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REFINEMENTS OF HERMITE-HADAMARD TYPE INEQUALITIES
FOR DIFFERENTIABLE CO-ORDINATED CONVEX FUNCTIONS

AND APPLICATIONS

Kai-Chen Hsu

Abstract. In this paper, we shall establish some inequalities for differentiable
co-ordinated convex and concave functions on a rectangle from the plane. They
are connected with the left side of extended Hermite-Hadamard inequality in two
variables. Also, these inequalities are able to be applied to some special means
and cubature formulae.

1. INTRODUCTION

Throughout this paper, let Δ := [a, b]× [c, d] be double intervals with a < b, c < d

in R
2, and a partial derivative of second order ∂2f

∂y∂x is denoted by fxy for brevity.
The inequality

(1.1) f

(
a + b

2

)
≤ 1

b − a

∫ b

a
f (t) dt ≤ f (a) + f (b)

2
,

which holds for all convex functions f : [a, b] → R is known as Hermite-Hadamard’s
inequality [5] or simply Hadamard’s inequality.
For some results which generalize, improve, and extend the inequality (1.1), please

refer to [1-4] and [6-16].
Let us consider a function f (x, y) on a convex subset Δ on R

2. Recall that if the
function f (x, y) defined on Δ is convex and any non-negative constant α ∈ [0, 1] and
any two points X , Y ∈ Δ are both satisfied, the following inequality holds:

f (αX + (1 − α)Y ) ≤ αf (X) + (1 − α) f (Y ) .

Based on the above inequality, Dragomir proposed the concept of co-ordinated
convex functions in [2], defined as follows:
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Definition 1. A function f : Δ → R is said to be convex on the co-ordinates on
Δ if the partial mappings{

f (u, y) : [a, b] → R, ∀ y ∈ [c, d]

f(x, v) : [c, d] → R, ∀ x ∈ [a, b]

are convex.

Definition 2. A function f : Δ → R is said to be convex on the co-ordinates on
Δ if the inequality

(1.2)
f(tx + (1− t)y, su + (1− s)w)

≤ ts f(x, u)+t(1−s)f(x,w)+s(1−t)f(y, u)+(1−t)(1−s)f(y,w),

holds for all t, s ∈ [0, 1] and (x, u), (x, w), (y, u), (y, w) ∈ Δ.

Clearly, we can observe that every convex function f : Δ → R is convex on the
co-ordinates, but in some special cases, some co-ordinated convex functions are not
convex (please refer to [2]). For more relevant co-ordinated convex functions, please
refer to [4], [7-9] and [11].

The following extended Hadamard’s inequality for co-ordinated convex functions
on Δ in two variables was proved in [2]:

Theorem A. Suppose that f : Δ → R is co-ordinated convex on Δ. Then the
following inequalities hold:

(1.3)

f

(
a + b

2
,
c + d

2

)

≤ 1
2

[
1

b − a

∫ b

a
f

(
x,

c + d

2

)
dx +

1
d − c

∫ d

c
f

(
a + b

2
, y

)
dy

]

≤ 1
(b − a) (d− c)

∫ d

c

∫ b

a
f (x, y)dxdy

≤ 1
4

[
1

b − a

∫ b

a
f (x, c) dx +

1
b − a

∫ b

a
f (x, d)dx

+
1

d − c

∫ d

c
f (a, y) dy +

1
d − c

∫ d

c
f (b, y)dy

]

≤ f (a, c) + f (a, d) + f (b, c) + f (b, d)
4

.

The above inequalities are sharp.

In [9], Latif and Dragomir established the following Hadamard type inequalities
that gave an estimate of the difference in the inequalities (1.3) for differentiable co-
ordinated convex functions on Δ.
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Theorem B. Let f : Δ → R be a partial differentiable mapping on Δ. If |fxy| is
convex on the co-ordinates on Δ, then the following inequality holds:

(1.4)

∣∣∣∣ 1
(b − a) (d − c)

∫ b

a

∫ d

c
f (x, y) dydx + f

(
a + b

2
,
c + d

2

)
− P

∣∣∣∣
≤ (b − a) (d − c)

16

[ |fxy (a, c)| + |fxy (a, d)| + |fxy (b, c)| + |fxy (b, d)|
4

]
,

where

P =
1

b − a

∫ b

a
f

(
x,

c + d

2

)
dx +

1
d − c

∫ d

c
f

(
a + b

2
, y

)
dy.

Theorem C. Let f : Δ → R be a partial differentiable mapping on Δ. If |fxy|q is
convex on the co-ordinates on Δ and p, q > 1,1p + 1

q = 1, then the following inequality
holds:

(1.5)

∣∣∣∣ 1
(b − a) (d− c)

∫ b

a

∫ d

c
f (x, y)dydx + f

(
a + b

2
,
c + d

2

)
− P

∣∣∣∣
≤ (b−a) (d−c)

4 (p+1)
2
p

[ |fxy(a, c)|q+|fxy(a, d)|q+|fxy(b, c)|q+|fxy(b, d)|q
4

] 1
q

,

where P is as given in Theorem B.

The following theorem shows the result of giving Theorem C an improved and
simplified constant.

Theorem D. Let f : Δ → R be a partial differentiable mapping on Δ. If |fxy|q is
convex on the co-ordinates on Δ and q ≥ 1, then the following inequality holds:

(1.6)

∣∣∣∣ 1
(b − a) (d− c)

∫ b

a

∫ d

c
f (x, y)dydx + f

(
a + b

2
,
c + d

2

)
− P

∣∣∣∣
≤ (b−a) (d−c)

16

[ |fxy(a, c)|q+|fxy(a, d)|q+|fxy(b, c)|q+|fxy(b, d)|q
4

] 1
q

,

where P is as given in Theorem B.

The following theorem discusses about concave functions on the co-ordinates on
Δ.

Theorem E. Let f : Δ → R be a partial differentiable mapping on Δ. If |fxy|q is
concave on the co-ordinates on Δ and q ≥ 1, then the following inequality holds:
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(1.7)

∣∣∣∣ 1
(b − a) (d− c)

∫ b

a

∫ d

c
f (x, y)dydx + f

(
a + b

2
,
c + d

2

)
− P

∣∣∣∣
≤ (b − a) (d − c)

64

[∣∣∣∣fxy(
a + 2b

3
,
c + 2d

3
)
∣∣∣∣+
∣∣∣∣fxy(

a + 2b

3
,
2c + d

3
)
∣∣∣∣

+
∣∣∣∣fxy(

2a + b

3
,
c + 2d

3
)
∣∣∣∣+
∣∣∣∣fxy(

2a + b

3
,
2c + d

3
)
∣∣∣∣
]

,

where P is as given in Theorem B.

