1).

Proof. This result can be inferred from the work of Forrester and Witte [24] and
Okamoto [47]. O

3. Orthonormal polynomials

3.1. Continuous orthonormal polynomials

Let p,(z), for n € N, be the orthonormal polynomial of degree n in z with respect to a
positive weight w(z) on (a,b), which a finite or infinite open interval in R, such that

b
/ Po(2)pu () () Az = Gy,
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with d,,, the Kronekar delta. One of the most important properties of orthogonal
polynomials is that they satisfy a three-term recurrence relationship of the form

:Bpn(l‘) = an—&-lpn—&-l(x) + bnpn(x) + anpn—l(m)v (3'1)

where the coefficients a,, and b,, are given by the integrals

o= [(em@pa@ewan b= [ e

with p_j(z) = 0. The coefficients in the recurrence relationship (3.1) can also be
expressed in terms of determinants whose coefficients are given in terms of the moments
associated with the weight w(x). Specifically, the coefficients a,, and b,, in the recurrence
relation (3.1) are given by

A, A, A A
2 n+l12n—1 n+1 n
S U b, = - — 3.2
an A% ? AnJrl An ( )
where the determinants A, and A, are given by
Ho M1 ... Hp—1 Ho M1 fip—2 Hn,
A= | B e R e e (g
Mn—1 Hn .. H2n—2 Hn—1 Hpn .. Hop—3 Hon—1

forn=0,1,2,...,with Ag =1, A_; =0and 30 = 0, and pg, the kth moment, is given
by the integral

b
p,k:/ z*w(z) dz. (3.4)

A characterization of classical orthogonal polynomials (such as Hermite, Laguerre
and Jacobi polynomials), is that their weights satisfy the Pearson equation

d

I 0 @w(@)] = T(2)w(z), (3.5)
where o(z) is a monic polynomial with deg(c) < 2 and 7(x) is a polynomial with
deg(7) = 1, cf. [1, 6, 12]. If the weight function w(z) satisfies the Pearson equation
(3.5) with either deg(c) > 2 or deg(7) > 1, then the orthogonal polynomial is said to
be semi-classical, cf. [29, 39].

For further information about orthogonal polynomials see, for example, the books
by Chihara [12], Ismail [32] and Szegé [54].

3.2. Discrete orthonormal polynomauals

One can also define orthogonal polynomials on an equidistant lattice, rather than an
interval. Consider the discrete orthonormal polynomials {p,(z)}, n =0,1,2,... , with
respect to a discrete weight w(k) on the lattice N

Z pn(k)pm(k)w(k) = Omn;
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which also satisfy the recurrence relation (3.1).
The moments p, of the discrete weight w(k) are given by

un:Zk”w(k:), n=20,1,2,...,
k=0

and, as for the continuous orthonormal polynomials in §3.1 above, the coefficients in the
recurrence relation are given by (3.2), with the determinants A,, and A,, given by (3.3).
In the special case when the discrete weight has the special form

w(k) = c(k)2", z >0,

which is the case for the Charlier polynomials C,,(k;z) and the Meixner polynomials
M, (k; o, z) (see §4.1 and §5.1 below, respectively), then

G d
— n k — AN = y—
fin(2) ; Kre(k)eh =0 (m), =2 (3.6)
Consequently the determinants A, (z) and A, (z) given by (3.3) have the form
1o 0:(po) .. 027 (ko)
Js 52 ce.on
AL(s) = (.MO) Z(HO) ' 2 <.MO> |
02 (po) 02 (po) .. 02" (o)
1o 0:(p0) o 02 %(ko) 02 (po)
~ J. 52 coooont grtt
An(2> _ (IU’O) Z(,UO) ' z (/1“0> z (:u ) :
02 (ko) O2(po) .. 02" (po) 02" (ko)

respectively. Hence we have the following result.

Theorem 3.1. If the moment u,(z) has the form (3.6), then the determinants A,(z)
and A, (z) can be written in the form

An(2) = Wa(o), zn(Z) = 6. Wh(po), (3.7)
where W, (V) is defined by (2.18).

