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In this paper, we introduce a new kind of Riemannian manifold that generalize the
concept of weakly Z-symmetric and pseudo-Z-symmetric manifolds. First a Z form
associated to the Z tensor is defined. Then the notion of Z recurrent form is introduced.
We take into consideration Riemannian manifolds in which the Z form is recurrent. This
kind of manifold is named (ZRF),. The main result of the paper is that the closedness
property of the associated covector is achieved also for rank(Zy;) > 2. Thus the existence
of a proper concircular vector in the conformally harmonic case and the form of the
Ricci tensor are confirmed for(ZRF),, manifolds with rank(Zy;) > 2. This includes and
enlarges the corresponding results already proven for pseudo-Z-symmetric (PZS),, and
weakly Z-symmetric manifolds (WZS),, in the case of non-singular Z tensor. In the last
sections we study special conformally flat (ZRF),, and give a brief account of Z recurrent
forms on Kaehler manifolds.
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1. Introduction

Weakly symmetric Riemannian manifolds are generalizations of the important and
often investigated locally symmetric Riemannian spaces. In the last decades many
kinds of weakly symmetric spaces were created and investigated. We give here a
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brief account of the most important results. Tamassy and Binh [36] introduced and
studied a type of non-flat Riemannian manifold whose Ricci tensor is not identically
zero and satisfies the following equation:

ViRj = Akle + BjRy + D Ry;. (1.1)

Such a manifold is called weakly Ricci symmetric, Ay, By, Dy are non-null covec-
tors called associated one-forms, V is the operator of covariant differentiation with
respect to the (positive definite) metric g, and the manifold is denoted by (WRS),,.
Here we have defined the Ricci tensor to be Ry = —R],; [42] and the scalar cur-
vature R = ginij. If in (1.1) the one-form Ay is replaced by 2A4; and By and Dy
are replaced by Ay, then the manifold is called pseudo-Ricci symmetric manifold
introduced by Chaki [4] and denoted by (PRS),,. This notion of pseudo-Ricci sym-
metric is different from that of Deszcz [18]. If in (1.1) the one-form Ay is replaced
by 2Aj, then the manifold is called generalized pseudo-Ricci symmetric manifold
introduced by Chaki and Koley [6]. Later some authors studied these kind of man-
ifolds [14, 21, 12]. In [14] some global properties of (WRS),, were pointed out and
the form of the Ricci tensor was found. In [12] the authors considered conformally
flat generalized pseudo-Ricci symmetric manifolds, where the conformal curvature
tensor
C}%l = R?}cl + %((%mRkl — (%nle + R;ngkl - Rzngjl)
R

B A (1.2)

vanishes, i.e. Cﬁl = 0: it may be scrutinized that the conformal curvature ten-
sor vanishes identically for n = 3 [31]. They also pointed out the existence of a
proper concircular vector for such a manifold. In [2] a (PRS),, with harmonic cur-
vature tensor i.e. Vi, R}, = 0 and with harmonic conformal curvature tensor i.e.
VnCfiy = 0 was taken into consideration. In [21] a quasi-conformally flat (WRS),,
was studied. They also pointed out the existence of a proper concircular vector for
such a manifold.

Later a generalization of (PRS),, manifolds was introduced in a paper by Chaki
and Saha [8]. They considered the so-called Projective Ricci tensor Py; obtained by
a suitable contraction of the Projective Curvature tensor Pjgm, [19]:

n R
le = (le - Egjl> s (13)

n—1

where ¢g7'P;; = 0. The generalization defined in [8] is thus written as:
ViPj = 2Akle + Aijl + Alpkj. (1.4)

This kind of manifold is called pseudo-projective Ricci symmetric and denoted
by (PPRS),,. Recently in [5] and [13] a further generalization of the condition of
a (PRS),, manifold was considered. More precisely a manifold whose Ricci tensor
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satisfies the condition
ViR = (Ak + Br)Rji + Aj Ry + ARy (1.5)

is defined. Such a manifold is called almost pseudo-Ricci symmetric and denoted by
A(PRS),,: Ay and By are non-null covectors. In [13] the properties of conformally
flat A(PRS),, are studied. In the same paper the authors pointed out the importance
of pseudo-Ricci symmetric manifolds in the theory of General Relativity.

More recently in [27] and subsequently in [26] a new generalized (0, 2) symmetric
tensor was introduced and studied; precisely the new tensor was defined as:

Zy = Ry + dgm, (1.6)

where ¢ is an arbitrary scalar function and was named generalized Z tensor (the
classical Z tensor is defined as Zj; = Ry — % gk1)- These authors pointed out several
interesting properties of such tensor that we recall here.

First of all the Z tensor allows to reinterpret many well-known structures on
Riemannian manifolds. (a) A Z flat Riemannian manifold is simply an Einstein
space Ry = %gkz [3].

(b) If V;Zy; = 0 (Z symmetric manifold) then V; Ry + V;¢gr = 0: transvecting
with ¢** and ¢g*' we obtain V¢ = 0 = V,R and a Ricci symmetric manifold is
recovered.

(¢) If a Z recurrent Riemannian manifold is considered i.e. a space satisfying
the condition V;Zx; = \;Zx; one can easily find that this condition is equivalent to
ViR = \iRp + (TL— l)uigkl with the choice (TL— 1),“1' = X\;¢— V;¢. So the manifold
reduces to a Generalized Ricci Recurrent manifold [11] and if 0 = \;¢— V; ¢, a Ricci
recurrent manifold is recovered.

(d) Let us consider a Riemannian manifold with Codazzi Z tensor [17], i.e. with
the property:

ViZy =V Zu. (1.7)
One can easily find that this condition is equivalent to:
ViRji = ViR = (V;0)gr — (Vid)gji- (1.8)
Transvecting the previous relation with ¢/ we get Vi (R 4 2(n — 1)¢) = 0 and
finally:

ViRji — V,;Ry = ViR)gj — (V;R)gn]- (1.9)

1
2(n—1) I
A manifold with Codazzi Z tensor is thus a Nearly Conformally Symmetric manifold
(NCS),,: this condition was introduced and studied by Roter [32] and generalized in
[35]. We note also that this is equivalent to have an harmonic conformal curvature
tensor VmCﬂl = 0. Conversely a (NCS),, manifold has a Codazzi type Z tensor if
the condition V(R + 2(n — 1)¢) = 0 is satisfied. Moreover if V;¢ = 0, a manifold

with harmonic curvature tensor is recovered.
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(e) If the condition VZ;; 4+ V;Z1, + VZ},; = 0 is considered, then transvecting
with ¢/! we get V(2R + (n + 2)¢) = 0 and thus:

2 2
Vi (le - n—Hjol) +V; <le - nglk)
9 (R — —2—Rg ) =0 (1.10)
l kj n+2 gk | = V. .