The aim of this paper is to establish some extended Hadamard type inequalities
which could improve the Theorems B-D and generalize the Theorems E. Also, the
paper aims to note some consequent applications to special means and to provide the
cubature formula.
In order to show our main results, we need the following identities (I)-(III):
(I) For a ≤ A ≤ b, c ≤ C ≤ d, the following four identities hold:∫ C

c

∫ A

a
(x − a) (y − c) (A − x) (C − y) dxdy =

1
36

(A − a)3 (C − c)3 ,

∫ C

c

∫ A

a

(x − a) (y − c) (x − a) (C − y) dxdy =
1
18

(A − a)3 (C − c)3 ,

∫ C

c

∫ A

a
(x − a) (y − c) (A − x) (y − c) dxdy =

1
18

(A − a)3 (C − c)3 ,

∫ C

c

∫ A

a
(x − a) (y − c) (x − a) (y − c) dxdy =

1
9

(A − a)3 (C − c)3 .

(II) For a ≤ A ≤ b, a ≤ B ≤ b, c ≤ C ≤ d, the following eight identities hold:∫ d

C

∫ B

a
(x − a) (d − y) (B − x) (d− y) dxdy =

1
18

(B − a)3 (d− C)3 ,

∫ d

C

∫ B

a
(x − a) (d − y) (x − a) (d − y) dxdy =

1
9

(B − a)3 (d − C)3 ,

∫ d

C

∫ B

a
(x − a) (d − y) (B − x) (y − C) dxdy =

1
36

(B − a)3 (d− C)3 ,

∫ d

C

∫ B

a
(x − a) (d − y) (x − a) (y − C) dxdy =

1
18

(B − a)3 (d − C)3 ,
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∫ C

c

∫ b

A
(b − x) (y − c) (b − x) (C − y) dxdy =

1
18

(b − A)3 (C − c)3 ,

∫ C

c

∫ b

A
(b − x) (y − c) (x − A) (C − y) dxdy =

1
36

(b − A)3 (C − c)3 ,

∫ C

c

∫ b

A
(b − x) (y − c) (b − x) (y − c) dxdy =

1
9

(b − A)3 (C − c)3 ,

∫ C

c

∫ b

A
(b − x) (y − c) (x − A) (y − c) dxdy =

1
18

(b − A)3 (C − c)3 .

(III) For a ≤ B ≤ b, c ≤ C ≤ d, the following four identities hold:∫ d

C

∫ b

B
(b − x) (d − y) (b − x) (d − y) dxdy =

1
9

(B − b)3 (C − d)3 ,

∫ d

C

∫ b

B
(b − x) (d − y) (x − B) (d − y) dxdy =

1
18

(b − B)3 (d − C)3 ,

∫ d

C

∫ b

B
(b − x) (d − y) (b − x) (y − C) dxdy =

1
18

(b − B)3 (d − C)3 ,

∫ d

C

∫ b

B
(b − x) (d − y) (x − B) (y − C) dxdy =

1
36

(b − B)3 (d− C)3 .

2. MAIN RESULTS

In this section, let the mapping w1 (x, y) for all (x, y) ∈ Δ be defined as follows:

(2.1) w1 (x, y) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(x − a) (y − c) , (x, y) ∈ [a, A]× [c, C]
(x − a) (y − d) , (x, y) ∈ [a, B]× (C, d]
(x − b) (y − c) , (x, y) ∈ (A, b]× [c, C]
(x − b) (y − d) , (x, y) ∈ (B, b]× (C, d]

Now, we are ready to state and prove the main results.

Theorem 1. Let f : Δ → R be a partial differentiable mapping on Δ. If |fxy| is
convex on the co-ordinates on Δ, then the following inequality holds:

(2.2)

∣∣∣∣ 1
(b − a) (d − c)

∫ d

c

∫ b

a
f (x, y)dxdy + M (A, B; C) − N (A, B; C)

∣∣∣∣
≤ E (A, B; C) + R (A, B; C)
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where

M (A, B; C) :=
C − c

d − c
f (A, C) +

d − C

d − c
f (B, C) ,

N (A, B; C) :=
1

b − a

∫ b

a
f (x, C) dx +

1
d − c

[∫ C

c
f (A, y)dy +

∫ d

C
f (B, y) dy

]
,

E (A, B; C) :=
1
36

[
(C − c)2

d − c

(
|fxy (a, c)| (A − a)2

b − a
+ |fxy (b, c)| (b − A)2

b − a

)

+
(d− C)2

d− c

(
|fxy (a, d)| (B − a)2

b − a
+ |fxy (b, d)| (b − B)2

b − a

)]
,

and

R (A, B; C) :=
1

18 (b − a)

[
|fxy (A, c)| (C − c)2

d − c

(
(A − a)2 + (b − A)2

)

+ |fxy (a, C)|
(

(A − a)2
(C − c)2

d− c
+ (B − a)2

(d − C)2

d − c

)

+2 |fxy (A, C)| (C − c)2

d − c

(
(A − a)2 + (b − A)2

)
+2 |fxy (B, C)| (d − C)2

d − c

(
(B − a)2 + (b − B)2

)
+ |fxy (b, C)|

(
(b − A)2

(C − c)2

d− c
+ (b − B)2 (d − C)2

d− c

)

+ |fxy (B, d)| (d − C)2

d − c

(
(B − a)2 + (b − B)2

)]
.

Proof. In order to show our results, we need to denote the following identity
mappings:

(2.3) I (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A − x

A − a
a +

x − a

A − a
A, if a ≤ x ≤ A

b − x

b − A
A +

x − A

b − A
b, if A ≤ x ≤ b

B − x

B − a
a +

x − a

B − a
B, if a ≤ x ≤ B

b − x

b − B
B +

x − B

b − B
b, if B ≤ x ≤ b

and

(2.4) I (y) =

⎧⎪⎨
⎪⎩

C − y

C − c
c +

y − c

C − c
C, if c ≤ y ≤ C

d − y

d − C
C +

y − C

d − C
d, if C ≤ y ≤ d

.
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Integration by parts, we have

1
(b − a) (d − c)

∫ d

c

∫ b

a
f (x, y)dxdy + M (A, B; C)− N (A, B; C)

=
1

(b − a) (d − c)

∫ d

c

∫ b

a
w1 (x, y) · fxy (x, y)dxdy

and then

(2.5)

∣∣∣∣ 1
(b − a) (d − c)

∫ d

c

∫ b

a
f (x, y)dxdy + M (A, B; C) − N (A, B; C)

∣∣∣∣
≤ 1

(b − a) (d− c)

∫ d

c

∫ b

a
|w1 (x, y)| × |fxy (x, y)| dxdy.

By using the identity mappings (2.3) and (2.4), we have

(2.6)

∫ d

c

∫ b

a

|w (x, y)| × |fxy (I (x) , I (y))| dxdy

=
∫ C

c

∫ A

a

(x−a) (y−c)
∣∣∣∣fxy

(
A−x

A−a
a +

x−a

A−a
A,

C−y

C−c
c +

y−c

C−c
C

)∣∣∣∣ dxdy

+
∫ d

C

∫ B

a

(x−a) (d−y)
∣∣∣∣fxy

(
B−x

B−a
a +

x−a

B−a
B,

d−y

d−C
C +

y−C

d−C
d

)∣∣∣∣ dxdy

+
∫ C

c

∫ b

A

(b−x) (y−c)
∣∣∣∣fxy

(
b−x

b−A
A +

x−A

b−A
b,

C−y

C−c
c +

y−c

C−c
C

)∣∣∣∣ dxdy

+
∫ d

C

∫ b

B

(b−x) (d−y)
∣∣∣∣fxy

(
b−x

b−B
B +

x−B

b−B
b,

d−y

d−C
C +

y−C

d−C
d

)∣∣∣∣ dxdy

= I1 + I2 + I3 + I4.