Some properties of the recurrence coefficients a,(z) and b,(z) are given in the
following theorem.

Theorem 3.2. If the moment u,,(z) has the form (3.6), then the recurrence coefficients
an(z) and b,(z) in (3.1) satisfy the Toda system

0-(ap) = ap(by — bp-1), 0-(bn) = apyy — ap,. (3.8)
Further the determinant A, (z) satisfies the Toda equation
ARSI VAV
5g(lnAn):%, n=12....

Proof. See [35, 48, 53]; see also [44]. O
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Theorem 3.3. The recurrence coefficients a,(z) and b,(z) in (3.1) can be expressed in
the form

(3.9)

2(2) = 2(IWa(o)),  bul2) = 6. <1nM) |

Wn(:uo)
Proof. Applying Theorem 3.1 to (3.2) gives the result. O
As discussed in §3.1 above, classical orthogonal polynomials are characterized by the

Pearson equation (3.5). Analogously discrete orthogonal polynomials are characterized
by the discrete Pearson equation

Alo(k)w(k)] = (k) (k), (3.10)
where A is the forward difference operator

Af(k) = f(k+1) = f(k),
o(k) is a monic polynomial with deg(c) < 2 and 7(k) is a polynomial with deg(7) = 1.
A discrete Pearson equation can also be defined using the backward difference operator
VIk) = f(k) = f(k=1).
If the discrete weight w(k) satisfies (3.10) with either deg(c) > 2 or deg(r) > 1, then
the discrete orthogonal polynomial is said to be semi-classical, cf. [16].
For further information about discrete orthogonal polynomials see, for example,

the books by Beals and Wong [3, Chapter 5|, Chihara [12, Chapter VI] and Ismail [32,
Chapter 6].

4. Charlier polynomials and generalized Charlier polynomials

4.1. Charlier polynomials

The Charlier polynomials C,,(k; z) are a family of orthogonal polynomials introduced in
1905 by Charlier [8] given by

Colk; 2) = oFy (—n, —k;; —=1/2) = (=1)"nILE M (=1/2) ) 2>0, (4.1)

where 9 Fy(a, b;; z) is the hypergeometric function and L%a)(z) is the associated Laguerre
polynomial, see [3, 12, 32, 49]. The Charlier polynomials are orthogonal on the lattice
N with respect to the Poisson distribution

w(k) = z >0, (4.2)

H?
and satisfy the orthogonality condition

= ¢ nle?

> Culh: 2)Culhs2) oy = "5,

k=0
The weight (4.2) satisfies the discrete Pearson equation (3.10) with

o(k) =k, (k) =2z —k.
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From (4.2), the moment p(2) is given by

po(2) = Z i e”.
k=0

Hence from Theorem 3.1, the Hankel determinant A, (z) is given by

n—1

An(2) = Waluo) = 2" 1% TT (R,

k=1
and so from Theorem 3.3 the recurrence coefficients are given by
ap(2) = 6;(In Wy (10)) = nz,

bu(2) =9, (ln %) =n+ z.

4.2. Generalized Charlier polynomials

Smet and van Assche [52] generalized the Charlier weight (4.2) with one additional
parameter through the weight function
I'G+1)z"

w(z) = .

FG+1+4+z)I'x+1)

with § a parameter such that § > —1. This gives the discrete weight

k
w(k) =

_
B+ 1)kl
where (84 1)y =I'(8+ 1+ k)/T'(8 + 1) is the Pochhammer symbol, on the lattice N.
The weight (4.3) satisfies the discrete Pearson equation (3.10) with
o(k) = k(k+8), (k) = —k* — B + =,

and so the generalized Charlier polynomials are semi-classical orthogonal polynomials.
The special case f = 0 was first considered by Hounkonnou, Hounga and Ronveaux [30]

z >0,

z >0, (4.3)

and later studied by van Assche and Foupouagnigni [57].
For the generalized Charlier weight (4.3), the orthonormal polynomials p,,(k;z)
satisfy the orthogonality condition

Zk;

kgopm(k; 2)pn(k; Z)m = Omyns

and the three-term recurrence relation
TP (x5 2) = g1 (2)pns1(x; 2) + b,(2)pn(; 2) + an(2)pr_1(z; 2), (4.4)

with py(z;2) = 0 and po(z;2) = 1. Our interest is determining explicit expressions for
the coefficients a,(z) and b,(z) in the recurrence relation (4.4).