These conditions on the Z tensor thus agree with the generalizations of the Ein-
stein metrics, that is, a few classes of Riemannian manifolds characterized by
tensorial conditions, which are consequences of the Einstein metric equation (see
Besse [3]).

Moreover in [26] and [27] the authors pointed out also the importance of the Z
tensor in mathematical physics. For example an Einstein-like equation Zy; = kTj,
may be written in n dimensions, being Tj; the energy-momentum tensor and k a
suitable gravitational constant. The physical condition V!7T}; = 0 and the second
contracted Bianchi identity that reads V(£ + ¢) = 0 give ¢ = —Z + A. The choice
A # 0 describes some cosmological models (see [16, 41]): in this case the vacuum
solution Zj; = 0 implies A = R’g—f and thus an Einstien space Ry = %gkl. The
choice A = 0 agrees with observations over regions of space of galactic dimension: in
this case the vacuum solution is reduced to Ry; = 0. Moreover it can be shown (see
[24, p. 321]) that a linear combination of Ry — %ngz and gg; is the most general
two index symmetric tensor which is divergence-free and can be constructed locally
from the metric and its derivatives up to second order. So the generalized Z tensor
may be as though a generalized Einstein Gravitational tensor with arbitrary scalar
function ¢.

In [26] and [27] the Z tensor was used to introduce the new differential struc-
tures of pseudo-Z-symmetric and weakly Z-symmetric Riemannian manifolds. It
turned out that these manifolds generalize the notions of (PRS),, (WRS), and
the (PWRS),, manifolds. A pseudo-Z-symmetric manifold (PZS),, is defined by the
condition [27]:

VIchl = 2Aijl + AjZkl + Alej. (1.11)

In [27] the authors studied the fundamental properties of such manifolds: they
focused the case with harmonic curvature tensors giving the conditions of closedness
of the associated one-form when the Z tensor is non-singular. In the conformally flat
case they gave the form of the Ricci and the metric tensors. Moreover they provided
sufficient conditions for a (PZS), manifold to be Ricci pseudo-symmetric in the
sense of Deszcz [18]. Finally they studied (PZS),, space-time manifolds focusing the
properties of perfect fluid space-times.

In [26] the authors studied the properties of a manifold on which the Z tensor
is subjected to the condition:

Vil = ArZj + BjZy + D Zy;. (1.12)
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Such a manifold is called weakly Z-symmetric and denoted by (WZS),,. In par-
ticular they presented a great number of relations to the already known weakly
symmetric spaces. Also in this case the authors found sufficient conditions for the
existence of a proper concircular vector, and determined the Ricci and the metric
tensors in the conformally harmonic and conformally flat cases. They described
the impact of the closedness of the one-form wy = A, — By when the Z tensor is
non-singular.

In this paper, we present a generalization of the above-mentioned mani-
folds. First a Z form associated to the Z tensor is defined. Then the notion of
Z recurrent form with its associated covector is introduced. We consider Rie-
mannian manifolds on which the Z form is recurrent and study its properties in
depth.

These manifolds are named (RZF),,. The notion of Z recurrent form incorporates
both pseudo-Z-symmetric and weakly Z-symmetric manifolds. The main result of
this paper is that the closedness property of the associated covector is achieved
also in the case of rank(Zy;) > 2. Thus the existence of a proper concircular vector
in the conformally harmonic case is confirmed in this more general situation. This
includes and enlarges already known results for pseudo-Z-symmetric and weakly
Z-symmetric manifolds with non-singular Z tensor developed in [26] and [27]. In
Sec. 5, we study a special conformally flat (RZF),,. In the last section we give a
brief survey of Z recurrent forms on Kaehlerian manifolds.

2. Recurrent Z Forms

In this section, we consider the recurrence of Z forms originating from Z tensors.
In [29] the authors extended the recurrence notion from curvature tensors to the
associated 2-forms. First we recall some basic definitions about generalized cur-
vature tensors and associated forms. Consider a class of curvature tensors K7,
with the usual symmetries of the Riemann tensor satisfying the first Bianchi iden-
tity. Specifically we admit a generalized curvature tensor satisfying the following
relations [23, 25, 35]:

(a) K7+ Kp+ Kl =0, K7y =—K[, o

(b) ViK i + VK + Vi K = By,
where BT, is a tensor source in the second Bianchi identity. Moreover we may
define also an associated completely covariant (0,4) tensor K i, = gmnKJf‘kl with
the following further properties [23]:

Kim = —Kijim = —Kjkmi, (2.2)
Kipim = Kimjk-
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In this way the contraction Kj; = —K",, defines a symmetric generalized Ricci
tensor [28]. An n-dimensional Riemannian manifold is said to be K-flat if K73, =0
and K-symmetric if ViK;'}d = 0, K-harmonic if VmK;'}d = 0 and K-recurrent if
ViKy = o Ky [25]. Now the curvature two-form associated to this tensor is
defined in the following manner:

iy = Kjjyda? A dz”. (2.3)

If we consider the symmetric contraction Kj; = —K)", a generalized Ricci

one-form may be defined [28] as:
A(K)l = Kkldfl,‘k. (2.4)

Hereafter we consider n-dimensional non-K-flat Riemannian manifolds. An exterior
covariant derivative D (see [3] and [24]) acting on the forms (2.3) and (2.4) can be
defined as follows:

DQ?}QZ = ViK;’,‘Cldxi Adxd A da®,
DA(K)I = ViKkld:L‘i A dzF.

The forms Q?}()l, Ay are said to be closed if DQ?}()I =0, DA(gy; = 0. This implies
respectively ViK;-’,‘d + VK + VkK{;’l =0= BZ?M and V; Ky — Vi K; = 0 for the
previously defined forms [27]. The notion of recurrent curvature form introduced
in [29] enlarges the closedness condition and the ordinary recurrence of curvature

tensors. In [29] the following definition was stated:

Definition 2.1. Let M be an n-dimensional Riemannian manifold. The curvature
two-form .y, = Ky da? A da® is said to be recurrent if there exist a nonzero
scalar one-form « for which:

being o = a;dx’ the associated one-form.

It is easy to see that the previous condition is a generalization of the notion of
K-recurrency. In fact if we write Eq. (2.5) in local components we have:

(ViKJhy — ai K3y )da' A da? A da® = 0. (2.6)

If oo = 0 we recover the closedness of 7). The following theorem stated in [29]
explains the meaning of this kind of recurrence.