By using the convexity of |fxy| on the co-ordinates on Δ and the inequality (1.2) in
I1, I2, I3 and I4, then we have

I1 ≤ 1
(A − a) (C − c)

∫ C

c

∫ A

a
(x − a) (y − c)

× [(A − x) (C − y) |fxy (a, c)| + (A − x) (y − c) |fxy (a, C)|
+ (x − a) (C − y) |fxy (A, c)| + (x − a) (y − c) |fxy (A, C)|] dxdy

I2 ≤ 1
(B − a) (d− C)

∫ d

C

∫ B

a
(x − a) (d− y)

× [(B − x) (d − y) |fxy (a, C)| + (B − x) (y − C) |fxy (a, d)|
+ (x − a) (d− y) |fxy (B, C)| + (x − a) (y − C) |fxy (B, d)|] dxdy
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I3 ≤ 1
(b − A) (C − c)

∫ C

c

∫ b

A

(b − x) (y − c)

× [(b − x) (C − y) |fxy (A, c)| + (b − x) (y − c) |fxy (A, C)|
+ (x − A) (C − y) |fxy (b, c)| + (x − A) (y − c) |fxy (b, C)|] dxdy

I4 ≤ 1
(b − B) (d − C)

∫ d

C

∫ b

B
(b − x) (d− y)

× [(b − x) (d − y) |fxy (B, C)| + (b − x) (y − C) |fxy (B, d)|
+ (x − B) (d− y) |fxy (b, C)| + (x − B) (y − C) |fxy (b, d)|] dxdy.

By applying the identities (I), (II), (III) to the above four inequalities and then simplify-
ing the results, we get the estimated bounds E (A, B; C) and R (A, B; C). The proof
of the inequality (2.2) is complete.

Corollary 1. Under the assumptions of Theorem 1 with A = B = (a + b) /2 and
C = (c + d) /2, we have

(2.7)

∣∣∣∣ 1
(b − a) (d − c)

∫ d

c

∫ b

a
f (x, y) dxdy + f

(
a + b

2
,
c + d

2

)
− P

∣∣∣∣
≤ E

(
a + b

2
,
a + b

2
;
c + d

2

)
+ R

(
a + b

2
,
a + b

2
;
c + d

2

)
,

where

E

(
a + b

2
,
a + b

2
;
c + d

2

)

:=
(b − a) (d − c)

144

[ |fxy (a, c)| + |fxy (b, c)| + |fxy (a, d)|+ |fxy (b, d)|
4

]
,

R

(
a + b

2
,
a + b

2
;
c + d

2

)

:=
(b − a) (d − c)

144

[∣∣∣∣fxy

(
a + b

2
, c

)∣∣∣∣ +
∣∣∣∣fxy

(
a,

c + d

2

)∣∣∣∣
+4
∣∣∣∣fxy

(
a + b

2
,
c + d

2

)∣∣∣∣+
∣∣∣∣fxy

(
b,

c + d

2

)∣∣∣∣ +
∣∣∣∣fxy

(
a + b

2
, d

)∣∣∣∣
]

,

and P is as given in Theorem B.

The Corollary 1 shows that we get the new estimated bound of Theorem B.
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Remark 1. By using the convexity of |fxy| on the co-ordinates on Δ, we have the
inequality ∣∣∣∣fxy

(
a,

c + d

2

)∣∣∣∣+
∣∣∣∣fxy

(
b,

c + d

2

)∣∣∣∣+
∣∣∣∣fxy

(
a + b

2
, c

)∣∣∣∣
+
∣∣∣∣fxy

(
a + b

2
, d

)∣∣∣∣+ 4
∣∣∣∣fxy

(
a + b

2
,
c + d

2

)∣∣∣∣
≤ 2 (|fxy (a, c)| + |fxy (b, c)|+ |fxy (a, d)| + |fxy (b, d)|) ,

and then

E

(
a + b

2
,
a + b

2
;
c + d

2

)
+ R

(
a + b

2
,
a + b

2
;
c + d

2

)

≤ |fxy (a, c)| + |fxy (b, c)| + |fxy (a, d)| + |fxy (b, d)|
4

× (b − a) (d − c)
16

.

Hence the inequality (2.7) improves Theorem B.

Theorem 2. Let f be defined as Theorem 1. If |fxy|q is convex on the co-ordinates
on Δ and p, q > 1, 1/p + 1/q = 1, then the following inequality holds:

(2.8)

∣∣∣∣ 1
(b − a) (d − c)

∫ d

c

∫ b

a
f (x, y)dxdy + M (A, B; C) − N (A, B; C)

∣∣∣∣
≤ [E1 (A, B; C; q) + R1 (A, B; C; q)]

1
q × W1 (A, B; C; p)

1
p

where M (A, B; C), N (A, B; C) are as given in Theorem 1,

E1 (A, B; C; q)

:=
1
4

[(
C − c

d − c

)(
|fxy (a, c)|q

(
A − a

b − a

)
+ |fxy (b, c)|q

(
b − A

b − a

))

+
(

d− C

d− c

)(
|fxy (a, d)|q

(
B − a

b − a

)
+ |fxy (b, d)|q

(
b − B

b − a

))]
,

R1 (A, B; C; q)

:=
1
4

{([
|fxy (A, c)|q

(
C − c

d − c

)
+ |fxy (B, d)|q

(
d − C

d − c

)])

+ |fxy (a, C)|q
[(

A − a

b − a

)(
C − c

d − c

)
+
(

B − a

b − a

)(
d − C

d − c

)]

+ |fxy (A, C)|q
(

C − c

d− c

)
+ |fxy (B, C)|q

(
d − C

d − c

)

+ |fxy (b, C)|q
[(

b − A

b − a

)(
C − c

d − c

)
+
(

b − B

b − a

)(
d− C

d− c

)]}
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and

W1 (A, B; C; p)

:=
1

(p + 1)2

[
(C − c)p+1

d − c

(
(A − a)p+1

b − a
+

(b − A)p+1

b − a

)

+
(d − C)p+1

d − c

(
(B − a)p+1

b − a
+

(b − B)p+1

b − a

)]
.

Proof. From the inequality (2.5) and Hölder’s inequality, we have∣∣∣∣ 1
(b − a) (d − c)

∫ d

c

∫ b

a
f (x, y)dxdy + M (A, B; C) − N (A, B; C)

∣∣∣∣
≤ 1

(b − a) (d − c)

(∫ d

c

∫ b

a

|w1 (x, y)|p dxdy

)1
p
(∫ d

c

∫ b

a

|fxy (x, y)|q dxdy

)1
q

.

