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ABSTRACT Partial transmit sequence (PTS) technique is considered as one of the efficient methods to

reduce the high peak-to-average power ratio (PAPR) problem in 4G waveform design such as the orthogonal

frequency division multiplexing (OFDM) systems. Filtered-OFDM (F-OFDM) is a new candidate in the

5G waveform development with maintaining a high level of commonality with legacy OFDM systems, but

the high PAPR value is still a considerable problem because F-OFDM supports the orthogonal transmission.

Although the PTS technique improves the PAPR reduction performance significantly, the high computational

complexity level for optimizing the phases of the transmitting signal restricts this technique in practical

applications. Therefore, the low computational complexity level of the PTS technique leads to the adoption

of this technique for PAPR reduction in the multicarrier systems such as OFDM and F-OFDM. In this paper,

a new low complexity algorithm (Gray-PF-PTS) by combining the Gray code and the left feedback shift

register operation based on a specific mapping rule has been proposed. The numerical results indicate that

the Gray-PF-PTS algorithm extensively reduces the computational complexity level without degradation the

PAPR reduction performance compared with the conventional PTS method. Furthermore, the OFDM and

F-OFDM systems based on the Gray-PF-PTS algorithm have been compared regarding the PAPR, bit error

rate (BER), and power spectrum density (PSD) performances.

INDEX TERMS OFDM, F-OFDM, 4G, 5G, PAPR, PTS.

I. INTRODUCTION

As one of the most attractive techniques in high-data-rate

communication, the orthogonal frequency division multi-

plexing (OFDM) systems are considered a popular wave-

form design for many wireless communication standards.

OFDM has many promising features such as high immu-

nity against multipath fading [1], easy implementation using

the Inverse Fast Fourier Transform (IFFT) algorithm [2],

and high capacity [3]. Consequently, the OFDM system

has been adopted by many wireless communication stan-

dards such as Wireless Personal Area Networks (WPAN)

IEEE 802.15 [4], Wireless Local Area Network (WLAN)

IEEE.802.11 [5], Wireless Metropolitan Area Networks

The associate editor coordinating the review of this manuscript and
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(WMAN) IEEE.802.16 [6], and 4G-Long-Term Evaluation

(4G-LTE) standard [7]. However, OFDM is restricted by

some obstacles such as the high peak-to-average-power ratio

(PAPR), signaling synchronization, and high spectral leak-

age [8]. The high PAPR value of the transmitted signals is

considered the major drawback of the OFDM system, which

drives the OFDM signals to work in the nonlinear region

of high-power amplifier (HPA) and this leads to appear-

ing undesirable degradation in the Bit Error Rate (BER)

performance [9].

Recently, the fifth generation (5G) applications such as

Internet of Things (IoT), Machine to Machine (M2M) com-

munications, and high-speed mobile networks have been

introduced to meet the rapid growth of the communica-

tion markets [10], [11]. Accordingly, several waveform

candidates such as Filtered-OFDM (F-OFDM), Universal
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Filtered Multi-Carrier (UFMC), and Filter Bank Multi-

Carrier (FBMC) have been suggested to meet the require-

ments of the 5G technology [12], [13]. Among various

advanced candidates, F-OFDM scheme is receiving increas-

ing attention in the 5G waveform development, due to

its promising advantages such as suppressing Out-Of-Band

Emission (OOBE), supporting the orthogonal transmission,

improving the spectral efficiency, supporting asynchronous

transmission, low latency and maintaining high level of com-

monality with legacy OFDM systems [14], [15]. However,

the high PAPR value is still a considerable problem because

F-OFDM supports the orthogonal transmission, and the trans-

mitter filter reduces the mean power of the signal which

increases the PAPR value.

To avoid the large PAPR value in OFDM signals, various

methods for PAPR reduction have been suggested, such as

clipping and filtering [16], companding [17], constellation

extension [18], Selective Level Mapping (SLM) [19], and

Partial Transmit Sequence (PTS) [20]. Among all existing

techniques, PTS is very promising because of its efficient

PAPR reduction performance without any signal distor-

tion. Unfortunately, PTS has a high computational complex-

ity level for finding the OFDM sequence with the lowest

PAPR value because the conventional PTS (C-PTS) needs

an exhaustive search over all combinations of allowed phase

rotation factors and its complexity increases exponentially

with the number of subblocks [21]. Selecting the suitable

elements of weighting phase factor is very interesting for

an efficient implementation, where {±1} or {±1, ±j} of

the elements phase factors leads the system to avoid the

complicated multiplication operations. But, the PAPR reduc-

tion performance is directly proportional to the number of

elements phase weighting factors [9].

In the literature, several algorithms have been focused

on reducing the computational complexity level in the PTS

technique. In [22], Liu et al. introduced phase adjustment PTS

algorithm for reducing the complexity calculations depending

on a predetermined angle to update the phase factors for

a certain number of iterations. Liu’s algorithm has lower

complexity than C-PTS, but this leads to degradation in the

PAPR performance. In [23], Lan-Xun and Li-Bin presented

a low complexity algorithm by combining the m-sequence

code with PTS. The phase factors of Lan’s algorithm are gen-

erated based on mapping the m-sequence code into {±1, ±j}

elements. Hence, the computational complexity is reduced at

the expense of degradation in PAPR reduction performance.

In addition, Jayalath and Telebureau [24] proposed a new

tactic for reducing the computational complexity by setting

a threshold value of PAPR, and then the candidate signal

which falls below the threshold value is chosen for transmis-

sion. Jayalath’s algorithm reduces the number of iterations

for finding the optimum phase rotation factors, but the cost

is retraction in the PAPR performance. Furthermore, a low

computation complexity algorithm was proposed by Wang

and Liu [21] based on grouping the partitioned subblocks and

then each group is optimized by using the same set of phase

factors. Wang’s algorithm reduces the computational com-

plexity better than C-PTS without degradation in the PAPR

performance. In the same manner, Kim [25] applied cyclic

shift to reduce the computational complexity in PTS tech-

nique, while the algorithms in [26]–[29] reduced the com-

putational complexity relatively based on {±1, ±j}. Lastly,

Junjun et al. [30] presented another approach for reducing the

computational complexity by employing Gray code nature to

produce the phase rotation factors. The key point of Junjun’s

algorithm is to make use of a Gray code and the inherent

relationship between the phase factor sequences; with the

consideration that the weighting factors are constrained based

on {±1}. The Junjun method can achieve PAPR reduction

performance almost the same as the C-PTS method based

on {±1}. However, the computational complexity is reduced

significantly.

