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1. Introduction

Let (22,3, P) denote a complete probability space, that will remain fixed throughout the
paper. A (centered) Gaussian random variable X is a real valued measurable function
on Q such that for each real number ¢,

EexpitX = exp (—a*£3/2)

or that, equivalently, the law of X has a density (270%™ "2 exp (—x*/20%). The law of X is
thus determined by o=(EX?)"2. If =1, X is called standard normal.

A (centered) Gaussian process is a family (X,),¢ ; of random variables, indexed by
some index set T, and such that each finite linear combination Xa, X, is Gaussian. The
covariance function (x4, v)=E(X,X,) on TxT determines E(Xa, X)), so it determines
the law of the variables (X)), ;. Gaussian processes are thus a very rigid structure. One
should expect, at least on philosophical grounds, that they have very nice properties.
As of today, this expectation has been entirely fulfilled.

Historically, Gaussian processes, of which Brownian motion is the most important
example, first occured as a model of evolution in time of a physical phenomenon. They
were then naturally indexed by the real line, or by a subinterval of it. For such a
process, the question of continuity arises immediately. We are dealing with an uncount-
able family of random variables, each of them being defined only a.e., so the very
definition of continuity of the process already raises technical problems. These prob-
lems are taken care of by the use of a standard tool, the notion of *‘separable process’.
We are here hardly concerned with these technicalities, since the prime objective of
this paper is to prove quantitative estimates, for which' there is no loss of strength to
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assume 7 finite. For simplicity, when T is a topological space, let us define here the
process (X,),cr to be continuous if there exists a process (¥)),cr, with X,=Y, a.s. for

each ¢ (the exceptional set depending on #) and such that for almost each w in Q, the
function #—Y(w) is continuous on 7. (When dealing with a continuous process (X)), ¢r,

we will always assume that t—X(w) is continuous for almost each w.) Uniform
continuity can be defined in a similar way. The key to the study of continuity is the
study of boundedness. We define here the process (X,),cr to be bounded if there is a
process (Y),c; With X, =Y, a.s. for each ¢ and such that for almost each w in €,
sup,¢ 7| Y,(w)| <o. This is known to be equivalent to the fact that sup,, |X ()| <e a.s. for
each countable subset D of T.

For simplicity we write

Esup X, = sup {E supX,, D countable subset of T}
T D

and we adopt a similar convention for EsupJX,|. To formulate quantitative estimates,
we need a measure of the boundedness of a process (X,),¢ - Such a measure could be a
median of sup;X,. A more convenient (but equivalent) measure of boundedness is
provided by the important result of H. Landau, L. A. Shepp and X. Fernique ([19], [7]).
This result asserts that (X,),c s bounded if and only if E sup,|X,|<%; so E sup|X,| will
be a convenient measure of the boundedness of (X,),¢;. Another closely related
measure of boundedness is the quantity Esup;X,, which offers the extra advantage that
Esup;(X,+Y)=Esup, X, for any Gaussian random variable Y. It is easily seen that for

any t, in 7, we have

EsupX,<Esup|X|<E|X, |[+2EsupX,. ¢))
T T 7

The early results on Gaussian processes dealt with processes indexed by a subset
of R*, and tried to take advantage of the special structure of the index set. For example,
an important early theorem of X. Fernique [6] was proved using a chaining argument on
carefully chosen dyadic partitions of the unit interval. As we first noted, a Gaussian
process is determined by its covariance structure, which has no reason to be closely
related to the structure of the index set as a subset of R”. It should then be expected
that a more intrinsic point of view would yield better results. This was achieved in the
landmark paper of R. M. Dudley [3]. On the index set T, consider the pseudo-distance d
given by
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d(u,v) = o(X,~X,) = (EX,— X )" @

(d will keep this meaning throughout the paper). Denote by N, the smallest number of

closed d-balls of radius ¢ that can cover T. We define the metric entropy condition as
the finiteness of the entropy integral [;(log N,)"?de. Note that when ¢ is larger than the
diameter of T, N=1, so the integrand is zero. Also, since N, is a decreasing function of
¢, the issue for the finiteness of the integral is at zero. One major result of R. M. Dudley
is that the metric entropy condition implies the boundedness of the process. More
precisely

o

EsupX,<K J' (log N,)"?de 3)
T .

0

for some universal constant K. We should note here that when T contains one point
only, the entropy integral vanishes, so we cannot use Esup,|X | instead of E sup,X, in
3).

The inequality (3) is in some sense sharp. V. N. Sudakov [25], used a lemma of
D. Slepian [24], that is now a cornerstone of the theory, to show that

supe(log N)"> < KEsupX, 4

>0 T

for some universal constant K. (For simplicity, K will always denote a universal
constant, not necessarily the same at each line.)

At this point, we must discuss a simple, well known, but most instructive example.
Consider a Gaussian process indexed by T={n;n=1}, or, in other words, a jointly
Gaussian sequence (Y,),..,. (We do not assume that the Y, are independent.) Assume

that o(¥,)=(EY?)"2<(1+log n)~"2. Then the sequence (¥,) is bounded a.s. and in fact
Esup|Y,|<K (5)

for some universal constant K. The proof is elementary. We note that for a Gaussian
r.v. X, with o=0(X)=(EX?"?, we have, for azo

P({X=a)) = Qna®)™'\? j exp (—£26)dt

a
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-]

< 2nd*a®) ™12 f exp (—*2d%)dt

a

<—2Z exp( a2>Sexp (—ﬁz—>.
aV 2@ 207 20°

So, for a=2,

&
P({(An=1,|Y,|=a})<2 2 exp (—7(1+log n))

nz1

<2exp (_23) 2 < Kexp (_a_2>
2 nz=l 2
and this implies (5).

Let us assume now that the sequence (Y,) is independent, and that

o(Y,)=(1+logn)""2. Let £>0. Then for n<n,=exp(—1+1/2¢?), we have o(Y,)>¢V 2,

so if m, n<n, se have d(n, m)=0(Y,—Y,)>2¢. This shows that n, m cannot belong to
the same d-ball of radius &. It follows that N,=n.—1, so inf,,,£(log N,)"*>0, and the
metric entropy condition fails. This example shows that the boundedness of a Gaussian
process is not characterized by the metric entropy condition. A closer inspection will
give a clue about the reason of this failure. Each n for n<n, needs a d-ball of radius ¢ to
cover itself alone; on the other hand, the points n for n>n, can be covered by one single
d-ball of radius e. This can be expressed by saying that the numbers N, can give
exaggerated importance to parts of the space (T, d) that are actually rather thin. They
do not take well in account the possible lack of homogeneity of the space (T, d).

One should then try to understand the case where (7, d) has some homogeneity. A
typical situation is the case of stationary processes. If G is a locally compact abelian
group, a Gaussian process (X)), is called stationary if the translations are isometries
of (G,d), where d is as usual given by (2). In other words, for #,u,v in G, d(u,v)
=d(u+t, v+1). In that case, any two d-balls of G are isometric. Let now T be a compact
subset of G, of nonempty interior, and suppose that the covariance of the 'stationary
process (X)),¢ is continuous on GXG. In 1974, X. Fernique established (in the case
G=R") the fundamental fact that the metric entropy condition is necessary and suffi-
cient for the continuity of (X,),¢,. This result had a considerable influence. For
example, it is the main tool used by M. Marcus and G. Pisier in the definitive treatment
of random Fourier series [21]. The proof of this result is outlined at the beginning of
section 2. The proof of our main result will follow the same general scheme.
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For general processes, we need a substitute to the metric entropy condition. The
stationary case can give a hint. If G is compact, (X,),¢ is stationary, and m denotes the

normalized Haar measure of G, it is easily seen that the metric entropy condition is
equivalent to

*® 1 1”2
- 0 6
Sep fo <l°g<m(B(x, e)))) de< ©

where B(x, €) denotes the d-ball, and where the integral is actually independent of x.
Condition (6) will prepare the reader to the introduction of majorizing measures. For
the simplicity of notations, let us set once and for all g(r)=(log(1/¢))"? for 0<r<1. We
say that a probability measure.m on (T, d) is a majorizing measure if

sup f 2(m(B(x, €)))de < o,
0

x€

We note that the integrand is zero when ¢ is larger than the diameter of 7. X. Fernique
proved that for a Gaussian process (X,),¢, and any probability measure m on (7, d), we
have

0

EsupX,<Ksup j g(m(B(x, £)))de. )
T x 0

It is not hard to show that this contains Dudley’s result (3). It should be noted that (7)
follows from an earlier work of C. Preston ([23], Lemma 4). However, in his main
statements, C. Preston unnecessarily restricts his hypothesis. He was apparently not
aware of the power of the present formulation. C. Preston’s work itself follows a
seminal paper by A. M. Garsia, E. Rodemich, H. R. Rumsey [15].

X. Fernique apparently conjectured as early as 1974 that the existence of majoriz-
ing measures might characterize the boundedness of Gaussian processes. (See [10] p.
69). Other researchers however considered these measures as exotic; so Fernique
remained very isolated in his efforts; he nevertheless proved a number of important
partial results, and his determination eventually motivated the author to attack the
problem.

The central result of this paper is the validity of Fernique’s conjecture. It will be
proved in section 2.



104 M. TALAGRAND

THEOREM 1. For each bounded Gaussian process (X,),¢y there exists a probability

measure m on (T, d) such that

sup f g(m(B(x, €)))de < KEsup X,.
x 0 T

In section 3, we will explore some of the consequences. We will prove a compari-
son theorem between Gaussian and subgaussian processes. We will relate the uniform
modulus of continuity of (X,) over (T, d) and the existence of special types of majoriz-

ing measures on (7, d); Another consequence of (the proof of) Theorem 1 is the
following, that is so unexpected that it does not seem to have been even conjectured
earlier.

THEOREM 2. Let (X)),c 1 be a bounded Gaussian process. Let a=E sup,|X,|, and let

b be the d-diameter of T. Then there exists a (not necessarily independent) Gaussian
sequence (Y)),.., such that o(Y,)<Ka(log n+a*/b®)™'2 and that for each t in T, we can
write

X,=> a07Y, ®)

where a, (=0, L, a, (<1, and the series converges a.s. and in L2 Moreover, each Y,

is a linear combination of at most two variables of the type X,.

