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Abstract

The paper gives description of regular elements of the semigroup Bx(D) which are defined by se-
milattices of the class X;(X, 8), for which intersection the minimal elements is not empty. When X is
a finite set, the formulas are derived, by means of which the number of regular elements of the
semigroup is calculated. In this case the set of all regular elements is a subsemigroup of the semi-
group Bx(D) which is defined by semilattices of the class X, (X, 8).
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1. Introduction

An element o taken from the semigroup B, (D) is called a regular element of B, (D), if in B, (D)
there exists an element B suchthat aoBoa=a (see[1] [2]).

Definition 1.1. We say that a complete X-semilattice of unions D is an Xl-semilattice of unions if it satisfies
the following two conditions:

1) A(D,D,)eD forany teD;

2) Z= U/\(D, D,) for any nonempty element Z of D (see ([1], Definition 1.14.2), ([2], Definition 1.14.2)).

teZ

Definition 1.2. The one-to-one mapping ¢ between the complete X-semilattices of unions ¢(Q,Q) and

D" is called a complete isomorphism if the condition ¢(D,)= (] ¢(T') is fulfilled for each nonempty sub-
T'eDy
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set D, of the semilattice D' (see ([1], Definition 6.3.2), ([2], Definition 6.3.2) or [3]).

Definition 1.3. Let « be some binary relation of the semigroup By (D) We say that the complete iso-
morphism ¢ between the complete semilattices of unions Q and D’ is acomplete « -isomorphism if

1) Q:V(D,a);

2) p(D)=Q for FeV(D,a) and ¢(T)a=T for all TeV(D,a) (see ([1], Definition 6.3.3), ([2],
Definition 6.3.3) or [3]).

Theorem 1.1. Let R be the set of all regular elements of the semigroup B, (D) Then the following state-
ments are true:

1) R(D')NnR(D")=Q forany D',D"eX, (D) and D'#D";

2) R= |J R(D);
D'exy (D)
3) If X is afinite set, then [R= Y [R(D’) (see ([1], Theorem 6.3.6) or ([2], Theorem 6.3.6) or [3]).
D'ezy; (D)
2. Result

By the symbol X, (X ,8) we denote the class of all X-semilattices of unions whose every element is isomorphic
to an X-semilattice of form D = {27, Z2s,25,2,,2,,2,,Z,, D} , Where

2,c2,c2,cD, Zy,cZ,c2,cD, Z,cZ,cZ,cD,
Z,c2,c2,cb, 2,c2,cZ,cD, Z,cZ,cZ cD,
Z\Z, 2, (i,j)e{(7,6),(6,7),(5,4),(4,5),(5,3),(3,5),(4,3),(3,4),(2,1),(1,2)}

(see [4]).
Now assume that D €, (X,8). We introduce the following notation:

1) Q ={T},where TeD (seediagram1in Figure 1);

2) Q,={T,T"},where T,T'eD and T T’ (seediagram 2 in Figure 1);

3) Q={T. T T"},where T,TT"eD and TcT'cT" (seediagram 3 in Figure 1);

4) Q4={T,T’,T", 5},Where T,T"T"eD and TcT'cT"cD (seediagram 4 in Figure 1);

5 Q={T,T T T'UT"},where T,TT"eD, TcT', TcT" and T'\T"2Q, T'"\T' 20
(see diagram 5 in Figure 1);

6) Q =1{T.2,,2,2',D},where Te{Z,,Z;}, Z,Z'e{Z,,Z,}, Z#Z' and Z\Z'2Q@, Z\Z >
(see diagram 6 in Figure 1);

7) Q7:{T,T’,T",T’UT”,E},where T, 7. T"eD, TcT', TcT” and T'\T"2Q, T'"\T'2Q
(see diagram 7 in Figure 1);

8) QS:{T,T’,Z4,Z4uT’,Z,D},Where TelZ,Zs}, T'e{Z,,2,}, TcT', Z,UT', Ze{Z,Z,},
Z,0T'#2, T"\Z,#9@, Z\T'#@ and (Z,UT'N\Z=Q, Z\(Z,LT")=»D
(see diagram 8 in Figure 1);

9 Q={T,T"TUT’},where T,T'eD, T\T'2J, T'\T#J and TNT'=Q
(see diagram 9 in Figure 1);

10) Q, ={T, T, TUT'T"} , where T,T'T"eD, (TUT')cT", T\T'#Q, T'\T #J and
TNT' =2 (see diagram 10 in Figure 1);

11) Q, = {27,26,24,2, f)} ,where Ze{Z,,Z,} and Z,NZ,=@ (seediagram 11 in Figure 1);
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12) Q, = {27,26,24,22,21, f)} ,where Z,nZ,=( (seediagram 12 in Figure 1);

13) Qu ={T, T TUT\T"Z}, where T,T'T",2eD, (TUT)cZ, T'cT'cz, (TUTN\T"20,
T"\(TUT )= and TNT"=Q (see diagram 13 in Figure 1);

14) Q,={1,7.2,,2,2',D} ,where T,7,2,2'eD, T,T'e{Z;,Z;}, T#T', Z,cZ'cD,
T'czZc?', Z\Z2#D, Z\Z,#D and TNnZ = (seediagram 14 in Figure 1);

15) Q={T'T7,2,,7.2,T7"0Z, D}, where T,T'e{Z;,Z;}, TT', T<T", T"e{Z,Z}, Z,<Z,

(T"uz,)uZ=D, T"\Z,2@, Z\T"2@, (T"UZ)\Z#Q, Z\(T"UZ,)#J and
T'NT"=C (seediagram 15 in Figure 1);

16) Q= {27,25,25,24,23,22,21, [3} ,where Z,nZ, = (see diagram 16 in Figure 1).

Denote by the symbol X(Q;) (i=12,---,16) the set of all XI-subsemilattices of the semilattice D isomor-
phicto Q.. Assume that D'eZ(Qi) and denote by the symbol R(D’) the set of all regular elements « of
the semigroup B, (D), for which the semilattices V(D,a) and Q are mutually o isomorphic and
V(D,a)=Q.

f)efin%tion 1.4. Let the symbol X}, (X,D) denote the set of all XI-subsemilattices of the semilattice D.

Let, further, D,D’'eX'(X,D) and &, =X}, (X,D)xX} (X,D). Itis assumed that DS, D’ if and only
if there exists some complete isomorphism ¢ between the semilattices D and D’. One can easily verify that
the binary relation 9, is an equivalence relation on the set X, (X, D).

Let the symbol Q9,, denote the &,, -class of equivalence of the set X}, (X, D), where every element is
isomorphic to the X-semilattice Q, and

R'(Q)= U R(D)

D'eQ;dx

(see ([1], Definition 6.3.5), ([2], Definition 6.3.5) or [5]).
Lemma 1.1. If X be a finite set and |Q(Q)| =m,, then the following equalities are true:

1) |R(Q)=1;
2) |R(Q2 )| =m, .(Z\T'W\ _1)_2\X\T’\ ;

3) [RQ)=my (21 -)- (7 -2)- 3,

T iT" TQT” ? ET uT” Z UY&
T
2

TT’ rr Z6 Z7 ZGZ7 T T T Ze Z;

Figure 1. Diagrams of Q;, (i=1, 2, 3, -+, 16).
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4) |R(Q4)| -m, _(Z\T'\T\ _1)'(3‘T~\T" _2\T~\T'\).(4\D\T"‘ _3‘D\T”‘).4‘X\I§‘ ;

5) |R Q5 =2-my- Z\T\T\ ) (Z\T T ) 4\X\(T'UT~)‘;
)

7 R(Q)|=

(

6) [R(Q;)|=2:m,-(2%"-1)- 2! z“Z')‘Z‘*‘-(s‘z‘z"—2‘1‘2")~(3‘Z"Z‘—2‘2"2‘)-5‘“5‘;
(Z\T\T\ l) (Z\T T )_(5\5\(?@")\ _4‘5\(T’UT”)‘).5‘X\E_)‘;
™

8) |R Qa om\z| _ ) (z\zm\ ) (3\2\(24@')\ _2\2\(24@')\).6\X\D\;

9) |R(Q9)|=2.m0.3\X\(TUT')\;

10) |R (Qlo )| =2-m, '(4‘T”\(TUT')‘ _grTm) ) 4T

11) |R(Q11)| —2.m, ,(4\Z\z4\ g2 )(5

[5\z] _4‘5\2‘).5‘X\5‘ .

12) |R(le)| =4-m, '(4‘21\22‘ _3n\z| ).(4\22\21\ _ g\ ) gl
13) [R(Qy)|=m, .(Z\T"wmn _1), gl

14) [R(Qy)[=m, .(2\2\24\ _1),(6\5\4 v ).G‘X\ﬁ‘ |

19 R(@u) - (27 () 7

16) |R(Q16 )| =2-m, .(2\25\21\ _1).(2\23\22\ _l).S‘X\D‘ .