By using the simple integration techniques, we have the identity∫ d

c

∫ b

a

|w1 (x, y)|p dxdy

=
1

(p + 1)2
[
(C − c)p+1

(
(A − a)p+1 + (b − A)p+1

)
+ (d − C)p+1

(
(B − a)p+1 + (b − B)p+1

)]
,

and
∫ d
c

∫ b
a |w1 (x, y)|p / [(b − a) (d − c)] dxdy is denoted by W1 (A, B; C; p).

Now, by using the identities (2.3) and (2.4), and the convexity of |fxy|q on the
co-ordinates on Δ, we have

(2.9)

∫ d

c

∫ b

a
|fxy (x, y)|q dxdy

≤ 1
(A − a) (C − c)

∫ C

c

∫ A

a
[(A − x) (C − y) |fxy (a, c)|q

+ (A − x) (y − c) |fxy (a, C)|q + (x − a) (C − y) |fxy (A, c)|q

+ (x − a) (y − c) |fxy (A, C)|q] dxdy

+
1

(b − A) (C − c)

∫ C

c

∫ b

A
[(b − x) (C − y) |fxy (A, c)|q

+ (b − x) (y − c) |fxy (A, C)|q + (x − A) (C − y) |fxy (b, c)|q

+ (x − A) (y − c) |fxy (b, C)|q] dxdy
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+
1

(B − a) (d − C)

∫ d

C

∫ B

a

[(B − x) (d − y) |fxy (a, C)|q

+ (B − x) (y − C) |fxy (a, d)|q + (x − a) (d − y) |fxy (B, C)|q

+ (x − a) (y − C) |fxy (B, d)|q] dxdy

+
1

(b − B) (d − C)

∫ d

C

∫ b

B
[(b − x) (d − y) |fxy (B, C)|q

+ (b − x) (y − C) |fxy (B, d)|q + (x − B) (d− y) |fxy (b, C)|q

+ (x − B) (y − C) |fxy (b, d)|q] dxdy.

We evaluate the integrals in the above inequality (2.9) and then simplify the integrals
to obtain the estimated bounds E1 (A, B; C; q) and R1 (A, B; C; q). This completes
the proof.

Corollary 2. Under the assumptions of Theorem 2 with A = B = (a + b) /2 and
C = (c + d) /2, we have

(2.10)

∣∣∣∣ 1
(b − a) (d − c)

∫ d

c

∫ b

a
f (x, y)dxdy + f

(
a + b

2
,
c + d

2

)
− P

∣∣∣∣
≤
[
E1

(
a + b

2
,
a + b

2
;
c + d

2
; q
)

+ R1

(
a + b

2
,
a + b

2
;
c + d

2
; q
)] 1

q

×W1

(
a + b

2
,
a + b

2
;
c + d

2
; p
)1

p

where P is as given in Theorem B,

E1

(
a + b

2
,
a + b

2
;
c + d

2
; q
)

:=
1
4
× |fxy (a, c)|q + |fxy (b, c)|q + |fxy (a, d)|q + |fxy (b, d)|q

4
,

R1

(
a + b

2
,
a + b

2
;
c + d

2
; q
)

:=
1
8

[∣∣∣∣fxy

(
a + b

2
, c

)∣∣∣∣
q

+
∣∣∣∣fxy

(
a,

c + d

2

)∣∣∣∣
q

+
∣∣∣∣fxy

(
b,

c + d

2

)∣∣∣∣
q

+2
∣∣∣∣fxy

(
a + b

2
,
c + d

2

)∣∣∣∣q +
∣∣∣∣fxy

(
a + b

2
, d

)∣∣∣∣q
]

and

W1

(
a + b

2
,
a + b

2
;
c + d

2
; p
)

:=

[
(b − a) (d − c)

4 (p + 1)2/p

]p

.
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The Corollary 2 shows that we get the new estimated bound of Theorem C.

Remark 2. By using the convexity of |fxy|q on the co-ordinates on Δ, we have
the inequality ∣∣∣∣fxy

(
a + b

2
, c

)∣∣∣∣
q

+
∣∣∣∣fxy

(
a,

c + d

2

)∣∣∣∣
q

+
∣∣∣∣fxy

(
b,

c + d

2

)∣∣∣∣
q

+2
∣∣∣∣fxy

(
a + b

2
,
c + d

2

)∣∣∣∣q +
∣∣∣∣fxy

(
a + b

2
, d

)∣∣∣∣q

≤ 3
2

(|fxy (a, c)|q + |fxy (b, c)|q + |fxy (a, d)|q + |fxy (b, d)|q) ,

and then

E1

(
a + b

2
,
a + b

2
;
c + d

2
; q
)

+ R1

(
a + b

2
,
a + b

2
;
c + d

2
; q
)

≤ |fxy (a, c)|q + |fxy (b, c)|q + |fxy (a, d)|q + |fxy (b, d)|q
4

.

Hence the inequality (2.10) improves Theorem C.

Theorem 3. Let f be defined as Theorem 1. If |fxy|q is convex on the co-ordinates
on Δ and q ≥ 1, then the following inequality holds:

(2.11)

∣∣∣∣ 1
(b − a) (d − c)

∫ d

c

∫ b

a

f (x, y) dxdy + M (A, B; C)− N (A, B; C)
∣∣∣∣

≤ (E2 (A, B; C; q) + R2 (A, B, C; q))
1
q × W2 (A, B; C)1−

1
q

where

E2 (A, B; C; q)

:=
1
36

[
(C − c)2

d− c

(
|fxy (a, c)|q (A − a)2

b − a
+ |fxy (b, c)|q (b − A)2

b − a

)

+
(d − C)2

d− c

(
|fxy (a, d)|q (B − a)2

b − a
+ |fxy (b, d)|q (b − B)2

b − a

)]
,

R2 (A, B; C; q)

:=
1

18 (b − a)

[
|fxy (A, c)|q (C − c)2

d − c

(
(A − a)2 + (b − A)2

)

+ |fxy (a, C)|q
(

(A − a)2
(C − c)2

d− c
+ (B − a)2

(d − C)2

d − c

)

+2 |fxy (A, C)|q (C − c)2

d − c

(
(A − a)2 + (b − A)2

)
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+2 |fxy (B, C)|q (d − C)2

d − c

(
(B − a)2 + (b − B)2

)
+ |fxy (b, C)|q

(
(b − A)2

(C − c)2

d − c
+ (b − B)2

(d − C)2

d − c

)

+ |fxy (B, d)|q (d − C)2

d − c

(
(B − a)2 + (b − B)2

)]

and

W2 (A, B; C) :=
1
4

[
(C − c)2

d − c

(
(A − a)2

b − a
+

(b − A)2

b − a

)

+
(d − C)2

d − c

(
(B − a)2

b − a
+

(b − B)2

b − a

)]
.

Proof. By using the inequality (2.5) and the power mean inequality, we have∣∣∣∣ 1
(b − a) (d − c)

∫ d

c

∫ b

a
f (x, y) dxdy + M (A, B; C)− N (A, B; C)

∣∣∣∣
≤ 1

(b − a) (d − c)

(∫ d

c

∫ b

a

|w1 (x, y)| dxdy

)1− 1
q

(∫ d

c

∫ b

a
|w1 (x, y)| |fxy (x, y)|q dxdy

)1
q

.