The point of this theorem is that this representation of the process implies its
boundedness. Actually, (8) implies that

X (@)| < sup|Y, ()]

so the boundedness of (X,) follows from (4) and the easy fact that b<aVZx. Actually,
(8) implies that Esup;|X,|<Ka. An easy consequence of Theorem 2 is the following

solution to the problem of continuity of Gaussian processes.

THEOREM 3. Let T be a compact metric space. Then a Gaussian process (X,),¢ 1 is

continuous if and only if its covariance is continuous and there exists a Gaussian
sequence (Y,),, such that lim, (log n)"? o(Y,)=0 and that for each t in T, one can write

X=L,a,0Y,, where the series converges in L?, a (=0, L, a, ()<1.
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As a corollary of Theorem 3, we will be able to describe all Gaussian measures on
all separable Banach spaces (Theorem 19).

A natural question raised by Theorem 1 is to better understand the nature of the
majorizing measure m, Qur proof is not constructive; the existence of m is proved
indirectly. The constructions make use of the structure of the metric space (7, d), but
they don’t relate well this structure to the properties of the process. Consider the case
where T is finite and separated by d. Then there is a.s. a unique point (w) of T such
that X, (w)=sup; X,(w). Denote by u the law of z. The intuition of X. Fernique was

that the majorizing measure should be closely related to u. We will prove the following
result (the left-hand inequality is due to X. Fernique).

THEOREM 4. Let T, u be as above, and D be the diameter of T. Then
K 'EsupX, $D+f d,u(x)f gu(B(x, £)))de <« KEsup X,. )
T T 0 T
To interpret this theorem, let

T = {xe T, j gu(B(x, £))) de < 2KE supX,}.
0 T

Then wu(T')=1/2, and u behaves like a majorizing measure on T’, with the unessential
restriction that it is not supported by 7T’. The set T’ can be much smaller than T;
however, as far as the process sup;X, is concerned, T’ contains a lot of information

since P(sup; X,=sup;X,)=1/2. Actually it can be shown that if U<T is such that
P(supy X,=sup;X,)=1/2, then E sup; X,<KEsup, X,. So, roughly speaking, Theorem 4
means that u is a majorizing measure on a subset of T large enough to control sup,X,.

As we have seen, Esup,X,=EX,, and the law A1) of t is u. Given now any

probability measure v on 7, it is natural to consider the functional (introduced by
X. Fernique)

F(Z,v)= sup X,,
HAn)=v
where #=(X)),¢r, and the sup is taken over all measurable maps # from Q to 7, of law
v. (So we have Esup;X,=F(%,u).) In section 4, we prove Theorem 4, and we show
how to evaluate the functional F(Z,v).
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2. Existence of majorizing measures

One essential ingredient of the proof is a very specific property of Gaussian processes,
that was discovered by D. Slepian [24]. Close to Slepian’s result, but more convenient
to use, is the following comparison theorem. '

ProPOSITION 5. Let (X),er, (Y),cr be two Gaussian processes indexed by the
same set. Assume that for each u,v in T, we have o(Y,—Y)<o0(X,—X). Then

Esup, Y <Esup;X,.

As stated, this theorem was announced by V. N. Sudakov [26]. X. Fernique
mentions in [9] that credit is also due to S. Chevet. (We did not have access to Chevet’s
paper.) The weaker inequality Esup;Y,<2Esup;X, would be sufficient for our pur-
pose. It can be derived easily from Slepian’s lemma, as is implicitly proved in an early
paper of M. Marcus and L. A. Shepp [20]. A proof of Theorem 5 can be found in [10].

The best way to illustrate the power of Theorem 5 is to prove Sudakov’s minora-
tion (4). Let £>0, and let U be a maximal subset of T with d(z, u)>¢ for t, uin U, t#u, so
N.<cardU. Let (Z),e;, be an independent standard normal sequence; and let Y,
=(¢e/V' 2)Z,; For t, uin U, t+u, we have o(Y,—Y,)=e<0(X,—X,); so Proposition 5 gives

EsupY,<EsupX,<EsupX,.
U U T

An easy estimate shows that E'sup,, ¥, is of order e(log(card U))"?, and this implies (4).
We now outline the proof of Fernique’s theorem that in the stationary case, the
continuity of a Gaussian process implies the metric entropy condition. To avoid
unessential technicalities, we consider the case where G is compact, T=G.
For two subsets A, B of a metric space (T, d), let

d(A, B) = inf {d(a, b);a€ A, bEBY}.
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Assuming that the metric entropy condition fails, Fernique’s method allows to con-
struct for n=1 numbers N,, and families %, of d-balls with the following properties:

> 97i(log N) 1 = oo (10)
izl
(11) Each B in %, has radius 97"; if B, B’ belong to %,, B+B', then d(B, B')=97".
(12) Each B in 9, contains N, balls of &,,,.
(The choice of the number 9 is fairly arbitrary.)
Let S, be the set of the centers of the balls of %,. The all-important condition (11)

allows to use Theorem 5 to compare (X)), , with a suitable process to get

K! 2 97(log N)'? sEs?pX, SESl;pX,

isn

and this is impossible for n large enough.

One stricking feature of the construction is condition (12). It means that all the
balls in %; play essentially the same role. This is made possible by the great homogene-
ity of T, and in particular by the fact that all the d-balls of T of a given radius are
isometric. This specific feature cannot carry on in the general case.

Recall that for a metric space 7, the diameter of T is the quantity

diam T = sup {d(x, y);x,yET}.

The main construction of our proof, by induction over n, is the construction of a
family 9, of subsets of T (that are no longer d-balls), that satisfy the following
conditions:

(13) Each B in %, has diameter <6™";

(14) If B, B' belong to B,, B+B’, then d(B, B')=6"""",
as well as appropriate substitutes for conditions (10) and (12), that we will describe
later.

After 3, has been obtained, we will continue the construction by trying to build
inside each set B of %, as many sets of %, +188 possible. To succeed, we must ensure
that B is big enough in some sense. So we need an appropriate measure of the size of a
metric space.

Given a probability measure m on the metric space (7, d), let
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-]

Ym(T) = sup f g(m(B(x, €)))de
x€T 0
w(T) =infy, (T)

where the infimum is taken over all probability measures m on T. For a subspace A of
T, y(A) refers to the quantity associated to the metric space (A,d); that is,
y(A)=infy,(A), where the inf is taken over the probability measures supported by A.
From now on, we assume until further notice that all the metric spaces are finite.
Recall that a metric space (U, 9) is called ultrametric if for «, v, w in U, we have

O(u, w) = max(é(u, v), 6(v, w)).

A nice feature of ultrametric spaces is that two balls of the same radius are either
identical or disjoint. Say that a map f from U onto T is a contraction if d(flu), Av))<
o(u, v) for u, v in U. For a metric space (T, d), consider the quantity

a(T) =inf {»(U); U is ultrametric and T is image of U by a contraction}.

Although ¥(T) comes first to the mind as a way to measure the size of 7, the
quantity a(T) is easier to manipulate, and yields stronger results. We first collect some
simple facts.

LeMMA 6. (a) W(T)<a(T).

(b) if AcT, HA)=2/(T).

(©) if U is ultrametric, AcU, then y(A)<sy(U).

(d) if AcT, then a(A)<a(T).

(e) a(D=inf {y(U); U ultrametric, card Uscard T, diam U<diam T, T is image of
U by a contraction} and this inf is attained.

(f) diam T<K¥(T).

Proof. (a) Let f be a contraction from U into T, m a probability measure on U,
u=flm). For u in U, >0, we have f~'(B(flu), €))>B(u, ¢) since f is a contraction, so
u(B(flu), €))=m(B(u, £)) since u=f{m). (Here and throughout the paper, when no ambi-
guity arises, we adopt the convention that B(x, €) denotes the ball for the distance on
the space that contains x.) Since g is decreasing we get

®©

f gu(B(flw), &)))de< f g(m(B(u, £)))de.
0

0
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Since f'is onto, we get Yu(T)=sy,(U), so Y(T)sy(U) since m is arbitrary, so T)<a(T)
since U, f are arbitrary.
(b) For ¢t in T, take ¢(f) in A with

d(t, () = d(t, A) =inf {d(t, y); yEA}.

Let m be a probability measure on T, and u=@(m), so u is supported by A. Fix x in A.
For ¢ in T, we have d(t, A)<d(t,x), so d(t, p(t))<d(t, x), so d(x, p(H))<2d(x,t). Since
u=@(m), it follows that u(B(x, 2¢))=m(B(x, £)), so

f gu(B(x, £))du < f g(m(B(x, €/2)))de
0 0
=2 f g2(m(B(x, g)))de.
0

This shows that Y(A)=2y,(T), so p(A)<2y(T).
(c) With the notations of the above proof, the ultrametricity gives

d(x, (1)) < max (d(x, 1), d(t, (1)) < d(x, t)

$0 u(B(x, €))=m(B(x, ¢)) and y(A)<y(U) as above.
(d) Let U be ultrametric, and let f be a contraction from U onto 7. By (c), we get

aA) sy @)=y

so a(A)=<a(T).
(e) If (U, 9) is ultrametric, and f is a contraction from U onto 7, consider the
distance 0, on U given by

9,(u, v) = inf (d(u, v), diam T).

Then (U,6,) is ultrametric, f is still a contraction from (U,d4,) onto 7, and
(U, 8))<y((U, 6)) by the argument of (a). Also, if A=f"1(T), y(4)<p(U) by (c). The
last assertion follows by a standard compactness argument.

(f) Take two points u,v in T. Let d=d(u, v). The balls B(u, 6/3), B(v, 6/3) are
disjoint. For a probability measure m on T, one of these balls (say the first) has a
measure <}, so
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613
wT) = j 2(B(u, €)) de = 6/3(log 2)""
0

50 d(u, v)<Ky(T). The proof is complete.
The next lemma exhibits a behavior of a that resembles a strong form of subadditi-
vity.