Proof. The statements 1)-4) immediately follows from the Theorem 13.1.2 in [1], Theorem 13.1.2 in [2]; the
statements 5)-7) immediately follows from the Theorem 13.3.2 in [1], Theorem 13.3.2 in [2]; the statement 8)
immediately follows from the Theorem 13.7.5 in [1], Theorem 13.7.5 in [2]; the statements 9)-11) immediately
follows from the Theorem 13.2.2 in [1], Theorem 13.2.2 in [2]; the statement 12) immediately follows from the
Theorem 13.5.2 in [1], Theorem 13.5.2 in [2]; the statements 13), 14) immediately follows from the Theorem
13.4.2 in [1], Theorem 13.4.2 in [2], the statement 15) immediately follows from the Corollary 13.10.2 in [1]
and the statement 16) immediately follows from the Theorem 2.2 in [4].

The lemma is proved.

Lemma 1.2. Let D:{27,26,25,24,23,22,21,Dée %,(X,8) and Z,nZ;=. Then the following sets
exhibit all XI-subsemilattices of the given semilattice

1) {f)},{zl},{zz},{zs},{24},{25},{26},{27} , (see diagram 1 of the Figure 1);

2) {Z7,ZS},{Z7,Z4},{Z7,ZZ},{Z7,Zl},{Z7,D},{ZG,Z4},{ZG,Z } {ZG,Z } {Z Z} {Z D}

{25,2,},{2:,D}.{2,.2,} .{,.2,}{2,.D} .{Z,,2,}.{Z,, D}.{Z,,D}.{Z,. D},
(see diagram 2 of the Figure 1);

3) {2,.2:.2,}.{Z,,2:,D}.{Z;.2,.2,}.{Z;,.2,.2,}.{Z;.2,,D}.{Z;.Z,,D},{Z,,Z,, D},

{24,2,,2,},{24.2,,0}.{Z.2,.2,}{Z5,2,,D},{Z4, 24, 2,},{Z,. 25, D},{Z,,2,, D} ,
(see diagram 3 of the Figure 1);
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4) {2,.2,,2,,0}.{2,.2,.2,,0},{Z;,2,,2,,D}.{Z,.2,.2,,0}.,{Z;.2,.Z,,D},{Z,,2,,2,, D},
(see diagram 4 of the Figure 1);
5) {Z,.25,2,,2,}.{2,,25,2,,0}.{2,.2,.2,,0} {Z,,2,,25,2,},{Z4,2,,2,,D},{Z,.2,,2,, B,

{24,22, zZ, D} , (see diagram 5 of the Figure 1);
6) {Z,.2,,2,,2,,0}.{Z,,2,.2,,Z,,D}, (see diagram 6 of the Figure 1);
7 {2,.25.2,,2,,0},{Z;.,2,,2,,2,,D}, (see diagram 7 of the Figure 1);

8) {2,.2,,2,,2,,2,,0},{2,2,,2,,2,,2,,D}, (see diagram 8 of the Figure 1);

Proof. The statements 1)-4) immediately follows from the Theorems 11.6.1 in [1], 11.6.1 in [2] or in [5], the
statements 5)-7) immediately follows from the Theorems 11.6.3 in [1], 11.6.3 in [2] or in [5] and the statement 8)
immediately follows from the Theorems 11.7.2 in [1].

The lemma is proved.

Theorem 2.1. Let D=éz7,z6,25,z4,23,22,21,5}eZZ(X,S) and Z,nZ, #@. Then a binary relation
o of the semigroup B, ( ) that has a quasinormal representation of the form to be given below is a regular
element of this semigroup iff there exist a complete « -isomorphism ¢ of the semilattice V (D,a) on some
subsemilattice D' of the semilattice D that satisfies at least one of the following conditions:

1) a=XxT,where TeD;

2) a=(YxT)u(YxT'),where T.T'eD, T<T', VY ¢{D} and satisfies the conditions:
Y 20(T), Yy no(T)=D;

3) az(YT“xT)u(YT‘fxT’)u(YT‘f xT"), where T,T'T"eD, TcT'cT", YY" ¢{D} and satis-
fies the conditions: Y;" 2¢(T), YUY 20(T'), Y ne(T') =3, Y ne(T")#J;

4) a =Y xT)u (¥ xT)u (¥ xT")U(Ys x D), where T,T,T"eD, TcT'cT"cD,
YY) 2 (@) and satisfies the conditions: Y 2(T), Y UYS 20(T'), YUY UYS 2p(T"),
Yine(T)20, Yine(T)#D, Yy ne(D)=2;

5) a =Y xT)U(Y xT) o (i xT") U (Y x(T'UT")) , where T,T,T"eD, TcT', TcT",
T\T"=@, T"\T'=@, YY", Y ¢{Q} and satisfies the conditions: Y UY;! 2¢(T’),

YUY oo(T"), Yine(T) =D, Y ne(T")2D;

6) a=(YxT)U(YyxZ,)u(YixZ') (Y5 xZ)u(Ys x D), where Te{Z,,Z,}, 2,2'€{Z,,2,}, 27,
Z\Z'#@, Z'\Z#D, Y XYY, ¢{D} and satisfies the conditions ;" 2¢(T), Y LY, 20(Z,),
YEOYEUYS 20(2), Y OYSUYE 20(2Y), Y ne(Z,)2D, YEne(Z)2D, Yine(Z) =D ;

7)o =Y xT)u (Y xT ) (i xT") o (Y x(T'UT"))u(Yg < D) , where T,T,T"eD, TcT',
TcT", T\T"=@, T"\T'2@, Y Y7V Y, ¢{D} and satisfies the conditions Y UY;" 2 ¢(T')
YUY o0(T"), Y ne(T)#@, Y ne(T") %3, Y ne(D)#3;

8) a =Y xT)u(YxT) (Y xZ, ) U (Y, x(TUZ,))u(Ys xZ)U(Ys < D), where T e{Z,Z},
T'el{Z,Z,}, TcT', 2,07, 2e{Z,,2,}, Z,0T'#2, T\Z,20, Z,\T'#@, (Z,0T')\Z=D,
Z\(Z, 0T) =D, YY1 Y) ¢ {D) and satisfies the conditions Y;* UY 29(T'), YUY, 29(Z,),
YPUYS Y 00(Z), YEne(T)23, Y ne(Z,)=D, Y, ne(Z)%D.
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Proof. In this case, when Z, nZ, =&, from the Lemma 1.2 it follows that diagrams 1-8 given in Figure 1
exhibit all diagrams of XI-subsemilattices of the semilattices D, a quasinormal representation of regular elements
of the semigroup B, (D) which are defined by these XI-semilattices, may have one of the forms listed above.
Then the validity of the statements 1)-4) immediately follows from the Theorem 13.1.1 in [1], Theorem 13.1.1
in [2], the statements 5)-7) immediately follows from the Theorem 13.3.1 in [1], Theorem 13.3.1 in [2] and the
statement 8) immediately follows from the Theorem 13.7.1 in [1], Theorem 13.7.1 in [2].

The theorem is proved.

1) Lemm 2.1. Let D:{z7,ze,zs,z4,zs,zz,zl,D €2,(X,8) and Z,nZ,=@. Ifby R'(Q,) denoted
all regular elements of the semigroup B, (D) satisfying the condition 1) of the Theorem 2.1, then

R'(Q)|=8.
Proof. According to the definition of the semilattice D we have
Ql‘gm = {{27}1{26}'{ZS}’{Z4}’{Z3}’{ZZ} ! {Zl}’{lj}} '

Assume that D] ={Z,},D; ={Z},D; ={Zs},D; ={Z,},D; ={Z,},D; ={Z,},D; = {Z,},D; = {D}.
Then from Theorem 1.1 we obtain

R*(Q)|=[R(D))[+[R(D3)|+|R(D3)[+|R(D;)| +|R(D%)|+ R (D5)] + R (D} )+ |R (D3)] -

From this and by the statement 1) of Lemma 1.1 we obtain |R* (Ql)| =1+1+1+1+1+1+1+1=8.

The lemma is proved.

2) Now let binary relation o of the semigroup B (D) satisfying the condition 2) of the Theorem 2.1. In
this case we have Q, = {T,T’} ,where T,T'eD and T cT'. By definition of the semilattice D follows that

Q,0,, ={{27,25},{27,24},{27,22},{27,21},{27,D},{ze,z4},{ze,23},{26,22},{26,21},
{ze,5},{25,22},{25,D},{z4,zz},{z4,zl},{z4,D},{zs,zl},{zs,D},{zz,D},{zl,D}}.
If the equalities
D, ={Z,,D},D; ={Z,,D},D; ={2,,D},D; ={Z,.2,},0; ={2,.2,},0, ={Z,,2,}, D} ={Z,,2,},
D; ={Z,.24},04 ={Z;.2,}, D}, ={Z,.2,}, D}, ={Z5,Z,}, D}, = {Z;, D}, D}, = {Z,.Z,},
D/, ={Z,,2,},D}s ={Z,,Z:},D}; = {Z,,Z,}, D}, ={Z,, D}, D} ={Z,,D}, D}, ={Z,, D}
Then from Theorem 1.1 we obtain:
R'(Q,)= Q R(DY). 2.1)
Lemma 2.2. Let D:{27,26,25,24,23,22,21,5}e22(x,8) and Z,nZ,#@. If X isafinite set, then
R'(Q)]=[R(D})+[R(D;)~[R(D;)]-

Proof. Let D'={Z,Z'}€Q,0,, , then Z,Z'eD and Z cZ'.If aeR(D’) then quasinormal representa-
tion of a binary relation o has form o :(YT“ xT)u(YT",‘ xT') for some T,T'eD, TcT', Y, Y ¢{Q}
and by statement 2) of the Theorem 2.1 satisfies the conditions Y;" ©>Z and Y NZ'# . Since Z, and
Z are minimal elements of the semilattice D, wehave Z>Z, or Z>Z;.

