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1 Introduction

Since it was conjectured that the QCD Pomeron is dual to the graviton Regge trajectory [1],
holographic techniques have been successfully applied to the description of QCD processes
where Pomeron exchange dominates [2-42]. Once the external scattering states and the
dynamics of the higher spin J fields of the graviton trajectory are modelled, comparisons
can be made with experiment, provided we are in a kinematical window where QCD is
dominated by a gluon rich medium. In this regime the Bjorken variable z is small, or the
Mandelstam variable s is large, corresponding to high center of mass energies.

In order to describe the total cross-section data of hadronic processes in QCD, one
also includes, besides the Pomeron trajectory, a meson trajectory (see, for e.g, [43]). This



trajectory can be obtained by a linear fit of the meson spins against the meson squared
masses. With the resulting straight line, one extrapolates from ¢ > 0 to ¢ < 0 in order
to make predictions in the scattering region. In particular, for the total cross-section we
are interested in the value of the trajectory for ¢ = 0, also known as the meson intercept,
and the above linear fit yields an intercept of 0.55. There is no theoretical justification
to assume that the meson trajectory is linear aside from the fact that it has described
successfully scattering data, provided ¢ is not too negative. In this work we use holography
to study this issue by first fitting the meson spectrum for J = 0,1,2,3,4 and check if
the resulting holographic intercept is able to describe the experimental data of the total
cross-sections of v, vp and pp scattering. In previous works [34, 38, 42] we have studied
the dynamics of the higher spin J fields in the graviton Regge trajectory by generalising
the bulk graviton equation of motion. This was done using effective field theory inspired by
Regge theory of a 5D string theory. In this work we will not only follow the same procedure
for the Pomeron trajectory, but also apply it to the meson trajectory by generalising to
higher spin the equation of motion of the bulk field dual to the vector mesons.

Before we start such procedure, we need to guarantee that our model is describing
with accuracy the spectrum of the vector mesons. This will be done by considering the
extension of the Improved Holographic QCD model of [44, 45], with a backreacted quark
sector [46, 47], as presented in [48]. This model (V-QCD) consists of five-dimensional
dilaton gravity dilaton coupled to a tachyon described in terms of a generalised Sen-like
tachyonic Dirac-Born-Infeld (DBI) action [49]. Our numerical solution includes the full
backreaction of the tachyon in the dilaton and metric. The asymptotic behavior of the
model at weak and strong coupling is chosen such that various generic features of QCD,
such as asymptotic freedom and confinement, are reproduced [45, 48]. The remaining
free parameters of the model will be determined through an extensive comparison of the
spectrum of the quadratic fluctuations against the experimental meson masses.

This paper is organized as follows. In section 2 we discuss in detail the holographic
model, as well as how to compute the spectrum of the quadratic fluctuations. This section
ends with a fit to the meson spectrum, fixing our background fields for the remaining
of the paper. In section 3 we derive holographic expressions for the total cross-sections
that will be used later to fit data from the Particle Data Group [50]. In section 4 we
focus on the holographic duals of the pomeron and meson trajectories, and in particular in
constructing the analytic continuation of the spin J equations that govern the dynamics of
fields in these trajectories. These equations contain two parameters that will be fixed by
the soft-pomeron intercept and the spin J = 2, 3,4 meson masses in section 5. This fixes
the pomeron and meson kernels that are used in the total cross-section fits. We discuss
our results and suggest further work in section 6.

2 Holographic model for QCD in the Veneziano limit

We consider a slight generalisation of Quantum Chromodynamics which consist of a gauge
field in the adjoint representation of SU(N,) coupled to Ny fermions (quarks) in the fun-
damental representation of SU(N.). This generalisation has been studied in great depth in



the 't Hooft large-N, limit, where N, — oo and A = g%,MNc and Ny are kept fixed. This
limit is also known as the quenched limit since nontrivial quark contributions to observables
are suppressed in powers of %—f — 0. Another interesting large- N, limit is the Veneziano
limit [51] where

N, —o00, Nj— o0, %:x, A= gy Ne, (2.1)

C

with x and A fixed. In this limit the quark contributions are not suppressed, and their
backreaction to the gluon dynamics must be taken into account.

A holographic dual (V-QCD) that reproduces several expected features of QCD in the
Veneziano limit was presented in [48]. It consists of a system of a dilaton and tachyon
coupled to five-dimensional gravity. Let us first discuss the field content and the action of
the model, and then present the precise structure of the various potentials appearing in
the action.

2.1 The model

The action in the gravitation sector is the same as in the Improved Holographic QCD
(IHQCD) model [44, 45]. We work at zero temperature so that Poincaré invariance is
intact. The metric Ansatz is therefore

ds® = gabdxadmb — 24(2) (nuyd:c“d:c” + sz) , (2.2)

where the warp factor A is identified with the logarithm of the energy scale in the field
theory at the boundary. The exponential of the dilaton field A = e® is dual to the TrF?
operator with its background value equal to the 't Hooft coupling (near the boundary where
the coupling can be unambigously defined). The action for the metric and dilaton fields is
given by five-dimensional Einstein gravity coupled to a scalar field,

p A0V

3 s TV (2.3)

Sy = MgNCQ/d5x\/—detg [
where M, is the five-dimensional Planck scale. The dilaton potential V() will be specified
below. We choose the potential to be qualitatively similar to that studied in [52, 53] —
see [54, 55] for an alternative approach focused on the fit to QCD thermodynamics.

To add matter we insert space-filling Dy — D, branes that give rise to a tachyon field
T and the gauge fields Ay, Ag living on the branes [46, 47]. A similar approach has
been considered in the probe limit in [56, 57], and also in the Witten-Sakai-Sugimoto
model [58-61]. In the boundary theory the operators with lowest dimension involving
fermions are @/;Ewi with spin 0 and the two spin 1 conserved currents 1%:'7“1% and zﬂ%'y“wé,
where i, j are the flavour indices. The spin 0 and spin 1 operators are dual to bulk complex
scalars T;; and two bulk gauge fields A’]i ij and Alfi i respectively. The tachyon transforms
as (Ny, Ny) of the flavour symmetry U (Ny), x U (Ny),, while the fields A7 ;; and Al .

transform in the adjoint representations of U (Ny), and U (Ny)p, respectively. In string

R’
theory the three bulk fields can be modelled by considering N flavour branes (R) and Ny



flavour antibranes (L). In this configuration the complex scalar fields T;; are the lowest
modes of open strings with one end in a D-brane and another in the anti-D-brane, while
the bulk gauge fields are the lowest open string modes with both ends on a D-brane or on
an anti-D-brane. The system obeys a tachyonic Dirac-Born-Infeld (DBI) action [47, 48, 62]

M3N,
Sop = ——2— / 4Pz Str lvf (A 7fT) \/ —det (gap + K(N) DT Dy T + w(NFE)

+Vi ()\, TTT) \/— det (gab + H()\)D(aTDb)TT + w()‘)FaRb) ] , (2.4)

where Str is the symmetric trace over the (hidden) flavour indices and the determinant
is taken with respect to the five dimensional space-time indices a, b (since we are going
to work up to quadratic order we can actually replace the symmetric trace by the usual
trace of matrices for the purposes of this article). The functions V, &, and w will be
given explicitly below. The normalisation convention for the symmetrisation of indices is
Fl Gy = %(FaGb + F,G,). The covariant derivative terms are given by

D T = 9,T —iTAL +iART |, D,TT = 0,T" — i ALTT +iTTAR (2.5)
and the field strengths by
FEE — gALE _jALR A AL (2.6)

In this work we are assuming that the light quark masses are equal and under this as-
sumption the tachyon is just 7" = 7ly,. Furthermore, for the QCD vacuum we have
AEF = 0= AL  Using these conditions in the action (2.4) we obtain the flavour action

Sy = —ngNf/d% Vi(A, T)\/— det (gab + f@(/\)f)an)bT) . (2.7)

The brane action also contains a Wess-Zumino term [47] which we will not need as it does
not contribute to the background solutions or mass spectra considered here.

There is also an additional pseudo-scalar axion field a, which is dual to the op-
erator TrF” A F' and therefore sources the 6 angle in QCD [47]. Its action takes the
form [44, 45, 62, 63|

372
So = _]\4]32]\76 / doz/—det g Z(\) [&)a —x (V(a)()\, ) (AF—AF) — pa, V@, 7’))}2 ,
(2.8)
where flf’R are the singlet fields, flbL’R = TTA{;’R /Ny, the potential V@), 7) will be speci-
fied below, and we allowed the tachyon to have an overall phase p, i.e. we took T = 7€y ;-

2.2 Choice of potentials

Let us now discuss the choices for the various potentials (Vg, Vy, &, w, V(@) and Z ). The
generic picture is that the leading IR asymptotics of the various functions is chosen to agree
with known features of QCD (which will be soon specified). The UV asymptotics is set by



rough agreement with perturbative QCD, in particular by the perturbative UV dimensions
of the QCD operators. For intermediate scales the functions need to be determined by and
extensive comparison to experimental and lattice QCD data; in this article the functions
will be fitted to the meson spectrum in QCD. In this section we will present the Ansétze
for these functions which will obey the asymptotics at small and large A determined by
qualitative comparison to QCD, and the fit to data will be carried out in section 2.4.

We start with the action for the gluon sector, i.e. the action of improved holographic
QCD. In IHQCD the dynamics of the dilaton is set by its potential Vj(X), which is
constrained [44, 45] in the UV to reproduce the YM [-function and in the IR to yield
confinement and a “good” singularity in the classification of [64]. In this work we will
take [65, 66]

A2 _ o \*/3 ay A
%(A):12+V1)\+‘/2@+3‘/IR6 A>\4ﬂ—8/3 log (1+>\()), (29)
where
44 4619
Vi 2 Ao = 872, (2.10)

~9r2’ 388871’
The values of V; and V5 are fixed by the gluon sector contribution to the QCD S-function,
while the parameters oy and Vig will be fitted by the spectrum, in particular by comput-
ing meson mass ratios and comparing them to experimental results, following [67]. The
spectrum of the theory can be found by analysing the action of the quadratic fluctuations
around the background solution followed by the reduction to the four-dimensional dynam-
ics. For example, in the case of pure Yang-Mills (i.e. x = 0), the quadratic fluctuations are
dual to glueballs with quantum numbers JF¢ = 0++ 27+ and with J©¢ = 0=+ by consid-
ering an axion term. For pure Yang-Mills we have found that a) ~ 2.504 and Vig =~ 3.478
reproduce! the lattice ratios of 1.46 and 1.87 of my++ /mg++ and mg«++ /mg++ respectively.
In the IR, V, ~ A%(log )\)%, which gives linear asymptotic trajectories for glueballs.

The DBI action that we described above is analogous to the flat space Sen action for
the D — D system [49]. Since we are in the presence of a curved space-time and other non-
trivial background fields which fully backreact to the metric, we correct it by including the
general potentials V¢(A,7), k(A) and w(A). However these potentials must satisfy some
properties. The tachyon potential V; is expected to have a regular series expansion in A
and 7 near the boundary (i.e. A — 0, 7 — 0) [4§]

Vi\7T) = VoA + V()72 + O(1), (2.11)

and to vanish exponentially in the IR when 7 — oo [63]. In particular in the flat space
string theory Vg ~ %e“”? Our Ansatz for Vy is

Vf()‘a 7_) = Vf()()‘) VT(T) ’ (2.12)

"We will instead determine these parameters by a global fit to the meson spectrum as we will explain in
section 2.4.



where

Vo(7) = (1 + 0172) e (2.13)
A2 3Wrr 9 —20_ AoWi
Vio(A) = Wo + Wik + W. A)e (1
0(N) 0o+ WiA+ 21+(%>\+167T4(04,\)e A <+a,\)\>
with
- B B 2
W — 24 + (11 — 22) W) W= 24(857 — 46x) + Wy(4619 — 1714x + 9227) (2.14)

2772 4665674

This Ansatz is identical to that considered in [66] except for the introduction of the coeffi-
cients a; in V;(7). These are motivated by the observation that the correct mass gap of the
mesons at large quark mass can only be reproduced if the coefficient of 72 in the exponent
determining the large-7 asymptotics of V. (i.e. aa above) differs from the second order
series coefficient of V. at small 7 (here ag — a;) [68]. Notice that one of these coefficients
can be eliminated by adjusting the normalisation of the 7 field.