Based on the literature, it is clear that there is a trade-

off between the PAPR reduction performance and the com-

putational complexity level in the PTS technique. Hence,

the high computational complexity level restricts the PTS

technique in the practical applications. In this paper, a new

phase weighting algorithm for PTS named Gray phase factor

PTS (Gray-PF-PTS) has been proposed, which aims to reduce

computational complexity and achieve almost the same per-

formance in PAPR reduction compared to C-PTS based on

{±1, ±j}. In the Gray-PF-PTS algorithm, the Gray code

inherent relationship is employed to generate the phase rota-

tion factors by adding the code string with the Left Feedback

Shift Register (LFSR) operation through a specific mapping

rule. Moreover, the proposed algorithm can be expanded

into three algorithms Gray-PF-PTS A, Gray-PF-PTS B, and

Gray-PF-PTS C in order to enhance the PAPR reduction

performance. The computational complexity level based on

Gray-PF-PTS algorithm is reduced dramatically compared

with C-PTS. Most importantly, the Gray-PF-PTS algorithms

have a lower number of side information bits than the C-PTS

method.

This paper is organized as follows. In Section II, we dis-

cuss the basic concept of the OFDM and F-OFDM sys-

tems. Section III presents an analysis of the conventional

PTS technique. Section IV introduces the proposed algo-

rithm. In Section V, the performances of the proposed algo-

rithms based on the simulation and numerical results are

discussed. Finally, we end the paper with brief conclusions in

Section.

II. OFDM AND F-OFDM SYSTEMS

In the OFDM framework, the input data sequence Xk = {k =
0, 1, 2, . . . ,N − 1} is mapped by one of the constellation

mapping techniques such as Quadrate AmplitudeModulation

(QAM), where N denotes the number of the subcarriers.

The baseband signal is converted from the serial into the

parallel and then the IFFT block is applied to modulate the

baseband signal with N subcarriers orthogonality. The dis-

crete OFDM signal x(n) in the time-domain can be described
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as [31]

x(n) =
1

√
N

N−1
∑

k=0

Xke
j2πk n

N , n = 0, 1, ...,N − 1, (1)

where j =
√

−1. After that, the cycle prefix (CP) insertion

is implemented to the OFDM signal to prevent the signal

from the Inter-Symbol-Interference (ISI) [32]. Therefore, the

OFDM signal is generated by the superposition of the N sub-

carriers with the samples of the baseband signal. Accordingly,

when the phases of these samples are in high consistency,

the instantaneous power of some samples may be added

together and becomemuch higher than the mean power of the

signal. Hence, PAPR has defined as themaximumpeak power

of the OFDM signal divided by the mean power [33]. The

PAPR is measured in decibel (dB), and it can be expressed

by [34]

PAPR =
max|x(n)|2

E{|x(n)|2}
, (2)

where E{.} is the mean value of the signal. In addition, to

get the accurate PAPR calculations, the baseband signal is

sampled multiple times the Nyquist rate (oversampling oper-

ation). The oversampling operation is performed by inserting

(L-1)N zeros between the baseband samples in the frequency

domain, where L represents the oversampling factor. More-

over, to evaluate the PAPR reduction level in the OFDM sys-

tem, the Complementary-Cumulative-Distribution-Function

(CCDF) is usually used, where CCDF represents the proba-

bility of the PAPR value that exceeds a certain threshold value

(PAPR0) [3]

Pr(PAPR > PAPR0) = 1 − (1 − e(−PAPR0))NL . (3)

As mentioned earlier, F-OFDM is considered as one of

the waveform candidates in the 5G technology, where the

F-OFDM system depends on filtering the whole bandwidth of

the OFDM signal before transmitting. The transceiver struc-

ture of F-OFDM is depicted in Figure 1. In the transmitter

side, the transmitter generates its OFDM signal together with

cyclic prefixes, and then the F-OFDM signal is obtained by

passing the OFDM signal through an appropriately designed

spectrum shaping filter f (n). In this case, the transmitter

filter f (n) bandwidth is equal to the total frequency width

of the assigned subcarriers for the OFDM signal. At the

receiver side, the received signal is first passed to the

receiver filter f ∗(-n), which ismatched to the transmitter filter

(spectrum shaping filter) [35]. The resulting signal is then

passed through the regular OFDM receiver as depicted in

Figure. 1. The receiver filter works to isolate the received sig-

nal from any contributions of the neighboring signals. Hence,

the receiver filter is to ensure that the received signal is passed

through the next stage without interference from the adja-

cent signals [36]. The added filters in F-OFDM increase the

complexity of the system. Also, the transmitter filter works

to increase the PAPR value of the F-OFDM system because

the added filter in the transmitter leads to increasing power

FIGURE 1. F-OFDM block diagram.

distribution among the samples and then the mean power of

the signal is reduced. Therefore, the F-OFDM system has a

PAPR value higher than that of the OFDM system.

On the other hand, the filter design involves the trade-off

between the time and frequency domain characteristics,

and it is also associated with the implementation com-

plexity. Hence, filter design plays an important role in the

F-OFDM system. The ideal low pass filter (LPF) is a sinc

function, where its impulse response is a suitable spec-

trum shaping with time windowing mask to provide a good

time localization and to ensure the smooth transitions for

both ends [37], [38]. Therefore, choosing a suitable win-

dow function can accomplish a flexible trade-off between

the frequency and time localization. Thus, the ISI value

can be reduced to an acceptable level. The Rooted Raised

Cosine (RRC) window function works to meet the require-

ment of the flexibility in F-OFDM better than other win-

dow functions such as Remez and Hanning [14]. Therefore,

the time response of the RRC window filter is expressed

as [39]

wRRC (n) =
[

0.5

(

1 + cos

(

2πn

FL − 1

))]α

, (4)

where FL symbolizes the filter length, and α stands for the

roll-off factor which is the parameter that controls thewindow

shape, and it is limited to 0 < α < 1. The roll-off factor

of the RRC window works to provide additional freedom

to achieve a balance between frequency and time localiza-

tion [39]. In the F-OFDM system, the filter length is allowed

to exceed the cyclic prefix length to fulfill more flexibility

for design and to achieve the better balance between the

frequency and time localization [40]. In contrast, the filter
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FIGURE 2. C-PTS block diagram (Transmitter side) [41].

length is sensitive with the complexity of the system, where

long filter length increases the complexity. Hence, the filter

length in the F-OFDM system should be limited to a certain

length. In general, the benefits promised by F-OFDM need

properly designed filters.

