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Abstract: We compute the regular poles of the L-factors of the admissible and irreducible representations of the group
GSpa, which admit a nonsplit Bessel functional and have a Jacquet module length of at most 2 with respect to the
unipotent radical of the Siegel parabolic, over a non-Archimedean local field of odd characteristic. We also compute the
L-factors of the generic representations of GSpa4.
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1. Introduction

Let k be a non-Archimedean local field. There are 2 main types of L-functions for GSp4(k), standard (degree
5) and spinor (degree 4). Spinor L-functions of the representations of GSpys(k) can be defined by using 3
different constructions given by Novodvorsky [5], Shahidi [11], and Piatetski-Shapiro [6]. The techniques to
determine the local L-factors for these constructions are different and in this paper we wish to investigate the
L-factors for the Piatetski-Shapiro construction.

Let us first briefly explain what these constructions are. Novodvorsky integrals in [5], defined only for
generic representations, are one of the integral representations for the spinor L-functions of GSp4(k). Local
L-factors defined using the Novodvorsky integrals were computed in [12] by determining the germ expansions
of the Whittaker functions and using the local coefficients.

In [11], Shahidi defined the L-functions by using the intertwining operators for generic representations
of GSp4(k). In [3], this definition was extended to all nongeneric and nonsupercuspidal representations by the
Langlands classification. Computation of the local L-factors of these L-functions was done in [3] by using the
multiplicativity of the local L-factors.

Integral representations in [(] were defined by Piatetski-Shapiro for all infinite dimensional representations
of GSp4(k), where the characteristic of k is odd. Piatetski-Shapiro’s definition for the spinor L-functions is
more general than Novodvorsky’s in that it treats nongeneric representations. The local L-factors of these
L-functions were computed in [6] and [7] for only special cases.

The main goal of this paper is to determine the regular poles of the local L-factors of the representations
of GSpa(k), which admit a nonsplit Bessel functional and have a Jacquet module length of at most 2 with
respect to the unipotent radical of the Siegel parabolic. Our results agree with the results of [12], [3], and the
local Langlands conjecture. We also find the L-factors for generic representations as well, since, in this case,

all poles of the L-factors are regular.
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We now describe Piatetski-Shapiro’s construction briefly. Details will be given in Section 2. Let S be
the unipotent radical of the Siegel parabolic subgroup of GSp4(k) and let ¥ be any nondegenerate character
of S. We can realize the group GLs(k) in the Levi subgroup of the Siegel parabolic subgroup. Let T be the
connected component of the stabilizer of ¥ in GLs(k). Then T is isomorphic to the units of a semisimple
algebra K over k of index (K : k) =2 and R =TS is a subgroup of GSps(k). Let A be any character of T'.
Then define ap (r) =: A(t)y(s) for r € R,s € S,t € T and r = st.

Let (II, Vi) be an infinite-dimensional, irreducible, and admissible representation of GSps(k). The
dimension of the space Homp(Vir, aa ) is at most one, and if it is nonzero, a nonzero element of this space
is called a Bessel functional for II. Furthermore, by Frobenius reciprocity, II can be embedded into the space
InngP“(k)aAﬂp and its image is called a Bessel model.

Piatetski-Shapiro defines the local factors by using the integrals

+i
L(s; Wy, @,u) = | Wy(g)@[(0,1)g)u(detg)|detg];, > dg,
N\G
where ® € C°(K?), p is a character of k*, v € Vi1, and W, is an element of the Bessel model. The L-factor
is defined to be the greatest common divisor of the family of these integrals. The poles of the L-factor, coming
from an integral with a Schwartz function vanishing at zero, are called regular poles.

Let us now explain our method. In Proposition 2.5, we show that the regular poles of the L-factors are

the poles of the meromorphic continuation of the integrals given by

| eu@nta)al s,
kx

I .
where ¢, (z) = W, ( T I ) Hence, to compute the regular poles, one needs to find the asymptotic
2

behavior of ¢, (x).

For generic representations, the integral above is very similar to Novodvorsky integrals, so one would
expect to use methods given in [12] to find the regular poles. However, since local coefficients for Bessel model
have not been completely understood, this is not possible.

The asymptotic behavior of ¢, (z) depends on the structure of the Jacquet module. In Proposition 3.1
we show that if the length of the Jacquet module is zero then ¢, has a compact support in k* and there is no

regular pole.

If the length of Jacquet module is one, then by Proposition 3.2 for |z| sufficiently small we have

pu(r) = Cx(z)

for a constant C' and character x. Hence, by Lemma 3.4, a regular pole is the pole of C'L(s, x).
As a corollary of Proposition 3.2 and by Proposition 3.5, if the length of the Jacquet module is 2, then

we have
ou(z) = Crxa(w) + Caxa(z)

po(x) = Crx(z) + Cox(z)vi(2),
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where C; and C5 are constants; x1, X2, and x are characters of £*; and vy is the valuation of k. Hence, by
Lemmas 3.4 and 3.7, regular poles are poles of C1CoL(s,x1)L(s,x2) or the least common multiple of C;L(s, x)
and CoL(s,%)?.

Next we determine whether the constants C,C;, and Cs above are zero or not. In Proposition 5.8 and
Proposition 5.11 we show that this depends on whether the space of homomorphisms from the constituents
of the Jacquet module to the character A is zero or not and, in most cases, this depends on the Bessel
existence conditions. By using these results in Theorem 5.9 and Theorem 5.16 we find the regular poles of each
representation, which we consider separately.

This paper is organized as follows. In Section 2, we give the subgroups of GSp4(k), definitions of Bessel
model, local L-factors, and regular poles. In Section 3, we find the asymptotic behavior of ¢, by using
Jacquet module structure. In Section 4, we determine the subspace {v € Vi1 : , € C°(k*)} by following the
methods of Godement in [1] for GLy(k). In Section 5, we show that there is a relation between the asymptotic
behavior of the ¢, and the homomorphisms from the constituents of the Jacquet module to the character A.
Then we compute the regular poles of each representation separately. The results of Section 5 with exceptional
(nonregular) poles as expected by the local Langlands conjecture and semisimplifications of the Jacquet modules

are given in the Appendix.

2. Definitions and preliminaries

We fix some notations.
k is a non-Archimedean local field of odd characteristic.
v 1s the valuation of k.

v is the absolute value on k.
O is the ring of integers of k.

P is the unique maximal prime ideal of O.

w is a fixed generator of P.

q is the cardinality of the residue field of k.

1 is a nontrivial additive character of k with conductor O.
dr = dyx is the self-dual Haar measure on k.

If £ is a representation of a group, then its space and central character are denoted by V¢ and we, respectively.

2.1. GSpy4(k) and its subgroups

In this section, we give the definitions of the subgroups of GSp4(k) as in [6], which will be needed in this paper.

