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Abstract. In this paper, we establish several recurrence relations satisfied
by the single and product moments of progressive Type-II right censored order
statistics from an exponential distribution. These relations may then be used,
for example, to compute all the means, variances and covariances of exponential
progressive Type-II right censored order statistics for all sample sizes n and all
censoring schemes (R1, Rz, ..., Rm), m < n. The results presented in the paper
generalize the results given by Joshi (1978, Sankhya Ser. B, 39, 362-371; 1982,
J. Statist. Plann. Inference, 6, 13-16) for the single moments and product
moments of order statistics from the exponential distribution.

To further generalize these results, we consider also the right truncated
exponential distribution. Recurrence relations for the single and product mo-
ments are established for progressive Type-II right censored order statistics
from the right truncated exponential distribution.

Key words and phrases: Progressive Type-1I right censored order statistics,
single moments, product moments, recurrence relations, exponential distribu-
tion, right truncated exponential distribution.

1. Introduction

The scheme of progressive censoring is a useful one in the realm of reliability
and life time studies. Its allowance for removal of live units from the test at
various stages during the experiment will potentially save the experimenter cost
while still allowing for the observation of some extreme data. A number of authors
have discussed inference problems for various distributions when data are obtained
by progressive censoring, including Cohen (1963, 1966, 1975, 1976), Mann (1969,
1971), Gibbons and Vance (1983), Cohen and Whitten (1988), Cohen (1991) and,
more recently, Viveros and Balakrishnan (1994). Balakrishnan and Sandhu (1995a,
1995b) have also discussed some mathematical properties of the special set of order
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758 RITA AGGARWALA AND N. BALAKRISHNAN

statistics which are obtained through this progressive censoring in the special cases
when failure times are uniformly or exponentially distributed.

We begin with the following assumptions and notation: Suppose n indepen-
dent items are put on test with continuous, identically distributed failure times
X1,X2,...,X,. Suppose further that a censoring scheme (R;, Rz, ..., Rp,) is fixed
such that immediately following the first failure, R; surviving items are removed
from the experiment at random; immediately following the first failure after that
point, i.e. the second observed failure, Ry surviving items are removed from the ex-
periment at random; this process continues until, at the time of the m-th observed
failure, R,, items are removed from the test at random. We will denote the m or-

dered observed failure times by Xff,i;f“"’R’"), Xéf,i:’f2""’RM), o X R B Ren),
and call them the progressive Type-II right censored order statistics of size m from
a sample of size n with progressive censoring scheme (Ry, Ry, ..., R,). It is clear
that n = m+ Ry + Ro +- - - + R,,. If the failure times of the n items originally on
test are from a continuous population with cumulative distribution function F(z)
and probability density function f(z), then the joint probability density function

(R1,Rz,....Rm) 3 (Ri,Ra2,...,Rm) (R1,R2,...,Rm)
Of X y X m:m:n

l:min 2:min (A

Sandhu (1995a})

is given by (Balakrishnan and

(11) fl,2,...,m:m:n(xls R 737m) = A(na m - 1) H f(.’.!?,){l - F(wi)]Ria
i=1

0<z1 < < Ty < 00

where A(n,m~1) =nn—R; —1)(n—Ry —Ry—-2)--(n—Ry— Ry — -+ —
R._1 —m+1). Here, note that all the factors in A(n, m — 1) are positive integers.
Similarly, for convenience in notation, let us define

(1.2) Alp,q)=p(p—Ri—-1)(p—R1—Ry—2) -
(p~Ri—Ry—-—Rg—4q)
for ¢=0,1,...,p—1,

with all the factors being positive integers.

In this paper, by assuming the underlying distribution of failure times is
exponential, we derive recurrence relations for the single and product moments
of the corresponding progressive Type-II right censored order statistics which will
allow for the recursive computation of these moments for all sample sizes and all
possible censoring schemes. We further generalize this result to right truncated
exponential failure time distributions. The results which are obtained generalize
the results given by Joshi (1978, 1982) for the usual order statistics from the
exponential and right truncated exponential distributions.

