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ABSTRACT: In this paper we derive some recurrence formulae which can be

n
usednto calculate the Fourier expansions of the functions (:g-) cosmv and

(§ ) sinmv in terms of the eccentric anomaly E or the mean anomaly M. We
also establish a recurrence process for computing the series expansions for
all n and m when the expansions of iwo basic series are known. These basic
series were given in explicit form in the classical literature. The recurrence
formulae are linear in the functions involved and thus make very simple the

computation of the series.
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1. INTRODUCTION

In the deveclopment of the disturbing functions in the lunar and planetary
theories it is required to find the developments in terms of the mean anomaly

M of the functions
n,m r ! n,m r '
3 = <§> cosmv and ¥’ = <§> sinmv (1.1)

where a is the semi major-axis, r the radial distance and v the true anomaly
" in elliptic motion. The functions were first consiaered by Hansen in his
Fundamenta (Ref. 1). For each specific pair of values of n and m where n is a
positive or negative integer and m is a positive integer, after a series of trans-
formations he arrived to express én,m and \Ifn'm in terms of the expansions of

2 -2
r r 5 s . -
(;) and <5> and their derivatives with respect to the eccentricity e.

In general we have

Il
r n,m n,m n,m
<g>cosmv=Ao +A; cosM + A, cos 2M +- .-

(1.2)
r Y\ n,m n,m
<§>sinmv=B,' sinM + B,  sin 2M +---
n,m  n,m n,m -
The coefficients Ay" , A" ,...,B; ,..., called the Hansen's coefficients,

are functions of e. Later, in another memoir (Ref. 2} Hansen derived very
general formulae for the computation of these coefficients. But still the cal-
culation is not c.sy because it involves Lagrange expansions and multiplication
of hypergeometric series so that in 1861 when Cayley established his extensive
tables of the Hansen's coefficients for the values of n from -5 to 4, and m from
0 to 5, to the seventh order in e {Ref.3), he preferred to use similar tables
previously computed by Leverrier (Ref. 4) as an easy approach to the problem.
Leverrier himself has used the Cauchy's numbers to calculate his tables. Re-

cently Munsen used the eccentric anomaly E in his modified Hansen's theory.

With the current required accuracy in the computation of satellite orbits

which can heave arbitrarily large values for the eccentricity, it is desirable te




have a recurrence process which can be used to generate tables for the expan-
sions of the functions (1.1) in any of the three anomalies and to a higher order
in the eccentricity, with a minimum number of computations involved. The

establishment of such a process is the purpose of this paper.

2. DIFFERENTIAL EQUATIONS

In this section we shall derive a homogeneous linear differential equation

of the secoad order which is satisfied by the functions (1.1).
Consider the vector equation
X = A()X (2.1)

where A is the 2 X 2 matrix
f,(t) o(f, -1)
Aft) = . (2.2)
Blf-f2)  f2(t)

where {;(t) and f;(t) are two arbitrary functions of t of the class C!, and @ and
B are two arbitrary constants. It can ke shown that A(t) is the most general
2 X 2 matrix which commutes with its integral. For this paper it suffices to

prove the following theorem.

Theorem. The equation (2.1) where A(t) is given by (2. 2) can be transformed

into a homogeneous linear equation with constant coefficient.

Proof: Let
X = exp(—;-g(f, +fz)dt> Z (2.3)

X =3(f; +5) exp( ) Z+exp( )Z = exp( JAZ
Dividing out by exp { )

Z =[A-3f, +)1]Z
or

Z =(f, - f;)BZ (2.4)




where B is the constant matrix
. -
B

B = (2.5)
» -

By using the new independent variable s such that

s = S‘(fl - f3)dt (2.6)
we have the required equation

dZ _ 7

= - BZ (2.7)

Now, the equivalent second order differential equation of the system

(2.1) is

¥ - [fl +f,+ 02 'fstc Bz =fafe L pais gy —flfz]x =0 (2.8)
f -1z L fi -2

where x is any of the two components of X. Since the characteristic equation
of the system (2.7) is
’ N o=ap+ 4 (2.9)

we immediately have, through the changes of variables (2.3) and (2. 6), for the

general solution of (2. 8)