Smet and van Assche [52, Theorem 2.1] proved the following theorem for recurrence
coefficients associated with the generalized Charlier weight (4.3).
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Theorem 4.1. The recurrence coefficients a,(z) and b,(z) for orthonormal polynomials
associated with the generalized Charlier weight (4.3) on the lattice N satisfy the discrete
system

(a71 — 2)(a; — 2) = 2(by — n) (b, — 1+ ),
by + o1 —n+B+1=nz/a,

with initial conditions

(4.5)

VELAvE)
15(2v/7) T

with I,(x) the modified Bessel function.

2=, b= YEIVE) o snpom),

Smet and van Assche [52, Theorem 2.1] show that the system (4.5) is a limiting
case of a discrete Painlevé equation, namely the first dPyy in [56, p. 723].

Using the discrete system (4.5) and the Toda system (3.8), Filipuk and van Assche
[18] show that the recurrence coefficient b,, can be expressed in terms of solutions of a
special case of Py which can be transformed into Py;. However their proof is rather
involved and several details are omitted due to the size of expressions involved. Further
Filipuk and van Assche [18] do not quite explicit expressions for the the recurrence
coefficients a,, and b,

The relationship between the recurrence coefficients a,(z) and b,(z) and classical
solutions of P can be shown in much more straightforward way and also obtain explicit
expressions for these coefficients. First we obtain explicit expressions for the moment
to(z) and the Hankel determinant A, (z).

Theorem 4.2. For the generalized Charlier weight (4.3) the moment po(2) is given by

()= 2 gy = TG+ D), (16
with I,(x) the modified Bessel function, and the Hankel determinant A,(z) is given by

An(z) = PO Wa (=2 15(27) ). (4.7)
Proof. Since the modified Bessel function I, (z) has the series expansion [49, §10.25.2]

(%x)Qka

Il/ - )
(2) %k!r(wmm

then the expression (4.6) for the moment puo(z) follows immediately. Then using
Theorem 3.1, we obtain the expression (4.7) for the Hankel determinant A, (z). O
Hence we obtain explicit expressions for the recurrence coefficients a,(z) and b, (z).

Corollary 4.3. The coefficients a,(z) and b,(2) in the recurrence relation (4.4) have
the form

a2(2) = 2(InAn(2)),  bu(2) = 0. (m AA%ES)) , (4.8)

with A, (z) given by (4.7).
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Proof. These follow immediately from Theorem 3.3. m

Finally we relate the Hankel determinant A, (z) to solutions of (2.9), the Pyyp o-
equation.

Theorem 4.4. The function
Sn(2) = 6,(InA,(2)), (4.9)
with A, (z) given by (4.7), satisfies the second-oder, second-degree equation

(43) -]

)
dz
ds, [/dS. ds
—4——" == -1 — G, +1 —1)]. 4.1
5 ( i ) {z P Sp+ 3n(n —1) (4.10)
Proof. Equation (4.10) is equivalent to (2.9) through the transformation
Sa(z) =0(2) + 2z +4in* = In(B+1) — i5°, (4.11)
with Y9 = n + # and ¥ = n — 3, as is easily verified. Then comparing (4.11), with S,
given by (4.9), to (2.11), with v = 3, e; = —1 and &, = 1, gives the result. m

5. Meixner polynomials and generalizations

5.1. Meixner polynomials

The Meixner polynomials M, (k;«, z) are a family of discrete orthogonal polynomials
introduced in 1934 by Meixner [41] given by