On the other hand, D is maximal elements of the semilattice D, therefore D > Z'. Hence, in the consi-
dered case, only one of the following two conditions is fulfilled:

Y*2Z, and YSND#D or Y 2Z, and Y NnD=QD.

ie, aeR(D{) or aeR(D;).Hence, using equality (2.1), we obtain
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R'(Q;)=R(D))UR(D;). (22)
Now, let a € R(D])nR(D;) then

Y27, YiND =,
YY2Z, Y NnD=Q.
Of this we have that Y* 52, UZ;=2,, Y "D=@,ie. aeR(D;) and R(D])nR(D;)< R(Dj).
Of the other hand if « eR(D ) then Y 2Z,,Y> D= and the condition (2.3) is hold. Of this follows
that a e R(D/)NR(D;),i.e. R(D;)<=R(D/)nR(D;). Therefore the equality

(23)

R(D)"R(D;)=R(D;) (2.4)
is fulfilled. Now of the equalities (2.2) and (2.4) follows the following equality
R (Q,)|=|R(D))|+[R(D;)]~[R(D;) "R(D;)|= R (D))| +|R(D;)| ~|R (D).

The lemma is proved.
Lemma23.Let D={7,,7,,2,,2,,2,,2,,Z,D} e%,(X,8) and Z,"Z, =P . If Xisafinite set, then

| | (Z\D\z7\ _1).2‘X\D‘ +19'(2\D\zs\ _1).2\><\D\ _19.(2\5\24\ _1).2‘X\D‘ .

Proof: It is easy to see |®(Q,,Q,)|=1 and |(Q,) =19, then by statement 2) of the Lemma 1.1 and by
Lemma 2.2 we obtain the validity of Lemma 2.3.
The lemma is proved.

3) Let binary relation « of the semigroup B, (D) satisfying the condition 3) of the Theorem 2.1. In this
case we have Q, ={T,T'T"}, where T,T,T"eD and T cT'cT". By definition of the semilattice D fol-
lows that

Q3ex,:{{27,25,22},{27,25,5},{27,24,22},{27,24,21},{27,24,5},{27,22,5} {z,.2,D},
{26.24.2,}{24,2,,2,},{24,2,,0} {24, 25, 2,},{Z5. 2, D} {Z,,2,, D} {Z,,2,, D},
{25,2,,0}.,{2,,2,,5}.{2,,2,,0}.,{Z,,2,, B}}.

Now if

R'(Q;)=UR(D/)- (3.2)

Lemma3.l. Let D={2,2,2,2,,2,2,,2,D}e3,(X,8) and Z, nZ,#@ . If Xis afinite set, then

IR*(Q3)|=IR(Di)l+IR(D;)I+IR(Dé>|+|R(D£>I+|R(Dé>|+|R '| R(O))[+[R(D;)
-R(D)|-R (D )] -[R(D:) '|—|R 1) R (D)|-R(D5) R(D})
R (02 ~R(D)|-[R(D2) R (05 |R(D; mR<D>|

Proof. Let D'={Z,Z',Z"} (Z<Z'<Z") be arbitrary element of the set Q,%, and a€R(D’). Then
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quasinormal representation of a binary relation « has form a =Y/ xT )uU(Y{ xT’)u Y xT") for some
T,T7.T"eD, TcT'cT", YY" Y" ¢{@} and by statement 3) of the Theorem 2.1 satisfies the conditions

YP2Z, YUY 2Z', YnZ'#D and Y. nZ"#J. By definition of the semilattice D we have
ZoZ, or ZoZ, and D Z". Of thisand by the conditions V" 2Z, YUY 2Z', Y/ NnZ' =2,
Yy nZ"#Q we have:

Y 2Z, Y UYE D2, Y N2 D, YinD =D or

Y0 Z, Y UYE D2, Y N2 2D, YiND =D

ie. aeR(D)) or aeR(D;), where D= {Z7,Z’, 5} and D;':{ZG,Z’,D}.Hence, using equality (3.1), we
obtain

R (Q,)=LJR(D). (3.2)

i=1

Now we show that the following equalities are true:
R(D])"R(D;)=@, R(D;)nR(D;)=@, R(D;)nR(D;)=9, R(D;)nR(D;)=2,
A

R(DL)R(DL)=2, R(D;)R(D;)=2, R(D})AR(D;)=2, R(D})R(D;)=2,
R(D!)~R(D!)=2, R(D)~R(D.)=2, R(D,)~R(D.)=2, R(D,)~R(D,)=2,
R(Di)ﬁR(Dé)z@, R(Dé)ﬁR(Dﬁz@, R(D;)(\R(Dé)zg.
R(D})R(D}) = R(D)R(D;)nR(D;), R(D)AR(D})=R(D)AR(D)AR(D),
R(D2)R(DL)=R(D}) AR(D)AR(D;) =R (D:) R(DL) AR (D},

R(D})R(D}) = R(D;). R(D;)nR(D;)=R(D;)R(Dy)R(D)
R(DL)R(D;) = R(D;)R(D;)R(DY), R(D,)AR(D;)=R(D},).

For this we consider the following case.
a)If aeR(D{)nR(D;), then

Y 2Z, YUY DZ, YEiNZ 2D, YinD =D,
Y 2Z, YEUYE2Z, VN2, #D, YinD Q.
It follows that Y, UY2 2Z,UZ, =D and (YT“ uYT?’)mY{Z > DAY # . But the inequality
(YT“ uYTCf)mYT‘f # (& contradiction of the condition that representation of binary relation o is quazinormal.
So, the equality R(D;)"R(D;)=< is hold.
The similar way we can show that the following equalities are hold:
R(D))AR(D4) =2, R(D)NR(D;)=@, R(D})AR(D;)=2, R(D;)AR(D;)=2
R(D;)nR(Dg)=2, R(D;)"R(D7)=@, R(D;)NR(D;)=2, R(D;)NR(Ds)=2.
b) If aeR(D{)NR(D;), then
Y 2Z, YUY DZ, YiNZ 2D, YinD =D,
Y 2Z, Y UYEDZ, VN2, 2D, Y ND 2D

It followsthat Y 2Z,uZ, =2, and Y" NY, 2Z,NnY{ # . But the inequality Y;" nY;" #< contradic-
tion of the condition that representation of binary relation « is quazinormal. So, the equality
R(D))NR(D;)=2 is true.
The similar way we can show that the following equalities are hold:
R(D;)nR(D{)=9, R(D;)nR(D;)=@, R(D;)nR(D;)=2,
R(D;)AR(D})=@, R(D;)NR(D})=0 .
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c) If aeR(D;)nR(D;), then
Y 2Z, Y UYEDZ, Y nZ, DB, Y2 nD =, 34)
Y D Z, YUY 22, YN, 2D, Y ND 2. '

It follows that
Y 2Z,0Z, =2, YUY 2Z,, YinZ, =3, YinD =D, (3.5)
i.e., aeR(Dy).So,theinclusion R(D;)NR(D;)<=R(Dy) ishold.
Of the other hand, if o e R(Dy), then the conditions (3.4) and (3.5) are fulfilled, i.e. aeR(D;)NR(D;)
and R(Dy)< R(D;)NR(Dy). Therefore, the equality R(Dg)=R(D;)NR(D;) is true.
The similar way we can show that the following equality is hold: R(Dj,)=R(D;)nR(D;).
d)If aeR(D/)nR(D;)nR(D;), then
Y 2Z, YUY DZ, VN2, 2D, Vi ND =D,
Y 2Z, Y UYE D2, VN2, #D, YEiNnD =D, (3.6)
YS2Z, Y UYE2Z, Y2, #D, Vi NnD =D,
It follows that
Y DZ, YUY 22, VN2 # BN N2, 2D, YD =D (3.7)

ie, aeR(D))nR(D;).So, the inclusion R(D;)nR(D;)"R(D;)<=R(D;)nR(D;) is hold.

2

Of the other hand, if a € R(D;)"R(D;), then the conditions (3.6) and (3.7) are fulfilled, i.e.,
aeR(D/)nR(D;)nR(D;) and R(D{)nR(D;)<R(D;)nR(D;)NR(D;). Therefore, the equality
R(D{)nR(D;)"R(D;)=R(D;)nR(D;) is true.

The similar way we can show that the following equalities are hold:

R(D))nR(D;)=R(D{)nR(D;)"R(D;),

R(D5) A R(D5) = R(D})n R(D;) R (D) = R(D;)~R(D;) R (D).
R(D})AR(D;)=R(D) R(D:)R(D}),
R(D;)nR(Dg)=R(D;) nR(Dg) NR(Dy).

We have that all equalities of (3.3) are true. Now, by the equalities of (3.2) and (3.3) we obtain the validity of
Lemma 3.1.

The lemma is proved.