As both k(A) and w(\) are coupling functions under the square root of the DBI action
we expect them to have similar qualitative behaviour. On the other hand, in order to have
the correct UV dimension of the gg operator we need to impose

az — aq

k(0) =8 Wy

(2.15)
The IR asymptotics of the potentials k and w directly affect the meson spectrum. We are
interested in the case where the mesons have an asymptotic linear spectrum and the meson
towers have the same asymptotics. This can be achieved with the following IR asymptotics
k(X)) ~ A43(log )\)1/2 and w(X\) ~ A=*3log A [62, 69] (see also [70]). Taking into account
these considerations, we adopt the following Ansétze for £ and w,

K = ' . )
12 — Wy )\0 log (1 + %)
_ 2o i e\ 4/3 -1
A e awx (1 + A0W1 QuwA
w(d) = wy |1+ —22 4y () () (2.17)

Ao (1 + ‘%ﬁ‘) log (1 + O‘/\LO)‘)
In order to compute the profiles of the background fields we need to specify the values
of the parameters that appear in the definition of the potentials presented above. These
parameters will be fitted to the ratios between the low-spin meson masses and the p° meson
mass as predicted by the model.

Finally, we need to specify the potentials in the CP-odd action S, (2.8). In flat-space
tachyon condensation V(@) (A, 7) is independent of A and is the same as the tachyon potential
that appears in the DBI action. However in principle it may be different, so we will take
V(@) to be Vi defined above without the Vp; term. This form guarantees that it becomes



a field-independent constant at 7 = 0 and that it vanishes exponentially at 7 = oco. The
Z(\) function is defined by
A 4
Z(\) = Zo + ca() . (2.18)
Ao
The definition is constrained by Yang-Mills theory [45, 63, 71]. In this work the parameters
Z, and ¢, will be determined by fitting the spectrum of singlet axial vector mesons.

2.3 Evaluation of the meson spectrum

The quadratic fluctuations around the background fields can be mapped to the spectrum
of mesons and glueballs. The normalisable fluctuations of dilaton ®, QCD axion a, and the
(traceless part of the) metric g,p, correspond to glueballs with JP¢ = 0+, 0=+, and 2+,
respectively.? Here J is the spin, P refers to parity, and C refers to charge conjugation.
The meson sector comes from the normalisable fluctuations of the tachyon T" and of the
gauge fields AL/E, They correspond to mesons with J©¢ = 0t+, 0=F, 17+, and 1-—.

The fluctuations can be further classified according to how they transform under the
vectorial SU(Ny). They can be grouped in flavour singlet and flavour non-singlet modes,
i.e. mesons transforming in the adjoint of SU(N¢). The fluctuations that come from Sy and
S, are only flavour singlet, while the ones coming from S, include singlet and non-singlet
terms. The singlet terms from S; will mix with the singlet terms coming from S, and S,.

The masses of the different glueballs and mesons can be obtained after expanding the
action S = Sy + 57+ S, to quadratic order of the fluctuations of the background fields. Due
to flavour and rotational covariance the fluctuations decouple in separate sectors [62], apart
from the mixing of the flavor singlet sectors mentioned above. In summary, there are flavour
singlet rank-two tensor fluctuations (JF¢ = 2%+), flavour singlet and non-singlet vector
mesons (JP¢ = 177), flavour singlet and non-singlet axial vector mesons (JF¢ = 1++),
flavour singlet and non-singlet scalars (JP¢ = 07) and flavour singlet and non-singlet
pseudoscalars (JP¢ = 07F). These fluctuations generate towers of 2+ glueballs, singlet
and non-singlet vector mesons, singlet and non-singlet axial vector mesons, non-singlet
scalar mesons and mixtures between 07+ glueballs and o mesons, and non-singlet pseu-
doscalar mesons and mixtures between 0~ glueballs and 1’ mesons, respectively. These
towers of mesons and glueballs come as solutions of a Schrédinger problem associated with
the equation of motion of the associated fluctuation. The eigenvalues correspond to the
square of the mass of the glueball or meson and their holographic wave functions are the
associated eigenfunctions. In this work we will not consider the flavour singlet states of
JPC = 0t*, 0~*, as they involve mixing of the 071 glueball with the flavour singlet o
meson and mixing between the 0=+ glueball with the 7’ meson, respectively. Therefore
their analysis is considerably more challenging than that of the flavor nonsinglet states
(see [62, 63, 72]) and would slow down the computer code for the spectrum significantly.
Notice that these states are not central for the Regge analysis which is the main application
of this work.

2To be precise, it is the diffeomorphism invariant combination of the fluctuations of the dilaton and the

0++

trace of the metric which is dual to the glueballs.



A detailed derivation of the equations of motion and Schrodinger problems associ-
ated with each fluctuation has been done in [62] and hence we will just summarise the
main results relevant for the present work (see appendix B for the analysis of the spin 1
fluctuations). The singlet and non-singlet vector mesons have the same equation of motion

1
Vi(\, m)w(N)2eAG

where 1y = ¢y (z) is their wavefunction. By performing the change of variable defined by

0. (Vi w(N)2eAG 0.0y ) + miyy =0, (2.19)

dU . _ 2
OE V1 + e 245(0) (0.7)2, (2.20)
and rescaling
Yy (2) = a(z) /2y, Sy = wA)/VF(\, T)ed, (2.21)
one can rewrite the equation of motion in the Schrodinger form
2
- % +W(u)a=m?a, (2.22)

with potential
1 d’=Ey (u)
Ev(u) du?

The singlet and non-singlet axial vector mesons have Schrédinger potentials differing

W (u) = (2.23)

by a term coming from the action S,. The potentials of the non-singlet axial vector mesons
and of the singlet axial vector mesons are, respectively,

224
w(A)?
AZ(NV @ (N 1)2

Vnsa(u) = Vy(u) + 4 K(A), (2.24)

V. =V 4 2.25
SA(U’) NSA(“) +4dz Vf()\, T)G'LU(A)Q ( )
The non-singlet scalar mesons have the potential
1 dQEs(u)
Vs(u) = Zs(u) a2 + Hs(u), (2.26)
with
1 e ((0:V5)2 0%V,
— _ 3A _ TYT o TVT
HS(U) - G\/Vf()‘v T)H(A)e ’ HS(U) - /{,()\) < V7—2 ‘/T ’ (227)

where the expression for Hg differs from that of [62] because our Ansatz for V; is different.
Finally the equation of motion of the non-singlet pseudoscalar fluctuations is given by?

1 K(N)

2 J—
Vf()\»T)T2/€()\)e3AG w(\)2 Yp+m Yp =0,

Vi(A,7) 234Gk (N) O, l 821/}13] — 4724

(2.28)

3Notice that the UV boundary condition for the pseudoscalar fluctuations is nontrivial and also depends
on whether the quark mass is finite or not [62]. A consistent way which leads to UV finiteness of the
fluctuated action in all cases is to require that the factor in square brackets (rather than the wave function
1p) in (2.28) vanishes in the UV. For the pseudoscalars we actually solved the differential equation by
using a different method than in the other sectors (i.e. by shooting) because of the complication with the
boundary condition.



with associated Schrédinger potential

+ Hp(u), (2.29)

where 47262An(/\)
Hp(u) = W

Ep(u) = (2.30)

1

T\/Vf()\, T)k(\)e34 ’

The numerical determination of the spectrum proceeds by first finding the background
solution (the metric and the scalar fields A and 7) of the equations of motion defined by
the action S = Sy + Sy. Details of the numerical procedure can be found in appendix A.
We then solve the fluctuation equations on top of the numerical background. For the cases
of singlet and non-singlet vector and axial vector fluctuations, and for non-singlet scalar
fluctuations, we compute the Schrodinger potential and use a pseudospectral method based
on Chebyschev polynomials to compute the predicted masses of this model. The number
of Chebyschev points used was 1000 and we checked the results were stable by computing
the masses with a higher number of points. The reliability of the results was also studied
by considering different IR and UV cutoffs on the background fields used to solve the
Schrédinger problems. The masses of the pseudoscalars were computed using the shooting
method. These methods were implemented in C'++ and all results were also cross-checked
against the (significantly slower) Mathematica code used in [62].

2.4 Fitting the spectrum

We now proceed to fix the parameters that appear in the potentials by comparing the
predictions of our model with the experimental values of the meson masses quoted by the
Particle Data Group [50].

The overall energy units in the model is also a free parameter. Its effect on the
background and spectrum is trivial due to a scaling symmetry of the holographic model [48]
which reflects the scale independence of the QCD Lagrangian. The scaling symmetry
implies, in particular, that the equations of motion are unchanged under the transformation

A—A—-logA, z—Az. (2.31)

By applying this transformation to the spectrum we see that all masses are scaled by the
factor A. We will in effect choose A such that the numerical mass of the p meson matches
the experimental result in GeV units. This is equivalent to fitting the parameters of the
to the numerical values of ratios of masses (with respect to the p meson mass) instead of
numerical values of masses.

We will only consider mesons made of light up and down quarks. This sets the x
parameter coming from the flavour sector to be 2/3. In table 1 we show all the mesons

JPC mentioned before.

listed in [50] under light unflavoured mesons with the values of
The exceptions are the flavour singlet scalars and pseudoscalars and the a((980). Whether
the latter is a quark-antiquark state or a four-quark state is still debatable, although the

literature favours more the four-quark state hypothesis. For this reason we did not include



JPC | T | Meson | Mass Measured (GeV)
1=/ |1 p 0.7755
177 | 1| p(1450) 1.465
17 [ 1| p(1700) 1.720
177 | 0| w(782) 0.78265
177 | 0 | w(1420) 1.420
177 | 0| w(1650) 1.670
17+ 1 1 | a1(1260) 1.230
17+ 10 | f1(1285) 1.2819
110 | f1(1420) 1.4264
0t+ | 1| ap(1450) 1.474
0t |1 o 0.134977
0" | 1| m(1300) 1.300
0~" | 1| m(1800) 1.812

Table 1. Light unflavoured mesons from [50] used in the spectrum fit. The quantum number
I = 1 means the meson is a flavour non-singlet state while I = 0 means the meson is a flavour
singlet state.

it in this work. In table 2 we have the mesons listed in [50] under other light unflavoured
mesons, which are still not well established. We also included theses masses in our fit,
therefore in case some of these states are not confirmed this work should be updated.

As our goal is to include the Regge behavior of vector and axial vector mesons, the most
important criterion for the fit will be the deviation of the vector meson masses of the model
from the experimental results. We have explored different fitting strategies. We tested fits
where the parameters «) and Vig are fitted either independently to Yang-Mills data or
together with the other parameters to “final” meson mass data. We also tried including
lattice data for glueball masses. The result of these tests was that the optimal method,
which lead to a physically sound solution for the metric and a good fit of the spin 1 states,
was to do a global simulatenous fit of all parameters, excluding the glueball masses, and
also imposing specific constraints to the fit parameters. We will explain the details below.