Letw:< 1>andJ:< w).Deﬁne
1 —w

GSpa(k) = {g € GL4(k) : g"Jg = A(g)J for some A(g) € k* },

where ¢! is the transpose of the g. Let
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be the Siegel parabolic subgroup of GSp4(k). P = MS is the Levi decomposition of P with the reductive part

M—{< 4 e > :AGGLQ(k),Aek*}

{(r L))

where X’ = w(X%)w for X € Ms(k). Any character of S is of the form

and the unipotent radical

ws(* 7 ) = vl

for some B8 = f'. 13 is called nondegenerate if 8 € GLy(k).

Let g be a nondegenerate character of S and let T" be the connected component of the stabilizer of 13
in M ; then there is a unique semisimple algebra K over k of index (K : k) =2 and T = K*. K is either a
quadratic extension of k and K = k(,/p) for some p ¢ (k*)* or K = k@ k. If K is a field then T is called
nonsplit. Otherwise it is called split.

In this paper, we consider the nonsplit case and choose p such that |p| € {1, %} Each orbit of M in the

set of nondegenerate characters contains a character g with = ( p 1 ) .
For x = (x1,72) and y = (y1,y2) in K? define an antisymmetric form on K2 by
B(z,y) = TTK/k(xlyz — Tay1).
By considering K? as a 4-dimensional vector space over k define
GSpp(k) ={g € GLy : B(zg,y9) = Mg)B(z,y) for some A(g) € k* }.

Let
G ={g€ GLy(K) :detg € k*},

where G' acts on K? from the right. Since g € G preserves B up to det(g), we can realize G in GSpp. There
is also an isomorphism ¢ between GSpp(k) and GSpy(k) such that o(G) N R =TN [6] and

N:{(I2 Z)eS:tr(ﬁY):O}.

If K = k(y/p), then the image of G in G'Sp4(k) consists of all elements of the form

a bl c d
bp al|dp ¢
e flm n |’
fo e|np m
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where a + b\/p,c+d\/p,e+ fy/p,m +n\/p € K* an+bm = cf + de. The center of GSpy(k) is

Z = ack®y,
a b
T = bp_a ——— | a+bype Ky,
—bp «a
1 u ot
N = 1 tlp tu,t €k
1
Let
1 0
S = 1)c ic€ek
1
1
and
_ I =l : .
P

Note that S = NS’.

2.2. Bessel Model, L-factor and Regular Poles

By abuse of the notation, we shall omit 8 in 3. For a character A of T' and nondegenerate character v of
S, define a character oy, of R =TS by

any(r) = ary(ts) = A)P(s),

where r =ts € R for t € T and s € S. We now give the existence and uniqueness results in order to define
the Bessel model.

Theorem 2.1 [0] Let (I1, Vi1) be an irreducible smooth, admissible, and preunitary representation of Gsps(k) ;

then
dim[Homp(II, ap )] < 1.

If 1T is infinite dimensional, then for appropriately chosen A, ¥, and R
dim[Homgr(I1, ap )] = 1.

Let II be as in the theorem above. Choose A, and R such that Hompg(II, awp ) is nonzero and let !
be a nonzero element of this space. For v € Vi1 define Bessel function W, on GSp4(k) by
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The space of such functions is denoted by W% and is called the Bessel model. If a representation of GSpy (k)
is defined on this space of functions by right translation, then I = W% . For » € R, g € GSpy(k) and v € Vi

we have
Wy(rg) = any(r)We(g).

Also define h, := ( 2l I ) and @, (z) := W,(h,). The next 2 theorems provide the definitions of L-
2
functions and L-factors.

Theorem 2.2 [0] Let ® € C°(K?) and u be a character of k*. Then for s € C, the integral

1
L(s;W,, ®, 1) = - W.(9)®[(0, 1)g]u(detg)| detgl;, * dg

converges absolutely for Re(s) large enough and has a meromorphic continuation to the whole plane.

Theorem 2.3 [0] The integrals {L(s;W,,®,u) : W, € WA¥ & € C>®(K?)} form a fractional ideal of
the ring Clg®,q~*%] of the form L(s;IL, u)Clq®,q=%]. The factor L(s;11, 1) is of the form P(q=*)~!, where
P(X) e C[X], P(0)=1 and is called the L-factor of II twisted by .

Definition 2.4 A pole of L(s;11, p) is called a regular pole if it is a pole of some L(s; W, ®, u) with ®(0,0) =0.

Any other pole is called an exceptional pole.

We compute the regular poles in terms of the Tate L-functions, which are defined for a character x of
k* as

L(s,x) 1 if y is ramified
s, %) =
X (1 —x(w)g=%)~! if x is unramified.

Proposition 2.5 below gives the characterization of the regular poles.

Proposition 2.5 Regular poles of L(s;II, u) are the poles of the integrals

/ (@) ()23 d .
kx

In particular, if v, has compact support in k* for every v € Viy, then L(s;1I, 1) does not have regular poles.

Proof L(s;W,,®,u) is absolutely convergent for sufficiently large s, so by Iwasawa decomposition,
xls s—2 .
L(s; Wy, ®, ) = u(detk) [ W, k| p(x)lxl, *d*x
Kg k* 12

< / B(0, kA (D) e1]2 " * d ek,

where K¢ is the maximal compact subgroup of G'. Take K& C K¢, a compact open subgroup, which stabilizes
Wy, and ®. Write Kg = UNk;Kg for N = (K¢ : K¢) and let ®; = Ry, @, W, ; = n(k;)W,, where Ry, is
the right translation by k;. Then

L(s; W, 1) =

Vol(Kg) > u(det/@)] X (1)

i=1
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Lo (75, )|t [ edo.omouenp

If ®(0,0) = 0, then ®;(0,0) = 0 and ®,(0,-) has compact support in K* for each i. Let U° be the open
compact subgroup of K* such that ®;(0,-),A, 0 Nk, and v are invariant under U° for i = 1,..,N. Let
& = UY , Support[®;(0,t)]. Since & is a finite union of compact sets, it is compact and we have & = Ujletj Ue.

Then (1) becomes
N M

Vol(K&)Vol(U?) > pu(deths) @4[(0, LA ()T

i=1 j=1
zl 57% *
x/* W, K . )]u(x)lxlk d*z.

Therefore, if s, is a regular pole, then it is a pole of the integral above for some W, ;. Conversely, for a suitable
choice of @, each of the integrals above individually contributes to L(s;II, ). O

The following theorem shows that for generic representations, finding the regular poles is enough to determine
the L-factor.

Theorem 2.6 [0] If TI is generic, then its L-factor has only regular poles.

2.3. Parabolic induction and Jacquet module

Let P, be a maximal standard parabolic subgroup of GSps(k) with Levi decomposition P, = M,U,.

Let (7,V;) be a representation of M, and let dp, be the modular character of P, . The normalized
parabolic induction from P, to GSp4(k) is defined as IndIGDOS“T = {f : GSpys(k) — V; : f(mug) =
Sp,(m)Y/%2r(m)f(g), for m € M, and u € U,}. The action of GSps(k) on IndIGDOSmT is by right translation.

