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1. INTRODUCTION

The development of the quaternionic analysis started only recently and — in
comparison with the complex analysis — the theory is certainly still underdeveloped
with its best years to come. It took a long time to find a suitable generalization of the
C — R equation to have a nice, distinguished class of ‘“‘regular functions”. The
school of Fueter [2, 3, 4] in the thirties made the first and substantial step in the build-
ing of quaternionic analysis. Its up-to-date summary can be found in [6] Regular
functions — as mappings of R* into R* — are real-analytic, hence it is certainly
worth while to complexify the situation and to use the full power of complex analysis
for the investigation of the properties of the class of regular functions. At the same
time, through this complexification, the connection with the equations of mathemati-
cal physics on the complex Minkowski space can be established (see [7, 5]).

In the present paper the theory of analytic spaces (as described in [1]) is used for
the investigation of properties of the holomorphic extension of the Fueter equation.
The main result proved in the paper is the fact that the zero sets of (complex) Fueter
functions are “null surfaces” (in the sense used e.g. in general relativity), i.e. (roughly
speaking), the “gradients” at the points of the surface lie in the null cone N.

A definition of Fueter-meromorphic functions is suggested and it is shown that the
poles of such functions have similar properties as zero sets of Fueter functions.

As to the contents of this paper, after introducing the basic notation, a short sum-
mary of the results is given at the end of Section 1. Section 2 contains a review of the
necessary facts from the theory of analytic spaces. The properties of orthogonal cones,
on which the proofs are based, are described in Section 3. Section 4 contains the
main theorem on zero sets of regular functions, while 1n Section 5 similar facts are
proved for poles of meromorphic functions.

Notation. We denote the four-dimensional complex associative algebra of com-
plex quaternions by CH, itsidentity by i, = 1, and we regard C as a subset of CH by
identifying ¢ € C with ci, € CH. Then we have a direct sum decomposition CH = C @
@ P, where P is the oriented three-dimensional complex vector space having the
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quaternionic units i,, 15,15, s a basis. With the usual notation for three-dimensional
vectors, the product of two elements of CH is given by

ow = (09, V) (Wo, W) = (UgWo — V. W, UoW + WoV + V X W).
3
A complex quaternion can be written as v = Y. v,i,, 0, € C and we define:

a=0
+ . . .
U = Vg — 14Uy — 10 — 1303,
b =Dy + 1 Dy + 1,0, + 1303,

N(v) = w* = Yo7,

N = {ve CH; there exists we CH such that vw = 0}. Then v~ ' = v*/(vv*) for
ve CH, N(v) + 0 and N = {ve CH; N(v) = 0}. A complex quaternionic function
can be written as f = Zf,;l where fz: CH — C are complex valued functions.
Define

0 .0

Definition 1.1. Let B be an open subset of CH. Let. D = Y i,(9/0z, ) Then a functlon
Jf: B — CH is left regular (or right regular) in B iff: ¢ .

1. fis holomorphic, :

2. Df = 0(or fD = 0) in B.

The set of left regular functlons in B will be denoted by F~ (B) The set of germs
of left regular functions at a point g € CH will be denoted by F,

We are going to summarize now the basic results of this paper. Let V = C” be.an

analytic cone (see Deﬁnlploll 2.6) and V™ its regular points. In Section 3 we define
an orthogonal cone V* = clos U C(V, p)*, where C(V, p) is the tangent space to V

o

pEv =
at the point pe V- and C(V, p)* = {geC", 2.d:q; =0 for all de c(v, p)} We
shall show that V* is an analytic cone and (V*) = V.

Definition 1.2. The cone V is N-orthogonal (or N-w-orthogonal) iff V is an analytlc
cone and V = Q* (or V = QF, see Definition 3. 1) for some analytic cone @ «'N =
= {ve CH, v} = 0}.

Definition 1.3. Let B be an open set in CH. Then V.« Bis an F~ zero set in B
iff for a]l beB there exist U(b) = B, fe F~(U(b)) such that Vr\ U(b) F7Y0).

An F zero set in B is clearly an analytlc set in B. Let V = U V, be the splitting

of V by dimension (see Section 2). In Section 4 we show that C(V3, q) is N- orthogonal
and N-w@-orthogonal for all g€ V.
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Definition 1.4. Let B < CH be an open set in CH and H < B an open and dense
subset of B. The couple (H, f) is F~meromorphic function in B iff:

(i) For all pe B there exist U(p) and @, ¥:U(p) > CH, &, ¥ holomorphic,
¥Y(U(p)) ¢ N such that f(x) = &(x)/¥(x) for all xe U(p) n H, ¥(x) ¢ N;

(i) fis a left regular function on H (regularity condition).

In Section 5 we investigate the pole set P, of an F~ meromorphic functions. We
show that C(P,, g) is an N-orthogonal and N-w-orthogonal analytic cone for all
P € P, except some ‘‘bad points”.

2. PRELIMINARIES

In this section we recall, for the convenience of the reader, some basic facts from
the theory of analytic sets.