N =aep+4 >0

7/ .
x{t) = exp (—%S‘(fl +fz)dt>[C1 exp (x§(f1 -f2)dt) +C: exp(-x‘S(fl - fz)dt):}

<0

exp (J,S}f, +fz)dt>[clcos '\/-?g(fl -£;)dt+C,sin 'J-—x"S(fl -fz)dtJ

(2.10)

N

If ap +

x(t)

If aB++4 =0

/ el »
x(t) = exp K%\S(f; +fz)dt>[C1 S(fl -f)dt + Cz:l




W
We observe that the functions <1; ) cos mv and (E

sin mv are special
\ a

cases of the second solution in (2,10) with t = v.

Let
= -(ap +3)=m?

ap( y(fﬂ“fz)dv) < ) - H‘Lcis)v)

S‘(f, -f2)dv = v

we can deduce

nesinv 1 nesinv 1

0V = Toecosy T M " Togcogy ™ 2 (2.10

By substituting into (2. 8) we have the differential eq\iétion which is satis-
fied by (1. 1)

d®’x 2nesinv dx »  n?elsin®v nele +cos v)

dv? 1+ecosv dv +[m (1+e cos v _(l-i—ecosv)z ]x=0 (2.12)

. n,m n,m . .
If we consider &’ and ¥ as functions of the eccentric anomaly E,

then by the change of variables

N1 - e? sinE

smv = l1-ecosE

cosE - e ' :

=z 2220 " 2,
cosv l1-ecosE (2.13)
dg _ __1

e = _'\/-—1—-=ez— (1-ecosE)
we have the differential equation with E as the independent variable
(1- e cos EY d’x —=3 +(1-2n)e sin E(1- ecosE)
+[(1-e®)(m? -n%)+n(2n-1)(l1-ecosE) -n(n-1(l -ecosE)?]x = 0 (2.14)

Finally if we consider a™™ and ¥"™ as functions of the mean anomaly

M, then by the transformation




M=E-esin E
9}\_/{_=1- . {2.15)
a5 e cos

we have the differential cquation which is satisfied by 2™ and \Ifn’m, con-

sidered as functions of M.

2
_ 2 d’x _ . _ _dX
(1 e cos E) d—l{/l—z' + 2(l1-n)e smEd—M

(2.16)

1 [(1-e®)(m?-n®)+n(2n-2)(l-ecosE)-n(n-1){l-ecos Ef*]x = 0

—_—
(I-ecosE)?
In the last equation the coefficients are to be expressed in terms of M

using the Kepler's equation (2.1 5).

The differential equations (2.12), (2.14) and (2.16) with respectively the
true anomaly v, the eccentric anomaly E, and the mean anomaly M as inde-
pendent variable will serve as basic equations in the derivation of the recur-
rence formulae ior the series expansions of o™ and @™ in each of the
three anomalies. In the following we shall consider the expansions in E and in

M.

3. FOURIER EXPANSIONS IN TERMS OF E

Let n
xB - g f - (§> exp (imv) (3.1)

,m . . .
We have seen that X'''", considered as function of the eccentric anomaly E,

satisfies the differential equation

den,m n,m
- z - 3 -
(1-ecosE) oL +(1-2n)esinE(l-ecosE) 5

n,m (3.2)
+[(1-e?)m?-n®j+n(2n-1)(1-ecos E)-n(n-1)(1-ecos E¥]X '~ =0

From (3.1)

an,m=n<£>n-lex (imv)i<£>+ im(£>ne (im )_ch/_
aE a P dE \ a a ) SXplmv) gp

Since

=]1-ecosE

ey




d / ry _
aE \ a> e sinkE
Also
av __NI-& V———~( -
dE ~ T<ecost ' 17°¢ )
Therefore
an’m n,m
esinE(l - ecos E) aE nelsin?EX " +im Vi- €2 esinEX™

Using the relations

2. :..2 2 2 2 2 r r ¥
e°sin“E = e®- e“cos“E = -(l-e*y+ 2{ = }-{ =
a a
’Vl-ezsinE=<§>sinv

