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REGULARITY OF SOLUTIONS OF THE NEUMANN PROBLEM
FOR THE LAPLACE EQUATION

DAGMAR MEDKOVA

Let u be a solution of the Neumann problem for the Laplace equation in
G with the boundary condition g. It is shown that u € L9(dG) (equivalently,
u e Bf/';(G) for 1 <qg <2, uce L‘f/q(G) for 2 < g < o0) if and only if
the single layer potential corresponding to the boundary condition g is in
L9(0G). As a consequence we give a regularity result for some nonlinear
boundary value problem.

If G is a bounded domain in R™ with C' boundary then the boundary
integral equation method enables not only to prove the existence of
solutions of the Dirichlet and Neumann problems for the Laplace equation
but also to study its regularity (see [5], [3], [4]). If u is a solution of the
Dirichlet problem with the boundary condition from L”(0G) then u is
an L7”-solution of the Dirichlet problem, i.e. the nontangential maximal
function of u is in L?(0G) and the boundary condition is the nontangential
limit of u (or equivalently, u € Bf/’;(G) forl <p<2 ue Lf/p(G)
for 2 < p < oo and the boundary condition is the trace of u). If u is
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a solution of the Neumann problem with the boundary condition from
L?(0G) then u is an L7”-solution of the Neumann problem, i.e. the
nontangential maximal function of |Vu| is in L?(dG) and the boundary
condition is fulfilled in the sence of a nontangential limit (or equivalently,
u e Bf’/;l’z(G) forl < p<2 uce Lf;;l(G) for 2 < p < oo and the
boundary condition is fulfilled in the sence of a trace). It is well-known
that the L”-solution of the Dirichlet problem with the boundary condition
g is an LY-solution of the Neumann problem if and only if g € L1(3G).
We find in this paper the necessary and sufficient condition for the L?”-
solution of the Neumann problem to be an L9-solution of the Dirichlet
problem. If m = 2 then every L?”-solution of the Neumann problem is
continuous on the closure of G. So, we restrect ourselves to the case
when m > 2.

Let G C R™, m > 2, be a bounded domain with C! boundary 0G.
It means that for each x € dG there is a coordinate system centered at
x and a function ® of the class C' on R”~! such that ®(0,...,0) =0
and in some neighbourhood of x the set G lies under the graph of &
and R™\ clG lies above the graph of ®. Here clG denotes the closure
of G.

If x € 0G, o > 0, denote the non-tangential approach region of
opening o at the point x
Fy(x)={y € G;|x —y| <1+ a)dist(y, 1G)}.

If u is a function in G we denote on dG the non-tangential maximal
function of u

N (u)(x) = sup{lu(y)|; y € To(x)}.
If

c= Iim  u(y)
y—x,yely(x)

for each o > o, we say that ¢ is the nontangential limit of u ar x.

Since G has C' boundary there is ag > 0 such that x € cll(x) for
each x € G, o > «y.

If g e L?(0G), 1 < p < oo, we define L”-solution of the problem

Au=0 1in G,
ou

(1) — =g ondG
on

as follows:
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Find a function u harmonic in G, such that N,(|Vu|) € L?(0G)
for each a > g, Vu has the nontangential limit Vu(x) for almost all
x € 0G and g(x) = n(x) - Vu(x) for allmost all x € G, where n(x) is
the exterior unit normal of G at x.

If g € LP(0G), 1 < p < oo then there is an L? solution of the
Neumann problem (1) if and only if

2) f dHy—1 =0.

G
(Here #€; denotes the k-dimensional Hausdorff measure normalized so
that #, is the Lebesgue measure in R*.) This solution is unique up to
additive constant and there is f € L”(dG) such that the single layer
potential with density f

1
Sf(x) = f FOlx =y dHp1(y)
G

(m —2)#,-1(3521(0))
is a solution of the problem (1) (see [3], Theorem 2.6). (Here 2,(x)
denotes the open ball with the centre x and the diameter r.)
For f € L?(0G) and x € 0G define
(3) |
K'f(x)= lim ——— /
e=04 F,1(9€21(0))

G\ Qe (x)

)0 =) ) d gt ().
lx — y|"

This limit exists for allmost all x € dG and K* is a bounded linear
operator on L?(0G) (see [3], Theorem 1.9). Moreover, Sf is an L”-
solution of the Neumann problem (1) with g € L?(dG) if and only if
1f+K*f =g (see [3], Theorem 1.10).