The profile of the background fields and the mesons masses (excluding axial vector
singlet states which will be discussed below) are determined by 17 parameters. 16 of these
parameters (ay, q, a, Wo, wo, k1, w1, ViR, Wir, Ko, wo, Wi, k1, w1, a1, and ay) are
parameters of the potentials appearing in the action and 7y is a parameter that characterises
the IR asymptotics of the tachyon field. In our fits a; and ay are fixed by imposing the
following constraints: we choose ag — a; = 1 by rescaling the 7 field, and set ay = 2xk(0) in
order for the mass gap of the mesons to be correct at large quark mass [68]. This reduces
the number of free parameters to 15.

It turns out that it is useful to set extra constraints for the behavior of the tachyon
which guarantee that the fit parameters remain in the domain of physically reasonable

~10 -



JPC | T | Meson | Mass Measured (GeV)
17— | 1| p(2000) 2.000
177 | 1| p(2270) 2.265
177 | 0| w(1960) 1.960
177 | 0 | w(2205) 2.205
177 | 0 | w(2290) 2.290
177 | 0| w(2330) 2.330
17T 1 1 | a1(1930) 1.930
17T 11| a1(2095) 2.095
1+ | 1| aq(2270) 2.270
1t 10| f1(1970) 1.971
1t 10| fi(2310 2.310
0t* | 1 ao(2020) 2.025
0" | 1| m(2070) 2.070
0~" | 1| m(2360) 2.360

Table 2. Other light mesons from [50] used in the spectrum fit. The quantum number I = 1 means
the meson is a flavour non-singlet state while I = 0 means the meson is a flavour singlet state.

solutions. The first is related to chiral symmetry breaking. The chirally symmetric vacuum
solution of the model flows to an IR fixed point [48]. We require that there is an instability
towards forming a tachyon condensate in the IR around this fixed point, which will imply
chiral symmetry breaking on the field theory side. The presence of the instability, and
therefore chiral symmetry breaking, is guaranteed if the Breitenlohner-Freedman (BF)
bound [73] of the tachyon is violated at the fixed point. This means that —m2¢? > 4,

where
24(@2 — (11)

/i()\*)%ff()\*) ’
Here the location of the fixed point is the maximum of the effective potential, V/g(A) =0,
and ¢, is the IR AdS radius. Actually, while violation of the BF bound guarantees
tachyon condensation and chiral symmetry breaking, it turns out that, in practice, values

—m22 = Ver(N) = V;(A) = Vi(\, 7 =0). (2.32)

close to the bound are enough to trigger condensation. Therefore we will in fact require
—m2¢% > 3.5.

The other condition is to require that the tachyon diverges fast enough in the IR to set
all potential IR boundary terms arising from the flavour action to zero. This is required,
among other things, for the correct implementation of the flavour anomalies [47, 63]. For
our choice of potentials the asymptotics of the tachyon in the IR is

1 (12 — W) Koaz
8 Vir(az —a1)

(2.33)

T~TpZC Te

and the flavor action vanishes fast enough in the IR if 7. > 1, which is roughly what we
require below.
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Parameter value Parameter | value | Parameter value
Q) 2.8328 Qi 3.1670 Qo 1.6926
Wo 2.4289 wo 0.9400 K1 1.3254
w1 —0.2898 VIR 1.8042 Wir 1.1345
Ko 1.7647 Wo 2.9291 W1 0.2342
K1 —0.3076 w1 3.0358 ax 0.5413
as 1.5413 70 0.9232 Zq —0.0377
Ca 23.307

Table 3. Best fit parameters of the background potentials to the mass ratios between the mesons
listed on tables 1 and 2 and the p meson.

We then fit these parameters to ratios between the meson masses in tables 1 and 2
and the p mass, by minimising the function

Rre.i_Ros.i —(471./3— —(—m?202—
J:Z| P dR b |+WTe (47¢/3 1)+WTe (—m2e2 3.5), (2.34)

obs. i

excluding the singlet axial vector mesons. This gives a total of 22 data points. The sum
term is the absolute relative difference between the predictions of our model and the ones
obtained by using experimental data, while the other two terms are the constraints we want
our background to satisfy. We repeated the fit with different values of the W, parameter
in order to balance the ability of the model to reproduce the observed ratios and still be
consistent and stable. We have found that W, = 0.1 is a good choice and the results
that we present below were obtained with such value. Having fixed the background, we
fit the parameters Z, and ¢, of equation (2.18) against the four mass ratios between the
singlet axial vector mesons and the p meson. With this procedure we have obtained the
parameter values presented in table 3 and the corresponding mass ratios of table 4. This
fit has —m2¢? ~ 6.200 and 7. ~ 1.956 which ensure presence of chiral symmetry breaking
and IR decoupling of the tachyon.

Several remarks are in order. Firstly, the fit is stiff: while the number of parameters is
large, the dependence of the results on their values is relatively mild. This is because the
fit parameters appear through only a few functions of A, the asymptotics at large and small
coupling of which have already been determined by qualitative arguments and comparison
to perturbation theory. Therefore the fit parameters essentially only affect the functions in
the middle, at A ~ 1. Also there is limited parameter space where the functions are simple,
monotonic functions, and one can check from the fit result that it indeed lies within this
regime of the parameter space.

Given the stiffness of the fit, the results for the spin-one mesons are really good. There
are a few isolated states for which the deviation is = 10%, but in general the deviations
are in the ballpark of 1% or even less than that. The masses of the pseudoscalar mesons
are also reproduced at a very good precision. There are, however, significant deviations
in the scalar sector. While the scalar sector is challenging to explain in any model among
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Ratio Rpred. | Robs. | [Rpred. — Robs.|/Robs.
M y(1450)/Mp | 1.662 | 1.890 0.121
Moaro0)/mp | 2.141 | 2.219 0.035
Mo(2000)/Mp | 2.559 | 2.580 0.008
Mo(a270)/Mp | 2.940 | 2.922 0.006
My (782)/ Mp 1 1.010 0.010
Me(az0) /My | 1.662 | 1.832 0.093
Mees0) /My | 2141 | 2.154 0.006
Meio60)/Mp | 2559 | 2.528 0.012
Me(220m)/Mp | 2.940 | 2.844 0.034
Mi(2200)/Mp | 3.289 | 2.954 0.127
Me2330)/mp | 3.610 | 3.005 0.201
My (1260)/mp | 1591 | 1.587 0.003
My (1030)/mp | 2.095 | 2.489 0.158
M 2005)/Mp | 2523 | 2.702 0.066
M, (2270)/Mp | 2.916 | 2.928 0.004
My 19ss)/mp | 1653 | 1.654 0.001
My 1a20)/Mp | 2128 | 1.840 0.157
mp,ao70)/mp | 2.543 | 2.542 0.0004
M (2310)/Mp | 2.930 | 2.980 0.017

My /M) 0.1740 | 0.1741 0.0006
Mr(1300)/Mp | 1.731 | 1.677 0.032
My(1s00/Mp | 2.337 | 2.337 5x107°
Ma(070)/Mp | 2785 | 2.670 0.043
Ma(as60)/Mp | 3.173 | 3.044 0.042
Mag(1450)/Mp | 0.685 | 1.901 0.640
Mag(2020)/Mp | 1492 | 2.612 0.429

Table 4. Mass ratios obtained with the parameter values of table 3.

other things due to the presence of significant four-quark contribution [50], the predicted
nonsinglet scalar masses are still clearly too low, unlike in the probe limit study of [56, 57]
which used similar flavor action as the current article with the fixed background of [74].
While exploring different fit procedures, we noticed that there are parameter values for
which the scalar masses are reproduced to a much better precision, but such parameter
values are not favored by the overall fit which stresses the masses of the spin 1 mesons.
Understanding this shortcoming requires further study. Notice that the scalar states are
not needed for the analysis of the Regge trajectories which is the topic of discussion in the
remainder of this paper.
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The fitted value of Z, = Z(0) in table 3 is negative. Due to the positive value of
¢q, however, the function Z()\) is mostly positive so that Z(A) has a node at small .
This behavior is unexpected and does not agree with phenomenology, i.e. the physics of
the f-angle in QCD and in particular the value of the topological susceptiblity [45, 63].
Apparently this issue arises because the singlet axial meson masses are relatively unsensitive
to the shape of the function Z()\), and would be cured if additional observables (e.g. the
topological susceptiblity) would be included in the fit. The precise functional form of Z(\)
is again irrelevant for the Regge analysis of the following sections.

It is also interesting to compare the fit results to those obtained in the same holographic
model [66] by fitting the potentials independently to lattice data for QCD thermodynamics.
Namely, most of the values are very close to those obtained in that study, deviations are
typically in the ballbark of 10%. In particular, the scale parameters «) and «, are close
to the value 1 used in this reference, whereas ay, is a bit higher than what was obtained
through the fit to thermodynamics (v, equals to 3w, of [66]) but still smaller than the
other scale parameters, in agreement with the earlier fit. We also note that there is rough
agreement with [75, 76] where the model was compared to lattice results at finite magnetic
field and temperature by using a sligthly different Ansatz for the potentials of the model.
The parameter ¢ of these references, which controls the scale in the A dependence of the
w(A) function, maps roughly to the ratios a,,/ay or au,/ay in this article. For the ratios
we obtain numbers close to 0.5 whereas ¢ ~ 0.25 was preferred by the thermodynamics
at finite magnetic field. That is, the numerical values are different, but clearly smaller
than one in both cases. Moreover the value of Wy (which was a free parameter in [66])
is determined by the spectrum fit to be near 2.5. This results is therefore an important
constraint with respect to the earlier fit. The most significant difference between the fits
is the value of wg, which here is smaller by a factor of about 5 to 10 with respect to the
various fits of [66]. This is apparently connected to the change in the value of ay,.

3 7, vp and pp total cross-sections in holographic QCD

In this section we present the necessary ingredients to compute the total cross-sections
of vy, vp and pp scattering in holographic models of QCD in the Veneziano limit. First
we will discuss the kinematics of each process. Then we will present generic holographic
expressions of the forward scattering amplitude, in the Regge limit, via the exchange of
higher spin J fields. We conclude by deriving the holographic expression of the total cross-
sections by taking the imaginary part of the amplitudes and using the optical theorem.

3.1 Kinematics

For all processes we will use light-cone coordinates (+, —, L), with flat space metric ds? =
—dxtdz~ + da?, where z; € R?. For the v*p — v*p process the incoming and outgoing
off-shell photons are the following

k1= (\/57_327(0 , —k3 = <\/§7 (ﬁ\/gQZ%?‘IJ-) ’ (31)
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while the incoming and outgoing protons with mass M have momenta

k:<ﬂj\m) —m:(‘“fwf qL> (3.2

The momentum transfer ¢, is a R? vector and is related to the Mandelstam variable ¢
through t = —¢%. We work in the Regge limit of large Mandelstam variable s. For the
forward scattering amplitude the momentum transfer ¢, = 0 and the photon virtualities
satisfy Q3 = Q1 = Q, since the outgoing off-shell photon has ks = —k; and the outgoing
proton k4 = —ko. The incoming and outgoing photon polarizations are the same. The
possible polarization vectors are

) = {(o,o,q), A=12 33)
(V5/Q,Q/v/5,0),  A=3

where €, is just the usual transverse polarization vector.
For the v*v* — v*v* process the incoming photons have the four momenta

= (ﬁ,—%,@) , ko = <—3é\/§70> ) (3-4)

while the outgoing photons have

(\[ QL\[Q:s m) by = — (qi—\/g@?l’\/g7 ﬂu) , (3.5)

where Q? = k? > 0 (i = 1,...,4) are the corresponding virtualities. As in the case of
~v*p scattering, for the forward scattering amplitude the momentum transfer is null. The
possible polarization vectors are, respectively,

(0,0,1,0), A=1
ni3 = 4(0,0,0,1), A=2, (3.6)
1 Q? _
Q(\/§7\/g70a0)7 A=3
(0707170)7 A
n24 = (07 07 07 1) ’ A
1 (e
5 (%v5.0,0), A

since in the forward amplitude the incoming and outgoing off-shell photons have the same

1
—2, (3.7)
3

polarizations. Notice that the transverse photons (A = 1,2) are normalized such that n? =
1, while for the longitudinal photons (A = 3) n? = —1.
Finally, the large s kinematics of pp scattering is given by

oy = (fﬂ\ﬁo) , (f ol f/wm), (3.8)

M2 M2+ 2
k2: <\/§7\/g70> ’ k4:_<\/§%a\/§)_qL )
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ks

(a) (b) (c)

Figure 1. Tree level Witten diagram representing spin J exchange in (a) v*p — v*p, (b) vy — vy
and (c) pp — pp scattering. The ny and ny labels denote the incoming photon polarizations while
ng and ny label the outgoing photon polarizations. For forward scattering n; = n3 and ny = ny.
A, represents the non-normalizable mode of a U(1) gauge field dual to the source of the conserved
current ¢y#1) and Y is a normalizable mode of a bulk scalar field that represents an unpolarised
proton. x and x represent the bulk points where the external scattering states couple with the spin
J fields.

where k1 and ko are the incoming proton momenta and k3 and k4 are the outgoing proton
momenta. As in the other processes we will only compute the forward scattering amplitude
for which ¢; = 0.