III. CONVENTIONAL PTS METHOD

The C-PTS strategy has been viewed as a probabilistic sce-

nario for reducing the high PAPR pattern in the OFDM

system. In other words, the C-PTS method can improve

PAPR reduction performance without destroying the OFDM

signal. In contrast, the high computational complexity is

the prominent drawback of the C-PTS method, because the

system should perform a comprehensive search for finding

the optimum phase factor [41]. The C-PTS method depends

on two essential stages to improve the PAPR reduction perfor-

mance; the subblock partitioning schemes and optimizing the

phase factors in the subblocks. There are three conventional

partitioning schemes in C-PTS, Interleaving partitioning

(IL-PTS), Adjacent partitioning (Ad-PTS), and Pseudo-

random partitioning (PR-PTS) [3]. The PTS method works

to improve PAPR reduction performance without destroying

the OFDM signal depending on multiple signal representa-

tions. In other words, multiple copies will be individually

processed in parallel to find the minimum PAPR of the signal.

Hence, PTS is a guarantee that output PAPR is minimum.

Also, the phase rotation factors used in the time domain in

the PTS technique works to reduce the high consistency of

the multicarrier samples in the OFDM signal by changing the

phases of these samples, thus the PAPR value of the OFDM

signal is reduced accordingly. Figure 2 depicts the principle

idea of the C-PTS method, where the input data sequence X

is partitioned by one of the partitioning schemes into several

subblocks as follow

X =
V

∑

v=1

Xv, (5)

where V represents the number of subblocks. Next, the sub-

blocks are multiplied by a set of the unity amplitude phase

factor. After that, the N-IFFT is applied to modulate the data

samples with the subcarriers, and then to transform the data

from the frequency domain into the time domain. The linear

property of the IFFT is exploited to transform the phase

rotation factors into the time domain. Therefore, the discrete

time domain signal can be expressed as [20]

x = IFFT{
V

∑

v=1

bvXv} =
V

∑

v=1

bvIFFT{Xv}, (6)

where bv {v = 1, 2, . . . ,V} denotes to phase rotation factors.

Afterward, the transformed subblocks in the time domain

are rotated with the set of phase factors to produce a group

of the candidate signals named partial transmit sequences

(ptss). Lastly, the PAPR values of ptss are calculated, and

the candidate that achieved the lowest PAPR value is chosen

for transmitting. Therefore, the OFDM signal can be written

as [31]

OFDM signal =
V

∑

v=1

b̃vxv, (7)

where b̃v represents the optimum phase rotation factor. In

addition, the elements of the weighting factors are usually

fixed to dodge the complex multiplications, so the phase fac-

tors are limited to {±1} or {±1, ±j}. Therefore, the weight-

ing factors vector can be expressed as [41]

bv = ej2πv/W |v = {0, 1, .......,W1}, (8)

where W represents the number of allowed phase rotation

factors. Moreover, the optimum phase weighting factor that

achieves the lowest PAPR value is obtained by

b̃v = argmin

1 ≤ w ≤ W
(

max

0 ≤ n ≤ NL − 1
|
V

∑

v=1

bvxv|), (9)

where arg min (.) represents a global minimum value based

on the phase rotation factors.

In the C-PTS method,WV−1 of repetitions must be exam-

ined for finding the optimum phase rotation factor; with the
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consideration that the first element of the weighting fac-

tors b1 is fixed to 1 without any loss of performance [42].

This operation imposes a heavy burden on the system. Hence,

the main limitation of the conventional PTS technique is

the high computational complexity for finding the optimum

phase factors. It is equally important to note that the index

of the optimum phase rotation factor should be sent to the

receiver as Side Information (SI) in order to recover the

original data. Therefore, the number of SI bits in the C-PTS

method can be expressed as [43]

SIC-PTS = log2W
V−1bits per symbol. (10)

On the other hand, the computational complexity of the

C-PTS method in the time domain is the number of complex

additions (CC-PTS
add ) and complexmultiplications (CC-PTS

mult ) that

required for optimizing the phases of the transformed sub-

blocks and can be expressed as [44]

CC-PTS
add = WV−1 × N × (V − 1), (11)

and,

CC-PTS
mult = WV−1 × N × (V + 1). (12)

In the F-OFDM system, the computational complexity in

the time-domain is higher than that of the OFDM system,

because the transmitter filter imposes extra complexity on

the system. The computational complexity in F-OFDM is

held by multiplying the OFDM signal with the filter length.

Therefore, the number of complex additions in the F-OFDM

system is similar to the OFDM system, while the number of

complex multiplications of the F-OFDM system is increased

based on the filter length [45]. Therefore, the number of

complex multiplications of the F-OFDM system in the time-

domain can be expressed as

CC-PTS
mult/F-OFDM = CC-PTS

mult/OFDM + Filter complexity, (13)

then,

CC-PTS
mult/F-OFDM = WV−1×N×(V+1)+[N×(FL−1)] . (14)

In general, the PTS technique is considered as an effective

method for improving the PAPR reduction performance in

both OFDM and F-OFDM systems. In contrast, the compu-

tational complexity restricts the C-PTS technique in practical

applications because finding the optimum phase rotation fac-

tor imposes a heavy burden on the system. Therefore, the gain

for the PAPR reduction performance in the PTS technique

will be at the expense of increasing in the system complexity.