Lemma 3.2. Let D'={Y,Y’,D}, D"={Y,Y, D}, where Y,Y'Y,Y/eD Y,2Y and Y/2Y'. If quasi-
normal representation of binary relation  of the semigroup B, (D) hasaform o :'gYT“ xT)U (Y xT')u
(YO“xD) forsome T,T'eD, T<T'cD and Y7, YYy ¢{D}, then aeR(D')nR(D") 'iff

YooY, Y UYE oY, YEAY 2D, Y nD =D,
Proof. If a € R(D")nR(D"), then by statement 3) of the Theorem 2.1 we have
YooY, Y UYE oY, YEAY 2D, Y ND =D, 3.9)
YE oY, Y UYE oY, YA 2D, Y ND = Q. '

Of the last condition we have
YooY, Y UYE oY, YEAY 2D, Y ND =D, (3.9)

since Y,V and Y'Y’ byassumption.
Of the other hand, if the conditions of (3.9) are hold, then also hold the conditions of (3.8), i.e.

2 <R(D')AR(D").
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The lemma is proved. B
Lemma 3.3. Let D= Z7,Ze,ZS,Z4,Z3,Zz,Zl,D} €X%,(X,8) and Z,nZ;#@. If X is a finite set, then
the following equalities are hold:

[R(D})~R(D;)|=18- 2% (2771 _y). (3‘[)\22‘_2‘5\22‘).3‘“5‘,

R(D) "R (Dj)[=18- 2% (277 1) (3"5‘22‘ —2‘5‘22‘).3‘“5‘,

R(D}) "R(D;)|=18-2%%. (2\z4\z7\ ) (3\5\21\_2\0\21\),3\“5\,

R(D5) R (D})[=18- 2% (2%l 1) (3‘5‘22‘—2‘5‘22‘)-3‘“5‘,

[R(Ds) A R(Dy)|=18- 2% (2%l 1), (3‘5‘21‘—2‘5‘21‘)3‘*“5‘,
(

|R(Dé)r\ R Dé)|:18.2\zl\zg\ _(2\z3\26\ ) ( \D\zl\ _2\0\4\)'3\“5\.

Proof. Let D’:{Y,Y’,Iﬁ},D":{Yl,Yl', ﬁ}e{Dl’,Dg,---,Ds},where Y,2Y and Y/2Y’.Assume that
ae R(D’)m R(D") and a quasinormal representation of a regular binary relation « has the form
a =Y xT)u (Y xT ugYO“ x f)) forsome T,T'eD, TcT'cD and Y, Y,Yy {Q}. Then by state-
ment c¢) of the Theorem 3.1.1, we have

YooY, Y UYE Y, Y AY 2D, YD =D (3.10)

Let f_ is a mapping of the set X in the semilattice D satisfying the conditions f, (t) =ta forall teX.
f,, f,. f,, and f, are the restrictions of the mapping f  onthesets Y,, Y/\Y,, D\Y/, X\D re-
spectively. It is clear, that the intersection disjoint elements of the set {Yl, Y/\Y,, D\Y/, X \D} is empty set,
and Y, U(Y\Y,)u(D\Y)u(X\D)=X .

We are going to find properties of the maps f,,, f_,. f,,, fs,.

1) teY,. Then by the properties (3.10) we have Y, cY;",ie, teY and ta=T by definition of the set
Yy . Therefore fy, (t)=T forall teYy,.

2) teY/\Y,. Then by the properties (3.10) we have Y/\Y,cY/'cY LY, ie, teYUY and
ta €{T,T'} by definition of the sets Y, and Y,”.Therefore f, (t)e{T,T'} forall teY/\Y,.

Preposition we have that Y/ NY'#J, ie. t'a=T' for some t'eY'. If t'eY,, then t'eY, Y/
Therefore t'a =T . That is contradict of the equality t'a =T', while T #T’ by definition of the semilattice D.
Therefore f,, (t')=T' forsome t'eY'\Y,.

3) teD\Y,. Then by properties (3.10) we have D\Y/c D c YUY uY, =X, ie, teYUYTUY,
and ta e{T,T',D} by definition of the sets Y, Y“ and Y" . Therefore fy, (t)e{T,T",D} for all
teD \Y,.

Preposition we have that Y "D =@, i.e. t"a=D forsome t"eD.If t"eY,/. Then t"eY/ Y UYS.
Therefore t"a e{T,T } by defmltlon of the set Y;* and Y. We have contradlct of the equallty t”a T”
Therefore f,, (t")=D forsome t"eD\Y, .

4) teX \Q Then by definition quasmormal representation binary relation « and by property (3.10) we
have te X \Dc X =Y UY UYy", ie. ta e{T,T',D} by definition of the sets Y*,Y;* and Y*. There-
fore fm(t)e{T,T',DL forall te X\D.

Therefore for every binary relation « € R(D')nR(D") exist ordered system ( fy,, f,,, f,,, fy, ). It is ob-
vious that for disjoint binary relations exist disjoint ordered systems.

Now, let f,:Y,—>{T}, f ¥ \Y,>{T,T"}, £,:D\Y/>{T,7.D}, f,:X\D—{T,T'D} are such
mappings, which satisfying the conditions:

5) fo(t)=T forall teY,;

6) f t)e{T, T’} forall teY/\Y, and f (t')=T

f

7) f,(t)e {T,T',ﬁ} forall teD\Y, and

8) f,(t)e r{T,T’,f)} forall te X \D.
Now we define a map f of a set X in the semilattice D, which satisfies the condition:

=T’ forsome t'eY'\Y,;
,(t")=D forsome t"eD\Y,;
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iftey,

ifteY/\Y,
), ifte D\Y,,
t), ifte X \D.

t

fo (1),
f(t)= E(()
£, (

t
t

Let A= ({x}xf(x)), Y/ ={ttp=T}, Y/ ={t|tp=T"} and Y/ ={t|tﬁ= 5}. Then binary relation
xeX
/3 can be representation by form g =(Y/ xT)u(Y/ xT’)u(YU/’ x D) and satisfying the conditions:
Y/ oY, YUY oY, Y AY 2D, Y nD 2D
(By suppose f,(t')=T' for some t'eY'\Y, and f,(t")= D for some t"eD\Y,), i.e., by lemma 2.5 we
have that B eR(D)nR(D").
Therefore for every binary relation a € R(D')"R(D") and ordered system ( fy,, f,,. f,,. f;,) exist one

to one mapping.
By ([1], Theorem 1.18.2) the number of the mappings f,,, f,,. f,,, f,, are respectively:

1, Z\Yf\(vwl)\ '(Z\Y’\Yﬂ _1) ’ 3\|5w1'\ _ Z\le'\ , B\X\D\ .

Note that the number 21" ~(2‘W1‘ _1).(3\5\%\ —Z‘D\Yﬂ)e‘xm‘ does not depend on choice of chains

TcT'cT” (T,T,T"eD) of the semilattice D. Sins the number of such different chains of the semilattice D
is equal to 18, for arbitrary T,T',T"eD where T<T'<T", the number of regular elements of the set
R(D')nR(D") isequal to

R(D))~R(D")|=18- 2" (2 _q). (3"5‘“" — 2P ) 30

Note that the number 2% .(Z‘YW _1).(3\5\%\ P ) .3%®" does not depend on choice of chains

TcT'cT” (T,T,T"eD) of the semilattice D. Since the number of such different chains of the semilattice
D is equal to 18, for arbitrary T,T.,T"eD where T cT'cT", the number of regular elements of the set
R(D')NR(D") is equal to [R(D')AR(D")|=18- 2" ") (2% —1)-(3‘5‘“" —2‘5‘”‘)

-S‘X\D‘. Therefore, we
obtain the validity of Lemma 3.3.

The lemma is proved. ~

Lemma 3.4. Let X be a finite set, D={Z,,7;,2,,2,,Z;,2,,2,,D} € %,(X,8) and Z,nZ,#@. If by
R’ (Q3) denoted all regular elements of the semigroup B, (D) satisfying the condition 3) of the Theorem 2.1,
then

R* (Q3)| :18.(2\25\27\ _1).(3@25‘ _ 2‘5\25‘).3‘“5‘ _,_18.(2\24\27\ _1).(3‘5\24‘ _ 2‘5\24‘).3"(\5‘
+18- (27 —1).(3‘5‘22‘ - 2"5‘22‘).3‘“5‘ +18. (22 —1).(3‘5‘21‘ - 2"5‘21‘)-3‘“5‘
15 (2545 g) (47 505) 59 39 (g ) (40 0.4
+18.(2\Zz\ze\ _1).(3"5\22\ _ 2‘5‘22‘).3‘“5‘ +18.(2\Zl\ze\ _1).(3"5‘21‘ _2"5\21‘).3"(\5‘
_18.(2\22\24\ _1).(3‘5\22‘ _ 2‘5\22‘).3"”5‘ _18.(2\21\24\ _1).(3‘5\21‘ _2"5‘21‘).3‘“5‘
_18. 2%\ .(2\25\27\ _1).(3‘5’\22‘ _ 2‘5‘22‘).3‘“5‘ _18. 2%\l .(2\24\27\ _1).(3‘5\22‘ _ 2"5\22‘).3‘“5‘
1.7 (g0 ) (40 g0 ) 10y, g (sl _g) (40 50 50

—18-2‘21\24‘ _(2\24\26\ _1).(3\5\21\ 3 2\6\21\)'3@06\ —18-2‘21\23‘ _(2\23\25\ _1)_(3\5\21\ B Z‘D\Zl‘)~3‘><\5‘.
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Proof: Itis easy to see |®(Q;,Q,)| =1 and |Q(Q,)|=18, then by statement 3) of the Lemma 1.1, by Lemma
3.1 and by Lemma 3.3 we obtain the validity of Lemma 3.4.