Let B denote the Borel subgroup GLy(k). For the characters xi,x2 of k*, similarly define B(x1,x2)
to be the induction from B to GLay(k).
Let (II, V1) be an admissible and irreducible representation of GSp4(k). Define

Vs(II) := span{v — II(s)v: s € S,v € Vi1 }.
The normalized Jacquet module with respect to S is the smooth representation of M defined by
Rs(ll) =g ® 6,7,
where (Ilg, Vi1/Vs(II)) is the regular Jacquet module.

If p= ( 4 )\(Aﬂj),l ) € P for A€ GLy(k), then 6p(p) = |det(A)3A73|.
3. Asymptotic behavior of ¢,

In this section, we determine the behavior of ¢,(x) for small enough |z|. We also compute the poles of the
integrals in Proposition 2.5. We begin by showing that the Jacquet module controls the asymptotic behavior
of ¢, .
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Proposition 3.1 Let (II, Vi1) be a smooth representation of GSpa(k).
1) If v € Vi1, then there exists a constant C, depending on v, such that p,(x) =0 for |z| > C.
2) If v € Vs (1), then there exists a constant € > 0, depending on v, such that @,(x) =0 for |z| < e. Therefore,

py has compact support in k*.

Proof 1) Since II is a smooth representation, W, is stabilized by the subgroup

(" 5)r=()werm)

for sufficiently large n. Let ( & ;/ > be an element of the above subgroup with Y = ( " 0 ) and u € P".
2

We have

poz) = Wv<ﬂ2 12>

= P(au)py(r).

Hence, [1 — ¢(au)]p,(x) =0 and ¢,(z) =0 for x ¢ P~™.

up U2

2) Fix ui,uz,us € k and let YV = (“3 U

) and § = (12 ?) If |z| is small enough then
2

x(us — ugp) € O. Hence,

1’[2
PH(S)v—v = WTK'(S)’U—U < I >

() ()
_ WU[(I2 xIY>(xI2 b)]w”(ﬂz 12)
)

[\v]

= wlr(_, ) (i e e - e
= [Y(x(us — uzp)) — Ly ()
= 0.
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Proposition 3.2 Let (II,Vi1) be an irreducible and admissible representation of GSps(k) and let x be a
character of k*. If I(hy)u — x(z)u € Vs(II) for every x € k*, then there exists a constant C' and positive
integer j, such that

pu(z) = Cx(z)

for |x| < g7

Proof Let z, € wO*, and then we have II(h,,)u — x(zo)u € Vs(II). By Proposition 3.1 ¢y,

zo)u—x(To)u

vanishes near zero, so there exists a constant e(z,) such that

0= @n(h,)u—x(z)u(t) = u(@t) — X(2)Pu(t) (2)

for © = z, and |t| < e(z,). Since II and x are smooth, this is also valid when z is near z, and |t| < e(x,).

By compactness of wO*, this is also true for z € wO* and |t| < e= g~ Yo for some constant j,. O

Lemma 3.3
pu(w'z) = x(@'2)x(w™ o)y (@)

for i>j, and z € O*.

Proof Proof is by induction. By (2),
pu(@e2) = pu(@ze’ ) = x(@°2)x(@ U D)p, (@ ).
Now assume the result for some i > jo and prove it for ¢ + 1 using (2):

ou(@2) = pu(wzw?)
= x(@z)pu(w')
= x(@2)x(@)x(@ Y V)pu (w7 )

— X(wiﬂz)x(w_(j"_l))tﬂu(wj°_1)-

Let C = x(w Vo=, (w’>~1); then the proposition follows from the lemma above. O

Lemma 3.4 If @, (z) = Clz|?/?>x(2) for some character x of k* and |x| < g=9°, then the pole of

/ ©u(@)|z|*~32 d*z is the pole of CL(s,x).
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Proof
/ pul@)fa TP = C / 2P x() |z d
|z|<g—do || <g—io
e / X(@) ] &
|z|<g—Je

e / @)l de
xT|=q~ "

1=Jo

= oY) [y

1=Jo

0 X is ramified
— Cla= 5y (w)]90 .

1[Z(17+5(><(1)T]j)(1 - %) otherwise.

Proposition 3.5 Let U be a subrepresentation of Rs(IT), W a subrepresentation of U and u,w elements of
Vir such that @ € W and @ € U are images of w and u in Vii/Vs(II), respectively. If II(hy)u — x(x)u —
x(@)vp(z)w € Vg(II) and I(hy)w — x(z)w € Vs(II) for sufficiently small |z|, then we have

pu(x) = Cix(@) + Cox(@)vk(z).
Proof By Proposition 3.2, ¢, (z) = Cax(z) for small |z|. Let z, € wO*; then we have II(h, )u — x(xo)u —
X(70)vk(wo)w € Vs(IT). By Proposition 3.1, @ri(h,. yu—y(zo)u—x(zo)v(z,)w vanishes near zero. Thus, there exists

a constant €(z,) such that

0 = @H(}u)u—x(m)u—x(w)vk(m)w(t)
= pul@t) = x(2)pu(t) — x(x)vr(x)Pw(t)
pul@t) — x(@)eu(t) — Cox(at)v(z) 3)

for x = x, and [t| < e(x,). Since II and x are smooth, this is also valid when x is near z, and |t| < e(z,),

so by compactness of wO*, this is also true for x € wO* and [t| < e = ¢~ Yo=Y for some constant j,. O

Lemma 3.6

pu(@'z) = x(@ 2)x (@~ Vo) pu (@ 71) + Cafi — (jo — 1)]x(w'2)

for i >j, and z € O*.

Proof Proof is by induction. The base case follows from (3). Now assume the result for some i > j, and

prove it for ¢+ 1:

596



DANISMAN/Turk J Math

pu(w@z)
= pu(wew')
= X(@2)pu(w’) + Cox (@' 2)vi(w2)
= x(@2) (@ )x(@ Y )pu (@) + Cali — (o — Vx(w")]
+Cox(w'2)
= (@ 2)x(@ Yo D)o (@) + Col(i + 1) = (jo — D]x(w't12).

Let C) = x(w ™ Ue= D), (wlo 1) — Ca(j, — 1) and |z| < ¢ 7°, and then x = w’z for some i > j, and z € O*,

so the proposition follows from the previous lemma. O

Lemma 3.7 If p,(x) = C1|z[3?x(x) + Colz >/ ?x(x)vy(z) for some character x of k* and |x| < q~7°, then
the poles of/ cpu(x)\m|sf3/2d*x are the poles of the least common multiple of C1L(s,x) and CyL(s,x)?.
k*

Proof

[ CalPx@ulael
|z|<g—Jo
= 02/ x(@)vg(x)|z)*d*x
x| <g—de
- Y [ @u@lds

i=7jo |z|=q—?

