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1 Introduction

Conformal field theories (CFTs) are remarkable quantum field theories (QFTs) endowed
with an enhanced symmetry under the conformal group. Such special theories represent
fixed points in renormalization group flows and at the same time describe second-order
phase transitions in statistical and condensed matter systems. Strikingly, they also shed
light on the structure of the landscape of quantum field theories and elucidate aspects of
quantum gravity and black hole physics via the AdS/CFT correspondence. In recent years,
a modern revival of the conformal bootstrap program [1] has spurred many impressive ad-
vances in this field [2]. The bootstrap program furnishes a systematic non-perturbative
approach to reconstructing the CFT data associated with a given theory by exploiting
conformal symmetry and imposing stringent consistency conditions, such as crossing sym-
metry and unitarity. This powerful method empowers us to gradually carve out the com-
plete allowed space of CF'Ts, thus extending our understanding of the structure of the full
landscape of theories.

Most results so far have been extracted through the consideration of 4-point correlation
functions of operators, as reviewed in [2]. For example, well-known explicit expressions or
recursion relations exist for the conformal blocks appearing in 4-point functions of scalars in
arbitrary spacetime dimensions. Moreover, a rich variety of techniques have been developed
for handling 4-point conformal blocks involving external and internal exchanged operators
in arbitrary Lorentz representations. In addition to the tremendous profusion of progress
with respect to 4-point functions, there exists some recent stimulating work on higher-point
functions. Some of this work focuses on 2d CFTs [3-7] or on constructing correlators in
the context of the AdS/CFT correspondence [8-13].

There are a number of reasons to desire a more precise understanding of five- and
higher-point correlation functions. Some motivation includes the compelling idea that it
might be possible to get more leverage from examining these objects in the context of
the conformal bootstrap. While in principle crossing symmetry of all 4-point functions is
sufficient, it may be easier to extract constraints from simple higher-point functions than
from arbitrary spinning 4-point functions. Relatedly, the analysis of higher-point functions
may also enable us to more easily probe different physical regimes of a conformal field
theory, e.g. by taking various lightcone and Regge limits. The behavior of correlators in
such regimes gives alternative ways of packaging information on the structure of the CFT.

In holographic CFTs, the elusive 3-point functions of heavy operators (OgOpOx)
can be probed by studying the 5-point object (OOrOpOrOr) involving mostly light
operators. Moreover, additional motivation comes from the desire to understand the CFT
implications of the averaged null energy condition (ANEC) [14-24]. For example, one
can require positivity of the expectation value of the energy flux operator £ in a bilocal
state created by two scalar operators, which is encoded in a 5-point function of the form
(Pip;TH ). It may be interesting to understand if this positivity condition leads to
new constraints on the CFT spectrum.

Literature on higher-point conformal blocks for general CFTs in d > 2, which may be
required for the above analyses, is relatively scarce. A noteworthy contribution is the anal-



ysis by Rosenhaus [25], where the author computed a series expansion for the 5-point scalar
exchange conformal block in a 5-point function of external scalar operators. Holographic
representations of higher-point conformal blocks were constructed in the works [26-28],
and dimensional reduction formulae for higher-point scalar exchange blocks were recently
derived in [29]. In addition, the null polygon limit of multi-point correlators was later
explored in [30]. Further, a connection to Lauricella systems was made in [31], while a
connection to Gaudin integrable models was proposed in [32]. A different perspective was
introduced by [33], and general representations of higher-point blocks were developed us-
ing the operator product expansion (OPE) in embedding space [33-38]. In particular, let
us highlight that both [27] and [35] derived alternate (but equivalent) expansions for the
scalar 5-point block with scalars exchanged.

As of now, few explicit results for higher-point conformal blocks capturing the ex-
change of spinning operators exist. A notable exception is [9], which developed a series
expansion for such blocks with identical external scalars. However, this result involves a
summation over 9 variables, with coefficients that must be determined recursively by solv-
ing the Casimir differential equations. A simpler approach to computing such blocks would
clearly be desirable. In this work, we endeavor to improve our understanding of 5-point
blocks, by deriving simple recursion relations which can be used to compute 5-point blocks
for the exchange of arbitrary symmetric traceless tensors. Our results may be regarded
as a natural generalization of recursion relations for 4-point blocks obtained by Dolan and
Osborn [39] to the 5-point case.

We will perform our analysis in the context of the weight-shifting operator for-
malism developed in [40]. We begin by considering a purely scalar 5-point function
(OA, 07, PA,OA, DA, ). Here we seek to compute the general conformal block for this object,
namely that of arbitrary symmetric traceless tensor exchange in the (12) and (45) OPEs.
We may express this block in terms of the following 5-point conformal integral:

1
<¢ 1(X )¢ 2(X )(I) 3(X )¢ 4(X )¢ 5(X )> = DdX DdY
A 1)PA 2)PA 3)PA 4)PA 5 Oemzl:me o'qu;xqs% NONO'/ /

(6, (X1) Py (X2)0a, .4, (X)) (O (X) DA, (X3)OB, g, (V)HOPBe (V) (Xa)pas (X)) ]M :

(1.1)

where O, @' denote the shadow transforms of the operators @, @', and Noe, Npe are the
appropriate shadow normalization factors. The | )y indicates that we must project onto the
appropriate monodromy-invariant subspace to extract the physical block. Here we choose
to work in a channel where the middle scalar operator occupies a special place in the
correlator, which is often referred to as the comb channel. The 3-point functions on either
side are then treated on the same footing, both being of the type (scalar)-(scalar)-(spin),
while the central 3-point correlator is distinct and takes the form (spin)-(scalar)-(spin) or
more generally (spin)-(spin)-(spin) if we promote ® to a spinning operator.

This paper is organized as follows. In section 2, we review the result for the scalar
exchange 5-point block, summarizing the general properties of 5-point functions and their
cross-ratios as well as the calculation of scalar-exchange blocks performed in [25]. We



next give an overview of the weight-shifting operator formalism in section 3. Here we
describe the weight-shifting differential operators, characterizing their properties and their
action on correlation functions. Along the way, we recall the convenient diagrammatic
notation introduced by [40]. We then summarize the 2- and 3-point crossing relations,
which constitute the main computational tools of the weight-shifting formalism, along
with the construction of conformal blocks. We additionally discuss how to derive recursion
relations which lower the spin of the exchanged operators, reviewing the derivation of
analogous recursion relations for 4-point functions.

In section 4 we give our derivation of new recursion relations which can compute arbi-
trary conformal blocks appearing in 5-point functions of scalar operators, capturing general
symmetric traceless tensor exchange. We present two distinct kinds of recursion relations,
representing two different ways of encoding the same information. We also perform several
explicit checks that our 5-point recursion relations are consistent with known properties of
4-point functions by taking appropriate limits. In section 4.3, we discuss the special case
of conserved tensor exchange, focusing on the case of conserved vector and spin-2 tensor
operators.

In section 4.4, we consider promoting the middle scalar operator ® to a spin-1 vector.
We detail how to encode the corresponding blocks for symmetric traceless tensor exchange
in terms of appropriate combinations of weight-shifting operators acting on lower-spin
blocks for a 5-point function of purely scalar external operators. The latter objects act
as the seed blocks and may in turn be computed with the aid of the recursion relations
described in the previous section. Next, in section 4.5, we discuss how to further promote
® from a vector to a spin-2 tensor operator. Here the procedure is completely analogous to
the previous one, with the difference that the seed blocks are now the ones for symmetric
traceless tensor exchange in the corresponding 5-point function featuring a spin-1 operator.

In section 5, we discuss a possible application of these results in the context of the
averaged null energy condition (ANEC). In particular, they empower us to apply the OPE
to compute the expectation value of the ANEC operator in bilocal states. Invoking the
ANEC positivity condition, one may extract constraints on the OPE coefficients. Here we
provide an initial discussion of the resulting constraints. We conclude in section 6, giving
a discussion of directions for future work. A brief description of the box tensor basis and
as well as various coefficients derived in this work are included in a number of appendices.

2 5-point functions

In this section, we give a broad overview of what is known about 5-point correlation func-
tions up to this point. We begin by describing the general form of a 5-point correlation
function of symmetric traceless primary operators, then proceed to discuss 5-point confor-
mal blocks, and last review the prototypical case of scalar exchange in the purely scalar
5-point correlator. Throughout, we work in the index-free embedding formalism of [41, 42].

Let us label spin-¢ primaries by their dimension and spin as x = [A, £]. Then, conformal
invariance fixes a generic 5-point function of spin—ﬁ primaries to be of the form

GXl,---,XS = <01(X1;Z1) 05 X5,Z5 HXia” ka ua le 7X5({XZ7Z} (21)
1<j



where
1 13
aij =3 Ti—i-Tj—EZTk , (2.2)
k=1

with 7; = A; + ¢;. Here fi(ug) represents some function of the conformal cross-ratios .
In this case, there are five such invariants which we will explicitly describe below.!

The factors X;; in the overall prefactor in eq. (2.1) carry powers that are fixed by
the homogeneity requirement of having proper behavior under scale transformations. To
be precise, the transformation of a primary field On , of scaling dimension A and spin /
may be encoded by a polynomial F'(X, Z) in its position X and the polarization vector Z,
subject to the constraint

FO\X;aZ + X)) = \"2a'F(X;Z). (2.3)

In general, the powers ; in eq. (2.2) depend on the external operator scaling dimensions
A; and the spins ¢;; in the scalar case, they depend exclusively on the A;. By extracting the
above prefactor, we have ensured that the Q*) have weight ¢; in each point X;. Moreover,
they are required to be identically transverse:

QP (NXpaiZi+8:X:1) = QF | ({XiZi}) ] niew)™ . (2.4)

(2

We may construct these polynomials from the basic building blocks V; ;i and H;; of the
standard box tensor basis, which we review in appendix A.

In a nutshell, using the embedding formalism the most general form of the 5-point
correlator (O1(X1;721) -+ O5(X5; Z5)) compatible with conformal invariance is simply a
linear combination of homogeneous polynomials of degree ¢; in each Z;. These constituent
polynomials are in turn constructed from products of appropriate powers of V; ;. and H;;.
Finally, the X; dependence is fixed by the scaling requirement of eq. (2.3).

We may expand the >, [...] in eq. (2.1) in a basis of so-called conformal blocks,
which capture the exchange of specific primary operators in the operator product expansion
(OPE). Let us briefly recall the fundamental concept of the OPE. This is the statement
that, inside an appropriate correlation function, the product of any two local primary
operators at two distinct spacetime points may be replaced by an infinite sum over primaries
at a single point. In position space, we may express the OPE of two scalar operators ¢a,
and ¢a, as

¢A1 ($1)¢A2 (1'2) = Z )‘¢A1¢A200(m12’ ax2)elmeeoel...ez (x2) ’ (25)
@]

where the sum ranges over the infinite set of primary operators which appear in the
oa, X da, OPE. In the case of two scalars, these operators are just the traceless sym-
metric tensors of arbitrary spin ¢. Here the function C(z12,0z,)% ¢ is a power series in
0z, that encodes the contribution of the infinite tower of descendant operators correspond-
ing to each primary. It is fixed entirely by conformal invariance in terms of the operator

1See e.g. [34, 41, 43, 44] for general discussions of n-point functions and their cross ratios.



scaling dimensions. Finally, the OPE coefficients A, A, 6a,0 BTE undetermined numerical
coefficients (effectively the structure constants of the operator algebra).

While in a general QFT the OPE converges only in the asymptotic short distance
limit, in a CFT it can give a convergent series expansion at finite separation, owing to
the enhanced symmetry of the theory. This absolute convergence renders the OPE a
well-defined quantity in a conformally invariant theory and lends it additional power. In
particular, in a CFT, the OPE may be applied to recursively reduce n-point correlation
functions to (n — 1)-point functions, all the way down to 2-point and 3-point functions.

For simplicity, let us restrict our attention to the 5-point function with external scalar
operators (oa, (€1)oa,(22)Pa,(23)da, (x4)da,(5)). Here we label each scalar by its scal-
ing dimension A;, and the notation is meant to highlight the distinct role of the middle
operator ®, in the OPE channels we will consider. A single application of the OPE in
the channel (12) enables us to cast this object as a sum of 4-point functions. In particular,

(Pa, (71)Pn, (22)Pas(23) P, (T4)PA; (25))

= D Non,68,08,0(%12, 00y )er e (OR ) (€2) g (23) 9, (T4)das (25)) , (2.6)
Onaye

where the sum runs over primary operators O g.

Alternatively, exploiting the OPE twice, for example, in the double OPE channel
(12)(45), permits us to express this same object as a double sum over derivatives of 3-point
functions. That is, we have

(A, (21)Pa, (22)Pa, (73) DA, (T4)PAs (T5))

= Z >\¢A1¢A2 On e )\¢A4 a50%

OA,Z :O/A/ V4

X C(wlz, 8x2)61---€ec(x457 aﬂ&s)flwfz/ <OeAl,.é.e£ (‘TQ)(I)(‘T?))OAJC’I,Z’.JCW (1‘5» ) (27)

where now we sum over two sets of primary operators Oa , and O/A',e"

In an analogous manner as for the familiar 4-point function, this double OPE expansion
recasts the 5-point object in terms of an expansion in conformal blocks. The conformal
blocks are the building blocks of CFT correlation functions that effectively encode the
kinematical contribution of the descendant operators in terms of the primary operators,
which is fixed by the conformal algebra. In this paper, we primarily choose to compute
the conformal blocks in the double OPE channel (12)(45) applied to a 5-point function of
scalar operators, as shown above.

Individual terms in this sum could be picked out by inserting a projector |Oa ¢| onto
the conformal multiplet of Oa ¢ (and similarly for O/A',e’) into the 5-point function. Note
that each 3-point function appearing in (2.7) can in turn be expanded in a basis of tensor
structures, which are readily described in the embedding space formalism. Labeling the
tensor structures by an index a, each comes with an independent coefficient A?QA,ZCDA;; O
and a 5-point conformal block will similarly be labeled by the index a. Thus, moving to



embedding space notation, we have:

(D, (X1)Pn,(X2)[On | Pa; (X3)|Ohr pr|Pa, (Xa)pas (X5)) =

(a)
Z /\¢A1¢A20A,4)‘%A,4¢A30/A, P )‘¢A4¢A5(’)’A, o WAa,Z,A’,Z’;Ai (Xi), (2.8)
a ’ ’
where
WS v oin, (Xi) = Pas (XG0, () (2.9)

The object WXZ% ALUA; (X;) is comprised of an external-dimension-dependent prefactor

Pa,(X;) and the 5-point conformal block G(Aa?g’ A (), which is a function exclusively of
the conformally-invariant cross-ratios u;. In the case of the 5-point function, there are
generically five independent cross-ratios u;,? and different choices of bases can be made for
them. In addition, there are multiple forms of the prefactor Pa,(X;) that are consistent
with homogeneity, leading to another convention choice. Sometimes referred to as the “leg
factor”, this prefactor encodes the scaling properties in an explicit coordinate dependence
of the 5-point function, but it is ambiguous because it can be multiplied by various com-
binations of the cross-ratios. We will intentionally choose to write these coordinates and
functions in a convention-independent way as much as possible.

Various sets of conventions for these quantities exist in the literature. For instance,
in [27] the external prefactor is given by

A As Ao Az Ay
PA(X‘):< Xos )2 < X14 )2 < X5 )2 ( X5 )2 ( X5 )2
e Xi15X12 X15Xu5 X12Xo5 X13X35 X14Xu5 7
(2.10)

where X;; = —2X; - X;. This is coupled to the basis of cross-ratios

uy = X12X35 "y = X13Xy5 W = X15X03 Wy = X15X04 Wiy = X15X34
Xo5X13’ X35 X14' ’ Xo5X13' ’ XosX14' ’ X35 X4
(2.11)

Another convention is that of [25], where the prefactor and cross-ratios are given by

B3

1 Xo3\ B [ X\ P [ Xaz\ 2

23 24 35

PA,(X;) = N = o (X ) (X> (X> (2.12)
(X12)7 2 (X34) 2 (Xy5)™ 2 13 23 34

and

o — X12X34 r_ X14X03 r_ Xo3Xy5 ;o Xo5X34 W — X15X93X34
' X13Xoy Xo4 X35’ X904 X13X35
(2.13)

respectively.

2More precisely, there are 5 independent cross-ratios for sufficiently large values of the spacetime dimen-
sion d, in particular for d > 3. For lower d, some of the cross-ratios become dependent, leaving us with only
5d — (d + 2)(d + 1)/2 independent cross-ratios.



Lastly, according to the conventions of [35], the external prefactor is given by

P (X):< X5 )A1/2< Xy )A2/2< Xoy >A3/2( X35 >A4/2( X4 )As/2
e X14X15 X93X04 X93X34 X34 Xy5 X45X15 ’

(2.14)

while the conformal cross-ratios are

5 Xo3Xus 5 X3aXis 5 Xo5X34 5 X13Xy5 5 X12X45X34

1= v v 2= 3 v 0 1753 v 0 YTy o o VT v o

X35X14 X35X24 X14X35 X14X35X24
(2.15)

Once the conventions are chosen, the next issue is how to explicitly compute the confor-
mal blocks. Of these, two prominent approaches are to solve the conformal Casimir equa-
tion and express the block as a conformal integral.®> We summarize each of these in turn.

The conformal Casimir approach relies on the property that 3-point functions of pri-
mary operators furnish natural eigenvectors of the quadratic conformal Casimir, defined as

ELAB L g, with Lsp denoting the generators of the conformal algebra. Let us represent

the action of L4p on an operator O(X;) by the differential operator £4 5. If we consider
the scalar 3-point function (pa, da,O), conformal covariance of this object leads to

(Lhp + LA (0a, (X1)da,(X2)O(X3)) = =L 5(da, (X1)da,(X2)O(X3)) . (2.16)

The content of this statement is that the action of the conformal Casimir on X7, X5 is
equivalent to its action on X3, which simply yields the eigenvalue Cp. That is,

S (LA 4 L22P) (Ll L) (0, (X162, (X2)O(Xs)

= L (6, (X) 0, (X2) O(Xs)
= Coloa, (X1)62,(X2)O(X3)). (217)

By solving the Casimir eigenvalue equation, Dolan and Osborn succeeded in deriving com-
pact expressions for even-dimensional symmetric traceless exchange conformal blocks for
scalar 4-point functions [39, 52].

Another leading method for determining conformal blocks is the conformal integral
approach, as described e.g. in [53]. In this approach, one introduces a projector onto the
conformal multiplet of O, defined by

= /\}O/DdX|(9(X)><(’~)(X)|, (2.18)

3 Another approach, which we do not pursue in this paper, is to develop Zamolodchikov-like recursion
relations for the block, making use of its expansion in poles in the exchanged operator dimension [45-51].



where O denotes the corresponding shadow operator with scaling dimension d — A:

O(X) = / DdY(ley)MO(Y) . (2.19)

The approach then entails inserting the projector |O| inside a correlator (¢a, ... ¢A,, PA,, 1
...¢na,), thus forming a conformal integral of a product of correlators, supplemented by
the appropriate monodromy projections

(DA, -"¢Am|0|¢Am+1“'¢An>:A}O/DdX<¢A1 D2, OXINO(X)Pa sy ---Fa,)

M=e27ip

(2.20)

Here M denotes the monodromy factor that arises under the mapping X;; — e4mXij for
i,7 < m, while keeping the other Xj;; invariant. The value of ¢ is fixed by demanding
consistency with the OPE, which gives ¢ = A — 37, A;. For example, the 4-point
conformal block for scalar exchange may be expressed as the following conformal integral:

Waoa, (Xi) = _/\/1b /DdX<¢A1(X1)¢A2 (XQ)O(X)><@(X)¢A3 (X3)0a,(Xa)) M=e2mie

(2.21)

The purpose of the M projection is to restrict the conformal integral onto the proper mon-
odromy invariant subspace, thus removing the contribution of the unphysical shadow block.

Each of these two methods may be exploited in the context of the scalar 5-point func-
tion in order to compute 5-point conformal blocks. From the perspective of the conformal
Casimir, we would need to simultaneously solve two eigenvalue equations obeyed by the
block, subject to appropriate boundary conditions.

In particular, the 5-point function satisfies

0= [;(523 + Lhp) (L8P 4 £2A5) - CM} Wb, (X (2.22)
0= [;(ﬁjB + L55)(LYAB 4 £5AB) CA’,Z’} WE},A/,@/;& (Xi), (2.23)

where
Cav=AA—d)+0(l+d—2). (2.24)

This directly leads to a system of differential equations for the conformal blocks which take

the form
DIQG(AG’)Z’A/’Z/ (Uz) = CA7£G(ALL’)Z7A/’£/ (ul) 5 (225)
D45G(Aa7)g,A/,g/ (Uz) = OA/’g/G(Aa?&A/’g/ (UZ) s (226)



where D19 and D45 are appropriate second-order differential operators in the conformal
cross-ratios. This approach was used in [26] when developing holographic representations
of 5-point blocks, and in [9], in the context of developing a series expansion for 5-point
blocks. An interesting related approach was recently proposed in [32], which advocated for
combining these equations with those arising from fourth-order differential operators and
mapping the resulting system to a Gaudin model.

Alternatively, we may express our object of interest as a conformal integral of a product
of 3-point functions in the following fashion:

1
Wg%,A’,Z’;Ai (Xi) = Now Now /DdXI /DdXJ (2.27)
2,VOY,

(D1 (X1) P25 (X2)On, (XD Oa (X 1)y (X3)Ohr (X)) N (O o (X 1) 9, (Xa) by (X5))|
M

where we have expanded the 5-point correlator in terms of the exchanged operators O 4
and O’A,7 »» both symmetric traceless tensors. The indices have been suppressed for brevity.
Here | 1y denotes an appropriate monodromy projection which removes the shadow contribu-
tions. Note that the integrand contains two kinds of 3-point functions, namely the familiar
(scalar)-(scalar)-(spin-¢) correlator, which features just a single 3-point structure, and the
(spin-£)-(scalar)-(spin-£') correlator, which consists of multiple independent structures.

For the case of scalar exchange, it is convenient to exploit the conformal integral
approach to obtain the 5-point block. A straightforward application of the method renders
the extraction of the block quite effortless owing to the appearance of Mellin-Barnes type
integrals, which are simple to evaluate. This was first carried out in [25], where the author
employed the conformal integral technique to obtain the 5-point conformal block for scalar
exchange. The result is given by

, 0 u/nl 171}/ n2 lfw’ n3 171}/ n4g u/n5
GA,O,A’,O(ullvvllvul%v/Qvwl) :u/lA/QuIQA /2 Z - ( 1) ( ) ( 2) 2

ni=0 77,1! 77,2! TL3! TL4! TL5!
(A+A12> <A—A12> (A/—A45> (A/+A45)
X (7A + A A?’ ) 2 ni+nz2+ns 2 ni+ng 2 n3+nq4+ns 2 na2+ns
2 Zle n; (A)2n1+ﬂ2+n3+n4 (A/)2n5+n2+n3+n4

(A—A’+A3> (A’—A+A3)

2 2 —n1,—ns 2—d+A+A' A3

% ny ns 3y |:A—A’—A3 ) ) A’—AQ—AS ;1:| . (228)
(1—d/2+A) <1—d/2+A’) =S5t long, S50+ 1-m

ni ns

Subsequent studies employed the AdS/CFT correspondence [27] or the embedding space
OPE formalism [35], confirming and extending this result, thus placing the form of the
five- and higher-point blocks corresponding to scalar exchange on a strong footing.



The explicit result obtained by [27] is given by

r (% (—A—A1+A2)+1>F (%(—A+A3—A’)+1> r @ (A4_A5_A,)+1)

Gapo,an0(us) =
D(1=A)0 (1=A)T (3 (~A1+80+A5+As—A5)+1)
i 1 u?%l u?’% (1—wag) @13 (1—woy)T@) (1—1wg,y)IE)
X = = 0
k1Ko, <A—g+1)k1 (A/_%+1>k2 ]fl' ]{72' ](2‘3>! ](2‘4>! ]<3‘4>!

J(213)+J(2]4)-J(3]14)y=0

1 1
><< (A Al—A2)+1) (—(—A+A1+A2)> (f(A—Ag—A’)—H)
ki \2 iy \2 Ky
1 1 1
X (f (As+A5—A )) (f (—A—A3+A’)+1) <7(—A4—A5+A’)+1)
2 —ky \2 ky \2 ks
1 1
X (7 A17A27A37A4+A5)) (* (A*A1+A2))
2 —J(213) ~J(214) ~J(3]4) 2 Je213)Fd(2)ay +h1
1 1 1
Csraem)  (earaen)  (Hacaew)
2 j(2)3) +hk1—k2 2 J3|ay—k1+k2 2 J(2|ay+J(3]a) Th2
L(A+A+A L(A+A3+A LA +A5+A
(2 1+ 2)) oo (2( 3 )>’€2+J’<2|4> (2( FERAY )>k2+j<2\4>
(A)2k1+j<2|3>+j(2\4) (A )2k1+j<2|3)+j(2‘4 (A/)2k1+j<z|z>+j 2|4)
d AN A A AA A A’ A A
X 3Fy (—k‘l,—k’z, 2+ 5 +—= 5 + 23 5 —+—= 9 +73 ko, — 9 2 23 ki; ) . (229)

In [27] it was established that this form is equivalent to eq. (2.28). In particular, the two
forms match to arbitrary numerical precision in the mutual regime of convergence of the

two series expansions.
An alternate form of the series expansion was also obtained in [35]. This is given by

(d,ha,h3,ha;p2,p3,pa) 5 5 .5 5 5\ __
G (u7,u3,v11,079,V59) = Z (P3)miy+ma1+mas (PA—11)m,
{mavmab}ZO

« (p2 + h2)m1 +mi2 (]53 + B3)m1 +m2+m11+m712+m22 (]54 + B4)m2+m12+m22
(]53 +h2)2m1 +mi1+miz2+ma2 (154 +h3)2m2+m11+m12+m22

(=h3)mi (—ha)ms (—ha+m2)m,, B —my,—ma, —p3—ha+d/2—m q
([33+h2+1—d/2)ml(ﬁ4+h3+1—d/2)m2 ps—mi,hg+1—mq ’
)™ (W) (1) (1) e (1) 20)
m1! mQ! m11! m12! m22! ’ '
where
D2 = Ai3 ) 2p3 = Aiz + Akl - Ai;a ) 2]74 = Ai4 + Akg - Akl )

2ho = Ak1 — AZ’2 — AZ'?’ s 2hs = AkQ — Akl — Ai4 R 2hy = Aks — Ak2 — Ai5 s (2.31)

and py = Y0 opp and hy = Y% o hy. Here the A;; for j = 1,...,5 denote the scaling
dimensions of the five external scalar operators, while Ay, and Ay, represent the dimensions
of the two exchanged scalar primaries. The authors analytically showed this form to be
equivalent to the one of eq. (2.28) using a sequence of hypergeometric identities.

If we attempt to extend the conformal integral approach to the case of the exchange of
arbitrary operators of spin ¢, £/, we find almost immediately that the natural generalization
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by introducing shifts in the powers of the Xj; is of little advantage to us, as the integrals
quickly become unmanageable. Instead, we turn to the convenient and elegant framework
afforded by the weight-shifting operator formalism [40]. This approach empowers us to
derive a set of efficient recursion relations for generating the 5-point conformal blocks for
the case of arbitrary symmetric traceless exchange. In the next section, we give a brief
overview of this formalism, highlighting some of its essential features and laying out the
basic method for obtaining recursion relations for conformal blocks.