The lemma is proved.

4) Now let binary relation « of the semigroup B, (D) satisfying the condition 4) of the Theorem 2.1. In
this case we have Q, = {T,T',T", D}, where T,T' . T"eD and T cT'c<T". By definition of the semilattice
D follows that

Q% ={{2:,2:,2,,0}{2,.2,,2,,0}.{Z,.2,,2,,D}
(25,2,,2,,0}.{2,,2,,2,,0}.{2,,2,,2,,D}}
Now if
D; ={2,,2:,2,,0},D; ={2,.2,,2,,0},0;={Z,,2,,2,, D)
D; ={Z,.2,,2,,D},D} ={2,,2,,2,,0},0; ={Z,,2,.2,,D
Then from Theorem 1.1 we obtain

R*(Q4):QR(Di'). @.1)

Lemma 4.1 Let X be afinite set, D={Z,,2,2,,2,,2,,2,,2,,D} €%,(X,8) and Z,nZ, =@ . If by
R’ (Q4) denoted all regular elements of the semigroup B, (D) satisfying the condition 4) of the Theorem 2.1,
then

R*(Q4)| (2\25\27\ ) 922\%s| _ 2\22\25\ (4"3\22‘ 3‘D\ZZ‘) 4‘X\D‘
6.(27\%l _1). (3%l _ 2\22\24\) (4‘5\22\_3‘D\Z2‘).4‘X\D‘

U\l _ 2z (4\5\21\ _3\5\21\)_4\X\|5\

+6- (2247l _1).

+6- (274l

(
#6 (2 )|
+6- (2% —1).( )
(2% 1) (

32\l _ 2\zl\z4\) (4\D\z1\ _3"5\21‘).4‘“0‘

+ 6.(2\23\26\ _ ) \Zl\zs\ 2l2\Z3| 4"3\21‘ _3‘5\21‘).4‘“5‘_

Proof. First we show that the following equalities are hold:
R(D})"R(D;)=@, R(D{)"R(D;
R(D)"R(D;)=2, R(D|
R(D;)nR(D;)=9,R(D
R(D})R(D})=2,R(
R(D;)nR(D;)=9,R(D,

, (4.2)

For this we consider the following case.
a) Let o e R(D )r\ R( ) If a quasinormal representation of a regular binary relation « has the form

= (Y xT)o(Y xT ) (Vs xT")u(Yy" x D) for some T,T,T"eD, T<T'cT” and Y,V Y ¢ (D).
Then by statement 4) of the Theorem 2.1, we have
Y2 Z, YUY 2Z, Y UYSUYE D2, YENZ, # D, YENZ, 2D, YYD =G,
Y 2Z, Y UYEDZ,, YUY UYE D2, Y N2, 2D, VN2, D, Y NnD %,
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Itfollows that Y, LYY 2Z,0UZ, =2, and (YUY )Y 22, N =@ . But the inequality
(YT“ Yy )mYT”f = (J contradiction of the condition that representation of binary relation « is quazinormal.
So, the equality R(D;)nR(D;)=& is hold.

The similar way we can show that the following equalities are hold:

R(D;)R(D})=2, R(D;)~R(D;)=2, R(D;)~R(D.)=2,
R(D;)NR(D;) =2, R(D;)NR(D;) =2,

b) Let a €R(D;)nR(D;) and a quasinormal representation of a regular binary relation « has the form
a =Y xT )Y xT) (Y2 xT")u(Yg x D) for some T,T.T"eD, TcT'cT" and YY1,V ¢{@}.
Then by statement 4) of the Theorem 2.1, we have

YD Z, YUY 2 Z, Y UYSUYE D2, YENZ, =D, YENZ, 2D, Y ND#Q;
Yoz, YUY DZ, YUY UYE D2, YN, D, YENZ 2D, Y ND = .

It follows that Y,* UY UYY 2Z,UZ,=D and (YT“ Yy uYT"ﬁ)mYO“ > DAY #J. But the inequality
(YT“ Yy uYT‘f)mYo“ #(J contradiction of the condition that representation of binary relation o is quazi-
normal. So, the equality R(D{)"R(D;)=@ is hold.

The similar way we can show that the following equalities are hold:

R(D})R(D;) =2, R(D)~R(D}) =2, R(D;)R(D))
R(D;)"R(D;)=2, R(D;) " R(D;)=2,R(D}) "R (DY)
R(D;)nR(D{)=@,R(D;)nR(D;) =&

By equalities (4.1) and (4.2) follows, that

R (Qu)] = [R(DY)|+ R (D3] + R (05)]+[R(D)+ [R (B;)] +[R (D).

Itis easy to see |(Q,,Q,)|=1 and |Q(Q,)|=6, of the last equalities and by statement 4) of the Lemma 1.1
we obtain the validity of Lemma 4.1.

The lemma is proved.
5) Now let binary relation « of the semigroup B, (D) satisfying the condition 5) of the Theorem 2.1. In

this case we have Q; ={T,T'T".T'UT"}, where T,TT"eD and TcT', TcT”, T'\T"#J and
T"\T'= @& . By definition of the semilattice D follows that

%)
%)

Q8 ={{2:,2,,2,,0}.{Z,.2,,2,,5}.{Z,,2,,2,,0}{2,.2,.2,. 2,
(26,2,.2,,2.},{2,.2,,2,,0},{2,,2,,2,, D}
Now if
D; ={2,,2,.2,,D}., D;={Z,.2,,2,.0},

D, ={Z,.2,,2,D}, D;={Z,2,,2,,D},

D},
D},
D, ={Z,2,,2,,2,}, D,={2,,2,,25,Z,}, D} =1Z,,2,,2,,2,},
Dy ={Z.25,2,,2,}, D}, ={Z,,2,,2,,0}, D}, ={Z,,2,,Z,,D},
D, ={2,.2,.2,,D}, D}, ={Z,,2,,Z,,D}.

Then from Theorem 1.1 we obtain

D; ={Z,.25.2,,
D; ={Z,.2,.Z,,

R*(Q5)=QR(D;). 5.1)
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Lemma 5.1. Let X be a finite set, D={Z,,2;,25,2,,2;,2,,2,D}€%,(X,8) and Z,nZ,#@. If by
R’ (QS) denoted all regular elements of the semigroup B, (D) satisfying the condition 5) of the Theorem 2.1,
then

IR(D;)NR(D;) ~|R(D;)NR(D;)|
[R(D;)"R(Dj, )| ~[R(D;) "R(D;)].

(
-|R(D;)
(

Proof. Let D={Z,2',2",2'UZ"} be arbitrary element of the set {D;,Dj,--,D},} and @ <R(D'). Then
quasinormal representation binary relation « of the semigroup B, (D) has a form

a =Y xT) U (Y xT) O (Y x T U (Y x (T'UT")),

where T,T' T"eD, TcT', TcT", T'"\T"#Q, T"\T'#J and by statement 5) of the Theorem 2.1 sa-
tisfies the following conditions:

YUY 22, YUY 22", Y nZ' D and Y nZ"#£D.

Of this we have that the inclusions R(D;)=R(Dj;)=R(D};), R(D;)=R(D;,)=R(D;,) are fulfilled.
Therefore, of the equality (5.1) follows, that

10

R (@) =UR(D). 62)
Now we show that the following equalities are hold:
R(D{)mR(Dé):@, R(D{)mR(DQ):@, R(D{)mR(Dé):@, R(Dl’)r\R(D7’)=®,
R(Dl')mR(Dg)=®, R(Dl')mR(Dl’O)=®, R(Dz’)mR(Dé):Q, R(DZ')mR(Dg):Q,
R(Dé)mR(D{)zg, R(Dg)ﬁR(Dg):Q, R(DZ’)mR(Dl’O):Q, R(Dg’)mR(D;)=®,
R(D;)nR(D:)=9, R(D;)nR(D;)=49, R(D;)nR(D}, )=, R(D,)"R(Dg) =1,
R(D;)nR(D;)=@, R(D;)nR(D;)=9, R(D;)nR(Dg)=2, R(D;)nR(D;) =0,
R(D;)nR(Dy)=, R(Dg)NR(D;)=@, R(D§)nR(Dy,)=9, R(D;)NR(D;) =2,
R(D;)nR(Dg)=@, R(D;)nR(Dj, )=, R(D;)nR(Dy)=D, R(Dy)NR(D}) =1,
R(Dg)NR(Djy) =9
R(D)R(D4)=R(D))"R(D})AR(D;), R(D})AR(D;)=R(D;)AR(D)AR(D), &
R(D;)NR(Dg)=R(D{)R(D;)"R(D;),
R(D;)NR(Dg) =R(D))nR(D;)"R(D;) = R(D;)"R(D;)"R(Dg) "R(D;)
=R(D;)nR(D;)"R(D;),
R(D;)NR(D)=R(D;)NR(D;)"R(D5), R(D;)"R(Dy) = R(D;) "R (D) "R (Dj),
R(DB;)NR(D;)=R(D;)NR(D;)"R(D;) = R(D;)nR(Ds)"R(D;)
=R(D;)"R(D;)NR(D5)R(D;),
R(D)R(D7)=R(D;)"R(Dg) "R(D;).