3.2 Holographic scattering amplitudes

Before we start the computation of the forward scattering amplitudes we need to define
the external states as well as the interaction between them and the spin J fields that are
exchanged in the Witten diagrams of figure 1. While for the case of bulk gauge fields
the DBI action allows a direct quartic interaction in the bulk, we will not consider such
diagrams since we will be working in the Regge limit. In the holographic context, the
dominant diagrams correspond to the exchange of spin J fields of the graviton’s Regge
trajectory in the t-channel. The exchange of these fields in the bulk is dual to pomeron
exchange in the field theory [1].

An external photon is a source of the conserved current 1y, where the quark field ¢
comes from the open string sector. According to the gauge/gravity duality this field is dual
to the nonnormalizable mode of a vector field in the bulk. In the context of this model the
natural candidate is the linear combination of the A and A® gauge fields

AL 4 AR
V. = % , (3.9)
In the string frame the action of this field is
1
S = —ZM3NCNf / P/ —gee™ 5 PV w? GF 5" Fl, (3.10)

where g, is the determinant of the metric in the string frame, §% is the inverse of §u, =
Gsab + Ks(N)DaTOT, Ks(N) = A3K(N) and w,(\) = A/3w()\). Working in the gauge V, = 0
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and 0,V# = 0, the vector field components describing a boundary plane wave solution with
polarization n, take the form

Vi(z,2) =nufg(2) etk K =Q?, (3.11)

where fq satisfies the differential equation

1
Vi(A, T)w(A)2eAG

0. (Vi(\ (V) 2eG710: fq ) — Q2 fo = 0, (3.12)

subject to the boundary conditions fg (0) = 1 and 0. fg (¢ — 00) = 0. For the computation
of the Witten diagrams that have photons as external states, in particular to compute the
bulk interaction vertex, it is convenient to know the field strength of a given mode

F = 2ikyny, fo(z)e™ ™, F,, =n,fo(2)e*®, (3.13)

where we use the notation fQ =0.fo.

For the proton external state we consider that it is dual to the normalizable mode
of a bulk scalar field YT (x,z) = e'"%v (z) that represents an unpolarised proton. We will
see that the contribution of the proton wavefunction to the scattering amplitudes is inside
an integral that will be absorbed in the coupling constants and hence the precise details
will not be important. In this work this is sufficient since, as we will see, our fits will be
sensitive only to the product of an integral with coupling constants. This would not be
the case if we were considering processes that depend on the Mandelstam variable ¢, since
the proton state would be in an integrand multiplying wavefunctions of the Pomeron and
meson kernels that depend on ¢. In the future we would like to include differential cross-
section data of pp scattering and this will demand a better assumption than modeling the
proton as a bulk scalar.

The last ingredient of our model are the higher spin fields Ay, ...q, that will mediate the
interaction between the external states in the considered scattering states. In this work
we will consider bulk spin J fields that are dual to the spin J twist two operators made of
the gluon field, as well as bulk spin J fields dual to the spin J twist two operators made
of the quark bilinears. This extends the previous works [32, 34, 38|, where only bulk fields
dual to the gluon operators were considered. As discussed in appendix B, we will consider
a coupling between the U(1) gauge field and these spin J fields given by

ky / Pay/=g:Ge™ V(A7) ws (N 2§ FY NV, ...V, , FY hedar-ar—> (3.14)

while for the scalar field T dual to the proton state the coupling is
ks / P/ —gs e (YY), ...V, T) h1bs | (3.15)
In equations (3.14) and (3.15) V, is the covariant derivative, while k; and kj are the

couplings constants between the U(1) gauge field and the bulk scalar with the spin J field,
respectively.
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The higher spin J field Ay, ...q, is totally symmetric, traceless and satisfies the transver-
sality property V¥ hg, ..o, = 0. This implies that, in the Regge limit, it is not important in
which external fields the covariant derivatives in (3.14) and (3.15) act. Below we assume
that the spin J field has a propagator, without specifying its form. In the next section we
focus on the dynamics of this field in detail for the case of pomeron and meson trajectories.

Now we will show how to compute the forward scattering amplitude for the case of yp
scattering. The calculations for v+ and pp follow the same pattern and bring no additional
dificulty. For those cases we will simply present the results. In the Regge limit, the
amplitude describing the spin J exchange between the incoming gauge field Va(l) ~ etk
and scalar field T?) ~ €27 and outgoing gauge field Va(g) ~ %3 and scalar field
Y@ ~ etk can be written as

Ay = kJ/;:J/d5x/d5§7\/—gsx/—§SGe*%q>Vf wg e~ ®x
x §FY ()07 2 F (@) T+ (2, 2) YO (2)0] T (z) , (3.16)

where bars denote quantities evaluated at z in the Witten diagrams. The tensor
[1@vasbiby (2 ) is the propagator of the spin J field. Using the kinematics of equa-
tions (3.1), (3.2) and (3.3), the expressions (3.13) and summing over the photon polarisa-
tions, the amplitude takes the form

Ay = kykys’ / d5xd5aﬁ“\/—7gs\/—7§sG e_l?%Vf w? e~ P2/ (A+A) —24
j2 -
X (fQ2 + Qi%z) pPe @i, L, (2,1) . (3.17)

To make progress we make the change of variable z — 7 = (w*,w™,l,) = w and define the
transverse propagator in transverse space G j(z, z,t) through

, dwTdw™ j o J-1
/d2lle_““lL / un+...+’_..._ (z,é,er,w_,lJ_) = —L(eAJFA) Gj(z,z,t),

2 27
(3.18)

that is valid both for spin J fields of the graviton Regge and meson trajectories. Defining
V = (2n)*6* (3 k;) we obtain

k

k _
Ay =—iV ;stj/dzdi At G5 ® Vy w? e~ %I (A+A)

¢ 2

x ( fot + Q";%2> 02Gy(z,2,1) . (3.19)

In the next section we will propose phenomenological equations of motion for the higher spin
fields hg, ...q, of both trajectories. In particular, it will be shown that the function G;(z, 2, t)
for the pomeron and meson trajectories admits a spectral decomposition associated to a
Schrédinger potential that describes spin J glueballs or spin J mesons. This function can
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be written in terms of the eigenfunctions v, (.J, z) and eigenvalues ¢,(J) of this Schrédinger
potential in the following way

Gz 7,1) B+BZ ¥n( J - w"(j 2. (3.20)

The function B(z) depends on the holographic QCD model as well on the trajectory that
the higher spin field belongs to. We will determine them in the next section.

Finally, in order to get the total amplitude we need to sum over the spin J fields with
J > Jumin, where Jyi, is the minimal spin in the corresponding Regge trajectory. Then we
can apply a Sommerfeld-Watson transform

1 3 (SJJr(iS)J)ﬂ_ff djwﬁ (3.21)

J J
2 TSI s 2)J) 2w sinwJ s

which requires analytic continuation of the amplitude for the spin J exchange to the com-
plex J-plane. The contour on the complex plane consists of circles around simple poles at
integer values of J. Then, we assume that the J-plane integral can be deformed from the
poles at physical values of J to the poles J = j,(t) defined by t,(J) = t. The scattering
domain of negative t contains these poles along the real axis for J < Juyin. The scattering
amplitude for ¢ = 0 is then

i 2
.A(570):Zggpsj”(o)/dzeA(z_j"(O))Ge 3PV w? <fQ + QJ;QG2>eBwn(jn,z), (3.22)
where
Lok _
= G (oot TR G fas Mtz

By analysing (the regular solution to) the equation (3.12) we see that

- fo
6121210 fo=1, 6121310 Q- 0. (3.24)

It therefore follows from the optical theorem that
o(yp = X)=>_ Im(gP)sm /du e~ (n=2)4,—3® Vi w? eBapy (u), (3.25)
n

where we have made the change of variable du = Gdz.

As mentioned before the procedure to compute the holographic total cross-sections
for the other processes is similar to the one just presented. These calculations are done
in appendices C and D. Hence, we finish this section by presenting the final results. For
vy — X we have we have

o(yy = X) =Y Im(g))s! /du e~ Un=24p— 0 Vi w? eBep, (u), (3.26)
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where

% DO di i e s
' = gzjn% <Z oot mnz( )) %/ diie”Un ATV a2 Py, (u)*. (3.27)

For the pp — X process the total cross-section is

(pp — X) Zlm PPy gin—t (3.28)

where

2

/d Al=30)e=252eB Y (4, 2)| (3.29)

i Ji
PP E Jn(o) . .]n
Gy = 3 2in(0) <z + Cot 2 )

4 Spin J dynamics

The Witten diagrams of figure 1 allow to compute four-point functions dominated by ex-
change of twist 2 operators in the large s limit. We consider spin J operators O of the form

OJ ~ tr FBalDag te DOCJ_lFIB y OJ ~ tr [7/_1’7041D042 T 'DaJ¢] . (4'1)

oy

The first set of operators are gluonic while the second set are quark operators. These twist
2 operators are dual to bulk spin J fields whose dynamics will be specified below. We shall
then follow an effective field theory approach, by proposing a general form of the equations
of motion with phenomenological parameters that can be fixed by data. We will propose
two different equations of motion, one that describes the gluon sector, which includes the
energy-momentum tensor 7,5, and the other the quark sector, which includes the quark
bilinear current .J,. These equations will satisfy two requirements: i) compatibility with
the graviton’s equation of motion for the case J = 2 for gluonic operators, and compability
for J = 1 with the equation of motion of the U(1) current dual to the operator Ju; i)
reduction to the conformal limit case (pure AdS space and constant dilation and tachyon).
In pure AdS the equation of motion of a spin J field is

(V2= M) hoyoay =0, (LM)* = A(A—4)—J, (4.2)

where L is the AdS length scale and A is the dimension of the dual operator O;. These
fields are symmetric, traceless and transverse (TT). The independent components are
the ones along the boundary direction (i.e. hq,...a,) due to the transversality condition.
Decomposing these into irreducible representations of the Lorentz group SO(1,3), the TT
components hng .o, decouple from the others and they describe the operator O; in the
dual theory. The UV asymptotics of these fields are

hay.ay ~ Z4_A_J\7 +o Tt ZA_J<OJ> to (4.3)

with the free theory value A = J 4 2, where J is the source of O; and (Oj) its vacuum
expectation value.