LemMA 7. Let T be a finite metric space of diameter D. Suppose that we have a
finite covering A,, ..., A, of T. Then there is a nonempty subset I of {1, ..., n} such that

for i in I we have

a(A) = o(T)~D(2log (1 +card ).

Proof. From Lemma 6(e), for i<n there exists an ultrametric space (U, d;) of
diameter <D, a contraction f; from U, onto A;, and a probability measure m; on U,
such that a(A)=y,, (U). Let U be the disjoint sum of the spaces (U),c,. Define the
distance 8 on U by 6(u, v)=3,u, v) whenever u, v belong to the same U,, and 6(u, v)=D
otherwise. Then (U, 0) is ultrametric. The map f from U onto T given by flu)=f(u) for u
in U, is a contraction.

There is no loss of generality to assume that a(A)=a(A4) for 1sisjsn.

Let 7,=(i+1)72, so

Zni=zn’zsfmt_2dt=l.
1

izl nz2

Consider the positive measure m’ on U given by m'=ZX,.,n;m;. We have ||m’||<l1,
so there is a probability m on U with m’<m. Take x in U, and let i with x € U,. Since for
0<a, b=<1, we have g(ab)<g(a)+g(b), we have

g(m(B(x, €))) < g(m'(B(x, £))) < g(n; m{B(x, €)))
< g(n)+g(m,(B(x, £))).

It follows that

D

f g(m(B(x, )))de = j g(m(B(x, £))) de
0

0
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o

<Dg(n)+ f g(m(B(x, €))) de
0

< Dg(n)+alA).

It follows that

a(U) <y,(U) = sup (Dg(n)+a(A)),

So there exists 1<i<n such that
a(A) = a(U)—Dg(n) = a(U)—D2log (1+i)"2.

Taking I={1, ..., i}, this concludes the proof.
CoroLLARY 8. If T=T,U T,, a(T) <max (a(T}), u(T,))+2 diam T.
Proof. Take n=2 in Lemma 7, and note that (2log3)"?<2.

At this point, we should mention that we never attempt to find sharp numerical
constants, but always use crude, but simple, bounds.

The main obstacle to the construction is the separation condition (14). It implies, in
particular, that we cannot in general cover an element B of %, by elements of %, ,.

Thus, we have to take great care that the piece of B we will disregard is not too big. This
seems to be difficult to achieve by using the functional a alone, so we will introduce an
auxiliary functional that somehow measures the rate of decrease of a.

Foriin N, AcT, let

BAA) = a(A)—sup a(ANB(x, 67 1),
x€EA
The next lemma starts to address the problem of condition (14).

LEMMA 9. Let (T, d) be a metric space, iEN. Then we can find non-empty subsets
BcAcT satisfying the following conditions

(15)diam A<67;

(16) d(B, T\A)=6"""";

(17) One of the following holds:
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@ aB)+a(T)=2a(A);
(b) a(B)+B(B)=a(T).
Proof. First case. There exists x in T such that
a(B(x, 6" ) +a(T) = 2a(B(x,2-6" ).
Then we set
B=B(x,6""), A=B(x2-6"".

and (a) of condition (17) holds.
Second case. For each t in T, we have

a(B(t, 67 ) +a(T) <2a(B(, 2-67).
Let x be such that a(B(x,2-6~""!)) is maximal. Set
B=B(x,2:6"""), A=B(x367")
so (15) and (16) hold. For any ¢ in T, we have
a(B(t, 6~ ) +a(T) <2a(B)
SO
a(B)+(a(B)-a(B(t, 6= a(T).
Since
a(B(t,6™" )= aB)NB(t, 67

this shows that a(B)+B(B)=a(T). The proof is complete.

We now have the tools to perform the essential step.

ProroSITION 10. Let (T, d) be a metric space of diameter <6~'. Then we can find
a non-empty index set I, and for k in I, a set B,cT such that the following conditions
hold:

(18) each set B, has a diameter <67,

(19) if k, I€1, k=l, then d(B,, B)=6"""1,
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(20) for k in I,

a(B)+B,,, (B) = a(D+B(T)—6"+'2+(log (card I))'?).

Condition (20) will be easily used when successive applications of the proposition
are made. It is to obtain a relation of this type that we introduced the quantities S;.

Proof. By induction over k, we construct subsets A,, B,, T, of T that satisfy the

following conditions:

QD T,=T\U,,A,;diamA, <6™""; B,cA,cT,; dB,, T, \A)=6"""%
(22) For each k, one of the following holds:

(a) a(B)+a(T)=2a(A));

(b) a(B)+B:, (B = o(T)).

The construction starts with 7,=T. It is straightforward by applying Lemma 9 to the
space T, at step k. We stop the construction at the first integer m for which
(T, )<a(T)—2-67", so in particular a(T)=a(T)—2-6"* for k<m.

Let T'=U,,A,, so T=T'UT,. It follows from Corollary 8 that o(T")=
a(T)-2-67", _

We now apply Lemma 7 to the covering of T’ by the sets (A,),.,,- We get a non-
empty subset 7 of {1,...,m—1} such that for each k in I, we have

a(A) = o(T")—6"(2log (1+card I))'2,

Using the easy inequality (log(1+n))"?<1+(logn)"?, we get

a(A) = a(T)—-2-67/(2+log (card 1)), (23)
Since A, is of diameter <6, we have
BAT) < a(T)—a(A,) <2-6~(2+log(card I))"2. (24)

For a given k in J, suppose first that (a) holds in (22). Then from (24)
a(B,) = 2a(A)—a(T,) = 2a(A,)—a(T)

2z a(T)-2(T)—a(Ay)
= a(T)+B(T)-3(a(T)—a(A))

= a(T)+B(T)—6""*'(2+(log (card I))"?).
$0 (20) holds since g,,,(B,)=0.

8—878282 Acta Mathematica 159. Imprimé le 25 aott 1987
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Suppose now that (b) holds in (21). Then from (24), we get
a(B)+B,.,(B) = a(T) = a(T)~2-67""
= a(T)+B(T)—4-6~'(2+(log (card 1))"?).

It remains only to prove (19). For 1<k<i<m, we have BcT,cT,, ,cT,\A,;, so (21)
implies that d(B,, B)=6"""2. The proof is complete.

Let U be an ultrametric space. For x in U, i in N, let N/(x) be the number of disjoint
balls of radius 6~""! that are contained in B(x, 6™). Define

E(U) =D 67" (log N 25)
i€Z
LU= inf £U). (26)

We note that if diam U<6~/, and B(x, 6"%)={x}, we have
E()= D, 67 (log N,(x)™.
jsi<k

We can now perform the main construction.

THEOREM 11. There exists a universal constant K with the following property. For
each (finite) metric space (T, d), there exists a ultrametric space (U, d) and a map ¢:
U—T such that the following conditions hold:

a(T) < KE(U); 27
O(u, v) < d(p(u), p(v)) < 360(u,v), VYu,vEU. 28)

Proof. Let j be the largest integer with 67/=diam T.
Consider two points u,v of T with d(u, v)=diam 7. The space U=({u,v},d) is

ultrametric, and the canonical injection @ from U in T satisfies (28). The balls B(u, 671
and B(v, 67!) are disjoint; so we have

EU)=E(U)=67"1(log2)"? = (log2)"* diam T/6.

We can assume that K=6* (log2)""2. Then (27) holds unless a(T)=6*diamT, so it
remains to prove the theorem in that case only. By induction over i=j, we construct
families %, of subsets of T that satisfy the following conditions.
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(29) for B in B, diam B<67/;

(30) for B, B’ in B,, B+B’, we have d(B,B')=6""";
(31) for B in %, i>j, there is B’ in %;_, with BcB';
(32) for B in BB, if

N=card {B'€ %,,,,B'cB},
we have N=1, and for each B’ in %,,, with B’cB, we have
a(B")+B;,,(B") = a(B)+B{(B)—6~"1(2+(log N)').

The construction starts with %B,={T}. Each step is performed by application of
Proposition 10 to each element of %;. We stop the construction at some k large enough
that any two different points of T are at distance >67%, so each B of %, consists exactly
of one point. Let U=U {B; BE B,}. For u, vin U, let (u, v)=6"""%, where i=sup {I; 3B
in %, u,vEB}. Since u,vEB for some B in B, we have d(u, v) <6~ from (29). Also,
there exist two different elements B,, B, of %,,, such that ¥ €B,, vE B,, so (30) shows

that d(u, v)=6"""2. Denote by ¢ the canonical injection from U into T. We have proved
(28).

Fix now x in U, and for j<i<k denote B(x) the element of %, that contains x. Let
N{x) be the number of elements of %,,, that are contained in B/(x). From condition (32)

we have, for j=isk
(B, 00)+B:1 (B, (X)) = a(BLx))+BLBLx)—6~+'2+(log N(x))'?). (33)

We note that a(Bj(x))=a(T), ﬁj(Bj(x))zo. Also, since B, (x)={x}, we have a(B(x))=0,
B(B(x))=0. Summation of the inequalities (33) for j<i<k gives

aT)< D, 67*'2+(1og N()').

i<k

Since 6 V<6diam T, we have

S 261l < L @diam T<a(m)2,
jsi 5 2

SO

a(T)<2-6* Y, 67 (log N(x)'™. (34)

jsi<k
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We note now that for each element B of %, BnU is a d-ball of radius 672, so (34)
means that a(T)<2-6*£ (U), so a(T)<2-6*£(U). The proof is complete.

We can now prove the existence of majorizing measures when T is finite.

THEOREM 12. Let (X,),c; be a Gaussian process indexed by a finite set T, and
provide T with the canonical distance d. Then a(T)<KE sup;X,, where K is a universal

constant.

Proof. Let U, ¢ be as given by the application of Theorem 11 to the space (T, d). It
is enough to show that &(U)<KE sup,¢, X, A first approach would be to show that

E&U)<Ky(U), and to use a theorem of X. Fernique ([11] Théoréme 3-3) which in the
present case gives Y(U)<KEsup,¢ X, It will, however, be simpler to give a direct

proof. We note that for &, v in U, 0(X ), X,,))=d(@(), p(v))=d(u, v) so the theorem is

a consequence of the following result, that we single out for future reference.