A subset Vof C"is analytic near p, iff there is a neighbourhood U of p and holo-
morphic functions fi, ..., f, in U such that V' n U is the zero set of these functions.
A subset V < C" is locally analytic, iff it is analytic near each of its points. Let H
be open in C" and suppose V < C". Then V is analytic in H iff V is analytic near
each point of H. A point p of an analytic set Vis a simple (regular) point of Viff V
is an analytic manifold near p. Otherwise p is a singular point of V. Let V™ denote
the set of simple points of ¥ and V™ the set of singular points of V. A subset W of
a locally analytic set Vis an analytic subset of Viff Wis analytic near each point of V.

Letfbea germ of a holomorphic function at a point p € C". Then f = Za,(z - p),
I =(iy, ..., i,) € N" near p.

Definition 2.1, The initial polynomial of f at p is the polynomial f: =
= Y afz - p)f ,a; + 0} and[Il:le
I|=m

Definition 2.2. Let V be locally analytic in C" and p e V. The tangent cone of V
at p istheset C(V, p) = {ve C"; 3p;e ¥, Ja;e C, p; - p, ap; — p) - v}.

If pe V™ (p is a regular point), then this definition is equivalent to the usual
definition of the tangent space in terms of differentiable curves [1, 7-3C}.

Theorem 2.3 [1, 7-4D). Denote by I(V, p) the set of germs of holomorphic functions
at p which vanish onV. Then C(V, p) is the zero set of the set of all initial polyno-
mials f, of the germs f € I(V, p).

Theorem 2.4 [l, 7-4A). If f is holomorphic in C" near p and has Z for its zero set,
then C(Z, p) is the zero set of f,.

The dimension of V (dim V) is the largest dimension of any simple point. Vis said
to have a constant dimension r (dim V= r) iff ¥~ is an analytic manifold of dimen-
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sion r. A nonvoid locally analytic set ¥V < C" is reducible iff there are analytic
subsets ¥; and V, if V such that V=V, uV,, V£ V,, V£ V,. Otherwise, V is
irreducible. An analytic subset W of a locally analytic set V'is an irreducible com-
ponent of Viff it is a maximal irreducible analytic subset.

Theorem 2.5 [1, 3-1G]. Let V be a locally analytic set in C", let My, M,, ...
be the connected pieces of V™ (the number of them is clearly finite or denumerable),
and set M, = V-clos M;. Then V = UM,. Further:

(a) Each M, is an irreducible component of V; dim M; = dim M.
(b} The M;'s form a locally finite set of sets in V.
(c) If the numbers Ay, Ay, ..., iy, Mo, ... are all distinct then V' = UMM, V=

= UM . are analytic subsets of V and dim (V' n W”) < dim V’

The splmlng of a locally analytic setV by dimension is the decomposition V = U V;
where r = dim Vand V; = U M, f=1

dimM;=j

Definition 2.6. A set V < C" is an analytic cone iff it is analytic in C" and is the
union of a set of lines through 0.

If V < C"is an analytic cone then Vis the zero set of a finite set of homogeneous
polynomials in C" [1, 5-9E]. The tangent cone is an example of an analytic cone.

Lemma 2.6. Let V < C" be a cone and let V be analytic in a neighbourhood of 0,
then Vis an analytic cone.

Proof. Define F,.: C" —» C”, z > ¢z, ce C. F is the biholomorphism and maps V
onto V. Let ¥ n U(0) be an analytic subset of U(0) and consider a point pe C".
Then we can find such a number c e C that F(p)e U(0). Hence V is analytlc in

F7'(U(0)), pe F.'(U(0)) and Vis analytic in p.

Theorem 2.7 [l, 3-7A]. Let V < C" be a locally analytic set, and suppose dim V =
= p. Then for each p € V there is a neighbourhood U of p and holomorphic vector
Sfunctions wy, ..., W, in U such that
(a) wi(x)=0 forall i=1,...,mif xeV* U,
(b) if xe V™ 0 U, then w(x)e C(V, x) for all i, and the functions
w(x) span C(V, x).

The following theorem is an extension of the Remmert proper mapping theorem.
Definition 2.8 [ 1, 7-11A]. Let X abd Y be locally compact spaces, and let f: X - ¥
be continuous. Then f is semiproper into Y iff for each compact set Q < Y there is

a compact (perhaps void) set K = X such that f(K) = f(X) n Q.
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Theorem 2.9 [1,7-11B]. Let f be a semiproper holomorphic mapping of an
analytic space V into an analytic space W. Then f(V) is analytic in W and
dim , f(V) =I?U;p srnk,, f, g € f(p).

r)=q

The zero set of a holomorphic function f 4 0in an open and connected set H < C"
is an analytic set in H of the constant dimension n — 1. Conversely, such an analytic
set is, at least locally, the zero set of a single holomorphic function.

Theorem 2.10 [ 1, 2-10D]. Suppose that V = C" is a locally analytic set, dim V =
=n — 1 and pe V. Then there exist a neighbourhood U(p) and a holomorphic
funclmn w in U(p) such that

(&) ¥ U(p) = 07(0).