a) Let a eR(D/)nR(D;). Then quasinormal representation binary relation « of the semigroup B, (D)
has a form « =(YT“ xT)u(YT”f xT')u(Yﬁ xT")u(YT”fuTN x(T'uT")) ,Where T,T. T"eD, TcT', TcT’,
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T'\T"20, T"\T'#Q and by statement 5) of the Theorem 2.1 satisfies the following conditions:
YPOUYS 2Z,, YUY 22, Yy N2, #D, Y NZ #D,
YPUYS 2Z, YUY 22, Y N2, =D, YN, =D

Of this conditions follows that Y,* UY% ©2Z,uZ, =D, then (YT“ uYT‘i‘)mYT‘f SDNYE2Z, NYE 2D,

But the inequality (YT“ UY )N Y =< contradiction of the condition that representation of binary relation
o s quazinormal. So, the equality R(D;)NR(D;)=@ is hold.
The similar way we can show that the following equalities are hold:

R(D})AR(D})=2, R(D)"R(D})=2, R(D{)"R(Dy)=2,

R(D;)"R(D;)=@, R(D;)"R(D})=@, R(D})~R(D;)=2,
R(D;)NR(D;)=2, R(D})nR(D.)=2, R(D;)nR(D})=9,
R(D;)"R(D})=@, R(D;)~R(D;)=@, R(D;)"R(D})=,
R(D;)~R(D;)=@, R(D)nR(D})=@, R(D;)"R(D})=2,
R(D))R(Dj) =2, R(D;)"R(D;)=2

b) Let o€ R(Dl') N R(D;) . Then quasinormal representation binary relation « of the semigroup By (D)
has a form & = (Y xT ) U (Y xT) O (Y xT") U (Y x(T'UT")), where T,7'T"eD, TcT', T<T”,
T\T"#Q, T"\T'# and by statement 5) of the Theorem 2.1 satisfies the following conditions:

YUY 2Z,, YUY 22, Y N2, =D, YL NZ # D,
YUY oZ, YUY 22, Y N2, =D, YL, =D

Of this conditions follows that Y;" UY ©2Z,uZ,=2,, then (YT“ uYT‘i‘)mYT?f 2Z,NnY; <. But the in-

equality (YT“ uYT?‘)mYT”f #(J contradiction of the condition that representation of binary relation « is qua-

zinormal. So, the equality R(D;)nR(D;)=% is hold.
The similar way we can show that the following equalities are hold:

R(D;)nR(D;)=2, R(D;)"R(D;)=2, R(D;)nR(D}y)=2,

R(D})"R(D}) =2, R(D})R(D;)=2, R(D})NR(D})=2,

R(D})AR(D})=2, R(D})"R(D;)=2, R(D;)nR(Dj)=2,
R(D})R(D}) =2

0) If a@eR(D])NR(D;)"R(D;), then
YUYy 2Z, YUY 2Z, Y N2, =D, Yo nZ, D,
Y OYE D2, Y OYE D2 YN, #D, VN2, #D, (5.4)
YUYy 2Z,, YYOUY 22, YN, #D, Yo NZ, #D
It follows that
YUY D7, Y UYE 7, YN, £ D, YN, %D, (5.5)
ie, aeR(D))nR(D;). So, theinclusion R(D;)nR(D;)"R(D;)<=R(D;)nR(D;) is hold.
Of the other hand, if e R§D1’) NR(Dg), then the conditions (5.4) and (5.5) are fulfilled, i.e.,
REDl’;m RED;% < R(D/)nR(D;)n R(Dgé. Therefore, the equality

R(D{)nR(Dy)=R(D;)"R(D;)"R(D;) is true.
The similar way we can show that the following equalities are hold:

)
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R(D4)AR(D;) = R(DL) AR(D;)R(D}), R(D3)AR(DL)=R(D{)R(D})AR(D]),

R(D;)nR(Dy)=R(D/)nR(D;)"R(Dg)=R(D;)nR(D;)"R(Dg)"R(D;
~R(D})AR(D})AR(DY),

R(D;)"R(D})=R(D;)nR(D,)AR(D}), R(D,)AR(D})=R(D;)~R(D)R(D},)

R(D)AR(D})=R(D;)"R(D;)~R(D})=R(D,)nR(D.)"R(D})
~R(DL)AR(DL)AR(D)AR(D)

R(D:)R(D})=R(D})R(D})R(D))

Now by equalities (5.2) and (5.3) we obtain the validity of Lemma 5.1.

The lemma is proved.

Lemma5.2. Let D'= {Z, Z,2''Z2uZ't and D"= {V,Y Y'Y UY'! are arbitrary elements of the set
{D;,D;,D;,D;,D;,D;, Dy, Dy, Dy, Dy}, where D'=D”", Z2Y and Z'oY'. If quasinormal representation
of binary relation « of the semigroup B, (D) has a form

= (Y xT) O (Y T O (Y x T U (Yepe x(THUT")
for some T,T'.T"eD, TcT', TcT", T\T"2@, T'\T'#Q and Y/ ,Y .Y ¢{Q}, then aeR(D’)
AR(D") iff YUY DZ, Y OYEDZ, YE Y B, Y Y = D
Proof. If a € R(D')nR(D"), then we have

YUY 2Z, YUY 22, Y nZ =D, Yo Nl O,

(5.6)
YUY oY, Y UYL oY, Y Y =G, YO NY = Q.
Of the last condition we have
YUY 2Z, Y UYL 2Z Y Y #0, YL nY' 2D, (5.7)

since Z2Y and Z'oY' by supposition.

Of the other hand, if the conditions of (5.7) are hold, then, also hold the conditions of (5.6) i.e.
aeR(D')NR(D").

The lemma is proved.

Lemma 5.3. Let X be a finite set, D’:{Z,Z,Z',Z uZ’} and D”:g,Y,Y’,Y uY’} are arbitrary ele-
ments of the set {Dy, D;,D;, D;, D;, D;, D, Dy, Dy, Dy}, where D' D", Z2Y and Z"oY'. Then the fol-
lowing equalities are hold:

-7. Z‘ZZ\D‘ (Z\Zs\zﬂ ) 2‘21\'5‘ ,(2\21\22\ -1 .4‘X\D‘

)
:7.2\22 D| (2\22\21\ 1) 2\21\0\ (2\23\22\_ ) |x\0|
D})|=7-2%°. (2% ~1). 2% (2%l _1) .4
DS’)| 7. 2\21 o| (2\21\22\ ) 2\22\0\_(2\z2\zl\_1)_4\><\|5\

D)
)

| 7. 2‘25\[)‘ (2\25\21\ ) 2\21\22\,(2\24\25\_1)_4‘“5‘
- (

1)-4

(2\24\25\ _1).2\25\5\ ) 2\z5\zl\ _1) ) 4\x\5\
AR(D}, )| 7. Z‘ZS\D‘ (2\23\22\ _1) . 2\22\21\ ,(2\24\23\ _1) . 4‘)(\'5‘
D;)~R(D}) 7.922 (2\24\23\ _1).2\23\6\ _(2\23\22\ _1).4\x\5\

Proof. Let D'= {Z,Z,Z',Z vz } and D"= {Y,Y,Y’,Y uY’} are arbitrary elements of the set

()



N. Tsinaridze et al.

{Dl’, D;,D3’,D;,Dg,Dg,D;,Dg,D;,Dl’O}, where D'=D", Z2Y and Z'oY'. If ae R(D’)mR(D”), then
quasinormal representation of a binary relation « of semigroup B, (D) has a form

a =Y xT) (Y xT ) O (Y x T U (Y < (T'UT"))

forsome T,T'"T"eD, TcT', T<T", T'\T"2d, T"\T'2d, Y Y, ¢ {D}, then by statement 5)
of the Theorem 2.1, we have

YUY 2Z, Y UYL 22 Y Y =D, YR nY = D (5.8)

Let f, is a mapping of the set X in the semilattice D satisfying the conditions f, (t) =ta forall te X . fy,
f1. T2, and fa, are the restrictions of the mapping f, on the sets z~z', Z\Z', Z'\Z, X \(Z uZ’) respec-
tively. It is clear, that the intersection disjoint elements of the set {Z NZ',Z\Z',Z'\Z, X\(Z uZ’)} is emp-
tysetand (ZNZ')U(Z\Z')o(Z\Z)u(X\(ZUZ'))=X.

We are going to find properties of the maps fy,, i, f2, and fs,.

1) teZnZ'. Then by the properties (5.8) we have ZNZ'c (YTa uYTa,)m Y uYs ) =Y, since YUY
oZ and YUY 2Z' . ie, teYy and ta=T by definition of the set Y. Therefore f,, (t)=T for
all tezZznZz'.

2) teZ\Z'. Then by the properties (5.8) we have Z\Z'cZ YUY, ie, teY  UYS and tae{T,T'}
by definition of the set Y;* and Y. Therefore f, (t)e{T,T'} forall teZ\Z'.