ProPOSITION 13. Let (U, 8) be a finite ultrametric space. Then for each Gaussian
process (X),cy such that o(X,X)=0(u,v) whenever u,v€EU, we have

EU)<KEsupy X,, where K is a universal constant.

Proof. Let jin N be the largest with diam U<67, For i>j, let %, be the collection of
the balls of U of radius 6~". Let 3=U U,>; %,. Consider an independent family (Yp)ge 5 Of
standard normal r.v. For u in U, i>j, we write for simplicity Y, ; B( 6 For u in U,
let Z=%.,67Y, .

Let u, vin U, and let & be the largest such that 6(«, v)<6~*. Then B(u, 6~)=B(v, 679
for i<k, so

Z,~7,= > 67(Y, ~
>k
It follows that

oZ,~2)< ) 6" s—g—-s-"" s_‘;’_a(u, v)

i>k

s%a(xu—x,,).



REGULARITY OF GAUSSIAN PROCESSES 117

Proposition 5 shows that it is enough to show that §(U)<A E sup, Z, for some constant
A. Let A be a number such that for a finite independent family (Y}, of standard
normal r.v. we have (log N)">’<A E sup,<y Y;- By induction over n, we prove the follow-
ing statement:

(H,) If U has a diameter <67, if for each x in U, B(x, 6 “)={x} and if k—j<n, then
S(WU)<AEsup,Z,.

For n=0, U contains only one point, so §(U)=0 and (H,) holds. Let us assume now
that (H,) holds, and let us prove (H,,,). We enumerate %,,,as {B,, ..., B,}. For p=gq, let

Q, = {Vi<q,i*p, Yy > ¥, ).

For u in U, define

Z,= 6Y,,=Z,~67"Y, .

i>j+1

For k<q, consider a measurable map 7, from Q to B, that satisfies Z; =sup,¢ Z,. (For
Al

a measurable map 7 from Q to U, we define Z by Z(w)=Z,,,(w).) Define now a

measurable map 7 from Q to U by 1(w)=1,(w) for o in Q,. We have

EswZ,2EZ,= ) E(ly Z,)
U

k<q

= E(lg (677 Y, +Z))

k<q

=671 Elg Yp)+ D, E(lg Z}).

k<gq k<q

Now

> E(lg Yp) = Esup Y, =A"'(log 9)".

k<q

The independence of the variables (Yj)gc 4 shows that lgk and Z;k are independent, so

! ! 1 (A
Elg,Z;)= PQIEZ, = EZ,,
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so we get

AEZ, = AEsWwZ,>&B).
k

The definition of £ makes it clear that for each &,
£E(B)+67"'(log 9)2 = &(U)

so the proof is complete.

In the case where T is finite, Theorem 1 follows from Theorem 12 and from the
fact, proved in Lemma 6, that y(T)<a(T). There is, however, a definite loss of
information when using y(T) instead of a(T). The following result is more precise than
Theorem 1, and essentially contains all the strength of Theorem 12. (Metric spaces are
no longer always finite.)

THEOREM 14. Consider a bounded Gaussian process (X,),c. Then there exists a

probability measure m on (T, d) such that for each t in T

diam T
j g(sup {m({u});d(t,u) <e})de<KE s1;pX,. (35)
0

Proof. Theorem 12 shows that for each finite subset V of T,

a(V)<KEsupX,<KEsupX,.
v T

It is hence enough to show that if we set a=sup{a(V); V=T, Vfinite} there is a
probability measure m on T such that for each ¢ in T,

diam T
f g(sup {(m({u});d(t,u)s¢e})de<Ko.
0

We start by an elementary observation, that we will use routinely in the rest of the
paper. If h(r) is a positive decreasing function, we have

> 2 he )< f h(e)de< Y, 27 h(27). (36)
0

i€Z i€Z

Denote by j the largest integer with 2~ /=diam 7.
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Suppose now that the process (X)),¢, is bounded, and for i=j let T, be a finite
subset of T such that each point of T is at distance <27 of a point of T,. Consider a
map ¢, from T toT,, such that d(z, <p,~(t))$2’i. For each k, we know that a(T,)<a. So
there exists an ultrametric space (U, d,), a contraction f, from U, onto T,, and a
probability m, on U, such that for each u inU,,

J’ g(m(B(u,e)))de<a
0
so from (36) we have

> 27 g(my(B(u, 27Y) < 2a. 37

i>j

To each ball B of U, we associate a point v(B) in B. Let %; be the family of balls of
radius 2™ of U,. Denote by u¥ the probability measure on T that, for each B in %, gives
mass m(B) to the point ¢(f(v(B))). We note that uf is supported by 7;. Fix ¢ in T.
Choose ¢' in T, with d(z, t')<27* Take u in U, such that f(w)=t'. For each i,
we have 8,(u, v(B(u, 27))<2, so d(t', f(v(B(u, 27)))<2', so

d(t, o (f(v(B(u, 27 <2742k,
We set
= o f (B, 27Y)))

so d(t, 1)=<27*'+27% and u¥ ({£*})=m(B(u, 27)). If follows from (37) that we have

> 27 gk <2a. (38)

i>j

Let % be an ultrafilter on N. Since t* belongs to the finite set T, the limit £,=lim,_ 4}

exists, and d(z, t)<2"*'. Since ¥ is supported by the finite set T, the limit x;=lim,_ 4 u

exists, and (38) implies that for each ¢ in U we have

> gt} <2a. (39)

i>j

Let m=%,,,2 ' u, so m is a probability on T.
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We note that
gm({t}) < g@ ul{t})
< g@ ) +eu{t})

so from (39) we get

3 27 gm{g)< >, 27 (@) +2a.

i>j i>j

Now

> 2 g@ )= 27 ((i~j)log ) * < K27 < Kdiam T.

i>j i>j

From lemma 6(f), diam T<Ka, so we get

z 27 g(m({t;})) < Ka.

i>f
For ¢>27"*! we have sup{m({u}); d(u, ty<e}=m({t,}) and the result follows from (36)

again.

3. Applications

Our first application is a comparison theorem between processes.

THEOREM 15. Let (X,),c; be a Gaussian process, and (Y,) be any other centered

process indexed by the same set. Assume that for each 6 in R, we have
2
Eexp0(Y,—Y)<Eexp0(X,—X,)=exp (% d4u, v)). (40)

Then we have Esup; Y, <K E sup, X, where K is a universal constant.

When (Y) is also Gaussian, Eexp 8(Y,—Y,)=exp (8’ a(Y,—Y,)*/2) so (40) reduces to
the inequality o(Y,~Y,)<o(X,—X,). In that case, Theorem 15 reduces to Proposition 5
(but with an unspecified constant).
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Proof. Theorem 1 shows that there is a probability measure m on (7, d) such that

sup f g(m(B(x, £)))de < KEsup X,.
xET 0 T

It follows from (40) that for each =0, each 6, we have
exp (10) P{Y,~Y,>td(u, v)} <exp (6*2).
Taking 6=1,
P{Y,~Y,>td(u,v)} <exp(-£I2).

As is well known to specialists, (and is shown e.g. by the proof given in [10]), this
inequality implies that (Y,) satisfies the majorizing measure bound (7). This completes

the proof.

Remarks. (1) The above proof is very indirect; it would be desirable to have a more
direct argument.

(2) M. Marcus pointed out that, by standard techniques, one can deduce from
Theorem 15 the fact that if (X),¢, is continuous on (7, d), then the process (Y),cr

satisfies the central limit theorem.

We now prove a version of Theorem 1 that is adapted to the study of continuity.
For completeness, we prove the following simple and well known fact.

PROPOSITION 16. Consider a bounded Gaussian process (X,),¢ 7. Consider a metric

T on T such that the canonical metric d is t-uniformly continuous. Then the process
(XD;er is T-uniformly continuous if and only if lim,_, @ (7)=0, where @ is given by

on)=E sup (X,—X,). 41D

T(u, v)<n

Proof. We prove necessity. For each w we have

lim sup |X,/(w)-X, (w)=0
n—-0 (4, v)<ny

so the fact that lim, _,,¢,(1)=0 follows from dominated convergence.

Conversely, since d is tr-uniformly continuous, we can find a sequence
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(n,) with @, (n,)<27", and 1(u, v)<n, = d(u, vV)<2™". We borrow from Proposition 18 (to
be proved later) the fact that I, P(A,)<o, where

A"={ sup lX,,(w)—XU(w)|>K2”"2}.

o(u, v)<n,
It follows that almost all w belong to at most finitely many sets A,; so (X),¢r is

uniformly continuous for z. This completes the proof.

For a probability measure m on (T, d), we write

n
Ym) = sgg f g(m(B(x, £))) de (42)
x 0

n
a,(n) = sup f g(sup {m({u}); d(u, x) < €}) de. 43)
x 0

Recall that for a given metric space (T, d), we denote by N, the smallest number of
e-balls that can cover T.

THEOREM 17. Consider a bounded Gaussian process (X),cr. Then

(a) For any probability measure m on T, we have ¢ {n)<Ky, (1), where @ ,is given
by (41).
(b) Define

Pl)=supE (sup |X,~X.|). (44)

T dx,u)<n

Then there exists a probability measure m on (T, d) such that for each >0,
a,,() < KB(n)+n(log(2N, log} 2D/n)"*. (45)

In particular, the process (X)), is bounded and uniformly continuous on (T, d) if and

only of (T, d) is totally bounded and there exists a probability measure m on (T, d) such
that lim,_y,,(7)=0.