= CgZiq_isx(wi)/ x(u)du

i=jo or
B 0 X is ramified
T |Gl Ao e e =l (L) gtherwise.
Now the result follows from Lemma 3.4. O

4. Compactly supported ¢, in k*

In this section, we find the v € Vy for which ¢,(x) has compact support in k*. We use similar methods that
are used for GLy(k). There are 2 steps. The first is showing that {¢, : v € Vg(II)} = C°(k*) and the second
is determining the space {v € V : ¢, = 0}. We need 2 subgroups of GL2(k), which can be embedded into

b

GSpa(k). Let By be the subgroup of B of the elements of the form ( ¢ 1

) . Define

a

BY .=

597



DANISMAN/Turk J Math

and

BY = a € GSps(k) » = By.

Lemma 4.1
{py v € Vg(II)} = C°(k™).

Proof First note that by Proposition 3.1, {p, : v € Vg(II)} € C2°(k*). Define an action of B{ on C°(k*)
by

L | e = v s,
1

Under this action, {¢, : v € Vg(II)} is a nonzero invariant subspace of CS°(k*) because, if it is zero, then for

every v € Vi1 and s € S, we have
0 = en(s)jo—v(l) = III(s)v) = (v) = P(s)l(v) = I(v) = (P(s) = DI(v).

Thus, either [ = 0 or ¢ = 1, contradicting our assumptions. By Proposition 4.7.3 of [1], C°(k*) is an irre-
ducible representation of Bf | so the proposition follows. O

Now we will find the space {v € Vi1 : ¢, = 0}. Let

Vr(ayp.a,II) = span{II(r)v — ay a(r)v : v € Vi1, € R}.

Lemma 4.2 If | € Homg(I1,ap ) and is nonzero, then the kernel of 1 is Vg(ou a,11).

Proof First note that
Hompg(II, avp ) = Home (Vir/ Ve (o a, 11), 1).

By uniqueness of the Bessel model, dimensions of the above spaces are one. Hence, dimc (Vir/Vg(ay.a,II)) =1.

Since [ is nonzero and its kernel contains Vg(ou a,II), the kernel should be Vz (o a,II). O
1 0
Define 5, := L Y tuEeEPT S,
1
1 ur U
S, = L uf’ Ll tup,u,uz € P" 5 and Rﬁ := TS, . Similarly define N,, and RY := TN,,.
1

We now find a characterization of the elements of V(o a,II).

Proposition 4.3 There is an increasing sequence of RS /Z of open compact subgroups of R/Z , which exhausts
R/Z.
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a b 1 ur U a b -t

bp a 1| us wp bp a _
Proof PR 1 PR =

—bp a 1 —bp «a

uh = ﬁ[(cﬂ +b2p)uy + (abp)ug + (ab)us)
’LL/2 = o b2 [(2ab)u1 + ( )’LLQ + (b2)U3}
uy = o [(2abp)ur + (070 )uz + (a®)us).
Since by Lemma 5.1 of [2], the coefficients of w1, us,us above are all in O, we have u},u), us € P~™. Hence,

T normalizes S,, and R? is a subgroup of R/Z.

Now consider the multiplication on the group R/Z. The image of (T/Z) x (ZS,/Z) in R/Z is RS/Z.
Since we are in the field case, T/Z is compact. Also, ZS,/Z = S,, and therefore (ZS,/Z) is open and
compact. Hence, R;? /Z is an open and compact subgroup of R/Z. O

Proposition 4.4 v € Vg(aya,II) if and only if for sufficiently large n

/ axylw(r)ﬂ(r)v dr = 0. (4)
RS/Z

Proof Let v =1I(rg)w — ay.a(ro)w be a typical generator of Vg(ay a,II). If the image of 7, in R/Z is in
RY | then

/RS/Z ax,lw(r)l_[(r)ﬂ(ro)w dr = o (o) ~/R§/Z axylw(r)l_[(r)w dr.

Hence, the integral (4) vanishes and this shows that Vg(ay a,II) is contained in the space of all v that satisfy
(4).
Conversely, suppose that v satisfies (4) for some n. oz/_\lwﬂ is a smooth representation of R/Z and

therefore there exists m € Z such that m < n and axlw(r)l_[(r)v = v for every v € RY /Z. Hence,

0 = / ax’lw(r)ﬂ(r)v dr
RS /Z

= Vol(RS /Z) Z ozx’lw (2)II(x)
©€(RY/2)/(R3,/2)
and
v = v—Vol(RS/R5)™! Z axlw(as)ﬂ(x)
z€(R7/2)/(R3,/Z)
= Vol(R;/R;)™ > [0 — aj y (@)1(z)v].
z€(R7/2)/(R3,/2)

This shows that v € Vr(ou a,II). O
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Let
Ve v (AID) := {II(tn)v — A(t)v : v € Vi }

and
Ve g(A D) := {II(ts)v — A(t)v : v € Vir}.

Proposition 4.5 v € Vp n(A, V) if and only if for sufficiently large n

/ A () (r)vdr = 0.
RN /Z

Proof Similar to the proof of the previous proposition. O

Proposition 4.6 If (II, Vi) is an infinite dimensional, irreducible, and admissible representation of GSpy(k),

then there is no nonzero v € Vi that is invariant under S’ .

Proof Assume that v is invariant under S’. The stabilizer of v is open and so there exists g € SLy — B such

1
that g is in the stabilizer of v. Since SLy is generated by its unipotent part and an element in
1
SLy, — B,
1
II SLo v =0 (5)
1
1 w'x
Let = € k and choose n large enough so that ! 1 “ is in the stabilizer of v. Define
.
1 . 1
o= —=n € SLsy
|
1
1 w"x
v = II|ala altlv=1I]a! L 1 v v
1
= v
and
1 1 T 1
1 1 -1
1I v = 11 x V=0
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Since II is smooth, there exists g € SLs — B such that v is fixed by H( g () ) Since SLo(k) is

generated by its unipotent part and an element in SLs — B, we have

n(g () )v:v (6)

for every g € SLo(k). Additionally, by (5),

1 w "y
110
II 1 V=0
1
Hence, v is fixed by
w- ™ 1 wmg w™
1 110 1
1 =1 1 1 1
w™ 1 w™ ™
Additionally, by (5) and (6), v is fixed by
1 1 1
1 -1 =1 1 -1
-1 1 1

Hence, v is invariant under all generators of Spy(k) and thus invariant under Sp4(k). Since the center
Z of GSp4(k) acts on v by a character, the one-dimensional subspace spanned by v is fixed by < Spy(k),Z >.
The characteristic of k is not 2, so the coset of g € GSpy(k) in GSpy(k)/Sps(k)Z is determined by the class
of A(g) in k*/(k*)%. Hence, there are only finitely many classes, and so the space spanned by II(g)v is finite-

dimensional, which contradicts the infinite dimensionality and irreducibility of II. O

Proposition 4.7 ¢,(z) =0 <= v € Vp y(A,II).