We will now motivate two equations of motion for spin J, one for the fields in the
Pomeron trajectory and another for the fields in the meson trajectory.
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4.1 Pomeron in holographic QCD in the Veneziano limit

The Pomeron is dual to the graviton Regge trajectory [1]. To derive the equation of
motion of the spin J fields in the graviton’s Regge trajectory we follow the same approach
as in [32, 34], that is we derive first the equation of motion of the graviton and then
generalize it based on the two requirements mentioned above. Only the gluon part of the
action Sy, contributes to the fluctuations in the spin-2 sector. Therefore the equation of
motion of the TT components of the graviton in this class of models is, in the Einstein
frame, the same as in IHQCD [45]

V2RI +24% AR =0, (4.4)

which also equals equation (A.108) of [62] for the 27T glueballs. This equation reduces
to (4.2) for the AdS case since A =4 and J = 2 for the AdS graviton. The corresponding
equation of motion in the string frame can be obtained by noting that the warp factor in
the Einstein frame is related with the warp factor in the string frame Ag through A =
Ag —2®/3, and that the expected relationship between the string frame TT perturbations
hgﬁTS and Einstein frame TT perturbations hgﬁT is hog = e 1%/ 3h§6' Then the equation

of motion in the string frame is (dropping the superscript S in h;fgs )

(V2 = 2e724:6V, + 242724 | 11T = 0. (4.5)

We propose that the equation of motion of the spin J fields in the graviton’s Regge
trajectory is
A(A -4 .
7( 72 ) + JAge_zAs +eg(J—2) e 24542

where e, is a constant that will be fixed later by setting the soft pomeron intercept to 1.08.

V2 - 2e7 M9V, — T =0, (4.6)

aq...0

We note that: i) for J = 2 we get the graviton’s equation (4.5); i) for the conformal case,
i.e. A= —log(z/L) and ® and 7 constant, the equation reduces to (4.2); iii) the second
term comes from the tree level coupling of a closed string, as appropriate for the graviton
Regge trajectory in a large N approximation; iv) following an effective field theory rational
we could have included other terms proportional to derivatives of A;, ® and 7, that is
terms proportional to

e (A, - AZ), e, M, A, (4.7)

All these terms, of dimension inverse squared length, are compatible with the constraint 7)
and also with constraint i) provided they multiply J — 2. Like the term proportional to
72, these terms are all subleading in the UV. However in the IR, where the wavefunctions
of the associated Schrodinger problem are localised, the term 72 dominates and for this
reason we will only consider this term. We have also not included the terms 7, 7As and
#® because the background is symmetric under 7 — —7.

The third term in (4.6) is a mass term obtained by the analytic continuation of the
dimension of the exchanged operators A = A (J). We shall set

AA—-4) J?>—4

T = S (4.8)
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In the boundary theory the dimension of the operator O can be written as A = 2+ J 47y,
where v is the anomalous dimension. In free theory v; = 0. Using the UV asymptotic lim-
its of the background fields A, ® and 7 [48], equation (4.6) near the boundary takes the form
2J -3 J—1
(aﬁ + 9, —4 ) RIT =0, (4.9)
z

2'2 Qg

whose general solution is hZ;lT,,,aJ = 122 + 222727, This is expected from equation (4.3),

since in free theory A = J + 2. The term we added in the right-hand side of (4.8) ensures
the correct UV asymptotic behaviour of (4.6). Beyond perturbation theory, the curve must
pass through the point J = 2 and A = 4 as it represents the energy-momentum tensor
which is protected. Equation (4.8) guarantees such properties.

The propagator for the spin J fields in the graviton’s Regge trajectory is the solution of

(DH)Q1~~-aJ,b1~~-bJ (1"7 j) = iGQ(I)gal(bl o 'g\aJ\bJ)55(x7 J_") — traces, (410)

where the notation g4, 4, - g|a,[p,) Means that symmetrisation is applied only among the
indices b;,7 = 1,---J. As we have seen in the previous section, in the Regge limit we are
only interested in the component IT ..., _.._. By using the identity (3.18) one can show that

Az — e 24 (2@582 1247 + A, — 2A2‘i>) - m?,(z)] Gy(z,2,11) = —e%03(y,5), (4.11)

where [, =z, —z; and y = (2,2, ) and y = (2,2, ) are points in the scattering transverse
space with metric ds§ = 245 [dz2 + dxi] Aj is the corresponding Laplacian and m?(z)
is given by

J+2 .
m%(z) =(J - 2) [4 +ege 22|

A3

(4.12)

The homogeneous version of equation (4.11) can be transformed in a Schrédinger problem
through the Ansatz
As
G(z,2,t) = "3 9(2), (4.13)

where v satisfies the Schrodinger equation

[~02 — t+ V(=) w(2) =0, (4.14)
with t = —qﬁ_ and
2
Vi) = o (A _ §q>) + Z(A _ §¢) +etim2 () (4.15)

The spectrum for each integer J discretises t = t,,(J) and the corresponding eigenfunctions
satisfy the identity Y, ¥n(2)1%(2) = §(z — z). Hence, the solution to equation (4.11) is
given by

Gylzzt) = P55 Y %(f’ 8)1/’3(;’ 2 (4.16)

and the B function in equations (3.25), (3.26), (3.28) is ®—A;/2 when considering exchange
of reggeons in the Pomeron trajectory.
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Figure 2. Chew-Frautschi plot of four degenerate meson Regge trajectories. All the mesons shown
are well established experimentally, except ps, fg and ag. The particle spins are plotted agains their
squared masses t. Figure adapted from [43].

4.2 Meson trajectory

Next we discuss how to describe the dynamics of spin J fields in the mesons trajectory.
The Chew-Frautschi plot of figure 2 shows two important properties of the mesons tra-
jectories. The first is linearity which is usually used to extrapolate from the ¢-channel

physical region to the s-channel scattering region where ¢ < 0. That is, we find the
2

o
sections we are interested in the intercept value at ¢ = 0. Another important property is the
near degeneracy of the four trajectories { f2(1270), f4(2050), - - - }, {a2(1320), a4(2040), - - - },
{w(780), w3(1670), --- } and {p(770), p3(1690), - - }.

Using the fact that the four trajectories are nearly degenerate and that we had a very

best line to the points and use it to find j(t) for ¢ < mZ. In particular, for total cross-

good description of the spectrum for non-singlet and singlet vector mesons (p and w) we
will construct the holographic meson trajectory by generalizing the equation of motion of
vector mesons to any spin J field in the same trajectory. We will follow the same procedure
of last section. Later we will validade our approach by showing how, with just one single
parameter, one can simultaneously have a good description of scattering data, the spectrum
of the meson trajectory, and an approximately linear Regge trajectory for the mesons.
From the action (3.10) for the vector field in the string frame, one gets the equation
of motion
Va (75 Vpul G 55" Fu) = 0. (4.17)

In order to simplify the notation, from now on we assume all the warp factors and effective
metrics are in the string frame. As a first step to generalize (4.17) we write it as

.V (1 : _
FVa VAo + <8 Y <3A ( - 1> G )) e AV Ay — Vad,)—

VG2 G? e

1 A 9\
- (1 - G2> Vo VoA + <G2 + 3A2> e A4, =0, (4.18)
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where V = e_%q)vfwg. In the conformal limit (pure AdS with constant dilaton and

tachyon) the above equation reduces to
(V2= M?)A, =0, (4.19)

with (LM )2 = —4, as expected for a bulk field dual to the current operator ¥y with
spin J = 1 and protected dimension A = 3.

We now propose an equation of motion for the symmetric, traceless and transverse spin
J field hg,...q,; in the meson Regge trajectory. As in the graviton case, we are interested in
the TT part hng .., Which are the propagating degrees of freedom that decouple from the
other components after decomposing the field in SO(1,3) irreducible representations. We
propose the equation

0.V 1 G ,
~ab z —2A
|:9 VaVb + (VGQ + 3A <G2 — 1) — G3> e 2 (@ — (J — 1)A) — (420)

i

1 ; _ —9A.
(1— Gz) Vo,V — (A (A —4) A2 —JG2> e ten(J—1)e “Tﬂ Pagea, =0

We note that: i) this equation reduces to the vector meson equation of motion for J = 1;
i7) in the AdS case the second, third and fifth terms vanish, reducing this equation to the
equation of motion of the TT components of spin J fields in AdS; #i7) Following the same
logic as for the fields in the Pomeron trajectory we only included the two-derivative term
in 72 that is compatible with i) and 4i). Also, as in the case of the Pomeron, the A(.J)
curve follows from the analytic continuation of the dimension of the exchanged operators
and imposing the correct UV asymptotic behaviour of the spin J fields:
24 g2 —1
A(A_4)__3+F)\7%' (4.21)

The last term guarantees the correct UV behaviour of the spin J fields given in (4.3), while
the first one ensures that the curve passes through the protected point A =3, J = 1.

Equation (4.20) can be brought to Schrédinger form by first rewriting it in terms of
the u variable defined previously. After that we can write the spin J field as

TT iga el/-D4
h | $(u), (422)

= €q--- e
ay-og oy 0
-5 2 A
Ve 37 Viwge

where 1) satisfies the Schrodinger equation

%)

du?

+Vi(u) ¢ =ty (4.23)
The Schrodinger potential is given by

AGG + GPA

a2 emG272 |, (4.24)

Vi(u) = Vy(u) + (J2 - 1) A5 4 (T — 1) [GQA2 _
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where Vi is the Schrodinger potential of the vector mesons given in (2.23). Here the dots
mean derivatives with respect to the u variable. We will denote the eigenvalues of this
Schrodinger potential as t,(J) and the corresponding eigenfunctions as 1, (J, u).

The propagator for this spin J field obeys an equation of the type

. _ G
(DH)a1--~aJ,b1-~~bJ = ay(by """ g‘(l]le)(;E)(x’ l‘) _1og 9’ (425)
e 3 Viws

where D is a differential operator defined by (4.20). In the Regge limit we will be interested

in the components II..; _.._ and for this particular case
24\’ G
D4 _._=i|—] 05(2,2) —g7——. 4.26
+- ( 92 5( ) e_l?’o‘bewQ ( )
Consider now the integral
dw*dw™ 1\’ i
/%H+...+,_..._ - —z‘(—2) eIV Gy a1, (4.27)

that defines the transverse propagator G y. Applying the operator D on both sides of this
equation and noting that

D [V G (u,,10)| = T IVAHADG (u, 7,1 ), (4.28)
where D3 is the differential operator
_ _ 10 . w X 8 V. _
Dy = e 2492 4 724 (A 3 42— o fo> Ou+ e 407 + (4.29)
Coapp.n  JP—1 _ o AGG+G*A
+ (J = 1) epme 24G272 — B (J—1)e 24 |G?A? - — 0z |
we conclude that G ; satisfies
_ G
D3 GJ(U,U, lL) = _53(3/7 ) _10g (430)
3 Vfwg
where y and y are coordinates in transverse space, as defined after (4.11).
To solve (4.30) we consider its homogeneous version and the following Ansatz
eiq'll
GJ(U, lJ_) = w(u) . (4.31)

10
Ve 3 2Viw2ed

It follows that 1) is a solution of the Schréodinger problem (4.23). Since the eigenfunctions
of the Schrodinger potential satisfy >, ¥ (u),(a)" = 6(u — u) the solution to (4.30) is

? . (e*%q’vfwze/‘) ] Zn: w;jzt};bi(? . (4.32)

Thus, the implications of this result for (3.25), (3.26) and (3.28) is that

1 —1/2
Gj(u,u,t) = ( mq)Vwa A) / /

1
B=—log (e 5 VwZe?) (4.33)

when considering exchange of reggeons in the meson trajectory.
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5 Fit of v~, vp and pp total cross-sections in holographic model

In this section we will test the presented phenomenological model for ~v, vp and pp
total cross-sections against the hadronic cross-section data files from the Particle Data
Group [50]. These data sets are formed from experimental results obtained by different
groups over the last decades. The datasets of o(yp — X) and o(pp — X) have cross-
section values as a function of the laboratory momentum of an incoming on-shell photon
or proton, respectively. A calculation of the respective center of mass energy /s was per-
formed before starting the fits. We also considered only subsets of data with /s > 4 GeV
for o(yy = X), o(yp — X) and o(pp — X), yielding 39, 45 and 115 experimental points,
respectively.
We find the best set of parameter values ; by minimising the y? quantity

N pred, \  ~exp 2
X2=Z<Ok (i) — O ) ’ (5.1)

n=1 Tk

that is, the sum of the weighted difference squared between experimental data and model
predicted values where the weight is the inverse of the experimental uncertainty. In our
fits the parameters «; are the couplings k‘% " and 12:% " defined in equations (3.23), (3.27)
and (3.29), where the superscript refers the coupling to the pomeron or meson trajectory.
Usually a fit is deemed of good quality if the quantity x3 ,; = x*/(N — Npar) ~ 1, where
Npar is the number of parameters a; to be fitted. In (5.1) O represents a generic data
point of one or several observables mentioned previously and, usually, oy is the experimental
uncertainty associated with the measurement. Some data points have uncertainties in the
values of s (e.g. in 7y — X that is always the case because it is measured experimentally).
To account for this we calculate the total cross-section for s+ As and s — As, and evaluate

oot = max (|07 (5 + As) = 0P (s) | [P (5 — As) = 0P (s) ]). (5.2)

For these cases o}, = \/ (Uexp,)2 + ((Teff_)2 where exp. is the experimental error.