.. . . 1 (1-e2)<r \
= - = + — - L —_
isinv = exp(iv) -cosv = exp(iv) o S Y

we have

. an,m n+1,m+1 n+2,m n+1i,m
esinE(l - ecos E) a5 = meX -nX +(m +2n)X

- (m+n)(1 -e2)x™™

By substituting into Eq. (3.2) we have the recurrence formula

n-1,m-+1 _ den’m 2, ,m n-1,m
m(2n-1)eX = gEr +n“X - {m +n)(2n -1)X

+ (m +n)(m +n - 1)(1 - e2) x>

where X can be @ or ¥. This formula can be used to go from cosmv (or

sinm v) to cos (m +1)v (or sin(m +1)v). Changing m intc -m and noticing that

X7 2 X here ™M™ s the complex conjugate of x™™ we have

—n-1,m-~1 dz}_in’m
dE?

n-i,m

m(l-2n)eX +n2X PP 4 (0 -m)(1 - 2n)X

n-2,m

— + (n-m)(n-m -1)(1-e*)X (3.4)

where X can be @ or ¥. This formula can be used to go from cos (m +1)v (or

sin{m +1)v) to cosm v (or sinm v).




Combining the Egs (3.3) and (3.4) we easily obtain

m n,m

+ - -
n,m+i n,m 1] - 2(1-e2)Xn Lm 2%

e[X +X (3.5)

where X can be & or ¥. This last relation can be derived directly from the
polar equation of elliptic orbit.

The process for constructing tables of the expansions of ™™ and ¥

is as follows.

n
. r
Expansions of (; ) cosmv

First step

Letm =0 in (3.3) and we have

a? ° n r n r n-1 r n-2
@(5) +n2<-a->-n(2n-1)<§> +n(n--1)(1-ez)<§> =0 (3.6)

n
This recurrence formula can be used to calculate the series for (2 )
AS
for all values of n when those forn = -1, andn = -2 h=- ¢ been obtained.
Let
r V! n
il = LT
<a> Z}ApcospE (3.7)
p=0,12...
Then we have the recurrence formula for the coefficients A;l
(n? -pz)Ag -n(2n -1)Ag"+n(n -1)(1 - eZ)A;'z = 0 (3.8)

When n is negative the series is infinite. When n =2 0 the series termi-
nates at the term cosnE. In this case the last coefficient cannot be calculated

by formula (3. 8) but by setting E = 0 in Eq. (3.7) it can readily be seen that
n n ! n
A =(l-e) -2, A (3.9)
n p:Q p

The starting series for n = -1 and n = -2 can be easily calculazed by the classical




methods. We have (Ref. 5)

-1 ’
I"\ _ ____l_,.____ . ) 2
<5) = ,\ﬁ_—e—z(l—f 2cos E +2£%cos 2E +- - ) (3.10)
where B is given by
1- N -e?
p= = (3.11)

and in general

+2 o \OF o ¥
< )*P( >P + !(p+3)<§> +3£_,(P+4)(p+5‘/<§>p

+8
(p+5)(pﬂ~6)(pT7)< >p (3.12)

Al'so E

um

/ : 3 R ﬁ_3_" ©
\ ) = (i-e?)y F4l-er 2 3 2pP (1 +pNT-€ ) cospE (3.13)
o p=1

Second step

I
Calculate all <§ ) cos v by taking m = 0 in the recurrence formula

(3.5). Explic;itly we have

n 2 n-i n
<5> cosv=(1'e)<£> -l<3> (3.14)
a e a e a

Third step

n
Use (3.5) again withm =1 to calculate all <§> cos 2v

n 2 n-1 n -\
<£> cost=-2—(—1——£—)<£\ cosv-g<£> cosv-<£> (3.15)
a e a/ e\a a
The process continues by successive applications of (3. 5) to calcuiate

(Y cosm

Since the recurrence formulae are linear in the functions involved, the
calculation process is extremely simple. But while this process is very simple,

it suffers from two unavoidable defects:

The Hansen's coefficients behave like the Bessel's coefficients. Each




{ime we apply formt}ia {3.5) the order in e of the coefficients is decrecased by
oane unit. Therefore o compute table? up to cos mzv {c the order of eP we need
to compute the basic series for <§> , and <£—> to the order of ep+m

Since these series are given in explicit forms the defect does not create any

real handicap.

n

Whennisa z‘egit—ilve integer, to comnpute (g ) cos(m +1)v, it involves n
the expansion of < E ) cos mv. Therefore to compute tables down to <£->
cosmv, n being a negative integer, in the first step mentioned above we should
coinpute down to the expansion of (—;—j‘ m. This defect again does not create
any serious problem since by the recurrence formula (3.8) we can easily cal-

3
cuiate (g) for any negative n.
N\
Expansions of (5> sinmv

n
We first compute all ( g) sinv by the relation

(1 gy - M2 4 (2 (3.16)
\a} v ne dE \ a :
When n = 0 we can calculate the expansion of sinv by
—c—i-(sinv) =N1-ef (-I:- —;cosv (3.17)
dE a
3 _ , L -l
et (e e ()
e a,/ € *
or directly by (Ref. 5)
m -
sinv = (1-8%) 3, pP 'sinpE (3.18)
p=!

Next we can successively apply the recurrence formula (3. 5) to calcuiate all

(;)F sin 2v, and so on.
a

4. FOURIER EXPANSIONS IN TERMS OI' M

First we notice that these developments can be ceduced from those in

in terms of E by using the classical series expansions (Ref. 6)




o] -
sinmE =m ) _____smpM[

J {pe)+J {pe)]

e p-m p+m
(4.1)
5, COSPMr Lo i1  (pel]
cosmE = Ag+m D e) - e
° [%;’1 p p-m'P pa P

l1ifm =0

Ao

1 : -
-ze ifm =1

Oifm>1

where J (p e) is the Bessel's coefficient of order k and argument pe.

If direct computation is désired, we can start with the differential equa-
tion (2.16) and, by using the same type of derivation as in the preceding section,

we obtain the recurrence formwa

- 20,1 .
2m(n -l)eXn wmt  d X—;—— + n{n - l)Xn &m
dM
-(2n* +2mn-3n- Zm)Xn-""m (4. 2)

Hm+n){m +n - 2)(1 - e2) X" ¥
where X can be & or V.

By taking n = 1 we have

cosmv “2 cosmyv . /r\;3c05mv
sz < > > +(m“—1)(l-ez)\§/ =0
sinmv sinmv sinmv
(4.3)
By further taking m =1 we have the classical formula (Ref. 6)
cos v \z cos v
___z ) < =0 (4.4)
dM sin v } sin v

Putting m = 0 in (4.2) we have Hansen's recurrence formula (Ref.1, p167)

n-3 n -4
sz( ) + n{n - 1)( 5‘ -n{2n - 3)< ) +n(n 2A(1-e )(

We also have as before

(4. 3)

e[Xn'm+1 + Xn,m’l] = Z(I-ez)xn-l.m - an;m (4.6)

where X can be & or V.

1¢




The process for computing tables of the expansions of ™™ and v i

as follows.

4}
. . f{r
Expansions ot (;) cosmv

First step
The recurrence formula (4. 5) is used to calculate the series for (
: \

\n
/

w |

for all values of n when those for certain values have been obtained.

Let
r n o0 -
(—) = ), . cospM (4.7)
a p=o
Then we have the recurrence formula for the coefficients Ag
2.0 n-2 .. .n-3 2. . n-4
A =n{n-1A -n{2n - 3jA +n{n - 2){(1-e“)}A 4.8
p p (n-1) o { 1A, ( . X ) o (4.8)
In particular the constant term is given by
- (4.9)

(n+])(n +2)AN -(u+2)(2n+1) Ay +n(n+2)(1-e?)Ag = =0

Examination of the formulae reveals that the expansions for all values of
n car be evaluated in t. Yms of tne expansions for n = ., 2, -2 and -4. But the

expansions for n =1, and n = -4 can be evaluated in terms of the expansions

for n = 2, -2 and -3 through the relations

2
—_ ..(]_-e)-{——.. —_—] =
a » . 2 de\ a , (4.10)
d/r
a- (2)-(5) +52()

2 -2
Hence we only need to compute the two basic starting series (§> and (g)

by the classical methods. These are given explicitly in the classical literature.