Proof. (a) (Due to X. Fernique.) Let

U= {(x,y) ETXT;d(x,y)<n}.
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We provide TXT and its subspace U with the distance d’ given by
d'((x,y),(x',y) = o(X,— X, ~ (X, — X, )).
For (x,y) in TXT, we have
B((x,y), €) o B(x, e/2)XB(y, £/2)

where the first ball is a d’-ball. It follows that

b 2
J gm®m(B((x,y), ¢))) de $28g!f> f g(m(B(z, €/2))) de
] Z

]

n
<4sup f g(m(B(z, £))) de = 4y ,(n).
0

ZET

The method of Lemma 6(b) shows that for any finite subset V of U we have
y(V)<8y,.(n). The conclusion follows then from (7) and an easy limit argument.

(b) Let D=diam 7. For n>0, let a,=27"D. For each n>0 we consider a family
B, ,,....B, . of d-balls of radius a, that covers T, where p(n)=N,, . So, for i<p(n), if
we denote by u(n, i) the center of B, ;, we have

EsupX,=E sup X,~X,, , <E sup |X,—X,, | <B(a,).
B €B ’ t€B, ’

n,i n,i

Denote by d, ; the diameter of B, ; (that can be smaller than 2a,). Theorem 14 shows

that there is a probability measure m, ; on B, ; such that for each x in B, ; we have
dn,i
f g(sup {m, ({u});d(x, u)< e})de < KB(a,). 46)
0
Let m, =10, »+m, ), and let

_ -2 -1
m= 2 n“pn)""m,
n>0
isp(n)

s0 ||m|j<1. Fix x in T, 0<p<D. Let n be the smallest integer =1 with a,<75,so0 7<2a,.
We note that if x€B, ;

sup {m({u}); d(x, u) < ¢} 2% n~2p(n)”!sup {m, ({u});d(x,u) < &)}.
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Also, for ezinf(d, ,, a,),

sup {m({u});d(x,u)<e} = %n‘zp(n)".
So we have from (46) that

d’l.i
a, ()< f g(sup {m, ({u});d(x, u) < &) de+ng(n™>p(n)”"12).
A ,

Since a,<n<2a,, we obtain (45).

We now prove the last assertion of the theorem. If (X,),¢r is uniformly continuous,
lim,_,8()=0, by dominated convergence. Let m be a probability measure on T such
that (45) holds. To prove that lim, . a,()=0, it is enough to show that
lim, ,e(log N,)"?=0. This is known [25], but we give the simple proof for completeness.

Let a>0. Let z be small enough that B(;7)<a. Fix a finite subset A of T such that each
element of T is within distance 5 of an element of A. Let £>0. For each x in A, it follows
from (3) that there is a subset A_ of T such that card A,<exp (K’ a’/¢?), and that for ¢ in

T, with d(x, £)<n, there is y in A, with

dt, y) = oX,~ X,—(X,~ X,))<e.

Let B=U_c, A,. Each point of T is within distance ¢ of an element of B, and card B
<card A exp(K® o?/e?). This shows that lim sup (log N,)"?*<K a for each a>0, and fin-
ishes the proof.

We now prove the converse. Consider #>0 such that y,(;7)<w. Then (7) shows
that (X)) is bounded on each ball of radius #. Since T is totally bounded, T can be
covered by finitely many such balls; so (X,),¢ 7 is bounded. We complete the proof by
using (a) and Proposition 16 with r=d.

We now prove Theorem 2. We will prove at the same time that if we assume
lim,_, @ ()=0, where @ (n) is given by (41), we can force the sequence (Y,) to have the
additional property that lim, _, (log n)"? o(Y,)=0.

Let j be the largest integer with 27=diam T. It follows from Theorem 14 and (36)
that there is a probability measure m on T such that for each ¢ on T, we have

2 27 g(sup {m({u}); d(t, ) <27'}) < Ka. 47

i=j
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If lim,_, ,()=0, we can moreover assume from Theorem 17 that

lim sup . 27 g(sup {m({u}); d(t, u) €27}) = 0. (48)

koo 1€T oy
For t in T, i=j, we pick ¢, such that d(t, )<2™' and
m({t}) = sup {m({u}); d(t, ) <27'}.

We can assume that #; uoes not depend on ¢.
From (47), we see that 2~ g(m({t,}))<Ka. This shows that for each ¢ in T, #,belongs
to the finite set

A;= {u€ T;m({u}) <exp(—2%(Ka)?)}.
Let a;=2""*"1exp (—(a/b)*). Using the fact that diam T<b<(7/2)"?a we find from (47)

that we have

> 2igla,m{t}) <K, a (49)

i=j

for some universal constant K. If lim,_,, ¢ {#)=0, we moreover have

lim sup 2 27 g(a;m({t}))=0 (50)

koo €T ok
For each t in T, i=j, we define
a, ;=27 (g(o;m({t;}))+g(a;,; m({t;, })))-
From (49), we get

>a,<3Ka (51)

iz

Moreover, if lim,,_,o ¢,n)=0, we have from (50)

lim sup E a, ;=0 (52)

k- 1€T 00

Define, for i=j,

z,;=6K,a(a, ) X, —X,)- (53)
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Let Z, be the set of all z, ; for ¢ in T. Since ¢, t,,, belong to the finite set A,,,, Z, is

i

finite.
Let Z be the union of the sets Z; for i>j. Fix £>0. We note that

o(X,, —X,)<d@, 1, )+d(t,1)<3: 2!
so if o(z, )=¢, we have a, ;<9-27'K,ale,so

gla;m({t;}))+g(ay, m({fi+1})) <9K,ale.

This implies

m({t}), m({t,, }) =27+ exp (—<9K' “)2+(.a_)2>,

4

Since m is a probability, this shows that there are at most

- 9K, a\? g2
2—1+J—lexp(( el )_%)

possible choices for either ¢, or ¢,,,; so

o 9K, a\? 2

€

It follows that

18K1a 2 a2
card {z€Z;0(z) = £} <exp . —33 .

We can index Z as a sequence (Y,),., such that o(Y,) does not increase. For each n,

18K, a\? g2
nscard{zel;a(z),éa(Yn)}sexp( a(Y)> —

This implies that o(Y,)<K, a(a’/b*+logn)~"2. For ¢ in T, we have
XX, = 2 X, -X,
izf
From (53), we have

X:"th= 2 (6K, a)'a,;z, ;.

izj
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From (51), this implies that X=X, =15 a0 Y, where L a,(1)=<1/2. Since the sequence
Y, is bounded a.s., it is clear that this series converges a.s. And we have
X=X +L,a,Y, Since a(a’/b’+log n)""?<Ka(a*/b*+log(n+1))"? for n=1, and
o(X,j)sb,rthis completes the proof of Theorem 2. When (52) holds, there is a sequence

b,— o such that

supz a,;b;<4K,a

€T

SO we get

X~X, = (6K ,a)"'a, ;bfz,;b7"). (54)

izj

For each n, let i(n) such that Y, €Z,,,. Since each Z; is finite we have lim,_,, i(n)=® so
lim,_,_ b;,==. From (51) and (53) we get

X-X,=D a0,
where I a,()<2/3, and Y,=Y, b, so lim,(log n)"?a(¥;)=0. The proof is complete.

To prove Theorem 3, we first need the following result of R. M. Dudley and J.
Feldman [3], [5]: If (T, 7) is metric compact, a Gaussian process (X,),c yis continuous on

(T, 7) if and only if the convariance of (X,) is z-continuous and the process is continuous
on (T, d). We give the simple argument for completeness. Suppose, first, that (X,),¢ris

7-continuous. Then the convariance is r-continuous by dominated convergence. For
n=0, let

A, = {(x,y) ETXT;d(x,y) <n}.

This is a 7-closed subset of Tx T, and n,,>0A”=A0. Fix £>0. By compactness, there is
7>0 and a finite set BcA, such that whenever (x,y)€A,, there is (x',y")€EB with
7(x, x"), 1(y, y')<e. We have

IXx—Xyl = |Xx_Xx'|+ IXx'_Xy’|+|Xy’ —Xyl'

Since (x',y') EA,, we have X,.=X , a.s., so E|X,.—X,|=0. It follows that ¢ ()<2¢ (),
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where @, @, are given by (35). Proposition 16 implies that lim,_,@.()=0, so
lim, ,@41)=0, so (X,),cr is uniformly continuous on (7, d). The converse is obvious
since the identity map (X, r)—(X, d) is continuous when the covariance is continuous.

We now prove Theorem 3. Only sufficiency remains to prove. By Proposition 16, it
is enough to show that lim,_,@(7)=0. Fix &>0. Let k>0 be such that

o(Y,)<e(1+logn)~'"2 for n=k. Let H (resp. G) be the closed linear span in L(P) of the
sequence (Y,) (resp. (Y,),<). Since G is finite-dimensional, there exists a>0 such that
Esupyc, X<e, where

A={XEG;oX)<a).

Let y be small enough that d(u, v)<a for z(u,v)<y. Denote by P the orthogonal
projection of H onto G. Since o(Y,—PY,)<a(Y,), (4) implies that

Esup(Y,—PY,)<Ke.

n>k
For u,v in T with d(u, v)<a, we have P(X,—X)EA. Also
X,~X,= D a,Y,
=1
where I, |a,|<2, so, since Y,=PY, for n<k, we get
X,~X,~PX,~X)= > a,(¥,~PY,).
n>k

This shows that

E sup <Esup|X|+2Esup|Y,—PY,|<Kg,
o, v)<a A n

and finishes the proof.

It might be interesting to point out that Theorem 2 can be interpreted as a theorem
of geometry in the finite dimensional Hilbert space. Consider such a space H of

dimension n. Denote by o the normalized measure on the unit ball. For a subset A of H,
consider

V(A)= f sup |[(x, y)|dot(x).
yEA
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This quantity has been studied in geometry under the name mixed volume, and plays an
increasing role in the local theory of Banach spaces. Fix an orthonormal basis
(¢)i<n Of H. For tin H, let X=X, (1, ¢;) g, where (g)),, is an independent sequence of
standard normal random variables.