Preposition we have that Y/ NnY #J, ie. t'a=T' for some t'eY. Then t'eZ sense YcZ. If
t'eZ', then t'eZ' <Y, UYS. Therefore t'a e{T,T"}. That is contradiction of the equality t'a=T', while
T'#T and T'=T" by definition of the semilattice D.

Therefore f,, (t')=T' forsome t'eY\Z'.

3) teZ'\Z . Then by the properties (5.8) we have Z'\ZcZ'cY/ UY, e, teY LY and tae{T,T"}
by definition of the set Y;* and Y. Therefore f,, (t)e{T,T"} forall teZ'\Z.

Preposition we have that Y" NY'#J, ie. t"a=T" for some t"eY'. Then t"eZ’ sense Y'cZ'. If
t"eZ then t"eZ <Y/ LY, . Therefore t'a e{T,T'}. That is contradiction of the equality t"a=T", while
T=T" and T'=T" by definition of the semilattice D. Therefore f,, (t")=T" forsome t"eY'\Z.

4) teX \(Z v Z’). Then by definition quasinormal representation binary relation « and by property (5.8)
we have X\(ZuZ')c X =Y UYS UYE UYL e tae{T,T T T'"UT"} by definition of the sets Y;”,
YY, Y and Y% ... Therefore fo, (t)e{T, T T"T'UT"} forall teX\(ZuUZ').

Therefore for every binary relation a € R(D')nR(D") exist ordered system ( fy,, f,,, f,,, fy, ). It is ob-
vious that for disjoint binary relations exist disjoint ordered systems.

Nowlet fo:ZnZ' —{T}, f:Z\Z'>{T,T}, §,:2\Z (1,77,

f,:X\(ZUZ')>{T, T, T T'UT"} are such mappings, which satisfying the conditions:
5) fo(t)=T forall teZnZ';
6) f(t)e{T.T'} forall tezZ\Z' and f,(t/)=T" forsome t/eY\Z';

7) f,(t)e{T,T"} forall teZ'\Z and f,(t;)=T" forsome t,eY'\Z;
8) f,, (t)e{T.T T T'UT"} forall teX\(ZuUZ).
Now we define a map f of a set X in the semilattice D, which satisfies the condition:

fo(t), ifteZznZ,

f,(t), iftez\Z',

()= 2 ( I. €

f,(t), iftez’\Z,
f,(t), ifte X \(ZUZ').
Nowlet B=J({x}xf(x)), Y/ ={ttp=T}, Y/ ={t|tp=T"}, YL ={tjtp=T"} and

xeX

Y/ = {t|t,B =T uT”} . Then binary relation g can be representation by form

B =Y xT)U (YT O (YT ) U (Y x(T'UT"))

)
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and satisfying the conditions:
YOV 2Z, Y UYE 2Z Y AY 2D, Y NY' £ D.

(By suppose f,(t/)=T' for some t/eZ\Y’ and f,(t;)=T" for some t,eY’\Z), ie., by Lemma 2.10
we have that e R(D')nR(D").

Therefore for every binary relation a € R(D')"R(D") and ordered system ( f,,, f,,, f,,, f;,) exist one
to one mapping.

By ([1], Theorem 1.18.2) the number of the mappings f,,, f_, . f,
respectively:

and f,, (aeR(D)nR(D")) are

o

1, 2\2\(Yu2'}\ '(Z‘Y\Z’\ _1) ’ 2\2'\(Y'uz)\ .(Z‘Y'\Z\ _1)’ 4\X\(2uz')\ '

Note that the number 212"“%) -(Z‘Y\Z" —1)-2‘2'\“”2)‘ -(Z‘Y'\Z‘ —l)-4‘X\(Z“Z')‘ does not depend on choice of

elements T,T',T”e D of the semilattice D, where T<T', T<T”, T'\T"=2@ and T"\T' = . Since the
number of such different elements of the semilattice D are equal to 7, the number of regular elements of the

set R(D')NR(D") isequalto [R(D)nR(D")=7-27"7 -(2‘Y‘Z" —1)-2‘2"”'“2)‘ -(2‘Y"Z‘ —1).4‘“(“2')‘.

The lemma is proved. -

Lemma 5.4. Let X be a finite set, D:{Z7,ZG,ZS,Z4,Z3,ZZ,21,D €%,(X,8) and Z;,nZ, =D . If by
R"(Q;) denoted all regular elements of the semigroup B, (D) satisfying the condition 5) of the Theorem 2.1,
then

R'(Q,)] =14- (2% ~1)- (2% 1) 4'®l s 14 (2712 1) (2% 1) 4
+14.(2\zs\z2\ _1).<2\zz\z3\ _1).4\X\f>\ +14.(2\zs\z4\ _1).(2\24\25\ _1). 24X\
+14.(279% _1). (2747 1) 47
7.0 (gRed ) g0 (v ) g g, g (el ) g0l (g ). g
7.0 (). g (5l ) g g, g0 (oo ). g (el _q). g
72500 (95l _q). g el g). g9 _g. g gl g). 5 (375 ). 470
!

—7. 2‘23\5‘ 2\23\22\ _1) . 2\22\21\ ,(2\24\23\ _1) . 4‘)(\5‘ _7. 2\22\21\ _(2\24\23\ _1) . 2‘23\'5‘ ,(2\23\22\ _1) . 4‘X\D‘

Proof. It is easy to see | (Q;,Qs)[=2 and |Q(Qs) =7, then by statement 5) of the Lemma 1.1, by Lemma
5.1 and by Lemma 5.3 we obtain the validity of Lemma 5.4.

The lemma is proved.

6) Let binary relation « of the semigroup B, (D) satisfying the condition 6) of the Theorem 2.1. In this
case we have Q :jT,Z4,Z,Z’,D , Where T,2,2'eD, TcZ,cZcD, TcZ,cZ'cD, Z\Z'#J
and Z'\Z = . By definition of the semilattice D follows that

Qsby = {{27’247221211 D},{ZG,Z4,ZZ,21, D}} .

If D;:Lz7,z4,zz,zl,[')i, D;={2,.2,,2,,2,,0} , D;={2,,2,.2,,2,,D}, D;={Z,2,,2,,2,,0},
then from Theorem 1.1 we obtain

R*(Q,)=R(D})UR(D})UR(D}) UR(D;). (6.1)

Lemma 6.1. Let X be a finite set, D:{Z7,ZG,ZS,Z4,Z3,ZZ,21,5 €3,(X,8) and Z,nZ,#D. If by
R"(Q;) denoted all regular elements of the semigroup B, (D) satisfying the condition 6) of the Theorem 2.1,

then
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R* (Qe )| 9. (2\z4\z7\ _1) ) 2\(z1mzz)\z4\ .(3\4\22\ _ 2\21\22\) 3\22\21\ 2\22\21\ ) ) S\X\D\

+ 2_(2\24\z7\ _1) ) 2\(zimzz)\24\ .(3\22\21\ _ 2\22\21\

(
)

N 2'(2\24\26\ _1).2‘(Zlm22)\24‘ _(3\21\22\ _ 2\21\22\) (3\22\21\ _ 2\22\21\)'5\><\D\
)

3\21\22\ _ 2\21\22\ ) ) S\X\D\

19 (2\24\26\ _1) . 2\(Zmzz)\z4\ _(3\22\21\ _olz\z| 3\21\22\ _ o2z ) . 5‘“'5_

Proof. First we show that the following equalities are hold:
R(D/)nR(D;)=9, R(D;)nR(D;)=@, R(D/)nR(D;)=2,

R(D;)"R(D})=@, R(D;)"R(D;)=2,R(D})"R(D}) =T (6.2)

For this we consider the foIIowing case.
a) Let a eR(D/)nR(D;). If a quasinormal representation of a regular binary relation « has the form

= (Y xT)u (Y xZ,)u (Vs xZ)u(Yg x2')u(Ys x D) forsome T,2,2'eD, TcZ,cZcD,

TcZ,cZ'cD, Z\2'#@,2'\2+@ and Y2, Y& Y2 ¢ {D}. Then by statement 6) of the Theorem 2.1,
we have

Y2 Z, YUY DZ,, YA UYEUYE 2Z,, YUY UYS o7,
YinZ, 23, Y. N2, D, Y/ NZ =D,
Y 2Z,, YUY DZ, Y UYS UYE 27, Y UYS UYS 27,
YiNZ,#0, Y, N2, #D3, Y, NZ,#T,
It follows that YUY, UY;i2Z,0Z,=D and (YUY, UYS)NY; 2DNY; 2Z,NY; =D . But
the inequality (YT“ uY,/S UY, ) )NY, = contradiction of the condition that representation of binary relation
a s quazinormal. So, the equality R(D;)NR(D;)=@ is hold.