If felLP(G), 1 < p < oo then Sf(x) has a sence for allmost
all x € 3G, Sf € L?(0G) and Sf is an L”-solution of the Dirichlet
problem for the Laplace equation with the boundary condition & = Sf
(see [14], Lemma 1.8 and [2], Theorem 2).

If he LP(0G), 1 < p < oo, we define L”-solution of the problem
Au=0 1in G,

4) u=h ondG
as follows:

Find a function u harmonic in G, such that N,(Ju|) € L?(0G) for
each o > g and u has the nontangential limit h(x) at allmost all
x € 0G.
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Remark that this solution is unique (see [2] and [14], Theorem 0.9D).
For 1 < p < oo and 0 < s < oo the Sobolev space L? is defined
by
L ={(I - A)"g; g € L"(R™)
with the norm
1 £l = 1 = A2l ocam.

Remark that f € L7, if and only if f € L{ and Vf € L.

Define L!(G) as the space of restrictions of functions in LY to G.
(If s is integer then LY(G) is the set of functions from L”(G) which
partial derivatives in the sense of distributions up to the order s are from
L7(G).)

For 0 <s <1, 1 < p,q < oo let us introduce Besov spaces

1 q/p
B/ = {f e L”(R™); flyl—ﬂ,[/ If(x)—f(x+y)|”dX] dy < oo},

B! = {f € BI;Vfe B;”q}.

Define BY*“(G) as the space of restrictions of functions in BY? to G.

If u is an L? solution of the Dirichlet problem (4) and 2 < p < o0

then u € L{’ /p(G). If u is an L? solution of the Dirichlet problem (4)

and 1 < p <2thenu e Bf/’z(G). If u is an L? solution of the Neumann

problem (1) and 2 < p < oo then u € LY, ,,(G). If u is an L” solution

of the Neumann problem (1) and 1 < p <2 then u € Bf’fl/p(G). (See
[4], Theorem 5.15 and [5], Theorem 2.2.22.)

We use the following result proved in [6] (Lemma 2.18):

Lemma 1. Let v be a real measure with a compact support in R™.
Denote

1

_ Ly |2—m
S"(x)_(m—zmm_l(aszl(m)/ag'x YT dv()

whenever this integral has a sence. Let k > 0, A > m — 2 be such
constants that

WI(Q(x) < kr?

forall x e R" and all r > 0. If 0 <o <min(l, A —m +2) then Sv is
an o-Holder function in each bounded subset of R™.
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Lemma 2. Let f € LPOG). If 1 < p < m — 1 then Sf €
Lrm=D/m=1=P)(3G). If p =m—1 then Sf € L41(dG) forall 1 < q < oo.
If p>m—1 then Sf € C*(clG) for each « € (0,1 — (m — 1)/p).

Proof. Since Sf € Lf(aG) by [14], Lemma 1.8 we deduce from
[1], Theorem 5.4 that Sf € LP"=D/m=1=PQ3G) for p < m — 1
and §f € LY9(0G) for all 1 < g < o0 and p = m — 1. Let now
p>m-—1, a € (0,1 — (m — 1)/p). Since the boundary of G is
locally a graph of a Lipschitz function there is a constant M such that
Hy_1(0G N Q- (x)) < Mr™~! for each x € 3G and r > 0. For such x,
r we have

1/p (p—D/p
f ] dF ) < [ f Iflp] [Jem_l(ﬂr(x»}
0GN2(x) 0GN2(x)

- —(p-1
= ”f”LP(aG)M(‘D D/p . m=1)(p=1/p
If x e R", r > 0 then

f |fl dHay < | fllLracyMP~DP @)D=,
IGNQ, (x)
Thus §f € C*(clG) by [6], Lemma 1.

Remark 3. Let u be an L? solution of the Neumann problem (1),
1 < p < oo. Then there is the nontangential limit 4(x) of u at allmost
all x € 0G. If p > m — 1 then u is an L9-solution of the Dirichlet
problem (4) for each 1 < g < oo. If p < m —1 then u is an L9-solution
of the Dirichlet problem (4) for each 1 < g < p(m —1)/(m — 1 — p).

Proof. According to [10], Theorem 5.1, [10], Theorem 5.2 and [5],
Corollary 2.1.12 there is f € LP(dG) such that u = S§f. Put h = §f
on dG. Then h(x) is a nontangential limit of u at allmost all x € 9G.
If p>m—1then h € L1(0G) for 1 < g < oo; if p < m — 1 then
h € L1G) for 1 < g < pm —1)/(m — 1 — p) by Lemma 2. If
h=8f e L10G), 1 <g <oo then u = §f is an L9-solution of the
Dirichlet problem (4) by [2], Theorem 2.