2. Recurrence relations for single moments—exponential distribution

Let X1, Xs,..., X, denote a random sample from the standard exponential
distribution, that is, with probability density function f(z) = e~* and cumulative
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distribution function F(z) = 1 — e~*. The characterizing differential equation for
the standard exponential distribution is f(z) = 1 — F(z). This relationship will
be exploited in this section to derive recurrence relations for the single moments
of exponential progressive Type-II right censored order statistics, which can be
written from (1.1) as

@) iyt

- E[X(RI’RZ’ 7Rm)]

nwmn

= A(n,m—1)

// / — FP(z1)]™ f(z2)[1 - F(z)]™2 - -

0<z1 <+ LT <00

fl@m)[1 - F(mm)]R"‘dxl <o dp,

When k = 1, the superscript in the notation of the mean of the progressive Type-II
right censored order statistic may be omitted without any confusion.

THEOREM 2.1. For2<m<nandk >0,

Rly ,an, (k+1) 1 Rl,...,Rm (k)
(22) w0 = gy Du

(Ri+R2+1,R3,...,Rpm) ¥+
- (n - R - l)ulzm—lzn ™ ]’

and form=1,n=1,2,... and k > 0,

(n=1)+D E+1 (nopo

(2'3) H1:1:n n Hi:1:n

PRrROOF. Relations in (2.2) and (2.3) may be proved by following exactly the
same steps as those used in proving Theorem 2.2, which is presented next.

Remark 1. Although it has not been stated, it is true that the first pro-
gressive Type-II right censored order statistic is the same as the first usual order
statistic from a sample of size n, regardless of the censoring scheme employed.
This is because no censoring has taken place before this time. However, these
recurrence relations have been included in order to establish completeness even
without this knowledge.

THEOREM 2.2. For2<i<m-1,m<nandk >0,

Ry, Rpn) B+ Ri,.Re)®
@4) " = 2k Dl
—(n—Rl —Rz—'-'—Ri—i)
(_Rl»-~1~,Ri—1,Ri+Ri+1+1,Ri+2,--~,Rm)(k+l)
iim—1:n
(n—Rl—-Rz—"'—Rfi 1—i+1)

(Rls )R’l 2) i — 1+Ri+1 R‘t+19 Rm)(k+l)
“Hi—Lim—1in ]
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PROOF. Let us consider, substituting f(z;) =1 — F(z;) into (2.1),

R{.R m(k)
(2.5)  plRafn)

T

<z <o KTy 1 <L <o or Koy OO

. {/%Hl mf[l — F(zi)]Rﬁldxi} flz)[1 - F(wl)]Rl o

f@i)[t = Fzio)]B f(@ig1)[1 = Fzaga) B -
f(xm)[l - F(l'm)]Rmd(L‘l cee dxi—ldfl?i‘{»l o dTom.

Integrating the innermost integral by parts, we obtain upon simplification,

Tit1
/ TF[1 — F(z)]®H de

i—1
1 + )
k+ 1{ f+11[1 x1+1 ]R, L 5—11{1 I (xi—l)]RrH

Ti

+(Ri+1) / " 21 — F(x;)]® f(:v.,;)dzi}.

Substituting this into equation (2.5), we obtain

il )
_n- Ry—--—R;—1 (Ri,--Rie1,Ri+Rig1+1,Ring,..., B ) KD
- E+1 Hiim—1:n
n—Ry—-~Ri_ 1~1+1 (R . Ri3Ri_1+Ri+1,Ris1,...,Rpn)**D
- E+1 i 1:m—1mn
R Ri+1 (R, .Rn el
k + 1 ul mn

Rewriting the above equation, we obtain the relation in (2.4).

THEOREM 2.3. For2<m<n and k >0,

k 1 (k+1)
(2.6)  plRie Rn) 540 Rm++1“$’ﬁ"‘ R} (B R Rt R b))

PROOF. The relation in (2.6) may be proved by following exactly the same

steps as those used earlier in proving Theorem 2.2.

Remark 2. Using these recurrence relations, we can obtain all the single mo-
ments of all progressive Type-II right censored order statistics for all sample sizes
and censoring schemes (R, ..., Ry,) in a simple recursive manner. The recursive

algorithm will be described in detail in Section 4.
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3. Recurrence relations for product moments—exponential distribution

Using (1.1) we can write the (4, j)-th product moment of the progressive Type-
II right censored order statistics as follows:

(3.1) (R1,R2,...,Rm)

i,Jmin

_E[X(Rl,Rz, 7Rm)X(RlvR2y ,Rm)]

imin jimn

= A(n,m —1)

// / ;25 f(21)[1 = F(z1)]® f(z2)[1 — F(z2)] -

<1< < <0
F(zm)1 — F(zm))Fmde; - - dzp,.