The similar way we can show that the following equality is hold: R(D;)NR(D;)=.
b) Let a €R(D;)nR(D;) and a quasinormal representation of a regular binary relation « has the form

:(YT“xT)u(Yf><Z4)U(YZ“xZ)u(YZ’”,xZ’)u(YO“xlj) forsome T,Z,Z'eD and TcZ,cZcD,

TcZ,cZ'cD, Z\2'#@,2'\Z+@ and Y7, Y&, Y2 ¢ {QD}. Then by statement 6) of the Theorem 2.1,
we have

Yy 2Z,, Y, OY 2Z, YUY UY, oz, YUY uY,) o7,
YINZ, 2D, Y, N2, 2D, Yy N2, =D,
Y 2 Z, YUY D Z,, YUY UYE D Z,, YUY UYS o2,
YiNZ, 20, Y5 N2, 23, Y, NZ #O,

It follows that Y* 2 Z,uZ; =2, and Y NY,” 2Z,NY, #J. But the inequality Yy nY,” #J contra-
diction of the condition that representation of binary relation « is quazinormal. So, the equality
R(D)nR(D;)=4 ishold.

The similar way we can show that the following equalities are hold:

R(D{)R(D;)=@, R(D;)"R(D})=2, R(D;)"R(D})=2.

"(Q)|=|R(D))|+[R(Dy)|+[R(D;)|+[R(D;)].
It is easy to see |<I>(Q6,Q6 )| =2 and |Q 6 |— 2, then by statement 6) of the Lemma 1.1 we obtain validity
of Lemma 6.1.

The lemma is proved.
7) Let binary relation « of the semigroup B, (D) satisfying the condition 7) of the Theorem 2.1. In this

)
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case we have Q, = {T T, 7" T'UT",D!, where T,T"T"eD, TcT'cD, TcT'cD, T\T"#J,
T"\T' = . By definition of the semilattice D follows that

Q,0y, = {{27!25!24,22, D},{ZG,Z4,Z3,ZI, 5}} .

If D{:{Z7.ZS,Z4,ZZ,D}, D;={z7,z4,zs,zz,|5}, D3’={ZG,Z4,ZS,Zl,I5}, Dgz{zelzsyz4,zl,|5},
then from the Theorem 1.1 we obtain
R*(Q;)=R(D{)UR(D;)UR(D;)UR(D;). (7.1)

Lemma 7.1 Let X be a finite set, D={Z,,7;,2,2,,2,,2,,2,,D} €%, (X,8) and Z,nZ,#@. If by
R"(Q;) denoted all regular elements of the semigroup B, (D) satisfying the condition 7) of the Theorem 2.1,
then

_ 2.(2\25\24\ _1).(2\24\25\ _1)_(5\5\22\ _4\5\22\ ).S‘X\[_)‘
+2.(2\z4\zs\ _1).(2\25\24\ _1)‘(5\5\22\ _4‘5\22‘).5‘)(\5‘
+ 2_(2\24\23\ _1).(2\23\24\ _1).(5@\21\ _4‘5\21‘).5‘X\|5‘

+ 2.(2\23\24\ _1)'(2\24\23\ _1).(5\5\21\ —4‘5\21‘)'5‘“5‘.

Proof. First we show that the following equalities are hold:
R(D))"R(D;)=2, R(D))nR(D;) =2, R(D))"R(D;)=2,
%)

(72)
R(D;)R(D})=2, R(D;)~R(D;)=2,R(D;)~R(D}) =

For this we consider the following case.
a) Let o e R(D )r\ R( ) If a quasinormal representation of a regular binary relation « has the form

= (Y xT U (Y xT ) U (Y xT") U (¥ x(T'UT"))U(Ys x D) forsome T,T',T"eD and
TcT'cD, TcT'cD, T'\T"'20, T'\T'20@ and YY", Y ¢ {D}. Then by statement 7) of the theo-
rem 2.1, we have
Y 2ZNZ,0Z, YUY DZ, YUY D2, YinZ D, YinZ, #D, Y ND #@.
Y 2Z,MZ,2Z, YUY DZ, YUY 22, VN2, 2D, VN2, #D, Y "D =D
It follows that Y* 27, UZ; =27, and Y NY; 2Z, Y7 =<, But the inequality Y nY;" # contra-
diction of the condition that representation of binary relation « is quazinormal. So, the equality
R(D{)nR(D;)=% is hold.
The similar way we can show that the following equality is hold: R(D;)R(D;)=.
b) Let @ e R(D{)nR(D;,). If a quasinormal representation of a regular binary relation « has the form

a :(YT“ xT)u(YT?’ xT ) (YT‘f xT”) (YT,UTN (T’ uT")) (YO“ x D) for some T,T,T"eD and
TcT'cD, TcT'cD, T\T"'2@, T'\T'#@ and Y7,Y",Y ¢ {D}. Then by statement 7) of the theo-
rem 2.1, we have
Y 2ZoNZy Y UYE DZ, YEUYE D2, YENZ 2D, YENZ, 2D, Y ND =D,
Y 2Z,nZ, Y UYEDZ,, YUY DZ, Y2, #D, Y NZ, 2D, Y "D =D
It follows that Yy UYS 2Z,0Z, =2, and (Y UV )NYE 22, AV 2 Z; Y # . But the inequali-
ty (YT" uYT“ﬁ)mYT‘? # ¢ contradiction of the condition that representation of binary relation « is quazinor-

mal. So, the equality R(D{)nR(D;)=% is hold.
The similar way we can show that the following equalities are hold:
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R(D{)R(D;)=2, R(D;)R(D}) =2, R(D;)R(D;)=2.

By equalities (7.1) and (7.2) follows that [R*(Q,)| =|R(D;)|+|R(D;)|+|R(D3)|+|R(D)-

It is easy to see |CI)(Q7,Q7 )| =2 and |Q(Q7 )| =2 then by statement 7) of the Lemma 1.1 we obtain validity
of Lemma 7.1.

The lemma is proved.

8) Let binary relation « of the semigroup B, (D) satisfying the condition 8) of the Theorem 2.1. In this

case we have Q, = {T,T’, 2,,2,0T',Z, D} . By definition of the semilattice D follows that

Qu9y, ={{z7,z5,z4,zz,zl,D},{za,z4,zs,zz,zl,15}}.
If D :{27,25,24,22,21, 5}, D, :{26,24,23,22,21, [3} , then from Theorem 1.1 we obtain
R*(Q;)=R(D{)UR(Dy) (8.1)

Lemma 8.1 Let X be a finite set, D={Z,,7;,2,2,,2,,2,,2,,D} € %,(X,8) and Z,nZ,#@. If by
R"(Q;) denoted all regular elements of the semigroup B, (D) satisfying the condition 8) of the Theorem 2.1,
then

R* (QB) _ 2.(2\23\22\ _1).<2\24\23\ _1),(3\22\21\ _9lz2\z| )_G\X\D\

+ 2,(2\25\21\ _1),(2\24\25\ _1),(3\22\21\ _ 2\22\21\ ),B‘X\D

Proof. First we show that the following equalities are hold:
R(D))NR(D;)=2. 8.2)
Let a e R(Dl’) N R(D;) . If a quasinormal representation of a regular binary relation « has the form
a =Y xT) O (G xT)O(Y % 2, )u (¥, x(T'uZ,))u (Y xZ)u(Ys x D),

where T e{Z,,Z;}, T'el{Z,,Z;}, z,0T', Ze{Z,,Z2,}, Z,0T'#Z, TcT', T\Z,#D,
ZN\T' 2@, (Z,UT'N\Z=@, Z\(Z,0T")#D and Y/, Y5, Y7, Y, Yy ¢ {D)} . Then by statement 8) of
the Theorem 2.1, we have

YPOYy 2Z, YYOY,) o7, YUY uY,S 27,

YiNZ =D, Y N2, #D, Y NZ,#D.

YUY 2Zy, YUY, 227, YUY UYL, 27,

)

Yo NZy#0, Y, N2, #D, Yy, N # Q.

It follows that Y;* WY, 227, and (" Y)Y, 2Z,nY 2Z,nY; = . But the inequality
Y7 Y )nY, = contradiction of the condition that representation of binary relation « is quazinormal.
So, the equality R(Dj)nR(D;)=& is hold.
By equalities (8.1) and (8.2) follows that |R* (Q8)| =|R(D))|+|R(D3)-
It is easy to see |®(Q,,Q;)|=1 and |Q(Q,)[=1, then by statement 8) of the Lemma 1.1 we obtain validity
of Lemma 8.1.

The lemma is proved.
Let X be afinite setand Z, nZ; = and us assume that

R*(Q1)|+ R'(Q, )|+ R*(Q3)|+ R* (Q4)|+ R*(Q5)|+ R*(Q6)|+ R*(Q7)|+ R*(Q8)|.

Theorem 2.2. Let X is a finite set, D=17,,Z,7Z5,Z,,Z,,2,,Z,, f)} €%,(X,8) and Z,nZ,#D . If R,
is a set of all regular elements of the semigroup B, (D), then |RD| =I.

@)

n=
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Proof. This Theorem immediately follows from the Theorem 2.1.
The theorem is proved.
I was seen in ([6], Theorem 2) that if o and g are regular elements of B, (D) then V(D,ac ) isan

Xl-subsemilattice of D. Therefore « o g is regular element of B, (D).

Theorem 2.3. Let D:{27,26,25,24,23,22,21,D}eZZ(X,B) and Z;nZ,#J. The set of all regular

elements is a subsemigroup of the semigroup B, (D) ‘which is defined by semilattices of the class Z,(X,8).

Proof. This Theorem immediately follows from the Theorem 2 in [6].
The theorem is proved.
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