IV. THE PROPOSED ALGORITHM

The PTS technique is a probabilistic technique (multiple

signal representations). In other words, multiple copies will

be individually processed in parallel to find the minimum

PAPR of the signal. Hence, PTS is a guarantee that output

PAPR is minimum. The proposed technique as it has been

shown follows up the same approach. The key idea of the

Gray-PF-PTS algorithms is to generate phase rotation factors

FIGURE 3. Gray code (n = 4).

depending on the Gray code strings with the LFSR operation

through a specific mapping rule. The conventional PTS tech-

nique performs an extensive search for finding the optimum

phase rotation factor to weigh the transformed subblocks

depending on the number of subblocks and the scope of

phase factors. Hence the C-PTS examines WV−1 iterations

to find the optimum phase factors and this imposes a heavy

burden on the system especially when the scope of the phase

factors W is {±1, ±j}. In contrast, the proposed algorithm

reduces the number of iterations for finding the optimum

phase factors into 2V vectors depending on the relationship

of the generated vectors by Gray code with LFSR operation.

Hence, the computational complexity level of the system

is significantly reduced. Moreover, the proposed algorithm

is expanded into three algorithms A, B, and C to improve

the PAPR reduction performance, where the PAPR reduc-

tion performance is directly proportional with the number of

candidate signal that generated by phase factors. Therefore,

the proposed algorithms exploit the relationship between the

phase rotation vectors to reduce the computational complex-

ity level of the PTS technique without degrading the PAPR

reduction performance.

In this subsection, a new algorithm called Gray-PF-PTS

algorithm is introduced to decrease the number of iterations

for finding the optimum phase factor. The procedure of Gray-

PF-PTS algorithm relies on employing Gray code to generate

the phase rotation factors by adding the code string with the

LFSR operation through a specific mapping rule [46], [47].

Moreover, the proposed algorithm can be expanded into three

algorithms Gray-PF-PTS A, Gray-PF-PTS B, and Gray-PF-

PTS C in order to improve the PAPR reduction performance.

The Gray code is a reflected code, in which the code strings

for (n) bits can be created recursively from the code strings

of (n-1) bits by reflecting this code strings in reverse order.

In such a way, prefixing the original code strings are assigned

by a binary 0, and prefixing the reflected code strings by a

binary 1. After that, the original code strings list is combined

with the reflected code strings list to generate the final list of

the Gray code. Figure 3 illustrates the Gray code string based

on four bits.
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FIGURE 4. LFSR operation [48].

FIGURE 5. Codewords generation.

In short, the key idea of the Gray-PF-PTS algorithms is to

generate phase rotation factors depending on the Gray code

strings; these algorithms can be used when the scope of the

phase factorsW is {±1, ±j}.

A. GRAY-PF-PTS A ALGORITHM

In this case, the phase rotation factors are generated based

on performing LFSR operation to each codeword in the Gray

code list to create a new codeword. The LFSR operation is

to sum the last two bits of the codeword using Modulo-2 to

generate the first bit of the new codeword, and then immedi-

ately makes feedback shift to the left, while the remaining bits

execute a standard shift register [48], as shown in Figure 4.

Besides, the two codewords (the original codeword and the

created codeword from LFSR) are summed together depend-

ing on the mapping rule that is: 1 + 1 = 1, 0 + 0 = −1, 1

+ 0 = j, 0 + 1 = −j; with the consideration that inverting

the whole binary string that begins with ‘‘0’’ to ensure the

first element of the phase rotation factor equals always 1.

Therefore, the number of generated phase rotation factors is

(2V ) vectors, which can be used to rotate the transformed

subblocks in the time domain. For instance, when the number

of subblocks V = 4 and the number of bits in each code-

word of the Gray code n = 4, thus the Gray code list consists

of 2V = 16 codewords, as shown in Figure 3. After that, each

codeword performs the LFSR operation to generate a new

codeword, and then the codewords that begin with ‘‘0’’ are

inverted (it is marked in yellow) to ensure all the codewords

in each list begin with ‘‘1’’, as depicted in Figure 5.

FIGURE 6. Phase rotation factor vectors generation.

TABLE 1. The phase rotation factors in the Gray-PF-PTS A algorithm.

Afterword, each couple of the codewords in the last list

is summed depending on the mapping rule, as shown in

Figure 6.

Finally, Table 1 shows the list of generated phase rotation

factor vectors from the Gray-PF-PTS A algorithm which

is utilized to rotate the transformed subblocks in the time

domain and then to generate (2V ) candidate signals.

Accordingly, the phase rotation factors can be divided into

4 groups, and the elements in each group are consistent in

a fixed structure, in which the first column is always (1),

and the fourth element of the first row is always (1). Hence,

the number of multiplication and addition operations can be

reduced based on the relationship between the phase factors

in each group as follow:

B. MULTIPLICATION OPERATIONS

• The first column always consists of element 1, so there

is no need to perform any multiplication operation.

• The second column consists of the same elements,

so there is only one multiplication operation.

• The third column consists of two different elements,

so there are two of the multiplication operations.

• The fourth column consists of three different elements,

so there are three of the multiplication operations.

As a result, each group will perform 6 of the multiplica-

tion operations instead of 16 of the multiplication operations

in C-PTS, as shown in Table 2. Therefore, the number of
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TABLE 2. The multiplication operations in the Gray-PF-PTS A algorithm.

TABLE 3. The addition operations in the Gray-PF-PTS A algorithm.

multiplication operations for Gray-PF-PTS A is written as

C
Gray-PTS A
mult = 2V−1×

(

V

2
+3

)

×N , W ={±1, ±j}. (15)

C. ADDITION OPERATIONS

In each group, every two vectors will be considered together

to calculate the number of complex additions, as follow

• The first row performs three of the addition operations.

• The second row performs only one addition operation.

• The third row performs three of the addition operations.

• The fourth row performs only one addition operation.

As a result, each group will perform 8 addition opera-

tions instead of 12 addition operations in C-PTS, as shown

in Table 3. Therefore, the number of addition operations of

Gray-PF-PTS A can be calculated as

C
Gray-PTS A
add = 2V−1 × V × N ,W = {±1,±j}. (16)

Gray-PF-PTS A algorithm can reduce the computational

complexity significantly compared with the C-PTS tech-

nique, especially when W = {±1, ±j}. However, the PAPR

reduction performancewill record some degradation, because

the number of candidates will be reduced.