Theorem 2.2. Let M be an n-dimensional Riemannian manifold. The curvature
two-form Qe = Kﬁldacj A dx® satisfies condition (2.5) if and only if:

Bl = VK + VK + Ve Kl = i Ky + o Ky + o K. (2.7)
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Proof. From Eq. (2.6) we easily obtain the following expression:

(ViKjp — aiKﬁgl)dxi Ada? A da*

rst

1 -
- ﬁ(viKﬁl — oy KI7)0y da” A dz® A dat

= > (ViKJy — i K85 da”™ A da® A dat = 0. (2.8)

r<s<t

The above condition is fulfilled if and only if (V; K7, — aiK;’,’Cl)(Sij ¥ — 0 from which

S

Eq. (2.7) follows immediately. Obviously if the manifold is K-recurrent ViKiy =
a; K7}, then condition (2.7) is satisfied. m|

Now we focus on the notion of recurrence for the generalized Ricci one-form
Ay = Kjdz® where Ky = —K7- Again in [29] the following definition was
stated:

Definition 2.3. Let M be an n-dimensional Riemannian manifold. The generalized
Ricci one-form Ay = K rdx” is said to be recurrent if there exist a nonzero scalar
one-form 3 for which:

DAy = BN Akyis (2.9)
being 3 = B;dxz’ the associated one-form.
In local components the previous equation may be written in the form:
(ViKp — BiKp)dz® A dz® = 0. (2.10)

If 8 = 0 the closedness of the generalized Ricci one-form is recovered. The following
theorem explains the meaning of this kind of recurrence.

Theorem 2.4. Let M be an n-dimensional Riemannian manifold. The generalized
Ricci one-form Ay, = Kidz' satisfies condition (2.9) if and only if:

ViKi — ViKy = 3i K — Bt K. (2.11)

Proof. From Eq. (2.9) we easily obtain the following expression:

) 1 )
(ViKp — BiKp)da' A dz® = E(viK,d — BiKw)o*da" A da®

Z(viKkl — ﬁiKkl)(Si]zdxr Adz® =0. (2.12)

r<s

The above condition is fulfilled if and only if (V; Ky — a; Kx)6% = 0 from which
one concludes immediately. O
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We apply the previous definition to the case of Z form Ay = Zda®; specifi-
cally we have the following definition.

Definition 2.5. Let M be an n-dimensional Riemannian manifold. The Z form

Azy = Zydz® is said to be recurrent if there exist a nonzero scalar one-form w for
which:

DA(Z)l :w/\A(Z)l. (2.13)
From the above-mentioned theorems the Z form is recurrent if and only if:
ViZji = VjZy = wpZji — wjZ. (2.14)

In the previous expression wy, is called the associated covector. A manifold satisfying
condition (2.14) is called (ZRF),, (Z recurrent form). Obviously if the Z tensor is
recurrent, Vi Z; = wrZ; the previous equation is satisfied.

Remark 2.6. We notice also that the notion of Z recurrent form incorporates
the properties of both pseudo-Z-symmetric manifolds and of weakly Z-symmetric
manifolds. In fact Egs. (1.11) and (1.12) imply Vi Z;; — V;Zy = wiZji — wjZy.
where w, = Aj for a pseudo-Z-symmetric manifold and wp = Ay — By for a
weakly Z-symmetric manifold. Moreover if an almost pseudo-Z-symmetric manifold
is defined:

ViZji = (Ax + Bi)Zjt + Aj Zii + A1 Z;, (2.15)

then such a manifold is a (ZRF),, with wy, = Bj. This manifold is named (APZS),,.
Therefore all the results stated in this paper for (ZRF),, manifolds are valid also for
pseudo-Z-symmetric, weakly Z-symmetric and almost pseudo-Z-symmetric man-
ifolds and thus for all differential structures originating from them for various
choices of ¢. If wy = 0 the closedness of the Z form is recovered and thus a
Codazzi Z tensor: we have a (NCS),, manifold. If Vi¢ = wi¢, the Z recurrent
form reduces to a Ricci recurrent form and wy is a closed one-form. This hap-
pens if and only if ¢ = CeDwra" being C, D arbitrary constants, and includes the
case ¢ = 0.

Transvecting Eq. (2.14) with ¢7' and recalling the definition of the Z tensor
Zri = Ry + ¢gr one can obtain:

n —

2
5 Vip =wrd — wlel, (2.16)

1
V4
2k+

being Z = gklel. Now if we consider (ZRF),, manifold on which the Z tensor is a
Codazzi one [17]; we have simply from Eq. (2.14):

wkZji = wj Lkl (2.17)
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Let us suppose that wy, # 0: then transvecting equation with g’! we have wpZ =
w'Z; and consequently that Zy = Z=2~-. Thus we have just proved that the Z

wkwy, "

tensor has rank one. We may state the following (see also [26]):

Theorem 2.7. Let M be an n-dimensional (ZRF),, Riemannian manifold whose
Z tensor is of Codazzi type [17], i.e. Vi Zj = V;Zy: if rank(Zy;) > 1, then the
one-form wy, is null, that is, wy = 0.

Remark 2.8. If wy, # 0 and V,Zj; = V;Zj; then the Z tensor has rank one that
is a singular tensor, that is, det(Zy;) = 0.

3. Recurrent Z Forms: Conditions for the Closedness
of the w One-Form

In this section, we investigate the conditions for the closedness of the one-form wy,
on a (RZF), (n > 3) Riemannian manifold. We generalize some already known
results about the closedness property of associated forms in (PZS),, and (WZS),
manifolds presented in [26] and [27] in the case of non-singular Z tensor. First we
need the following lemma known as Lovelock’s differential identity [24-26].

Lemma 3.1 (Lovelock’s differential identity). Let M be an n-dimensional
Riemannian manifold. Then the following identity is fulfilled:

ViV R + ViV Ry + ViV R

Here we collect some useful preliminary formulas for the divergence of the Rie-
mann tensor on a (ZRF), manifold. From the contracted second Bianchi identity
and from the definition of the Z tensor Zy; = Ry + ¢gi;, the following equation
can be written:

VR = ViZj = V;Zi + (Vioga — Vidg)- (3.2)
On the other hand, from the definition of a (RZF),, manifold one easily finds that:
ViZj —ViZy =wiZjy — wjZi. (3.3)
From this we get:
VmRjiy = ViZj =V Zi + (V091 = Vidgi)
=wpZji — wiZi + (Vidgr — Vidgj). (3.4)
In [27] the following theorem for pseudo-Z-symmetric manifolds was proved.

Theorem 3.2. Let M be an n(n > 3)-dimensional (PZS),, Riemannian manifold
with non-singular Zy; tensor. Then Ay is a closed one-form if and only if the
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following algebraic relation is fulfilled.
Rim Ry + Rjm Ry + Rim R = 0. (3.5)

In [26] the previous theorem was generalized to weakly Z-symmetric manifolds:
precisely the authors stated.