(b) If g is a holomorphic function in U(p) such that its zero set contains V n U(p),

then g = ho for some holomorphic functions h in U(p).

The function w is called the characteristic function of Vat p.

Lemma 2.11. Let V < C" be an analytic cone of the constant dimension n — 1.
Then there exists a homogeneous polynomial @ such that
(a) V= w Y(0).
(b) If p is a holomorphic function and p] V = 0, then there exists a holomorphic
function h such that p = hw.
(¢) If w, and w, satisfy (a) and (b), then there exists ¢ € C such that o, = cw,.

Proof. By Theorem 2.10 there exists a holomorphic function f that satisfies (a)
and (b) in some neighbourhood U(0). First we prove that fo& = f. We can write f =
= Y p,, Where p, are homogeneous polynomials. Take ze Vn U(0) and teC
arbitrary but such that tze V U(0). Then 0 = f(z) = f(tz) = Y " p,(z). Hence
p.(z) = 0 for all ne N and z e V; particularly, f5' has this property. By Theorem
2.10(b), fo = hf in some neighbourhood U(0) and the required equality follows.
Set w = f§. To prove that plo is holomorphic in z € C we can find a biholomorphism
F,:C*—>C" zr>(1]c)z such that (1/c) ze U(0). Then p(z)/w(z) = p(F(z)):
co(F(2')) = (1fe)" (p(F (z'))|w(2)), z' € U(0). We can now use Theorem 2.10 (b)
in U(0). To prove (c) it is sufficient to apply (b) both to @, and w,.

Lemma 2.12. (i) Let h:C" — C be holomorphic at pe C* and let 9(z) = h(Z).
Then g is holomorphic at pe C".

(i) If V < C"is analytic near p, then V.= {q = (q1, ..., 4,); § = (@1 o G, eV}
is analytic near p and C(V, p) = m

Proof. In some neighbourhood of p we can write g(z) = HZ_) = m =
= Y'a,(z — p)' and the holomorphicity of g follows. If V'is the zero set at p of h,, ..

<. h,, then Vis the zero set at p of g,(z) = h(z) for gz) = 0 iff h(Z) = 0. As
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C(V, p) = {v; there exist p;e V and a,€ C such that (F: — P)a;, —» v} = C(V, p),
the lemma is proved.

3. THE ORTHOGONAL CONE

n
Let us consider the Hermitian scalar product (u, v) = ). ud;, u, ve C", and the
i=1

regular bilinear form w(u, v) = Y u;v;in C". Let T < C" be a vector subspace of C".
The orthogonal subspace (w-orthogonal subspace) is defined to be the set T* =
={zeC% (T, z) =0} (Ty = {z; o(T, z) = 0}). Clearly we have (T*)* = T and
(Ty)s = T. Our main aim in this section is to define the orthogonal analytic cone
(see Definition 3.1) that has similar properties (Theorem 3.8).

Definition 3.1. Let ¥V < C" be an analytic cone. The orthogonal cone to V is the
cone V' = c]os( U C(V, p)*). The w-orthogonal cone to V is the cone V,

= clos ( U C(V, p)

peV ™

Remark 3.2. Let V < C" be an analytic cone of a constant dimension. Then
Vi=Vr vt =), (V) =V,

Proof follows immediately from Lemma 2.12 (i) and from the special case of the
subspace V.

Denote
p :C">C", pi(z,Z)z,

pZ:CZn_acn, pz:(Z,Z’)HZl.

Definition 3.3. Let V be an analytic cone. The cone V = clos( U p x C(V, p)a,) c
< C*"is called the blanket of V.

Theorem 3.4. Let V = C" be an analytic cone. Then:
(i) V is an analytic cone and dim V = n.
(i) V= py(¥) and p7'(p) = p x C(V, p)s forall pe V™.
(iii) p, : V> C" is a semiproper mapping and p,(V) = Vi
(iv) VL and V* are analytic cones.
(V) If V= UV; is the splitting of V (see Theorem 2.5), then V= UV, Vy =
= UV, VE=UVE |
Proof. First we prove the theorem with the additional assumption dimV = r.

Set W=[ U pxC¥V,pilul[ UpxC'] < C*™ Obviously Wis a cone. We
peV peV *

want to show that W is an analytic cone. As dim V = r we.can apply Theorem 2.7

135



to Vat OeV. Let wy, ..., w, be holomorphic mappings satisfying the conditions
(a) and (b) of the theorem in a neighbourhood U 30. Define g;: U x C" — C,
gz, ') = w(w(z), z’) for i = 1,...,m and W, = {(z,2')e U x C", g{z,z) =0,
i=1,....,m}n(Vx C"). The set W, is analytic in U x C". We have Wn (U x
x C") = Wy, hence by Lemma 2.6, W is an analytic cone. It follows from [1, 3-21]
that ¥ = clos (W\(V* x C")) = W-clos (W~ (V™ x C")) is an analytic cone. If
we show that W\ V* x C"is an analytic manifold of dimension n, then dim ¥V = n.
For an arbitrary point pe V- we can choose U(p), U(p)n V<V, w,, ..., w
fis-+es fu—y such that w, (q), ..., w; (q) span C(V, q) at all g € U(p) n V and

VaU(p)={z fi(z) = ... = f_{z) =0} and rmk(fy,....[,-,)=n—r.