Proof If ¢,(x) =0 for all x € k*, then II < otz I > v € Vr(an,y,II) for all € k*. Hence, by Proposition
2

4.4 there exists n € Z such that
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_ I
o~ [ E/Z%;(rm(rm(“ h)m
= // / Al(t)wl(s’)ﬂ(s’nt)l_[(xb I >vdtdnds/
W/ N JT/Z 2
= / / / A7 ()~ (zs)I(s'nt)v dtdnds’
v JIN, 1)z

= o (as)IL(s") (/ A~ (O (nt)v dr') ds'.
Sh RN/Z

By similar computations to that of Lemma 3 of [4],
/ AL (O)T(nt)v dr (7)
RN /Z

is fixed by S’. Therefore, by Proposition 4.6 integral (7) vanishes and v isin Vp n(A,II) by Proposition 4.5. O

Lemma 4.8 Vp ny(A,II) + Vg(IT) = Vp g(A,II).
Proof Vp n(A,II) and Vg(II) are obviously subspaces of Vi g(A,II). Conversely, for a typical generator
II(ts)v — A(t)v of Vp s(A,II), we have

II(ts)v — A(t)v (tst™HI(t)w — A(t)v
= H(s"HT(t)v — A(t)v

{TI(s") [TT(t)v] — [TI(t)o]} + [TI(t)v — A(t)o]

and this is an element of Vg(II) + Vi n (A, II). O

Theorem 4.9
oy € CF (k") <= v e Vpg(A L.

Proof

vy € O (k") v’ € Vg(II) such that ¢, = @,

v’ € V(1) such that ¢, =0

Jv" € Vg(II) such that v —v" € Vp n(A,II)
v € Vs(II) + Vv (A, ID)

(RS VT’S(A, H).

[

The first equality follows from Lemma 4.1, the third from Proposition 4.7, and the last from Lemma 4.8. O
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5. Computation of regular poles
The following lemmas are required to determine whether constants in Proposition 3.2 and Proposition 3.5 are

nonzero or not.

Lemma 5.1 Let K be a quadratic extension of k and T = K*; then

Homr(oStgr, ), A) is nonzero for a character of K*, which satisfies o2 =A

k= if and only if A # oo Nk, .
If Homp(oStar, k), A) is nonzero then it is one-dimensional.

Proof Follows from Proposition 1.7 in [13]. O

Lemma 5.2 Let K be a quadratic extension of k and T = K*. If w is an irreducible representation of GLy(k),
which is induced from a character of the torus of GLa(k), then Homyp(m, A) is nonzero for every character A
of K* such that wy = A|g= and Homy(mw, A) is one-dimensional.

Proof Follows from Proposition 1.6 in [13]. O

Lemma 5.3 Let
0—W—U—U/W-—0

be an exact sequence of T modules. If Homyp(U/W,A) is nonzero, then there exists a nonzero f € Hom(U, A)
such that filW =0.
Proof Take f' € Homr(U/W,A) and f’ # 0, and then define f(u) = f'(a). O
From now on, we assume that (II, V1) has a Bessel model with respect to ¢ and A. Also, for simplicity,
we take p = 1. TIrreducible and admissible representations of GSpys(k), which has Jacquet module length
of less than or equal to 2, are given in Table 1 due to the Sally—Tadic classification in [10]. In this table,
nonsupercuspidal representations are named as IIIa, IIIb, IVa, IVb, IVc, IVd, Va, Vb, V¢, Vd, VIb, Vic, VII,
VIlla, VIIIb, IXa,IXb, X, XIa, and XIb. Additionally, semisimplifications of these representations are given in
Table 2.

5.1. Representations with Jacquet module length 0
Proposition 5.4 If (I, Vi) is an irreducible and admissible representation of GSpy(k) and Rg(Il) is a zero
space, then the L-factor of II does not have regular poles.

Proof If Rg(II) is a zero space, then the spaces Vi and Vg(II) are equal. Therefore, by Proposition 2.5 and

Proposition 3.1, there is no regular pole. O

Theorem 5.5 Nongeneric supercuspidal representations of GSps(k) and representations VIIIb and IXb do

not have regular poles.

Proof Follows from Proposition 5.4. O

Theorem 5.6 The L-factors of generic supercuspidal representations of GSpy(k) and representations VII,
VIIla, and IXa are equal to one.

Proof Follows from Proposition 5.4 and Theorem 2.6. O
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Table 1. Regular poles and expected exceptional poles.

Representation Regular Exceptional
L(s,v*?x0)
III | a X X oStar(2) L(s,/%0) -
L(s,v=12x0) L(s,v'%x0)
111 b X X O’lGL(Q) L(S,I/il/QO') L(S,I/l/ZO')
IV | a o StGspa) L(s,v3%0) -
_ L(s,13%0)
IV | b L(v* v toStar ) L(s,v~1%5) -
_ L(s,v=3/%0)
IV | ¢ | L32Stgr),v3/%0) L(s, vV 20) L(s,3%0)
v d UlGSp(4) -1 . -
_ L(s,v*/%0)
1/2 s _
\Y a 5([£a l/f], v U) L(S, 1/1/250')
_ L(s,v=120)
1/2 1/2 ) 1/2
Vv b | L(v / EStGL(z)J/ / o) L(s 1/1/250) L(s,v / o)
- L(s,v %)
V | ¢ | Lw'?¢Star), v~ ?0) L(s,v"20) L(s,v'/%¢o)
_ L(s,v=12%¢0) L(s,vY?¢0)
1/2 ’ ’
vold Lwe, Exv o) L(s,v=12%0) L(s, %)
VI | b T(T,v=12%q) L(s,v'/%0) -
VI | ¢ | L('2Stgre),v'?0) L(s,v=20) L(s,v/20)?
VII X X - -
VI | a (.7 - -
VIIT | b 7(T, ) - -
IX | a S(v€, v=127) - -
IX |[b L(vé, v=12%7) - -
X X O L(s,0)L(s,wr0) -
XI | a S, v120) L(s,v'/%0) -
XI | b L(v12m v~ 20) L(s,v=20) L(s,v*?0)

5.2. Representations with Jacquet module length 1

First we determine the asymptotic behavior of ¢, .

Lemma 5.7 Let n 2 7 ® p be a subrepresentation of Rg(II) and v an element of Vi1 such that the image of

v in Rg(Il) is © and © is in V;. Then for small enough |z| we have

po(x) = Cla[*Pwr (2)p(x).
Proof Let ¢ be the isomorphism between 1 and 7 ® p; then

(65 *Ts(m)5) = 7 @ p(m)é(v)

for every v € V;,. In particular, if
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Table 2. Jacquet modules: the Siegel parabolic.