In this section, assuming a standard exponential distribution for the failure
times, we will again exploit the characterizing differential equation f(z) = 1-F(z)
to obtain recurrence relations for these product moments which will enable us
to compute all the product moments of progressive Type-II right censored order
statistics for all sample sizes and all possible censoring schemes.

THEOREM 3.1. Forl<i<j<m-1andm<n,

(R11 1 —_ .
(32) /”’z,]mn iimn _(n_Rl_RQ—"'_Rj_j)
(Ra,..sRj—1,Rj+Rj41+1,Rjt2,- Rm)
y’z,g m—1:n
(’l’l Ri—Ry—---— jl—j-l—].)
(Rl, WRj-2,Rj_1+Rj+1,Rjt1,.. ,Rm)]
i,j—l:m—1:n .

ProoF. For 1 < i < j < m—1, from (2.1) and the fact that f(z;) =
1 —F(:I:j),

(33) u(Rl,Rg,...,Rm)

iimin

-y [ [

0<E1 < <xj_1<Tj 41 < <Tm <00

- { [Tu- F(wj)]RJ'“dwj}mf(wl)[l - Fan)® -
F@j—1)[l = Flzi—)]% f(zj41)[1 — F(zj40)] 5+ -
fEm)1 = F(zm)|Brde, - dzj_1dzjty -+ AT

Integrating the innermost integral by parts, we obtain

/%jﬂ [ - Fley)| e = gl - Fzge)¥H — 20t = Fa;-)s*
+(R; +1) /“m [l - F(z)]™ f(2;)dz;,

Tj—1
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which, when substituted into equation (3.3), results in the following:

(Ri,oos Rm) _ ~ (Ri,...,Rj-1,Rj+Rj41+1,Rjta,... . Rm)
iimn = (n —Ry—--- Rj - J)“z‘,j:m—l:;z T !
. Ry,...,.R;_2,R; _1+R;+1,R;41,....Rm
—(n—Ry—--— -1 _]+1)“E,j—1:milzn 3 9 3+1 )
(R1,...,Rm)

+ (R] + l)ﬂ‘i,j:m:n
Upon rearrangement of this equation, we obtain the relation in (3.2).

Remark 3. Notice that Theorem 3.1 holds even for j = i+1, without altering
(Rlv"'va) — M(Rly“'»Rm)(z)

i,mun min

the proof, provided we realize that p

THEOREM 3.2. forl1<i<m-1andm<n,

1
3.4 (Rl.,....,Rm) — (ﬁly---yRm)
( ) B memen R, + 1[ iimin
+(n~Ri—Ry— —Rp_1—m+1)

. (RlyRZ,--«yRm—2»Rm-1+Rm+1)]
l‘l‘i,m~1:m—1:n :

PROOF. The relation in (3.4) may be proved by following exactly the same
steps as those used earlier in proving Theorem 3.1.

Remark 4. Using these recurrence relations, we can obtain all the product
moments of progressive Type-II right censored order statistics for all sample sizes
and censoring schemes (R, ..., Rpy).

Remark 5. For the special case Ry = --- = R, = 0, so that m = n and all n
usual order statistics Xi.n, X2, ..., Xn.n, whose k-th moments are denoted ufkg
for 1 < ¢ < n and whose product moments are denoted p; ., for 1 <i < j < mn,
are obtained, the relations in Sections 2 and 3 reduce to the following:

From equation (2.2): For k > 0,
k k 0,0, (k+1)
pli = e+ Dul) - - Dl

From equation (2.4): For 2<i<n-—1and k >0,

k+1 k ~ (0,...,0,1,0,...,0)*+1)
u‘z(':n+ ) = (k + 1)#573 - (n - Z)I‘l’z(:n—-l:n )

. 0,...,0,1,0,...,0)(k+1)

+ (n -1+ l)p"g—l:n—lzn ) )
where, in the superscript of the second term on the right hand side, the 1 is in the
i-th position, and in the superscript of the third term on the right hand side, the

1 is in the (¢ — 1)-th position.
From equation (2.6): For k > 0,

0,...,0,1)(k+1)
uD = (k+ 1l + el
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Now, upon realizing that if B, = Ry = --- = R;j_; = 0, so that there
is no censoring before the time of the j-th failure, then the first j progressive
Type-11 right censored order statistics are simply the first j usual order statistics,
the above three relations simply reduce to the following results in the case of
Ri=Ry=---=R,=0

i) wd? =k Dul) - (n-DuY or

LD k+1 k)

L: ime P21
'3 n n
@) D = k+1)u® - (- )+ (- i+ D) o

k+1 k+1 E+1 (& )
uih; )=u§_1;2+n—_i+—1 W 2<i<n-1

and
(i) pftD = plD 4+ k+D)ud), n>2.