3 Review of the weight-shifting operator formalism

We begin by giving a brief description of the weight-shifting operator formalism, a frame-
work originally presented in [40] and further developed in [54-57]. In this formalism, a
large class of conformally-covariant differential operators is introduced along with a cross-
ing equation that they respect. Referred to as weight-shifting operators, these operators
may be used to relate correlation functions of operators in different representations of the
conformal group. A crucial advantage of this approach is the substantial simplification
it lends to the computation of conformal blocks involving external operators with spin.
Notably, this method allows one to find expressions for seed conformal blocks as well as for
more general blocks. This is in contrast to the differential basis approach [42], which gives
a prescription for computing more general blocks from a set of simpler seed blocks but does
not allow one to determine the seed blocks themselves, which are left to be extracted using
other methods [53, 58, 59]. The weight-shifting formalism may therefore be regarded as
an extension of the differential basis approach, since it enables one to alter the exchanged
representation when desired.

Another convenient aspect of the framework is that it allows one to derive recursion
relations for conformal blocks quite efficiently, a feature which is essentially built into
the formalism. An inherent property of this formalism is that it naturally packages the
conformal blocks into the form of a linear combination of some differential operators acting
on some set of seed blocks, e.g. the conformal blocks for symmetric traceless exchange in
a purely scalar 4-point function. Thus, the conformal blocks are naturally expressed in a
differential operator basis in the context of this framework.

We next briefly introduce the weight-shifting differential operators themselves.

3.1 Weight-shifting operators

The general construction of the weight-shifting operator formalism reveals a large class
of conformally covariant differential operators, which correspond to tensor products with
different finite-dimensional representations . That is, each set of operators {D&U)A} is
associated with a particular representation W, where A = 1,...,dim W is an index for W,
while v refers to a weight vector of W (i.e., a common eigenvector of the Cartan subalgebra).
We may regard the finite-dimensional representation W as a vector space with basis e. For
example, we may consider W to be the fundamental vector representation, W =V = [.
Following [40], we denote the representation of a given operator by the pairing [A, p|, where
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A labels the scaling dimension, while p stands for the Lorentz quantum numbers of the
representation, often simply the spin.
A [A, p] = [A—0JA,, A] associated with W for generic

A are in one-to-one correspondence with the irreducible components in the tensor product

In particular, the operators Dg(cv

decomposition of W* ® Va ,, where Vj , is the representation in which a given operator
O(x) transforms. Aptly named weight-shifting operators, the operators D;E;v)A act on O(z)
by shifting the weights of O by the weights of v, while introducing a free A index. For
example, they may increase or decrease the spin or dimension of 0. Roughly speaking,
when Dé”)“ lowers the spin of O, its missing degrees of freedom are transferred to the index
A for W.

Such operators can be constructed explicitly using the embedding space formalism.
The weight-shifting formalism, however, is completely general and can be used without
reference to the embedding space framework. Here we will be primarily interested in the
case of symmetric traceless tensors of SO(d) in general spacetime dimensions. For the

,DE?A,(SZ)A

vector representation, we can build differential operators { } with a vector index

in the embedding space, which map

DO A = [A-1,1,
DU A ] = [A L +1],
DU A = [AC—1],
DO A ] = [A+1,4] (3.1)

As explained in [40], the differential operators DE?A’M)A

may be determined by as-
suming a suitable ansatz and then fixing the coefficients by demanding that they preserve
the ring of functions R of X, Z € R¥*1! that are invariant under Z — Z + AX (ie. they
must map R — R) and also preserve the ideal R N I, where I is the ideal generated by
{X? X .Z, 7%}. That is, the operators must be well-defined on R/(RNI).

In particular, there are four weight-shifting operators for the vector representation

W = V. These are explicitly given by*

Dg(—O)A

DY = ((+2)03 + X40x,) 27,

= x4

DO = (A= d+2- 054+ XA0x, ) ((d - 4+ 20008 — 2502,.) 05,

A _ 1

D(+0 _ 2t
X 2

(e10% + X 0x,, ) (€208 + 2502, ) (es05 — 95 2D ) 0%, (3.2)
where

c1=2—d+2A, co=2—-d+A -1, c3=A+1, (3.3)

and A and £ label the dimension and spin, respectively, of the operator in question.

“We follow the normalization conventions of [40].
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A crucial aspect of this construction is that differential operators of this type obey a
type of crossing relation, which we may schematically denote by

DO (X1)02(X2)05(X3)) (@ = 37 . 3D MO0 (X1)0h(X2)O3(X3))® . (3.4)
OLv"b

where a and b label conformally-invariant 3-point structures that appear in a correlation
function of the given operators. The {...} represent group-theoretic expansion coefficients,
which are examples of 65 symbols (or Racah-Wigner coefficients) for the conformal group.
The function of eq. (3.4) is to relate weight-shifting operators acting on 3-point structures at
different points to each other, thus enabling us to re-express a covariant differential operator
acting on X as a linear combination of operators acting on Xo. There is also a variety
of this crossing relation for 2-point structures, which leads to a convenient integration-by-
parts rule in the context of the conformal integral.

By judiciously selecting suitable combinations of weight-shifting operators and apply-
ing the two- and three-point crossing relations where appropriate, we are able to derive
various recursion relations for conformal blocks quite efficiently. The bulk of the computa-
tion involves extracting the relevant 65 symbols, which may be time consuming for more
complicated cases. However, this is the only potentially challenging part of the calculation.

Having given a broad overview of the formalism, we next take a closer look at the
crossing relations for weight-shifting operators.

3.2 Crossing relations for weight-shifting operators

We now proceed to describe the action of the weight-shifting operators on conformally-
invariant correlation functions of local operators. Acting with such a differential operator
on an arbitrary n-point correlator produces a conformally-covariant n-point function. The
resulting object has an additional interpretation as a conformally-invariant (n + 1)-point
function that includes a basis element of a given finite-dimensional representation WV of the
conformal group SO(d + 1,1). In particular, we may represent this invariant (n + 1)-point
function as a n-point correlation function with the formal insertion of a basis element e”

of W:
DWNOX)..) ~ (AO(X)..). (3.5)

Here we find it convenient to employ the diagrammatic language introduced in [40].
Following [40], we symbolize such a conformally-covariant differential operator by

Ol

PP =

O

where a wavy line is used to denote the finite-dimensional representation WW.
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We next consider the action of such an operator on two- and three-point correlation
functions in turn. We represent a conformally-invariant 2-point structure by

(O1(X1)02(X2)) = O —«——>— 0y » (3.7)

where the dot may be seen as separating the representation at the first point from that at
the second point. That is, we regard the part of the diagram to the left (right) of the dot
in the direction indicated by the arrow as being at point X; (X2). It is well known that
there is at most one such structure consistent with conformal invariance. In particular, this
object is nonvanishing provided that O; and O, are in what are sometimes referred to as
the contragredient or dual-reflected representations with respect to each other, which we
denote by p; = (p5)*. In Lorentzian signature, this is the same as the complex conjugate
representation, (pg ) = ,0;. Moreover, the dimensions of the operators should match,

A1 = Ao; otherwise, the 2-point function vanishes.

We now consider acting with a weight-shifting operator on the 2-point function. It is
straightforward to infer and verify a suggestive crossing relation that encodes the relation
between 2-point correlators of the operators O and (’. This relation assumes the form [40]

OT()

OT ? Ol _ O/ T ? O/ |
4% w

For symmetric traceless operators, this diagrammatic statement corresponds to the

(3.8)

equation

(m)
D) (O(X1)O(Xa)) = {ZT} DO (X1)0 (X)) (3.9)
(m)

where m labels the relevant weight-shifting operator carrying a shift opposite to m. This
equation is referred to as the “2-point crossing relation”. Here O represents the operator
with which O has a nonvanishing 2-point function, which is the complex conjugate in
Lorentzian signature. In the special case of CFT weight-shifting operators in the vector
representation given in eq. (3.2), one finds that eq. (3.8) reads [40]

DE?ZA ’M)A<0A,z(X1)OA,g(X2)>

o (6A,50)
- {(9 N } Dg(*_lm’_M)A<0A+5A,£+54(X1)0A+5A73+M(X2)) )
A+ ] (_s5n _s0)

In this case, we have that D&T)A = DEO)A implies DE?Z)A = D%O)A and vice versa; similarly,

Dg?:)A = Dg?:r) A corresponds to DE??)A = DE?;)A and vice versa.
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The 65 symbols appearing in the 2-point crossing relation for the vector case are
explicitly given by

_ —1
{ Oay }(0+) _ {OA,Z—H}(O : _ ANy
OA,E—}—I (0-) OA[ (04) L+1)(d+20—2)(A+1—-d—1¥) ’

(+0) -0\ 7!
{ Onv } _ ({(’)AJru} ) =2(d—A+0-2)(A-1)(A+0)(d—2(A+1)).

(+0)

(3.10)

These will be used repeatedly in the analysis that follows.

We now turn to the 3-point structures. A conformally invariant 3-point function is a
linear combination of 3-point tensor structures, with each individual structure weighted by
a different OPE coefficient A,:

Nias
(01(X1)O05(X2)O3(X3)) = D Aa (O1(X1)Oa(X2)O3(X3)) ), (3.11)
a=1
where the sum runs from 1 to the total number of structures Nqs3, which corresponds to
the dimension of the tensor product of the representations of the three operators (p; ® pa ®
p3)30U=1 " Nios = dim(p; @ pa @ p3)5°@=1. The index a is in place to label the particular
3-point structure of interest. In the case that there is only a single such structure, the label
a will be omitted.
We represent such a conformally invariant 3-point structure by the vertex

@

(01(X1)05(X2)05(X3))@ = Os 5 (3.12)

Oy

with the label a enumerating all the singlets in the tensor product decomposition of (p; ®
of the diagram, indicating that each operator is inserted at a different point.

Let us next consider acting with some weight-shifting operator D%A on an invariant

. Just as for the 2-point functions, here the arrows diverge from the center

3-point structure (O O20%)(@ | with O} transforming in the representation [Az 4 i, \] so
that the label a runs over the singlets in (p; ® py ® NSO This generates an associ-
ated covariant 3-point structure for (O;0y03e?). We may represent the action of Dg?gA

symbolically by
@) O3

(b) - (3.13)

DLHONX)O02(X2)O5(X3)) @ = (@)
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Every such conformally-covariant 3-point structure can be constructed through the
action of some differential operators on some conformally-invariant 3-point structures,
as established in [40]. A powerful consequence is that the diagrams in eq. (3.13) com-
prise a particular basis for the finite-dimensional space of covariant 3-point structures
(010203e4). This basis is special in that it singles out a specific operator 0% contributing
to the O x Oy OPE. Alternatively, we may instead choose to select an operator in another
channel, for instance, by considering the structure (O} 0303)(™) and feeding it to the op-

erator Dg?l)A

structures, this time, a set composed of the objects Dg?l)A«’)’l (X1)O09(X2)O3(X3)) ™).
These two bases are linked by a linear transformation, which leads to a crossing relation

: O] — O4. In this way, we would generate another basis of covariant 3-point

for differential operators. Diagrammatically, this is encoded by

(@) O3
@) O3

o! {01 0, Oﬁ}“”“’”

3 —
(a) m) = 2 O3 W O4f
(m)

O1,bn
O w

o, (3.14)

Oy w

This diagrammatic statement corresponds to the equation

(a)(m)
m . O, 0y O]
Dg(g)A<(91(X1)(92(X2)(9§(X3)>( ) = Z {(’); V\i Oz}

O},bn b)(n)

DIA(O] (X1) 02 X2) O3(X5))®).

(3.15)

Effectively, this relation constitutes a change-of-basis equation between different bases of
covariant 3-point structures, each generated by the action of some particular weight-shifting
operator at a given point X7 or X3. Here the sum over the operator O] is finite, with its
value ranging over the operators in the tensor product O; ® W.

The transformation coefficients in this equation are referred to as the Racah coefficients
or 67 symbols. Since one of the representations is finite-dimensional here, these coefficients
have a degenerate form. It can be shown explicitly that they are intimately connected to
the algebra of conformally covariant differential operators.

The above 3-point crossing equation empowers us to move weight-shifting operators
from one leg (or, equivalently, operator) to another. As such, this relation constitutes the
primary computational tool in the weight-shifting operator formalism. In practice, we may
apply it in a variety of settings, such as in the derivation of conformal block recursion
relations.

Note that this equation reduces to the 2-point crossing relation if we take the operator
O> to be the identity. In particular, the 3-point 65 symbols coincide with the corresponding
2-point 65 symbols if Oy = 1:

(oL o0 o (3.16)
Os W O .y \Os) ()
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Further, if we consider contracting both sides of the 3-point relation eq. (3.15) with
the weight-shifting operator Dg?l) 4> we find

D DI04 (X1)05(X5) O} (X)) @

01 0, 01" ) 4y (®)

= ,Z {03 W (’)g} Dy, sDx. (01(X1)02(X2)O03(X3))"” . (3.17)
O1b (®)(p)

We remark here that the right-hand side of this equation features two contracted weight-

shifting operators acting on a single leg (equivalently, at the same point). This composition

Dg?l) ADE?I)A corresponds to a bubble diagram:

01

2 (n)(p)
n A 1
Py DY = 0, W = <01 W Soron (3.18)

of
which gives a contribution proportional to the identity in the case that the representations
O} and Of coincide and vanishes otherwise.

Such bubble coefficients may be determined for a specific set of weight-shifting oper-
ators of our choice by acting with the composition Dg?l) ADggl)A on some 2-point function
under consideration. For the case of interest here, we consider the operators in the funda-
mental vector representation and act with eq. (3.18) on the 2-point function of symmetric

traceless operators, which gives

Ony

Opo(X1)Oa0(X2)) .
Ontsneroe V (On,(X1)O0a6(X2))

(3.19)

(—5A,—50)(5A,5¢)
Dgf_léﬁ’_mpg?fﬂm<OA,Z(X1)OA,Z(X2)> = ( )

We find that only the coefficients corresponding to equal and opposite shifts are nonzero;
the rest vanish. The nonzero coefficients are given by

o (—0)(+0)
( At ) = (A-1D(A+0(d+—A—2)(d—2A-2),

—0d—4+20(2—0—A)d—2+0—A). (3.20)
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These formulas provide the bubble coefficients for the vector representation. They are
ubiquitous in the computations performed here and will be used extensively throughout
this work.

In addition, there is a variant of the 3-point crossing relation for special cases where
the 3-point correlation function of interest features a unique 3-point structure, such as
the (scalar)-(scalar)-(spin-¢) 3-point structure. Such a relation involves changing only the
dimension A but not the spin £. In particular, it is given by

DU O (X1)Op, (X2)On_sar—50(X))

O On O (5A,50)
= {OA1 Ag o A1—06Aq } Dg((slAl’O)A<OA1—5A1 (Xl)OAQ(XQ)OA’E(X)>
so—e1 \One Vo Oasne—se

(6A1,0)
(5A,60)
Oa, O OA,—
+ (=% Y {0A2 1?1 o o } Dg?fz’o)A«?Al(Xl)OAQ—aAQ(Xz)OA,e(X»~
o1 10ay A=6A,6-8¢ ] (57, 0)

(3.21)
Diagrammatically this is the statement

02 03 02 w

oy % 0, 03
(3.22)
where dashed lines have been used to indicate the scalar operators O; and Os, while £ and
¢' denote the spin of O3 and Of, respectively.
It is straightforward to obtain the respective 65 coefficients for the vector representation
W = V. These are given by

Oa, O, oAl_l}'(“’) (A—2) (A=A +Agtl—1)(d—A+ Ay —Agt+l—1)

Oanr V Oa_1y .(+0): 2(A1—2) (d—2A1) (d—A —1) ’

Y (A2 (A AL Ay 1) (~d+AFA -~ Ay L4 1)

2(d—2A)

X (f2d+A+A1 +Ag—C+ 1) (*d+A+A1+A2+f*1) ,

1
T 2(A-1)(A1-2)(d—2A)) (d—A; - 1)’

«(40)

(—A+AL+Ag+0—1) (d+A— Ay —Ay+0—1)
2(A—1)(d—2A,) ’

B A—Aj+As+0-1
C2(A1-2)4(d—2A1) (d—A1 1)

- (+0)
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{0A1 On, 0A1+1}.(0+)_ (A4+A1—=DAp+l—-1) (“A+A1+Ar+0—-1)

Ore V One-1f, B 20(d—2A1)

X(—d+A+A1+As+0-1),

On, O, Oa, 1 17 (0+1) (d—A+A - Ay +0-1)
Oae V Oapqr

«(+0) B 2(A1_2) (d_2Al) (d_Al_]-) 7

On, Ony Oarn ™7 (2d=A—A —Dgt0—1) (d+ A=A —Ag (1)
OA7g v 0A7g+1 2(d—2A1)

.(=0)
X(f—l—l) (d—A—Al—i—AQ—l—E—l) (323)

These will also prove useful in the analysis below.
We next review how to construct conformal blocks in the context of the weight-shifting
formalism.

3.3 Gluing 3-point functions to form conformal blocks

A standard way to encode a general conformal block is to express it as the conformal
integral of a product of 3-point functions. For concreteness, let us consider the conformal
block for scalar exchange in a purely scalar 4-point function. As discussed above, this
object has the form

Waos, (X0 = 1 [DUXDIY (6, (X1)0,(X2)O(X)

No
1
X ——————(O(Y)opa,(X X ) 3.24
s O s (Koa X)L @2)
where A = Ap and M = €?>™% denotes the projection onto the appropriate monodromy
invariant subspace. By expressing the conformal integral in a manifestly conformally in-
variant way, it becomes transparent that this object is indeed a proper solution to the
conformal Casimir equation with the desired transformation properties expected for a con-
formal block.
In [40], the operation which fuses or “glues” the 3-point correlators (pa, (X1)pa,(X2)
O(X)) and (O(Y)pa,(X3)Pa,(Xa)) together (i.e. two correlators containing O) is symbol-
ized by

1 1

0) (0] = 5 /DdXDdY\O(X»Ww(Y)y— O -rsias- o (3.25)

The normalization factor Np here is fixed by requiring that the action of the shadow
integral on a 2-point function (O(X;)O(X32)) yield the identity transformation:

Ot Xeone-O T Q0 --4--0- (3.26)
For the case of scalar exchange, this condition determines the normalization factor to be

(A — HT(L - A)
No = F(A)F2(d —QA)

(3.27)
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More generally, for spinning operators, the operator Op , is to be glued to the repre-
sentation with which it has a nonvanishing 2-point function, i.e. the dual-reflected one,
|OA,p) (OLWT\. Again, all we need to determine is the normalization condition for the
spinning operators in question:

In terms of this notation, a general conformal block is given by the following form in this
framework:

(92 03

WP = (0,0,0) s O(O1030,) = (a X b) - (3.29)

(91 04

In a nutshell, the weight-shifting technique involves acting with specific combinations
of weight-shifting operators on a given conformal block and then applying the two- and
three-point crossing relations as needed in order to re-express the original block in terms of
either (1) linear combinations of compositions of differential operators acting on blocks of
fixed spin with shifted external scaling dimensions, or (2) linear combinations of lower-spin
blocks with shifted external and, potentially, internal dimensions.

The precise form of the compositions of the weight-shifting operators is determined by
the 3-point tensor structures in question. In particular, the results for conformal blocks of
the weight-shifting method may be grouped into two broad classes:

(1) WA, (Xi) = Y AP(A, A OD; WA 1o, (Xi)

J

(2) WA, (Xi) =) Bj(A, AivE)WKZJAJ-,Z—HSZJ-;AH—(SA“ (X)), (3.30)
J

where we have focused on 4-point conformal blocks for concreteness. Here 0A;;, dA;,
and 0/; denote finite shifts in A;, A, and ¢, respectively, while A; and B, are coefficients
built from products of 65 symbols. The first relation re-expresses a generic block in some
arbitrary representation in terms of a set of differential operators D; acting on a seed block
with shifted external dimensions but fixed spin, e.g. a block with spin-¢ exchange. Here
D; would be built out of the operators DS?Z)A. Meanwhile, the second relation expands
a higher-spin block in terms of lower-spin ones (assuming §¢; < 0) with shifted external
and possibly exchanged dimensions. This kind of expression is a recursion relation for
conformal blocks.

To implement these types of forms, we require a mechanism for moving differential
operators onto the other side of the shadow integral, that is, effectively for integrating by
parts. For this, there exists a convenient rule that naturally arises in the context of this
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formalism. Diagrammatically, this is the statement that

+(c)
o’ ot 1 of of
w

m
which essentially encodes two integrations by parts in eq. (3.25), thus empowering us to

(3.31)

move the operators from one side of the 1 to the other.
Symbolically, this has the form

m

. ot 1 ot -
DAY b (O'F| = Z{o’ W o } |0) pa (DIMAO] (3.32)
«(m)

This integration-by-parts rule is none other than the aforementioned 2-point crossing rela-
tion eq. (3.8) featuring the operators O and O’. It will prove to be a powerful tool in the
analysis that follows.

4 Recursion relations in the weight-shifting operator formalism

In this section, we derive a set of recursion relations that enable us to build up the 5-
point conformal block for the exchange of a pair of arbitrary symmetric traceless operators
Oar, O’A%, in terms of the blocks for the exchange of scalar operators O y,, Oar4y With
shifted dimensions. We begin by describing the procedure for extracting recursion relations
within the context of the weight-shifting operator formalism.

4.1 Recursion relations for 4-point conformal blocks

To begin, let us review how to derive the familiar recursion relation for scalar conformal
blocks originally obtained by Dolan and Osborn in [39]. The derivation using weight-
shifting operators was given in [40]. The 4-point scalar conformal block is defined as

1
(Xlg)%(A1+A2)(X34)%(A3+A4)

X24>A12/2<X14)A34/2
X | — — Ga(u,v), 4.1
() (32)  Gadwo). @

(DA, (X1)Pn, (X2)[On plPas(X3) DA, (X4)) =

where Xij = _2Xi . Xj and Aij = Az - Aj.
We now consider acting on eq. (4.1) with the combination of operators

2" DY) = —2X - Xy = X, (4.2)

which is formed by contracting D;O)A with Dgio) A

This yields a 4-point function with the operator scaling dimensions at positions 1 and
4 shifted by —1, that is, Ay =& A; — 1 and Ay — A4 — 1. These shifts in Ay and A4 in
turn require a shifted external prefactor. In order to work out the action of the operator
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—2(Dg;10) : Dg(;o)) on the block Ga ¢(u,v), we may accordingly first multiply by X4 and
then remove the external prefactor for the new set of scaling dimensions. This leads to a
new function of cross-ratios given by u~1/2G A¢(u,v), which can in turn be expanded in con-
formal blocks with shifted weights. This operation can be represented diagramatically by

[A27 0] [A37 0]
noBg
[Ala O] ,)_I \*\ [A47 O]
{ \
Y ] Y
[Al_LO] [A4—1,0]

It is evident that the weight-shifting operators “dress” the conformal block such that a
component of the tensor product W® Oa » = 0® O 4 propagates from left to right. With
this, one finds that the spin-£ block may be expanded in terms of scalar conformal blocks
with shifted dimensions and spins, where the internal representations that appear are the
symmetric traceless tensors appearing in the tensor product decomposition

O [A0=[A-1LOa[Al+1]aAl-1]a[A+1,0]6.... (4.4)

An application of the three- and two-point crossing relations then gives rise to the
following recursion relation:

1 _
GA,g(u,v) =09 (u 1/2GA,671(’U«7 v) - GAfl,ffl(UfU)
$ A14)A1+1,A4~)A4+1

NG o, 0) — uDGar e (u, v>) . (45

where the coefficients s(14), ¢4 44 are formed from appropriate combinations of 6;
symbols and are explicitly given by

5(14) - (A—Am—i—ﬁ) (A+A34+£)
2(A+0-1)(A+4) ’
(14) _ Ud+0—-3)(d—A+A1p+0—2) (d—A—A3y+£—2)
2(d+20—4)(d+20—-2)(d—A+£—2)(d—A+L—-1) "’
1wy _ (A-=1)(d—A=2)(A—=Ap2+0)(A+Azs+0)(d— A+ Aja+0—2)(d— A= A3y +0—2)
N A(A+0)(A+L—-1)(d—2A)(d—2(A+1))(d—A+L—2)(d—A+0—1)

u
(4.6)

5

After converting to the same conventions,” we find agreement with the classical result

eq. (4.18) in [39]. In their analysis, Dolan and Osborn determine the values of the param-

14)

eters s, t, and u (which are proportional to the s (14 4, (1) shown here) with » =1 in

®To match eq. (4.18) in [39], we need to change to their conformal block normalization conventions,

—2)7%(d 40— 2
( )d (d+ )M. This gives s = N1sM | ¢t = N_ 1t 4 = MpuD.
(§+¢-1)

which introduces a factor N5, =
se
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eq. (4.18) by examining the conformal block’s behavior in the OPE limit v — 0 and v — 1.
Meanwhile, here they arise directly as products of the appropriate expansion coefficients
in the two- and 3-point crossing relations.

The above discussion serves as a concise demonstration of the procedure for deriving
recursion relations for conformal blocks in the context of the weight-shifting operator for-
malism. In the analysis that follows, we will apply an analogous method for establishing
recursion relations for conformal blocks for symmetric traceless tensor exchange in purely
scalar 5-point functions. Indeed, our final results represent natural generalizations of the
above relation eq. (4.5).

4.2 Recursion relations for 5-point conformal blocks

In this section, we derive a variety of recursion relations applicable to the case of symmetric
traceless tensor exchange in a 5-point function of scalar operators. The basic idea is that
such a set of relations would allow one to express the block for ([A, 4], [A’,¢']) exchange in
terms of lower-spin blocks.

4.2.1 Recursion relations from weight-shifting operators

To begin, we consider acting on the scalar 5-point function

(Da, (X1)Pn,(X2)|Oa 4| Pa, (X3)|Oh ol da, (Xa)das (X5))
= (92, (X1)Pa,(X2)On 1) 2 (Op 1P a5 (X3)Onr 1) 29 (Opr P, (Xa)das (X5))

(a)
o Z Z Z )\¢A1¢A20A l)\OA g@‘AsoA/ /)\¢A4¢A5O/A/’4/WA,@,A’,Z’;Ai(X’L')’ (47)

a OA@OA/ o

where Wéa% Ar:a, (Xi) has the convention-free form
Wi i, (i) = Pa (X)L (i), (48)
with the following combination of weight-shifting operators:

2D D) (da, (X1) by (X2)|On cl®ay (X3)|Ohr o, (Xa)das (X5))
= X13(¢a, (X1)02,(X2)|On 0| Pa; (X3)|Opr r|Pa, (Xa)pas (Xs5)) - (4.9)

We set off the procedure by applying the 3-point crossing relation to the leftmost 3-point

structure:
D, O)A<¢A1(X1)¢A2(X2 On(X71)) ZAEn)O)D WA day1(X1) Py (X2)On_sani-s0,(X1)) 5
(4.10)
where the relevant 65 symbol is given by
(~0) Onv a3 Onsnni—sen) "
AL z{ 4 98; On-stn e } , (4.11)
¢A1—1 V ¢A1 -(n)
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with the shifted dimensions [A — JA,,, ¢ — 6¢,] taking on values in the tensor product
OA/l=[A-1la[Al+1]aAl-1d[A+1,{a.... (4.12)

The dots refer to all non-symmetric traceless contributions, which are irrelevant here, as
we are considering exclusively scalar external operators. As before, V denotes the vector
representation V = [.