M, (k;a,z) = oF) (—n, —k; —a; 1 — 1/2), 0<z<1, (5.1)

with « > 0, where yF}(a, b; c; z) is the hypergeometric function, see [3, 12, 32, 49]. In
the case when @« = —N, with N € N and z = p/(1 — p), these polynomials are referred
to as the Krawtchouk polynomials for & € {0,1,..., N}

which were introduced in 1929 by Krawtchouk [36]. The Meixner polynomials (5.1) are
orthogonal with respect to the discrete weight

() 2F

k7
and satisfy the orthogonality condition

w(k) =

a>0, z>0, (5.3)

(a) 2* nlz"

K (a)a(l—2)e

Z M, (k; o, z2) M, (k; ., 2) Smon-
k=0

The weight (5.3) satisfies the discrete Pearson equation (3.10) with
o(k) =k, (k) = (z — D)k + za.
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From (5.3), the moment p(2) is given by

Hence from Theorem 3.1 that the Hankel determinant A, (2) is given by

on(n—1)/2 n—1 | -
An(z) = Wa(po) = PR ]}'[1 Ko+ k)",
and so, from Theorem 3.3, the recurrence coefficients are given by
2,y nnt+a—1)z
an(2> - (1 . 2’)2 )
ba(z) = n+ (n+ oz)z.
1—-2

5.2. Generalized Meixner polynomials

In a similar way to that for the Charlier weight above, Smet and van Assche [52]
generalized the Meixner weight (4.2) with one additional parameter through the weight
function the weight function

[la+2)T(5) 2"

= 0
O = rargrarerny 070
with «, 8 > 0, which gives the weight
(@)r 2"
w(k) = , z > 0. 5.4
(k) Bkl (5.4)

The weight (5.4) satisfies the discrete Pearson equation (3.10) with
o(k)=k(k+5-1), (k) = —k* + (2 + 1 — B)k + 2q,

and so the generalized Meixner polynomials are semi-classical orthogonal polynomials.

Boelen, Filipuk and van Assche [4] considered the special case of (5.4) when =1
and showed that the recurrence coefficients a, and b, satisfy a limiting case of an
asymmetric dPpy equation. We note that the special case o = 3 gives the classical
Charlier weight (4.2) and the case a = 1 corresponds to the classical Charlier weight on
the lattice N+ 1 — .

For the generalized Meixner weight (5.4), the orthonormal polynomials p,(k;z)
satisfy the orthogonality condition

> « ka
itk pulhs ) (G 1y = B

and the three-term recurrence relation
TP (75 2) = A1 (2)Pns1 (5 2) + bn(2)pn (25 2) + an(2)pn-1(7; 2), (5.5)

with pi(z;2) = 0 and po(x;z) = 1. As for the generalized Charlier weight (4.3), our
interest is determining explicit expressions for the coefficients a,(z) and b,(z) in the
recurrence relation (5.5).
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Smet and van Assche [52, Theorem 2.1] proved the following theorem for recurrence
coefficients associated with the generalized Meixner weight (5.4).

Theorem 5.1. The recurrence coefficients a,(z) and b,(z) for orthonormal polynomials
associated with the generalized Meixner weight (5.4) on the lattice N satisfy

2

n —

bp=n+a—-0+z—(a—1)y/z.

a; =nz— (a— 1)z,

where x,, and vy, satisfy the discrete system

(mn + yn)(xn-l—l + yn) = az—_glyn(yn - Z) (yn -z - 6) )
(a — Dy (x, + 2) (xn—i—za_ﬁ) ’

(= 1)z, —nz

(Tn + Yn) (T + Yn1) =

with initial conditions
az M(a+1,8+1,z) d

ﬁ M(oz,ﬁ,z) :Z&IHM(OQB,Z),

and M(«, 3, z) is the Kummer function.

CLSIO, b():

We note that M («, 3, 2) = 1 Fi(«, 5, ), the confluent hypergeometric function [49,
§13]. Smet and van Assche [52] show that the discrete system (5.6) can be identified as
a limiting case of an asymmetric dPyy equation. Filipuk and van Assche [17] show that
the system (5.6) can be obtained from a Bécklund transformation of Py (1.2).