These recurrence relations are the ones given by Joshi (1978).
Following similar arguments, substituting Ry = R, = --- = R,, = 0 into
equations (3.2) and (3.4) gives, for 1 <1i < j <n,

Hijim = Hizn + i j—1in,

n—j+1
which is the relation given in Joshi (1982).
4. Recursive algorithm—exponential distribution

Using the recurrence relations established in Sections 2 and 3, the means,
variances and covariances of all progressive Type-II right censored order statistics

from the standard exponential distribution can be readily computed as follows:

Setting k = 0, equation (2.3) will give us the values u&’ffi) =1/n,n=12,...

@
which in turn, again using (2.3) with k = 1, will give us the values pgﬁzi ¥ 9 /n?,
n=1,2,.... Thus, all first and second moments with m = 1 for all sample sizes n
will be obtained. Next, using equation (2.2), we can determine all moments of the

form uﬁﬁf;ﬁ?), n =2,3,..., which can in turn be used, with (2.2}, to determine all

@
moments of the form pggf;fz) ,n=2,3,.... Equation (2.6) can then be used to

obtain uég‘:;lRZ) for all Ry, R2, and n > 2, and these values can be used to obtain all

@
moments of the form uggl:;sz) using (2.6) again. Equation (2.2) can now be used
@
again to obtain png;lR2’R3), pggﬁ,’f”ﬂa) for all n, Ry, Ry, and R3 and (2.4) can

@
be used next to obtain all moments of the form ,ué%‘:;lR”R”, uggt;f?”“) . Finally,

(2)
(2.6) can be used to obtain all moments of the form pgglz;LRz’Ra), pggl:;le’Ra) .

This process can be continued until all desired first and second order moments
(and therefore all variances) are obtained.
From equation (3.4), all moments of the form #55_1'1';;;,1;{7;?;)”» m=2,3,...,n,can

be determined, since only single moments, which have already been obtained, are
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needed to calculate them. Then, using (3.2), all moments of the form Mfi:;}}}fﬁn),
2 < i < m, can be obtained. From this point, using (3.4), we can obtain all

moments of the form uﬁ,fjg,‘;;f,;;‘:)n, m = 3,4,...,n, and, subsequently, using (3.2),

all moments of the form u,(-l_g,’;;;’,f,:”), 3 < i < m. Continuing this way, all the

desired product moments (and therefore all covariances) can be obtained.

Remark 6. Means, variances and covariances of progressive Type-II right
censored order statistics from the standard exponential distribution can be ob-
tained explicitly, as described, for example, in Thomas and Wilson (1972) and
Viveros and Balakrishnan (1994). Thus, this method of recursion is an alternative
method, and can be used for any order moments. However, for many distribu-
tions, explicit expressions for single and product moments of progressive Type-II
right censored order statistics are not easily obtained, and this recursive method
of computation will be very useful in such cases. This is the primary reason why
such recursive methods have been developed for a variety of distributions for the
usual order statistics; for example, see Arnold and Balakrishnan (1989).

5. Recurrence relations for single moments—right truncated exponential distribution

In this and the following section, we will present recurrence relations for the
single and product moments of progressive Type-II right censored order statistics
from a right truncated exponential distribution which generalize the results pre-
sented in Sections 2 and 3 of this paper. The results developed will, as mentioned
earlier, generalize the results given by Joshi (1978, 1982) for usual order statistics.
Proofs of the relations are similar to those presented earlier for the exponential
distribution and will therefore be omitted.

The probability density function for the right truncated exponential distribu-
tion is given by:

f@) = , 0<z< P, where P,=-In(l-P).
Here, 1 — P is the proportion of right truncation of the standard exponential

distribution. Thus, the characterizing differential equation for this distribution is:

f(m)=%—F(a:)= (—}1;—1)+1—F(a;).

This equation will be exploited in order to derive the complete recurrence relations
for the single and product moments of progressive Type-II right censored order
statistics from a right truncated exponential distribution.