The following result was proved in [14] (Theorem 1.12):

Lemma 4. There is a sequence of C* domains G; with the following
properties:

1. ¢lG; C G.
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2. There are homeomorphisms A; : 0G — 0G;, such that sup{|y —
Ai(y)l;y € 0G} — 0 as j — oo and there is a > 0 such that
Aj(y) € To(y) for each j and each y € 0G.

3. There are positive functions w; on dG bounded away from zero and
infinity uniformly in j such that for any measurable set E C 9G,
fE wj dFHy,_1 = Hpu_1(A;(E)), and so that w; — 1 pointwise a.e.
and in every L1(0G), 1 < g < oo.

4. The normal vectors to Gj, n(A;(y)), converge pointwise a.e. and in
every L1(0G), 1 < q < oo, to n(y).

Lemma 5. Let 1 < p < 00, u be an L?-solution of the problem (1I).
Then there is the nontangential limit h(x) of u at a.a. x € 0G and
h e LP(dG). For f € L'(3G) and x € G denote

n(y) (y —x)

o (99:(0) —————— dH,,_
Ho— 1(891(0))/ Y — 1()

the double layer potential with density f. Then u = Sg + Dh in G.

Df(x) =

Proof. According to [3], Theorem 2.6 there are f € L?(dG) and a constant
c such that u = §f + c¢. Using the boundary properties of single layer
potentials (see [14], Lemma 1.8 and [2], Theorem 2) we get that there is
the nontangential limit 4(x) of u at a.a. x € 3G and N,(u) € L?(3G).

Let G; be domains from Lemma 4. If x € G we get using Lebesque’s
Lemma and [7], p. 136.

Sg(x)+ Dh(x) =

lim [ ! /8”(y)|x — P dHo (y)+
j—o00 (m—z)e;fm—l(agl(o))ac;_ on

/ (y) G-x
Ho 1(891(0» 26, =yl
Lemma 6. Let 1 < p,q < oco. Denote SLP? = {f € LP(30G); Sf €
L1(0G)}. Then S : f — Sf is a closed linear operator from SLP1 C
LP(0G) to L1(0G). For f € L1(0G) and x € G define

(%)

Kf(x) = lim —/ r) (x )
01 Hp—1(02100)) Jog\aey X — yI™

Jt’m—l(y)] = u(x).

fQ) d#Hp—1(y).
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This limit exists for allmost all x € 0G and K is a bounded linear operator
on L1(0G). If f € SL?? then K*f € SL?? and SK*f = KSf.

Proof. Let f, € SL?4, f, — f in L?(0G) and Sf, — g in L9(dG)
as n — oo. Put r = min(p, g). Since f, — f in L"(0G), Sf, — g
in L"(0G) as n — oo and § is a continuous linear operator on L’ (3G)
(see [14], Lemma 1.8) we get Sf = g. Therefore § is a closed linear
operator from SL”?9 C LP(0G) to L1(dG). It is well-known fact that
the limit (5) exists for allmost all x € 0G and K is a bounded linear
operator on L9(dG) (see [5], Theorem 2.2.13).

Let f € SL?4. Then Sf is an L”-solution of the problem (1) with

1
g= Ef—I—K*f (see [3], Theorem 1.10). Since S f(x) is the nontangential

limit of §f at a.a. x € dG (see [14], Lemma 1.8) Lemma 5 gives that
Sf = S[(1/2)f + K*f]1+ DSf in G. Using boundary properties of
single layer and double layer potentials (see [5], Theorem 2.2.13) we get
Sf=8[/2)f+K*f1+[(1/2)—K]Sf on G and thus SK*f = KSf.
Since Sf € LY9(dG) and K is a bounded linear operator in L?(0G) we
have SK*f = KSf € L9(0G) what forces K*f € SL"9.

Definition 7. Let X be a Banach space, T be a bounded linear operator
in X. Denote by KerT the kernel of T, by X* the dual space of X,
by T* the adjoint operator on X*, by «(7T) the dimension of Ker7 and
by B(T) the dimension of Ker7*. The operator T is called Fredholm if
T(X) is a closed subspace of X, a(T) < oo and B(T) < oo. We then
denote i(T) = a(T) — B(T) the index of T. Denote by I the identity
operator. If X is a complex Banach space denote by ®(7") the set of all
A € C for which Al — T is a Fredholm operator.