Now, by using the identities (2.4) and (2.5), and the convexity of |fxy|q on the
co-ordinates on Δ, we have

(2.12)

∫ d

c

∫ b

a
|w1 (x, y)| |fxy (x, y)|q dxdy

≤ 1
(A − a) (C − c)

∫ C

c

∫ A

a
(x − a) (y − c)

× [(A − x) (C − y) |fxy (a, c)|q + (A − x) (y − c) |fxy (a, C)|q

+ (x − a) (C − y) |fxy (A, c)|q + (x − a) (y − c) |fxy (A, C)|q] dxdy

+
1

(B − a) (d − C)

∫ d

C

∫ B

a
(x − a) (d − y)

× [(B − x) (d− y) |fxy (a, C)|q + (B − x) (y − C) |fxy (a, d)|q

+ (x − a) (d − y) |fxy (B, C)|q + (x − a) (y − C) |fxy (B, d)|q] dxdy

+
1

(b − A) (C − c)2

∫ C

c

∫ b

A
(b − x) (y − c)

× [(b − x) (C − y) |fxy (A, c)|q + (b − x) (y − c) |fxy (A, C)|q
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+ (x − A) (C − y) |fxy (b, c)|q + (x − A) (y − c) |fxy (b, C)|q] dxdy

+
1

(b − B) (d − C)

∫ d

C

∫ b

B
(b − x) (d − y)

× [(b − x) (d − y) |fxy (B, C)|q + (b − x) (y − C) |fxy (B, d)|q

+ (x − B) (d − y) |fxy (b, C)|q + (x − B) (y − C) |fxy (b, d)|q] dxdy.

Then we evaluate and simplify each integral in (2.12) by using the identities (I), (II),
(III). In addition, we have

∫ d

c

∫ b

a
|w (x, y)| dxdy

=
1
4

[
(C − c)2

(
(A − a)2 + (b − A)2

)
+ (d − C)2

(
(B − a)2 + (b − B)2

)]
,

and
∫ d
c

∫ b
a |w1 (x, y)| / [(b − a) (d − c)] dxdy is denoted by W2 (A, B; C). Then, we

get the estimated bounds E2 (A, B; C; q) and R2 (A, B; C; q). This completes the
proof.

Corollary 3. Under the assumptions of Theorem 3 with A = B = (a + b) /2 and
C = (c + d) /2, we have

(2.13)

∣∣∣∣ 1
(b − a) (d − c)

∫ d

c

∫ b

a
f (x, y)dxdy + f

(
a + b

2
,
c + d

2

)
− P

∣∣∣∣
≤
[
E2

(
a + b

2
,
a + b

2
;
c + d

2
; q
)

+ R2

(
a + b

2
,
a + b

2
;
c + d

2
; q
)] 1

q

×W2

(
a + b

2
,
a + b

2
;
c + d

2

)1− 1
q

where P is as given in Theorem B,

E2

(
a + b

2
,
a + b

2
;
c + d

2
; q
)

:=
(b − a) (d − c)

144
× |fxy (a, c)|q + |fxy (b, c)|q + |fxy (a, d)|q + |fxy (b, d)|q

4
,

R2

(
a + b

2
,
a + b

2
;
c + d

2
; q
)

:=
(b − a) (d − c)

144

[∣∣∣∣fxy

(
a + b

2
, c

)∣∣∣∣q +
∣∣∣∣fxy

(
a,

c + d

2

)∣∣∣∣q
+4
∣∣∣∣fxy

(
a + b

2
,
c + d

2

)∣∣∣∣q +
∣∣∣∣fxy

(
b,

c + d

2

)∣∣∣∣q +
∣∣∣∣fxy

(
a + b

2
, d

)∣∣∣∣q
]
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and
W2

(
a + b

2
,
a + b

2
;
c + d

2

)
:=

(b − a) (d − c)
16

.

The Corollary 3 shows that we get the new estimated bound of Theorem D.

Remark 3. By using the convexity of |fxy|q on the co-ordinates on Δ, we have
the inequality ∣∣∣∣fxy

(
a + b

2
, c

)∣∣∣∣
q

+
∣∣∣∣fxy

(
a,

c + d

2

)∣∣∣∣
q

+
∣∣∣∣fxy

(
b,

c + d

2

)∣∣∣∣
q

+4
∣∣∣∣fxy

(
a + b

2
,
c + d

2

)∣∣∣∣
q

+
∣∣∣∣fxy

(
a + b

2
, d

)∣∣∣∣
q

≤ 2 (|fxy (a, c)|q + |fxy (b, c)|q + |fxy (a, d)|q + |fxy (b, d)|q) ,

and then

E

(
a + b

2
,
a + b

2
;
c + d

2
; q
)

+ R

(
a + b

2
,
a + b

2
;
c + d

2
; q
)

≤ |fxy (a, c)|q + |fxy (b, c)|q + |fxy (a, d)|q + |fxy (b, d)|q
4

× (b − a) (d − c)
16

.

Hence the inequality (2.13) improves Theorem D.

Example 1. Let the function f (x, y) be x(q+2)/qy(q+2)/q, (x, y) ∈ [0, 1]2. Then
the result of the right-hand side of (1.6) is (1/16) (1/4)1/q (1 + (2/q))2, whereas the
right-hand side of (2.13) is (1/16) (1/9)1/q (1 + (2/q))2.

Theorem 4. Let f be defined as Theorem 1. If |fxy|q is concave on the co-ordinates
on Δ and 1 ≤ r ≤ q, then the following inequality holds:

(2.14)

∣∣∣∣∣ 1
(b − a) (d − c)

∫ d

c

∫ b

a

f (x, y) dxdy + M1 (A1, A2, B; C) − N1 (A1, A2, B; C)

∣∣∣∣∣
≤ [E3 (A1, A2, B; C; r) + R3 (A1, A2, B; C; r)]

1
r × W3 (A1, A2, B; C; r)

r−1
r

where

M1 (A1, A2, B; C) := f (A1, C)
A1 − a

b − a
+ f (B, C)

A2 − A1

b − a
+ f (A2, C)

b − A2

b − a
,

N1 (A1, A2, B; C) :=
1

b − a

∫ b

a
f (x, C) dx +

A1 − a

b − a

∫ d

c

f (A1, y)
d − c

dy

+
A2 − A1

b − a

∫ d

c

f (B, y)
d− c

dy +
b − A2

b − a

∫ d

c

f (A2, y)
d − c

dy,
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E3 (A1, A2, B; C; r) :=
(C − c)2

4 (d − c)

×
(

(A1 − a)2

b − a

∣∣∣∣fxy

(
a + 2A1

3
,
c + 2C

3

)∣∣∣∣
r

+
(B − A1)

2

b − a

∣∣∣∣fxy

(
A1 + 2B

3
,
c + 2C

3

)∣∣∣∣
r

(A1 − B)2

b − a

∣∣∣∣fxy

(
2B + A2

3
,
c + 2C

3

)∣∣∣∣
r

+
(b − A2)