Upon applying the 3-point crossing relation eq. (3.15), we find that the action of D;O)A

unwraps into the contributions

DG (0, (X1)9a, (X2)On o(X1)) = AL DY (04, 1(X1) 0, (X2)Oa1.0(X1))
+ AGADE M ba,1(X1)9a,(X2)On ¢11(X1)
+ AGIDEI (6 a,1(X1)08,(X2)On 01 (X1)
+ AE:S;DE(_IO)A<¢A1—1(X1)¢A2 (X2)Oa+41,0(X71)) s

(4.13)

where X denotes the position of the exchanged operator Oa ;(X7), which is an internal
coordinate that is integrated over.
We may extract a given 65 symbol A ) by acting on both sides of eq. (4.13) with the

weight-shifting operator DE(I) 4, Which carries a shift opposite to n, and then isolating the

coefficient. To give an example, let us consider acting with the simplest operator that can
isolate a term on the right-hand side, namely DEZ,OA = X1 4. With this, we find

DE;,”AD&;()%AI<X1>¢A2<X2>OAZ<XI>>
= AL gD DY <¢A1 1(X1)ha,(X2)Oa1,6(X1))
+ AGODE DY ba, -1 (X1) b, (X2)On g1 (X))
+ AL DEADE (0, -1(X1) b, (X2)On 41 (X))
(=
(=

+ ALY DYDY (681-1(X1)680 (X2) O (X)) (4.14)
where the right-hand side now involves the bubble coefficients for V, which can be referenced
in eq. (3.20).

The only nonzero bubble coefficient is given by
(—0)(+0) Oa_1,0\ 00
b E(O i)) (A=A —d)A4+l—1)(d—A+l—1). (4.15)
’ AL

As discussed above, the other three coefficients that do not involve opposite shifts vanish,
ie.

—0)(0— —0)(0+ —0)(=0
b0 — g, pOON —g, {00 g, (4.16)

With this, we arrive at the statement

DA (6a, (X108, (X2)O0n o(X1)) = ALOVS ) T (06, 1 (X1) 68, (X2)On—1.4(X1)).
(4.17)
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We may now use this equation to determine the 65 symbol A by invoking the explicit
form of the 3-point structures. This then elucidates the procedure for extracting the
.AE;)O) coeflicients. Proceeding in this fashion and solving for the respective 65 symbols, we
ultimately obtain

1
Afro) = 2A—2)d—2MN) A+ —1)(d—A+L—-1)"
G0 Ap — (A +71)

O " 2004+ 1)d+20—2)(A+L—1)d—A+£—-1)’
.A _ 6(d—A+A12+€—2)

(0+ 2(d+20—2)(A+L—-1)(d—A+¢-1)’

Cop (A—1)(Ap— (A+0)(d—A+Ap+l—2)
A0 =30 AN A AT (4.18)

The next step in our algorithm is to push each of the operators DE?I)A in eq. (4.13)
through the shadow integral. To do so, we invoke the integration-by-parts rule in eq. (3.32)
to move the operator in question across <. For example, for the case of D%O A, the rule
in eq. (3.32) reads

D¢V 0N 1) 54 {On el = Biioy(—0)|Oa1.4) 5 (DG On (4.19)
where B(1¢)(o) is the 2-point 65 symbol
Oa-1,™”
B 0)(=0) = { ’ } . (420)
(+0)(=0) OA,K (—0)

As mentioned above, the 2-point 65 symbols for the vector representation are given by
eq. (3.10). We thus have the respective coefficients

= 2A—2)(d—2A)A+L—1)(d—A+C—1),

DA+ - 1)) (—d+A—L+1)
0+) A+t ’
0+) A+0—1

oy Hd+2(-2)2-d+A-10)’

B(-0)(+0) = {Ogﬂ’z} =35 ! . (4.21)
ae Jpoy 20 -1D)A+O(d-2(A+1)(d-A+L-2)
With these coefficients in hand, at this point, we arrive at
DZO)A<¢A1(X1)¢A2 (X2)O0a0(X1)) 5 (On o(X1) By (X3)Ohs (X))@ =
AglggBGox—m (6a,-1(X1)6 2, (X2)Oa—1,(X1)) 5 DV (ON p(X1) Py (X3) Ol (X))
+ Al Booy 04) (01-1(X1) @0, (X2) O 141.(X1)) 04 DY HOA (XD Bir, (X3) Ol (X))
+AE(;BB(OH(W)<¢A171(X1)¢A2(X2)(9A,ef1(X1)> D(O M OA(X1)B A, (X3) O (X))@
(

+AE:(O);B(—O)H-O)<¢A1—1(X1)¢A2(X2)0A+1,£(XI)> DO O ((X1) Py (X3) O (X))@ .
(4.22)
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We next exploit the 3-point crossing relation eq. (3.15) once again, this time to express
each of the 3-point structures D( ) (Op(X1)Ppa,(X3)O) é,(XJ)>(“) in terms of a linear

combination of objects D_()1{13)A<OA+6AI,,E+5ZI, (X])(I)As,(gAm,(;gn (X3)O/A/,Z/(XJ)>(W)' The in-
tention is to transform the action of a differential operator at an internal point (X;) into
the appropriate action at an external point (X3). That is,

DWNONH(X1) D, (X3) O (X))@

_ { (DAS OIA/7Z/ @AgﬁAn,&en}(a)(b)
i \Oagsn, eron,  V Oa (m)(n)

x DS NO A5 a0, (XD P ay—52, -5, (X3)Ohr (X)) ™, (4.23)
where the shifts [Az — dA,,, —d¢,] take on values in the tensor product
O® [As3,0] = [Az — 1,0 & [As,1] & [Az + 1,0] . (4.24)
Explicitly, we have
DY (On, Z(XI)@Ag(XB)O/A/,Z’(XJ»(Q)

O/ o ) _ (a)(b)
_ Z {(’) ¥ o 1} DY MO s, vst, (X1)Pay—1(X3) O o (X)) ™)
A+SAy e+l YV Oay (m)(+0)

n Z{ Pa, Opr <I>A3,1}(a)(b) Dg?,_)A<0A+5A o0, (XD @, 1(X3) O (X 7))
OA+§Ab K+§€b V OAI (m)(o_) 3 bs b s ,
As Oy Bayir) @Y (—0)a
+ { YA 3 } D ‘ OA SA 5 XI @A X O/ o XJ (m) )
Z Ontsngeqse, V' Oayp (m)(~0) X3 (Oarsnyeo0,(X1)Pay11(Xs) A,Z( )
(4.25)

0)A (=0)

At this stage, we recall that the operator Dg(_l is contracted with Dy 7 in our operator

combination of choice eq. (4.9). We therefore act on eq. (4.25) with Dg(; 21. This leads us to

@A

D ADY

%3

)4 <oAAXI)%<X3>og/,e/<xj>><a>

OlA,j’ @Agl}(a)(b)

DE(,D, AD(+O)A<OA+§A¢,!+6&, (X1)®ay—1(X3)Ohs (X ))™
Onvsngerst, Vo Oae ) my10)

r—’H

0 e @O
{ As A0 Ag,l} DE(SA,D(O )A<0A+§Ab,é+52b(XI)(I)ABvl(Xg)O/A/aé/(XJ)>(m)
OA+5Ab erst, Vo Oned myo-)

SM

O/ L, D (a)(b) m
{ A As“} D&SOAD( O)A<OA+5Ab7e+6éb(XI)‘I)A3+1(X3)O,A’,Z’(XJ)>( s
0A+5A1 iron, Vo Oay (m)(-0)

(4.26)

As before, we now observe that all of the bubble coefficients on the right-hand side vanish
with the exception of a single one, namely

o) _ (®ag-1) "
b ;< 3 > = (A3 —2)285 —d)(As — 1)(d— Ag— 1),  (427)
Ba, V
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which leaves us with
DY AP (O6 (X1 @, (X3) O (X))@

Op, Ohy ®a, W0 L

= {O s @’é OAJ 1} b, 0)(+0)<OA+6Ab,Z+6Zb(XI)(I)A3—1(XB)O/A’,E’(XJ)>(m)'
A5 Ay 450, AL S (my(+0)

(4.28)

Here the label a enumerates the possible constituent 3-point tensor structures in the con-
formal 3-point function <OA,£‘I’A30/A/,@>-

Here we will focus on the case where this 3-point structure is even under parity, in
which case we can describe the structures using monomials of V;; 1, H;; in the box tensor
basis (see appendix A). We may parameterize these structures by the index nyy, which takes
on values in the range 0 < ny; < min(¢,¢"). The label m can be similarly parameterized
by some myy. We further remark that each of the 3-point structures that appears here is
a (spin)-(scalar)-(spin) structure. This means that we can label these structures by their
respective nyy and myy parameters.

To illustrate this, let us restrict attention to just one of the contributions in eq. (4.28),
namely the one with (b) = (0+):

DEOADE?;F)A<OA,Z(XI)‘I’A3 (X3)Oh (X)) 17

min(¢+1,¢")
= X B (08 (XD B, 1 (X5) Ol (X)), (4.29)
mIJZO

where we have defined

g (04) :{ Pp; Onrp Q)A3_1}(RIJ)(0+)

_ ' 4.30
myj(40) OA,Z+1 V OA,E (mr.s)(+0) ( )

We next select a particular 3-point structure labeled by n;; = n, where n is some
nonnegative integer n € (0, min(¢, ¢')):

Dg{g ,2177(0+)A (Onu(X1) Py (X3)Ohs o (X))

z B b5 O e (X1 P a1 (X3) Oy (X)) 717

my =0

BB OO 11 (X1)D s, 1 (Xa)Ol (X))

min(¢+1,¢")
+ > Brzf?ﬁlo)b( VN ON 01 (XD P p,1(Xs) O (X)) ™) (4.31)
mryj=n-+1

Evaluating the left-hand side explicitly and matching coefficients, we find that only two of
these 65 symbols are nonvanishing. They are given by

5P(0+) _ As—2n—(A+0)— (A =0
n(+0) 7 2(Az — 2)(Az — 1)(d — 2A3)(d — Az — 1)’
n(0+) . 6’ —n
Buticro) = 2(A3 —2)(A3 —1)(d — 2A3)(d — A — 1) (4.32)
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In particular, all other 65 symbols for which my; # n,n + 1 are identically zero, since the
corresponding structures do not appear on the left-hand side. That is,

0+
Ba =0, mu#Enn+l. (4.33)
We now proceed to check the endpoint values, ny; = 0 and nyy = min(¢,¢'). For ny; =0,

0(0+) 1 GO0+

the nonzero coefficients are B, 0(+0) 2 1(40)" Next, we observe that for ny; = min(¢, ),

there are two cases:

(1) If ¢/ < ¢, then nyy = ¢'. Since the sum over my; ranges from 0 to min(¢ + 1,¢'), we
nry(04+) _ BTLIJ(0+)
1J(+0) 7 Tnpy+1(+0)

) in eq. (4.32), we find that this is indeed the case for n = ¢'.

expect the symbol B to vanish, since in that case m;; = ¢ + 1.

From the form of BZSE)I—ZO

B(+)

0+1(40) to be nonvan-

(2) If ¢/ > ¢, then ny; = £. In this case, we expect the value of
ishing, which is in fact true.

We may now continue in the same style for the remaining three equations, thus ob-
taining all the relevant 65 symbols. In particular, it transpires that only the following ones
are nonzero a priori:

BYGo)

By B,

Bl Bt Buiide;

Byl Burn:  BapliGo: Burtati- (4:34)

Here the parameter ny; takes on values within the interval [0, min(¢, ¢')], while my; takes
on values within [0, min(¢+ 1,¢)]. It follows that the 65 symbols BntIJJ (&)) are nonvanishing
provided that for any allowed value of ny;, the parameter my; satisfies my; € [0, min(¢ +
1,2")], i.e. it does not fall outside its range of definition. Otherwise, the 65 symbol vanishes.
For example, if ¢ < ¢/, then for ny; = min((,£') = ¢, the symbol B/ (00 | = ng(gio)
must be forced to vanish by definition, since mr; = £ + 2 ¢ [0, min(¢ + 1,¢')], even if it is
nonzero for ny; = ¢ a priori.

Combining all of the above results, we ultimately arrive at the following relation:

—0 nr
2( X1 ) DXB )W A/ f’ Al,AQ A3,A4 A5
(~0)(+0) n1(=0) 1 (n1.)
— 2bg (A )anj( )WA Ife A OALI—1,A0,A3—1,Ay, A5
"E o) (0+) 7 (mrs)
+ Z A(O_)B(Of)(()‘i* BmIIJJ(JFO)WA A O5A1—1,A0,A3—1,A4,A5
mrj=nrj

nyyj+1

(-0) n1y(0=) 17-(mry)
+ Z A(o+)B(0+)(0—)an,JJ(+o)WA5”1 A0 A1—1,A9,A5—1,A4,A5
mypy=nryj—1

TL[J+2
nry(+0) yr-(mry)
+ > AC )+ By oy WAL T An 08, 1,80,A5— 1A4,A5>’ (4.35)
mryj=nyj—1
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which is evidently a recursion relation in the spin ¢, with the spin ¢’ held fixed. We note
that the scaling dimension of the exchanged operator Oa ¢ shifts as well, as is clear from
the presence of terms involving A + 1 and A — 1.

Just like in the case of the 4-point function, the action of the operator combina-
tion —Q(Dg(_lo) : Dg(_?)o)) = Xj3 on the 5-point function results in another 5-point function
with scaling dimensions at positions 1 and 3 shifted by —1, that is, Ay — A; — 1 and
Az — Az — 1. We may accordingly extract the relevant external-dimension-dependent
prefactor for these shifted scaling dimensions. The resulting prefactor depends on the
conformal cross-ratios and is determined by our choice of the external prefactor Pa,(X;)
and the basis of cross-ratios.

We next proceed to apply an exactly analogous approach to the other spin, this time
keeping ¢ (and A) fixed and varying ¢ (and A’). To this end, we consider acting on the
5-point function with the combination of operators:

2D - D) (ba (X1) by (X2)|On 6 ay (X3)|Ohr o |62, (Xa) by (X5))
= X35(0a, (X1)0a,(X2)[Oa | ®Pa, (X3)|Ons r|a,(Xa)bas(X5)) . (4.36)

The procedure is in fact the mirror image of the above algorithm and leads to the direct
analog of eq. (4.35), but this time with the spin ¢ held fixed, while the spin ¢’ (as well as the
exchanged operator dimension A’) is allowed to vary. This analogous relation is identical
in form to eq. (4.35) up to the replacements A <> A’ £ < ', Ajs — —Ays5. In this case,
A (-0)A
and Dy
Asz and A down by 1, resulting in an overall external prefactor.

acting with the operators Dg;ao again shifts the external operator dimensions

We now examine the relations eq. (4.35) and its spin-¢' analog as a unit. For conve-
nience, we implement several shifts in the spins and dimensions. In particular, we take
A} — A+ 1ineq. (4.35) and A5 — Az + 1 in the spin-¢’ analog, as well as Ag — Ag+1
in both relations. Further, in order to place the two relations on an equal footing, we shift
¢ — ¢ —11in eq. (4.35) and ¢ — ¢’ — 1 in the spin-¢’ relation. For convenience, we adopt
some shorthand notation:

(n) _ ~(n)
G(f,f’ﬁo,%) = GA+60,€,A'+66,el(ui) . (4.37)

With this, we are left with the following two recursion relations for the 5-point conformal
blocks for ([A, /], [A’, ¢']) exchange:

(nrg) 1 () (n1y) (nry+1)
G(M;o,o) T (f(“Z)G(e—w;o,O) _G(E—I,Z’;—l,o)_3n11+1G(€,€’;0,0)
nrJy A1 —>A14+1,Az3—Asz+1
(nrs—1) (nrJ) (nr7+1)
_tnIJ—lG(Z—Z,Z’;O,O) _tWJG(z—M/;o,o) _tn1J+1G(e—2,é';0,0)
(nrs—1) (n1y) (nrs+1) (nrs+2)
~Unp=1G 21 01,0 " U GeZ11,0) = Unrs+1G (0210 0) _“"U”G(f—l,w;l,m) ’
(4.38)
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and

(ny) 1 (n17) (n17) (n1s+1)
Giithe = (£ @)G 00 =G o) =S G

nrjy A3—)A3+1,A5—>A5+1

/ (nrs—1) / (n1y) / (nrs+1)
_tm,f—lG(é,Lﬂ—z;o,o) _tnuG(e,e'—2;0,o) _tan+1G(e,e'—2;0,o)

/ (nrs—1) / (nrJ) ’ (nrs+1) ’ (
_“nu—lG(e,eul;o,l) _“nuG(e,eul;o,l) _“nu+1G(£,eul;0,1) _unu+2G(

nry+2)
0,0—-10,1) )

(4.39)

Both recursion relations are defined in a convention-independent way, where f(u;) and

1/ (u;) represent the leftover cross-ratio-dependent prefactors that arise upon removing the

external prefactor for the relevant shifted scaling dimensions. We expect each of these

prefactors to be built from powers of the u;. We may readily determine the form of the

f(u;) and f'(u;) for the three different sets of conventions mentioned above. For the

set (2.10), (2.11), we find

Flu) = ()72, fw) = (ug) ™7

Further, for the set (2.12), (2.13), we have
Flug) = (uh) 720 f(ug) = (up) ™
Lastly, for the set (2.14), (2.15), we find
fui) = Py (ud) T2 3) T2 f () = (uf) TP () T

The coefficients in eq. (4.38) are built from products of the various 65 symbols
ular, we have

— (=0) n1y(0+) 5 (=0)(+0)
Smiy = _2A(0—)B(07)(0+)BmIIJJ(JFO)bcD )
A1%A1+1,A3~>A3+1,€~>Z71

— o 4(-0) ny(0—) 1 (—0)(+0)
tmry = =240 Bo1)0-) By, (10) 00 At A +1,A5— Mgt msl—1

_ (—0) n1.7(+0) 5 (—0)(40)
Ump; = _2“4(70)B(—O)(+0)BTJIJJ(+0)bqn

9

A1 —=A14+1,Az3—As+140—0—1

while in eq. (4.39), the respective coefficients are given by

/

Sm]J = Smy,

)

AN L0 A1o——Ny5

I —_—
tmu - th )
AHA/,ZHE/,A12%7A45
/ —
Uy = Umpy ’

AN f0 Aa——Ays

where Aj; = A; — Aj.
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(4.42)

. In partic-

(4.43)

(4.44)



The explicit form of the coefficients in eq. (4.43) can be found in appendix B. When used
in succession, the two recursion relations eq. (4.38) and eq. (4.39) enable us to construct
the 5-point blocks for general symmetric traceless tensor exchange in the comb channel.
These may be regarded as two independent results. One re-expresses a given block for
[A, 4], [A’, ¢'] exchange in terms of a linear combination of (¢,¢"), (¢ —1,¢), and (¢ — 2,¢')
blocks with ¢ held fixed, and the other does the same for spin-#/, with ¢ held fixed.

Note that the contributions on the right-hand side of the relations eq. (4.38) and
eq. (4.39) all feature terms involving lower spins with the exception of the ones labeled
by the coefficients s,,,,1 and s, ,+1- The latter terms carry the same spins (¢, /') as the
conformal block we are after. However, at the same time, they exhibit a larger value of the
3-point structure index, namely ny; + 1. Closer inspection reveals that these coefficients
in fact vanish when ny; takes on its maximal value, which is either £ or ¢'. It follows that
we may therefore generate the various block structures by starting from the seed value
nyy = min(¢,¢') and iterating down to ny; = 0. Thus, these two recursion relations can
be exploited in conjunction to recursively generate 5-point conformal blocks with arbitrary
values of ¢ and ¢, starting from the seeds £ = ¢/ = 0.

More precisely, we can first apply eq. (4.38) to raise ny; to its maximal value, after
which further recursion will bring down the spin ¢, thus expressing our blocks of interest
purely in terms of (¢ = 0, ¢') objects, while keeping ¢ fixed. The result is a linear combina-
tion of blocks >, aiGnge),; 50..0)° Thereafter, for each term aiGnge),; 50,,0)7 W€ apply the relation
eq. (4.39), which accordingly acts to lower the spin ¢/ down to zero, ultimately yielding the

desired general block for spin-£, spin-¢ exchange in the form 2ij BUGEg)O, 50,8 )° Note that
113004590 ;

for the case of £ =0, nyy =0 (¢’ =0, nry = 0), the coefficients t,,,_1, tn,,, and t,,,+1
(th,,—1, tn,, = 0,and t], ., = 0) all vanish, exactly as expected.
We remark that the above method treats the middle operator ® as special, while
the pairs {¢a, (X1), ¢a,(X2)} and {pa,(X4), éa,(X5)} are considered c()n ;m eo(lua)l foot-
~0)  pl-0

ing. From our choice of the weight-shifting operator combinations (DXl Xs ) and
(Dg(_go) -Dg(_;))), it is evident that X3 serves as a “junction point”, with the two resulting
relations obviously symmetric with respect to each other. This symmetry is reflected in
the structure of the coefficients. In particular, if we relabel the external and exchanged
spins and dimensions appropriately, we obtain the coefficients {sénl J,t;m J,u;m J} from the
coefficients {sy,, ,, tm,,, Um,, }, as is apparent from eq. (4.44).

It is straightforward to implement the recursion relations eq. (4.38) and eq. (4.39)
within a symbolic computing environment, e.g. Mathematica. Doing so enables us to
effortlessly generate any symmetric traceless conformal block of interest by specifying a
handful of input parameters, namely {n;s,¢,¢'}. To sum up, at this point, we have given
an explicit prescription for deriving the spin-¢, spin-¢’ exchange blocks in a purely scalar
5-point function.

Next we would like to understand if we can further simplify the recursion relations
by eliminating terms involving shifts in the exchanged operator dimensions. In order to
achieve such a simplification, it is useful to first establish some identities describing how

the blocks transform under various permutations.
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4.2.2 Exchange symmetries

The 5-point conformal blocks for ([A,¢],[A’,¢']) exchange satisfy some simple symmetry
relations under the exchanges 1 <> 2 and 4 < 5. For concreteness, let us follow the
conventions eq. (2.10) and eq. (2.11) for the external prefactor and basis of cross-ratios,
respectively. With these choices, we find that the symmetry relations assume the form

(n1y) up  ugwoz 1 1 w3y
G 1 pr bl ) b )
ALA
w2;3 W24 W23 W24 W24

1
¢ —A3/2  5(=D4+A5) ~(nry)
=(-1) Wz~ "Wy GALA%/ (w1, u2, w3, Wo4, W3;4) ) (4.45)
A1<—>A2
() uiwsz,4  uz  wagz 1 1
ALNAN Y ) ) 9 9
T W2:4 W34 W24 W24 W34
1
V4 7(A17A2) —A3/2 nrJy
=(-1) w22;4 W34 / G(A,&i’,ﬁ’(ulvu?vw2§37w2§47w3§4) J (4.46)
A4(—)A5
and
G(TLIJ) U1W3;4 U2W2;3 W24 W2:4
ALN ’ 9 , W24,
B w2;3 W34 W23 W3;4
1
_ 040 —A3/2 5(A1—Ax+A3—Ag+A5) —Ag/2
=(-1) Wa,3 = Woy W3,y
(nIJ)
X G gar o (U1, U2, w3, Woa, W3ia) (4.47)
A1<—>A27A4<—>A5
Moreover, we have the following symmetry relations under 1 < 5, 2 <> 4:
G(nIJ) (u _ G(TLIJ)
ALA 27u17w3;47w2;47w2;3) =YA LA (u17u27w2;37w2;47w3;4) )
Al(—>A5,A2<—)A4
(4.48)
(nrs) L 1 was wou way A1+85 (nry)
G /2 ) ) =(uiug)” 2 G / /(U1,u2,w2;3,w2;4,w3;4) )
AN L YAV VAN
tas) bl ul u2 ul u1u2 u2 A Y AlHAS
(4.49)
(nry) I 1 w3y woys was 214485 (ngy)
Gayarp |l —>— : : = (wu2)” 2 Gp YA p (U1, U2, w23, w24, w3:4) :
T \U2 Ul U2 UlU2 Ul i Ag<sAy
(4.50)

In deriving the above relations, we recalled that the 5-point block of interest is related
to the conformal integral

GR1As g (us) (4.51)
o (pa, (X1)Pa,(X2)On0) 20 (Op 1Py (X3)Ohs ) ™7 01 (O pa, (Xa)bag (Xs))

along with our knowledge of the transformation properties of the 3-point functions. In
particular, one may readily apply the known properties of 3-point functions under permu-
tations to conclude that the three-point functions of the type (scalar)-(scalar)-(spin-¢) pick

~32 -



up a factor of (—1)* upon interchanging the two scalar operators. It is then trivial to assign
the appropriate factors of (—1)¢ and (—1)5/ as needed for the exchanges 1 <+ 2; 4 ++ 5; and
12,44 5.

Further, it is immediately apparent that the blocks are invariant under the simultane-
ous interchanges 1 <+ 5, 2 <+ 4, which corresponds to a simple relabeling of the operators.
That is, under 1 <> 5, 2 <+ 4 we have that

) (4.52)
T 1435,2¢34

o (Pas (X5)0a, (Xa)On0) 20 (Op (P Ay (X3)Ohs )7 01 (O pdag (X2)da, (X1)).

Furthermore, we observe that we may reduce this conformal integral to the original one in
eq. (4.51) if we also relabel [A, ¢] <> [A/, '].