By minimising (5.1) with all the data mentioned above we can find the best values for
the potentials parameters e, and e,,, as well as for the coupling values k;, and l_fjn with
n =1,2,--- for each trajectory. We will follow another approach. As shown in [34], the
first two trajectories of the gluon kernel can be identified to the hard and soft pomeron
trajectories. Here we will fix e, by demanding that the intercept of the soft pomeron
trajectory is 1.08. We also identify the meson trajectory with the first trajectory of the
meson kernel and we will fix e, such that we have agreement with the meson masses of
(f2,a2), (p3,ws) and (f4,a4) for J = 2,3,4, respectively. The numerical values of these
parameters were found to be 0.246 and 1.712 for e, and e,,, respectively. The intercept
values obtained from these parameter values can be found in table 5 and the leading
trajectories are shown in figure 3. The corresponding masses of the mesons for J = 2, 3,4
are present in table 6. The intercept of the hard pomeron is close to 1.17 which was
the one found in the IHQCD model [34, 38]. We also note that the intercept of the 4th
Pomeron trajectory and of the meson trajectory are very close to 0.55 found in the hadronic
cross-section fits of [43].
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Figure 3. The first three Regge trajectories of the gluon kernel and the first meson trajectory of the
meson kernel used in the cross section fits. They result from solving the Schrédinger problems (4.15)
and (4.24) for several values of J. The black dots are the experimental values of the mesons fa, as,

p3, w3, fa and ay.

Intercept | Intercept value
i 1.22
s 1.08
7% 0.862
i$ 0.574
i 0.625
5 0.246

Table 5. Values of the intercepts of the first four trajectories of the Pomeron kernel and of the first

two trajectories of the meson kernel. These values were obtained with e, = 0.246 and e,, = 1.712.

meson mass predicted mass
f2(1270) / a2(1320) | 1.2755 / 1.3169 1.310
p3(1690) / w3(1670) | 1.6888 / 1.667 1.673
f4(2050) / a4(2040) 2.018 / 1.967 2.003

Table 6. Meson masses in GeV for J = 2,3,4 obtained for e,, = 1.712 and the corresponding

experimental values.
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~ coupling value proton coupling | value
kS, 0.0634496 kS, 2.23798
kS, -0.119512 kS, -15.485
k9. 0.0180875 kS, 7.11293
kI 0.043448 kI 12.8753

Table 7. Values of the couplings for the joint fit of o (yy — X), o (yp = X) and o (pp — X) data.
There are 199 experimental points giving a x3 5 =074

1400 A HVQCD
4 exp. data
1200 A
1000 A
i) _
< 800
[§
600 +_
400 A w
- -3¢
200 A
0 T T
10t 102
Vs(GeV)

Figure 4. Fit of o(yy — X) vs experimental points. The curve was obtained using the values
from table 7.

After fixing the kernel parameters e, and e,,, we fit the total cross-section data by
minimising (5.1) with respect to the couplings k:jgr{ " and IQ% " Considering only the first
three Pomeron trajectories and the first meson trajectory with the intercepts of table 5 we
obtain a X(Qi.o.f. of 0.74 for a total of 199 experimental points and 8 parameters. The best
fit parameters are present in table 7 and the comparison of the experimental data with
the predictions of the model for these parameters is present in figures 4, 5 and 6. These
results show that one does not need to assume a linear meson trajectory after fixing it at
t > 0 in order to describe total cross-section data, as it is often assumed in the literature,
leading to an the intercept value of 0.55. The Regge trajectory is convex line, which yields

a slightly higher intercept.

6 Conclusions

In this article, we studied Regge theory in a full-fledged holographic model (V-QCD),
which includes backreaction of quark degrees of freedom to the gluon dynamics in QCD.
The main new results can be divided into two categories: firstly, we made progress with
the comparison of the model with QCD data by carrying out a detailed fit of the model
paratemeters to the meson spectrum. Secondly, we developed a scheme to describe higher
spin mesons and Regge trajectories in this model, and applied it to analyse the total QCD
cross sections of scattering precosses having protons and photons in the inital state.
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Figure 5. Fit of o(yp — X) vs experimental points. The curve was obtained using the values
from table 7.
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Figure 6. Fit of o(pp — X) vs experimental points. The curve was obtained using the values
from table 7.

As explained in section 2, the holographic model is strongly constrained by the re-
quirement that it agrees with known features of QCD such as confinement, chiral symmetry
breaking, asymptotic linearity of meson trajectories, qualitatively correct dependence of the
spectrum on the quark mass, correct response to small chemical potential at small tempera-
tures, and asymptotic freedom with correct dimensions (and anomalous dimensions) of the
most important operators of QCD at weak coupling. Most of the remaining parameters,
which are not determined by such qualitative considerations, amount to tuning of the var-
ious potentials of the V-QCD action at intermediate values of the coupling. In this article
we have chosen to tune these parameters such that the meson spectrum of the model agrees
well with experimental QCD data. The number of fitted parameters is large, because we
want to make sure that our Ansatz for the potentials covers essentially all of the param-
eter space left free by the constraints listed above. However since the effect of all these
parameters on the potentials is relatively small, the dependence of the result for the meson
masses on the parameters is weak. In other words, one obtains a rather good description
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of the QCD spectrum for any reasonable values of the parameters, and the task carried out
in this article is to tune the masses to agree as well with experimental values as possible.

Because we were mostly interested in the Regge physics in this article, we chose a
strategy where we only fitted the meson masses with spins J = 0 and J = 1, but did not
consider other data such as decay constants or thermodynamic potentials. Notice also that
we included radial excitations with high masses and these state were fitted with the same
weight as the “important” low-lying states such as the pions and the p-meson. That is, the
fit was tailored for the purpose of studying the Regge physics where reproducing the correct
asymptotics of the trajectories is important. It is anyhow interesting that the results of the
fit are in good agreement with those obtained in [66] where essentially the same Ansatz was
compared to the lattice data for the thermodynamics of Yang-Mills theory and QCD at
finite temperature, and in rough agreement with the value of the parameter ¢ of [75, 76] as
we explained in section 2.4. We also remark that the fit carried out here appears to be more
constraining than those carried out in the earlier references: our fit favors Wy ~ 2.5 whereas
this parameter was left unconstrained by the comparison to lattice thermodynamics. We
obtained a very good fit for the spin 1 and pseudoscalar meson masses. This fit was more
extensive than that carried out in the probe limit in the closely related model of [56, 57].
It also compares favorably to work in simpler holographic models and in models inspired
by gauge/gravity duality, such as the hard [77, 78] and soft wall models [79], light front
holography [80, 81], and the holography inspired stringy hardon model [82, 83].

There are several ways to further develop the holographic model and the fitting pro-
cedure in the future. A simple project would be to redo the fit to meson spectrum with
the aim of producing a model for all purposes, which would mean to weight more the
mesons having low masses and also consider other experimental data relevant for the zero
temperature vacuum such as decay constants, the flavor singlet scalar and pseudoscalar
states, topological susceptibility, the S-parameter and so on. The potentially challenging
issue, which we noticed while doing the fit of this article, is that the scalar meson masses
agree poorly with the experimental values. This issue would need to be solved. A more
ambitious project would be to carry out a simulatenous comparison of the zero tempera-
ture and finite temperature data, i.e. to also include the data for lattice thermodynamics
at finite temperature and potentially also at finite magnetic field. Good agreement of the
model parameters obtained by fitting the zero and finite temperature data independently
suggests that such a project is feasible. As a part of the project, it might make sense to
also generalise the model to include flavor dependent quark masses and flavor dependent
coupling of the magnetic field to the quarks.

Having fixed the action for the geometry and the actions for scalar and vector mesons
through the fit, we proposed the dynamics for the spin J fields dual to the gluon and
quark twist two operators. This dynamics is controlled by two parameters that were
fixed by making the second Pomeron trajectory intercept to be 1.08 (the known soft-
pomeron intercept) and by reproducing quite accurately the masses of the mesons with
J = 2,3,4. We have found that the hard pomeron intercept is close to 1.17 in THQCD.
We also note that the fourth Pomeron trajectory and the leading meson trajectory that we
obtained have intercepts close to the meson intercept value of 0.55 commonly found in the
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literature. Using the first three pomeron trajectories and the first meson trajectory we had
a very good fit of the total cross-sections of v, yp and pp scattering. We note here that
although our meson intercept is close to 0.55, the corresponding trajectory is non-linear
in the ¢t > 0 region (see figure 3), as it is often assumed. This suggests that the linearity
of the trajectory might be at best a very good approximation to obtain an intercept that
explains total cross-section data, and not its true shape in this region.

This work can now be extended to other processes like the proton structure functions
F} and F? and the photon structure function Fy', as done in [42]. In this model their holo-
graphic expressions are given respectively by equations (E.3), (E.4) and (D.3) from the
appendix E. From these expressions one can see that: i) the Bjorken x behaviour depends
solely on the value of the intercept; and ii) the Q? dependence comes from an integral
involving the non-normalizable mode of the U(1) gauge field fg, functions of the back-
ground fields and the normalisable wave functions 1),, of the pomeron and meson kernels.
Having the background fixed, the first two classes of functions are uniquely determined
while the 1,,’s might be controlled by phenomenological parameters (similar to e, and ey)
of the equations of motion of the spin J fields. In this work, with the values of e, and ey
fixed by the spectrum of higher spin mesons, we may have obtained the correct Bjorken x
behaviour, but it is not guaranteed that the wave functions yield the observed dependence
of the structure functions on Q?. Hence, one needs to consider the neglected terms of
equation (4.7) in order to get good agreement between our model and data. Of course
this involves adding more parameters to these fits, making it harder to find a minimum
for the y? function that describes satisfactory all the data being considered. If successful,
this would also extend [42] by including also pp total cross-section data in a consistent
holographic Regge analysis.

Since this model reproduces well the masses of the towers of p and © mesons, one could
also test this approach against the Vector Meson Production (VMP) data from HERA with
a p meson in the final state and to include 7%p total cross-section data. This will introduce
extra parameters in this holographic Regge model. In the 7% total cross-section we could
introduce couplings between the pions and the spin J fields of the different trajectories.
On the other hand, the VMP data would promote the coupling constants k; to functions
of t since in differential cross-section data we work with more than one value of ¢. In
order to control the amount of parameters to be introduced in this model, it would be
interesting to fix the couplings, or the functional form of k; (;), to other observables where
these couplings might be important. This could be done by first using a theoretical well
motivated ansatz for kj, ;) with some free parameters. These free parameters could then
be fixed by the experimental values of decay rates. As an example of this, k;?(m?{z) and
['(fo — 77) are related through equation (3.14) for the J = 2 case.

