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REDUCTION IN CODIMENSION OF MIXED FOLIATE
CR-SUBMANIFOLDS OF A KAEHLER MANIFOLD

By SHARIEF DESHMUKH

Abstract

Starting with a proper mixed foliate CR-submanifold M of dimension
2p+q in a hyperbolic complex space form M(—4) of dimension m (m=2p+2g),
it has been proved that under a suitable condition on second fundamental form
there exists a (2p+2¢)-dimensional totally geodesic submanifold M’ of M such
that M is a mixed foliate CR-submanifold of M’.

1. Let M be an m-dimensional hyperbolic complex space form, that is, a
Kaehler manifold of constant holomorphic sectional curvature —4. The curvature

tensor R or M is given by
(1.D RX, V) Z=—{g(¥, 2)X—g(X, Z)Y+&(JY, Z)]X
—g(JX, 2)JY +2¢(X, JY)]Z},

where J is the almost complex structure of M and g is the hermitian metric.

A (2p+q¢)-dimensional submanifold M of M is called a CR-submanifold if
there exists a pair of orthogonal complementary distributions D and D* such
that JD=D and JD‘*Cy, where v is the normal bundle of M and dim D=2p,
dim D*=gq, [1]. A CR-submanifold is said to be proper if neither D:{(ﬁ nor
D*={0}. We shall denote by ¥, V, V* the Riemannian connections on M, M,
and the normal bundle respectively. They are related by the Gauss and
Weingarten formulae

(1.2) TxY=V3Y+h(X,Y), YyN=—AyX+V4N, Ney
where A(X,Y) and AyX are second fundamental forms and g(h(X,Y), N)
=g(AxX, ).

A CR-submanifold M is said to be mixed foliate if (i) D is integrable, and
(ii) (X, Y)=0, XD, YeD*. Mixed foliate CR-submanifolds have been studied
by A. Bejancu [1] and B. Y. Chen [2]. It is known that if M is a mixed foliate
CR-submanifold of a complex space form M(c), then ¢<0, that is why we
consider mixed foliate CR-submanifolds of M(—4). In a mixed foliate CR-sub-
manifold of a Kaehler manifold the following hold good [2]
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(1.3) WX, JY)=h(JX,Y), X,YeD
(1.4) AyXeD, XD and AyXeD*, XeD*
(1.5) AyJX=—JAyX, XD
(1.6) A;xY=A,pX, X, YeD-

The normal bundle splits as v=JD*@y, where g is a J-invariant sub-bundle of v.
For a submanifold M, the first normal space N} and the first osculating
space O} at p=M are defined by

Ny={hp(Xp, Yp): Xp, Y,€T,M} and OL=T,M®N},

where T,M is the tangent space of M at p. A subspace V of T,M is said to
define a Lie-triple system if R,(X,, Y,)Z,€V for X,, Y,, Z,€V. For a Lie-
triple system V in a symmetric space M, there exists a unique complete totally
geodesic submanifold M’ of M such that T,M’'=V, (cf. [6]).

The equations of Gauss, Codazzi and Ricci are

.7 RX,Y;Z, W)y=R(X,Y; Z, W)+gh(X, Z), h(Y, W))
—g(r(Y, 2), KX, W))

(1.8) [RX, V)Z1*=xh)Y, Z)~Trh)X, Z)

(1.9) R(X, Y ; Ny N)=R*X, Y ; Ny, No)—g([Aw,, An,J(X), V),

where [ ]* denotes the normal component, R* is the curvature tensor of V-*,
and Nxh)Y, Z2)=V%h(Y, Z)—h(NyY, Z)—h(Y, Vs Z).

2. Let M be a mixed foliate CR-submanifold of M(—4). Then it follows
that (cf. [2]).
VYD, X, YeD';VyYeD, XeD‘, YeD and

vJYeJD, XeD, YeD-

(2.1)

PROPOSITION 2.1.  Let M be a proper mixed foliate CR-submanifold of hyper-
bolic complex space form M(—4). Then h(X, Y)=JD', X, YD.