We use the following result proved in [9] (Theorem 5):

Lemma 8. Ler X and X be complex Banach spaces, Y be a subspace
of X. Let T be a bounded linear operator in X, T be a bounded linear
operator in X, T(Y) CY. Let S be a closed linear operator from Y to
X such that TSy = STy for each y € Y. Denote by Q2 the unbounded
component of ®(T)N @(T). Let u € Q2 be such that Ker(T — ul)" C Y
for each ne N. If x,y € X, (T —ul)x =y then x € Y if and only if
yeY.

Lemma 9. Let X, Y be Banach spaces, T be a bounded linear
Fredholm operator in X, T be a bounded linear Fredholm operator
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inY, i(T)=i(T)=0.Let XCVY, Y*"CX*and Tx = Tx for each
x € X, T*z = T%z for each z € Y*. Then KerT" = Ker7" for each
neN.

Proof. Clearly, KerT" C Ker7™", Ker(7*)" C Ker(T*)". Since T", 7"
are Fredholm operators with index 0 (see [12], Theorem 5.7) we obtain

a(T") <a(T") = B(T") = a((T)") <a((TH)") = B(T") = a(T") <0
by [12], p. 58. Therefore Ker7" = Ker7™.

Theorem 10. Let 1 < p, g < o0o. Let u be an L?-solution of the Neumann
problem (1) with the boundary condition g. Denote by h the nontangential
limit of u on 0G. Then the following are equivalent

1) Nyo(u) € L1(0G) for each o > «y.
2) h € L1(3G).

3) Nu(Sg) € L1(0G) for each o > «.
4) Sg € L1(0G).

Proof. Suppose first that ¢ < p. Then 1), 2) are fulfilled by Remark 3
and 3), 4) are fulfilled by [14], Lemma 1.8 and [2], Theorem 2.

We can suppose that p < g. Put r =¢q/(qg—1). Then g =r/(r — 1).
Since r < p the function u is an L"-solution of the Neumann problem
(1). Therefore we can suppose that g = p/(p — 1).

1) = 2) Since |h(x)| < Nyu(x) foreach x € 0G and Nyu € L1(0G)
we deduce h € L1(0G).

2) = 1) For x € G denote by w* the harmonic measure corre-
sponding to x. Denote Hh(x) = fh(y) dw* for x € G. Then Hh
is an LY-solution of the Dirichlet problem (4) by [2], Theorem 2. Put
r = min(p, g). Then Hh is an L"-solution of the Dirichlet problem (4).
Since u = Sf for some f € L?(0G) (see [3], Theorem 2.6) the function
u is an LP-solution of the Dirichlet problem (4) by [14], Lemma 1.8 and
[2], Theorem 2. This forces that u# is an L”-solution of the problem (4).
From the uniqueness of an L”-solution of the Dirichlet problem (4) we get
that u = Hh (see [2] and [14], Theorem 0.9D). Thus N,(u) € LY(3G)
for each a > «y.

3) < 4) Since Sf is an L? solution of the Neumann problem with
the boundary condition (% f + K*f) and the nontangential limit of Sf
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on dG is Sf this equivalence follows from 1) < 2).

2) =>4) u = Sg+ Dh in G by Lemma 5. Using boundary properties
of single layer and double layer potentials (see [5], Theorem 2.2.13) we
get Sg = %h + Kh in 9G. Since h € L9(dG) and K is a bounded linear
operator in L?(0G) we obtain §g € L1(3G).

4) = 2) If X is a real linear space with the norm | || we denote
complX = {x +iy; x,y € X} the complexification of X with the norm
lx +iyll = llx|l + llyll. If T is a linear operator from D(T) C X to

the real linear space Z define T(x +iy) = Tx +iTy € complZ for
x,y € D(T).

Since K is a compact linear operator in compl L9(dG) by [5],
Corollary 2.2.14 we have C \ {0} C ®(K) in compl L9(0G) by [12],
Theorem 7.8. Since K* is a compact linear operator in compl L?(dG)
(see [5], Corollary 2.2.14) we obtain C \ {0} C ®(K) in compl L?(3G)
(see [12], Theorem 7.8). Lemma 6 yields that § is a closed linear operator
from compl SL?”¢ to compl L?(0G), K*(complSL?9) C complSLP4
and SK*f = KSf for each f € complSL?”%. Lemma 9 yields
that Ker (%I + K*)* C complL?(dG). Since § is a bounded linear
operator in compl L?(dG) (see [5], Theorem 2.2.20) this gives that Ker
(31 + K*)" C complSLP for each n € N.