Theorem 3.3. Let M be an n(n > 3)-dimensional (WZS),, Riemannian manifold
with non-singular Zy, tensor. Then wy, is a closed one-form if and only if Rim Ry, +
Rjm Ry + Rem R = 0.

Following the same procedure of Theorems 3.2 and 3.3 we may state an equiv-
alent version of them for the present case of Z recurrent form. Nevertheless the
main result of this section is a generalization of the previous theorems. We are able
to assert a fundamental result that is valid under the condition rank(Z) > 2.
Precisely we have the following theorem.

Theorem 3.4. Let M be an n(n > 3)-dimensional (RZF),, Riemannian mani-
fold with rank(Zy) > 2. Then wy is a closed one-form if and only if Rim R}, +
Rjm Ry + Rem R = 0.

Proof. By performing the covariant derivative of Eq. (3.2) recalling (3.2) one easily
obtains:
ViV ?}cl = (Viwk)Zjl + wk(ViZjl) — (Viwj)Zkl
—w;j(ViZy) + (ViViogr — ViVidgi). (3.6)

Now a cyclic permutation of the indices 7.j.k is performed and the resulting three
equations are added to obtain:

ViV Ry + ViV Ry + ViV R
= (Viwr — Viw;) Zji + (Vjwi — Viw;) Zy + (Viw; — Viwk) Zi
+w;i(ViZy —ViZi) +wi(ViZjs — ViZy) +wi(ViZiu — ViZi). (3.7)
Inserting Eq. (3.3) in the previous result and recalling Lemma 3.1 one easily writes:
(Viwg — Vwi) Zji + (Vjw; — Viw;) Zig + (Viw; — Vjwi) Zy
= —Rim R}y, — RjmRyyy — Rem R} (3.8)

Now if wy, is a closed one-form then Eq. (3.5) is fulfilled. Now suppose that Eq. (3.5)
holds: Eq. (3.8) may be written in the algebraic form:

ZiAji + ZjAgi + ZrAij = 0, (3.9)
with A;; = Viw; — Vw;. We prove that A, = 0. O
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First we introduce the following remark.

Remark 3.5 (Spectral theorem). Z is a symmetric (self-adjoint) endomorphism
on a manifold with positive definite metric, thus: (1) It possesses n real eigenvalues
A, ..., A\, and n real eigenvectors Xi(l), ceey Xi(").

(2) The n eigenvectors form an orthonormal base. Moreover Z is unitarily diag-
onalized, i.e. there exist a unitary matrix U = U~! whose columns are the orthog-
onal Z eigenvectors such that Zp = U™ ZU being Zp the diagonal form of Z. From

this the spectral representation of Z is achieved:
Zij = ’\1X¢(1)Xg('l) 4 /\QXi(Q)XJ@) I AnXi(n)XJ(n)’

where \; are the eigenvalues of Z. If rank(Zy;) = n, recalling that rank(Zp) =

rank Z, the eigenvalues are all different from zero, i.e. \; # 0,7 = 1,...,n and
they may be degenerate or not. If rank(Zy;) = r < n the null space of Z has
dimension n — r: thus \; = 0,7 =r + 1,...,n and the corresponding eigenvectors

X+ , X" belong to the null space of Z. The spectral representation of Z is
then:

Zij = /\1XZ(1)X](1) 4 /\QXZ@)X]@) a +)\TX£T)X](T)’

where Xi(p)7 Xi(q)p # ¢ are distinct eigenvectors in the range of Z and A\; # 0,7 =
1.--r are the relative eigenvalues: they may be still degenerate or not but the
spectral theorem guarantees the eigenvectors to be orthogonal.

From Remark 3.5 if rank(Zy;) > 2 we may choose three distinct orthonormal
eigenvectors Xi(p), Xi(q)7 Xi(s) :p # q # s in the range of Z such that

ZaX'®) = 3, xP),
Zy XM = )\, XD, (3.10)
ZaX") = X[,

where A,, Ag, As # 0 may be equal or not and Xy(f)Xm(k) = 6pk ¢ hk = p,q,s
(orthonormality condition). Transvecting (3.9) by X ®)! recalling that ), # 0 gives:

XP A+ X A+ XP Ay = 0. (3.11)
Now multiply the previous equation by X7(0) Xk(5) to get:
XP XD R Ay 4 X P XD XS Ay 4 X P XRO XD 45 = 0. (3.12)

The second and the third terms vanish because of the orthogonality of distinct
eigenvectors and we get:

Xi(p)Xj(q)Xk(S)Ajk —0. (3.13)

1250059-11
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Thus we have:
XI@ Xk A = 0. (3.14)
Now Eq. (3.9) is transvected by X7(® X*(5) giving:
XD XEO 7 Ay + XI DX 7 Ay + XID XS 70,4, = 0. (3.15)
The first term vanishes and the eigenvalues equation gives:
A XD XHFE) Ay 4+ A XD XID 4,5 = 0. (3.16)

The previous condition is now multiplied respectively by X9 and by X!*) giving
(recalling the orthogonality condition):

N XFE Ay =0,

, 3.17
A XI DA = 0. (3.17)

Thus the range eigenvectors of the tensor Z belong to the null space of A. Tran-
vection (3.9) by X7(9) we get:

XD 2y Age + XD Z5 A + X9D 23y Ayy = M XD A = 0, (3.18)

from which one concludes that Ay; = 0.

In [25] the authors proved that Lovelock’s identity is left unchanged if the diver-
gence of the Riemann tensor is replaced by the divergence of any curvature tensor
satisfying certain properties. This property was discussed also in [26] and [28]. We
state it here again for convenience.

Theorem 3.6. Let M be an n-dimensional Riemannian manifold having a gener-
alized curvature tensor Ky, with the property:

vaﬁcl = Ava?}Cl + B[(Vﬂb)akl - (V}ﬁﬂ)&jﬂ, (3.19)

where A and B are non-null constants, ¥ an arbitrary scalar function and ay a
symmetric (0.2) Codazzi tensor, [17] i.e. V;ar = Viay. Then the following relation
18 fulfilled:

= —A(Rim Ry + Rjm Rigy + Rem RJ)).- (3.20)

In literature one always meets generalized curvature tensors whose divergence
is given in the form (3.19) with trivial Codazzi tensor (i.e. constant multiple of the
metric tensor) and ¢ = R (see [25, 26, 28]):

Vi ;-7{[ = AV,, ﬂl + B[(VjR)gkl — (VkR)gjl]. (3.21)

1250059-12
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If the generalized curvature tensor is harmonic, i.e. Vi K = 0, we recall the
following (see [26, 27]).