Proof. For X,YeD and Z<D*, the equation (1.1) gives
(2.2) [RX, V)Z]*=—2g(X, JV)]Z.
Using this in equation (1.8) and noting that A([X, Y], Z2)=0, we get
(2.3 —2g(X, J)JZ=h(X, Ny Z)—h(Y,xZ).

Taking the inner product with JWe JD* and replacing X by JX we get
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(2.4) 28(X, g(Z, W)=g(AswX, AszY)+g(A;zX, AswY),

where we have used A;,wX, JA;wX<D and the equations (1.2), (1.5).
Also for X, YeD, ZeD* and Ney, using (1.1) and (1.9), we get

(2.5) g([Asz, Av](X), Y)=0,

where we use the fact R(X, Y)JZ<JD* by virtue of (2.1). Taking inner
product with Neyg in (2.3), we get with similar techniques as in (2.4) that

(2.6) g(AnX, AszY)+g(AszX, AyY)=0.

Combination of (2.5) and (2.6) gives A;z(AyX)=0, X D. Since, for every
XeD, AyXeD, replacing X by AyX in (2.4) and using A, z(Ay X)=A,w(AxX)
=0, we get

2g8(An X, Y)g(Z, W)=0

and M being a proper CR-submanifold we get g(h(X, Y), N)=0.

COROLLARY 2.1. Let M be a proper mixed foliate CR-submanifold of a
hyperbolic complex space form M(—4). Then
(a) A%, X=X, X&D and Z a unit vector in D*
(b) AJZAJWX:—AJZAJZX, XeD and ZJ_W, Z, WeD*.

The proof follows from equation (2.4).

LEMMA 2.1. Let M be a mixed foliate CR-submanifold of M(—4). Then for
X, Y, Z€ X(M), the Lie-algebra of vector fields on M

R.( Xy, Y)Z o, Rp(]Xp, Yo Zo,, I?(]Xp, JY)JZ,eT ,MDJD},
for pe M.

The proof is trivial and follows at once from (1.1).

LEMMA 2.2. Let M be a proper mixed foliate CR-submanifold of M(—4)
satisfying h(X, Y)eJD* for X, YED*. Then T,M@JD3 is the first osculating
space at pE M.

Proof. It suffices to prove
JD'={h(X,Y): X, Y +x(M)}.

From proposition 2.1 it follows that {A(X,Y): X, YeXM)}cC/D*. Now sup-
pose there exists a unit vector JZ< JD* such that g(A(X,Y), JZ)=0 for all
X, Ye X(M). This gives g(A;zX, Y)=0 for all Y. In particular we have for
XeD and Y=A4,,X, g(A,;zX, A;zX)=0. Which is impossible by Corollary 1.1
(a), unless M is totally real (that is D={0}). Hence we get the quality.
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Now we prove the main result.

THEOREM. Let M be a (2p-+q)-dimensional proper mixed foliate CR-submani-
fold of the hyperbolic complex space form M(—4) of dimension m (m=2p+2q)
satisfying h(X, Y)eJD*+ for X, YeD*. Then there exists a complete totally
geodesic complex submanifold M’ of dimension 2p+2q of M such that M is a
mixed foliate CR-submanifold of M’.

Proof. By Lemmas 2.1 and 2.2, it follows that the osculating space O} is
a Lie-triple system at each point pM. Hence there exists a complete totally
geodesic submanifold M’ of M(—4) of dimension=dim 0,=2p+2¢. By a result
of Chen and Ogiue [4], submanifolds of complex space forms with parallel
second fundamental form are either complex or totally real. Since M’ is totally
geodesic it satisfies the hypothesis of this Theorem, and therefore M’ is either
a complex or totally real submanifold. But owing to the presence of the non-
trivial J-invariant D, it cannot be totally real. In fact M’ is a hyperbolic
complex space form, and M is a mixed foliate CR-submanifold of M’(—4).
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