THEOREM 5.1. Fork >0,

(0)(k+1)

(k) 1
(51) U110 - (k + 1)/”‘?31 - (ﬁ - 1) P1k+1'
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THEOREM 5.2. Forn > 2 and k > 0,

)&+ k41 oy ® 1 o) (k+1)
(52) “gnln) = Tug.nln) - (ﬁ - 1) /J‘Y:Ll:n)—l .

THEOREM 5.3. For2<m<n-1, R >1andk >0,

(5.3) IL(RI,-..,RM)(’H‘I)

l:m:in
1

_ (RipoRm)® (1
- Rl + 1 {(k + 1).u’l:'m.:'n. (P 1

n(n—R1 ~1) (B4R Rs,...,Rp)E+D
. n—1 1:m-1in-1

n (R1—-1,Rz,...,Rp)F+1)
+ n— 1R1p’1:m:n—1

(R1+Ra+1,Rs,...,.R )(k+1)
- (TL - R - 1)”‘1:m—1:n ™ .

THEOREM 5.4. For2<m<mn, Ri =0andk >0,

0,Ra,..., R, ) ¥+ 0,Ra,...,R,, ) (®)
(5.4) P e (S et

1 Ra,..., Ry )6+D)
-n (}_5 - 1) l“’g:'rrzz—lzn-i

(R2+1,R3,...,Rp) (k+D)
- (n - 1)""‘lzm—lzn ™ .

THEOREM 5.5. For2<i<m-1,m<n-1,R;>1andk >0,

(R1,.cc) R ) B+
m:n

_ 1 Ry, R )™ 1
- Rz +1 {(k + 1);‘&i:m:n P 1

. A(n, 1) M(Rlv--»vRi—l:Ri+Ri+17Ri+27---yRm)(k+1)
A(n _ 1,’L _ 1) itm—1:n—1
A(n, z — 1) (Rl,...,Ri_z,R,‘_1+Ri,Ri+1,...,Rm)(k+l)
A(n _ l,i _ 2) i—lim—1l:n—1

A(nr i — 1) (Ry, i Rio1,Ri~1,Rit1,..., Ry ) (FFTD)
T ——Rip

(5.5)

+

A(n—1,i—1) "TEmn-l
—(n—Ry=—R; i)

(R1,..)Rin1,Ri+Rit1+1,Risa,..., Ry E D)
“Him—1:n
+(n—Ri—--—Ri_1—i+1)

_ (Biy.,Rim2,Ri_1+Ri+1,Rit1, ... Ry )T
ui—l:m——l:n .

765
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THEOREM 5.6. For2<i<m-1,m<n, R;=0andk >0,

Ry, ,Ri 1,0,Riq1,...,Ren) R D)
(56) ,J,( 1 i—1 i4-1 )

im:n

. . (%)
— (k+ 1) (Rl,...,R,_l,O,R1+1,‘..,Rm)

Him:n
(L)) _Ami-1)
P Aln—1,i-2)

[ (BisesRi1,Rigryos Ry ) 4D _ (Rlyvai—laRi+1:~--1Rm)(k+l)]

Him—1m—1 Hi lim—-1in—1

o (Ri,.,Rie1,Rig1+1,Riga,... Ry ) (T

—(n—Ri— — Ry =i, *
‘\L(?'L—Rl _"‘_Ri—l *i-{-l)

(Ri,sRi—2,Ri-1+1,Ri41,..., Ry )Y
“Hic1m—1:n .

THEOREM 5.7. For2<m<n-1,R,>1andk >0,

(5.7) (R1, Ry ) FHD

/j‘m:m:n

1 *) 1
— k (Rl):n»Rm) —_—

. A(n,m —~ 1) (Ri, s Rme2, Ry 1+ Ry )1FHD)

A(n— 1,m~2) m—1lm—1:n—1

__A(n,m-1) R (BB y R 1) 50
A(’I’L — 1, m— 1) mbmm:n-1

(0= Ry— v Ry - mt 1)
(Rlv"'va~2:Rm—1+Rm+1)(k+1) }
) iu’m—-l:m—l:n .