Theorem 3.7. Let M be an n-dimensional Riemannian manifold having a gener-
alized curvature tensor Kﬁl with the property:

Vi Kl = AVa Ry + Bl(VR)gm — (Ve R)gjl, (3.22)

where a and b are constants. If VK5 = 0 and the condition B # 2(7;4%1) 18
satisfied then the scalar curvature is a covariant constant ViR = 0.

Proof. Transvecting Eq. (3.21) with ¢g* and using the second contracted Bianchi
identity one easily obtains (V;R)[3A — (n — 1)B] = 0 from which one concludes
immediately. O

Some curvature tensors K7y, with the property (3.21) and trivial Codazzi tensor
are well-known: the Projective curvature tensor Py, [19], the conformal curvature

tensor C7y; [31], the Concircular tensor CN'J% [33, 37] and the quasi-conformal tensor
Wi 130, 40]. See also [22].

Now considering (RZF),, manifolds from Eqgs. (3.21), (3.2) and (3.3) one simply
gets (see [26, 27]):

VK = AlorZji = wiZia] + AVogr — Vieg;i]
+ B{(ViR)gr — (ViR)gj)- (3.23)
If Vi K73y = 0 from the previous relation we have:
A(wrpZji —w;Zy) = [Vi(Ad + BR)gji — Vj(Ad + BR) g (3.24)
In [26] the authors stated the following lemma (see also [27]):

Lemma 3.8. Let M be an n-dimensional Riemannian (WZS),, manifold with non-
singular Z tensor having a generalized curvature tensor satisfying the property
(3.21). Then if Vi K7y = 0 the one-form wy vanishes if and only if Vi, (Ap+BR) =
0. Moreover, if % #+ 2(;—_1) then ViR = 0 and the one-form wy vanishes if and
only if Vo = 0.

Here we extend the previous lemma to rank(Zy;) > 1; precisely we have (see
also Theorem 2.7).

Lemma 3.9. Let M be an n-dimensional Riemannian (RZF), manifold with
rank(Zy;) > 1 having a generalized curvature tensor satisfying the property (3.21).
Then if VK3 = 0, the one-form wy vanishes if and only if Vi,(A¢ + BR) = 0.
Moreover if % # 2(;—_1), then ViR = 0 and the one-form wy, vanishes if and only
if Vo = 0.
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Proof. If w, = 0 from Eq. (3.24) we have Vi (A¢ + BR)gj = V,;(A¢ + BR)g;
transvecting with ¢7' we get the result. Now if V;(A¢ + BR) = 0 we have imme-
diately wipZj; = w;jZy. If rank(Zy) > 1 we claim that w, = 0; in fact let us
suppose on the contrary that wy # 0: transvecting with ¢/' we have w,Z = w'Zy,

and consequently that Z; = Z :{Zi . Thus we have obtained a Z tensor of
rank one, that is a contradiction: consequently wr = 0. The second statement
is obvious. O

In the K-harmonic case, in order to have wy, # 0 the condition Vi (A¢p+BR) # 0
must be satisfied. In particular using Theorems 3.4 and 3.6 the following statement
is fulfilled:

Theorem 3.10. Let M be an n-dimensional Riemannian (RZF), manifold with
rank(Zg;) > 2 having a generalized curvature tensor satisfying the property (3.21).
Then if Vi K7y = 0 and Vi (Ad + BR) # 0, wy is a closed one-form.

Remark 3.11. If we have an n-dimensional Riemannian (RZF),, manifold with
rank(Zy;) > 2 having Vi R}, = 0 from Egs. (3.1)-(3.3) we have wiZj; — w;jZy =
Viodgi — Viogi. Thus if Vo # 0, wy, is a closed one-form.

Corollary 3.12. Let M be an n-dimensional Riemannian (RZF),, manifold with
rank(Zg;) > 2 having harmonic Conformal curvature tensor VmC;'}d =0 and with
Vi(R+2(n —1)¢) # 0: then wy is a closed one-form.

Proof. We are in the case £ = 2(711—71) (valid only with K = C), thus Lemma 3.9
and Theorem 3.10 apply. O

Now we consider the case of harmonic quasi-conformal curvature tensor. In 1968
Yano and Sawaki [40] defined and studied a tensor W, on a Riemannian manifold
of dimension n, which includes both the conformal curvature tensor C7y; and the
concircular curvature tensor C’;’}d as particular cases. This tensor is known as quasi-
conformal curvature tensor and its components are given by:

Win = —(n—=2)bCl + [a+ (n —2)b]CTy,. (3.25)
In the previous equation a # 0,b # 0 are constants and n > 3 since the conformal
curvature tensor vanishes identically for n = 3. We recall that the components of
the concircular tensor are given by:

m __ pm
Ciu = Rip + n

R m m
m((sj 9kl — O, gjl)~ (3.26)

A non-flat manifold has the harmonic quasi-conformal curvature tensor if

Vi Wi = 0. If the equations for V,,C7, and VO3 = 0 are employed and
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the covariant derivative with respect to the index m is applied on the definition of
quasi-conformal curvature tensor, one obtains straightforwardly:

2a —bn—1)(n—4)
2n(n —1)

Vi Wia = la+ bV R, + (ViR)gu — (ViR)gj].  (3.27)

Now if Vij’-}gl = 0, transvecting the previous equation with g* after some calcu-
lations it follows that:

a+bn—2
n

(n—2) )(ij) =0. (3.28)

This means that or V;R=0or a+b(n—2) =0.

Corollary 3.13. Let M be an n(n > 3)-dimensional (RZF),, Riemannian manifold
with rank(Zy;) > 2 having harmonic quasi-conformal tensor ¥V, W7 =0 and with
Vi(R+2(n—1)p) # 0,V # 0: then wy is a closed one-form.

Proof. If V,,Wj; = 0 we have (n — 2)M7”2(V iR) = 0. This means that
ViR =0ora+bn—2)=0.1f V;R =0 we are in the case V,, R}, = 0, thus
Remark 3.11 applies. If a 4+ b(n — 2) = 0, we have Vi Cly = 0, thus Corollary 3.12
applies. O

Now for other curvature tensors the following corollaries are easily proven.

Corollary 3.14. Let M be an n-dimensional Riemannian (RZF),, manifold with
rank(Zy;) > 2 having harmonic Projective curvature tensor VPl =0 and Vo #*
0: then wy is a closed one-form.