The distribution of the sequence (g, is rotation invariant; the central limit

i<n

theorem implies that %,_, g’ is concentrated around r; this implies that

K™'n'?V(A) < Esup|X,| < Kn'?V(A).
tEA

Define now
C(A) = inf {a>0;30,),z, in H, [ly,|| < a(l+logn)~'?, Acconv {y,}}.
Then Theorem 2 can be reformulated as follows:
K™ 'n""2C(4) < V(A) < Kn~"2C(A).
A version of the following concentration result with sharp constants is a well

known consequence of Borell’s inequality [2]. The present version is, however, a
simple consequence of Theorem 2, and is sufficient for many purposes.

ProrosiTioN 18. Consider a bounded process (X,),c;- Let a=Esup,(X,), b=
sup;o(X)). Then for each u=1,

P({sgpIX,] = K(a+ub)}) < Kexp (—ud). (55)

In particular for AcQ,8=P(A),

EQ, sx;p|X,l)sK(ea+obg(e)). (56)

Proof. As mentioned after the statement of Theorem 2, this theorem implies that

sup |X,|<sup|Y,|
T n

where (Y,),, is Gaussian and o(Y,)<Ka(a*/b*+logn)""><Kb. We have, for s=b

9-878282 Acta Mathematica 159. Imprimé le 25 aofit 1987
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2 2
P({sup|Y,|> Ks}) < 2 2 exp <__s_2 <§3+log n))
n a

nz1

< >, 207" exp (= sYbY).

nzl

Taking s=2a+ub, we get (55), since I, 2n~4<3. To prove (56), we write

E(1,sup|X)) = f PAN{sup |X|>s})ds=1,+1,,
0 T

where I, is the integral over {s<K(a+bg(6))}, and I, the integral over {s=K(a+bg(0))}.
We have I,<6K(a+bg(6)). We have

©

L<Kb f P({sup |X,|> K(a+bu)})du
£(6) T

Sbif exp(—u'du) <K, b0
£

for some universal constant K. This completes the proof.

As a consequence of Theorem 3, we can give a description of all Gaussian
measures on separable Banach spaces. Consider a separable Banach space E. A Borel
probability 4 on E is called a (centered) Gaussian measure if the law of each continuous
linear functional on E is Gaussian. Let cy=cy(N).

THEOREM 19. If u is a Gaussian measure on a separable Banach space E, there
exists a Gaussian sequence (Y,) such that lim,_, o(Y,)(log n)2=0, a closed linear

subspace Z of ¢ such that (Y,)€Z a.s., and a bounded linear operator U: Z—E such
that u is the law of U((Y,)).

Proof. Since E is separable, the unit ball E*% of its dual is metrizable for the weak*
topology o(E*, E). Denote by (z,) a weak* dense sequence in E%. For x in E, we have
||x||=sup, z,(x). Consider each y in E% as a Gaussian random variable on (E, ). This

defines a weak* continuous Gaussian process, since for each x in E, the map y+—y(x) is
weak* continuous. Denote by H the closed linear span of E* in L?(u). From Theorem 3,
there is a sequence Y, in E* such that lim,_,_ o(Y,)(log n)"?=0, such that for each &,

z=L,a,,Y,, where a;, =0, L a, ,<I, and the series converges a.s. Denote by G the

n—w
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set of x in E for which all these series converges and for which lim, Y, (x)=0. It is a
Borel linear subspace of E, and u(G)=1. Consider the operator V: G—c, given by
G(x)=(Y,(x)). For x in G, we have

Illl < sup z,(x) < sup ¥, (x)

s0 |lx||<||[V()||. For x in V(G), denote U(x)=V~'(x). It follows that ||U(x)||<|x||. If Z
denotes the closure of V(G), then U extends by continuity to an operator from Z to E,
denoted U again, and (Y, (x))€EZ a.s.For x in G, we have UV(x)=x, so u is the law of
U((Y,)). The proof is complete.

A linear operator A between two Banach spaces E, F is called of type 2 if for some
constant C, and for each sequence (x),, of E we have

12
ED gAx)< C(E ux,.||2) (56")

i<n i<n

where (g)) is an independent sequence of standard normal random variables. The type 2
constant T,(A) of A is the smallest C that satisfies (56').

Consider any metric space (7, 7). Denote by Lip (7) the space of lipschitz functions
on T, provided with the norm

fO-fw) |

o = (diam T)7Y|f]|.. +
IfllLip = (diam T)7'||f]].. sup 1w

tu

It has been proved by B. Heinkel [16], who adapted a result of C. Jain and M.
Marcus [18] that the canonical injection A:Lip(T)—C(T) satisfies T,(A)=Ky(T)

(where y(T) is the functional considered in section 2). We can now prove the converse.
THEOREM 20. For some universal constant K, we have
K 'W(D < T,(A) < Ky(D).

Proof. We denote by D the diameter of T. We first prove Heinkel’s result that
T(A)<Ky(T). Consider x,,...,x, in Lip(T). For t in T, let X=X, g;x(t). Since
gy, .., 8, are independent, we have

) ) 1”
oX,) = (2 x?(t)) < (2 ”xx“i) $D(2 ”xi”iip> 67

i<n isn i<n
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and for ¢, u in T, we have
12 12
oX,-X,)= (Z (x,(t)—x,(u))2> <1(t,u) (2 ||x,-||ﬁp) . (58)
i<n isn
To avoid confusion between the 7 metric and the metric associated to X,, we write

By(x, &) ={yET;0(X,—X,) <¢}

B(x,e)={y€T;r(y,x) <&}

so we have

-1z
By(x,¢) > B(x, e(z ||x,[|iip) )

i<n

For a probability m on T, we have

) - 12
[ e[ (o)) o

12 fw
< (2 llxillzup) f g(m(B(x, €))) de
0

isn

so (7) implies

12
Est;pX.sK(Z ux.-lliip) AD.

i<n

Heinkel’s result follows from Lemma 6(f) and (57), (1).

We now prove the converse. Consider a subspace U of 7, and the canonical
injection B from Lip (U) into C(U). We first show that T,(B)<T,(A). Let (x),, be a
sequence in Lip(U). As well known there is a sequence (y)

the restriction of y; to x; and |y {|;,<l}x/| ;,- So we have

172
E g:x; 2 gyl =Ty A) (z Ib’i”iip)

i<n isn i<n

12
<T,(A) (Z lei”iip) :

i<n

i<n

in Lip (T) such that x; is

i<n

E <E

This shows that T,(B)<T,(A). In the proof of Theorem 14 we have shown that
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Y(T)< Ksup {a(V); VT, V finite}

so it is enough to prove that when T is finite, we have a(T)<KT,(A). In that case,

Theorem 11 shows that it is enough to prove that when T is ultrametric and finite, we
have &(T)<KT,(A). (Here again, a(T) and &(T) are the functionals defined in section 2.)

For j>0, denote by %; the family of balls of T of diameter 47D. Since T is finite,
there exists m such that B(x, D4™™)={x} for x in T. Let B=U, %,;. For

J€m

e=(ep)pea€ €={0,1}%,

we define

fi= D D DaTegyl,

I<j<mBE€ Qj

We note that ||f||.<X,.,D47<D/3. Consider now u,v in T, and let k be the largest
integer with D4 *=1(u, v). If BE %, for some I<k, we have 1,(u)=1,(v). It follows that

[ —f @) <D, D4 <4™Di3 <4r(u, v)3.

>k
This shows that ||f]| ;;<5/3<2. The definition of k shows that the two balls
B,=B(u,D4™*""); B,=B(v,D4™*")

are different. Since they belong to %, ,,, we have

| ) ~£,@)| = D4~ e, (w)—ep (v)|— >, D4~
J>k+1
= D47 ey ()¢, (v)|-D4™*/3.
Since |eg (4)—¢p (V)| is zero or one, we have
[fw)=f,)| = 2-47*'Dleg ()¢, W)I/3. (59)

Set N=2%% 1t follows from (59) that

12
(2 N“Iﬂ(u)—ﬁ(v)F) =2"2.47%1D/3 = t(u, v)/12. (60)

e€EE
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We set 1, =12N""?f,. We have

172
(2 nhgnii.,) <24. 1)

Denote by (g,).c¢ an independent family of standard normal r.v. For ¢ in T, let
X,=L,c8 h (0. It follows from (60) that for ¢, « in T, we have

12
oX,~X,) = (2 (he(t)-hs(u))z) = 1(u, v).

e€EY

Proposition 13 shows that K~ 'E&U)<E sup;X,. On the other hand,

2 g:h,

EsupX,<Esup|X|=E
T r €€

o

12
< Ty(A) (2 nhenii.,) < 24T,(A)

e€EE

from (61). The proof is complete.

4. Evaluation of Fernique’s functional

The very definition of F(&,u) when the process £=(X,), is indexed by an infinite set
raises non-trivial technical problems [14]. To avoid these problems, we will from now
on assume T to be finite. Since our results will be quantitative estimates, this is an
unimportant restriction.

Theorem 12 will be one of our tools. We first illustrate how it will be used, by
proving the right-hand inequality of Theorem 4.

LEMMA 21. Let £=(2¢)"'2. Then for 0<a, b<1, we have
ag(a)<ag(b)+&b.

Proof. Take t,u=0 with a=exp(—#), b=exp(—u’®). We have to prove that
texp (—)<uexp(—2)+Eexp(—u?), or equivalently that t<u+Eexp (#—u?. This is true
for t<u. For r=u, let v=t—u; we want to show that v<& exp Quv+v?). But exp Quv)=1
and £=sup, vexp (—v?). The proof is complete.
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LeMMmA 22. (a) Let U be a finite ultrametric space. Then for each probability v on
U, we have

f dv(x) f gW(B(x, £))) de < Ky(U).
U 0

(b) Let T be a finite metric space and . a probability on T. Then

f du(x) f gu(B(x, £))) de < Ka(T).
T 0

Proof. (a) Let m be a probability measure on U such that y,(U)=y(U), so for each
x in U, we have

jgwwmﬂ»ﬂsﬂW- (62)
0

Let D=diam U.
From (36) and (62) follows that for x in U, we have

>, 27 1Dg(m(B(x, D2 < D),

i=0
and hence

: z 27"'Dg(m(B(x, D27Y)) dv(x) < p(U). (63)

U izj

Denote by %, the family of balls of U of radius D2, For any i=0, we have

f g(m(B(x, D27 dv(x) = Y g(m(B)) »(B).
U

BE®,

It follows from (63) that

i=

D, 27"'Dg(m(B)) v(B) < ().
0 BES,
From Lemma 21, we see that

> > 27 DuB) gwB) < y(U)+ D, 277D

i>0 BE®, =0

<y(U)+ED.
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This means that

J >, 27"\ Dg(B(x, DY) dv(x) < Y(U)+ED.
U

iz0

The result follows from this inequality, (36) and Lemma 6(f).
(b) Let U be an ultrametric space, and f'be a contraction from U onto T. Let v be a
probability measure on U such that {v)=u. Since fis a contraction, for « in U we have

f gu(B(fuw),e)))de < f g((B(u, £))) de.
Q

)]

By (a) we get
f du(x) f 8u(B(x, e)))de< f dv(u) f g(w(B(u, £))) de
T 0 U 0
s Ky(U)
and the result follows from the definition of a(T).