Representation Semisimplification # | g
B(x,v) @ ov™ 12+
111 a X X O'StGL(Q) B(l/, Xﬁl) ® XJV71/2 2 °
B(x,v ™) @ ovt/?+
ar b X X olar) B(i—l Xf)l) @ you'/? 2
IV | a UStGSp(4) V3 QStGL(Q) ®@v 320 1 | e
372 —3/2
2 1 v larpe) @ ovT S+
IV b L(l/ sV UStGL(Q)) B(V, 1/72) ®O’V1/2 2
_ =325t ® ov3/?4
IV | e | L*2Stare,v=>0) BOAw )& v 12 2
IV | d algsp) v3 ZStGL(Q) ®@v 3 %0 1
72¢5¢ Qo121
\% a 8([€, v, v 1% v I"EStar) 2 | e
([f f} ) V1/2§StGL(2) ® 051/71/2
—1/2¢5¢t ® ovi/?4
V | b| L@Y2¢St v Y2 v EStar ) 2
( EStar(2) ) V1/2§1GL(2) @ otv=1/2
—T/2¢G¢ ® Eo P
VvV L(vY/2¢St 7 —1/2 v §Star(2) 9
¢ | Lwv'/2¢Stgr(e), v/ 0) G © ou 2
B —172¢] ® Eovl /2t
vV | d L(vE, € xv=1/20) V_l/gggcfg(j()” éaul/Q 2
VI | b (T, v=20) vl 2].GL(2) Qv 2y 1| e
\\//III ¢ | LWw'?Stgr),.v%0) v1 QStGLO(Q) ®viiig (1)
X X
VIII | a 7(S, ) 0 0
VIII | b 7(T, ) 0 0
IX | a S(vé, v=127) 0 0 |e
IX |[b L(vé,v=12n) 0 0
X TXOo TR+ TR WO 2
XI |a S(wiPm v %q) vI2r@u 120 1 |e
XI | b L 2r v=120) v 2 @ vtiia 1

then A(h,) = = and 6p(hy) = |2227 |2 = |2|3. Therefore, 7®@p(h,)d(v) = w,(z)p(x)p(v) and |z|~3/?Tg(h,)v—

wr(z)p(z)v is in the kernel of the ¢, which is zero. Hence
I(hg)v — |2|* 2w, (x)p(z)v € Vs(TD).

Now use Proposition 3.2. O

Next, we find a condition that guarantees that the constant in Lemma 5.7 is nonzero.

Proposition 5.8 If Rs(Il) 2 7 ® p and Homyp(Rs(II), A) is nonzero, then the regular pole of L-factor of 11
is the pole of L(s,w,p).

Proof By Lemma 5.7, ¢, (z) = C|z|>/?w, (z)p(x) for small enough |z|. If C' is zero for every v in Vi1, then ¢,
has compact support in k*. Therefore, by Theorem 4.9, v € Vi (A, II) and o € span{Ils(t)w—A(t)w : © € Vi1/
Vs(IT),t € T}. Since 6p(t) =1 for every t € T we have IIg = Rg(II), which implies that Homp(Rg(II), A) is

zero and contradicts our assumption. Hence, C' is nonzero for some v in Vi; and the result follows from Lemma
3.4. O
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Now we determine the regular poles of the representations in Table 2, which has Jacquet module length
one. The condition of Proposition 5.8 will be satisfied by the Bessel model existence condition. For more details
about Bessel model existence conditions, one can look at the unpublished notes, “Bessel models for GSp(4) over
a p-adic field”, of R Schmidt).

Theorem 5.9 For the representations of the group GSpy(k), which have a Jacquet module length of one, we
have:

i) L-factor of IV-a is L(s,v%/?c).

ii) Regular pole of L-factor of VI-b is pole of L(s,v'/%c).

i) Regular pole of L-factor of VI-c is pole of L(s,v=/?¢).

w) L-factor of XI-a is L(s,v'/?0).

v) Regular pole of L-factor of XI-b is pole of L(s,v=/?c).

Proof i) By Proposition 5.1 of [3] if IV-a has a Bessel model then A # o o Nk ;. Hence, by Lemma 5.1,

Hom7 (0Stgr, k), A) is nonzero. Since we have Rg(II) = V3/2StGL2(k) ® v=3/2¢, as a representation of T,

Rs(IT) = 0Stgr, ). Hence the condition of Proposition 5.8 is satisfied. Also, Wys/28tap, ) = v3, and so by

Proposition 5.8 the regular pole of the L-factor of IV-a is the pole of L(s, VS/QO'). Since we are in the generic

case, the result follows from Theorem 2.6.
ii) By Sally—Tadic classification and exactness of the twisted Jacquet module, we have
0— (VI=0b)y — (" 1ap,m v %0)y — (VI —d)y — 0,
where the subscript ¢ denotes the largest quotient on which S operates by 1. By Proposition 2.1 of [g],
(VM ?1grym » v™1%0)y = 0 o Ngji. Hence, if VI-b has a Bessel model, then A = o o Ng/;,. Since

Rg(Il) = ul/QIGLz(k) ® v~25, as a representation of 7" we have Rg(II) = olgr,. Hence, the condition

of Proposition 5.8 is satisfied. Also, Wi/216p, 0 = Vo and so by Proposition 5.8 the regular pole of the L-factor

of VI-b is the pole of L(s,v'/?0).
iii) By Sally—Tadic classification and exactness of the twisted Jacquet module, we have

0— (VI — a)w — (VI/QStGL2(k) X V_I/QO')w — (VI — C)w — 0.

—1/2

By Proposition 2.1 of [8], (Vl/QStGLQ(k) X v o)y = 0Stgr,u)- Hence, if VI-c has a Bessel model, then

Homp (0Stgr, k), A) is nonzero. Since Rg(IT) = I/_l/QStGLz(k) ® v1/25, as a representation of T we have
Rs(IT) = 0Stgr, 1) - Hence, the condition of Proposition 5.8 is satisfied. Also, Wy=1/28t6,, 0 = v~!, and so by

Proposition 5.8 the regular pole of the L-factor of VI-c is the pole of L(s,v~/2¢).

iv) Since K is a field, the sequence

V2 qv™20) — (XTI —b)y — 0

0— (XI—a)y — (v
splits, and by Proposition 2.1 of [8] we have

Homyp(om, A) = Homy ((X1 — a)y, A) @ Homp (X1 — b)y, A).
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Hence, if XI-a or XI-b has a Bessel model, then Homy(om, A) is nonzero. Since Rg(II) = v'/27x @ v=1/2%0,

~

as a representation of T we have Rg(Il) = omw. Hence, the condition of Proposition 5.8 is satisfied. Also,

1/2

w12, @ v 120 = v1/25 and so by Proposition 5.8, the regular pole of the L-factor of XI-a is the pole of

L(s,v/?0). Therefore, the result follows from Theorem 2.6.

v) Follows from the proof of (iv). O

5.3. Representations with Jacquet module length 2

For these representations, we show that regular poles are either 2 simple poles or a double pole depending on

the structure of the Jacquet module. First, we find the asymptotic behavior of ¢, up to 2 constants.