Proof. The components of the Projective curvature tensor are defined as
[19, 34]:

1
= Rﬂz*‘ (5 Ry — 0;"Rjp). (3.29)

Applying the operator of covariant derivative to the previous equation and recalling
the second contracted Bianchi identity one obtains:

v jk‘l n— v jk‘l (330)
Thus applying Theorem 3.6 we are in the conditions of Theorem 3.10. |

Corollary 3.15. Let M be an n-dimensional Riemannian (RZF), manifold with
rank(Zy;) > 2 having harmonic Concircular curvature tensor that V., cm T =0 and
Vo # 0: then wy is a closed one-form.
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Proof. The components of the Concircular [30, 34] curvature tensor are defined as:

ST = R+ (05" grt — 01" gji)- (3.31)

R
n(n—1)
Applying the operator of covariant derivative to the previous equation and consid-
ering the second contracted Bianchi identity one obtains:

VGOl = Vi Ry + -

ﬁ[(VjR)gﬂ — (ViR)gj]- (3.32)

Thus applying Theorem 3.6 we are in the conditions of Theorem 3.10. O

Corollary 3.16. Let M be an n-dimensional Riemannian (RZF),, manifold with
rank(Zy;) > 2 having harmonic Conharmonic curvature tensor VmNJ’?,gl = 0 and
V¢ # 0: then wy is a closed one-form.

Proof. The components of the Conharmonic curvature tensor are defined as
(30, 34]:
1
Ny = R% + m(&;”Rkl — 6" Rji + R grr — Ry gju)- (3.33)

Applying the operator of covariant derivative to the previous equation and consid-
ering the second contracted Bianchi identity one obtains:

m  n—3 m 1
VmlNj = ——5 VI + m[(ij)gkl — (VeR)gj)- (3.34)
Thus applying Theorem 3.6 we are in the conditions of Theorem 3.10. O

Finally we can state the following remark.

Remark 3.17. Since manifolds on which Z forms are recurrent incorporate the
cases of (PZS),, (WZS),, and (APZS), manifolds, we get: (a) Theorem 3.10 and
Corollaries from (3.1) to (3.5) are valid for (PZS),, (WZS), and (APZS), with
rank(Zy;) > 2.

(b) If ¢ = 0, Theorem 3.10 and Corollaries from (3.1) to (3.5) are valid for
(PRS),,, A(PRS),, and (PWRS),, with rank(R;) > 2.

4. Conformally Harmonic Recurrent Z Forms: Local
Form of the Ricci and Metric Tensors

In this section, we study in depth conformally harmonic (i.e. VmC;’,’Cl = 0) recurrent
Z forms; in particular we point out the existence of a proper concircular vector in
such a manifold and give the local form of the metric tensor in the conformally flat
case. It is worth to notice that the proof in the present paper is based only on the

request of rank(Zx;) > 2. Similar results were obtained in [26] and [27] for (PZS),
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and (WZS),, manifolds with the stronger condition of non-singular Z tensor. It is
well-known that the divergence of the conformal tensor satisfies the relation:

m n—3 m 1
VG = —— | Vm B + m(ijgkl — ViRg;)| - (4.1)

So if we consider VmCﬂl = 0 one immediately obtains:

VmRﬂl = Vkle - Vijl = (kagjl - Vjngl). (4.2)

1
2(n—1)
Now considering Egs. (3.3), (3.2) and (4.2) one can see that the following relation

holds for a (RZF),, manifold with harmonic conformal curvature tensor:

wijl — ijkl = [Vk(R + 2(n — 1)¢)gjl — Vj (R + 2(n — 1)¢)gkl]- (43)

1
2(n—1)

This is the starting point for the proofs of the most important properties of a
(RZF),, manifold having harmonic conformal curvature tensor.

Remark 4.1. We note that the condition V,,C7; = 0 implies that the manifold
is a (NCS),, one. Thus if the condition V(R + 2(n — 1)¢) = 0 is satisfied, the Z
tensor becomes a Codazzi tensor [32]. From Theorem 2.7 if rank(Zy;) > 1 then the
one-form wy, is null i.e. wr = 0 in this condition. To avoid Zx; to be of rank one we
suppose in this section that Vi (R +2(n — 1)¢) # 0.

Now we follow the procedure explained in [13] to point out other properties of
a (RZF),, manifold. Transvecting Eq. (4.3) with ¢g*! gives:

1
w;Z — mejm = §Vj (R+2(n—1)9). (4.4)
Inserting this result in (4.3) one can write the following relation:

ijjl — WjZkl = wkZ — Wmka)gjl — (ij — mejm)gkl]. (45)

1
Transvecting the previous equation with w' one straightforwardly obtains:
wkwlel = ijlel. (4.6)
Again we multiply the previous equation by w’ to obtain:
wkijlel = ijjwlel. (4.7)

This last can be rewritten as:

wrwl W Z;
wlel = u = twg, (4.8)
wjwt
il
where t = % is a scalar function. We have just proved the following theorem
J

that generalizes a similar result in [13] for an A(PRS),, Riemannian manifold (see
also [26] and [27]).
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Theorem 4.2. Let M be an n(n > 3)-dimensional (RZF),, Riemannian manifold

with the property VmCﬁl = 0. Then the vector w' is an eigenvector of the Zy

tensor with eigenvalue t.

Inserting (4.8) in Eq. (4.4) one easily obtains:
1
wr(t—2Z) = —§Vk(R+2(n— 1)¢). (4.9)

This result is again a natural generalization of a similar equation given in [13] for
an A(PRS),, Riemannian manifold.

Now transvecting Eq. (4.5) with w’/ and using the result (4.8) one straightfor-
wardly shows that the following equation holds:

wrwy | nt— 2 Z —t
Ry = , — — 9. 4.10
M ijﬂ[n—l}—’—gkl[n—l ¢] (4.10)

Again we have a quasi-Einstein manifold [7]. This result can be written in the more
compact form:

Ry = agwu + BTy T1, (4.11)
where o = Z=L — ¢ 3 = M=Z gare the associated scalars and T}, = —2— is

\ wjiw?

naturally a unit covector. We have just proved the following.

Theorem 4.3. Let M be an n(n > 3)-dimensional (RZF),, Riemannian manifold

m

with the property VmC’jkl = 0: then the manifold is quasi-FEinstein.

Remark 4.4. In the case of (RZF), with K-harmonic curvature tensor (i.e.
Vi K7 = 0) Eq. (4.3) takes the form:

A(wijl — WjZkl) = Vk(AqS + bR)gjl — Vj (A(]S + BR)gkl. (412)
Transvecting this with ¢* we obtain:
-1
Wi Z — W™ D = ”ij(Agz) + BR). (4.13)

Inserting (4.13) in (4.12) we get again the result (4.5). Following the same procedure
used for the conformally harmonic case we get that a K-harmonic (RZF),, manifold
is quasi-Einstein [7].