THEOREM 5.8. For2<m<n, R, =0 and k >0,
(58) pgjiﬁfﬁ’Rm—lao)(k-}_l)
(k)
= (k+ Dpipy B0
(k+1)
+ ('n _ Rl —_— e — Rm—l —-m + 1) (R1;~~~1Rm-2>Rm—1+1) +1

p’m—l:m-—l:n

1 A(nsm - ].) k (R R - A )(k+1)
- - = ————— L P +1 _ 1, ; 1 m. 1 .
(P 1) A(n -1,m~ 2) 1 B t:m—1:n—1 ]

Remark 7. The relations presented in this section are complete in the sense
that they will enable one to compute all the single moments of progressive Type-I1I
right censored order statistics from right truncated exponential distributions for
all sample sizes and all censoring schemes. The recursive algorithm is presented

in Section 7.
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Remark 8. It is easily seen that by letting P — 1, these results readily
reduce to the recurrence relations given in Section 2 of this paper for the standard
exponential distribution.

6. Recurrence relations for product moments—truncated exponential distribution

Following steps similar to those in Section 3 for product moments of pro-
gressive Type-II right censored order statistics from the exponential distribution,
we may obtain the following recurrence relations for product moments of progres-
sive Type-II right censored order statistics from the right truncated exponential
distribution.

THEOREM 6.1. Forl<i<j<m-1,m<n—1andR; >1,

(61) (Rl,...,Rm)

ui,j:m:n

_ 1 (RivRem) _ (1
- Rj +1 {ru‘i:m:n (P 1

. A(n) .7) M('Ely-~ij-1,Rj+Rj+lij+2»~~-yRm)
A(TL _ l,j _ 1) 1,jim—1in—1

A(naj - 1) (Rl,...,R]'_Q,Rj_1+Rj,Rj+1,...,Rm)
A(n _ 1,j _ 2) 1,j—lim—1mm—1

+ A("a] - 1) 'u(Rlv--~:Rj—lij_lij+1y-“sRm)
A(,n _ 1’3 _ 1) I jmin—1

~(n—Ri—- - R; - )
(Rl,...,Rj_l,Rj+Rj+1+l,Rj+z,...,Rm)

“Hiim—1m

+(n—R1—---—Rj_1—j+1)

. (Rl,.,.,Rj_z,Rj_1+Rj+1,Rj+1,...,Rm)
Hij—1:m—1n .

THEOREM 6.2. Forl<i<j<m-1,m<nandR; =0,

(Rl,...,Rj_l,0,Rj+1,‘..,Rm)
(62) iu’i,j:m:'n,
— #(Rl,...,Rj_l,O,Rj+1,...,Rm)
mmin

-(7-1) gt

. [ (RiysBj—1,Rjg15sBm)  (RayeesRi-1,R541, o Rin)
Hijim—1:n—-1 tj—lim—1n—1 ]
—(n=Ry—— i1 — ) §E1,---,fj—l,Rj+1+1,Rj+2y--~va)
- i,j:m—1:n
: o Rj—3,Ri_1+1,Ri41,s
+(n—Ry—---—Rj1—j+ 1)u§,’}1_’1:m11;’*9 1+ LR 41 B
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THEOREM 6.3. Forl<i<m-1,m<n-—1and R, 21,

1 1
63) Wommn™ = 511 {uEf,i:;;"Rm) - (F - 1)

1 A(n,m—1) (Ri,sRm—2,Rm—1+Rm)
_A(n — 1,m — 2) iym—1m—1lmn~-1

A(n,m - 1) (Rl,n.,Rm—lyRm_l)
A(n _ 1, m— 1) Rmui,m:m:n—l
+(n—Ry— = Rp-1-m+1)

. (R1,...Rm-2,Rm—1+Rm+1)
:u"i,m—l:m-—l:n :

THEOREM 6.4. Forl<i<m-1,m<nand R, =0,

Ri,...,Rm—-1,0
(64) ugm‘t:m:n 1)
(B1,sRom-1,0) _ (1 1) A(n,m ~1)

= Himen P Y Am-1m=2)
(R1,...,Rm-1) Ry,....,Rm—_2,Rm—
' [Pliu’i:rr:—l:n—l Y- 'u'g,'rri—lzm—lzzn—l 1)]
+ (= Ry = = Ry —m 4+ D 5

Remark 9. Using these recurrence relations and those in Section 5, the
means, variances and covariances of all the progressive Type-II right censored
order statistics from a right truncated exponential distribution can be calculated
for all sample sizes and all possible censoring schemes. This is described in detail
in Section 7.