D. THE GRAY-PF-PTS B ALGORITHM

In this case, additional phase rotation factors are generated

based on performing the conjugate operation to each phase

rotating vector of the Gray-PF-PTS A list. Hence, a new

set of the phase rotation factored will be created, as shown

in Table 4.

Accordingly, the phase rotation factors can be divided into

4 groups, and the elements in each group are consistent in a

fixed structure, in which all the vectors have j and -j elements

except the vectors [1, 1, 1, 1], and [1, −1, 1, −1]; thus, they

will be ignored, because they already existed in the Gray-

PF-PTS A list. Therefore, the number of multiplication and

TABLE 4. The phase rotation factors in the Gray-PF-PTS B algorithm.

TABLE 5. The multiplication operations in the Gray-PF-PTS B algorithm.

addition operations can be reduced based on the relationship

between the phase factors in each group, as follow:

E. MULTIPLICATION OPERATIONS

All the groups will follow the same procedure of the Gray-

PF-PTS A algorithm except groups A and B.

Group A

• The first column always consists of element 1, so there

is no need to perform any multiplication operation.

• The second column consists of the same elements,

so there is only one multiplication operation.

• The third column consists of two different elements,

so there are two of the multiplication operations.

• The fourth column consists of three different elements,

so there are three of the multiplication operations.

Group B

• The first column always consists of element 1, so there

is no need to perform any multiplication operation.

• The second column consists of the same elements,

so there is only one multiplication operation.

• The third column consists of two different elements,

so there are two of the multiplication operations.

• The fourth column consists of two different elements,

so there are two of the multiplication operations.

As a result, each group will perform 6 of the multiplication

operations except group B which has 5 of the multiplication

operations, as shown in Table 5. Therefore, the number of

multiplication operations of using the conjugate operation

can be calculated as

C
conjugate
mult =

[

2V−1

(

V

2
+ 3

)

× N

]

− 3N . (17)

Hence, the number of multiplication operations of the

Gray-PF-PTS B algorithm can be calculated as

C
Gray-PTS B
mult = C

Gray-PTS A
mult + C

conjugate
mult , (18)
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TABLE 6. The addition operations in the Gray-PF-PTS B algorithm.

thus,

C
Gray-PTS B
mult =2

[

2V−1

(

V

2
+3

)

×N
]

−3N , W ={±1, ±j}.

(19)

F. ADDITION OPERATIONS

All the groups will follow the same procedure of the Gray-

PF-PTS A algorithm except groups A and B.

Group A

• The second row performs three of the addition opera-

tions.

• The third row performs three of the addition operations.

• The fourth row performs only one addition operation.

Group B

• The first row performs three of the addition operations.

• The second row performs only one addition operation.

• The fourth performs three of the addition operations.

As a result, each group will perform 8 addition operations

except two of the groups will perform 7 addition operations,

as shown in Table 6. Therefore, the number of addition oper-

ations using the conjugate operation can be calculated as

C
conjugate
add =

[

2V−1 × V × N
]

− 2N , (20)

thus,

C
Gray-PTS B
add = 2

[

2V−1 × V × N
]

− 2N , W = {±1,±j}.
(21)

The Gray-PF-PTS B algorithm can reduce the computa-

tional complexity significantly compared with C-PTS tech-

nique, especially when W = {±1, ±j}. Moreover, the PAPR

reduction performance will improve better than the Gray-PF-

PTS A algorithm, because the number of candidates will be

increased.

G. THE GRAY-PF-PTS C ALGORITHM

In this case, an additional list of the phase rotation factors is

generated based on performing the flipping operation to the

fourth’s element of each phase rotating vector in the Gray-

PF-PTS A list. Hence, a new set of the phase rotation factor

will be created, as shown in Table 7.

Accordingly, the phase rotation factors can be divided into

4 groups, and the elements in each group is consistent in a

fixed structure, in which the fourth element of the third row

TABLE 7. The phase rotation factors in the Gray-PF-PTS C algorithm.

is always (1), and the vectors [1, 1, 1, j] and [1, −1, 1, −j]

will be ignored, because they already existed in the Gray-PF-

PTS A list. Therefore, the number of the multiplication and

addition operations can be reduced based on the relationship

between the phase factors in each group, as follow:

H. MULTIPLICATION OPERATIONS

All the groups will follow the same procedure of the Gray-

PF-PTS A algorithm except groups A and B, as follow

• The first column always consists of element 1, so there

is no need to perform any multiplication operation.

• The second column consists of the same elements,

so there is only one multiplication operation.

• The third column consists of two different elements,

so there are two of the multiplication operations.

• The fourth column consists of two different elements,

so there are two of the multiplication operations.

As a result, each group will perform 6 multiplication oper-

ations except group A and B will perform 5 multiplication

operations, as shown in Table 8. Therefore, the number of

multiplication operations of flipping operation can be calcu-

lated as

C
flipping
mult =

[

2V−1

(

V

2
+ 3

)

× N

]

− 4N . (22)

TABLE 8. The multiplication operations in the Gray-PF-PTS C algorithm.

Hence, the number of the multiplication operations of

Gray-PF-PTS C algorithm can be calculated as

C
Gray-PTS C
mult = C

Gray-PTS A
mult + C

Gray-PTS B
mult + C

flipping
mult , (23)

thus,

C
Gray-PTS C
mult =3

[

2V−1

(

V

2
+3

)

×N
]

−7N , W ={±1, ±j}.

(24)
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TABLE 9. The addition operations in the Gray-PF-PTS C algorithm.

I. ADDITION OPERATIONS

All the groups will follow the same procedure of the Gray-

PF-PTS A algorithm except groups A and B

Group A

• The first row performs three of the addition operations.

• The third row performs three of the addition operations.

• The fourth row performs only one addition operation.

Group B

• The first row performs three of the addition operations.

• The second row performs only one addition operation.

• The fourth performs three of the addition operations.