The notion of manifold of quasi-constant curvature was introduced by Chen and
Yano [9] and generalizes a space of constant curvature. A Riemannian manifold
(n > 3) is said to be a manifold of quasi-constant curvature if it is conformally flat
and the Riemann curvature tensor may be written in the form:

Rjkim = pl9mjgut — 9mr9iil
+q[9m; Te Tt — g T + 9T Ty + 90T Tk, (4.14)

where p and ¢ are scalars (with ¢ # 0) and 7; is a unit covector.
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Now in a conformally flat manifold the curvature tensor may be written as:

1
Rjpim = (n—2) [9mrRji — gjmBit — g Rjm + gj1 Rkem)
R
D) =2 Ima9k — Imiil: (4.15)

Now if we consider an n(n > 3)-dimensional (RZF),, Riemannian manifold with the
property V,,C7 = 0 we get Ry = agp + S1)T;, and inserting this in Eq. (4.15)
we obtain a manifold of quasi-constant curvature with ¢ = — (nf 5y P = gf&;i);;.

We may assert the following.

Theorem 4.5. Let M be an n(n > 3)-dimensional conformally flat (RZF),, Rie-
mannian manifold: then the manifold is of quasi-constant curvature.

We shall give now sufficient conditions for the existence of a proper concircular
vector in a conformally harmonic (RZF),,. We follow the same procedure already
used in [26] and [27] for pseudo-Z-symmetric and weakly Z-symmetric manifolds
(see also [15] and [12]).

Theorem 4.6. Let M be an n(n > 3)-dimensional manifold whose Ricci tensor is
giwen by Ry = agi + BT T, where Ty, is a unit vector: if the manifold is conformally
harmonic and the condition T;(Vi3) = Tx(V;3) is satisfied, then T} is a proper
concircular vector.

Proof. If the manifold is conformally harmonic then Eq. (4.2) holds. The definition
Ry = agr + BTT; is then substituted in (4.2) and the operations of covariant
differentiation are performed to give straightforwardly:

(ViB)T;T, + B(ViTy)Ty + BT;(ViTi) — (Vi B) 1Ty — BV, Tw) T — BTk (V,;1Th)

1 - .
= m(kaQﬂ - Vjngl)a (4~16)

where R = R — 2(n — 1)a. Recalling that T}, is a unit vector and so (V,1;)T" = 0,
Eq. (4.16) is then transvected with g/' to obtain:

1 .
(Vi) = (V'B)IWTi = B(V'TR)Ti = BTe(V'T) = 5(ViR). (4.17)
Transvecting again Eq. (4.16) with T9T" gives:
1 ~ 1 ~
~ T, T — BTHV T},) = —— - T T'.
(ViB) = (ViB) T T — BT (Vi T) 3= 1) (ViR) 3= 1) (ViR)T},

(4.18)

Comparing the last two equations gives immediately:
2—n ~ 1 -
Tw(V'T)) = — - T, T 4.1
BT (V') 3= 1)(VkR) 2(n = 1)(VlR) 3 (4.19)
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The last result is then transvected with T so that the following holds:
B(V'Ty) = —%(V;R)Tl. (4.20)
Now Eq. (4.20) is substituted in (4.19) to give:
(ViR T' = (Vi R). (4.21)
If the last result is substituted in (4.18) one can easily obtain:
(ViB) = (ViB) T T" = BT (Vi Ty). (4.22)

It is worth to notice that, by (4.21) one easily has (VyxR)T; = (V;R)T}. Thus
transvecting Eq. (4.16) with T! gives immediately:

ﬂ[vaj — Vka] + ijkﬁ — Tijﬁ =0. (4.23)

Following the hypothesis of the theorem we immediately conclude that T}, is a closed
one-form, that is:

ViTj — V,;T; = 0. (4.24)

Now with this condition in mind we can transvect again Eq. (4.16) with 77 recalling
that (V;13)T7 = (V,T;)T7 = 0 being T} closed to obtain the following relation:

T"(V,mR)
Vil) = ——= 11Ty, — . 4.25
kT Qﬁ(n—l)[l k= Yui (4.25)
So we conclude that T} is a concircular vector. O

Now we can state the following remarks.

Remark 4.7. From (V,, R)T"T}, = (V1 R) we easily obtain by a covariant deriva-
tive that the following is true:

V;ViR = (V;Tx) (Vi R)T™ + T,V (V. R)T™. (4.26)

A similar relation is written with indices k and j exchanged and the resulting
equations are then subtracted recalling that T} is a closed one-form to obtain finally:

Vi(Viu R)T™ = Tj(T*Vi(T™V 0 R)). (4.27)

Remark 4.8. From (V;0) — (Vi3)TxT! = BT'(V,T}) recalling that T}, is a closed
one-form one easily writes:

(Vi) = (ViB) Tk T". (4.28)
Now if the scalar function f = %ﬁ‘ﬁ) is considered by the previous remarks one

can write V;f = pd; where p is in another scalar function: thus the one-form
wi = fTy is closed and T} is a proper concircular vector.
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Now from Eqgs. (2.16) and (4.8) it follows immediately that:

n —

5 2Vk¢> =wr(Z —1). (4.29)

1

=ViZ +

5 vk
Now a process of covariant differentiation is employed to obtain:

n —

2
5 Vjvk¢ = ijk(Z — t) + kaj(Z — t). (4.30)

1
§Vjka +

Exchanging the indices k and j and subtracting the resulting equations one easily
obtains:

(Vjwp = Viewi (Z —t) + wpV;j(Z —t) —w;Vi(Z —t) = 0. (4.31)

Again from (4.29) one easily finds that the following is fulfilled:

1 -2
§ijkZ + nijquS =w;wi(Z —t). (4.32)

Now the indices £ and j are again exchanged and the resulting equation then
subtracted to obtain:

ijkZ — kajZ + (n — 2)[wj'vk¢ — kaj¢] =0. (433)

If wy, is a closed one-form and the condition w;Vy¢ — wiV ;¢ = 0 is fulfilled, then
one obtains the following equations:

kaj(Z — t) — wj'vk(Z — t) =0,

(4.34)
ijkZ — kajZ =0.

According to Theorem 4.3 a (RZF), Riemannian manifold with the property
VinCiy = 0 is quasi-Einstein, [7] that is, the Ricci tensor satisfies Ry =
agr + BTET. If rank(Zy;) > 2 the covector wy is closed and if the condition
w;jVio — w,p Vo = 0 is fulfilled by Eq. (4.34) we have w;(Vit) = wi(V,t) and
w;(ViZ) = wi(V;Z). One easily obtains the following relation:

t—27 t—2
Wy (an ) = Wk (Vj nn_ 1 ) . (435)

n—1

Thus multiplying the previous result by \/1—3 and considering Theorem 4.5 we
wjw

can state the following.