According to [3], Theorem 2.6 there is f € L?(dG) suchthatu = Sf.
Since (%I + K*)f = g by [5], Theorem 2.2.13 and g € SL?9, Lemma
8 yields that f € SLP9. Thus h = S8f € L1(0G).

Definition 11. Let 1 < p < co. We say that u is a weak solution of the
problem (1) in L{(G) if u € LY(G) and

/ Vu-Vo d#H, = / gp diH,,_
G 3G
for all ¢ € L?(G) where ¢ = p/(p — 1).

Remark 12. If u is an L?-solution of the problem (1), 1 < p < oo, then
u is a weak solution of the problem (1) in Lf (G) by [8], Lemma 4.1.

Corollary 13. Let 1 < p,q < oo. Let [ be a Borel measurable function
from 3G x R' such that |f(x,y)| < h(x) + C|y|* for each x € 3G,
y € R, where h € L1(0G), C, A are constants, 0 < A < o0 for p > m,
0< A< pm—1)/(m—p) for p <m. If u is a weak solution of the
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problem
Au=0 1in G,

ou
—(x) = f(x,u(x)) ondG
on

in Lf(G) then g(x) = f(x,u(x)) € LY(0G) and u is an L4-solution
of the problem (1). Moreover, if g > m — 1 then u € C*(clG) for each
ae0,1—mm-—1)/q).

Proof. Let 1 < B < oo be such that g € L(dG). Put r = min(p, B).
We get from the definition of a weak solution for ¢ = 1 that

/ 8 d}fm,I =0.
G

According to [3], Theorem 2.6 there is an L?-solution v of the problem
(1). The function v is a weak solution of the problem (1) in L}(G) by
[8], Lemma 4.1. Since u is a weak solution of the problem (1) in L} (G)
there is a constant ¢ such that u = v+ ¢ in G (see [13], Theorem 4.1).
Therefore u is an LP-solution of the problem (1).

If p > m thenu € LY*(dG) by [11], Theorem 4.6. Hence g € L4(dG)
and u is an L9-solution of the problem (1).

Suppose now that p < m. Then u e LP"=D/m=P)(3G) by [11],
Theorem 4.7. Hence g € L"(0G) where r = min(q, p(m — 1)(m —
p)~'A7Y > 1 and u is an L"-solution of the problem (1). We can restrict
ourselves to the case when p(m — 1)/(m — p) < gi. We now show that
u € L1*(3G).

Let pm — 1)/(m — p) < B < gr be such that u € LP(3G).
Then B/A > 1 and g € LP*(3G). Lemma 2 gives that Sg €
L*(dG) for B/A > (m —1) and Sg e LAM=D/m=D-Bl(3G) for
B/A < (m—1). If B> i(m—1) then u € L9(dG) by Theorem
10. Suppose now that p(m — 1)/(m — p) < B < (m — 1)A. Then
A > p/(m—p) and u e LA=D/Bm=D-Bl(3G) by Theorem 10.
Since p(m — 1)/(m — p) < B we have u e L¥(0G) where
(m—1D/[m—1)—Bl= s = (m—1)/[x(m —1) = pim — 1) /(m — p)] >
(m —1)/[(m — Dm/(m — p) — p(m — 1)/(m — p)] = 1. Using the
induction we get u € L9*(3dG). Since u € LY*(0G), h € L1(dG)
we have g € L9(0G) and therefore u is an L9-solution of the
problem (1).

Let now p be arbitrary and ¢ > m — 1, ¢ € (0,1 — (m — 1)/q).
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According to [3], Theorem 2.6 there is ¢ € L9(dG) and a constant ¢
such that u = S¢ 4+ ¢. Lemma 2 gives that u € C*(clG).

Corollary 14. Let 1 < p, g < oo. Let f be a Borel measurable function on
G x R™ such that | f(x,y,z1, ..., zn)| < h(x) + Cily|* + C2(Jz1] +
. |zmD¥ for each x € G, y,z1,...,2m € R', where h € L1(3G),
C,, Co, a, A are constants, 0 < a < 1, 0 < A < o0 for p > m,
O0<A<pm—1)/(m— p) for p < m. If u is an LP-solution of the
problem

Au=0 1in G,

(6) g—:(x) = f(x,u(x),Vu(x)) on oG

then u is an L9-solution of the problem (6). If ¢ > m—1 thenu € C*(clG)
for each o € (0,1 — (m — 1)/q).