Lemma 5.10 Let U be a subrepresentation of Rs(II) and
0—W —U-—U/W-—0

an exact sequence of representations of M, where W = 171 ® p1 and U/W = 75 ® pa as a representation of
GLy(k) x k*. Let x; be wr,p; for i =1,2 and uw € U the image of v € Vi1 in Rg(Il). Then we have:

1) If x1 # x2 then U =@ v3?x1 ® @v*?x, as a representation of
H . For small enough |x| and constants Cy and Cy, we have
pu() = Cilz[x1 () + Cola**xa(x).
2) If x1 = x2 = X, then for some w, € W we have
s (he)u = |2[*2x(x)a + 2> x(2)vp ().

Proof Tt is similar to the proof of Proposition 4.5.8 of [1]. Since U/W = x5 as an H module, for every u € U

we have
Rs(I)(hy)u = x2(x)u + Wy () (8)

for some w, (x) € W. Also, by the proof of Lemma 5.7,
R () (he)w = x1(2)w (9)

for every w € W. From (8),
Rs(IT)(hay)u = x2(zy)u + Wy (zy). (10)

By (8) and (9),
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Thus, by (10), we have
Wu(zy) = X2(2)Wu(y) + Xx1(y)Wu (7). (11)

CASE 1: x; # x2. There exists y, € k* such that x1(yo) # x2(yo) and also by symmetry in (11)

X2(7)Wu(Yo) + X1 (Yo)Wu(T) = X2(Yo)Wu(T) + X1(2)Wu(Yo)-

Hence

oy wul(ye) o) — vl
wu(x) - Xl(yo) — XQ(yo) [Xl( ) X2( )]

7 — Wy (Yo) .
Let Wy, = m, then by (8),

Rs()(he )t = x2(2)u + Walx1(7) — X2(2)]

and by (9),
Rs(I)(hy)[u — W] = xa(x)[a — W,].

—1/2 _

Hence, the exact sequence in the statement of the lemma splits as an H module. Since p(hs) = |z|73/2,

the result follows from Proposition 3.2.

CASE 2: x1 =x2=x.
By (11)

Hence
Tu(ey) _ Tuly) | Tale)
x(zy)  x(y)  x(=@)’

As an additive group only the compact subgroup of Vg(II) is zero, and so the kernel of this homomorphism

contains O*. Hence, if z = 2'w’ for 2’ € O*, then

Wy () w,(z') | W, (wl) _ Wy, (wl) Wy ()

@  x@)  x@)  x@)  xw)

Wy (@)

Let W, = 475 » and then Wy (x) = x(x)vk(x)w, . Hence, by (8),

Rs () (he)u = x(2)u + x(x)vk(2) Wy

Since 0p(h,)~/? = |2|~3/2, the result follows. O

Next, we find 2 conditions that guarantee that the constants in the first part of the previous lemma are
nonzero.
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Proposition 5.11 Let
0—W — Rs(ll) — Rs(Il)/W — 0

be an exact sequence of representations of M, where W 2 71 ® p1 and Rg(II)/W X 15®pa. Also let x; = wr,p;
for i =1,2 and x1 # x2. If the spaces Homp(W,A) and Homyp(Rg(II)/W,A) are nonzero, then the regular
poles of L-factor of 1L are poles of L(s,x1)L(s,X2)-

Proof By the previous proposition, we have
pu() = C1|2]32x1(2) + Ca|z> 2 xa2(2)

for some constants C1,Cs and sufficiently small |z|.
Assume that C; = 0 for every w € V. If @ € W, then by Theorem 4.9, u € Vp g(A,II). Therefore,
u € span{Ilg(t)v — A(t)v : v € Vir/Vs(II),t € T} and there exist u; € W and w; ¢ W such that
u=Y a;[lls(t:)u; — At)a] + Y b;[[s(t;)w; — Alt;)w;]
i J

for some a;,b; € k. Hence,

a— Yy ai[s(ts)a; — At)a] =Y b;[s(t;)w; — Alt;)w;)-

( J

Now apply IIg(h;) to both sides to get

|2[*2x1 () (a — Z a;i[Us(ti)u; — A(t:)ui])

= |z**x2(x) Z bj[Ls(t;)w; — A(t;)w;].

Hence, it follows that

x1(2) Z bi[lLs(t;)w; — A(t;)w;] = x2(x) Z b;i[lLs(t;)w; — A(t;)w;].

Therefore, >, b;[Ms(t;)w;—A(t;)w;] is zero and w = }; a;[s(¢;)u; —A(¢;);], which implies that Homs (W, A) =
0 and gives a contradiction.
Now assume that Cy = 0 for every u € Viy. For every w such that @ ¢ W, Theorem 4.9 implies that
u € Vpg(AII), in which case 4 € span{Ils(¢t)v — A(¢)v : © € Vii/Vs(Il),t € T} and Homyp(Rs(IT)/W, A) is
zero, which is a contradiction. O
Next, we compute the regular poles of the representations in Table 2, which have a Jacquet module length
of 2. In most of the cases the conditions of Proposition 5.11 are provided by the Bessel existence conditions.

We need the following remarks to determine the Bessel existence conditions.
Remark 5.12 By Sally-Tadic classification and exactness of the twisted Jacquet module, we have
0— (V—=0b)y — (W %€lar,m) x &v20)y — (V —d)y — 0.

Since T is nonsplit, this sequence splits, and by Proposition 2.1 of [5], (v'/?€1gr,a x E&v™1/%0)y = 0 0 N
Thus, if V-b or V-d has a Bessel model with respect to ¢ and A then A =00 Ngyy.
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Remark 5.13 By Sally-Tadic classification and exactness of the twisted Jacquet module, we have
0— (V=c)yp — W2 gr,m) x v 20)y — (V = d)y — 0.
Similar to the previous remark, if V-c or V-d has a Bessel model with respect to v and A, then A = oo Ny, .

Remark 5.14 By Sally-Tadic classification and exactness of the twisted Jacquet module, we have
0— (V—a)y — W"2€Star,m x v 20)y — (V = b)y — 0.

Since T is nonsplit, this sequence splits, and by Proposition 2.1 of [S8] (z/l/ngtGLQ(k) X 1/*1/20)11, =8oStar, k) -
Hence, if V-a or V-b has a Bessel model with respect to ¢ and A, then Homr(§0Star, ), A) is nonzero.

Remark 5.15 By Sally-Tadic classification and exactness of the twisted Jacquet module, we have
0— (V —a)y — (W%€Star, i) @ v %0)y — (V =)y — 0.

Similar to the previous remark, if V-a or V-c has a Bessel model with respect to ¢ and A, then Homr (o Stgr, k), A)

1S nonzero.