To describe successfully VMP in this holographic setting we need a better approx-
imation to the proton state than assuming it to be a scalar field. In this work this is
sufficient, since the integrals that involve the proton wavefunction are absorbed in the fit-
ting parameters. However, in the VMP case the proton state is in an integrand multiplying
wavefunctions of the Pomeron and meson kernel that depend on ¢. Moreover, having a good
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model for the proton state could also allow to extend this work directly by including avail-
able data of pp differential cross-section data. In holography, baryons are dual to solitons in
the bulk and hence the problem is reduced to the calculations of these solutions [84]. Such
solitons have been studied in the literature in the Witten-Sakai-Sugimoto model [85, 86]
and in hard-wall models [87, 88]. In the V-QCD model, baryons have so far only been
considered by employing an approximation scheme [70], and the construction of the soliton
solutions is work in progress. Such a solution could be a good starting point to model the
proton state in holographic Regge theory.
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A Solving the equations of motion

In this appendix we give details on how the equations of motion are solved. It turns out to
be convenient to write the resulting equations in terms of A instead of the radial coordinate
z. This change of coordinates stretches distances close to the boundary which eases the
numerical UV analysis. To implement this one introduces the new variable

dz
A=A Al
a(d) = e (A1)
so that the metric reads
ds? = (?dA? + 4 N dxtdz” . (A.2)

From now on all the background fields will be functions of A and the differential equations
we present are all with respect to A being the independent variable.

Yang-Mills equations of motion. If we set x = 0 we obtain the action of the IHQCD
model and hence we are dealing with a pure Yang-Mills theory in the large N, limit. The
equations of motion are then

g _1

= (120 - 4V(@) (A.3)

WV ). (A1)

The solution of the pure Yang-Mills background is needed in our method for constructing
the full V-QCD solution, as we explain below. We will therefore solve this coupled set of
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differential equations by shooting from the IR to the UV. The coordinate A runs from —oco
to +00, but naturally we will need to intriduce cutoffs for the numerical solution. We set
Ar = —150 and Ayyym = 50 as the lower and upper bound on A. In the IR the geometry
ends in an IR singularity of the “good” kind according to the classification of [64]. At the
singularity the warp factor A and the dilaton ® have the asymptotic forms [48]

1 log(Vir) 23 173 1
A (2) = —22 + > log(622) — 28WIR) | 23 () AS
R (2) = =27+ 7 log(627) 2 24 345622 A) (A.5)
3 23 ) 151 1
d =422 ) —-—4+ 0| — A6
R (2) =457 =g ~log (/\0> 230422 © (24) ’ (4.6)
as z — 0o. This allows us to determine zigyn such that A (2irym) = —150 and use its

numerical value to compute ® (Ajr) = ®rr (2irym) and g (AjR) = e4R/ dg‘% and hence
defining boundary conditions to solve equations (A.3) and (A.4). Note that ay and Vig
determine uniquely both the initial conditions as well as the evolution of the background
fields in pure YM.

After we solve the YM equations we can determine z (A) by using equation (A.1). We
solve this numerically by taking z(Arym) = zirym as initial condition and at the end we
perform the shift z (A) — 2z (A) — z (Ayyym) in order to have the UV singularity at z = 0.

We finish this section by specifying which algorithms we have used to find the numerical
YM background. To compute zigym we have used the root finding Van Wijngaarden-
Dekker-Brent method described in [89]. The differential equations (A.3) and (A.4) were
solved using integrate_ const with a Runge-Kutta-Dormand-Prince stepper from the Boost
C'++ library.

Solving the equations of motion in the holographic model. The solution of the
equations of motion in V-QCD at zero temperature is done in four stages. This is because,
as it turns out, the equations of motion are stiff in particular close to the IR singularity.
Therefore for the numerical code to be stable, it is better to divide the range of A into
region where different kind of approximations can be used that reduce the stiffness problem.
In the first two regions we are deep in the IR and the tachyon is decoupled from the other
background fields and ¢ (A) so that ® (A) obey equations (A.3) and (A.4). In these stages
we therefore use the YM background constructed as explained above for the metric and
for the dilaton. In the third stage the tachyon will couple to the other background fields
until it reaches the UV where it decouples again starting the fourth and last stage of the
solution of the EOMs.

As in the YM case we start by first specifying the IR boundary conditions. We first
define Aijg = —150, Ayyym = 50, Ayve = 100 and Ayys = 1000. Again we compute zirym
as in the YM case and we use it to compute ¢ (Ar) and @ (Ar) as in YM and 7 (AR)
using the tachyon IR asymptotics

(12 — .%'Wg) Roag
8Vir (a2 — a1)

(A7)

T~TZC,  Te=

where 7 is a parameter that is going to be fitted to the spectrum. The constants 7., = 1000
and Vieye = 1078 are defined and they mark the end of the first and second stages of the
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construction of the numerical background, respectively. The difference between the first
and the second stage is that in the first stage, the tachyon is so large that nonlinear
corrections ~ 1/72 can be ignored in the tachyon equation of motion. In the second stage
we need to use the full tachyon equation of motion, while the tachyon remains decoupled
(as signaled by the smallness of the tachyon potential, V;/Vy < Vicut).

We start the construction of the background by computing the YM profile of ¢ (A)
and @ (A) from A to Ayyym as explained above. If i > 7cy the tachyon profile will
be given by the solution of the differential equation (linearized at large 7)

dr _ 20*Vyo i
- av, ’
AV, (8Vyor + 26 4% + Vyo da 9%

(A.8)

until 7 < 7Teut, marking the end of the first stage. The value of A such that this condition
is met is called Ayyi The values of ¢ and ® used are the ones given by YM.
In the second stage we solve the (full) tachyon differential equation

dr )3
At _ ¢ dr dloggdr §;<d7>2_4 (43) B

_ 4 1 2

A2 " Vok YdAT TdA daA v (A-9)

dd dAdA  dd dAdA " do

dA

@2  dDdA 2¢2

3
_ dlogVyo dr d®  dlogk dr d® dlog Vo <d7>3ﬁ dx d® (%)

from the value of Ayyi to Ayyvym. Using the profiles of ¢, ® and 7 we compute Ayys such
that Auyi < Auve < Auvym and Vi(®,7) = Vi () VA (7) = Vicut Vy (P) are satisfied.
This condition marks when the tachyon starts to couple with ¢ and ® from the IR to the UV.

In the stage where the tachyon is coupled the dynamics of the background fields obeys

dg 4 [dD\> (%)2
A= Vs A.10
A 9q(dA> vk PRk (4.10)
6 1—|—/<a<d(;‘>
B2® 3 ,dV, 9 32 zVy
=t o | T—— Vs | — (A.11)
d?A 8" dd o 4@ 1+k(%—‘2)2
dr \2 do
Ti) da 4 /dd\3
B+ aVik (#) # () +
dA a2 9\dA
()
q
A% A%
+ xq2 qu 3li<d7—)2 qu +
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SE)

)3

2 2dV; dv: 2 3
d=r T _ 94 4dT+ (dT> B /€2<CZT> + xkV; (®,7) (

dA2 ~ Vi k dA  V; \dA dA e
64/1+ H(dA)
q
dr 3
_ dlog(Vyo) d® dr Hdlog Vio d® (ﬂ) (d@) dr  dlog(k) d® dr
dA  dAdA dA dA ¢? 9\dA) dA  d® dAdA
dr 3
_tar i (f) a1
24D dA ¢ ‘

This is a stiff system of differential equations and for this reason we had used the function
integrate_adaptive with the rosenbrock4 stepper from the Boost C'++ library. This system
is solved from Ayyo to Ayve. The value Ayye. = 50 was chosen such that at this point we
are in the UV and the tachyon decouples again from ¢ and ®: this is guaranteed as the

tachyon is suppressed exponentially in the UV (7 ~ mze~4).
The UV equations of motion are
dg 4 i}é“
dA 9‘1( A (A.13)
A 3. odVy A2 3(g\)? dX
PV e A Lo SUCL A A VA B
dA? 8 d\ C%\‘ 4 6%\1 dA
2
d\
dlogq d\ (ﬂ) 3 AL
— - — A.14
dA dA T a o TRV (A.19)
A |
d%r, a4 q2dT +Tndlog Vo dX Ly dX dlog k dloqun_
dA? Vik dx  dA T "dA  d\ dA
Qdﬂ_dlogigﬁdﬂ_@%dlogﬁ_i_dloquﬂ’ (A.15)
dA d\  dAdA dAdA d\ dA dA

where 7, = eA7. This system is solved from Ayve to Ayys. With the profile of 7, and A
in this region we can compute an estimate the quark mass m, through the UV asymptotic
formula

L (A) e T (A.16)
lyv

(—88 + 16z + 27ary K1) log (%)
122 — 66 ’

Tcorr ()\) =

(A.17)

where fyy is the UV AdS radius. We then obtain the final estimate for the quark mass
by evaluating this estimate at two large values, i.e. at A = Ayyr and at A = Ayys — 10
and linearly extrapolating the result to the UV (i.e. A = 0) on the (A, mgest) -plane. As
in the YM case we can determine z (A) by using equation (A.1) and perform the shift
z(A) = 2z (A) — z(Auvywm) in order to have the UV singularity at z = 0.
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B EOM and couplings of the U(1) gauge field

In this appendix we start deriving the action of the vector meson sector since the non-
normalisable solution of the corresponding equations of motion is dual to the external
photon in the boundary. Then, by linearising the action we find the coupling of the U(1)
gauge field to the graviton of the bulk theory. All of this is made in the Einstein frame.
Since we will be dealing later with calculations on the string frame we will explain how
to translate these results to the string frame. Finally we generalise the coupling to the
graviton to any spin J field in the graviton’s Regge trajectory.

The action of the vector U(1) gauge field. As mentioned previously, for the QCD
vacuum we set AZ = 0 = AZ. When we turn on the gauge fields, the flavour action becomes

]\43]\fC
Sf = _T /d5$ Vf(>‘v 7‘)TI‘ [\/_det ((geﬂ.)ab + TaLb) + \/_det ((geff.)ab + TaRb)

(geff )ab =gap T K ()\) 0, TabT;
T =w N FE 4+ 5 (N D(qTDypyT — K (X) OaTOpT (B.1)
TE=w\FE+ k() DqmDyT — K (X) OaTOpT .
Here we remember that Tr is a trace over the flavour indices while the determinant is

computed with respect to the space-time indices. Writing the determinants inside the
square roots as

det (gerr. + TH/™) = det (ger.) det (1 + gt TH/F) (B.2)

defining XL/F = ge_ﬁl_ TL/E and using the identity

Indet (1+ X5/R) = trin (1+ X5/7) = ox 27 - %tr(XL/R)Q Foee, (B.3)
it follows that
\/det (1+ XL/R) =1 + %trXL/R — %tr (XL/R)2 +-- (B.4)
tr X =3 () ij,/R, (B.5)
a,b
2

r (XE) = 3 (), T (o), Tl (B.6)

a,b,c,d

The expressions for the matrix elements of ge_ﬂll and TE/E are

() = <ge—;)wzwe%, B.7)
(9eit)., = (0at) . = (B.8)
TL/R =0, (B.9)
TLR = TR = (N) (204, + 0:V,) (B.10)
T,fV/R =4k (N) T2 A, A, +w (N) (£A,, + Vi) | (B.11)
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where the vector and axial gauge fields V, and A, are linear combinations of the left and
right gauge fields