We have
S 4
1+=e* -2, —J (pe)cospM (4.11)
p=1 p* p

N
O3 lp
Nt
t
N

-2
) is more involved. Probably the simplest way is

(N ]

Series expansion of (

11




to use the series (3.13) and the transformation (4.1) with the knowledge that
1

. Ty
-

the constant term in the u;pansxon is (1 -e*) Another simple way to have

the series expansion of( > is to use the relation

dv
( > ez dM (4.12)

The expansion of v in terms of M has been calculated by Schubert (Ref.7) as

far as e
Second step

/

Once the expansions of \ §) for all values of n have been obtained we
can successively use the recurrence formula (4.6) withm =0,1,... to calcu-
, \n
late the expansions of (g) cos v, (azj‘cos 2v, ... as described in the pre-

ceding section.

7/ n
Expansions of &f;) sinmv

n
We first compute all (;‘E) sinv by the relation

n N1 oZ n+1
r 1-e d r
—_— 1 S s — —_ 4.
<a> sy (n+l)e dM \ a ) (4.13)

When n = -1 we can use the relation
-1 NT-SZ /N2 NIZei/p\" R PR
—d—<3> siny = —_° (5 L e(£> s2oe) <3> (4.14)
dM\ a e a e a e a

-1
r .
to calculate ( - ) sinv.

n
Nex* we can use the recurrence formula (4. 6) to calculate all (a >s1n 2v,

and so on.

. n,m
As discussed before to compute tables for the expansions of & and
n,m
\'4 up to the value m and from a negative -n (n > 0) to a positive n Lup to the

order of ep we should compute the basic series for ( > and ( > totheor-

p+m . . -n-m r\ptt
der of € , and first calculate the series from (2) to <;>n .

Y2




5. CONCLUSJON

In this paper we lllmvc derived r‘ccum ence formulac to calculate the ser-
8}
ics expansions of( }coam v and \ )bmm v in terms of the cccentric
anomaly I' or the mican anomaly M. We also have established a recurrence
process which can be used to compute the series expansions for all n and m
when the expansions of two basic series are known. The expansions in terms
of the true anomaly v are similar to those in terms of the eccentric anomaly

E. By observing that
< > (l-ecosE)" = &) ) (5.1

(1+ecoq v)

for the expansions ir v we only need to change n into -n, e into -e, a into
a(l-e?), and E into v in Eq. (3.6) and next change the sign of all the exponents

to have
n+1 n+2
(1- e)—( +n?(1- e)( ) n(2n+1)<§> +n(n+1)< )

In applying the recurrence formulae, each time we go to a next higher

(5.2)

multiple anomaly the order in e in the Hansen's coefficients is decreased by
one. This is caused by a property of the Hansen's coefficients, called the
D'Alembert characteristic by E. W. Brown (Ref.8); namely, the lowest order
in e in the coefficient of cos pM {or sin pM) in the expansion of < > cOos m v
(or <§j‘ sinmv) is |p-m|. This property is also true for the expansions in
E and in v.

In his tables Cayley also gave the series expansion of log <§> in terms

of M. Explicitly we have (Ref.8)

i

© D
log(£> = -log(1+B%) - 2 2 B cospE (5.3)
a p= p
aad

log« >— -log(1+p*) +ep-2 Z Z ﬁp[JS_p(s e)-Js+p(se)]cossM (5.4)
P=1

In our process we can have those expansions by integrating term by te¢~m the

following relations

13




d r ¢
—1 —_ = 1 =
dE 08 3 T yTooTo sy (5.5)
. : : . : (1+Ni-e?)
with the constant term in the intcegration being log and

r

d =_L_(£>°‘.
dM ga '\/l-ez a sinv

J
o~
~

(LrN1-€2) ) et .

with the constant term being log 3

14
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