Theorem 5.16 For the representations of the group GSp4(k), which have a Jacquet module length of 2, we
have:

i) L-factor of IIl-a is L(s,v'/?xo) L(s,v"/%0).

ii) Regular poles of L-factor of III-b are poles of L(s,v~"?xo)L(s,v='/%0).
i) Regular poles of L-factor of IV-b are poles of L(s,v*/?a)L(s,v=%0).
iv) IV-c has no Bessel function for nonsplit cases.

v) L-factor of V-a is L(s,v'/?0)L(s,v/%¢0).

vi) Regular poles of L-factor of V-b are poles of L(s,v='/20)L(s,v/?¢0).
vii) Regular poles of L-factor of V-c are poles of L(s,v=/?¢0)L(s,v/?0).
viii) Regular poles of L-factor of V-d are poles of L(s,v='/2¢a)L(s,v="/%0).
iz) L-factor of X is L(s,0)L(s,w0).

Proof i) In this case, the constituents of Rg(II) are B(x,v) ® ov~%? and B(v,x ') ® xov~"?, where
x # {1,v72,v%}. As a representation of T, B(x,v) ® ov~'/? = gv='/2B(x,v), which is irreducible and

infinite-dimensional. Therefore, by Lemma 5.2 we have
Homy(B(x,v) @ ov~Y/2 A) = Homyp(ov™2B(x,v),A) # 0.

Similarly,

Homp(B(v,x ') @ xor~ Y2, A) £ 0.

Also,

{Xh X?} = {wB(X,V)O—Vil/a WB(V,xfl)Xaljil/z} = {XUV1/27 O—VI/Q}'
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Now apply Proposition 5.11 and Theorem 2.6.
ii) Similar to the proof of (i).
iii) By Sally-Tadic classification and exactness of the twisted Jacquet module,
0— (IV = b)y — (V¥ 1gr,0 @ v 20)y — (01asp, )y — 0

, and since (0lggp,(k))y is one-dimensional, we have (0lgsp,k))y = 0. Hence, by Proposition 2.1 of [¢],
(IV =b)y = 0lgL, k), and if IV-b has a Bessel model, then Homz (o1, k), A) is nonzero. Since the constituent

V3/21GL2(k) ® ov=3/2 of Rg(II) is isomorphic to olar,ky as a T module, we have
HOH]T(VS/Q].GLZ(k) ® (71/73/2, A) = HomT(01GL2(k), A) 7& 0.
The other constituent ov*/2B(v,v~2) is irreducible and infinite-dimensional, so by Lemma 5.2,

Homyp(B(v,v™2) @ ov'/?, A) = Homp(ov/2B(v, v=2), A) # 0.

Also,

{Xla X?} = {wu3/21GL2(k)O—V_3/2a WB(V,V_2)JV1/2} = {JV3/27 JV_1/2}'
Now apply Proposition 5.11.

iv) By Sally—-Tadic classification and exactness of the twisted Jacquet module,
0— (IV — C)w — (V2 X V_IO'l(;LQ(k))w — (JlGSp4(k))w — 0

, and by Proposition 2.1 of [8] (IV —c¢)y = (v? % V’lalc;LQ(k))w , which is zero by the remarks before Proposition

2.4 of [8]. Hence, there is no Bessel function for nonsplit cases.

v)Since T is nonsplit, if V-a has a Bessel model with respect to A and v, then by Remark 5.14 and Remark 5.15
Homp(£0Star, k), A) and Homy (oSt r, k), A) are nonzero. Since the constituents v1/2¢Stg 1, () ®ov =12 and

V1/2§StGL2(k) ® oév~1/? of Rg(IT) are isomorphic to §oStar,ky and oStgr, k), respectively, as a T module

we have

HOIHT(VI/sztGLQ(k) ® 0'1/71/2, A) = HomT(faStGLz(k), A) 75 0
and

HomT(Vl/QfstGLQ(k) ® O'fl/_l/Q,A) = Homyp(0Stgr, k), A) # 0.
Also,

D12} = {0t 2esin, 0 002w nesic, 1 0602} = fov/2, w2},
Now apply Proposition 5.11 and Theorem 2.6.

vi) Similar to the proof of (v) but use Remark 5.12 and Remark 5.14.

vii) Similar to the proof of (v) but use Remark 5.13 and Remark 5.15.
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viii) Similar to the proof of (v) but use Remark 5.12 and Remark 5.13.

ix) In this case, the constituents of Rg(II) are # ® ¢ and 7 ® w,o, where 7 is a supercuspidal represen-
tation of GLa(k). Also note that by Proposition 2.1 of [8], X has a Bessel model with respect to ¢ and A if

and only if Homy(om, A) is nonzero.
Case 1: w, #1(n & 7)

By Theorem 4.2.2 of [1], 7w, = m, and so by the Bessel model existing condition,
Homy (7 ® wro,A) =2 Homp (7w, o, A) = Homyp (7o, A) # 0.

Also,

{x1,x2} = {wro,wrwr0} = {wro,0}.

Now apply Proposition 5.11 and Theorem 2.6.

Case 2: w, = 1(7 = 7) In this case we have
0—717®0c— Rs(Il) m7®0c —0
and y = x1 = x2 = 0. By Lemma 5.10, for every @ € Vi1/Vg(II) there exists W, € Vg, such that
Rs(I)(ha)u = x(x)u + x(2)ox (€)W (12)
Assume that @, =0 for every @ € Vi1/Vg(Il), and then Rg(II)(h,)u = x(x)a. Hence we have
0—7—Rs(Il) —m—0

as a GLy(k) module. The center of GLo(k) acts trivially on Rg(II) and m, and so by theorem 5.4.1
of “Introduction to the theory of admissible representations of p-adic reductive groups (unpublished notes
of W Casselman)”, this exact sequence splits and we have Rg(II) = # @ m as a GLz2(k) module. Since
Rs(I)(hy)a = o(x)u for every @, we also have Rg(Il) = n®c @ 7 ® 0 as an M module. Hence, by Frobenius
reciprocity,

2 = dim[Hom,,(Rs(II),7 ® 0)] = dim[Hom ,(II, 7 ® 0)]

= dim[Homg,, (I, ™ x o)],
which is a contradiction. Hence, there exists @ such that w, # 0, and by (12)

I(S) (he)a = |2 x(2)a + 2 x (2)or ()@,

Now apply Lemma 3.5, Lemma 3.7 and Theorem 2.6. O
A. Tables
Table 1 displays the regular poles of the nonsupercuspidal representations [10], which have Jacquet module

length of at most 2, in terms of the poles of Tate L-functions. The last column shows the expected exceptional
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poles from the local Langlands conjecture. Table 2 lists all irreducible, admissible, and nonsupercuspidal

representations of GSp4(k), which have Jacquet module length of at most 2. The fourth column shows the

semisimplifications of the Jacquet modules with respect to the Siegel parabolic given in the appendix of [9]. The

'#" and '¢g’ columns indicate the number of constituents of the Jacquet module and generic representations,

respectively.

(11]

(12]
(13]
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