Set fi(z,z') =fz), i=1,...,(n —r). The zero set of fi,....fu_r, Gips--- i,
in U(p) x C* is Vo (U(p) x C") = (W V> x C")n (U(p) x C") and
tk (1, oo famrs Gips -0 g3,) = 0 in Vo (U(p) x C"). Hence WA (V* x C") is an
analytic manifold of dimension n. The proof of (i) is complete.

We have V™ x {0} < ¥, hence ¥ x {0} = Pand V = p (V).

To prove that p, : ¥ — C" is a semiproper mapping it is sufficient to demonstrate
the following assertion:

iy

(u,0)e V& ce C = (cu,v)e V.

For ue V™ the implication holds as C(V,u) = C(V, cu). If ue V™, then there
exist (u,, v,) = (v, v), u, € V™, (u,, v,) € V. We know that (cu,, v,) € Vand (cu,, v,) -
— (cu, v). Hence (cu, v) e V.

As p, is a continuous mapping we have p,(WN(V* x C")) < p,(V) =
< clos (p(W~(V* x C"). By Theorem 2.9, p,(¥) is analytic in C", hence closed.
So we immediately obtain p,(V) = clos (po(W~ (V> x C"))) = V,r and (iii)is proved.

Part (iv) follows from Theorem 2.9 and Lemma 2.12.

Now we can return to the general case of V. By Theorem 2.5 we can split V =
k

= |J ¥, where V; are irreducible analytic cones, dim ¥, = n; and d'm (V; n U V) <
i=1 . i
< dim V;,

k
V=clos(U px ClV,p)s) =clos(U U px C¥,p)) =
peV - i=1 Vim\V*

k k
=clos(U Upx C(V.p)s)=UV,:.
i=1 Vi~ i=1

Simjlarly V; = U (V;); and V* = U V;*. We can now apply the special case of

dim V = r (as Vs are irreducible and hence of a constant dimension). The proof
of the theorem is complete.

Theorem 3.5. Let V be an analytic irreducible cone. Then V, V¥ and V* are ir-
reducible analytic cones and dim V) = dim V* = mk p, ] V.
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Proof. Suppose that V is not irreducible. By Theorem 2.5 and because V is an
k
analytic cone, ¥ = { clos V;, where V, are connected pieces of V™, clos V; are
i=1
irreducible analytic subsets of ¥ and dim (clos V;) = n (we use Theorem 3.4 (i)).
Set V=W, uW, W, =closV,, W,=UclosV, and P, ={peV~", px
i+1
x C(V, p)s = W; = V} for i = 1,2. Let pe V™ be an arbitrary point. Then there
exists U(p) = V™ such that V(p) = (U(p) x C")n ¥V = V~. The set ¥(p) is a con-
nected neighbourhood of p, therefore V(p) = W, or V(p) = W, and P,, P, are
openin V~. As W, U W, = P~ we have P, U P, = V. By assumption we also
have Wi n Wi = 0. Hence P, n P, = (. But this is impossible as ¥~ is connected
(V is irreducible).
If Vo = V; U V,, then by Theorem 3.4, V = p; '(V,) u p; '(V,), a contradiction.
The irreducibility of V* follows from the irreducibility of V.. The last part of the
theorem follows from 3.4(jii) and 2.9.

Proposition 3.6. Let V = C" be an irreducible analytic cone and V be the blanket
of V. Then there exists an analytic cone W = V such that:
(i) dim W < dim V.
(ii) Let Wy = {qeV; pi'(q) = W} and W, = {qe V;; p5'(q) = W}. Then W,
is thin in V and W, is thin in V2.
(iii) If (p, q) € V\W, then o(p, C(V;:, q)) = 0, (p, C(V*, q)) = O.

Proof. By Theorem 3.4 1), Vis an irreducible analytic cone of the constant dimen-
sion n. Denote ¢; = rnk p;, ¢, = rnk p,, where p, : V=V, p,: V- V., and
M;={qeV7;rmk, p; = ¢;}, i = 1,2. By Theorem [1, 4-7F], P\ M, and P\ M,
are analytic sets. As V is irreducible we have dim (P\M;) < dim V, i = 1, 2. Set
W= pi ' (V*)ups (V&) v (P\M,) U (P\M,). Clearly W is an analytic cone
and dim W < dim V.