Corollary 4.9. Let M be an n(n > 3)-dimensional (RZF),, Riemannian manifold
with the property V,, C7y = 0. Then: (A) The manifold is quasi-Einstein and (B) If
rank(Zy;) > 2 and the condition w;jV ¢ —wi V¢ = 0 is fulfilled, then the following

1S true:
T;(VipB) = Te(V;3). (4.36)

1250059-21



C. A. Mantica & Y. J. Suh
So if we recall Theorem 4.6 we can finally state the following theorem.

Theorem 4.10. Let M be an n(n > 3)-dimensional conformally harmonic
(RZF)y,. If rank(Zy;) > 2 and the condition w;jV ¢ —wip Vo = 0 is fulfilled, then
the manifold admits a proper concircular vector.

Hereafter we specialize to the conformally flat case. It is well-known [1] that
if a conformally flat space admits a proper concircular vector, then this space is
subprojective in the sense of Kagan. In this way the following holds.

Theorem 4.11. Let M be an n(n > 3)-dimensional conformally flat (RZF),. If
rank(Zy;) > 2 and the condition w;V¢ —wip Vo = 0 is fulfilled, then the manifold
s a subprojective space.

In [38] Yano proved that a necessary and sufficient condition for a Riemannian
manifold to admit a concircular vector is that there is a coordinate system in which
the first fundamental form may be written as:

ds* = (dz')? + eq(ml)gzﬁdxo‘dxﬁ, (4.37)

where g;,5 = g;5(27) are functions of 27 only (a, 8,7 = 2,3,...,n) and ¢ is a
function of x! only. Since a conformally flat (RZF),, manifold with rank(Zy;) > 2
admits a proper concircular vector field, this space is the warped product 1 x e?M*
where (M*,¢*) is an (n — 1)-dimensional Riemannian manifold. Gebarosky [20]
proved that the warped product 1 x e?M* satisfies the condition (4.2) if and only
if M* is Einstein. Thus the following theorem holds:

Theorem 4.12. Let M be an n(n > 3)-dimensional conformally flat (RZF),. If
rank(Zy;) > 2 and the condition w;Vi¢ —wip Vo = 0 is fulfilled, then the manifold
is the warped product 1 x e M*, where M* is Finstein.

Remark 4.13. The condition w;Vi¢—w,V,;¢ = 0 is satisfied if V¢ = wyx, being
x an arbitrary scalar function. If ¢ = x from Sec. 1 we have that the Z recurrent
form reduces to Ricci recurrent form.

5. Special Conformally Flat (RZF),, Manifolds

In this section, we prove that a conformally flat (RZF),, is a special conformally
flat manifold. In [10] Chen and Yano introduced the notion of special conformally
flat manifold that is a generalization of a subprojective space. A conformally flat
Riemannian manifold is said to be special conformally flat if the (0,2) tensor
defined as:

1

H;; = ——Rij +
n

— (5.1)

2(n—1)(n — 2)7%
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may be written in the form:

2

H;j = —%gij + (Vi) (V;7), (5.2)

where 7, d are scalar functions and v > 0. In the previous sections we have proved
that a conformally flat (RZF),, is quasi-Einstein [7] and the Ricci tensor is written
in the form R;; = ag;; + BT;T;; inserting this in (5.1) one easily gets:

7.~ P
277 (n-2)’

Hij = — (5.3)

where 2 = —m and R = R — 2(n — 1)a as previously defined (provided
that R < 0).

Now recalling (4.21) ViR = T,T'(V;R) = M we have T; =
—w’y(Vw), and consequently that:

11y = 20V G090, 6.4

We have thus proved the result in (5.2) with the choice 6 = %. Thus a
conformally flat (RZF),, manifold is a special conformally flat manifold. We state
the following theorem.

Theorem 5.1. An n-dimensional (n > 3) conformally flat (RZF),, manifold is a
special conformally flat manifold.

In [10] Chen and Yano proved that every simply connected special conformally
flat manifold can be isometrically immersed in an Euclidean space E™ 1! as a hyper-
surface. Thus from Theorem 5.1 we may assert the following theorem.

Theorem 5.2. An n-dimensional simply connected (n > 3) conformally flat
(RZF),, manifold can be isometrically immersed in an Euclidean manifold E™*!
as a hypersurface.

6. Recurrent Z Forms on Kaehlerian Manifolds

In this section, we give a brief account of the behavior of Z recurrent form on a
Kaehlerian manifold. An n(= 2m)-dimensional Kaehlerian manifold is a Rieman-
nian space equipped with a structure tensor field F* (an affinor) satisfying the
following relations [39]:

FPF! = =62 Ff'gaj+F'gai =0; V,;F =0. (6.1)
From these it is easily shown that:

9sj = 9aiFJ'Fl; F{'Raj+ F'Rai =0; Ry = RoiF{'F.. (6.2)
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Consequently also the Z tensor Zy; = Ry + ¢gr; obeys to the same relations that is:
Ff Zoj+ F{ Zoi = 0;  Zgj = ZoiFJ'F. (6.3)

We now consider a recurrent Z form defined on a Kaehlerian manifold, that is by
definition the following equation:

kaij - VjZik = wkZij - ijik. (64)

The previous relation is thus transvected with F;Fﬂb and a rearrangement of the
indices is made to obtain:

ViZagFPF) = Vg ZahFOF! = wiZapFOF) — wsZarFOFY . (6.5)
From Eq. (6.3) then we have simply:
ViZij — VpZakFPF) = wiZi; — wpZar FFY . (6.6)

Now a similar equation with indices k and ¢ exchanged is written and the two
relations are added to obtain (recalling (6.1)):

ViZij + ViZij — Vo(Zak FOF] + Zoi FEF))
= wipZij + wiZij — wa(Zak FOFL + Zoi FOFY). (6.7)
Thus from (6.3) we get (after an indices rearrangement):
ViZij +VjZii = wiZij + w; L. (6.8)
Now Eqgs. (6.8) and (6.4) are added to get the final result:
ViZi = weZi. (6.9)
We are able to state the following.

Theorem 6.1. On an n(=2m)-dimensional Kaehler manifold the notion of Z
recurrent form is equivalent to the ordinary recurrency of the Z tensor.

From Sec. 1 we recall that if the Z tensor is recurrent, then the Ricci tensor is
generalized recurrent; we state the following result.

Theorem 6.2. On an n(=2m)-dimensional Kaehler manifold with Z recurrent

form: then the Ricci tensor is generalized recurrent.
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