In addition, the symmetry relation eq. (4.48) makes it manifest why the coefficients
of the recursion relation eq. (4.39) coincide with those featured in eq. (4.38) up to the
replacements A < A’/ < 0/, Ajg — —Ays5, as exemplified in eq. (4.44). That is, the
relation eq. (4.44) between the two sets of coefficients arises precisely due to the symmetry
eq. (4.48). Moreover, we note that the interchanges 1 <> 5, 2 <> 4 indeed exchange
f(u;) <> f'(u;), which allows us to map eq. (4.38) to eq. (4.39). It therefore emerges that
we may obtain eq. (4.39) from eq. (4.38) via eq. (4.39) = eq. (4.38)

AHA’,EHZ’,A12%7A45'
Now, in light of the symmetry relations eq. (4.45)—eq. (4.46), we proceed to write

down additional recursion relations similar to eq. (4.38) and eq. (4.39) in the same spirit
as in [39]. To begin with, we rewrite eq. (4.38) and eq. (4.39) in a form analogous to that
of eq. (4.18) for 4-point symmetric traceless blocks in [39]. To emphasize the dependence
of the blocks on the external scaling dimensions, we include the explicit dependence next
to each block in parentheses, e.g. (A2, A3, Ays). We obtain

uy PG 00 (B2 +1, A5+ 1, Ags)

(
= ngi{?gl;_LO)(AlQ; Az, Ags) + S”IJGEZ@];ELO)(AH’ A3, Aygs)
+ 3nu+lGEZQ?];(J£(1);(A12a Az, Ays) + tn,J—lGEZfQ’_@1;2)7O)(A12, A3, Ags)
+ tn,JGE?E?@/;Oyo)(Aw, Az, Ays) + tn”+1GEZ‘§;}%70)(A12, Az, Aygs)
+ un,J_1GEZLiﬂ,1;)LO)(A12, Az, Ag5) + “nuGEZﬁ?ﬁ';Lo)(AH? A3, Ags)
i, 0G0 (B2, A, Ads) + 412G D) ) (A2, A, Ags)  (4.53)
and

ug_l/QGEZ?]zuo,o)(AlZa Mgt 1, Ass — 1)

= GEZQ’Jll;Oy—l)(AU’ Az, Ays) + SQLIJGEZZELO)(AQ, A3, Ags)
_l’_

Sy 1 Glra o) (B2, Ag, Aus) + 1, G o) (A2, Ag, Ags)

n n 1
10, Gl 5i0.0) (B2 D, Ads) + 80, 1 G50 0) (B2 Mg, Ass)
i, Gl (B2, Ag, Ags) + 1l G o1 (Bra, Ag, Ass)

(
n 1 n 2
+ u/nIJ-i-lGE(};Ij_l;)o,l) (A12, A3, Aygs) + u/nU+2GEg}>'_+1;2),1) (A12,A3,Ag5).  (4.54)

nrj—

— 33 —



With this, we now consider interchanging X; <+ Xs, which takes

Ul U2W2;3 1 1 W34
Uy —> ——, U2 —> ———, w23—>—, W24 — ——, W34 — .

(4.55)
w2:3 W24 w2;3 W2;4 W24

This means that each of the conformal block terms of the type GEZZ)’;O,O) (u1, U2, w23, Wo.a, W3:4)
in the above two equations gets mapped to

m m up  ugwez 1 1 w3y
GE@ g)/ 0,0) (U1, U2, W23, W4, W) — GE@ 4)/.0 0) ; ; ; ;== ]. (4.56)
’ w2;3 W2:4 wW2;3 W24 W24

We next observe that according to eq. (4.45), we have

am) <U1 ugwyz 1 1 w3;4>

w2;3 W24 W23 W24 W24

1
¢ —A3/2 5(=A4+As5) (m)
= (=1)"wy 3" "wsy G000 (u1, ug, w23, Wo.q, W3.4)

(4.57)
A1p——Aq2
Lastly, we relabel Ajs — —Aqs. Noting that the {Sy,,,tm;,» Um,,} coeflicients depend
on A1 but not on Ays, while the {s/
need to explicitly exhibit the dependence on A1 or Ay in the respective sets. In this way,

M mU, mu} coefficients only feature Ays, we just

we arrive at

—u; G ’gfg o0y (Bi2 = 1, A5+ 1, Ays)
= _G(?L{ £5—1,0) (D12, Az, Ags)
+ Snu(—Au)GE 00 2)0)(A12, Az, Ays) + spy41(— A12)GE%}138(A12, A3, Ays)
i 4/10 0y(A12, As, Ays) + tnu(—Aw)GEZl";)@ 0,0) (D12, Az, Ags)
ZI‘Q;}O 0)(B12, A3, Ag5) — UnU—l(_AH)GEZiJLg};)LO)(A127 Az, Ays)
- unu(—A12)GEK_1?4,;1’0)(A127 Az, Ays) — Un”+1(—A12)GEZiJ1;/1;)LO)(Au, Az, Ays)

— tnyy12(—D12) G o) (Ao, Az, Ags) (4.58)

+tn,,—1(—A12

)G
+ tnIJ+1(_A12)GE

and

WS Waaty 1/2GEZQ‘/21;070)(A12, As+1,A4—1)
= GEZZ)I 0,1y (D12, A3, Ays)
GE%{% 0) (D12, Az, Aus) + Snu+1GE%];g,8(A12a Az, Ays)
+ tn”71GEZ?_21;)O,O)(A12, A3z, Ays) + tnIJGEZQ’le;o,O)(Ama Az, Ags)

+t;m+1G(n”+1.) (A2, Az, Ags) +uyp,, LG (g, Ay Ags)

+5

nrj

(£,6/—2;0,0) (£,6~1;0,1)
+ uanGEZé{31;0,1)(A12’ As, Ags) + Un”+1GEné}]+11% 1y(A12, Ag, Ays)
+ unuHGEZZ]:Q;g)J)(Al?’ Az, Ags) . (4.59)
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We next repeat the identical procedure for the interchange X4 <> X5 with the associ-
ated symmetry relation eq. (4.46). We find

w2 4w3 4u1 I/QGEZi{?Z’;O,O) (AIQ + 17 A3 + 17 A45)

= GE?Z?@/-q 0)(A12, Az, Ags)
+ SmJGE%E% 0)(A12, As, Ays) + 5n11+1GE%/Jgé%(A127 As, Ays)
+ tn,J—1GE?i‘§,zfl;2),0)(A12, Az, Ays) + tn,JG§;I§>€, 00) (D12, As, Ays)
g1 G .0 (Drz: As Aus) -y, 1 G0 o) (B2, Ag, Aus)
+ U”UGEZQZ’;LO) (A12, Az, Ags) + “n1J+1GEZﬁ;/1;)17o) (A12, A3z, Ays)

+ unu+2GEZﬂ;/2;)1,g) (A1, Az, Ays) (4.60)
and
—uy PG o) (B2, A +1, Ags + 1)
Gﬁ?é"_l 0,1y (D12, As, Ays)
+ 8, (= A45)GE glz)o)(Alz,A3,A45) + 8, 41(= A45)GEZ%§8(A12,A3,A45)
+ tn”71(—A45)GE%/J 21)0 0)(A12, Az, Ays) + 1y, (— A45)GE%,J) 2.0 0)(A12, As, Ays)
-ty 1 (= Das) G0 o) (B2, A, Ags) =l (—Ags) G | (Ara, As, Agg)
Wy (= 843) G oy (B, Mg, Aus) — iy, (—Aas) Gl | (Aa, Ag, Ags)
- U;L,J+2(—A45)GEZQ}]:2;%,1)(A127 Az, Ays). (4.61)
These respective relations are directly analogous to the second line in eq. (4.22) of [39].

Next, we may consider starting from the first equation in each of eq. (4.58) and eq. (4.59)
and interchanging X, <+ X5 in each term. This maps

UL W34 U9 wo.3 1 1
up — ———, Uz — ——, W3 ——, Wo4— —, wWzqg—> —. (4.62)
W2:4 W34 W2:4 W2:4 W34

Proceeding in the same fashion as before, we then invoke the symmetry relation eq. (4.46)
and further relabel Ay — —Ay5 to obtain

—uy ? _1GE?Ii)z'00)(A12 1&g +1, As)

= =Gy 1) (B2, Ag, Ags)
+ Snu(*Am)GE%}% 0)(A12, Az, Ays) + Snuﬂ(*Au)GEZ%gB(Aw’ Az, i)
bt ()G (B Do D)+ (~B12)G S (Brz. g, Ay
+ tngy+1(—A12)G Zlﬂ'lo 0) (D12, A3, Ags) — “”u—l(_Au)GEZﬂ’l%)LO)(Am’ Az, Ats)
- Unu(*AH)GEe 1)4/ 1,0 (D12, A3, Ags) — “n1J+1(*Aw)GgZﬂ’l;)LO)(AH’ A3, Aas)

- un1.7+2(_A12)GE?ii:;/2;)170) (A127 Az, A45) (463)
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and
_uz_l/Q ngz?l)loo)(Am’Aii"‘ L, Ag +1)
_ _G(nu) 71)(A12, Ags, A45)

(£,0-1,0,
+ 8, (= A45)GE 2)())(A127A37A45)+8n”+1( A45)GEZ§IJ§8(A12,A37A45)

1J
e
n 1) n
+ty,,—1(—A45)G Eg Q}] 20,0 (D12, Az, Ags) + by, (= A45)GE£ Q?]) 2.0,0)(B12, Az, Ags)
n 1) n 1
1 (“ )G ) 0 (B2, g, Ass) — )y, (—Aas) G4 1 (Ao, Ag, Ag)
n 1
— Uy, (— A45)GE ,)1 0,1y (D12, A3, Ags) — n”H(—A45)GEK7}J:F1;2)71)(A12, Az, Aygs)
— Upy 42(— A45)ng2?’+122) 1y (A12, Az, Ags) . (4.64)
These last two relations are analogous to the last relation in eq. (4.22) of [39].

Armed with the additional recursion relations eq. (4.58)—eq. (4.61) as well as eq. (4.63)—
eq. (4.64), we may use them to eliminate the [A—1,¢], [A’—1,¢] or the [A+1,/], [A"+1, /]
contributions from eq. (4.53) and eq. (4.54). In particular, we can consider the sums of
eq. (4.53) and eq. (4.58) as well as of eq. (4.54) and eq. (4.61), which give

Ul_l/z(GgZiJl?g/;O,O)(A12 +1,A3+1,Ay5) — Gggi{?g/;o,o)(ﬁm —1,A3 +1,Ay5))

(nrs+1)

(nIJ)
Snps+1 7+ Snypy41 |A12—>—A12 (€,£7;0,0)

= (Snu + Sngy ’A12—>—A12) (€,¢/;0,0
+ (tnu—l + t"IJ_1|A12H*A12) G

 Ing+1 + tn11+1|A12—>—A12)
(n
(e—

nrs—1) (nry)
£=2,£;0,0) + (tnU + tnU|A12%*A12> G(f—275’;0,0)

)+

(

(

(nIJ+1) u —u | (nrs—1)
(£—2,0;0,0) nry — Unigla A ) B (e-1,051,0)
nry ) (nrs+1)
+ (unU h unU{A12—>—A12> G 1,¢/;1,0) + (unIJ+1 B unIJ+1|A12—>—A12) (£—1,¢/;1,0)

nIJ+2
+ “nIJ+2_“”1J+2|A12—>—A12) (t—1,/51,0) * (4.65)

where the blocks’ dependence on (Ajz, Az, Ays) has been suppressed for the unshifted
terms. Further, we have

ugl/Q(GEZQ‘/Zl;O,O)(Am, Az +1,A45 —1) — GE%,JL.O 0)(B12, A3 +1,Ay5 +1))

(o / (nry) (nrs+1)
- (SnIJ + S”IJ‘A45—)—A45> G(f 2’50 0) + ( nIJ+1 + snIJ+1’A45% A45) (é,f’;0,0)

/ (nrs—1) (nr)
th 1+ tnu 1|A45—> A45> G(E £'—2;0,0) + ( nrj + th’A45—> A45> G(Z,K’—2;O,O)

’ (nrs+1) / (nrs—1)

tnu-i-l + tnIJ+1|A45—>—A45> G (£,6/'—2;0,0) + ( Unry—1 — unIJ—1|A45—>—A45) (£,6/'—1;0,1)
/ / (ng / (nrs+1)

Unpy — un1J|A45—>—A45> G( 0,0 1 ;0,1) + ( Uppy+1 — n1J+1|A45—>—A45> G(E,Z’—l;o,l)

G(nIJ+2)

/ /
Unpy+2 — unIJ+2|A45—>—A45> (6,0'—1;0,1) * (4.66)

+ o+ o+ o+
N T N TN TN

Next, we take the linear combinations eq. (4.60) + eq. (4.63) and eq. (4.59) + eq. (4.64),
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which give

—1/2 _ _
uy (w2;4w3;iGEZ£{?gl;07o)(AIQ +1,A5+1,A45) — wg;iGEZﬁ?yﬂo)(Au —1,A3+1,Ay5))
) (nrs+1)
0,0) T (Sn”Jrl + SnIJ+1|A12H*A12) G(&%O,O)

(nrs—-1) (nrs)
- (tn”_l + tn”_1|A12—>—A12) (€-2,¢/;0,0) - (tn” T ingy ’A12—>—A12) (€—2,£;0,0)

G(”IJ+1)

_ (nrg
- (Sn” + Sn“|A12H*A12) G(&@';

(nrs—1)
tnpy+1 t”1J+1|A12ﬂ7A12> (£—2,0':0,0) + (“nrrl - u”IJ*1|A12%fA12) G(Efl,f/;l,o)

+(

(n1y) (nrs+1)
T (un” o un”‘A12—>—A12) G(Z—LZ’%LO) T (Unrs+1 — unU+1|A12—>—A12 (£—=1,£';1,0)
+(

(nrs+2)
Unps+2 — unIJ+2|A124),A12> G(fflf’;l,o) (4.67)

and

—1/2 — n — n
Uy / (w2;§w2;4GEz}{Z1;o,0)(Al% A3 +1,A45 1) — wg;éG&}?’Zl;O’O)(Au, Az +1,A45+ 1))
) G(mfrl)

A / (nry / /
- (STZU + S”IJ|A45—)7A45) G(Z,é’;O,O) + (Snu-i-l + S”IJ+1|A45~>7A45) (£,¢/;0,0)

/ / (nrs-1) / / (nrs)
+ (tnIJ_l + tnIJ_1|A45—>—A45) G(f,f’—Q;O,O) + (tnIJ + tnIJ ’A45—>—A45) G(ﬁ,f’—Q;O,O)

/ / (nrs+1) / o (nry—1)

+ (tnu-i-l + tnIJ+1|A45~>*A45> G(Z,E/fQ;O,O) + (unu—l u”IJ_1|A45*>*A45) G(f,f/fl;o,l)
/ ! (nry) / / (nrs+1)

- (unl‘] o unIJ‘A45_>_A45) G(evzl_hovl) + (unIJ+1 B unIJ+1|A45—>—A45> (Z,Z’—I;O,l)
/ / (n1J+2)

+ (un1J+2 o unIJ+2|A45—)7A45> G(f,f’*l;o,l) : (468)

The four relations eq. (4.65)—eq. (4.68) all involve blocks with exchanged dimensions A,
A+1or A’ A’ +1 alone. The block contributions carrying dimensions A — 1 and A’ — 1
have been eliminated.

Upon taking the difference between eq. (4.65) and eq. (4.67), we find that both r.h.s’s
cancel. We thus obtain the simple identity

(1—w2;4w3_;i)G(nI‘]) (A12+1,A3+1,A45)=(1—w3_;i)G(nI‘]) (A12—1,A34+1,Ay5).

(6—1,£;0,0) (6—1,£;0,0)
(4.69)
Similarly, upon subtracting eq. (4.68) from eq. (4.66), we obtain
(1= wygwaa)Glpi o o) (D12, Ag+1, Ags—1) = (1=wzd) G5 o o) (Bas, Ag+1, Ags+1).
(4.70)

These relations arise due to the fact that the s, t, and u coefficients are all independent
of Ays, while the s/, t/, and u’ coefficients do not contain Ajs. These two relations are
reminiscent of the following identity for 4-point blocks:

1 1 1 1
By 410041 <“ +5:0F 2> = P\ +ietd <a t5 b+ 2) ’ (4.71)

which comes from the first line in eq. (4.22) in [39], once (zZ)~'/2F), \,(a,b) has been
replaced by the r.h.s. of eq. (4.18). Such relations may be used to replace blocks with
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shifted Ays by the corresponding blocks with Ays shifted up or down by 2, a convenient
feature which is useful for combining terms inside the recursion relations.

Alternatively, we may consider taking combinations eq. (4.53) + ¢; eq. (4.63) and
eq. (4.54) + ¢5 eq. (4.64), with ¢; and ¢ chosen such that block pieces carrying exchanged

dimensions A + 1 and A’ + 1, specifically terms of the type ngnfl“’ %,,1 0)(A12, As, Ays) and

GEZ’,‘?LO 1)(A12, As, Ays), are eliminated. We ultimately find

—1/2 n — n
uy (G&i{?@;om (A +1,A3+1,A45) — Clwg;iGEgiJl?g/;op) (A —1,A3+1, A45))

_ (nry) (nrs)
=(1=e)Gy Yy 0t (Snu +ci8n,, |A12H7A12) G0y
J+1 J—1
+ (SuU_H T C1Sn 41 ’A12—>—A12) ngzéovog + (tn”_l Felngy—1 ’A12—>—A12) Eyiéﬂgl%vo)
(nrs) (nrs+1)
+ (tnIJ +citng, |A12~)—A12) G(fié,f/;U,O) + (tnIJJrl +Cilng 41 |A12%*A12> G(@ié@/;op) ’
(4.72)
where
(A-Ap+l-1)(d-—A+A;p+1-1)
Cl = — 5 (473)
(A4+App+l—1)(d—A—-App+0-1)
and

—1/2 n — n
Uy / (GELQ{ZLO,O)(AH?AM‘17A45—1)—C2w2;§GEg}?]l1;o,o)(A127A3+17A45+1))

_ (n1J) / / (n1J)
- (1 - CQ)G(Z,Z’—l;O,—l) + (Snu +028nu ’A45~>7A45) G(K,Q’J;O,O)

/ / (nrs+1) / ’ (nrs—1)
T <8”1J+1 28,41 |A45—>—A45) G(&f';O,O) T (t"U_l +C2t”U_1 |A45—>—A45) (¢,6/—2;0,0)

/ / (nry) / / (nrs+1)
+ (tn,J +caty, |A45—>—A45) Glor—200 T (tnuﬂ +eaty, 41 |A45_>—A45) Glor—2.00)

(4.74)
with

. __(A’+A45+€,—1)(d—A,—A45+€,—1) (475)
2T AN S A+ ) (d— AN+ A+ —1) '

It turns out that the simplest set of recursion relations we are able to write down only
involve the exchanged operators {[A,¢],[A — 1,/],[A, ¢ — 1],[A, £ — 2]} and {[A", V'], [A" —
1,0, [A" ¢ —1],[A, ¢/ — 2]}, without any blocks carrying the exchanged dimensions A + 1
and A’+1. This result only partially achieves the goal of eliminating shifts in the exchanged
operator dimensions. Although we would ideally like to obtain a set of recursion relations
purely involving the exchanged operators {[A, (], [A,¢—1],[A,£—2]} and {[A", '], [A', ¢/ —
1], [A', ¢ — 2]}, we find that, unlike in the 4-point case, this is not possible with the current
approach. The reason is that the right-hand sides of relations eq. (4.60) and eq. (4.59) are
identical to those of eq. (4.53) and eq. (4.54), respectively. In contrast, in the case of the
4-point blocks, the symmetry relations that arise from separately interchanging 1 <+ 2 and
3 <> 4 are necessarily distinct. In particular, the respective block contributions feature
different coefficients. However, this is no longer true in the five-point case for the set of
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recursion relations eq. (4.53) and eq. (4.54). For example, the r.h.s. of eq. (4.53) is invariant
under the interchange of 4 +» 5, since as mentioned, its coefficients are independent of Ays.

Ultimately, we find that the simplest form for the first recursion relation eq. (4.53) is
as follows:

G(nu) . (A+€—1)(A+£) (d—A—App+0-1)
(€500 = Ay (A—Ayg+0—1) (AN +A—Ag+2n,— 0 +0—1)

% UII/QGE;E{?K’;O,O) <A12+1, As+1, A45)

(A—A12+£—1)(d—A—I—Alz"i‘E—l)u_l/g
(A+Ap+l—1)(d—A—Ap+—1) !
2(A+0—1)(d—A+L—1)—2A2, o)
(A+Ag+0—1) (d—A—App+£—1)  E=LE=10)
Aig (A=A +L—1) (' —npy) (nrs+1)
(A+L—1)(A+L) (d—A—Agp+0—1)  (G:£50,0)
_Algnjj (d4+2n7;—4) (d—A+A19+£-1) (Qd—A,—A—I-Ag—2711]4—5,-1—36—3) G(nl']_l)
(d+20—4)(d+20-2) (A+A1p+0—1) (d—A+L—2)(d—A+L—1) (£=2,£:0,0)
Ag(l—npy) (d—A+A1+0—1)
d+20—4)(d4+20-2) (A+A12+0—1) (d—A+0—-2)(d—A+£-1)

WGl 0 0y (B12—1,A5+1, Ays)

_l’_

(
X <d2+d(—A’—A+A3+nU+2£—4)+3 (A'+A—-A3+1)
—npy (A +A=Ag+dng;—30+1) =L (A + A=Az —3np+ 0 —(+4) +£’> Gggi‘;?g,;om

A (d—A+Ayp+0—=1) (—npj+L—1) (U—n1y) (nrg—1') G+

o] 4.
+(d+2£—4)(d+2£—2)(A+A12+£—1)(d—A+€—2)(d—A+£—1) (@2»5,0704 (4.76)

We may then make the replacements A <+ A’ £ <> 0/, Ao — —Ay5 as well as u; — ug and
w3,y — w2.3, inside this result to obtain the corresponding form for the second relation,
which holds the spin ¢ fixed while varying ¢'.

In the following subsection, we derive a different recursion relation for the symmetric
traceless five-point blocks GX”/ g, »(u;). As we will see, this relation involves blocks with
shifted external dimensions A; and As only, while A3 is held fixed. This feature makes it

possible to analyze the “natural” 4-point limit A3z — 0 in the context of such a relation.

4.2.3 Recursion relations at fixed Ag

We may proceed to write down an alternative recursion relation which holds Aj fixed as
follows. We consider acting on the 5-point function with the combination of operators

(=0) . 5(=0)\ g/ (n1)
(DXl ‘DX5 )WA,I,JA/,K/;A1,AQ,A37A4,A5' (477)

The calculations are identical to the above analysis through eq. (4.22). We subsequently

use the crossing relation for 3-point structures to move the operators DQA in each of the

-39 —



middle 3-point structures D%AK’)A’Z(X[)QAg (X3)Oar (X))@ onto the Opr p(X ) via

DQA(OAJ(XI)‘I)M (X3)Ops (X))

a)(b
_ { O,A/x/ (bAg O/A’—(SAH,K’—(%TL }( @
o \Onagon,ero0, V Onv (m)(n)

X D%@Amab,uézb (X1) Py (X3)Onr s, 050, (X))™ (4.78)

Upon expanding the n sum and labeling the structures using the box tensor basis, we
obtain

DOHON X 1)y (X5) Olyr (X)) 1)
min(¢+8¢;,0") X "
n 0 m
= Z 5m€JJ((J)ro)D§rJ) <OA+6Ab,é+6€b(XI)‘I)A3(X3)O,A'—1,e/(XJ)>( 17)
my =0
min(¢+80y,0'+1) , A
n 0— m
+ > 5m§‘§((())_)7)§c]) (Onssnp0+50,(XD) P2y (X3)Ohs g1 (X)) 1Y)
my ;=0
min(¢+5¢y,0'—1) ) N
n 0 m
+ > Smf,‘f,((o)ﬂDgJ) (Onssnperst,(X1) Py (X3)Opr gy (X)) tm17)
my =0
min(¢+8¢y,0") . A
n -0 m
+ > e DC MO Ay o, (XD P AL (X3)Olhryy (X)) (4.79)

m[J:()

where the £ coefficients label the relevant 3-point 65 symbols.
The next step is to integrate by parts using the rule eq. (3.32) in order to move the
Dg?]A onto the rightmost 3-point structure exactly as before. Once we collect the entire

resulting expression, we reach the following result:

(nrg+1) _ 1 7o) (nrs)
G([a£,7070) - (0+) f(uz)G(z_17€/_17070) - G(Z_17él_1y_1a_1)
2nry+1 A1 —A1+H1,A5—As+1
" o) me) "N o) ) "2 o) )
- miJg - miJg - mrJg
+ Z TlmuG(é—u';—Lo)"' Z TQWIJG(Z—l,Z’—Z;—1,0)+ Z T3muG(£—1,é'—1;—1,1)
mrj=nrj mry=nryj—1 mry=nrj—1
" 00 A O) Amrs) L (00) A4 R 04) Ames)
mrg nry nrJj mrg
+ 2 SimnClertio—n Toenn Cleonn tSmu2CGiiont 2o Smu Gl
myrj=nrjy mry=nrj—1
" 00 ) " 00 i) " 00 i)
+ mprj - mrJj - mrJj
+ ) Samr, G o100 T > timy, Gle—s0—10-1)T > tmy, Gle=2,00,0)
myy=nrj—1 mypy=nrj—1 mypy=nrj—1
" 00 i) " 00 ) " G0y lma)
- mryrgy - mrygy mryrgy
+ Z t3m1JG(572,Z’72;0,0)+ Z t4m1JG(572,Z’71;0,1)+ Z ulm”G([,l,g/,l;L,l)
mryj=nrj—2 mryj=nrj—2 mry=nrj—1
" G0 i) " o) Ame) Y
mrj mrg mrg
+ ) Uy, Gloi,p1,0) T > Uy, Glo—1v—21,0)T > “4m1,1G(e—1,4/—1;1,1)]>v
mry=nyyj—1 mypy=nrj—2 mypy=nrj—2
(4.80)
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where f (u;) is again a convention-dependent prefactor. Here both spins vary simultane-
ously, while Ag is held fixed.
For the set of conventions eq. (2.10)—eq. (2.11), this prefactor is given by

Fw) = (wyug) ™12, (4.81)
while for the set eq. (2.12)—eq. (2.13), we have
Flug) = w' (wyul) V2. (4.82)

Lastly, for the set eq. (2.14)—eq. (2.15), we find

fu;) = 1. (4.83)

In contrast to the previous set of relations eq. (4.38) and eq. (4.39), this recursion
relation treats the spins ¢ and ¢’ on an equal footing, allowing both of them to shift. The
coefficients appearing in this recursion relation are somewhat cumbersome, but they are
all given explicitly in a supplementary Mathematica file attached to this paper.

As we did previously, we may combine eq. (4.80) with the symmetry relations
eq. (4.45)—eq. (4.46) to construct a set of similar equations with different shifts. We write
these explicitly in appendix C.

In the next subsection, we perform several checks in order to verify that these relations
collapse to the expected forms in various 4-point limits.

4.2.4 Checks: 4-point limits

Due to the symmetry of the 5-point function under the interchanges 1 <> 2 and 4 < 5, we
expect that there are only three independent four-point limits to consider. In particular,
we first check the simple cases of ¢pp, = 1 (A2 — 0,Xy — X3) and ¢pp, — 1 (Ay —
0, X4 — X3). Further, we seek to analyze the “natural” 4-point function limit &5, — 1
(so that A3 — 0, X3 — X4). However, since the relations eq. (4.38) and eq. (4.39) both
involve 5-point blocks with shifted dimension Ag in one of the terms, taking this limit is
less natural in the context of these relations. On the other hand, it is straightforward to
apply it to eq. (4.80).
We begin by considering the case ¢pa, — 1:

o Jl}g}ﬁXS(%l (X1) P, (X2) P, (X3)0a, (Xa)das (X5)) = (da, (X1)Pas (X3)da, (X1)da, (X5)) -
(4.84)

(X3)Pn,(Xa)
(at positions

To directly derive the recursion relation for the 4-point function (¢, (X1)Pa

_ 0%

ba5(X5)), we simply act on the correlator with the combination D, 0 Dy
2 and 4). This leads to the result

5

1 _
Gaelw,v) = 55 (u V2G4 (u,0) —Ga-1e-1(u,v)
S Az—Asz+1,As5—As+1

G o(u,v) — U(24)GA+1,£—1(U7’U)> ; (4.85)
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where we make the replacements Xo — X3, X3 — Xy, X4y — X5 in v and v. Explicitly, in
this case, we have that

X13Xu5 R X15X34

R . 4.86
X14X35 X14X35 (4.86)

It is straightforward to extract the respective coefficients. It turns out that these are related
to the coefficients eq. (4.6) from the standard relation eq. (4.5) in the following way:

s _ _ <S<14> ) , (4.87)
A12—>—A12 A2—>A37A3—>A4,A4—>A5
(21 _ _ (t<14> ) , (4.88)
A12~>7A12 AQ%Ag,Ag*}A4,A44)A5
u® = <u<14) ) : (4.89)
Arp——A127 1As—A3,A3—=04,A4—A5

Equipped with this result, we next demonstrate explicitly that the 5-point recursion rela-
tions eq. (4.38) and eq. (4.39) indeed reduce to this form in the appropriate limit. We will
take pp, — 1 and Op ¢ — @A, in our 4-point limit of interest so that we should also take
Ay —0,A— Ay, —0,and nyy — 0.