To prove that (Vo)™ Nclos W, is dense in (V1) it is sufficient to demonstrate that
for all ge(V,)” and for all open neighbourhoods U(g) = (VL ~ there exists an
open set P < U(q) such that P n W = 0. Denote U(q) = p; '(U(q)). U(q) cVis
open in V. As Wis a proper analytic subset of the irreducible analytic set V we have
that U(g)\ W is an open and nonvoid subset of V. Choose an arbitrary open P <
< U(g)\W. Set P = p,(P). As rnk, p, = ¢, at all ue P and dim U(q) = ¢, we
conclude that P is an open subset of V.- [1, Apendix II, 7F]. Moreover, P n W, = 0
which completes the proof that W, is thin in V. The proof that W, is thin in V is
quite analogous.

Take any z = (p, )€ V\ Wand any v e C(Va, q). We'shall show that o(p,v) =
Denote by dp,(z), dp»(z) the differential mappings of p, and p, at the point z € V.
From z ¢ W it follows that in some neighbourhood U(z) of z we have p; and p,
of maximum rank¢; and g,. Hence dp(z)™*(0) = C(p; '(p{z)). 2), i=1,2,
api(2)™(0) N dpa(z) " (0) = 0, and dp,(2) (C(P. 2)) = C(¥, p), dpal?) (C(9, 2)) =
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= C(V;, g). In this situation we can find we C(¥, z) such that dp,(2) (W) <
0 + v, = dp,(z) (w)e C(V, pj for an arbitrary ve C(V,, q). Clearly w = (01 v) <
< C?". By the definition of the tangent cone there exists a sequence z, = (Pns q,) €
eP\Wand a sequence a, € C such that a( — z) — w. Hence a,,(qq q) ~ p,
a,(p, = p) = vy
By Theorem 3.4 we have:

(A) o(p. q) = 0 since pe V™ and pe C(V, p);
(B) o(pn g,) = 0 since p,e V™ and p,e C(V, p,);
(C) o(v;, q) = 0 since pe ¥V~ and v, € C(V, p).

We can now compute: ofp,v) = o(p, lim a,(g, — 4)) = lim a,0(p,, 4, — q) =
= (by (A) and (B)) = lim a,(w(p,, —q) + o(p, q)) = lim a,0(p — p.. ) =
= o(lim (p ~ p,) a,, 4) = o(v,, g) = 0 by (C). This completes the proof.

Theorem 3.7. Let V be an analytic cone. Then (V*)* = Vand (V) = V.

Proof. Because of Theorem 3‘4(v)'we can assume that Vis irreducible. By the Jast
proposition (jii) we have ¥\ W, = (V2)5 and by (ii), V = (V,)s. We have yet to
prove the second inclusion (VL)w < V. Let Wand W, be the exceptional sets as in
Proposition 3.6 and rnk p, = ¢. Choose (p, g) € V\ W. Since rnk p, = ¢ on some
neighbourhood U(p, ) = P\ W and dim P = n we have dim (p; (q) 0 U(p, q)) =
= n — ¢. By Theorem 3.5 we have dim, Vi = o, therefore dim C(Vm, q)w =n-g
for ge (V ~)~. However, by Proposnlon 3.6 we have (p;'(q) » U(p, q)) =
= C(V}, q)s x g. Hence we have proved that some open part of C(V,, g)L x ¢
liesin Vn (C" x q). As C(V,y, q)s x q is irreducible we have C(Vy, ¢)s x q¢ = V.
Thus we have proved that C(V,;, q)s < V for any g € Vy \ W,. Now we can write
Va)s = clos u C(V;, q)s =clos U C(V;,q)s = V. Finally, (V*)* =

Volt) \W2

= (Vo) = (VL) = V, completing thus the proof of the theorem.

Corollai'y 3.8. Let V< C" be an irreducible analytic cone and suppose that
dim V 4 dim V* = n. Then V is a linear subspace of C".

Proof. Let V be of dimension r and p € V™. Then dim C(V, p)* = n — r and by
the assumption also dim V* = n — r. As V* is irreducible (see Theorem 3.5) we
have V* = C(V, p)*. Thus (see Theorem 3.7) V= (VX)* = (C(V, p)*)* = C(V, p)
and the assertion is proved.

In the remaining part of the section we give a new expressmn of ¥t for V= C*,
dimV=mn-—1. o

Definition 3.9. Let V < C" be an analytic cone of constant dimension (n— 1).

The homogeneous polynomial w satisfying the conditions (a) and (b) of Lemma 2.11
is called the characteristic polynomial of V. Denote by h,, the mapping
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h,:C*— C", z»—»(—a— o(z),..., 2 o(z)}.
oz 0z,

1

Theorem 3.10. Let V < C" be an irreducible analytic cone of constant dimension
(n — 1) and o the characteristic polynomial of V. (i) Assume stw = 2. Then
vt = clos ho(V), Vi = clos h,(V).

(ii) If st w = 1, then Vi = {ch,(0); ce C}, V* = {ch,(0); ce C}.