2

b − a

∣∣∣∣fxy

(
2A2 + b

3
,
c + 2C

3

)∣∣∣∣
r
)

,

R3 (A1, A2, B; C; r) :=
(d − C)2

4 (d− c)

×
(

(A1 − a)2

b − a

∣∣∣∣fxy

(
a + 2A1

3
,
2C + d

3

)∣∣∣∣
r

+
(B − A1)

2

b − a

∣∣∣∣fxy

(
A1 + 2B

3
,
2C + d

3

)∣∣∣∣
r

(A1 − B)2

b − a

∣∣∣∣fxy

(
2B + A2

3
,
2C + d

3

)∣∣∣∣
r

+
(b − A2)

2

b − a

∣∣∣∣fxy

(
2A2 + b

3
,
2C + d

3

)∣∣∣∣
r
)

and

W3 (A1, A2, B; C; r) :=
(C − c)2 + (d− C)2

d− c

×(A1 − a)2 + (B − A1)
2 + (A2 − B)2 + (b − A2)

2

4 (b − a)
.

Proof. Let w2 : Δ → R be defined by

w2 (x, y) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(x − a) (y − c) , (x, y) ∈ [a, A1] × [c, C]
(x − a) (y − d) , (x, y) ∈ [a, A1] × [C, d]
(x − A1) (y − c) , (x, y) ∈ [A1, B] × [c, C]
(x − A1) (y − d) , (x, y) ∈ [A1, B] × [C, d]
(x − A2) (y − c) , (x, y) ∈ [B, A2] × [c, C]
(x − A2) (d − c) , (x, y) ∈ [B, A2] × [C, d]
(x − b) (y − c) , (x, y) ∈ [A2, B] × [c, C]
(x − b) (y − d) , (x, y) ∈ [A2, B] × [C, d]

.

Integration by parts, we have

1
(b − a) (d − c)

∫ d

c

∫ b

a
f (x, y)dxdy +

(
f (A1, C)

A1 − a

b − a

+f (B, C)
A2 − A1

b − a
+ f (A2, C)

b − A2

b − a

)
−
(

1
b − a

∫ b

a
f (x, C) dx

+
A1 − a

b − a

∫ d

c

f (A1, y)
d − c

dy +
A2 − A1

b − a

∫ d

c

f (B, y)
d − c

dy +
b − A2

b − a

∫ d

c

f (A2, y)
d− c

dy

)

=
1

(b − a) (d − c)

∫ d

c

∫ b

a

w2 (x, y)fxy (x, y) dxdy.
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We denote M1 (A1, A2, B; C) and N1 (A1, A2, B; C) by

M1 (A1, A2, B; C) := f (A1, C)
A1 − a

b − a
+ f (B, C)

A2 − A1

b − a
+ f (A2, C)

b − A2

b − a

and

N1 (A1, A2, B; C) :=
1

b − a

∫ b

a
f (x, C) dx

+
A1 − a

b − a

∫ d

c

f (A1, y)
d− c

dy +
A2 − A1

b − a

∫ d

c

f (B, y)
d − c

dy +
b − A2

b − a

∫ d

c

f (A2, y)
d − c

dy,

respectively, and then∣∣∣∣ 1
(b − a) (d − c)

∫ d

c

∫ b

a
f (x, y)dxdy + M1 (A1, A2, B; C) − N1 (A1, A2, B; C)

∣∣∣∣
≤ 1

(b − a) (d − c)

∫ d

c

∫ b

a
|w2 (x, y)| × |fxy (x, y)| dxdy.

By Hölder’s inequality, we have∫ d

c

∫ b

a

|w2 (x, y)| × |fxy (x, y)| dxdy

≤
[∫ d

c

∫ b

a
|w2 (x, y)| dxdy

](r−1)/r [∫ d

c

∫ b

a
|w2 (x, y)| |fxy (x, y)|r dxdy

]1/r

.

Now, by using the simple integration techniques, we have∫ d

c

∫ b

a
|w2 (x, y)| dxdy

=
[
(C − c)2 + (d − C)2

]
×(A1 − a)2 + (B − A1)

2 + (A2 − B)2 + (b − A2)
2

4
,

and
∫ d
c

∫ b
a |w2 (x, y)| / [(b − a) (d − c)] dxdy is denoted by W3 (A1, A2, B; C; r) .

According to the definition of the w2 (x, y), we get∫ d

c

∫ b

a
|w2 (x, y)| |fxy (x, y)|r dxdy

=
∫ C

c

∫ A1

a
(x − a) (y − c) |fxy (x, y)|r dxdy

+
∫ d

C

∫ A1

a
(x − a) (d − y) |fxy (x, y)|r dxdy
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+
∫ C

c

∫ B

A1

(x − A1) (y − c) |fxy (x, y)|r dxdy

+
∫ d

C

∫ B

A1

(x − A1) (d − y) |fxy (x, y)|r dxdy

+
∫ C

c

∫ A2

B
(A2 − x) (y − c) |fxy (x, y)|r dxdy

+
∫ d

C

∫ A2

B
(A2 − x) (d− y) |fxy (x, y)|r dxdy

+
∫ C

c

∫ b

A2

(b − x) (y − c) |fxy (x, y)|r dxdy

+
∫ d

C

∫ b

A2

(b − x) (d − y) |fxy (x, y)|r dxdy

= J1 + J2 + J3 + J4 + J5 + J6 + J7 + J8.

We observe that |fxy|q is concave, which implies |fxy|r is concave for r ∈ [1, q]. Based
on Jensen’s integral inequality and J1-J8, we have

J1 ≤
∫ A1

a
(x − a)

[∫ C

c
(y − c) dy

] ∣∣∣∣∣fxy

(
x, c +

∫ C
c (y − c)2 dy∫ C
c (y − c) dy

)∣∣∣∣∣
r

dx

=
1
2

(C − c)2
∫ A1

a
(x − a)

∣∣∣∣fxy

(
x, c +

2
3

(C − c)
)∣∣∣∣

r

dx

≤ 1
2

(C − c)2
[∫ A1

a

(x − a) dx

] ∣∣∣∣∣fxy

(
a +

∫ A1

a (x − a)2 dx∫ A1

a (x − a) dx
, c +

2
3

(C − c)

)∣∣∣∣∣
r

=
1
4

(A1 − a)2 (C − c)2
∣∣∣∣fxy

(
a +

2
3

(A1 − a) , c +
2
3

(C − c)
)∣∣∣∣

r

.