Upon fixing ny; = 0 and ¢ = 0, we find that eq. (4.38) is irrelevant, as £ = 0 already,
while eq. (4.39) assumes the form

© _ L[ —1/2,4(0) (0)
Gloe00 = 5 | U2 Glo.0r-1:00) (U2, w334) = Glop10,-1)(u2, w3a)
0 As—As+1,As—>As+1

- t()GEg?ﬁ’—Z;O,O) (u2, w3;4) — Uf)Ggg,)é/—Log)(UZv w3;4)> ) (4.90)

where we have fixed the choice of conventions to eq. (2.10)—eq. (2.11).

We may now directly compare the two relations eq. (4.85) and eq. (4.90) and conclude
that they do in fact match. Further, upon checking the respective coeflicients, we may
readily verify that

sh=sPD ¢l =10yl =Y (4.91)

after setting ny; =0, Ay =0, A=Ay, £ =0.
Here each of the contributions GES)E,,O 0)
we have shown directly that the 5-point recursion relations indeed reduce to the 4-point

relation eq. (4.85) in the limit ¢, — 1.

corresponds to a 4-point block. With this,

One may examine the case of pa, — 1 in the exact same manner. This time, we
consider the limit

o ﬁlﬂifgﬁ&(%l()(l)%g (X2)Pa;(X3)Pa,(Xa)5(X5)) = (DA, (X1)Pa, (X2) Py (X3)d5(X5)) -
(4.92)
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Here the associated recursion relation is directly extracted by acting with Dg;lo) . Dg(;o). It
is effortless to obtain

GA,Z(“? U) = (13) <u_1/2GA,€—1 (u7 ’U) - GA—I,E—l(“? 1})
s A1 —=A1+1,A5—A3+1

109G oo (u,0) u(13)GA+17g_1(u,v)> o (4.93)

where we replace X4 — X5 inside v and v. In particular, we have

X12X35 . X15X93

, v . 4.94
X13X95 X13Xo25 (4.94)
Here the coefficients are given by
S8 _ _ (s(m) ) , (4.95)
Ags——A3z4’ |Ay—As5
(03) _ <t(14> ) , (4.96)
Azqs——A3yg Ag—As
ul®) = (u(M) ) . (4.97)
Aga——Az4” 1Ag— A5

Turning to the 5-point relations, we note that we now have ¢a, — 1 and O), y — ¢a, s0
that Ay — 0, A’ — As, ¢/ — 0, and nyy — 0. Taking X4 — X3 inside the cross-ratios, we
find that this time eq. (4.39) is irrelevant, while eq. (4.38) takes on the form

0 L/ 172 40
Gy, = SO<U1 /GEZ)—I,O;O,O)(ul’w2?3)

A1—>A1+17A3—>A3+1

0 0
- tOGEE)—ZO;O,O) (ula w2;3) - U’OGE()—I,O;LO) (u17 w2;3)) ) (498)

where we have again chosen the conventions eq. (2.10)-eq. (2.11). It is straightforward to
see that the form of the two relations eq. (4.93) and eq. (4.98) is identical. Upon matching
coefficients, we find that indeed

so = 5(13), to = t(l?’), ug = u(13), (4.99)

as expected and desired. Once again, we see that our 5-point result in fact reduces to the
appropriate 4-point relation in this limit.

Lastly, we wish to check that the alternate recursion relation eq. (4.80) reproduces the
original 4-point relation due to Dolan and Osborn, namely eq. (4.5) for the 4-point function
(DA, OA,PA,OA,) In the limit P, — 1. That is, we expect that

o, Jlilgl(ﬁ&@m(X1)¢A2(X2)‘I’A3(X3)¢A4 (Xa)da;(Xs5)) = (Pa, (X1)da, (X2)Pa, (Xa)da, (X5)) -
(4.100)
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In particular, we expect to verify that the five-point relation reduces to

—Ga—1-1(u,v)

1
Gay(u,v) = 15)<U_1/2GA,€—1(U7U)
A1—>A1+1,A5—)A5+1

s

—tI9 G g o(u,v) — U(15)GA+1,Z—1(U77))> ; (4.101)

where the coefficients are given by

519 = 5(14) , (4.102)
A3HA4,A4—>A5

£(19) = 4(14) : (4.103)
A3—>A4,A4—)A5

w1 = 4, (1%) : (4.104)
Az—Ags,As—As

Further, we make the replacements X3 — X4, X4 — X5 inside u and v. In particular,
we have

X12Xy5 . X15X04
X14Xo5' X14Xo5

(4.105)

We next note that in the 4-point function limit &5, — 1, we have X3 — Xo and A3 =0,
while the exchanged operators coincide, i.e. A’ = A, ¢/ =/, and ny; = £. With this, the
original recursion relation eq. (4.80) reduces to

Glee00) = 505 <(“1“2) / GlZ10-150,0) R (uruz2, wa;q)
20+1 1A +1L,As—As+1
¢ 0— -1
B Ggg)fl,ffl;flfl)(ulu% w2) = téé—)lGEpQ?éﬂ;o,o) (v1u2, woa)
0) ~(¢
- ué(ﬁl; )Ggf)fl,éfl;l,l) (u1u27 w2;4)) ; (4106)

where we have yet again fixed the conventions to eq. (2.10)-eq. (2.11). Once again, a
direct comparison between the forms of eq. (4.101) and eq. (4.106) reveals a perfect match.
Specifically, we verify that

sgz_)l = 5(19) , téo__)l = ¢{15) , %(1420) =15 (4.107)
The above checks help establish the validity of the recursion relations eq. (4.38), eq. (4.39),
and eq. (4.80). We have also checked that the five-point blocks obtained by means of
these relations indeed reduce to the appropriate four-point blocks in these various four-
point limits.
In the next section, we will apply the results eq. (4.38) and eq. (4.39) to determine
the 5-point conformal blocks for various cases of interest involving exchanged conserved
operators.
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4.3 Exchange of conserved operators

Our next objective is to analyze the situation of exchanged conserved operators in the
scalar 5-point function. Before examining the 5-point blocks in this context, we first recall
some essential features of the treatment of conserved operators in the embedding space
formalism.

It is well known that in unitary conformal field theories, the scaling dimensions of
spin-¢ primary operators respect the unitarity bound

A>0+d—2 (£>1). (4.108)

If A saturates this d-dimensional bound for a given ¢, i.e. A = £+ d — 2, the corresponding
operator is a conserved spin-¢ primary. Prominent examples of conserved operators include
the energy-momentum tensor (spin-2) and global symmetry currents (spin-1). In these
cases, imposing the conservation condition serves to restrict the form of three- and higher-
point functions beyond the constraints from conformal symmetry alone. The corresponding
unitarity bound for scalars is

A>(d—2)/2. (4.109)

However, there is little motivation for analyzing the case of conserved scalars, since this
bound is saturated exclusively by free fields.

A convenient consequence of the OPE is that requiring the satisfaction of the full set of
3-point function conservation conditions guarantees the automatic conservation of higher-
point functions. It is therefore sufficient to impose such constraints just at the level of the
3-point functions. Demanding operator conservation has the consequence that some 3-point
coefficients A, in the sum eq. (3.11) are correlated with each other. Such relations among
the coefficients imply that particular elementary structures that are a priori independent
ultimately get merged into single overall structures. Subsequently, we convert the resulting
constraints into relations among the corresponding structures inside the conformal block
decomposition.

It was shown in [41] how the conservation conditions could be fruitfully analyzed in the
context of the index-free embedding space formalism. Let us assume that the conserved
operator in question is at position X; (with ¢ = 1, 2, or 3) inside the 3-point function
(P1(X7; Z1)Po(X2; Z2)P3(X3; Z3)). We define the divergence operator

0
Ox, D= ———D 4.110
where D 4 is the Todorov operator [60, 61]
d 0 d 1 0?
Da=\=-—-14+7 — | — — =Ziad————=. 4.111
A (2 * azi) 072 2787, 07 (4.111)

We may readily accommodate the conservation condition by demanding that the action of
the divergence operator Jx, - D on the 3-point function (®1(X1; Z1)Pa(X2; Z2)P3(X3; Z3))
given by eq. (A.1) yields zero, assuming the presence of a conserved operator at the point
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(Xi; Z;). The conservation condition acts to restrict the possible structures appearing in a
given 3-point function. These types of constraints were investigated in some detail in the
embedding space setting in [41, 42, 62].

We expect these constraints to imply that the constituent blocks in the complete
linear combination of 5-point blocks are not all independent. A priori, the full contribution
of the 5-point blocks for some particular values of (A, ¢, A’,¢') may be expressed in the
following way:

min(£,¢")
(nrg)
Z anIJWA’Z,A’,Z’;Al,AQ,A3,A4,A57 (4112)
nry=0

where ngé,JA)’,Z’;Al,Ag,A3,A4,A5 (Xi) x G(Anf[”g%,(ui). Now, if we suppose that one of the

exchanged operators is conserved, then there would be relations among the parameters
O, 5, which would force some of these block structures to merge.

With this in mind, we now turn to the 5-point conformal blocks G(Aa?éy arpe(ui). We
consider the constituent 3-point correlator <0A’5¢A30,A/75/> and study various cases of
interest. In particular, we take the exchanged operators (Oa ¢, O/Aw) to belong to the set
{(¢,v), (¢, T™), (v, v°), (v, T*), (T, TN}, where ¢, v%, and T represent scalars, spin-
1 currents, and spin-2 tensors, respectively. In our analysis of these cases, we suppose that
either one or both of the exchanged operators are conserved. In the examples below, we’ll
focus exclusively on parity-even structures and we’ll adopt the notation Qs ¢y (Xi; Z;) for
the 3-point functions in contracted form.

As a first example, let us begin by examining the case where both Ox ¢ and O/A’,Z’ are
spin-1 currents so that £ = 1, ¢/ = 1. For simplicity, we consider the symmetric situation,
assuming that the currents are identical. Prior to imposing conservation, we expect to find
two independent structures appearing in the 3-point function (v%(X;)®a,(X2)v*(X3)). In
particular, we have the two constituent 3-point structures {ViVs, Hi3}. With this, the
embedding space 3-point function in contracted form is given by

aViVs + BHi3
(X12) TR (3,3 BATA —512) (o) 3 (Aot =)
(4.113)

Q0,1 (X1, X2, X35 71, Z3) =

where v and 8 are a priori independent coefficients. Hereupon we impose conservation,
assuming that both spin-1 currents are conserved so that A =d -1, A’ =d — 1.

By symmetry, it is sufficient to impose conservation at X;. Acting with the divergence
operator eq. (4.110) on the 3-point function eq. (4.113), one obtains

(0x, - Dz,)Q1,0,1) (X1, Xo, X35 Z1, Z3)

d 1%
— (2 - 1) (a(d —1— Az) + BA3) x 3 - = - (4.114)
(X12)72 (X13)" 2 (X23) 2
After requiring current conservation, namely,
(0x, - Dz,)Q1,0,1) (X1, X2, X35 21, Z3) = 0, (4.115)
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it transpires that « and 8 must be related to each other in the following way:

a(d—l—A3)+ﬁA3:0:>5:—(Cl_lA_A?’)a. (4.116)
3

At this point, we are left with the single structure

d—1—-—A
a<V1V3— (3)H13)

A
Qo) (X1, X2, X33 21, Z3) = > =, (4.117)

A A-
(X12) 2 (X13)4 2" (Xp3) 2

so that the number of independent structures drops from two to one. The two allowed

structures {V1 V3, Hi3} still both appear, but they are no longer independent. Rather, they
merge into one overall structure. If only one of the spin-1 operators is conserved, say
Oa;1 = Og-1,1, the result is the same, but in this case Oas; carries an unrestricted value
of the scaling dimension A’, up to the unitarity bound. It is apparent from this example
how the conservation condition can be directly implemented in the embedding space.

The relation eq. (4.116) thus serves to restrict the form of the 5-point conformal block
for (¢,¢') = (1,1) exchange to

1
(nrs) _
Z a”UWA,{fA’,l;Al,AmAg,A@AE) (Xi) =
nry=0
0) (d—1—A3) )
00 (Wl 11180 a0, 208, (X)) Ay Vanndo1nananas8,0, () )
(4.118)

where, for convenience we have written our expression in terms of WX%I’A),’ VA A As A AKX
Moreover, note that we must have A; = Ag, Ay = Ay due to the Ward identity constraints
on (¢a,$a,0") and (Vda,da;)-

Next, we consider the case ¢ = 0, ¢ = 1, which gives us a (scalar)-(scalar)-(vector)
3-point function (p(X1)®a,(X2)v?(X3)). Clearly, there is only a single allowed structure,
namely V3. In particular, we have (in contracted form)

aVs
(X12)%(A+A3—A’—1) (Xlg)%(A-i-A’—Ag—&-l) (X23)%(A3+A/_A+1) :
(4.119)

Qo) (X1, X2, X3; Z3) =

Assuming that the vector is a conserved current then constrains A’ =d — 1, Az = A, and
Ay = Ajs. In particular, imposing the conservation of ¢ forces the dimension of the middle
operator ® to match that of ¢ due to the Ward identity constraint on (¢® A3vb>. The block
is then restricted to the form

(0)
aOWAvovd_171§A17A2,A,A4,A4 (X'l) ° (4120)
Next, we turn to the case of a (scalar)-(scalar)-(tensor) 3-point function (¢(X1)®a,(X2)
T%(X3)), with £ =0, ¢/ = 2. This time, we have the unique structure
aVi
1 - 1 ’_ 1 T .

(X12)2(A+HAs=A=2) (3, )5 (A+A=A3+2) (x,0)3(As+ A —A+2)

(4.121)

Q0,0,2)(X1, X2, X3; Z3) =
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If we demand that the tensor is conserved, we require that A’ = d. In addition, Ward iden-
tity constraints ensure that As = A and A4 = As. The allowed block then takes the form

0
QW) 4281 20000, (X) - (4.122)

Proceeding to another case of interest, we take £ = 1 and ¢/ = 2. A priori, we find two
independent tensor structures appearing, namely {V3VZ V3Hi3}. In particular, we have
the (vector)-(scalar)-(tensor) 3-point function (v4(X1)®a,(X2)T%(X3)), which takes the
contracted form

aViVi + fV3His
)%(A‘FAS*A’*I) (Xlg)é(AqLA'—Ang?)) (XQS)é(AerAuAH) ’
(4.123)

Q1,0,2) (X1, X2, X35 Z1, Z3) =

(X12

This time, we find that imposing conservation of the vector v* gives A = d —1 and requires
the linear combination

(6
(X12)%(d+A37A’72) (Xlg)%(C”A/*AﬁQ) (ng)é(AﬁAudH) x

A — Aj
A — Az —d

Qu0,2)(X1, X2, X35 71, Z3) =

(vlvg + ng13> , (4.124)

which corresponds to the block

1

(nry) N
D WA 280 A A A0 (Xi) =
'rl[J:O

(0) A=Az )
a0 (Wd1,1A/,2;A1,A1,A3,A4,A4 (X + A, — g Vatazaaa,aa, (X)) -

(4.125)

On the other hand, demanding that the tensor 7% is conserved fixes A’ = d and yields

1
(X12)%(A-ﬁ-Ag—d—l)(Xls)%(A—A3+d+3) (X23)%(A3—A+d+1) X
2((d— 1)(A — Ag) + 1)
[d—2)(A—Ag—d—1)

Qu,0,2)(X1, X2, X35 21, Z3) =

a <V1V32 + V:?Hlii) , (4.126)

which corresponds to

1
(nrJ) N
D WATA 1A A Ag g0 (X0) =
nyy=0

(0) 2((d=1)(A=A3)+1) ()
Qo (WA,l,d,l;Al,Al,Ag,A4,A4( 7’) (d_ 2)(A _ A3 _ d_ 1) WA,l,d,l;A1,A1,A3,A4,A4 (Xl) .

(4.127)

Note that requiring both conservation conditions simultaneously is only possible for the
special values A3 =2 or A3 =d — 2.
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Finally, we consider the nontrivial special case of £ = 2, ¢ = 2, namely (T%® AgTCd).
Here Op ¢ and (’)’A,j, are both spin-2 tensors so that there are three independent tensor
structures to begin with. In particular, we have {VVZ, H13V1 V3, HZ}, as these are the
only allowed structures that are symmetric under the exchange of {X;, 21}, {X3,Z3}. In
this case, imposing conservation at X; (again, this is sufficient, by symmetry) results in
the reduction of the three independent structures to just one, namely

« 1

(d=2)(A3+2) (X12)73(X13)(d+2 )(X23)73 )

Q2,0,2)(X1, X2, X35 71, 73) =

(V12\/§—2(A3+2+d(d—(A3+1)))H13V1V3+ ((d—l)(A3_2d)+CM_2A)§dH>) H123) ,

(4.128)

where we have fixed A = d and A’ = d. Again, if only one of these is conserved, then
the scaling dimension of the other is arbitrary (up to unitarity), but the final form of the
3-point function is the same. With both operators conserved, we obtain the block

Z o (nIJ
nrJy d2d72,A1,A1,A3,A4,A4

nrj= =0
QO[W(o) C2(As3+2+d(d—-(As+1) L)
d,2;d,2;A1,A1,A3,A4,A4 (AS + 2)(d _ 2) d,2;d 2;A1,A1,A3,A4,A4
((d — 1)As(As — 2d) +d(d — 2)(d+ 1)) - 2)
+ AS(A3 + 2)(d _ 2) Wd,Q;d,2;A1,A1,A3,A4,A4 : (4129)

In the following two sections, we consider promoting the middle external operator ®
in our 5-point function to a spin-1 or a spin-2 operator, respectively. This will allow us to
obtain conformal blocks for arbitrary symmetric traceless tensor exchange in the correlators
(620 (X1) by (X2)0 (Xa)6a, (Xa)da, (X)) and (6, (X1)da, (X2)TAF (Xs)pa, (Xa)das (Xs),
where v4 and T4 each carries some dimension Az a priori. Throughout, we restrict our
attention to parity-even correlators which exist in generic dimensions.

4.4 Promoting ® to a vector operator

We first undertake the case of the promotion of ®, to a vector operator. Our intention is
to cast the result for (Oa ¢, (’)'A,7 ) exchange in this block exclusively in terms of seed blocks
we already know, namely those appearing in the scalar 5-point function. In particular, we
will write the resulting blocks in terms of a linear combination of some weight-shifting
operators acting on the symmetric traceless exchange blocks appearing in scalar 5-point
functions with shifted quantum numbers. That is, we expect to cast the final result in a
differential basis.

We recall our definition of the 5-point symmetric traceless exchange conformal block,

namely
G(nIJ) (u;) o W(”IJ) (X;)
AA e (Wi ALA AL Ag Ag A As

= (62, (X1)$2,(X2)On 0) 29 (On 4@, (X3) O )17 09 (Ons b, (Xa) by (X5)),
(4.130)
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where G(Agg, o (u;) and WXZJA), Ay Mg AgA,As (Xi) are Telated by a 5-point external
leg factor.

A

If we promote the middle scalar ®, to a vector operator v*, we will take

(On0(X1)Pay (X2) O p1(X5)) = (Ono(X1)0 (X2)Ohs (X)) (4.131)

where, for convenience, we have taken the positions of Op ¢, ®a,, and O/A/,é' to be X1, Xo,
and X3, respectively.

This tells us that we need to map a (spin)-(scalar)-(spin) 3-point function to a (spin)-
(vector)-(spin) one. There are three distinct classes of constituent 3-point tensor structures
in this case. In particular, our basis of allowed structures is

3 .
Qo)X Xo, Xs; Z1, 20, Z3) = 3 Niing, QU1 o) (4.132)

i=1

where ny; is a parameter that enumerates the various tensor structures, with

(i,n17)
Qlimis) _ Yie,1,01)
(€,1,¢") (X12)%(A+A37A’+£7f’+1) (Xlg)%(A7A3+A’+€+Z’fl)(X23)%(*A+A3+A’f€+é’+1) ’
(4.133)
where the structures q((z:%‘,’)) are given by
gl}lné;])) V TLIJVVZ nI]HnI]’
aigri) =iV T Hy
gy = VDT Ty HY (4.134)

We remark that the structures qgl}’lné;’)), qg’lné;’)), and qgg’lnéf)) exist for nyy € [0, min(¢, )],

nry € [0,min(¢,¢ — 1)], and ny; € [0, min(¢ — 1,¢')], respectively.
With this, we consider the quantity

(V) (inrg)
WAKA 10 A, Ag,Ag,A4,A5

AL (X1) P25 (X2)Oa ) 0 (Op 00(X3)Ops ) ™7 51 (O i, (Xa)bag (X5))
(4.135)

where we have suppressed indices for brevity. Here ¢ enumerates three classes of 3-point ten-
sor structures for <OA,EU(X3)O,A/75/> and hence runs over ¢ = 1,2, 3, while ny; parametrizes
different possible structures within each class.

We start by expressing the middle 3-point structure for some fixed ¢ in terms of com-
binations of weight-shifting operators acting on (Oa ¢(X7)®a,(X3)Oar (X 7))™17). Since
the spin of the middle operator v = [As, 1] is shifted up by 1 with respect to the original
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scalar ® = [A3,0], we may use either one of the combinations

(4.136)

This list spans all the possible weight-shifting operators for the vector representation given
in eq. (3.2). As these four operators form a differential basis for W =V, we expect to be
able to construct the complete solution purely in terms of these objects. Note that it makes

(”))

no difference whether we act with one of the operators of a given combination (Dg?l) Dy,
at X = Xj or X = X ;. Both choices give equivalent results.

For example, for X = X, acting with each of the four independent combinations on
the appropriately shifted 3-point structure, we straightforwardly obtain

(Dg[g:) : D(—O))<(’)A (XD P A, (X3)Opr (X 7)) 1)
= QU4 + BIQET) + QG (4.137)
(DL - DN On s 1 (X1) By (X3)Onr (X)) 1)
= Qi +osQrd) + BQETH
+ BsQY T + QU + 1sQ Y, (4.138)
(:D(0+) .D(O—))((’)A 21 (XD P, (X3)Onr (X)) 17
= QUi+ asQir ) + e
+ QU + B QU + BeQierin

3, 1 (3, 3, 1
+’74QEZ ?Q/J ) +’Y5Q(g ?QIJ) +’YGQEZ ?zlJ—i_ ) ’ (4139)

and

(D(0+) : DHO))@A 1,6(X1)Pa,(X3)Oar ¢ (X 7)) mes)
= arQU Y + asQUTH) + a0QU T + an0QU
+ B:QU Y + BsQUT) + QUi + B

+ 7 QUi + Qe T + QAT +10Q A (4.140)

where «;, 3;, i are 65 coefficients that are functions of the parameters {A, ¢, A’ ¢/, A3, ny;}.
Since there are only three independent 3-point structures, we just need three equations.
For simplicity, we choose to restrict attention to the set eq. (4.137)-eq. (4.139). The

relevant coefficients o, 3;, vj for j = 1,...,6 are listed in appendix D. We may now reuse
these multiple times to generate a system of equations involving Q 271”; 1), Z?fé{)), and
QEE’TE{;LD, where ¢ = 1,2, 3.
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In particular, we have three equations from eq. (4.137). These feature
(ivn 71) . (Z’:n ) . (7‘ n +1
Qunin i Quniy Q- (4.141)
Further, from eq. (4.138) we have two equations containing

3 1 i\ 1)
Qi Qe Q) Qi 1)

Next, from eq. (4.139), we have just one equation involving
(inr5—=1) A@nrg)  A(Enrg+1)
Qirin Qe Qérey (4.143)
We note that there are nine 3-point structures appearing here, namely
in 1) inry) t,nrg+1) .
Q(m,[é{ ,Q “’[‘f , 571,115{ , i=1,2,3. (4.144)

To determine the structures of interest, we first apply eq. (4.137) to solve for Q& Il Q,J .

We then generate the corresponding relations for Qg ? 2;’ D and Q ; IL é;] +1) . Upon inserting

these relations inside eq. (4.138), many cancellations occur and we are left with an explicit

expression for Qg’ 1 2}’)) in terms of the structures where ® is a scalar.

Further, we may then substitute these results inside the last equation, namely
eq. (4.139), which leads to a recursive relation for QE%L 2‘,])) in terms of QE?? é‘,’)ﬂ), which
terminates at nyy; = min(¢, ¢ — 1). Thereafter, we may apply this equation to recursively
determine QE?? Q,J)).

In particular, we find

Q(LHJJ) _ (¢ —nzy) Q(Znu)
L) = AT A+ Ay — 01 I 1L

+ a1 (DT - DTN Op 41 (X1) By (X3)Onr (X)) 19
+ as(DEH - DN On1.0(X1) iy (X3)Onr o (X)) 15D
+a3(DY  DEONOA1,0(X1) P a, (X3)Onr (X)) 1) (4.145)

Next, we have

Qi) = el - DN OA1,(XD) D, (X5)Onr (X)) 1Y)
+CQ(D<O+> D§;0>)<0A+175(X1)¢A3(Xg)oA,,@,(XJ»("wH)
+ e3P - DY) O8 01 (X1) Py (X5)Or o (X)) 1) (4.146)
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Finally, we have

Qi) = oy 71) ((An/IiA{)L(Z{J_2€,+ e AT
IJ 3 nryg+0 +0—-1)

+ o (DT DN (Op1,6(X1) By (X3) O (X)) P15+
( -DE?;>><OA,Z+1<XI><I>A3<X3>OA/,MXJ>><"”“>
(D - DTN (O 1 (X1) By (X3) O (X)) 1)

+ by (DET - DTN On 01 (X1) By (X5)Onr 0 (X)) 1177+

+b5(DE) - Dgc_zo))@AJrl,e(XI)‘I)m (X3)Onr 0 (X 5))m17)

+b6(DE - DG Ons1.6(X1) Py (X3) O, (X)) 15+ (4.147)

The coeflicients in these formulas are all given explicitly in appendix E.

We observe that this is an increasing recursion relation in ny s for QE?T Q,J)). It is evident
that the coefficient of @ %l 2‘,’ ™) vanishes identically for ny; = min(¢, ¢ — 1). Hence, we

(2,min(¢,0'—1))

may first determine the form of Q (1,0) and then apply eq. (4.147) to extract the

remaining structures Q(Z ! 2;’)) for 0 <nry <min(¢,¢ —1).