Proof. (i) Clearly

ow

— | V£E0 as staﬁzstw——l

0z; 0z;

and o is the characteristic polynomial. Denote by p the complex line defined by the
points p e Cand 0 € C. We have ¥, = clos U C(V, p),, = clos U c(V, p)s =

peV ~ peV ~\ho, " 1(8)

=clos U U CV, z)5 = clos U h,(p) = clos h,(V).
peV

peV ~N\he, T 1(0) zep
(i) Clearly Vis a linear subspace and the assertion is obvious.

4. ZERO SETS OF LEFT REGULAR FUNCTIONS
Assume that f: CH — CH is holomorphic in some neighbourhood of 0 and
f =Y f., The functions f, are holomorphic and in some neighbourhood of 0 we
can write f, = Y.a,,2z', I e N*. Set A; = Y a, ji,. Then f = Y A,z' is the expansion
a I
of a function f into the power series. Denote f* = Y A;z" where m = min {]1],
A 0} and P, = ) Az L=

1] =n

Proposition 4.1. Let f: CH - CH be holomorphic in some neighbourhood of 0
and let f = Y P, be the described expansion into homogeneous polynomials. Then

feFqg iff P,e Fy forallneN.
Proof. Denote Q,_, = DP, = Y i,(9/0z,) P,. Q,—, is a homogeneous polynomial
a
of degree (n — 1)and Df =D Y P, =Y DP, = > Q,_,. Cleatly Df = 01ff Q,_, =

= 0 for all n € N and the proposition follows.

Proposition 4.2. Let V be a germ of F~ zero set at a point qe CH and let V =
3

= U V, be the splitting of V by dimension. Assume that V5 £ 0.
a=0
(i) There exists a left regular homogeneous polynomial p such that the zero set
of p contains C(Vs, q).
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(ii) If ge V5 then C(Vy, q)* = N and C(Vs, q); < N.

Proof. Let f: U(q) c CH — CH be a left regular function such that U(q) NnV=
= f7Y0) n U(g). Let wy, ..., »; be the characteristic functions of the irreducible
components of Vj (see Theorem 2.10). Then Vi = {z, o(z) = w,(z) ... w,(z) = 0}
and there exist k;, ..., k, such that f = ©%' ... w}'g where g % 0 on every irreducible
component of V5. By the last proposition f* = (i)} ... (0])* g* is a left regular
homogeneous polynomial. By Theorem 2.4, C(V3, q) = {z; 0*(z) = 0}. We see now
that f* = 0 on C(Vs, q) and the first part of the proposition is proved.

If g € V5 then V; is irreducible at the point g and we have C(V3, q) = {z, 0*(z) =
= ¥'a,z, = 0}, where o is the characteristic polynomial of ¥;. By Theorem 3.1J,

C(Vs, q)s = {¢ Yi,(0]0z,) w(0); ceC} = {c Yia, ceC}. To prove the second
part of our proposition it is sufficient to show that ¥ a,i, € N. We already know that
f=w'g and f* = (0*)' g*e€F,. Assume that g* = (w*)*g, where k 2 0 and
gy %= 00n C(V3, q). Then 0 = Df* = D((w*)"** g,) = (Ya,,) (I + k) (0*)'** 1 g+
+ (0*)!**Dg,. If (I + k — 1) > 0 then (o*)"** ' % 0 in CH and we can cancel it
in the last equation. We obtain 0 = (Y a,i,) (I + k) g, + w*Dg,. On C(V, q) we
have 0 = (}.a,i,) (I + k) g,. By our assumption on g, there exists z e C(Va, q)

such that g,(z) = 0 and (}.a,i,)e N follows. As N = N, the second part of the
proposition is proved. ¢
3

Theorem 4.3. Let V be a F~ zero set in B = CH and letV = \J V, be the splitting

a=0
of V by dimension. Then C(V3,q) is an N-orthogonal and an N-w-orthogonal
cone for every qe V.

Proof. Let g € V5 be an arbitrary point. By Proposition 4.2 (i) there exists p e
€ F(CH), Z = p~'(0) = UZ,, such that C(V, ) = Z;. By Theorem 3.7 we have

to prove that C(Va, g}y = N for C(Va, q) = (C(Vs, q)5)s. With respect to Theorem
3.4 (v) it is sufficient to prove that Z3 = N. But Z3 = clos U C(Z3, z)5 = N by

zeZ3~
Proposition 4.2 (ii) and we have proved that C(V3, q) is an N-w-orthogonal cone.
The proof that C(V,, q) is an N-orthogonal cone is quite analogous.

Remark 4.4. N* = N and N: = N, where N = {ve CH; Yv} = 0}.

Proof. By Theorem 3.10,

N
N2 = clos hy(N) = clos (2N ., ‘9—> (N) = (220, 22,, 225, 22;) (N) = N
620 0z3

and N* = clos hy(N) = N = N.
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Example 4.5. Let us suppose that Q is a line in N. Then Q = {¢ ) a,i,} for some
A =Ya,,eN. We have Qp = {z,Ya,z, = 0}. Set py = (Ya,z,) A" Then pye
€ F~(CH) for Dpy = AA* = 0 and Q, = p;'(0).