In a similar way in J1, we also have that

J2 ≤ 1
4

(A1 − a)2 (d − C)2

∣∣∣∣fxy

(
a +

2
3

(A1 − a) ,
2
3

(C − d) + d

)∣∣∣∣
r

,

J3 ≤ 1
4

(B − A1)
2 (C − c)2

∣∣∣∣fxy

(
A1 +

2
3

(B − A1) , c +
2
3

(C − c)
)∣∣∣∣

r

,

J4 ≤ 1
4

(B − A1)
2 (d − C)2

∣∣∣∣fxy

(
A1 +

2
3

(B − A1) ,
2
3

(C − d) + d

)∣∣∣∣
r

,

J5 ≤ 1
4

(A2 − B)2 (C − c)2
∣∣∣∣fxy

(
2
3

(B − A2) + A2, c +
2
3

(C − c)
)∣∣∣∣r ,
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J6 ≤ 1
4

(A2 − B)2 (d− C)2
∣∣∣∣fxy

(
2
3

(B − A2) + A2,
2
3

(C − d) + d

)∣∣∣∣r ,

J7 ≤ 1
4

(b − A2)
2 (C − c)2

∣∣∣∣fxy

(
2
3

(A2 − b) + b, c +
2
3

(C − c)
)∣∣∣∣

r

and

J8 ≤ 1
4

(b − A2)
2 (d − C)2

∣∣∣∣fxy

(
2
3

(A2 − b) + b, c +
2
3

(C − c)
)∣∣∣∣r .

After simplifying the above inequalities, we have the bounds E3 (A1, A2, B; C; r) and
R3 (A1, A2, B; C; r) . This completes the proof.

Corollary 4. Under the assumptions of Theorem 4 with A1 = B = A2 =
(a + b) /2, C = (c + d) /2, we have

(2.15)

∣∣∣∣ 1
(b − a) (d − c)

∫ d

a

∫ b

a
f (x, y)dxdy + f

(
a + b

2
,
c + d

2

)
− P

∣∣∣∣
≤ (b − a) (d − c)

16 × 41/r

[∣∣∣∣fxy(
a + 2b

3
,
c + 2d

3
)
∣∣∣∣
r

+
∣∣∣∣fxy(

a + 2b

3
,
2c + d

3
)
∣∣∣∣
r

+
∣∣∣∣fxy(

2a + b

3
,
c + 2d

3
)
∣∣∣∣r +

∣∣∣∣fxy(
2a + b

3
,
2c + d

3
)
∣∣∣∣r
] 1

r

,

where P is as given in Theorem B.

Remark 4. Under the assumptions of Corollary 4 with r = 1. Then the inequality
(2.15) reduces to the inequality (1.7) .

3. SOME APPLICATIONS TO SPECIAL MEANS

As in [10] we shall consider extensions of arithmetic, logarithmic and generalized
logarithmic means from positive real numbers. We take

A (α1, α2, ..., αn) =
1
n

n∑
i=1

αi, αi ∈ R, i = 1, 2, ..., n,

L (α, β) =
β − α

ln |β| − ln |α| , |α| �= |β| , αβ �= 0,

Lm (α, β) =
[

βm+1 − αm+1

(m + 1) (β − α)

] 1
m

, m ∈ Z\ {−1, 0} , α, β ∈ 0, α �= β,

where Z is the set of integers.
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Proposition 1. Let a, b, c, d ∈ R, a < b, c < d, 0 /∈ [a, b], 0 /∈ [c, d], and m,
n ∈ Z, |m| ≥ 2 and |n| ≥ 2. Then, for q ∈ [1,∞), we have

(3.1)

|(A (a, b)m − Lm (a, b)m) (A (c, d)n − Ln (c, d)n)| ≤ |m| |n| (b − a) (d − c)

16

×
[
A

(
|a|(m−1)q |c|(n−1)q

4
,
|b|(m−1)q |c|(n−1)q

4
,
|a|(m−1)q |d|(n−1)q

4
,
|b|(m−1)q |d|(n−1)q

4
,

∣∣∣∣a + b

2

∣∣∣∣
(m−1)q

|c|(n−1)q , |a|(m−1)q

∣∣∣∣ c + d

2

∣∣∣∣
(n−1)q

, |b|(m−1)q

∣∣∣∣ c + d

2

∣∣∣∣
(n−1)q

,

4

∣∣∣∣a + b

2

∣∣∣∣
(m−1)q ∣∣∣∣c + d

2

∣∣∣∣
(n−1)q

,

∣∣∣∣a + b

2

∣∣∣∣
(m−1)q

|d|(n−1)q

)] 1
q

,

Proof. The proof is immediate from Corollary 3 with f (x, y) = xmyn, x, y ∈ R,
m, n ∈ Z, |m| ≥ 2, |n| ≥ 2.

Proposition 2. Suppose a, b, c, d ∈ R, a < b, c < d, 0 /∈ [a, b], 0 /∈ [c, d]. Then,
for q ∈ [1,∞), we have

(3.2)

∣∣∣(A (a, b)−1 − L−1 (a, b)
)(

A (c, d)−1 − L−1 (c, d)
)∣∣∣ ≤ (b − a) (d − c)

16

×
[
A

(∣∣∣ac

4

∣∣∣−2q
,

∣∣∣∣bc4
∣∣∣∣
−2q

,

∣∣∣∣ad

4

∣∣∣∣
−2q

,

∣∣∣∣bd4
∣∣∣∣
−2q

, 4
∣∣∣∣ac + ad + bc + bd

4

∣∣∣∣
−2q

,

∣∣∣∣ac + bc

2

∣∣∣∣−2q

,

∣∣∣∣ac + ad

2

∣∣∣∣−2q

,

∣∣∣∣bc + bd

2

∣∣∣∣−2q

,

∣∣∣∣ad + bd

2

∣∣∣∣−2q
)]1

q

.

Proof. The result follows from Corollary 3 with f (x, y) = 1/ (xy) .

Proposition 3. Let a, b, c, d ∈ R, a < b, c < d, 0 /∈ [a, b], 0 /∈ [c, d], and m,
n ∈ Z, m, n ∈ [1, (1 + r) /r). Then, for r ∈ [1, q], we have

(3.3)

|(A (a, b)m−Lm (a, b)m) (A (c, d)n−Ln (c, d)n)|≤ |m| |n| (b−a) (d−c)
16

×A

(∣∣∣∣a + 2b

3

∣∣∣∣(m−1)r ∣∣∣∣c + 2d

3

∣∣∣∣(n−1)r

,

∣∣∣∣a + 2b

3

∣∣∣∣(m−1)r ∣∣∣∣2c + d

3

∣∣∣∣(n−1)r

,

∣∣∣∣2a + b

3

∣∣∣∣
(m−1)r ∣∣∣∣c + 2d

3

∣∣∣∣
(n−1)r

,

∣∣∣∣2a + b

3

∣∣∣∣
(m−1)r ∣∣∣∣2c + d

3

∣∣∣∣
(n−1)r

) 1
r

.

Proof. The result follows from Corollary 4 with f (x, y) = xmyn, x, y ∈ R,
m, n ∈ Z, m, n ∈ [1, (1 + r) /r).
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4. SOME CUBATURE FORMULAS

Let d1 be a partition a = x0 < x1 < ... < xm−1 < xm = b of the interval [a, b]
and d2 be a partition c = y0 < y1 < ... < yn−1 < yn = d of the interval [c, d] . Now
we consider the cubature formula∫ d

c

∫ b

a

f (x, y)dxdy = P (f, d1, d2) − T (f, d1, d2) + Ai (f, d1, d2) , i = 1, 2,

where

P (f, d1, d2) =
m−1∑
i=0

n−1∑
j=0

[∫ xi+1

xi

f

(
x,

yj + yj+1

2

)
dx

]
(yj+1 − yj)

+
m−1∑
i=0

n−1∑
j=0

[∫ yj+1

yj

f

(
xi + xi+1

2
, y

)
dy

]
(xi+1 − xi)

and

T (f, d1, d2) =
m−1∑
i=0

n−1∑
j=0

f

(
xi + xi+1

2
,
yj + yj+1

2

)
(xi+1 − xi) (yj+1 − yj) .