As a result, each group will perform 8 addition operations

except two of the groups will perform 7 addition operations,

as shown in Table 9. Therefore, the number of addition oper-

ations of using the flipping operation can be calculated as

C
flipping
add =

[

2V−1 × V × N
]

− 2N , (25)

Hence, the number of the addition operations of Gray-PF-

PTS C algorithm can be calculated as

C
Gray-PTS C
add = C

Gray-PTS A
add + C

Gray-PTS B
add + C

flipping
add , (26)

thus,

C
Gray-PTS C
add = 3

[

2V−1×V×N
]

−4N , W = {±1,±j}.
(27)

The Gray-PF-PTS C algorithm can reduce the computa-

tional complexity significantly compared with C-PTS tech-

nique, especially when W = {±1, ±j}. Moreover, the PAPR

reduction performance will be almost the same that of the

C-PTS method, because the number of candidates will be

increased.

In brief, the Gray-PTS algorithms whenW = {±1,±j} are

summarized as follows:

i. Perform Gray code for n = V .

ii. Perform LFSR for each codeword of Gray code list.

iii. Invert the codewords that begin with (0).

iv. Add each codeword with corresponding LFSR code-

word depending on the mapping pattern.

v. Collect the generated phase rotation factor vectors and

apply the Gray-PF-PTS A algorithm.

vi. Perform the conjugate operation on the Gray-PF-PTS

A algorithm to generate a new list of the phase rotation

factors and apply the Gray-PF-PTS B algorithm

vii. Perform the flipping operation to the Gray-PF-PTS

A algorithm to generate an additional list of the

phase rotation factors and apply the Gray-PF-PTS C

algorithm.

On the other hand, the Gray-PF-PTS algorithm has another

advantage compared with the C-PTS method, where the side

information bits required to recover the original signal can

be reduced. In the three types of the Gray-PTS algorithm,

it can only transfer the Gray code index to the receiver and

then producing the phase rotation factor of the three types

of the Gray-PF-PTS algorithms according to the LFSR or

conjugate or flipping operation. Therefore, the number of

side information bits of the Gray-PF-PTS algorithms can be

given as

SIGray-PTS = log2 2
V , W = {±1,±j}. (28)

V. RESULTS AND DISCUSSION

The key idea of the Gray-PF-PTS algorithm is to employ

the Gray code strings to produce the phase rotation fac-

tors for optimizing the transformed subblocks and then to

combine these subblocks to generate the candidate signals.

In this subsection, the CCDF will be evaluated when W =
{±1, ±j}, N = 512 and 4096 points, while the order of

QAM constellation mapping (M ) is 256 and 64, respectively.

In addition, the oversampling factor L = 4, the number of

the subblocks V = 4, the number of cyclic prefixes (CP) is

7% of the IFFT length, and the filter length FL is the half of

IFFT length +1, and the roll-off factor of the RRC window

α is 0.6. The Solid-State Power Amplifier (SSPA) nonlinear

HPA model which is commonly used in mobile and cellular

communication systems has been adopted. In this simulation,

the amplifier parameters are computed when Input Back-Off

(IBO = 3 dB), and the smoothness control (p = 3.286) [49].

Moreover, the three types of the Gray-PF-PTS algorithm

will be applied to the OFDM and F-OFDM systems to eval-

uate the PAPR reduction performance and the BER level.

It important to mention that the C-PTS method is assumed

based on a pseudo-random partitioning scheme, so as the

conventional PTS is termed to PR-PTS in this simulation.

A. PAPR AND BER EVALUATION

In the OFDM system, the number of subcarriers is chosen

as 512 and M = 256, these parameters correspond to

IEEE802.11.ac standard, 4G-LTE standard, and 5G candidate

for the wireless systems. In this part, the PAPR reduction

performance of the proposed algorithms and some of the

improved PTS algorithm in literature are simulated, where

the proposed algorithms Gray-PF-PTS A, Gray-PF-PTS B,

and Gray-PF-PTS C when V = 4 and W = 4 represent 16,

30, and 40 iterations. Besides, the conventional PTS method,

PR-PTS, (W = 4), Liu’s algorithm (W = 4) [22], Lan-

xun’s algorithm (W = 4) [23], Jayalath’s algorithm (8.6 dB

threshold) [24], L. Wang’s algorithm (W = 4) [21], Junjun’s

algorithm (W = 2) [30], and PR-PTS (W = 2) represent

64, 30, 12, 38, 64, 8, and 8 iterations. As can be seen from
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FIGURE 7. CCDF of the Gray-PF-PTS algorithms in OFDM, N = 512,
M = 256.

FIGURE 8. BER of the Gray-PF-PTS A algorithm in OFDM, N = 512,
M = 256.

Figure 7, when CCDF at 10−3, the Gray-PF-PTS A, Gray-

PF-PTS B, and Gray-PF-PTS C algorithms reduce the PAPR

value compared with the original OFDM signal by 2.81 dB,

3.07 dB, 3.23 dB, respectively. Also, PR-PTS, Liu’s algo-

rithm, Lan-xun’s algorithm, Jayalath’s algorithm, L. Wang’s

algorithm reduce the PAPR value compared to the original

OFDM signal by 3.29 dB, 3.02 dB, 2.7 dB, 2.83 dB, and

3.29 dB, respectively. In the same hand, the PR-PTS (W = 2)

method and the Junjun algorithm reduce the PAPR value

compared to the original signal by 2.61 dB. It is clear that

the Gray-PF-PTS C achieves almost the same PAPR value

compared to the PR-PTS (W = 4) method; with the consid-

eration that the Gray-PF-PTS C only needs 40 iterations to

achieve its PAPR value, while the PR-PTS method performs

64 iterations. On the other hand, Figure 8 presents the BER

performance of the Gray-PF-PTSA algorithm compared with

the original OFDM signal. The result indicates that the BER

performance for both signals is identical, because of the prob-

abilistic nature of theGray-PF-PTSA algorithm,whichmain-

tains the BER performance without degradation. Moreover,

Figure 9 illustrates the BER performance of the Gray-PF-PTS

FIGURE 9. BER of the Gray-PF-PTS A algorithm in OFDM with and without
SSPA, N = 512, M = 64.