Remark 10. Letting P — 1 in the above recurrence relations, we readily
obtain the relations derived in Section 3 for the standard exponential distribution.

Remark 11. Following arguments similar to those in Remark 4, we may show
that for the special case Ry = Ry = --- = R,, = 0, the recurrence relations in
Sections 5 and 6 reduce to the following which are equivalent to those given by Joshi
(1978, 1982) for the usual order statistics from the right truncated exponential
distribution: )

From equation (5.1), we obtain for k > 0,

k+1 k 1
p = (k+ 1)) - (ﬁ — 1) Pt

From equations (5.2) and (5.4), we have for n > 2 and & > 0,

L Rl w (i B 1) (k+1)

. . Him—1-
1:n n I:n P lin—1
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From equation (5.6): For2<i<n-1and k >0,
(k+1) _ | (k1) 1 Du® - 1) ey e
Hin Hi— 1n+n_l+1{(k+ ) (P [u’zn p’z—l:n—l] ’
and from equation (5.8): For n > 2 and k > 0,

k+1 1 k k+1
#gf:l) =(k+ 1)#5?21 + ufz_hl -n (? - 1) (P - u§_1:37,_11~
These recurrence relations are equivalent to those given by Joshi (1978) for the
single moments of usual order statistics from the right truncated exponential dis-
tribution.
From equation (6.2), we obtain, for 1 <i<j<n-1,

1 1
Hijin = Hij—1:n + n—_?ﬁ MHizp — T '13 -1 [llli,j:n—l - Ni,j—l:n—l] ’

and from equation (6.4): For 1 <i<m-—1,

1
Hinin = Hin—1:n + Ui — M2 (1—3 - 1) [Pll»/'i:n—l - ﬂi,n—l:n—l]-

These recurrence relations are equivalent to those given by Joshi (1982) for the
product moments of usual order statistics from the right truncated exponential
distribution.

7. Recursive algorithm—truncated exponential distribution

Using the recurrence relations developed in Sections 5 and 6, the means,
variances and covariances of all progressive Type-II right censored order statistics

can be readily computed as follows:

Setting k = 0, equation (5.1) will give us the value l‘g?%:p which in turn, again

using (5.1) with k£ = 1, will give us the value u§°{f’ From these values, we can

- @
recursively compute ug?lz,i) and uyfk;) Y forn = 2,3,... using (5.2). Thus, all

first and second moments with m = 1 for all sample sizes n will be obtained.

Next, using (5.4), we can determine all moments of the form ug?éﬁ: D n=23,...

which can in turn be used, with (5.4), to determine all moments of the form

(O’n—2)(2) — ( ly 2)
Migm ~ » 1 =2,3,.... Equation (5.3) can then be used to obtain pj.5 for

Ry =1,2,...and n > 3, and these values can be used to obtain all moments
( 17 2)

of the form p;.5 using (5.3) again. Now, equation (5.8) can be used again
—2.0)®

to obtain ugfzf 0), ugfz:f O™ for all n and (5.7) can be used next to obtain, for

Ry,Ry = 1,2,... and n > 3, all moments of the form pggl:;f’), ugglz,’f’) ® . This

process can be continued until all desired first and second order moments (and
therefore all variances) are obtained.
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(Rly“')Rm-—laO) .
From (6.4), all moments of the form p, "7 =o"", m = 2,3,...,n, can
be determined, since only the single moments, which have already been com-
puted, are needed to calculate them. Relation (6.3) can then be used to ob-

tain u,ff_"l"';;f,;‘:)n, for Ry, = 1,2,.... Then, using (6.2), all moments of the form
(Rla"'st—l’OiRj+]y"'yRm)
i—1,7:m:n

of the form pu

, J < m, can be obtained, and using (6.1), all moments

(Ra,....Rm)

Gelgimem Jj < m, R; > 1, can be calculated. From this point,

(Rly-~-7Rm)
m—2,m:m:n
subsequently, using (6.2) and (6.1), all moments of the form ug-}_zlz’,};;ﬁ';), Jj<m.
Continuing this way, all the desired product moments (and therefore all covari-

ances) can be obtained.

using (6.4) and (6.3), we can obtain all moments of the form p and,

Remark 12. Along the lines of Joshi (1979), all the results presented in this
section may also be generalized to the case of progressive Type-II right censored
order statistics from a doubly truncated exponential distribution. However, we
abstain from presenting those results for brevity.
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