Accordingly, Ai (f, d1, d2) denotes the associated approximation error.

Proposition 4. If |fxy|q is convex on the co-ordinates on Δ and q ≥ 1, then for
the partitions d1 of [a, b] and d2 of [c, d], the error satisfies

A1 (f, d1, d2)

≤
m−1∑
i=0

n−1∑
j=0

[(xi+1 − xi) (yj+1 − yj)]
2− 1

q

161− 1
q

[Ei (f, d1, d2) + Ri (f, d1, d2)]
1
q

≤ 1
16

m−1∑
i=0

n−1∑
j=0

(xi+1 − xi)
2 (yj+1 − yj)

2

×
[ |fxy (xi, yj)|q + |fxy (xi+1, yj)|q + |fxy (xi, yj+1)|q + |fxy (xi+1, yj+1)|q

4

] 1
q

≤ 1
16

m−1∑
i=0

n−1∑
j=0

(xi+1 − xi)
2 (yj+1 − yj)

2

×max {|fxy (a, c)| , |fxy (b, c)| , |fxy (a, d)| , |fxy (b, d)|}
where
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Ei (f, d1, d2) =
(xi+1 − xi) (yj+1 − yj)

144

×|fxy (xi, yj)|q + |fxy (xi+1, yj)|q + |fxy (xi, yj+1)|q + |fxy (xi+1, yj+1)|q
4

and

Ri (f, d1, d2) =
(xi+1 − xi) (yj+1 − yj)

144

[∣∣∣∣fxy

(
xi + xi+1

2
, yj

)∣∣∣∣
q

+4
∣∣∣∣fxy

(
xi + xi+1

2
,
yj + yj+1

2

)∣∣∣∣
q

+
∣∣∣∣fxy

(
xi,

yj + yj+1

2

)∣∣∣∣
q

+
∣∣∣∣fxy

(
xi+1,

yj + yj+1

2

)∣∣∣∣
q

+
∣∣∣∣fxy

(
xi + xi+1

2
, yj+1

)∣∣∣∣
q]

.

Proof. Apply Corollary 3 on the subintervals [xi, xi+1] (i = 0, 1, 2...m− 1) of
the partition d1 and [yj , yj+1] (j = 0, 1, 2...n− 1) of the partition d2 to obtain∣∣∣∣∣

∫ xi+1

xi

∫ yj+1

yj

f (x, y)dydx+f

(
xi + xi+1

2
,
yj + yj+1

2

)
(xi+1 − xi) (yj+1 − yj)

− (yj+1−yj)
∫ xi+1

xi

f

(
x,

yj +yj+1

2

)
dx−(xi+1−xi)

∫ yj+1

yj

f

(
xi+xi+1

2
, y

)
dy

∣∣∣∣∣
≤ (xi+1 − xi)

2− 1
q (yj+1 − yj)

2− 1
q

161− 1
q

[Ei (f, d1, d2) + Ri (f, d1, d2)]
1
q .

Hence, we have

(4.1)

∣∣∣∣
∫ d

c

∫ b

a
f (x, y) dxdy + T (f, d1, d2) − P (f, d1, d2)

∣∣∣∣
≤

m−1∑
i=0

n−1∑
j=0

∣∣∣∣∣
∫ xi+1

xi

∫ yj+1

yj

f (x, y)dydx

+f

(
xi + xi+1

2
,
yj + yj+1

2

)
(xi+1 − xi) (yj+1 − yj)

− (yj+1 − yj)
∫ xi+1

xi

f

(
x,

yj + yj+1

2

)
dx

− (xi+1 − xi)
∫ yj+1

yj

f

(
xi + xi+1

2
, y

)
dy

∣∣∣∣∣
≤

m−1∑
i=0

n−1∑
j=0

(xi+1−xi)
2− 1

q (yj+1−yj)
2− 1

q

161− 1
q

[Ei (f, d1, d2)+Ri (f, d1, d2)]
1
q

= I.
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By using the convexity of |fxy|q on the co-ordinates on Δ, then we have

(4.2)
Ei (f, d1, d2) + Ri (f, d1, d2) ≤ (xi+1 − xi) (yj+1 − yj)

16

×|fxy (xi, yj)|q+|fxy (xi+1, yj)|q+|fxy (xi, yj+1)|q+|fxy (xi+1, yj+1)|q
4

.

The inequalities (4.1) and (4.2) imply that

I ≤ 1
16

m−1∑
i=0

n−1∑
j=0

(xi+1 − xi)
2 (yj+1 − yj)

2

×
[ |fxy (xi, yj)|q + |fxy (xi+1, yj)|q + |fxy (xi, yj+1)|q + |fxy (xi+1, yj+1)|q

4

] 1
q

≤ 1
16

m−1∑
i=0

n−1∑
j=0

(xi+1 − xi)
2 (yj+1 − yj)

2

×max {|fxy (xi, yj)| , |fxy (xi+1, yj)| , |fxy (xi, yj+1)| , |fxy (xi+1, yj+1)|}

≤ 1
16

m−1∑
i=0

n−1∑
j=0

(xi+1 − xi)
2 (yj+1 − yj)

2

×max {|fxy (a, c)| , |fxy (b, c)| , |fxy (a, d)| , |fxy (b, d)|} .

The last inequality above follows from the convexity of the factor |fxy (x, y)|q.
Similarly, using Corollary 4, we can prove the following Proposition 5.

Proposition 5. If |fxy|q is concave on the co-ordinates on Δ and 1 ≤ r ≤ q, then
for the partitions d1 of [a, b] and d2 of [c, d], the error satisfies

A2 (f, d1, d2) ≤
m−1∑
i=0

n−1∑
j=0

(xi+1 − xi) (yj+1 − yj)

16× 4
1
r

×
[∣∣∣∣fxy(

xi + 2xi+1

3
,
yj + 2yj+1

3
)
∣∣∣∣r +

∣∣∣∣fxy(
xi + 2xi+1

3
,
2yj + yj+1

3
)
∣∣∣∣r

+
∣∣∣∣fxy(

2xi + xi+1

3
,
yj + 2yj+1

3
)
∣∣∣∣
r

+
∣∣∣∣fxy(

2xi + xi+1

3
,
2yj + yj+1

3
)
∣∣∣∣
r] 1

r

≤
m−1∑
i=0

n−1∑
j=0

(xi+1 − xi) (yj+1 − yj)
16

∣∣∣∣fxy(
xi + xi+1

2
,
yj + yj+1

2
)
∣∣∣∣ .
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