The right hand inequality of Theorem 4 follows by combining (b) of Lemma 22 with
Theorem 12. X. Fernique has found good upper bounds for F(Z,u). It is somehow
surprising that we will be able to find good lower bounds by combining LLemma 22 with
a fairly crude minoration result for F(Z, ) (Proposition 26 below). The arguments are
easy, but somewhat lengthy. The following is a consequence of the integrability result
of H. Landau, L.. A. Shepp and X. Fernique ([7], [19]).

LEMMA 23. There exists >0, K,<x such that for each Gaussian process (X)),

and each a>0 we have

P({sup|X|=a})<2{ = EsuplX|<Ka.
T T

We need the following immediate consequence:

LEMMA 24. For any Gaussian process (X,),e 1, We have
P({supX,=a})<t = EsuplX|<Ka.
7 T

Proof. By symmetry, sup,—X,=—inf; X, has the same law as sup; X,. It follows that
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P({—SI;pX, za})s P({—iI;fX, =Za))= P({Sl;pX, =a})
S0
P({Sl;p |X,|\> a})< 2P({51;pX, =a})

and the result follows from Lemma 23.

Consider a Gaussian process £=(X,),¢r, and Y a Gaussian random variable. Let
X;=X,+Y. Since EY=0, we see that F(Z,u)=F(%',u) for any probability # on T. In the
study of F(Z, ), it is natural to single out the variable L ¢ ,u({t}) X, that we will denote
[ X,du(p). The preceding remark shows that to study F(%,u), there is no loss of
generality to assume { X, du(f)=0. From now on, all maps and sets are understood to be

measurable, even when we do not mention it explicitly.

LEMMA 25. Consider a Gaussian process (X)),¢ . Let A be a (measurable) subset
of Q, (a),¢r be positive numbers such that L,.;a,=P(A). Assume L ¢ra,X,=0a.s.
Then there exists a measurable map v from A to T such that E(X,1,)=0
and that a,=P({t‘1(t)}) for each tin T.

Proof. Consider the set C of families f=(f)),¢, of measurable functions such that

VIET, O0<f,<l,, Ef=a; D.f=1,
teT

This is a weak* compact convex set of L*(Q)”. For fin C, we define

¢(f)=E(Z X.f, IA)-

t€ET

This defines a weak* continuous affine functional on C. Define g=(g,),¢» Where

a, 1
P(A)

8=

s0 g€C. We have

Plg) = E(ZP—(IA—)-a,X, IA) =0

te€T
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since £;a,X,=0 a.s. This shows that sup. ¢=0. It follows that there is an extreme point

of C at which ¢ is =0. It is routine to show that, since P has no atom, each extreme
point of C is of the type (1,),¢y for A,cA, P(A4)=a,. The proof is complete.

We can now prove the essential minoration result.
ProrosITION 26. Consider a Gaussian process #=(X ), ; and a probability meas-

ure p on T. Assume that § X,du(£)=0. Then we can find a partition (Z)0 of T such that

Vi=0, Esup|X,|=<2F(Z,w), (64)
Zi

> 2u(Z) < KF(%,u). (65)

=0

Proof. By homogeneity, we can assume that F(%,u)=1. We can assume that the
constant { of Lemma 24 is small enough that for each Gaussian r.v. Y we have

Pa)<t = (B <=9 gy, (66)
2K,

where K| is the constant of Lemma 24.
By induction over k, we construct ¢, ..., t, in T, disjoint subsets B,, ..., B, of Q such
that if we write

T,=T\{¢,....t,_;}, d;=Esup|X)
Ti

the following conditions hold

Visk, PB)=u(1}); D PB)<E (67)

isk

Visk, 1,X,2d1,. (68)
We proceed to the first step. We have T,=T, d,=Esup,{X/|. Let
A= {supX,=d/K,},
T

s0 P(A})=C from Lemma 24. Consider A,;cA; such that P(A,)={. Consider a measur-

able map 7, from A, to T such that on A; we have X, =d/K,.
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First case. For some ¢, in T, we have P({r,=t,})>u({t,}). We choose B,c{r,=t,}
such that P(B,)=u({t,}), so P(B)<¢. The induction continues.

Second case. For each ¢ in T, P({r,=t})<u({t}). The induction stops.

We now proceed to the kth step. We have T,=T\ {1, ..., {,_,}, d,=E supy {X]. Let

A= {supX,=d/K,},
T

s0 P(A})=C from Lemma 24. Consider A,cA;\U,, B, such that P(4)=;~Z,, P(B).
Consider a measurable map 7, from A, to T, such that on A, we have X, zd/K,.

First case. For some t, in T, we have P({r,=1,})>u({r,}). We choose B,c{r,=1,}
such that P(B))=u({t,}), so I, P(B)<¢. The induction continues.

Second case. For each t in T,, P({r,=t})<u({t}). The induction stops.

This completes the induction. Since T is finite, the induction stops at some step k.
With the notations above, for r€T,, let C,={r,=1}. Let B=U,; B, U U, C,. We have

P(B)=¢. Define the map 7 from B to T by r=¢, on B, for i<k, and r=1,0n C= Uer,Crr
We have X =d,/K, on B, for i<k, and X,=d,/K, on C. Define
u=, du{t})+d,P(C). (69)
i<k
We have E(X, 1,)=u/K,. For tin T, let 8,=P({t=t}), so for i<k, we have ﬁ,i=;4({ti}) and
for t€ T, we have 8,=P(C). For t in T;, we have E|\X|<Esup;|X,|=d; It follows from

(69) that E|Z, .8, X|<u. For ¢ in T, define a=u({t})-B,, so %,c;a,=1-¢. Define
Y=%,,a,X,. Since [ X,du(r)=0, we have Y=-L,.B8,X,, so E|Y|<u. Let A=Q\(B, so
P(A)=1~¢. From (66) we get '

E|Y1,|<u(1-D)RK,. (70)

Since L, ra,=1-{, we have I,c;a,X,—(1-8)"'Y)=0. It follows from Lemma 25
that there is a map 7’ from A to T such that

VIET, P{r'=t))=a,; E(X,~(1-8)7'Y)1,)=0.

It follows from (70) that
E(X,.1,)=~ul2K,. (71)
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Define the map 7” from Q to T by v"=7 on B and 7"=1’ on A. Then HAz")=u. We have

Uu u U
EX,)=EX, 1p9)+EX, 1 )z2—-—= .
(X,) = EX, 1,)+E(X,. 1,) K, 2K, 2K,

Since E(X,)<F(¥,u)=1, we have u<2K,. The sequence (d),., decreases; so (69)
implies that u={d,. Let [ be the smallest integer for which 2'=d,. For i<, we set Z=Q.
We set Z;=T,. For j>I, we set Z={t; i<k, 2"'<d;<?'}. We have

D wZ)P <2 w{1)) d+2d, <2u+2d,

= i<k
<4K,+4K,/C.
The proof is complete.

For simplicity, we now set a(f)=o0(X)).
CoROLLARY 27. Under the hypothesis of Proposition 26, we have
[ 10(0) du()<KF(Z, 1).

The following result, with a better constant, is due to X. Fernique ([14], Proposi-
tion 2-3-3). X. Fernique obtains this result as a consequence of a difficult comparison
theorem. We shall give here a simple direct argument.

ProrosITION 28. Let #=(X)),¢ ; be a Gaussian process, u be a probability measure
on T. Let J={ o(t) du(t). Then we have

f o() (log (1+a()/N) " du(t) < F(%, u)+ KJ. (72)

T
Proof. We first note that if X is standard normal, a crude estimate yields
lim,_,, P({X=u}) exp(u*)=w, so there is a constant 5>0 such that for u=b, we have
P({X = (log(1+u))"?*}) = lu. (73)

By homogeneity, we can assume J= [, 0(f) du(r)=1. We enumerate T as {1,, ..., 2,}
in such a way that o(t,)=...20(t,). There is nothing to prove if o(¢,)<b. Otherwise, let g
be the largest integer <n for which o(t,)=b. For i<q, we have

ott) D u{th) < X, ou({th) < f o(t) du(®) =1
T

jsi jsi
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SO

> u{t}) < o). (74)

jsi
On the other hand, from (73) we have

P({X, = o(t) (log (1+0(1)))'?}) = 1a(1). (75)

From (74) and (75), we see by a straightforward induction argument on i<gq that we can
construct disjoint sets (B);<, such that P(B)=u({t;}) and

X, = o(t) (log (1 +a(t))"”?

on B, Let B=U,_ B, Let t’ be the map from B to T such that for i<q, t'=¢, on B,. So

=

we have

E(X, 15 = Y, o(r) (log (1+ (1)) u({1,). (76)

isq

For g<i=n, let a;=u({t;}). Let

(3 (2
g<i€n q<isn

s0 o(Y)<b and I ., 0(X,—Y)=0. Let A=Q\B. From Lemma 25, there is a map ¢
from A to T such that for g<i<n, we have P({r=t,})=a, and E(X,—Y)1,)=0, so

E(X,1,)=E(Y1,) = —E|Y|= —bQIn)".