At this stage, we have expressed each of ;? Q,J) ,Q z? ;,J) ,and Q 2? Q,J in terms of the

structures

(Dg?;) . Dg?j_))<0A,Z—1(XI)<I>A3 (X3)OA’,£/ (XJ)>(nU) 7
(DL - DN On 041 (X1) Py (X3)Onr (X)) 1), (4.148)

We next remark that we may invoke the integration-by-parts rule eq. (3.32) to rewrite
each of these as

(921 (X1) @ (X2)00) 0 (D, - DY) O 11,6 (K1) @2y (X3) O, (X)) 1Y)
= Cleoy+0) DY A0, (X1)0a, (X2) DA ON (X)) 5 (Ops1 6@y (Xs)Onr o)1),
(4.149)

(6, (X1)@a, (X2)On ) b (DR - DI ) (On 01 (X1) By (X) O (X)) "17)
= C(o4)(0-) X3A(¢A1(X1)¢A2(X2) DY )OA@(XI»'X]<OA,£—1‘I>A3(XB)OA’,€’>(HU)7
(4.150)

<¢A1(X1)¢A2(X2)OM> > (D - Dg(l))<0AE-i—l(XI)(I)Ag(X3)OA’,Z’(XJ)>(TL”)

= C(O—)(0+) X3 A(¢A1(X1)¢A2 (X2)D (0+)A0A 0(XD)) 50 {Op 111P A, (X3)Onr ) M17)
(4.151)
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where the relevant 2-point 65 symbols are given by

1
C0t0 = 3R T d—2a +1))A T Hd—ATI-2)
o N Ate—1
ODO) = " pd+ 20— d—A+L—2)°

L+1)(d+20—-2)(d—A+1—-1)
C(O,)(OJF) = — Ad . (4.152)

At this point, one of the weight shifting operators acts on the 3-point structure
(DA, (X1)PA,(X2)Ona ), which is of the type (scalar)-(scalar)-(spin) and hence unique.
We may therefore use the alternative crossing relation eq. (3.21) to rewrite each of the
pieces 'DE?IA’M)A<¢AI (X1)¢A2 (XQ)OA,(;A,[,(%(XI)> in the following way:

DE?IA76Z)A<OA1 (X1)On, (X2)Oa—sa,0—5¢(XT1))
= (" (DR (68,-1(X1)0a, (X2) 00 (X1)) + (1) DG 68, (X1)62,-1(X2) O o(X1)))

+ FO0 (DG 041 (X1)8as (X2)08 (X)) + (=)D 90, (X1) B 11 (X2) On o(X1))) -
(4.153)

Equipped with this, we conclude that in order to obtain the corresponding conformal blocks
from eq. (4.145)-eq. (4.147), we must make the replacements

(DY - DN (O 41 2(X1) B, (X3)Onr (X)) 1)

(+0) (+0)  ~(0+)\ 11/ (nrs)
— Co)+0) | F40) ((DX1 “Dxy WA LA 011,00, A5, 00, A5

T (Dg;;O) ‘ Dg?:j))ngé,JA)’,K’;Al,A2—17A3,A4,A5)

T F((j(;))) ((Dgi()) 'Dg?:))Wg?é,JA)’,é’;Al+1,A2,A3,A4,A5

+ (Dg(_zO) 'Dg((]:_))WX?,JA)’,Z’;Al,A2+1,A3,A4,A5)] ; (4.154)
(Dg?:) 'Dg?;r))@A,é—l(XI)‘I)Ag (X3)Opr 0 (X))

0+ +0 0+ n
_>C(0+)(0—) F((+0)) ((Dg(l : 'Dgfg ))Wé,éﬁ’,é’;Alfl,Ag,Ag,A4,A5

(+0) . 5(0+) 57 (n1s)
— (DX2 . DX?, )WATTZ{,JA’,Z/;ALAQ1,A3,A47A5)
(04) (=0) . (O+)\ 17 (n15)
* F(_O) <(DX1 ' DX3 )WAT vJA’vé';A1+17A2,A37A4,A5

(=0) . (O+)\yy7(n1s)
— (DX2 . DX3 )WA’r,Ll{,]A’,Z’;Al,A2+1,A3,A4,A5):| 5 (4155)
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(DE?:) . Dg?;))«QA,ZJrl(XI)(I)Ag (XS)OA’,K/ (XJ))(nIJ)

0— +0 0+ n
F((+0)) ((,Dgfl ) 'Dg(:s ))Wé,é,JA)’,f’;A1—1,A2,A3,A4,A5

= Clo-)(04)
+0 0+ n
- (D,()(z : 'Dg(g ))Wé,é,JA)’,Z’;Al,AQ1,A3,A4,A5)
(0-) (-0) (0+) (nrJ)
+Flo) ((DX1 "D YW A LA Ay 11,00 Mg A s As

-0 0+ n
o ( g(2 ) ’ Dgfg ))Wg,é,JA)’,E’;Al,A2+1,A37A4,A5)] ’ (4156)

where the 3-point 6j symbols for the special crossing relation may be found in eq. (3.23).
In our case, they are given by
F(+0) A-—1(A-A1+As+0)(d—A+ A1 —Ag+1—2)

(+0) 2(A1 —2)(d—2A1) (d— A, — 1) ’
P00 _ (A-DA+A A+ ) (—d+ A+ A=Ay~ +2)
(=0) 2(d—24A7)
X(2d+A+A 1+ D0 —0+2)(—d+ A+ A1+ A0+ 1),
F(0+): A—A|+Ay+ 7

+0) " 2(A; —2) (£ +1)(d—2A1) (d— Ay — 1)
(0+)__(A+A1—A2+€)(—A+A1+A2+€) _
F(—O)_ 20+1) (d—2A,) (A+A1+A2+€ d) ,

(0-) l(d—A+ A —Ag+1—2)
+0) 7 2(A; —2)(d—2A1) (d— Ay — 1)
0 A=A —A = A4 l=2)(d+ AN = A+ —2)
=0) — 2 (d —2A1)

X O(d—A—Ay+Dg+0—2) . (4.157)

Specifically, we convert the relations eq. (4.145)—eq. (4.147) into the corresponding relations
for the conformal blocks by gluing them between the structures (¢, (X1)da,(X2)Oa ¢) and

(O pPa,(Xa) P, (Xs)) via
V(i i,n
Wé,e);(A/,z{fgl,Az,AS,A4,A5 = (#a, (X1)9n,(X2)On ¢) > Qgg,lféf)) > (Opr P, (Xa)pas (X5))

(4.158)
for i = 1,2, 3, with the replacements eq. (4.154)—eq. (4.156).
Combining everything together, we ultimately arrive at the results
wV(Lnr) _ (' —ny) (V)2n1s)
ALALEAL A2 A3, 80,085 T AT A - Ag—0+0—1 IAWGVANNISVAN WAL WA WAVIVAN:)
"0 (pE0) 00 )
+ Z (+0)(0+)( X1 T 7X3 ) ALA A —1,00,A3,84,A5
m=ny
(2)(m) (+0) | (O0+)\157(m)
T ‘A(+07)7(10+) (DX2 ' DXS )WATZ,A’,Z';Al,A2*17A3,A47A5
(1)(m) (=0) | 5(0+)\ 157 (m)
+ A0 00) (Px, DXy WAL A 01 41,80,00,80.45
(2)(m) (=0) | (0+)\17/(
+ A(_O;TZO+) (DX2 ’ DX3 )WATZ,A/,ZI;Al,A2+1,A3,A4,A5 ? (4159)
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nry+1
(V)(3n1s) _ () (DD 00y
WA e iias o s ants = 2 ConionPxy Dty VWAL A #:A 1 A9 As AsAS

m=nrj

2)(m +0 0+ m
+ €0y (P DEYWEY o vias 1,80 2000

1)(m 0 0 m
+ GE )()() )(Dgfl ) 'Dg(B ))Wé,f)yﬁ've’;Al+17A2,A37A4,A5

(2)(m 0 0+ m
+C )0)(())+) (Dg(g ) 'Dgfg, ))W&ZA/,LN;Al,A2+1,A3,A4,A5 , (4.160)

and
rV)@nr) (nrg—0) (npg—0'+1) V)@ 1)
VAW VAN Al,AQ,Ag,A4,A5 (nIJ+1) (A/_A+A3_2nIJ+€/+€_1) VAWAYAUNSYAN WA WA WAVIVANS
nry+2
+0 (0+ m)
+ Z B +0 0+) Dg(—l) D ))Wé,f,A,,gl;Al—1,A2,A3,A4,A5
m=njj
(2)(m) (+0) .5 (04)\ 11 (m
B(+O)(O+) <DX2 D )WA LA A, A0 —1,A3,A4,A5

(1)(m) (=0) 5(0+)\y57(m
JrB(—o)(oju) (DX, ‘DX3 )W, LA 0 AL+1,A0,05,A4, A5
(=0)(0+) V7 X2 X3 A,K,A’l’;Al7A2+1,A37A47A5 ) )
The respective A, B, and € coefficients are all assembled in appendix F.

4.5 Promoting ® to a tensor operator

Armed with the above results, we next promote ® to a spin-2 operator 747 by taking
(On,0(X1)Pay (X2)Ohr (X)) = (On f(X1) TP (X2)Ohr (X3)) (4.162)

which again maps a (spin)-(scalar)-(spin) type 3-point function to a (spin)-(spin)-(spin)
type one.
In this case, the set of allowed 3-point structures is

Qo) (X1, Xo, X35 21, Za, Z3) = Zm n,Q ;;”;) (4.163)
with
' q(ian/I)
Qs = — T v T — ———t
(X12) 5 (A+A3—A+0—0'+2) (X13) 5 (A—Ag+A/ 040 _2)(X23) 5 (— A+ A+ A —04£/+2)
(4.164)

7)

where the six structures q((Z’Qn é,‘) are given by

(Lnrg) l—n 2t 0 —n n
i) = ViRV

(2,01 =
qg g%) _ VIE_"”Vz%(gul)*n”H?”Hzg ’

aasy) = Vi Y

dleasy) = VDTV T Hy HYY

alynt) = VDTV DT Y g,

deai) =TV T Y (1.165)
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The structures q((;; 2{)) qg ; 2;])) qé?; é;])) qéz’z é;])), qg; é,J)), and qge’z é;’)) exist for nyy in the

ranges [0, min (¢, ¢')], [0, min(¢, ¢'—1)], [0, min(¢, ¢'—2)], [0, min(¢/—1, ¢')], [0, min(¢—1, ¢’ —1)],
and [0, min(¢ — 2, ¢")], respectively.

Our hope is to recycle much of the calculation for the spin-1 case here. In particular,
we intend to act with the three distinct weight-shifting operator combinations once again,
but this time, on the three structures corresponding to the (spin)-(vector)-(spin) 3-point
structures, rather than on the (spin)-(scalar)-(spin) ones. That is, in this case, we take the
blocks computed in the previous section with ® — v4 to be our seed blocks.

Proceeding in a manner analogous to the spin-1 case, we find three sets of equations
similar to eq. (4.137)—eq. (4.139), corresponding to taking the derivatives

: (4.166)

forv=1,2,3.
However, since we have six different structures here, we just require six independent
equations. In particular, we find that it is sufficient to consider

(Dg?;) 'DE(IO )Q& 3{ 511@& 327 +§12Q8;ZJ +§14Q8;é}])) ; (4.167)
'D(O+) . D( —0) (2mnry) (2,n (3,n (5,nrg) 4.168
( X3 X )Q(ew §22Q(€2£’ +§23Q(42e/ +§25Q(42e/) ’ (4.168)
'D(O+) . D( 0)\ ~H(3snrs) (4,n17) (5,n1) (6,n17) 41
( X3 X7 )Q(le 53462(@2@’ +£35Q (€,2,¢") +£36Q(52Z’ 5 ( . 69)
(O DR = kaQy i) + X0 Q™ + rasQ( )

+ MasQUpaih ™ + masQlpady) + A5 (4170)
() DENQETE = kaaQUyaid) + 2a1QUs ™ + ks Q)

+ MasQlpa ™ + rssQla s + AssQlpa i (4.171)

and

0+ 0— 2, 2 1 2 (2 +1
DR - DEQETE) = Qs + 022Q 54 + Q{5

(3, 1 (3, (3, 1
+ 023Q(g ;2}] ) 4 0’23Q(4 ;Q/J + 23Q(4 ;Q,ﬂ )
+ QU+ oasQU i) + msQ Y. (4.172)

The respective coeflicients may be found in appendix D.
We next adopt a procedure analogous to the one employed for the vector case discussed
above. In particular, we first apply the three equatlons in eq. (4.167)—eq. (4.169) to solve for

Q54 Qs Qlrasl)} in terms of {QU 54, Q54 Qa4 } We may then generate

SNote that in d = 3 there are redundancies between the structures so that HysH13Ho3 is not indepen-
dent [41]. This means that the structures qge 2.0 s 7)) are not independent and this should be taken into account

when applying the results in d = 3.
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the corresponding equivalent statements for the structures labeled by ny; — 1 and nyy 4+ 1.

We subsequently insert these expressions into eq. (4.170)-eq. (4.171) and solve for @ ;; z‘,])

and Q ?g é;’ At this point, the structures Q z721£{ ) for i = 1,2,4,5,6 are expressed purely in

terms of differential operators acting on the spin-1 structures {Qg IL 2}’ ,Q ?IL ;,J ,Qgg {L 2}’ }

(1) nIJ)
(£,2,07) 2,01)
directly by solving the last of the above equations, namely eq. (4. 172) This allows us to

as well as the spin-2 structure ) This remaining structure Q (@ may be extracted

express it in the form of a recursion relation, which terminates at ny; = min(¢, ¢’ — 2).

The explicit results for the structures QEé’gIKJ,)) are given below:

Q(Lnu) _ (—np+0=1)({'=ny;) 0 3,nr7)
G20) 7 (AT — A+ A3 —0'+0) (A — A+ Az — 0/ +£+2) “624)

(
(
1n1J)+a (D(0+) D(OJF))QES:TLIJ)

0 -0
+“/1(D( H‘Dg(z ))Qgeu/) 01,0
O\ ~(Bnrs+1 0 0 2.n
+aé(D§(3 : Dg(l ))QEK1QZ)+ : (D( ;) D +))Q 412’(]
+a5 (DR DS QG +ap(DE) DS Q) +ar (DD QG
(4.173)
Q(zrnIJ) _ (_nIJ+€,_1) Q(grnIJ)
(£,2,¢") — AN —A+As—0'+0+2 (£,2,")

—l—b/( (0+) D(0+))Q(2,n1J)+b/2(ng?:)_Dg(—IO))Q(ZmJ—f—l)_i_bg(ng?:')_ng(—IU))Q(Q,nIJ)

(€,1,") (€,1,") €,1,r)
(4.174)
Q(sanJ) — (nlj_g) (nIJ_€/+2) Q(37n1J+1)
G20 ™ (g 4+1) (A= A+ Az—2ngy+0'+0) “E2L)
AR D IQET ™ + K DRI
0 0 2,n 1 0 0 2,n 1
+,(DY) D&ﬁ)@émfﬁ (08 Dk g
0 -0 2,n 0 2,nrs+1
+(D DENQG T+ (D8 DL QG ™, (4.175)
4n 0+ 04 3,n 0+ 3.nr7+1
Qe =D DRI + (DR, Di Q™
0 0 2.n 0 -0 2nr5+1
+dy(DED DEQE T +dy (DL DL QG
0 2,n 0 3,n7.
+d <D§(:> D&, hQE +dsED DL (4.176)
(B5,nrg) (0+ (2,n (0+) (—0) (2,n15+1) (0+ (2,n
Q(z,z,% —BI(D )Q(mf/ (ng ‘D, )Q(e,l,% +65(D )Q(mf/
(4.177)
Qs = DY) D QT + DR DT ™ + BDR PR
(4.178)

The coeflicients can be found in appendix E.
We can then proceed to convert these relations into the corresponding statements for
the conformal blocks exactly as before, this time with

WV, A asasss = (08, (X1)62,(X2)On ) 5 QU3t) 0 (Ol b, (Xa)daq (X5))
(4.179)
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for each of a = 1,...,6. Again, we implement a set of substitutions directly analogous to
those in eq. (4.154)—eq. (4.156), with the difference that here we map each of

0+ -0 in 0+ 0+ in 0+ 0— in
@ pEMQUm) (DD el (P DEQEm) | (4.180)
to the set

(+0) (0+) (V) (inrs) (+0) (0+) (V)(nry)
{(DXl Dty WA LA 01808580050 (Pxy Dty VWA QAT 0IAL As—1,A5,00.05

(=0) (0+) V)(ing) (=0) (0+) (V) (E,nrr)
(D D >WA N4 AZ’nZI’JAl—&-l Ao, Az, Ay,A5 (DXQ D )WA N4 Az’nﬁl’]Al Ao+1,A3,A4,A5 }

(4.181)
with the selfsame 6 coefficients featured in eq. (4.154)—eq. (4.156). That is, these relations

are identical to the ones used in the vector case, up to the replacements
(On0(X1) P, (X3)Onr0 (X 7)) M7 QEZ?IZ/)) , (4.182)
(nry) (V)(inry)
WA A 081,808, 80,85 = WA LN A A0 Mg A A

fori=1,2,3.
With this, it is effortless to write down the expressions for the six distinct conformal
block structures for the case where @ is a spin-2 tensor operator. The results take the form:

W) Lnss) (=n1s+0=1)({'=n1s) W D Bns)
AEA’ 4 Al,A27A3,A47A (A/ A+A3_€/+f) (A/ A+A3_€/+K+2) A,E;A/,é/;Al,AQ,A3,A4,A5

(D (Lnry) (y(+0) ~O+) 11 (V)(Lmr)

+‘A (+0)(0+) (D DXg )WA LN VA —1,A2,A3,A4,A5
1(2) 1 nIJ (4+0) 0+ ()(,nrs)

+A %o (D D )WA LN 0AL Ao—1,A3,A4,A5
1(1)( 1 nIJ ()(Anry)

+A' Zo) ( )WAZA’ LAL+1,00, 05,00, A5
/(2 ]. ’I’L[J 0+ ]. TL]J)

+‘A ( (0+) ( X2 DXB ) A Z A/ f’ Al A2+1 A37A4 A
3 npj+1

(i,m +0 0+ V)(i,m
+Z Z A/ (+0)( ) ( )'Dg(g))Wé,é),(A’,Z’);A1—1,A2,A3,A47A5

+0 0+ V)(i,m

+A/E )()( ))(D&Q )~Dg(3 ))Wé é)(A’ 62A1 As—1,A5,A4,A5
1)(z,m -0 0+ ,m

+A/E )()( ))(Dgﬁ )-Dg(s ))Wé Z)(A’ é’)AlJrl Ao, Az, Ay, A5
(
(-0

2 -0 0+ i,m
+A S (O DEWE I A, Avst g peay  (4.183)

W(T)(2 nrJy) (=nis+0'-1) (T)(3,nr)
ALA AT Ao A3, Ay, As — AT A+A3 O 4+0+2 " AGA LA, A2, Az, Ay, A

1 2m +0 0+ Vy(2,m
+ Z ‘B’Eﬁé 0+) D( X1 )‘D( ))Wé Z)(A’ é/)Al 1,A2,A3,A4,A5
m=nyjy
2)(2,m +0) ~(0+ V) (2,m
+B/E+)(§)(o+)) (Dg(z ). ( ))Wé e)(A/ E)Al,Ag 1,A3,A4,A5

LM (p(0) p <o+>)W(v><2 m)

(—0)(0+) ALN O A14+1,A9,A3,A4,A5
(2)(2,m) (y(=0 o+) V)(2,m)
B/(—)0)(0+) (D, D : ( )Wé LA AL Ap i1 Ag AL A0 (4.184)
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w D Bnrs) _ (n1s—€) (n1s—0'+2) (T)(3,n1s+1)
ALALE AL A, 83,084,805 T (npg4+1) (A —A+Az—2np +04£) " AGA AL A A3, 80,A5

nrj+2

1)(2,m +0 0+ Vy(2,m
+ e’éﬁé)(oj) (Dgﬁ )-D§(3 ))Wé,ﬁ),(A',e');Al—1,A2,A3,A4,A5
m=nrj

2)(2,m +0 0+ V)(2,m
0000 (PR DRIWRIR AL 01,80, 80.80
D)E2m) (5(=0) HO+)y 1/ (V)(2m)
+G/(—)O)(0+)(DX1 IDA(X:; )WA,Z,A’,Z’;Al+1,A2,A3,A4,A5

2)(2,m -0 04 V)(2,m
+G/E*)(())(042) (D—(XQ )"D-(Xs ))W&Z(A',Z’{Al,A2+1,A3,A47A5’ (4.185)

3 nrj+1
(T)(4,n1,) _ H(D(Em) o ry(+0) 5 (O04) (V) (i)
Wabal Ay ands duns =2 20 Dojon(Pxy Py IWA LA 1,80,80.80,0
i=2m=njj

Ly @m) (p(H0) (05 (V)im)

(+0)(0+) V7 X2 X3 AN 0N, Ao—1,A3,A4,A5

+0 e LY DEIWEI a1 80 808000

+D,52*)é§7(@) (DE;QO) ‘Dg?:))Wg,/f),%’?jz/)ﬂl,A2+1,A3,A4,A5 , (4.186)
Wg’ré);(g&{ﬁl’A%A?”A‘lAs - nlffl 8/&)(()?(6?) (DEZO) "D-()?;))WEQ(EZZ);A1—l,Ag,Ag,A4,A5

m=ny;

O L PEOWLR s s

OO DEOWL s s

+8/E2—)((])2(76n£) (DZO) DE?: ))WX‘Q),(AQ}TZ/);A1,A2+1,A3,A4,A5 ;o (4.187)
W insrsess= 32 TESENPED DYWL s

m=np;

+?/Ei)é§)(’6n+)) (DEZO) 'Dg?: ))Wg,/é),g)”?/);Al,Ag—l,Ag,A4,A5

D O PG W s 1 8080 80

+TE2—)§(’$)<D§;O) .Dg?:))WX,/Z),(A?)”TZ’);Al,A2+1,A3,A4,A5 . (4.188)

The coefficients are given explicitly in appendix F.
In the next section, we consider applying the above results for the 5-point conformal
blocks for the purpose of extracting a set of novel sum rules for the CFT data.

5 The averaged null energy condition: an application

All QFTs are now known to respect a special positivity condition known as the averaged null
energy condition (ANEC). This condition states that the energy flux operator, defined as

&= /j)o dxz~ T__(2~,0), (5.1)

where the integral is over a complete null line, has a nonnegative expectation value in any
state, (U|E|¥) > 0.
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This positivity condition was originally explored at length in [14] for the purpose of
deriving universal bounds on 3-point functions. Since then, the ANEC has been rigor-
ously established by means of two distinct methods, namely through arguments based on
causality in [20] and through monotonicity of relative entropy in [19].

In the context of CF'Ts, this statement enforces nontrivial bounds on OPE coefficients.
For 4d CFTs, demanding that the ANEC hold for the energy flux operator £ in wavepacket
states of the form

W) = /d4x e—iqte—(t2+f2))/R2GWTW(x)‘0> 7 Rg>1, (5.2)

where ¢ > 0 is the state’s energy, €,, is a polarization tensor, and R > gt

is a long-
distance cutoff, leads to the famous “conformal collider” constraints originally proposed by
Hofman and Maldacena [14].

The energy flux may be determined by considering the 3-point function of the energy-
momentum tensor (I'T'T). Since (I'TT) contains three linearly independent tensor struc-
tures by conformal invariance, it may be parameterized in terms of the 3-point structures

which appear in a free field theory:
(I'TT) = np(TTT)y, +np(TTT) y + 1 (TTT),, (5.3)

where (TTT)y,, (I'TT) ¢, and (I'TT), correspond to 3-point structures for the free scalar,
free Dirac fermion, and free vector theories. Here the OPE coefficients ny, ny, and n, are
the numbers of bosons, fermions, and vectors in a free CF'T but are arbitrary parameters
in an interacting theory. The collider bounds may be simply and suggestively stated as

Ny N fy My 2> 0. (5.4)

These bounds are respected by any unitary parity-preserving 4d CFT. Effectively, they
are in place to ensure that the energy flux measured by an idealized calorimeter cell at
infinity is nonnegative. Such bounds were generalized to other dimensions in [15, 16, 21].
An independent proof of the bounds was given in [18, 24], where they were shown to follow
from the conformal bootstrap. More recently, a higher-spin version of the ANEC and
corresponding bounds were established in [20, 23] and a detailed discussion of more general
light-ray operators was given in [55, 63, 64].

One obtains these and similar constraints by studying 3-point conformal correlation
functions, such as (OJ (3)O>, where in general J(*) denotes the lightest even spin-s operator
appearing on the Regge trajectory of the stress tensor [23]. Additional constraints on cou-
plings (T'T'O) were shown to arise from considering states corresponding to a superposition
of the stress tensor T" and a scalar O [22]. Here we wish to explore the question of whether
one may derive novel constraints by studying ANEC positivity in higher-point correlation
functions. The analysis of the 5-point function, which we sketch in this section, will be a
first step in this direction.

Both the ANEC and its higher spin generalizations may be conveniently couched in
a Minkowski space setup [20] via the notion of Rindler positivity. In particular, one may
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state the ANEC by invoking the positivity properties of Rindler symmetric correlation
functions in Minkowski space.

Correlation functions in Minkowski space restricted to the left and right Rindler wedges
satisfy a positivity property akin to reflection positivity in Euclidean space referred to as
Rindler positivity. The Rindler reflection for scalar operators is defined by

z=(ty, @) = (~t",~y",7), Ox)=0"(2), (5:5)

where the transverse coordinate Z is taken to be real but we allow complex (t,y). For real
(t,y), its action is to map operators from one Rindler wedge to the other. When acting on
a spinning operator O, the Rindler reflection maps

Opw...(t,y, %) = Op (t,y, %) = (-1)F O, (—t*,—y*, %), (5.6)

where P denotes the sum of ¢- and y-indices.
Rindler positivity applied to 4-point functions is then the statement

(0,0,0,0;) >0, (5.7)

where the unbarred operators O; and O; are inserted in the right Rindler wedge, and
Rindler reflection leaves the order of the operators unchanged.

Here we consider the expectation value (V|E|W) for states created by pairs of real
(Hermitian) scalar operators. We are then interested in studying the implications of Rindler
positivity of the 5-point function

(0i(T1) 0 (Z2)Edi(21)pj(x2)) = 0, (5.8)

where x1 and x5 are taken to be in the right Rindler wedge.
Now, while the energy flux & is traditionally defined as in eq. (5.1), it is convenient to
alternatively define it via a covariant form as in [23, 65]:

oo
E(n) = / dz-n) lim (¢-2) 2T (e no-a,0a"7,  n= (L), a=(l,—).
—00 x-N—00
(5.9)
The advantage of this form is that it is manifestly Lorentz invariant. In CFTs, the two def-

initions are equivalent, but the form eq. (5.9) turns out to be simpler to handle in practice.
With this definition, we may re-express the positivity condition (¥U|E|¥) > 0 as:

0< /Oo d(zz-n) lim (w3-7)?? (5.10)

—c0 T3-N—00

X (6i(21)0(Z2) T (w3 - ny w3 - 1, O) " ¢ (1) dj(22)),  n=(1,7), 2= (1, —7).