Using the discrete system (5.6) and the Toda system (3.8), Filipuk and van Assche
[17] show that the recurrence coefficients a,(z) and b, (z) are related to classical solutions
of Py (1.2), for the parameters

A=La-1? B=-in+a-p8)? C=e(n+p), D=-1

with ¢ = +1. However their proof is rather cumbersome and most of the details are
omitted due to the size of expressions involved. Further Filipuk and van Assche [17] do
not quite explicit expressions for the the recurrence coefficients a,, and b,,.

In an analogous way to that for the generalized Charlier polynomials in §4.2
above, the relationship between the recurrence coefficients a,(z) and b,(z) and classical
solutions of Py can be shown using a much more straightforward way and also obtain
explicit expressions for these coefficients. First we obtain explicit expressions for the
moment 1iy(z) and the Hankel determinant A, (z).

Theorem 5.2. For the generalized Meizner weight (5.4) the moment po(z) is given by
k

(@2

= =M .

MO(Z) Z (6)14 k! (Oé,ﬁ,Z), (5 7)
k=0

with M (o, 3, z) the Kummer function, and the Hankel determinant A,(z) given by

A (2) = Wh(M(a, 5, 2)). (5.8)
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Proof. Since the Kummer function M («, (3, z) has the series expansion [49, §13.2.2]

M(a, B, z) = Z (@

z
' ?
o=y (B Al
then the expression (5.7) for the moment po(z) follows immediately. Then we use
Theorem 3.1, to obtain the expression (5.8) for the Hankel determinant A,,(z). O

Hence we obtain explicit expressions for the recurrence coefficients a,(z) and b, (z).

Theorem 5.3. The coefficients a,(z) and b,(2) in the recurrence relation (5.5) have
the form

A,
a2(z) = 82(InA,(2)),  ba(z) =6, (m ﬁg)) : (5.9)
with A, (z) given by (5.8).
Proof. These follow immediately from Theorem 3.3. O]

Finally we relate the Hankel determinant A, (z) to solutions of (2.17), the Py o-
equation.

Theorem 5.4. The function
Sn(z) = 0.(InA,(2)), (5.10)
with A, (z) given by (5.8), satisfies the second-oder, second-degree equation
425, \? ds, ?
( ) :{(z+n+ﬂ—1) —Sn—%n(n—1+2a)}

: dz? dz

ds, [dS, ds, 1
_4dz (dz —n—a+ﬂ> [zdz —Sn—i—gn(n—l)}. (5.11)

Proof. Equation (5.11) is equivalent to (2.17) through the transformation
Sn(2) =0(2) + 120 = B+3n— 1)z + 2n° + 1 (20 = 38 — )n+ £ (2a — 3 — 1)%, (5.12)
with parameters

k1= 1(2a — f+3n—1), Ko =12a—f—n—1),

kg =—32a++n-3), ke =—12a—38+n+1),

as is easily verified. Then comparing (5.12), with S,, given by (5.10), to (2.19a) gives
the result. O
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6. Discussion

In this paper we have studied semi-classical generalizations of the Charlier polynomials
and the Meixner polynomials. These discrete orthogonal polynomials satisfy three-
term recurrence relations whose coefficients depend on a parameter. We have shown
that the coefficients in these recurrence relations can be explicitly expressed in terms
of Wronskians of modified Bessel functions and Kummer functions, respectively.
These Wronskians also arise in the description of special function solutions of the
third and fifth Painlevé equations and the second-order, second-degree equations
satisfied by the associated Hamiltonian functions. The results in this paper are more
comprehensive than those in [18] for generalized Charlier polynomials and in [4, 17]
for generalized Meixner polynomials. The link between the semi-classical discrete
orthogonal polynomials and the special function solutions of the Painlevé equations
is the moment for the associated weight which enables the Hankel determinant to be
written as a Wronskian. In our opinion, this illustrates the increasing significance of the
Painlevé equations in the field of orthogonal polynomials and special functions.
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