FIGURE 10. CCDF for the Gray-PF-PTS algorithm in OFDM, N = 4096,
M = 64.

Awith and without HPA (SSPA). The nonlinearity exhibits of

the HPA distortion causes a loss of orthogonality among the

subcarriers, and this leads to in-band distortion or intercarrier

interference (ICI) is introduced [50]. The ICI power is pro-

portional to the amplitude of the signal at the amplifier input

and this causes a considerable BER degradation.

In the same manner, another simulation is conducted when

the IFFT size is 4096, and the constellation order is 64-QAM,

see Figure 10. The results show that the PAPR value has

been reduced using Gray-PF-PTS A, Gray-PF-PTS B, and

Gray-PF-PTS C algorithms by 2.3 dB, 2.54 dB, and 2.64 dB.

Moreover, the PAPR value has been reduced using PR-PTS

(W = 4), Liu’s algorithm (W = 4), Lan-xun’s algorithm,

Jayalath’s algorithm (9.6 dB threshold), L.Wang’s algorithm,

PR-PTS (W = 2), and Junjun’s algorithm by 2.74 dB,

2.51 dB, 2.15 dB, 2.45 dB, 2.74 dB, 2.12 dB, and 2.12 dB,

respectively. Therefore, the Gray-PF-PTS C algorithm can

achieve almost the same PAPR reduction performance of the

PR-PTS (W = 4) method with fewer iterations, and this
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FIGURE 11. BER of the Gray-PF-PTS A algorithm in OFDM, N = 4096,
M = 64.

FIGURE 12. BER of the Gray-PF-PTS A algorithm in OFDM with and
without SSPA, N = 4096, M = 64.

leads to reducing the computational complexity significantly.

Again, the Gray-PF-PTS A algorithm maintains the BER

performance without degradation compared with the origi-

nal OFDM signal, as shown in Figure 11. In addition, the

comparison of the BER performance between the Gray-PF-

PTSA algorithmwith and without SSPAmodel is coeducated

in Figure 12. It is clear that the nonlinearity exhibit of the

SSPA model influences to the OFDM signal and leads to

degradation in the BER performance.

In the F-OFDM system, a comparison between the Gray-

PF-PTS algorithms and the PR-PTS method based on the

OFDM and F-OFDM systems is conducted. The parameters

for this simulation are: N = 512, M = 256, V = 4,

L = 4, W = 4, CP = 144, FL = 1025, and α = 0.6.

Figure 13 illustrates the PAPR reduction performance for

various algorithms, where the PAPR value based on OFDM

is 8.15 dB, 8.23 dB, 8.39 dB, 8.6 dB, and 11.43 dB for PR-

PTS, Gray-PF-PTS C, Gray-PF-PTS B, Gray-PF-PTS A, and

the original signal, respectively. Moreover, the PAPR value

FIGURE 13. Comparison of the PAPR performances for the original signal,
PR-PTS, and Gray-PF-PTS algorithms based on OFDM and F-OFDM,
N = 512, M = 256.

FIGURE 14. BER of the Gray-PF-PTS algorithm in F-OFDM, N = 512,
M = 256.

based on F-OFDM is 9.83 dB, 9.9 dB, 10.06 dB, 10.27 dB,

and 13.1 dB for PR-PTS, Gray-PF-PTS C, Gray-PF-PTS B,

Gray-PF-PTSA, and the original signal, respectively. It is evi-

dent that the PAPR reduction performances of the algorithms

based on OFDM are superior to the same schemes based on

F-OFDM by 1.68 dB because the transmitter filter increases

the gap between the peak power andmean power of the signal.

Furthermore, the BER performances of the Gray-PF-PTS A

scheme is compared with the original F-OFDM signal, where

the BER performances for both signals are identical, as shown

in Figure 14.

Besides, the comparison in terms of the BER performance

between the Gray-PF-PTS A based on OFDM and the same

algorithm based on F-OFDM is plotted in Figure 15. The

probability of error in Gray-PF-PTS A based on F-OFDM

is 1.9 × 10−3 and 5.27 × 10−4 at 18 dB and 20 dB of SNR,

respectively, while the BER value of Gray-PF-PTS A based

on OFDM is 4.33 × 10−3 and 1.5 × 10−3 at 18 dB and

20 dB of SNR, respectively. It is clear that the Gray-PF-PTS
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FIGURE 15. BER of Gray-PF-PTS A based on OFDM and F-OFDM, N = 512,
M = 256.

FIGURE 16. BER of Gray-PF-PTS A based on OFDM and F-OFDM with and
without SSPA, N = 512, M = 64.

A algorithm based on F-OFDM has better BER performance

than the same algorithm based on OFDM. This gain in the

BER performance is due to the filtering operation, where

the transmitter filter works to remove the sidelobes of the

OFDM signal; thus, the interference between the symbols

is reduced. Also, Figure 16 presents the BER performance

of the proposed algorithm based on OFDM and F-OFDM.

It can be seen that the SSPA model leads to degradation the

BER performance compared with the system without SSPA

model. Also, it is noted that the BER performances for the

proposed algorithmwith SSPAmodel suffer from error floors

that appear at high SNRs, which are due to the nonlinear

effect of the SSPA [50].

B. PSD EVALUATION

In this subsection, the PSD performance of the transmit-

ted signal based on the OFDM and F-OFDM systems has

been evaluated. Figure 17 illustrates the PSD shape com-

parison of the Gray-PF-PTS based on OFDM system and

FIGURE 17. Comparison of the PSD performance for the Gray-PF-PTS A
based on OFDM and F-OFDM systems, N = 512, M = 256.

FIGURE 18. Comparison of the PSD performance for the Gray-PF-PTS C
based on OFDM and F-OFDM systems, N = 4096, M = 16.

the same algorithm based on F-OFDM when N = 512

and M = 256. The result indicates that the OOBE of the

Gray-PF-PTS A algorithm starts at -28.78 dB for OFDM,

while the same algorithm starts at -94.62 dB for F-OFDM.