Consider the map 7" from Q to T given by "=’ on B and =7 on A. We have A=y,
50 E(X_)<F(%,u1). Now,

E(X,) = EX, 1)+EX,1,)

so from (76)

F(%,u)= Y, u{1)) o(t) Qog (1+0(2))) 2~ b(2/m)"™.

isq



142 M. TALAGRAND

The result follows, since

> u({t}) ott) (og (1+0(t))"* < b(log (1+5))'2.

g<isn
The proof is complete.
We are now ready to prove our first minoration result.

THEOREM 29. Let #=(X,),c; be a Gaussian process, where T is finite, and u be a

probability on T. Then there exists an ultrametric space U, a contraction f from U onto
T, a probability v on U with f{v)=u, such that if for x in U we set

a(x) = inf {e>0; v(B(x, £)) = 1/2}

we have

a(x)
J' dv(x) f gW(B(x, £))) de < KF(Z, ). an
U 0

Proof. We already noted that there is no loss of generality to assume [ X, du()=0.

By homogeneity, we can assume that J=[ o(f)du(r)=1. Let F=F(%,u). Corollary 27
shows that 1=J<KF. Proposition 26 shows that one can write T=U.,Z;, where

Esup, |X|<2F and %, 2u(Z)<KF. Let
Dy={t; o()<1} and D,={t;2" '<o()<2"}, forn=1.

Proposition 28 shows that % _,2"n"*u(D,)<K+F, and since KF=1, this is <KF (for a

new constant K). For i, n=0, we set T, ,=Z,nD,, a, ,=u(T, ). We note that

> 2ia,,<KF (78)

i,n=0

> 2'n'?a, , < KF. (79

i,n=0
From Theorem 12, for each i, n=0, there is an ultrametric space (U, ,,9;,) of

diameter <diam 7 ,<2"*' such that

U, ) < KEsup X, <2’KF
’ T,

iLn
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and a contraction f; , from U, , onto T; ,. Denote by v, , a probability on U, , such that
for AcT, we have g, f; ,(v; ) (A)=u(ANT,; ). From Lemma 22 (a) we have

f . dv; (X f g, (B(x, £))) de < 2’KF. (80)
Ui 0

Let U be the disjoint sum of the spaces U, ,. For x,y in U,

in?

x€U,,, yEU,,, (G, n)*(, m), we set &(x,y)=2"+"*"" The space U is ultrametric.

we set 6(x, y)=9, ,(x,y). If

The map f given by f(u)=f, (u) for u in U, , is a contraction from U onto T. Define
V=L, y204; » Vi »- Then f(v)=p.

We are going to evaluate the integral

a(x)
I= f dv(x) f g(B(x, €))) de
U o
a(x)
=> a, J dv, () f gW(B(x, £))) de.
i,n=0 U 0

Since [o(r)du()=1, we have u(D, UD))=1/2. For x in U, ,, £>2"*?, for j=0 we have

U; .<B(x, ¢) whenever m=0, 1. This shows that

VB, )= D, WU, )= D, a;,=uDUD)=172,

m=0,1 m=0,1
j=0 j=0

s0 a(x)<2"*2. It follows that

2n+2
I< 2 a;,| av; ,(x) I g((B(x, £))) de.
U 0

i,n=0
Since
gW(B(x, &) < gla; ) +8(v; (B(x, £))),

we have I<l,+S, where

2n+2
L= Z a;n f dv; ,(x) j g, (B(x, €)) de
i,nz0 U 0

S= 2 2"+2a,-’,,g(a,-,n).

i, n=0



144 M. TALAGRAND

From (79) and (80) we see that I;<KF. We note the almost obvious fact that

(i+n)"?<2n"?+2" for i, n=0. From Lemma 21, we get
a;,8a; )<a, (i+n)?+te "

<2a, ,n'*+a, , 27"+,
It then follows from (79) and (80) that S<KF so I<KF. The proof is complete.

We are now going to state the main result of this section. To simplify the
statement, we say that a quantity Q, dominates a quantity Q, if for some universal

constant K we have Q,<KQ,. We say that Q, and Q, are equivalent if each dominates
the other.

THEOREM 30. Consider a Gaussian process X=(X,),c; where T is finite, and a
probability measure p on T. Assume [ X,du()=0. We set o(t)=0(X,), J=[;o(2) du(?),

I=fU(t)(1+(log(1+0(T)/I))”Z)dﬂ(t)-
T

Then the following quantities are equivalent:
(D) K&, p);
(2) Q,=I+inf {[ @(r) du(t); X, =91 Z,, Esup|Z|<1};
(3) @=I+inf {J7du(r) [{* g(B(1, £))) de}
where the inf is taken over all probability measures v on T;
@) Qy=I+[du() [§¥ g(u(B(, £))) de;
(5) O =I+inf {{,dv(x) [§ gW(B(x, £))) de}
where a(x)=inf {e>0; v(B(x, £))=1/2}, and the infimum is taken over all ultrametric
spaces U, all contractions f from U to T, all probabilities v on U such that {v)=pu.

The fact that Q, dominates F(Z, u) is due to X. Fernique (with a slightly different

formulation). Since the diameter D of T dominates I, it implies the left-hand side
inequality of Theorem 4.

Proof. We set J={ o(t) du(t). We prove that F(%,u) dominates Q,. From Corollary

27, F(Z,u) dominates J, so Proposition 28 implies that F(Z, u) dominates I. The rest
follows from Theorem 29. We prove that Q, dominates Q;. Consider an ultrametric

space U, a contraction f from U onto T, a probability v on U with Av)=u and
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a(x)
I+ f dv(x) f g((B(x, ¢))) de<2Q,,
U 0

where a(x)=inf {¢>0, »(B(x, €)) = 1/2}. Since fis a contraction, and u=£(v), for x in U
we have

uB(fx), £)) = v(B(x, ¢)). @1

If t=Alx), for e>a(x), we have u(B(f(x), €))=1/2, so we get from (81)
a(x)

a(t)
f gu(B(t, €))) de < f gW(B(x, £))) de+o(r) g(1/2)
(1] 0

and this implies

o(t) a(x)
f du(t) I gu(B(t, £))) de < f dv(x) f g(W(B(x, €))) de+g(1/2) J,
T 0 U 0

and the result follows since I dominates J. It is obvious that Q; dominates Q,. We now

prove that Q, dominates Q,. Fix a probability measure v on T with
o()
I+ f du(?) f gW(B(t, €))) de < 20,.
T 0

Set
Dy={t€T;0()<2J} and D,={1;2"J<o()< 2"+ )}, for n=1. (82)

Since o(1)=2"J on D, for n=1, we have

Jog2)"? > 2'n'u(D ) <. 83)
n=1
For i=z1, n=0, let

o(1)
Vin={t€D,; 27'< f gW(B(t, &) de <2}.

0

For n=0, let

olt)
Von={t€ Dn;f gw(B(t, &) de < J}.

0
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We have -

o)
f du(p) f g(W(B(t, €))) de = 2 T2V, ).
v 0

izl
n=0

Since I dominates J, we see that O, dominates

T, 2u(v, ).
i=0
n=0

Let ¢; ,=J sup(2’,2"n"?). Then from (83), @, dominates

2 ¢ a1V, ).
20
nz=0

For tinV,,, we set y(t)=c, ,. It follows that O, dominates

f Y@ du)= Y, ¢, .1V, ).
T

i=0
n=0

Let Y, =X, y(r)"". To finish the proof, it is enough to show that E'sup,|Y,|<K for some
universal constant K. (We then set <p=K1/),Z,=K"Y,.) Since o()<2"*'J on D,, we
have o(Y,)<2 for each r. The proof of Lemma 6(b) shows that for each n,i=0, there
is a probability v, , on V; , such thatfor zin V, ,

200 ‘
J’ g, (Bt €) de < 217, (84)
0

We denote by A the set {0} U{Y,; € T}. We provide A with the distance induced by L.
We write, for a in A, B(a, £)={bEA; |la—b||<e}. We denote by 7, , the image on A of
M; , under the map t—Y,. We consider the probability # on A given by

—ien= 1
n= Z 27 3’7:‘,,;‘*'?‘50-

n, i=0
Given a in A, we estimate

4

f g(n(B(a, £))) de = f g(n(B(a, £))) de.
0

0
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For e=|a|l, we have n(B(a,¢))>1/2, so fﬁa”g(n(B(a, £))) desdg(1/2). If |la)|#0, let

a=Y, for some ¢t inV;,, n,i=0. For t in V; ,, we have Y,=X, ¢, so we have

nBla, &) =27y, (Bla, &) 227", (B, ¢, ,©)).

Since |ja||=c;, o(t), we have, from (84)

i el oty
f g(v(B(a, €))) de < |[a]lg(2 ™" )+ f g, ,(B(t, c, ;€)) de
0 0
< ¢ L2t (ni43) 24 e; 20

Using the fact that (n+i)2<2n'?+2", we find that [7 g(7(B(a, £))) de<K. It follows
from (7) that E sup, Y, <K, so from (1) we have Esup,|YJ<K since o(Y)<2 for each 7.
This completes the proof. .

We finally prove that Q; dominates F(&,u). Let ¢ be such that X,=¢(1) Z,, where
Esup;|Z|<1. Let D,, D, be given by (82). Let

V.,=D,n{t; 27'<s@)<J2} forizl,
VO,n=Dnn{t;(p(t)<J}

so Esup, X,<2JK and diam V, <2"*2J. We note that I dominates J £, ,.2"n"?u(V; )
in 1 i,n i, n=20 in

and that [ ¢(?) du(s) dominates J L., 202" 'u(V; ). Consider now a map 7 from Qto T
such that Ar)=u. Let Q; ={z€V, }, so P(Q, ,)=u(V, ). From Proposition 18, we get

E(XI lgi,n) = ESUsz n (X’ lgi,n)
< KJQu(V, )+2'u(V; ) g@(V; ).

The argument of the last few lines of Theorem 29 shows that Q, dominates
Z; w20 EX, 1g )=E(X,). The proof is complete. '
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