Lemma 4.6. Denote N, = {ze CH; az =0}, aeN. Then N, < N and N, is
a linear subspace of dimension 2.

Proof. Let T,: CH - CH, z— az be a linear mapping. Clearly T,(CH) < N,
Ker T, = N, © N. So we have dim T,(CH) £ 2 and dim Ker T, < 2. It follows
that dim T,(CH) = dim Ker T, = 2.

Example 4.7. Suppose that a e N and B N, (see the last lemma), and that B is
a finite set. Denote Q = U {cb; ceC} = N and p, 4(z) = a [ (¥ b.z,)" where
beB

beB

n, > 0 are arbitrary integers. Then p,z€ F (CH) and p;'(0) = Qs = U {z;
Y'z.b, = 0}. beB

Proof.

Dp,s = ), 56— L,Pas = 3, (X bals) a(hleg\(b}(zb‘;za)nb') (Chuz)> ™t =0

a Zy beB

as ba = 0 for all b e B.

5. THE SET OF POLES OF LEFT REGULAR FUNCTIONS

A meromorphic function on an open set B < C" is a pair (H, f), where H is a dense
open subset of B and f is a holomorphic function in H with the following property:
For each p € B there is a neighbourhood U of p and holomorphic functions ¢ and ¥
in U such that the zero set of ¥ is nowhere dense in U and f = ¢/¥ in U n
A HN¥Y7Y0)[1,6-1A]. It is shown in [1,6-1K,L] that f may be extended to be holo-
morphic in an open subset H, < B such that the complement P, = B\ H is a no-
where dense analytic set in B. Set Z(a) = {p € B; there exist z, € H, z, - p, f(z,) =
— a}. Then Z {a)is an analyticset in B[1,6-1L] and P, = Z (). In 1.4 we proposed
the definition of a F~ meromorphic function (H, f) in B = CH. Set, like in the case
of meromorphic functions, Z(a) = {p e B; there exist z,€ H, z, - p, f(z,) - a}
for every ae CH. Denote P; = Z (), Z; = Z(0). In the case of a left regular
function fin B « CH, Z, is its zero set and P, = 0. The following proposition gives
some definitions equivalent to 1.4 (i).

Proposition 5.1. Let B — CH be an open set. Let H = B be open and dense in B.
Then the following properties of a mapping f : H - CH are equivalent:
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A) For all pe B there exist U(p) and holomorphic mappings &, ¥ : U(p) » CH,
¥(U(p)) & N such that f = @[V in U(p) n H\ ¥~ 1(N).
B) There exist meromorphic functions f, such that f = Y i f,.

C) For all peB there exist U(p) and holomorphic mappings ® : U(p) - CH,
¥ :U(p) » C, U(p) & Zy such that f = ®|¥ in U(p) n H\Zy and dim (Zy N

N ZynU(p)) < 3.
Proof. A= B. Set f = Yi,f, in H. But f = &[¥ = & . ¥*[(¥. ¥ ) in U(p) N

N HN EI"I(N) and therefore f, are meromorphic functions.

B = C. For every pe B there exist U(p) and holomorphic functions &,, ¥,
in U(p) such that f, = &,/¥, in U(p) 0 H\Zy,. Sct ¥ = ﬂ'y and @ =
= 2(1 @, 1 ¥). Then f = ®/¥ in U(p) n H\Zy. If dim (Zg N Z,, nU(p) =3

pHa
then we can divide both @ and ¥ by the characteristic functions of Zg, N Zy N U(p)

We repeat this process, if necessary, until the condition C) is satisfied.
C = A. As we have C imbedded in CH, by identifying C 3 ¢ with ci, € CH we have
nothing to prove.

Proposition 5.2. Let B = CH be an open set, let H — B be an open and dense
subset and let f : H—> CH be a F~ meromorphic function. Then there exists Hg,
H < H; < B, such that:

(i) We can extend f to be a left regular function in H,.
(ii) BNH; = P; and P, is an analytic set in B, dim P, = 3.
(iii) Assume that f = <I>/Y’ is an expression of f in some neighbourhood U(y) of
q € Py satisfying the condition 5.1C. Then P, " U(q) = Zy and (Z;); n U(q) =
= (Zy)s, where Z, = U(Zf)a and Zg = U(Z,,,) are the splittings of Z; ana Zg,
by dimension.

Proof. By Proposition 5.1B there exist rheromorphic functions f, such that
f=Yi,f,in H. We can extend f, to be holomorphicin B\ P, . Set H, = BNUP,,.

Then we can extend f to be a left regular function in H (we use the identity theorem
for the holomorphic mapping Df). Clearly BN\H, = UP,, = P, As dim P, =3
B a

for the meromorphic function f,, it follows at once that dim P, = 3. To prove (iii)
we use the fact that dim (Z, 0 Zy A U(p)) < 3.

In what follows we want to show that the description of poles of F~ meromorph1c
functions is in many ways similar to the description of F~ zero sets.