Hence, the enhancement in PSD performance is 65.84 dB by

applying the F-OFDM system. Another example is conducted

when N = 4094 and M = 64, as shown in Figure 18. It is

clear that the enhancement in PSD performance is 109.8 dB

for the Gray-PF-PTS C based on F-OFDM. This advantage

of the F-OFDM system is because the transmitter filter sup-

presses the OOBE leakage of the OFDM signal.

C. COMPUTATIONAL COMPLEXITY EVALUATION

The computational complexity here represents the num-

ber of complex addition and multiplication operations in

the time-domain. In this subsection, the mathematical cal-

culation of the Gray-PF-PTS algorithms will be calcu-

lated and compared with the PR-PTS method and some of

the related methods that were presented in the literature.

Table 10 records the time-domain equations of the com-

plex addition and multiplication operations for C-PTS based
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TABLE 10. Complexity equations of Gray-PF-PTS, PR-PTS, and some of the previously suggested methods in the time-domain.

TABLE 11. Computational complexity of Gray-PF-PTS and the various improved PTS methods in the literature, V = 4, W = 4.

on pseudo-random partitioning scheme, Gray-PF-PTS, and

some of the improved PTS algorithms in the literature. The

parameters that related to the computational complexity cal-

culations are: the number of the subcarriers N = [64, 128,

256, 512, 1024, 2048, 4096], the number of subblocks V = 4,

the number of elements for the phase rotation factor W =
2 and 4, the number of conjugated subblocks (SS) = 1,

which related to Wang and Cao [28], the number of special
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TABLE 12. Side information bits of Gray-PF-PTS and the various improved PTS methods in the literature, V = 4, W = 4.

subblocks circular permutation (SSCP) = 3 which relates

to Wang’s method [29], the determination value (alfa) =
0.5 which relates to Sarawong’s method [27], the number of

shift sets (H ) = 64 which relates to Kim’s method [25], the

number of iterations (I ) which is related to the Jayalath algo-

rithm [24], Liu algorithm [22], and Lan-xun algorithm [23].

For simplicity, we ignore the dependence on the oversam-

pling factor L and the number of cyclic prefixes CP for all

equations. Also, it is important to mention that the equations

represent the time-domain complexity of the transmitter side

based on the PTS technique in the OFDM system.

Table 11 records the number of complex addition and mul-

tiplication operations for the various algorithms in Table 10.

In case of W = 4, the number of complex additions

for the Gray-PF-PTS C has been reduced by 52.08%,

4.16%, 14.29%, and 28.12% compared with PR-PTS or

Sarawong et al. [27] or Kim [25] or Wang and Liu [29],

Liu et al. [22] or Wang and Cao [28], Jayalath and Telebu-

reau [24], and Wang and Liu [21], respectively. However,

the number of complex multiplications for Gray-PF-PTS C

algorithm has been reduced by 64.37%, 28.75%, 40%, and

10.93% compared with PR-PTR or Sarawong et al. [27],

Liu et al. [22], Jayalath and Telebureau [24], Wang and

Liu [21], respectively. Also, Figure 19 and Figure 20 depicts

the complex additions and multiplications levels of the Gray-

PF-PTS algorithms compared with the other algorithms in

the literature. The results show that the Gray-PF-PTS A

algorithm has the lowest computational complexity among

the algorithms in Table 11.Moreover, theGray-PF-PTSB and

Gray-PF-PTS C algorithms outperforms the other algorithms

except for the complexity of Lan-xun’s algorithm [23] and

Jayalath’s algorithm [26]; with the consideration that the pro-

posed algorithms exceed Lan-xun’s algorithm and Jayalath’s

algorithm regarding the PAPR reduction performance signif-

icantly, as shown in Figure 7 and 10. The enhancement in

the computational complexity level of the Gray-PF-PTS A is

due to exploiting the relationship nature among the Gray code

strings to reduce the number of addition and multiplication

operations for finding the optimum phase rotation factors.

On the other hand, Table 12 lists the side information

bits required for the various algorithms in this subsection.

Another advantage of the Gray-PF-PTS algorithms related

to transferring the side information bits to the receiver was

found. It is only necessary to transfer the Gray code index

to the receiver which can produce the phase rotation fac-

tor of the three types of the Gray-PF-PTS algorithms. It is

clear that the Gray-PF-PTS algorithms required 4 bits as side

FIGURE 19. Comparison of the number of complex additions for various
algorithms in Table 11.

FIGURE 20. Comparison of the number of complex multiplications for
various algorithms in Table 11.

information compared with 5 bits for Liu et al. [22] andWang

and Cao [28], and 6 bits for the other algorithms with the

consideration that the number of W = 4. Therefore, the

Gray-PF-PTS algorithms can be considered better than other

algorithms in terms of side information level.

As a result, the Gray-PF-PTS algorithm reduces the

computational complexity level and the side information

level extensively compared with the C-PTS method without

degradation in the PAPR reduction performance. Therefore,

the Gray-PF-PTS algorithm can be used to improve the PAPR

reduction performance with low computational complexity

and side information in the OFDM and F-OFDM systems
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VI. CONCLUSION

In this study, the time domain computational complexity level

in the PTS technique is significantly reduced by applying

a new algorithm to the OFDM and F-OFDM systems. The

Gray-PF-PTS algorithm is proposed relies on employing the

Gray code with the Left Feedback Shift Register operation

through a specific mapping rule to generate the phase rotation

factors of the PTS technique. The scope of phase factor in

Gray-PF-PTS is {±1, ±j} with linear implementation, and

the algorithm is expanded into three algorithms A, B, and

C in order to enhance the PAPR reduction gain in OFDM

and F-OFDM systems. The results indicate that the PAPR

reduction performance of the Gray-PF-PTS C algorithm is

almost the same as the conventional PR-PTS method, while

the proposed algorithm is reduced the additions and multi-

plications operations by 52.06% and 64.37% compared with

the PR-PTS method. Also, the number of side information

bits of the proposed algorithm has been reduced by 33.33%

compared with the conventional PTS method. Therefore,

Gray-PF-PTS C can be deemed an efficient algorithm for

enhancing the PAPR reduction capacity with low computa-

tional complexity and side information level in both OFDM

and F-OFDM systems.
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