Now we have expressed the condition directly in terms of the 5-point functions studied in
the previous sections of this paper, which allow us to compute the integrand in terms of
the coordinate differences x;;.
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To calculate the relevant integrals of the type eq. (5.10) in practice, we may follow
the approach of [66]. Since we need to take the limit z3-n — oo, we can first use that

r3 = T 4 T5n, so we have

Lm iy = = (w3 n)(z1g-n), |l ady = (w5 0)(wa3 1),
xS_ITi_lgoo 23, = (z3-n)(234 - 1), xg-lriLIEoo 23 = (x3-n)(235 - 1) . (5.11)

To perform the light-ray integrals after taking the limit, we can then make use of the
formulas:

o0 1 B 271 Fla+b—-1)
/—oo d(@s -n) (w23 -n)% (234 - )0 (w24-m)2+b=1 T(a)D(b) (5:12)

Having set the stage, let us take a closer look at the positivity condition for the special
case of identical operators ¢; = ¢; = ¢. The ¢ x ¢ OPE is given by

$x¢=1+ Y Apsos,0nr; (5.13)

AL even

where we have separated off the identity contribution and restricted the sum to only even-
spin symmetric traceless operators. In fact, identity exchange will give no contribution to
the 5-point function (ppE¢Pe) because, as explained in [63], light-ray operators such as £
annihilate the vacuum.

Thus, we generally expect that the OPE limit x19, 245 — 0 will be dominated by the
stress tensor T or low-dimension scalars. The contribution due to stress energy tensor
exchange in both channels takes the form

(9T p9) D ((X1)P(X2)T) pa (TTT) > (TH(X4)p(X5))

3
— 2 (@) y37(T)
- ‘A¢¢T’ Z )\I?TTWd,2;CClL,2;A¢,A¢,d,A¢,A¢ ’ (514)

a=1

where we encounter the square of the OPE coefficient |/\¢>¢>sz and the OPE coefficients
featured in (T'T'T). Upon invoking conservation of 7" and symmetry under the interchange
of the three T's, there are a total of three independent structures corresponding to the
exchange of identical stress energy tensors T'. In d > 4 spacetime dimensions, the 3-point
function of stress energy tensors (T'T'T') may be parameterized in terms of three independent
structures, namely the free boson, free fermion, and free (d — 2)/2 form 3-point structures
as in eq. (5.3). We may therefore equivalently express the coefficients )\(TI%T, )\g%T, and

>‘§§7)“T in terms of ny, ny, and n,.
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Given this, we end up with an inequality

oo
2 . d 2 T)a
0 < [Aggr| /_Ood(l":i'n) lim (z3- E :)‘TTT d,2:d,2;0 5,0 ,d, A, A

T3-N—00 .
X3=X3(x3-n,23-1,0),Z3=23(n)

+ Z Z A¢¢OA[)\OA’ e/¢¢/ d 333 n lim (xgo'fz,)de

7 T3-N—00
On, £ OA/ N
min[¢,¢'] min[¢,¢/ —1]
(D)(nr) (T)(L,n1) (2)(n1) (T)(2,m17)
x [ D A0y 10y, WarstB,spansa, T D2 Aosiror, WALNEAA 0804,
nry=0 nry=0
min[¢,¢' —2] min[(—1,']
(3)(n1J) (T)(3,n1) 4 (n1) (T)(4,n14)
+ Z AOA pToA, / WA,Z;A’,Z’;A¢A¢,d,A¢,A¢ + Z AOA gTOA/ / WA,Z;A’,@’;A¢A¢,(1,A¢,A¢
nry=0 nry=0
min[(—1,0/—1]
(5)(nr.) (T)(5,m1 )
+ Z AOA [TO ’e WA,é;A/,f,;A¢A¢,d,A¢,A¢
7’7,[‘]*0
min[(—2,¢']
(6)(n1.) (T)(6,nrs)
+ D Aoa (TO, RN T (5.15)
nry=0 X3=X3(23-n,230,0),Z3=23(R)
Here the conservation of T imposes constraints on the coefficients )\8(”3%/ so that they
Al !

are not all independent. This statement relates the contributions from (T T) exchange
to the rest of the expansion. In a limit where the first term dominates, we expect this
to reproduce the Hofman-Maldacena bounds, while including the other terms in the OPE
gives a more complicated sum rule.

It is likely that the sum rules obtained in this way are not as strong as those obtained
using the logic of [22, 23], which considers states built from arbitrary linear combinations
of a certain set of operators. Here we have considered states ¢(z1)¢(x2)|0), which corre-
spond to a particular family of linear combinations of operators parametrized by (x1,x2),
motivated by the OPE. On the other hand, they yield a very natural way to incorporate
the sum over higher-spin operators into the inequalities. It would be interesting to better
understand how the bounds (5.15) compare with those obtained using the logic of [22, 23],
and which regions of position space lead to the strongest constraints. We defer exploration
of these questions to future work.

Beyond an examination of states of the type ¢(x1)¢p(x2)|0), one can also consider
smeared states:

|®) = [¢idj) s = /dd!El /ddfﬁz f(@1, 22)di(21) 5 (22)|0) . (5.16)

Here we would want to choose f to have support in some localized region of the right
Rindler wedge such that convergence of the ¢; x ¢; OPE is preserved, along with other
convenient properties. E.g., one might wish to choose f(x1,z2) x e~1atitt2) £ correspond
to approximate energy eigenstates. In the discussion below, we will keep f general, but
one could always reproduce the position-localized states discussed above by choosing f to
correspond to a product of § functions.

One can also analyze more general mixed states created by linear combinations of
operators acting on the vacuum. Here we will give an initial discussion of the kinds of
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bounds that could arise from considering mixed states which combine the bilocal states of
eq. (5.16) with one or more local operators.
For example, we may consider mixing with a state created by the stress tensor

IT(q,€)) = N / dix =9, TH (2)]0) (5.17)

and superpose it with a state created by a pair of Hermitian scalar operators (¢;, ¢;). We
remark that the state |T'(g, €)) is a momentum eigenstate labeled by a particular choice of
polarization tensor €,, and the energy ¢. Different choices of €,, produce different forms
of the resulting bound.

We parameterize such a mixed state in terms of normalized coefficients «; as

a1|¢ig)) r + aalT(g,€)) - (5.18)

Upon evaluating the energy one-point function in this state, we find a 2x2 matrix. Imposing
the ANEC for all a; then translates to the requirement that this matrix must be positive
definite:

(T(g: €)|E]gidvj)r (T(g,€)|E[T(q,€))

We expect such a requirement to be a stronger condition than merely demanding that the

<f<¢z¢j!5\¢i¢j>f 1(0id;1EIT (g, €)>> 0. (5.19)

diagonal entries be nonnegative; hence, it will introduce new restrictions on the OPE coef-
ficients. We note that the above matrix elements all involve known objects. In particular,
here we encounter the 3-point function (I'7'T"), the 4-point functions (¢p¢T'T") and (T'T¢¢p),
and the 5-point function (¢pdT' o).

By making different choices for the polarization tensor €, one can additionally isolate
each of the coefficients ny,n¢,n, appearing in (I'T'T). If we label the polarizations using
their spin under the SO(d — 2) symmetry group which preserves the direction of future null
infinity 77, they are picked out using the spin zero, one, and two polarizations (6(0), e,
6(2)), respectively. E.g., in [22] the authors considered mixed states involving scalars O
and the stress tensor T', and used the off-diagonal terms to derive a sum rule constraining
the OPE coefficients A\pre. In this case, there were nontrivial interference terms for the
polarization €@, which picks out the coefficient n;, so the bound is expressed in terms of
this quantity.

Now let us turn to the bounds generated by the 2 x 2 matrix in eq. (5.19). In this case,
we may enforce the requirement that the matrix be positive definite by demanding

1(0i9;1E|¢idbj)p = 0 (5.20)
along with the determinant condition
1(0i0;|€0ids) 1 (T (a, €)|EIT(a, €)) — | (Dit|EIT(q, €))[* = 0. (5.21)

We therefore see that enforcing the ANEC in this special state not only implies eq. (5.20)
but also the nonnegativity of the determinant. This additional constraint allows us to
improve on the bound coming from eq. (5.20).
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We may understand this more explicitly as follows. If we consider taking the polariza-

tion tensor to be the spin zero tensor q(g,), then we find that the “determinant constraint” is

%m(dmmrswﬁf > | (0it; [EIT (q, €))%, (5.22)

where we have used that (T'(q, e)|E|T(q,e®)) = po(d) 2, where p(d) is a positive func-
tion of d, while n, > 0 by the collider constraints and ¢y > 0 by unitarity. For the case
of nonzero np > 0, it is evident that this type of constraint improves upon the bound in
eq. (5.20). Then, not only is the matrix element f(¢;¢;|E|p;¢;) f nonnegative, but it is also
bounded from below by a nonzero quantity related to the 4-point function (¢;¢;7T). Unlike
the situation in [22], here we may also choose the polarization tensors eW or €@ such that
the constraints involve either ny or n,, and we still in general expect a nontrivial constraint.
We could also consider studying states of the form

Bildids) r + B2lx(q)) (5.23)

where we mix with a state created by a scalar y, with

x(a)) =X [da e (a))0). (5.24)

Once again, upon computing the expectation value of £, we expect to find a positive
definite 2 x 2 matrix of the form

DidilElids) s 1(Didi|EIx(q))
< X(@[€lgids)r  (X(@)IE]x(a)) ) 70 (5.25)

which again involves known 5-point, 4-point, and 3-point functions. In addition, it is
straightforward to write down the form of the entry (x(q)|€|x(¢)). This is the expectation
value in the scalar state |x(q)), which gives rise to a uniform energy distribution:

(x(@)lElx(a)) = g (5.26)

Thus, the determinant condition on this matrix will also strengthen the bound (5.20) in a

nontrivial way, as determined by the matrix elements (¢;¢;|€|x(q)) and (x(q)|E|Pi®;) s
One may continue on in this vein by considering even more general linear combinations

of scalar and stress tensor states. For example, we could try combining the above two cases:

Y1l9i05) 5 +72|T(q)) + v3lx(q)) - (5.27)

Such a state would accordingly lead to an even larger set of constraints, namely a 3 x 3
matrix

1(DijIEldids) r  1(DidiI€IT(q,€))  1(Bidi|E€1x(9))
(T(g,€)|Elpidj) s (T(q,€)IET(q,¢€)) (T'(q,€)|€]x(q)) | = 0. (5.28)
@€l (X(@IE]T(g,€))  (x(@)|E]x(a))

Demanding the positivity of the one-point function of £ in this state can then generate
even stronger constraints on the 5-point function.
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In this fashion, we may use the properties of the chosen state(s) to extract various
bounds relating the 5-point function to lower-point functions, and in turn obtain con-
straints on the OPE coefficients and scaling dimensions appearing in their conformal block
expansions. It may be interesting to perform a more in-depth analysis of the expecta-
tion values of £ in the above states and numerically study the corresponding constraints.
E.g., it could be enlightening to check how the corresponding bounds involving the 5-point
(coToo) function look in the 3d Ising model. We leave such explorations to future work.

6 Conclusion

In this paper we have presented a concrete and practical approach to computing conformal
blocks appearing in 5-point functions of arbitrary scalar operators in general CFTs. In
particular, by making use of weight-shifting operators, we have derived a simple set of
recursion relations which can be used to directly relate arbitrary scalar blocks with spinning
operators exchanged to those with scalars exchanged.

We additionally considered promoting one of the external operators to have spin 1 or
2, deriving additional recursion relations which relate their conformal blocks to those for
external scalars. One possible application of these results is that they allow us to use the
OPE to compute the expectation value of the ANEC operator in bilocal states, which must
be positive. In this work we gave an initial discussion of the resulting constraints, deferring
further exploration to future work.

In this paper we focused on computing the blocks that would appear in parity-even
5-point functions in parity-preserving CFTs. Additional dimension-specific computations
would be needed to compute the blocks appearing in parity-odd 5-point functions or parity-
violating theories, e.g. d = 3 Chern-Simons theories, which could be pursued in future work.

An alternate approach to computing conformal blocks is to take advantage of the
pole structure in the exchanged operator dimensions, which leads to Zamolodchikov-like
recursion relations. In the future it might be interesting to develop this approach for
higher-point functions such as the 5-point functions considered in this work.

The 5-point functions satisfy various crossing-symmetry constraints which we have not
explored in this paper. For example, (o(z1)o(x2)e(x3)o(zs)o(xs5)) could be expanded in
the (12)(45) OPE, the (14)(25) OPE, the (13)(45) OPE, and so on. It could be interesting
to study how these crossing constraints are satisfied in concrete CFTs such as the 3d Ising
model, and whether they can be used to learn about couplings like Ap NN that can’t
be easily accessed using 4-point functions of scalar operators. It could also be interesting
to study the 5-point function and associated crossing constraints in various limits such as
the lightcone or Regge limits, or in a regime where one or more of the operators becomes
heavy. The blocks computed in this paper should allow such analyses to be pursued.
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A Standard box tensor basis

Here we will review the basis of 3-point tensor structures used in the body of the paper. As
originally described in [41], the most general form of the embedding space 3-point function
of symmetric traceless tensor operators with spins ¢; and dimensions A; can be expressed
as follows:

A1 Ay Aj
(@1(X1521)P2(X2: Z0)®3(X5:Z3)) = D Aniggmigias | O b2 b3 | +O(Z2,2;-X,),
n12,m13,n23>0 Nn93 N13 N12

(A1)

where the sum runs over all possible elementary 3-point function tensor structures. In this
expression, we can choose to work in the so-called standard box tensor basis, where the
individual 3-point structures are given by

A Ay A
Lo VIV Y Y
61 52 €3 = l( : l( : l( N ), (AQ)
N3 M1z Tl X122 T1+T2—7T3 X123 T1+T3—T2 X223 T2+T3—T1
where 7; = A; + 4;.
Here the basic constituent building blocks H;; and V; ;. are defined as
Hij = =2((Zi - Z;)(Xi - X;) — (Zi - X;)(Z5 - X)),
(Zi - X;5)(Xi - Xpp) — (Zi - X)) (X - X)
Ve = , A3
Jk (Xj . Xk:) ( )
which are transverse objects. Due to the relations V; j, = —V;x; and H;; = Hj;, not all

of the V; j; and H;; are linearly independent. We therefore expect to have three distinct
constituent objects, which we can choose to be

Vi=Vigs, Va=Voz, V3=V31a. (A.4)

The exponents m; and n;; are nonnegative integers which respect the following three
constraints:

m; + Znij =Y. (A5)
J#i
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The content of eq. (A.2) is that for general spins ¢;, there are generically several inequivalent
3-point structures consistent with conformal invariance. The total number of such elemen-
tary 3-point structures precisely corresponds to the number of nonnegative integer points
(n12,n13, n23) which comprise a three-dimensional polyhedron defined by the constraints

nig +n13 <Ly, mnig+no3 <lo, mni3+no3 < L3, (A.6)

This number may be determined in closed form to be [41, 43]

(LL+1)+2)Bb—0+3) plp+2)2p+5) 1-(=1)P

N(€17€27€3): 6 2 16 )

(A7)

where the spins have been ordered such that ¢; < ¢y < ¢35 and p = max(0, ¢ + o — {3).
Thus, these independent elementary 3-point structures are completely and uniquely
specified by a particular choice of three nonnegative integers n;; subject to

mi =41 —ni2—m3 >0, mo=Llo—ni2—n3 >0, mg=_l3—niz3—ng>0. (A8)

In the present case, we have a 3-point function of the type (scalar)-(scalar)-(spin-¢),

which just contains the unique tensor structure

A1 Ay Ay -
0 0 ¢|= — T : (A.9)

I
5(A14+82—A3—0) _ 5(A1+A3—A2+E)  5(A2+A3—A1+0)
9 (A1+A2-As 2 2
0 0 O X5 X3 Xs3

Next, for 3-point functions of the type (scalar)-(spin-¢2)-(spin-£3), we have several confor-
mally invariant 3-point structures. Since f1 = 0 and —ni2 — n13 < 0, the assumption of
nonnegative n;; leads us to the restricted set of conditions

nig=mn13 =0, mo=~»—n93>0, m3=1~_3—mn233>0. (A.10)

With this, we find that we can write the 3-point structures as follows:

A1 Ay Ag m
V- QVmSHn23
0 b l5|= ; SRR ; : (A.11)
ngs 0 0 (X12)§(A1+T2—7'3)(X13)§(A1+73—7'2)(X23)§(72+7'3—A1)
In this case, the number of inequivalent structures is given by
2)(2p+5 1—(=1)?
N(O, b, b5) = (tp + 1) — 22 T2 D) 1= ) (A.12)

24 16 ’

where the spins are ordered as in 0 < ¢y < f3 with p = max(0, /3 — ¢3). Thus, we find the
simple result

03> Ly 0 N(0,09,03) = (3 + 1) (A.13)
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B Recursion relation coeflicients

The coefficients appearing in eq. (4.38) are explicitly given by

_ (A=Ap+l-1) (A+A = Ag+L—l'+2n1,—1) (B.1)
Snis = 2A+I—1)(A+0) ’ '

(0'—nry) (A—=App4L—1)

Snpj+1= 2(A+€—1)(A+f) ) (B2)
t _npg(d+2(ns—2)) (Arp+d—A+L-1) (2(d—nry) — A=A+ Az +'+3(0-1))
nim1= 2(d+2(0=2))(d+2((-1))(d—A+E=2)(d— A+l 1) |
(B.3)

_ (l—npj)(d—A+A1p+0—1)
M 2(d42(0—-2)) (d+2(6—1))(d— A+L—2)(d— A+L—1)
[d(d—2)+njj (d—4njj+3<€+£/)—1)
—(A+A = A3) (d+nrs+0—3)+(—1) (£—¢'—3+2d)], (B.4)
. B (f—n]J—l)(f—n[J) (d—A+A12+f—1) (El—njj)
mH T (A 42(0—2))(d+2(0— 1)) (d—A+—2)(d—A+l—1)’
_ nry(d+2(nr;j—2)) (A—App+4—1)(d—A+Aj9+£—1)
U1 = A= 2A) ([d—2(A+ 1) (A+—1)(A+0)(d—A+(—2)(d—A+i—1)
X (A=A"+Az—2nr+0+0+1) (2d—A'—3A+Ag—2n;;+0+0—1) (B.6)
- (A—Alz‘i‘g—l) (d—A'f'AlQ—I—f—l)
Ut = T (=20 (d—2(A+ 1) (A l—1)(A+0)([d—A+0—2)(d—A+0—1)

t

< (8[Ra-2)-d(287-8-1) 42 (2% 2-3) 1]

+00'[2(d* —4n? ;) —d (A’ — Az +5(A+1))

+2n77 (d—2 (A +A—A3))+2 (A +A(2A+3)—As+1)]

+(0+0) 1603, —2n? ; (d—3(A+ A" —Az)+4) +(d—2)(A—1)(d—A—2)

—npy (3d2~2d (A'+3A~Ag+5)+2 (3A'+ A(2A+5) - 343+2) ) |

F () (d(A=npg—1) = (A=1)(A+2) 411 (3=5nry)+00 ((+0) (d+2(2n15—1))
—(A=1)(d—A=2) (Az3—A") (d—A"=2A+A3) +(d—2)(d—1)

+n?;[2d(2d—7)+1— (A3 —A") (=2(d—6) — A’ —2A+A3) —A(10(d—2) —TA)]
—nrs[(As—A") (d(d—A +A5—-2(A+1))+3(A"+2A - Az)—4)

+A(d(d—A—8)+5A+12)+d(d—3)—1] +4n?, ((d+2)—2(A+A' - A3)) —12n§J> ,

(B.7)
B (l—npy) (0 —nrg) (A=A +L—1) (d—A+Ajp+L—1)
U T (A= 2A) (d—2(A+ 1)) (A+L—1)(A+0)(d—A+—2)(d—A+0—1)
X[(L(0'=2)+0'(t—2))—d(d—A"—3A+A3+n;;—2)
—2(A'"+A(A+2)—Ag—1)—2n5; (2(6+0")=3nr;— (A+A"—A3+2))], (B.8)
(U—np) (0 =nrs)(l—np;—1) (0'—=np;—1) (A—A1p+0—1) (d— A+ A1p+0-1)
4(d—2A)(d—2(A+1))(A+L—1)(A+0)(d—A+L—2)(d—A+L—1)

Unps+2 =

(B.9)
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C Symmetry-transformed recursion relations

Here we write explicitly the recursion relations obtained by applying the symmetry trans-
formations eq. (4.45) and eq. (4.46) to the fixed-As recursion eq. (4.80). We choose the
conventions of eq. (2.10) and eq. (2.11). We first recast eq. (4.80) in the form

1/2 ~(n1y) (nrg)
(uru2)™ "Gl q0,0) (B2 + 1,805 = 1) = Gl gy
nry+1 ( O) ( nry+1 ( ) nry+2 ( )
- mIJ 'I’)’L[] 'I’)’L[]
+ > Tmr, Gle—iei—1,0) T > 7'2muG —10—2-10) T > TSmuG —1,0'—1;-1,1)
mrpjy=nrJj mryj=nrj—1 mryj=nrj—1
S 0h) ) "EE 00 ) " o )
mrg mrJj m[]
+ D St Gurto 2o S, Guron T 2o S3mi,Gi a0
mrj=nrJj mrjy=nrj mry=nrj—1
nrj+3 (04) ) nrj+1 (0-) ) nrj+2 (
mIJ mIJ mIJ
+ Z Samp, Gloer—101) T Z tlmuGé 2,0~1;0—1) T Z t2muG(e 2,0/:0,0)
mry=nyj—1 mrj=nyyj—1 mry=nryj—1
" 0 " 00 g " G0 gom)
mIJ mrJj mrg
+ Z tSmnG(z 2,0/ —2;0,0) + Z 4mnG(e 2,0/'—1;0,1) + Z lmuG(Z 1,0/—1;1,—1)
mry=nyj—2 mry=nyj—2 mry=nyrj—1
" G0 gom) " G0 ) " o) )
myrj myj mIJ
+ Z 2muG —1,01,0) T Z UBmUG(é—Lé'—Q;Lo) + Z 4muG —1,0/—1;1,1)"
mry=nryj—1 mry=nrj—2 mry=nyj—2
(C.1)

Using the symmetry under the interchange 1 <» 2, namely eq. (4.45), we obtain

- (u1u2)_1/2w2;4GEZii?£/71;070) (A12 - ]-a A45 - 1) = _Gg?i{?e/fl;fl,fl)
" o) (1) "I o (mrs)
- Z L) mIJ( A127 A45)G(gj1{g/;,1’0) - Z T‘QmIJ( A12a A45)G(Z,I1J74172;71’0)
mryj=nrj mry=nyj—1
" ) (mrs) " on (mrs)
- Z 3y, (—A12, A45)G(£ji],2/71;71,1) + Z Sy, (—Ai2, A4&’)>C’Y(€,zjf‘11;o,71)
mypy=nyj—1 mjpj=nrj
" o (1) " o (1)
+ Z Samyp, (—A12, A45)G(z,eII;Jo,0) + Z S3my, (—A12, A45)G(z ¢—2;0,0)
mrj=nrj mrj=nyj—1
" om (1) "o (1)
+ Z Sim;,(—A12, A45)G( =100 T Z timy, (—Di2, A45)G(e_liz/_1;o,_1)
mry=nyj—1 mrj=nyj—1
" o) (1) " o) (1)
+ Z t2mu( A12’A45)G(£ 2,0:0,0) T Z tsmu( A127A45)G(e 2,0/—2;0,0)
myy=nyrj—1 myy=njyj—2
" 0o (1) " (o) (mrs)
+ Z t4mIJ(_A12’ A45)G(6—12J,€’—1;0,1) B Z Uy mIJ( Au, A45)G(£—Ii],5’—1;1,—1)
mypy=nyrj—2 mypy=nyrj—1
" (o) (1) " (o) (mrs)
- Z Uy, (—A12, A45)G(gfi],1z';1,0) - Z Uy, (— D1z, A45)G(zzflJ,eu2;1,o)
mypy=nyrj—1 mypy=njyj—2
" G (1)
- Z u4m1J(_A125A45)G(gji]7€/71;171) . (02)

mrj=nyj—2
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Similarly, using the symmetry under the interchange 4 <+ 5, namely eq. (4.46), we obtain

- (U1U2)71/21”2;4(;5?51?@'—1;0,0)(Alz +1,A5+1) = —GEZ‘Q@/—n—L—l)
" o) (m1) " ) (m1)
— m — m
+ D, g, (B2, _A45)G(zfi],z';f1,0) + > 1 (D12, _A45)G(efi],eu2;f1,0)
mrj=nrj mryj=nryj—1
" o) (m1.) " en (m1)
— m m
- Z 3y, (D12, _A45)G(zfil,zu1;f1,1) - Z 81my, (D12, _A45)G(e,elfi1;o,f1)
myy=nyj—1 mrj=nrj
" on (m1) " o (m1)
m m
+ Z 82 m]J(A127 _A45)G(£7ZI’;]070) + Z 83 mrg (A127 _A45)G(Z,ZI/J72;0,O)
mry=nrjy myy=nyrj—1
" o (1) " oo (1)
m — m
- Z S4mIJ(A12’ _A45)G(1z,41fi1;0,1) - Z t mu(Al% _A45)G(zfé],eu1;o,f1)
mry=nrj—1 mry=nryj—1
" 0o (1) " 0 (1)
+ Z ta g, (D2, _A45)G(5—12J,z/;0,o) + Z tymy, (B2, _A45>G(e—1é],1z'—2;o,0)
mry=nrj—1 mry=nrj—2
S o) (1) " o) (1)
o Z t4mIJ (A12’ _A45)G(€—I2J,Z’—1;0,1) o Z Uimyy (Au’ _A45)G(£—Ii],£’—1;1,—1)
myy=nrj—2 mypj=nrj—1
" o) (1) " o) (m1s)
+ Z Uy mIJ(AIQ) _A45)G(g_111751;170) + Z UngJ (A127 _A45)G(g_1i]’£/_2;170)
mypy=nrj—1 mrj=nrj—2
" o) (1)
- Z “4m1J(A12’ _A45)G(K—I1J,z'—1;1,1) . (C.3)

mrj=nrj—2

Finally, using both eq. (4.45) and eq. (4.46), we have

(“1u2)_1/2w27;iGEZﬁ?£u1;o,o)(A12_ LAgs+1) = GEZiJl?Z’fl;fl,fl)
"E o) (m1) " ) (m1)

- Z Tlm”(_Au’_A45)G(Z—11J,é’;—1,0)_ Z r2mu(_A12v_A45)G(Z—Ii],z'—2;—1,o)
mrjg=nrj myy=nry—1
" ) (1) " on (mrs)

+ > T3y (= O12,=8a5) G gy )= > Stmpy (=812, =8a5) Gy a0
mryj=nrj—1 mrjg=nrJj
" o mey |, S on) (1)

+ > S2myy (—B12,=8a5) Gy i o)+ > S3my, (— 012, 845)G g 5" 00.0)
mirpjy=nrj mry=nrj—1
" on (m1) "o (1)