AL L AR AL _ AR
r = Lo a. Ay =22 B.12
in the gauge V, =0=A4., V, =0,V, = 90,V, and A,, = 0,A, — 0, A,.
From these identities and after some calculations one gets
1
Sy = 5 M. / &2 V(N T)v/—ger. Tr |2 + de A5 (A) 724, Al + (B.13)
w (N)%e 44 1 _ y Y
+ — @ (0.A,0.A" +0.V,0,V*) + 3¢ A (/\)2 (Vi VI + A AF )} .
The first term is the background term, while the two other terms can be packed into the
actions
1. . 1
Sy = —§M3Nc’1‘r / P Vi 1) wN)?G et (azvuazw + 2G2VWV’“’> . (B.14)

1
Sa = —§M3NCTI'/d5az Vf()\jT)w()\)QG_leA

2,2
« (0.4,0.40 + L2 a,, am 4 4e2ABNGT
2 w(X)

AMA“> , (B.15)
which are the actions for the Non-singlet Vector and Axial-Vector mesons presented in [62].
The equation (B.14) can still be rewritten as

1

=4

M3N Ny / dPx/—g Vi wGE,F°, (B.16)
where here the notation F,;F% means

FabFab = Z Fop (ge_ffl,)ac (ge_ffl.)bd Feq . (B17)
a,b,c,d

From Einstein frame to string frame. To compute the action of the U(1) gauge field
in the Einstein frame we approximated the square roots of the determinants present in S as

1 1 1
\/— det (g + TL/R) = \/—gest. [1 +otrX - ZtrX2 + g(trX)2 +.o ], (B.18)
with X = ggTL/ E for some tensor TL/E. The string frame warp factor A, is related
to the Einstein frame warp factor A through A; = A + %fb. From this it follows that
V—Geff. = 6_10¢/3\/—geg.s and the matrix X in the previous equation can be written as

X = gs_lTsL/R with TSL/R = e4®/3TI§/R. This implies that

\/— det (g, + TE/R) = =10%/ 3\/ —det (gesr s + 75/) (B.19)

i.e. Sy in the string frame is obtained by simply substituting the metric by the string frame

metric g,, substituting x(A\) and w(X) by ks(\) = e*®/3k(\) and w,(\) = *®/3w(\) and

109/3

multiplying V; by the factor e™ The derivation of Sy in the string frame will be
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formally the same and hence the results equal to the Einstein frame ones but with ws, ks
and e~ 10%/ 3Vf in place of w, x and V; respectively. The action (B.16) in the string frame
takes the form

1
5= _ZMSNcNf/dS:U _gse_%q) Vi Wi GF P (B.20)

Couplings with the spin J fields. We will now determine the gravitational coupling
between the U(1) gauge field and the spin J fields in the graviton’s Regge trajectory. We
first compute the coupling with the graviton and generalise to any even spin J field. All of
this is done in the Einstein frame. To find the coupling in the string frame we just substitute
the functions w, k and Vy by ws, ks and e 102/ 3Vf respectively, as discussed previously.

Again, we start by writing the square roots of the determinants as
1 1 _ _
V/— det gefr. [1 + 5t (ge 1TL/R) L (gengL/Rgeﬁ{TL/R> + .. } . (B.21)

The coupling with the graviton is found by linearising equation (B.21) around the back-
ground metric, i.e. gop = gap + hap- To study the graviton Regge trajectory in our back-
ground we need to decompose the metric in SO(1, 3) irreducible representations. We will
be only interested in the graviton TT components h,g, satisfying 0“h,3 = 0 and h =
and also set h,q = har = hs, = 0.

For our purposes we can ignore the perturbation of \/— det gog. because it involves only
a term proportional to h = h? = 0. We will also neglect the terms involving the axial vector
mesons A, since we are only interested in the coupling of V), with the graviton for now. We
wish then to compute dtr (ge_ﬂpl'TL/R) and dtr (ge_ﬂl'TL/Rge%l.TL/R), where by 6 we mean a

perturbation relative to the background metric. Using the identity (5ggfbf_ = —gggfggglhmn
one can show that

Str (Qe 1TL/R> . TL/R’ (B.22)
Str ( LpL/R —lTL/R) 293?921% gl TL/RTL/Rh (B.23)

Using the expressions for the matrix elements of g;ffl. and TE/E we get
str (gt T7) = 0, (B.24)

1
- - - 2

otr (geﬁl_TL/Rgeﬁl_TL/R) = 204w (\) 2R (vwnapvyp + Gz@m@%) : (B.25)

Hence the coupling between the vector U(1) gauge field and the graviton is given by

M3N.N - v o
Tf /d533 /_ detgeff.Vf()\,T)e GAw(A)2h:“ (V/wn pVyp + G28 V 0, V> (B26)

or simply

M?*N.N n 0
Tf/dSI’\/—gGVf()\,T)U} (M) 2gemg® gt BV EY By . (B.27)
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In the string frame this coupling takes the form

s

M3N.N _10
TCf / d5.%' V—Ys Ge s CI)Vf(A? T) ws()‘)Qgcmggnggé)f.sFa‘éFb‘(/ihfnn : (B28)

We now generalise this coupling to the case of an interaction between the gauge field and a
symmetric, transverse and traceless spin J field, hg,...q,. The pomeron trajectory includes
such higher spin fields of even J. Again there are several possibilities, but we shall focus
on the simplest extension of the graviton coupling considered above. For a spin J field we
take the coupling

ky / Pary/—gs Ge T2V, T) we(N)2g% FYVV, .. Vo,  Flpca-0—>  (B29)

We note that the transverse condition of the spin J field Ay, ..., guarantees that this term
is unique up to dilaton and tachyon derivatives.

We now consider the coupling between the external photon states with the bulk spin
J fields dual to the spin J twist two operators made of quark bilinears. To determine the
coupling to any spin J in this trajectory we could proceed analogously with the case of
the graviton’s Regge trajectory. In the case of the coupling with the meson trajectory, one
could first determine the coupling between the non-normalizable mode dual to the photon
with the p meson states and generalise the result to higher spin J fields. To do this we
attempted to expand the DBI action to cubic order in the fluctuations and keep only the
terms with three vector gauge fields V,V,V,.. We start by writing

\/det(geff. + TL/R) = \/detgeg. exp BTr log (1 + XL/R)] . (B.30)

If we use the power series expansion of the exponential and of the logarithmic function
we get

v/ —detges. {1 - iﬂ (XL/R)2 n %Tr (XL/R)3

: (B.31)

where we have dropped terms involving products of Tr X /2 because they contribute only to
axial gauge fields A,. The quadratic term leads to the action of the quadratic fluctuations
of the vector gauge field and hence the coupling V,V;V, if exists must be contained on

3
Tr (X L/ R) . That is, we evaluated the expression

Tr (XL/R)3: 3 (ge_f;)ik (ge_ffl-)m (ggffl.)jmTifj/RTﬁl/RTi/R7 (B.32)

i7k7j7l?m?n

which contains no coupling of the form V,V; V..

Another approach is to find the coupling between the vector gauge field with the bulk
field dual to the fo meson and extrapolate to all the other spin J fields in the meson
trajectory. In [90] the tensor meson fy state is the first Kaluza-Klein mode of a bulk spin-2
hap field that has the same equation of motion as the graviton in AdSs. The coupling of
fo to the photon is also the same as the one between a graviton and a bulk gauge field
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in AdSs. The geometry is basically AdSs; with a wall whose position is fixed by the mass
of the p meson. After this they are able to predict not only the mass of fo but also the
decay width I'(fo — 7). f2 also has the same quantum numbers of the tensor glueballs
JPC¢ = 2%+ which are the normalisable modes associated with the graviton’s equation of
motion. For these reasons, in this work, we will assume that the coupling of the U(1)
gauge field with the fo meson is the same as the coupling with the graviton and hence,
in general, the coupling of any bulk spin J field in the meson trajectory is also given by
equation (B.29).

C pp scattering

In this appendix we will present the computation for the total cross-section of pp scattering.
The steps of the computation are the same as in the case of yp show in the main text.

The scattering amplitude for spin J exchange between two incoming scalar fields
T ~ ke and T ~ etk ig

Ay = (%J)2/d5xd533\/—7g\/—7§ 67@7&) (TlaiTg) It (a:,a_:) (Tgéifz;) , (Cl)

where it was taken into account that the kinematics (3.8) implies that in the Regge limit

the component II™>" % dominates. Lowering the indices of the spin J propagator,

making the change of variable w = x — & and using the identity

A +dw : :
[emnts [T (e = e ez, (©2)

after some algebra the scattering amplitude can be rewritten as
; 7“?] J > A(A+A) —J(A+A) —o-B 12|, |2 -
Ay = —1V2—J s /dzdze e e |v1|*|ve|°Gy(z, 2, t) . (C.3)

As in the v*p case, in order to get the total amplitude we need to sum over the spin J
fields with J > Jupin, where Jyi, is the minimal spin in the corresponding Regge trajectory.
Then we can apply a Sommerfeld-Watson transform

1 J WA __m [d] T+ (=) A
2 Z (S +(=s) ) s/ 2) 2xi sinwJ st (C4)

szmin

where we are assuming the analytic continuation of the scattering amplitude Aj; to the
complex J-plane. Deforming the J-plane integral and catching all the poles J = j,(t)
defined by t,(J) =t we get

B2 N1 dj
AT Jnsgn{iﬂot(w)}dﬂn

, 2
5 5in 5 0 /dze_(J”_4)A\Ul|26_q>eB¢n(z) : (C.5)

In the scattering domain of ¢ < 0 these poles are in the real axis for J < Jyj,. This
procedure yields equations (3.28) and (3.29).
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D ~*~ processes

In this section we derive the holographic expressions for ) and o(yy — X) in the context
of Holographic QCD in the Veneziano limit. We will consider the photon structure function
F} and the total cross-section o(yy — X). Like in the case of the proton structure function
FY the photon strucutre function Fy is related to the transverse and longitudinal total
cross-sections of v*~ scattering by

Q2 * *
F] = = (a% T4 O'z 7) ) (D.1)

The calculation of the forward scattering amplitude for ~*v is the same as in v*p
scattering except that the external state in the Witten diagram of figure 1 is an on-shell
photon. This means that the definition of Im]” should be proportional to k:JQn instead of
k;,k;, and the integral appearing in it should be

/dﬁ e (in—2A =2 Vi w? eéwn(ﬁ) . (D.2)
Then, the holographic expressions for F, is

Img)” S o Ouf 2
2 2 _Z n 2jn o 1=Jn (Jn 2)A Lo Q B
Fy (a:,Q ) - Ao @ /due Vrws (fQ+ Q2 )6 Un(u),
(D.3)

while the holographic expression for o (yy — X) is (3.26) and the definition of g7 is given
by (3.27).

E Holographic structure functions

The forward scattering amplitude for v*p scattering is given by equation (3.22). That equa-
tion was obtained summing the contributions of the transverse and longitudinal polarisa-
tions of the off-shell photon. In particular the term with fgg is the contribution from trans-
verse polarisations while the term f% is the contribution for the longitudinal polarisation.

The proton structure functions F% and F7 are related to the transverse and longitudinal
total cross-sections of the process v*p by

Fy (az,Q2> = 47?2: (ar}*p + az*p) , (E.1)
Fr (2,Q%) = 47?2&0[?. (E.2)

Using the optical theorem and the last relations one finds the contribution of the holo-
graphic expressions to the structure functions are

2
Py (2,Q%) = Zlmg” O e T (fQ+ Sl )e%(u),

42y Q?
(E.3)
Img)? _ 10
B (n, Q) =30 e @t [due 0oV 00,10’ Q? P (), (8.)
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where the definition of g)? is the one of equation (3.23). The function B will depend on
whether the spin J fields belong to the pomeron or meson trajectory.

The structure function F} is, as expected, related to the total cross-section o(yp — X)
through

. B (z,Q?)

— X) =4r’a lim =22 E.5
o(yp ) =dm @ dm =2 (E.5)
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