Definition 5.3. Let (H, f) be an F~ meromorphic function in B < CH let qeP,
and let f = @/¥ be an expression of f satisfying the condition 5.1C in a neighbour-
hood U(q). A point g € P, is a bad point iff dim (Zg,+ N Zy *) =:3, where d”{ vy
are the initial polynomials of @, ¥ at the point q.
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Remark 5.4. The bad points are thin in P, as Z, n P, is thin in P,.

Proposition 5.5. Let (H , f) be an F~ meromorphic function in B and assume that
g € Py is not a bad point.
(i) Then there exists an F~ meromorphic function (H,, g) in CH such that
C(Pf, q) = P, and g is the quotient of two homogeneous polynomials.
(ii) If g € P} then C(P;, 9)* = N and C(P,, q); < N.

Proof. Followmg Proposition 5.2(iii) we have, in some neighbourhood of U(g),
f=@¥, P, =Zy and C(Py, q) = {ze CH; ¥;(z) = 0}. If we use the regularity
condition on f we obtain 0 = D(®/¥) = D((1/¥) &) = (D®) ¥ — (D¥) @)/¥? =
= ((D®})¥; — (D¥}) &) + powers at the point g of degrees higher than st &; +
+ st ¥ — 1)]¥2% As ¥ % 0 in a neighbourhood of g we can multiply the last
equality by ¥?: 0 = ((D®])¥; — (D¥};) ®; + powers of degrees higher than
st d>:; + st '1’;‘ - 1) = F. Using the last equality only for the initial polynomial on
the right hand side we obtain

(1 0 = F} = (Da}) ¥5 — (D¥]) @}

Setg = ®;[¥,. Then (1)is the regularity condition for g and g is an F ~ meromorphic
function. As g is not a bad point, the expresion ®, [V} satisfies the condition 5.1C,
and by 5.2(iii) we have proved (i).
Consider now g € P; . Denote by w the characteristic function of P at the point g.
Then C(P;, q) = {z, w*(z) = Y z,a, = 0}. We must verify, as-in the proof of Pro-
a@

position 4.2(ii), that Dw* = Yi.a,e N. By 5.2(iii) we have f = ®/¥, ¥ = 'd,

where &|P; % 0. Write ¥* = (w*)' 6* = (0*)'** &', where & | C(P,, q) % 0.
Using (1) we obtain

0 = (DOF) (@%)1** 5" = (1 + 1) (Do) (w1 /0 — (%) (D) 0
If I + k 4+ (—1) > 0 then we can divide the equation by (w*)'**~*:
0 = (D&)) w*s' — (I + k) (Dw*)§'d) — w*(D&') &) .
On C(P;, q) we have
(2) = (I + k) (Do*)5'®; .

Since g is not a bad point and ¢’ ' C(Py, 0) % 0 we can choose z e C(P,, q) such that
5'(2) fD*(z} #+ 0. If we apply (2) at such a point z we obtain that (Dw*)e N and the
proposition is proved. i

Theorem 5.6. Let (H, f) be an F~ meromorphic function in B and P, its set of
poles. Assume that q € Py and q is not a bad point. Then C(P, q) is an N-orthogonal
and an N-w-orthogonal cone.
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Proof. The proof is quite similar to that of Theorem 4.3. By Proposition 5.5(i)
there exists an F~ meromorphic function g such that C(P, g) = P,. Denote by S,
the set of bad points of g. Using Proposition 5.5(i1') and Remark 5.4 we have
C(Ps, q)* =clos U C(P,, 2)* =clos U C(P,, z)* = N. The proof is complete.

zePg ™ zeP4g ™ \S§,y

Example 5.7. Suppose that a e N and B = N, (see 4.6), and let B be a finite set.
Denote Q = U {cb; ce C} = N, = N and f, 4(z) = a/]] (b,z,)"", where n, > 0 are
beB b

B
arbitrary integers. Then f, 5 is an F~ meromorphic function and P, , = ol =

= U {z; Yzb, = 0}.

beB

Example 5.8. Suppose that Q = N is an irreducible analytic cone, dim Q = 3.
Then Q = N (as N is an irreducible analytic cone) and Q, = Q' = N (see 4.4).
Set fy = z*|(N(z))?. Then fy is an F~ meromorphic function and P,, = N.

Proof.

Dfy = z, £ (z"](N(2))?) =

a 621

- (& (af)/(;w(z))Z) - (23122 N@) [N = 0.

Example 5.9. Set Q = N {z;z, = z3 = 0} = {z; zo = z; = 0, z] + z} = 0}.
Clearly Q ¢ N, for any a € N and Q is the union of two lines. Then QL = {ze CH,
z} + z5 =0} as (Qs)s = Q by Theorem 3.10. Set
—132y — 52,

Zi + z§

f=

Then fis an F~ meromorphic function and P, = Q.
Proof.

8 /—i i 2 - » .
Df = Yi, 0— %&#} _ i, L,(zl + z3) - 22,,(2 21121 1,25) _o.
% Z, 21 + 23 a=1,2 (21 + 22)
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