- Z S4mu(_A12’_A45)G(Z,KI'J—1;0,1)_ Z tlmu(_Al%_A45)G(£—Ié],5/—1;0,—1)
mry=nyj—1 mrj=nyj—1
00 A AGm) "0 A AGim)

+ Z t2mIJ(_ 12, 45)G(£—2,Z’;0,0)+ Z t3m1J(_ 12,— 45) (6—2,¢'—2;0,0)
myy=nrj—1 mry=nrj—2
" oo (m1) " o) (m1)
- Z t4mu(_A12v_A45)G(£—12J,z'—1;0,1)+ Z ulmu(_Am’_A45)G(Z—I1J,6/—1;1,—1)
mypy=nrj—2 mypy=nrj—1
" o) (m1s) " ) (m1)

- Z “2m1J(_A127_A45)G(£j1{e/;1,0)_ Z u3m1J(_A127_A45)G(Zji],[/72;1,0)
mry=nryj—1 mry=nrj—2
" G (m1s)

+ Z Usmp, (—Au, _A45)G(£—Ii],£'71;1,1) : (C.4)
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We may combine the original fixed-Aj recursion relation with the above symmetry-
transformed recursion relations in the following manner. We take eq. (C.1) 4+ eq. (C.2))
+c¢ (eq. (C.3) 4+ eq. (C.4)), where c is chosen such that the blocks in the set

(nr;—2) (nryj—1) (nry) (nrs+1) (nrs+2) (nrs+3) (nry+4)
(G G Oy G ) G 10 Gy G |

(C.5)

are eliminated. This occurs when ¢ takes the value

C_(A’+A45+£l—2)(d—A/—A45+€/—2) (C.6)
_(A’—A45+£’—2)(d—A’+A45+€’—2)' '

With this, we obtain the attractively simpler relation

n 1 —_ n
GE&%&S BN <(u1u2) - Ggéﬁ?ef—l;o,O)(AH +1,A45 1)

82TLIJ+1

+ w2§4GEZi‘i?€’fl;O,O) (AIQ - ]-7 A45 - 1)
+ CUJQ;4GEZ£J1?£,_1;070) (A2 +1,A45 + 1)

— CwQ_;iGEZi{?Z/—l;O,O) (A12 - 17 A45 + 1)]
" 08 me) O04) An1s) L 00 (nis+2)
= mrJg = nrj = nrj
+ Z SlmIJG(Z,Z’—l;O,—l)+82n1J ((,K’;O,O)+82n1J+2G(€,€’;070)
mrj=nrj
" o) alm) " 00 mi)
= mrJj - mrJj
+ Z 53muG(£,E’72;0,0) + Z ti muG(é—z,ful;o,ﬂ)
mryj=nyj—1 mryj=nyj—1
" o) Alma) " 00 me)
- mrJj - mrJj
+ Z 7fQWLIJG(E—Q,K’;O,O) + Z t3 mIJG(E—Q,Z’—Q;O,O)
mypy=nyj—1 mypj=njyj—2
" o) Lom) " o) Aom)
— m — m
+ Z Uy mIJG(E—IlJ,K’—l;l,—l) + Z Uz mIJG(Z—Ii],K’;l,O)
myry=nrj—1 myy=nyj—1
") m)
—_ m
+ D) USmIJG(E—Ii],Z’—Q;LO)> ' (C.7)
myj=nrj—2

D 3-point coefficients for the vector and tensor cases

A

The coefficients in eq. (4.137)—eq. (4.139) for promoting the scalar ® to a vector v*' using
weight-shifting operators applied to 3-point functions are given by:
1
n=3 (A + A=A+ —0+1) (D.1)
1
Pr=35 (('=nry), (D.2)
-/
n=2t, 03
1
=73 (A= A+A3—0'+0-1) (A'+A—=Ag+2n;;—0'+0-1) , (D.4)
1
/8225(6’—nu) (—A/—A—FAg—Q’rL[(}—l—El—E—I—l) R (D5)
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1
=3 (2(a-1) (Ag—1)—2n3,

g (—A = A Ag+0+1) +0 (A + A+ Ag g — 0 =3) +£2) (D.6)
ag = E (E'—mJ) (A" + A=A+ —0+1) , (D.7)
B3 = %( nrg+0—1) (('=ngy), (D.8)
732—% (('=nry) (=np+£-1), (D.9)
oy = %nu[%ﬂ (A= A—Az—'+0+1)

+d(—A" (A +8) +AF+A(A+6)+2A5(A+1)+3¢2

— 2 (A F2A+4A3+0) 42 (A +4) 0/ — 02 -3)

F4(=A2—AZ— (2A3+1) 2 +20 (= A+ A(Ag+1)+£) + (£ = A')? +1)]

02, (A —A+A3—+0-1) (d—A' = A+ A3+ +30+3)

—2n}, (A= A+A3—0'+0-1) (D.10)
B1= %n%J(de‘f‘d(—A/—A+A3—€,+3£—11)+2A/ (¢'+3)

—2(3(A3—A)+1 (- A+A3+€'+6)+3€(€’+3)+1))—l—%nu[—de (Az+1')
Fd(A = A+2AA3+5As+ (A +A—Ag+8) ' =30 (203 +0 —1) — (£')*+3)

—4 (A (A= 1) PH A —£(~ At (A+2)A5+30+1) — (€ = A) (Ag+) )]
+n§J(d A~ A+A3+30+304+5)—2n7,, (D.11)
= §J[ 2d*+d (A'+A+3A3—0'—(+7)

+2 (3(2 = A") = A=2A0g + Ag+-0 (— A = A+3A3+¢+10) +30'+3)]
+§nu(£+1)[2d2+d(—A’—A—3A3+£’+3€—5)

— 4 (A = AN+ (A3+2) ) ] +nd ) (—d+ A +A—- Az~ —50-5)+2nT;, (D.12)

as = 1nU(dQ (A= A=Azl +0+1)+d((—A'+A3—1) (A +A3+2)

2
FAA+3)+ 4+ (A +A-Ag+4) 0 —€ (2A+4A3+0 —1))

—3A2- 20"+ Ag(2A - 3Ag)+0(— 22 +6A—2A5+4 (A +AAg+ (- A+ A= Ag42) £ 7))

+3 (0= A 420 — % (2(A' = A)+6A3+20 +1)+3) — %(€+1)(d2 (A'—A—Az—l'+E+1)

+d(A(A+2)— A" (A'+2)+ A5 (Ag+2)+ £ (20+ A" —3(A+A3)—20'+1)

+ (A +A=Ag+3) € =3) + 610 (~ A+ (A+8)*+2(A+Ag+A—Ag+2) € +2-3)

~2(A2- A4 A4 (A A=Ay +1) € ~1) =202 (A+ A3+

+%n}, (A= A+A3—0'+4—1) (d— A~ A+ Az +30+T70+5) —2n3 ; (A~ A+Az—0'+£-1)
(D.13)
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1
v = 2n§J+§n§J (—d+A +A—A3—30'—110-5)

+%n%J(—d2+d(A’+A+A3+2)—3(A’—€’)
+A3(—2A+1)+L (T0+90+10— A" = A+3A3) —A+1)
1
—§€(€+1)(d2+d (A —A=A5+20—1)+2 (A +AA) + 2 —0 (A + A+ A3+ +1))

+%n1J(d2(2€+1)+d (—A’—A—A3+3£2—£ (2A"+2A+2A5+1) —1) +2 (A" +AA3)
— 0320 (—2A"+ A3(1—-2A)+20'+1) — 2 (A + A+3A3+50'+5) ), (D.14)
Bs = —2n‘}J+%n:;’J (de’—A+A3+7(£’+£)+5)+%n%J(d2+d(fALA+A3—£’+€—4)
+3(A'+A—A3) 20240 (A +A—A3—30 —8) — £ (114'+7)+1)
+%£’(£+1) (@4 (~ A= A+ A5+20-3)+2 (A +A=Ag+1)+ 2~ L (A + A= Ag+0'+3))
g (—d () +(A+ A A2 0(A +A- Ay £ 41)
+ (A +A=A3+4) 0 +3) =+ L (A" = A+ A3+40 (€' +2) +1)

+(30+2) (A A+ A3+ 1)+ (A +A-A3+30+2)), (D.15)
o = %(ﬂ—m])(—nu—i-ﬁ—i—l) (0 —nrg) (A —A4+A3—0'+0-1) , (D.16)
B = —%(ﬁ—nu)(—nLH—E—H) (n1s—0) (nry—0'+1) (D.17)
96= g (0=n1) (€ =n17) (<m0 1) (~npy +E41). (D.18)
The coefficients in eq. (4.167)-eq. (4.172) for promoting the vector v to a tensor T4
using weight-shifting operators applied to 3-point functions are:
€= % (—A+ A=Ayl —1) (D.19)
12 = % (t'—nypy), (D.20)
1= 5 (ns—0), (D.21)
oo = % (A" +A-Ag+0—0-2), (D.22)
25 =5 (~nasH0-1) (D.23)
§os = %(nu—ﬁ)’ (D.24)
fau— % (CAF A Ayl —042), (D.25)
§35 = % (¢'—nry) . (D.26)
§36 = %(nu—fﬂL 1), (D.27)
Koo = % (A= A+A3—0'+0+2) (A +A—Ag+2n;;—0'+10) , (D.28)
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Aoy = —% (—npg+0—=1) (A'—=A+A5—0'+0+2) , (D.29)
oy — —% (—rzgtl 1) (A + A=Ayt 27— £ 10) (D.30)
Aog = % (=npj+0=2) (—np+0-1), (D.31)
o =~y b sy (~A = At A0 )

+% (2AA-D)As+E2+0 (N +A+25-0)) (D.32)
Aas = %(—nu—ké—l) (nr—0'+1), (D.33)
K34 = % (A'—A+A3—0'+0-2) (A +A—Ag+2n;;—0'+0-2) , (D.34)
Mo = (¢ =niy) (- A FA-Ag bl —42) (D.35)
K35 = % (' —nry) (A= A+Az—2nr+0—1+2) , (D.36)
Nos = g (g +=1) (¢ —may) (D.37)
K36 = —n%—l—%nu (—A = A+ A3+ +1)

+% (—A'-A+A3(2A 1)+ +L (N +A+ 23— =3)+£ +2) (D.38)
Nas = = (=g +0—2) (ngy—0) , (D.39)

2
pa2 = —2n3; (A = A+A3—0'+0+2)+n7; (A = A+ A5~ +0+2) (d—A' = A+ A3+ +30+2)

+nrg (d2 (A= A—Ag—+0+2) —2(A%— (A'+2)*+ A3 (A3+2)+(2A3+3) £
—20 (=A'+A(Az+2)+ —2)+2 (A'+2) ' —1'?)

1
+5d(=(A"+2) (A" +10) + A+ A(A+8)+2AA3+4A3+3¢
—20 (—A'+2A+4A5+0 +2) +2 (A" +6) e’—£’2)> : (D.40)

1
092 = 5n%J (A= A+A5—0+0+2) (d—A'—A+A3+30'+T70+2)

—2n3; (A= A+Az—0'+£+2)

1
+5n1 (cﬂ (A= A=Az —0'+04+2) —3A%—3A3+2A A3 203

+d (— (A'+2) (A +4) +A(A+2)+ A3 (Az+4)
+ (A A=Ay +4) =L 2A+40+~(+2))
120 (3A+A5+2 (Ag+ (- A+ A- A5 -2) £ +0?) 1)

+3(0 =AY +2(5A +A—3A3 -5 +4) —(? (2A’—2A+6A3—|—2€’—|—7))
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—%(£+1) <d2 (A" —A—Az—0'+0+2)—20* (A+Az+0)

+d(—(A'+2) (A'+3) +A(A+1)+ A5 (Az+5) +2¢
+0(A'—3A—=3A3-20+1)+ (A +A—A3+3) ()
+O4(— A (A +2) + A3+6A5+2A+ 245 (A=) +(A+0)* 2)

—2(— (A'+1) (A"+2) +(A=1)A+ Az (Ag+3)+ 1 (A’+A—A3+1))> : (D.41)
- _%(z_nu)(—nuwﬂ) (npy—€+1) (A= A+ Ag— 0 4£+2) (D.42)
P23 =nrJy <n§J (d—A"—A+Az+30+2)+ 1 (;l—i-n[J—Q) (—2d+A"+A—A3z+3n;;—30+2)

—%W(d+2nu—4)+%(d—4)nu (2d—A'— A+ Ay+30-2)

—Ag(d+2e—2)(d—A+e—1)—2n§J) , (D.43)
093 = %(—nu+£+1) (—nu+€’—1)<d2+d (A" —A+Ag+nr+20—-3)+2 (A'+A—-Asz+1)

—npy (A +A—Ag+4ng;—30+2) L (A'+A—A3—3n;;+0'+2) +52) : (D.44)
Tag = —%(ﬁ—nu)(—nu+€+1) (n1y—€+1) (nry—0'+2) (D.45)

1
pas =nps(—nry+E+1) <2(2d2+d (—A' = A—3A5+0'+3(—10)

+4 (A +AZAFA 0 — (A3+3)0+2) ) —2n3 ;+npy (d—A’—A+A3+£’+3£+2)> ,

(D.46)
1
O95 = —§(f—n1])(—njj+£+l) <d2+n1J (d—A/—A+A3+3€/+3€—2)
+d (A —A—A3+20-3)+2 (A +A3A+A+1) —4n§J+€2—£(A’+A+A3+£’+2)) :
(D.47)
1
o5 = =5 (=npyH=1)(l=nrs)(=nrs+0+1) (nrg—€'+1). (D.48)

E Recursion coefficients for 3-point structures

The coefficients appearing in the recursion relations eq. (4.145)—eq. (4.147) for the 3-point

structures QEZ’TZ{)) are given by:

(nrg—4)
(As—1)(A+l—1) (AN —A+A;—0+0—1)’
(B—TLIJ) (KI—TLIJ)

(A3—1) (A+L—1) (A= A+A3—0'+0—-1)

ap =

ag =
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(=np ) (A +A—Ag+2n1—0 +0—1)
—ee s +2)

“=r AN —AtA;— 001 ’ (E-3)
by — (—n[J—Fﬁ—l)(f—n]J) (—n[J—I-El—l) (d—A/—A3+€/) (E 4)
YT (A=) (np+D)(AH—1)(d—A+L—1) (A= A+ A3—2n5,+0+0—1)’ '

b — (—A'+A—Az+0'—1+1) (E.5)
2T (As—1) (nps+1)(d+20—2)(d—A+0—1) (A = A+ Az—2npj+ 0 +0—1) '
T (As—1) (d+20—2)(A+L—1) (AN —A+As—2ny,+0+0—1) '

b (—=npg+l—1)(—nps) (d—AN+A—Ag+0 +0—1) 1)
T (As=1) (ngA 1) (d+20—2) (A+L—1) (A = A+ Az —2n1 j+ 0 +0—1) '

be — (—A,+A+A3—2n1]+€,+€—1)

T (As—1) (A=) ([d—A+0—1) (A —A+As—2ny,+0 +(—1)
X <2d(A+nU—1)+A’—A (A'+A+A3)+A;
—2np1y (A +Ag)+(A+2np )0 +0 (A +Ag—0'+£—-2) —€’+1) , (E.8)

b — ({—nry)

0 T (As—1) (ng A 1) (A+L—1)(d—A+0—1) (A —A+Az—2n+0+0—1)
X <(d+2)A2—3dA+4n§J (—d+A'+Az—1")
+nry(—dA—A" (d+40+20—6) +As (d—20' —20+6) +0' (3d+30'+20—6)
+d(l—5)+ A2+ A2~ A3~ (1—1)}) +As (dA+(A+L—-3)' —20+2)
+0 (d(A+2) = AP+ 4 A (~A+-3) = 1) + A (—dA+AN —20+2)
+M(d+£—2)—A3—A§A+A—(z-3)e’2—2(£—2)z—2) : (E.9)
(A'"+A—Az+2n7;—0'+4-1)

- E.1

“ (As—1)(At+0—1) ’ (E-10)

(nrs—¢)
= E.11
2T A1) (Arl—1) (E-11)
- ! (E.12)

(As—1)(A+-1)

The coefficients appearing in the recursion relations eq. (4.173)—eq. (4.178) for the 3-point

structures QEZ’; é,J)) are given by:

2

A= N AT AP (E-13)

aé: (—nrs+0—1)(l—nry) (E.14)
Ag(A+0—1) (AT =A+A3—0'+0—2) (A= A+Ag—0'+0)’

= (—nps+l—=1)(l—nry) (nrs—0) (E.15)

BT A (A1) (A A+ Al +0-2) (A = A+ Ay—l'+L)’ '

d)y = 2e—nry) (g — ) (E.16)

Az(A+L—1) (A= A+A3—0+0-2) (A —A+Az—0'+0+2)’
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o= 20—nry)(nrg—0") (npg—0+1) (E.17)
T AS(AFL—1) (A A+ A3l +0—-2) (A —A+A3—l'+(+2)’ ‘

(f—n]]) (A/—A+A3—€/+f)

/: E.l
Y67 Ay(A+I—1) (A —A+A;—01(—2) (E-18)
x (=2n3 4nry (“A = A+ Ay +0)+(0=1) (A +A—0+0-2) + Ay (2A+0-1)) ,

1
/—_
T T AG(A 1) (A — At A0+ 0—2) (AN —A+ A5+ 0) (AN —A+A;—0+0+2)
X (2 (¢'—nry) (A=1)A3—2n7; (A= A+Az—0'+0)
tnrg (A = A+ A3+ +0) (A= A+ Az =0 +0)+L (A= A=V +0) (A +A—0'+7)
8 (~AT- A= (A - 1)0 4 A (A4 0—1)+2A0+(0-3)(+2) )) , (E.19)
/ (nrg—2¢)
pu— E.2
b Ag(A+L—1) (AT = A+A5—0'+£+2)’ (E-20)
, (e—njj>(—njj+€/—1)

= E.21
D= R (A I—1) (A —A+As—l+042)’ (E21)

o (2(A=1)A3—=2n% ;4 n1; (—A = A+ A3+ 0+ 0+ +L (A +A+Az—1')) (£.22)
3 As(A+0—1) (A —A+A3— 0 +0+2) ’ ‘

(—nrg+l—1)l—nyj) (—nps+ —2) (d—A'— A3+ —3)
Ag(n[J—Fl)(A—}—E—l)(d—A—Ff—1) (A/—A—FA;}—QTL[J—{—E/—{—E) ’
) 20—nry)(d—A'+A—Ag+0'+40—4) (F.24)
27 A3(d+20-2)(A+L-1) (A —A+A3—2n7 5+ +0)’ ‘

(—nrg+0—=1)(l—nry) (d—A'+A—Ag+0'+L—4)

‘A

(E.23)

Q.

!
C3= Ag(nIJ+1)(d+2£—2)(A+€—l) (A,_A‘l-Ag—QnIJ_'_gl_'_g)’ (E.25)
= (A" =A+A3—'+4+2) ©.26)
4 AS(”IJ"‘H(CH—Q@—Q)(CZ—A—FE—1) (A,_A+A3_2njj+£,+£), .

1
As(A+l—1)(d—A+0—1) (A —A+A3—2n7,+0+0)

o
X <(A’+A+A32nu+£’+£2) (2d(A+np;—1)+A'— A (A'+A+A3)

—3A+A3—2n5; (A’+A3+3)+(A+2nu)£’+£(A’+A3—£’+£+1)—£’+4)>, (E.27)

J ({=nr1y)
6 As(npg+1)(A+L0—1)(d—A+L—1) (A —A+A3—2n7;+0/+1)

X ((d+3)A2—4n%J (d—A'—Az+0' —3)+nry(— A (d+40 +20)+ A3 (d—20' —20+6)

+0 (3d+30 +20—18) +d(—A+£—8)+A*+ A'(A'+12) — A3 —¢(L+4)+26)
+0 (d(A+2) = A2+ A (—A+-0-3)+L(0+4)-13)
+ A3 ((d—3)A+(A+L—3)0' —=30+5)+ A" (A(A'—d+3)—3(+5)

+A(d(£—4)+(€—2)£)—2d+A(—A2—A§+1)—6’2(6—3)—3€(£+1)+12> : (E.28)
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d) =
dy =
dj=—

d=

!
dg
/
€1
/
€9

€

fi=
fo=
f3=

(nrg—£+1)

T As(AH—1) (A —AFA;—0+(—2)

(—nrs+0—1)({'—nzy)

Ag(A+0—1) (A= A+A5—0'+£-2)’
(gl—njj)

1) (el—njj)

As(Ati—1) (A —A+A; 0 40—2)
(—n1J+€/—

As(Atl—1) (A —A+A;— 0 +0—2)°
(6’—n1J) (A’+A—A3+2nu—€’+€)

As(A+l—1) (A —A+A5—0+0—2)

(7 2(A+nry)(Az—nr +€-1)

A—AtA, T ir—g T+ 1)

Az(A+0-1)
(A" +A—A3+2n7;—0'+4)

Az(A+0-1)
(npg—0'+1)
Az(A+0-1)’

1
A3(A+0-1)°

9

(A/+A—A3+2njj—£l+£—2)

(nrs—1')
A3(A+0-1)°
1
Ag(A+L-1)

Az(A+0-1)

i

F Conformal block coefficients

I

(E.29)
(E.30)
(E.31)
(E.32)

(E.33)

(E.34)
(E.35)

(E.36)

(E.37)
(E.38)

(E.39)

(E.40)

The coefficients appearing in the vector conformal block recursion relations eq. (4.159)—

eq. (4.161) are given by:

A = o
AW+l a,C(~0)(+0)

(+0)(0+4)

A @) (1) = qzC 00

(+0)(0+4)

AP nrs+1) a,C(~0(+0)

(+0)(0+)

A1) — q,C (00~

(=0)(0+)

A(l)(nIJ+1) _ an(f

(=0)(0+)

@)(n1s)
AZ0)04)

)(+0)

— 43000

‘A(Q)(nl(ﬁ-l) _ a2c(— )(+0)

(=0)(0+)

(
(+
(
(+
(
(+

’11

’11

’11

(+

(
(=

-
4
4
0

ﬁj

ﬁj

(-0

F(+0)

(-0

()

(-0

F 0+)

0
0)
0

+)
0

0)
)

)
0)

(+0)

0)
)

(+0)

)

=

)

+ as C( 0)(+0)F(( ))

Y
Y

Y

- (+0)
+CL3C( O)(+0)F(_0) s

Y

4,000~

Y
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BE%?(IOQ) — by 0(0H)(0-) Fé%)) + b C(-0)(+0) F((:g)) ’
BE%%J:)U — b,0(0)(04) F((fig)) + b, COH(O-) F((%)) + bgC-O(0) F((:g)) 7
B&)é%f)z) _ b1C(*O)(+0)F((i8)) :
B, ~ O OCOR
BE?(()%JJ:;D _ bﬁC(*O)HO)F((:g)) :
Bﬁ?é’f{o J++)2) — b, C0(0) F((J-:OO)) 7
Bgl)&’oﬁ) — by C(0H)(0-) F((gg)) + bsC(-0)(+0) F((jé))) 7
pMrr+1) _p 2(0-)04) pO=) gy (06)(0-) pOH) | 3y (=0)(+0) p(+0)

B2 (nrs+1) _ _620(0—)(0+)F(0_

_ b4C(0+)(0_)F(03) 1 b0 0) p(+0)

E—O)(0+) (=0) (=0) (=0)°
BEGEE = b OO N (F.2)
e&)(()%ﬁ) — ¢3C(0H)(0-) F((for)) + ¢,C=0(0) F((:g)%
G&)é’)“(foﬁl) — CQC(_O)(+O)F((:(§))) 7
egr)é%ﬁz) _ ch(‘O)(+0)F((:g)) 7
eg)é%f)l) — CQC(—o)(Jro)F((ig)) 7
egggm) — 3C(0H)(0-) F(%) + ¢,CO0) p(+0)(-0)
egljé%f)l) — 620(—0)(+0)F((jg)) 7
e@é%’j) — ¢,C-0H0) F((j(?)) — ¢5C0H)(0-) F((gg)) 7
eI = o0 FED . (F.3)

The coefficients appearing in the tensor conformal block recursion relations eq. (4.183)—
eq. (4.188) are given by:

A/(I)(l,nu) _ allc(—o)(+0)F(+0)

(+0)(0+) — (+0) *
A0 = a0 RN,
A’El_)é)lggﬁ) = ¢}, C-00) F((jg)) ,
APL) — o OO D)

D) — g OO EON) 4 g 0G0 E ()
Ao = bV EC
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A/(l)(i’)»nu) _ al20(0+)(07)F(0+)

(+0)(0+)

A/ DB+ d} C(~0)(+0) F((J-:O)

(+0)

- (+0)
+apCCOGOFCD

0) ’

(+0)(0+)
2)2n1) _ —0)(40) (+0)
A/(+o)(0i€ = "‘/70( o )F(+0) )

+0)0+)

(4+0)(0+)

A/(i)O(Q,nlJ+1) o agC(*O)HO)FHO)

(+0) *
A2 a, =00 FEO

(+0)

.A/( YBmrg+1) _ agc(—o)(—&-O)F(-FO)

2
(4+0)(0+)

)
A/(l)(Q»an) _ aac(0+)(07)F(0+))

(=0)(0+)

(+0

(-0

‘A/(l)(27n1(1+1) _ alsc(—o)(+0)F(+0

(=0)(0+)

(=0)(0+)

)
0)
A/(U(3,n1]) _ GIQC(OH(O_)F((EJOF))

(_

_A/(l)(S,mJJrl) _ agc(fo)(+O)F(+0)

(~0)(0+)

(=0)

i

- (+0)
+ OO EED,

i

—0)(40) (+0)
+agCCOHOFIT

)

A/ @ @nry) a, C(=0)(+0) p(+0) _ a, C/(0+)(0-) pp(0+)

(=0)(0+)

(-0)

A/(2)(2’nIJ+1) _ agc(—o)(—&-O)F(‘FO)

(=0)(0+)

(-0)

A/ @ Gnry) agc(fo)(w)FHO)

(=0)(0+)

‘A/(Q)(37n1(1+1) _ agC(_O)(+°)F(

(=0)(0+)

B = O
B =0
B oo = %O
Bl = o
T A
Bl = o
B =t
Bl = %o

oo = 0"
¢ =4
¢ = et
el = et
¢ ong ™ =40
Gy =4
¢ Coyos) = 0"

(=0)
+0)
(=0)
0-) 1~(0+)
)(0-) F(+0)
+0) =(4+0)
)(+0) F(+0)
+0) ~(+0)
)(+0) F(+o)
+0) ~(+0)
)(+0) F(+0)

)(0-) (0

)(+0) fp(+0)(~0)
)(+0) p(+0) _

)(+0) F(+0)

)(0—) F(0+)
)(0+) 0

0) (40)
)(+ )F(+0)

+0) 7(+0)
)0+
(+0)
(+0)
)(+0)F((+0)

)(+0)

ol

(=0)
— g,C(0N)(0-) F((ES)) :

i

—0)(+0) £7(+0)
+ o CCOEOF T

Y
)

)

)

+0)

)(0—) F((Eg))

- (+0)
OO N
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@/(D@Znry+1)
(=0)(0+) = ¢, 0000 pO)
o) + OO FOY)

(—o) T OO0 p(+0)

(=0) >
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