Proof. We can suppose p < ¢g. Let p < B < g be such that u
is an LP-solution of the problem (6). Put g(x,y) = f(x,y, Vu(x)),
v(x) = h(x) + Com|Vu|*. Then g is a Borel measurable function on
G x R' and |g(x,y)| < v(x) + Cy|y|*. Since u is an LP-solution of
the problem (6) we have |Vu| € LP#(3G). Thus v € L™"@-A/9QG).
Corollary 13 gives that u is an L™"@#/% _gsolution of the problem (6).
Repeating the process we get that u is an L9-solution of the problem
(6).

If g>m—1then u € C*(cl G) foreach ¢ € (0,1 —(m —1)/q) by
Corollary 13.

Corollary 15. Let 1 < p,q,r < oo. Let f € L"(0G), g be a Borel
measurable function in R' such that |g(y)| < C|y|* for each y € R',
where 0 < C < 00, 0 < A <1 are constants. Let u be a weak solution
of the problem

Au=0 1in G,

d
(7 %(X) = f(x)+g((x)) on dG

in Lf(G). Then u is an L%-solution of the problem (4) with h = u if
and only if Sf € L1(0G).

Proof. u is an L"-solution of the problem (7) by Corollary 13. If r > m—1
then Sf € L9(0G) by Lemma 2, u € L9(dG) by Corollary 13 and
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therefore u is an L?-solution of the problem (4) by Theorem 10. Suppose
now that r <m — 1.

Suppose first that u is an L%-solution of the problem (4). Then
Sf+Sg) € L1(0G) by Theorem 10. Since g(u(x)) € L4(dG) Lemma
2 gives that Sg(u) € L9(dG) and thus Sf € LY(dG).

Suppose now that Sf € L9(dG). Remark 3 gives that u € L"(3G).
Let r < B < g be such that u € LP(AG). Since g(u(x)) €
LP(3G) Lemma 2 gives that Sg(u) € LAM=D/n=1=-N(5G), Thus u e
Lmin(g.p0m=D/m=1-)(3G) by Theorem 10. Using the induction we get
that u € LY9(dG) and thus u is an L9-solution of the problem (4) by
Theorem 10.

Example 16. Fix A € (1/(m — 1), 1). Take a coordinate system so that

[0,0,...,0] € 0G and for some p > 0, h > O there is a function

f of class C' in M = {[x1,..., Xm—1]; |x1ls..., |Xm—1] < 2p} such

that K = oG N {[x, ..., xul; 1xil, ..oy |Xme1l < 20, |xn] < h} =

{[x1, s X1, fOX15 oo X)) ); [X1, .-+, Xm—1] € M}. Put

g(X1see, Xp) = |x1|7* for [x1,..., xn] € K, x1 > 0, |x1],..., |Xm_1] < p,
—cl|x;|7* for [x1,..., xm] € K, x1 <O, |xX1],.ees [Xm_1] < p
0 elsewhere

where ¢ is a such positive constant that

®) f g dHt, 1 =0.
0G

If1<p<oothen g e LP(0G) if and only if p < 1/A (<m —1). If
1 < p<1/A <m—1 then there is an L”-solution u of the problem (1)
(see [3], Theorem 2.6). Moreover, there is ¢ € L?(dG) and a constant
C such that u = S¢ + C (see [3], Theorem 2.6). Therefore u € L1(3G)
foreach 1 < g < p(m—1)/(m —1— p) (see Remark 3). Since two L?-
solutions of the problem (1) differ by a constant (see [3], Theorem 2.6)
the function u is an L”-solution of the problem (1) for all 1 <r < 1/A
and thus u € L9(0G) foreach 1 < g < (m —1)/[A(m — 1) — 1] < oo.
Using Theorem 10 we can show that u € L9(dG) for each 1 < g < oo.

Denote by # the restriction of #,,_; onto dG. Put v = gJ#. Denote

L= sup VI+IVFQL, ..o X))
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If ze R™, r > 0 then

v[(£2,(2)) = lgld# < L(1+c) x| doxy . dx

KNy () [x1lsees [ Xm—11<r

=" N LA+ e)2m /(0 = ).

Lemma 1 shows that Sg € C(0G) and thus u € L9(0G) for all
1 < g < 0o by Theorem 10.
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