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Abstract

Given a function ¢ and s € (0, 1), we will study the solutions of the following
obstacle problem:

e u>¢inR",

o (=A)*u>0inR",

e (—A)’u(x) = 0 for those x such that u(x) > ¢(x),

o limy oou(x) =0.
We show that when ¢ is C1* or smoother, the solution « is in the space C1-® for
every o < s. In the case where the contact set {u = ¢} is convex, we prove the
optimal regularity result u € C 1.5 'When ¢ isonly C LB fora B < s, we prove
that our solution 1 is C1+® for every a < . (© 2006 Wiley Periodicals, Inc.
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1 Introduction

1.1 Setup of Problem

In this work, we will consider a function u that solves an obstacle problem for
the operator (—A)* for s € (0, 1). Given a continuous function ¢ with a compact
support (or at least rapid decay at infinity), we consider a continuous function u
satisfying
(1.1) u>¢ inR",

(1.2) (=A)Y’'u>0 inR",
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(1.3) (=A)'u(x) =0 for those x such that u(x) > ¢(x),
(1.4) ‘ |lirn u(x) =0.
X|——+00

When ¢ € C*, the expected optimal regularity for this type of problem is C'**.
We prove u € C'“ for every o < s. In the case when the contact set {u = ¢}
is convex, we achieve the optimal result u € C*. If ¢ is only C® for & < 1 or
Lipschitz, we will prove that # has the same modulus of continuity (Theorem 3.8).
If ¢ is C"#, we will prove that u € C"* for every @ < min(B, s) (Theorem 5.8).

The existence of such a function u can be obtained by variational methods as
the unique minimizer of

(1.5) T(u) _/f '”(X)_fiiyz?'

R R
from all the functions u that satisfy ¢ < u and are in a suitable function space.
We can also obtain u# by adapting Perron’s method, as the least supersolution of
(—=A)* such that u > ¢. Another approach is by choosing the optimal closed set
A C R” to maximize the solution of

e u(x) =¢(x)in A,
e (—A)Yu=0inR"\ A,
L] limm_)oo u(x) =0.

We will choose the variational approach as the starting point. Then we will
prove that u also solves the other two (equivalent) problem formulations. Our
main focus, however, is the regularity of the solution.

Since we will be dealing with the operators (—A)?, we will need several related
results. Most of the present theory can be found in [9]. We will cite some results
from there, and we will prove some others when we find it useful to present them
in a form more convenient to our purposes. In Section 2 we will study all the
basic properties of these operators that we will need. In Section 3, we will prove
the existence of a solution u of our free boundary problem and prove the first
regularity results. In Section 4 we will improve a regularity result; this is probably
the trickiest part of the paper. Finally, in Section 5 we will present the optimal
regularity result.

In the case s = 1, our problem turns into the usual obstacle problem. Given a
domain 2 C R” and a function ¢ : 2 — R, in the usual obstacle problem we have
a function u that satisfies

e u > ¢in L,
e Au <0in €,
e Au(x) = 0 for those x € 2 such that u(x) > ¢(x).
The existence of this problem can be obtained by minimizing a functional in

H' with the constraint of u > ¢ and some given boundary condition. If ¢ is a
smooth function, then u is expected to be more regular than justin H'(Q). In 1971
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Frehse [7] showed for the first time that u is as smooth as ¢ up to C'"!; another
proof was given in [5]. This regularity is optimal; simple examples show that for
very smooth ¢, u does not get any better than C':!.

Most of the regularity properties of the usual obstacle problem for the Lapla-
cian, including the regularity of the free boundary, can be found in [4].

Another related problem is the Signorini problem, or the thin-obstacle problem,
where the obstacle is lower dimensional. We will continue with this problem in the
next subsection.

1.2 Applications to the Signorini Problem

Let us consider a smooth function with rapid decay at infinity ug : R"~' — R.
Letu : R"™! x (0, 00) — R be the unique solution of the Laplace equation in the
upper half-space that vanishes at infinity with u( as the boundary condition:

u(x',0) = up(x’) forx’ e R,
Au(x) =0 for x € R ! x (0, 00).

Consider the operator T : ug(x’) — —d,u(x’, 0). We see that

/ u(x’', 0)(=o,u(x’, 0))dx' = [ —u(x)Au(x) + |Vu(x)|> dx,

Rr—! R*=1%(0,00)

f |Vu(x)*dx > 0.
R"—lx(o,oo)

Thus T is a positive operator. Moreover, since d,u(x) is also a harmonic function,
if we apply the operator twice we get

n—1
T o Tug = (=8,)(=8)u(x', 0) = dyuu(x’, 0) = = 3 diu(x', 0) = —Luo.
i=1

Thus the operator T that maps the Dirichlet-type condition i into the Neumann-
type —d,u is actually the operator (—A)'/2.

One version of the Signorini problem is this: given ¢ a smooth function in
R"~!, the solution u of the Signorini problem is the least harmonic function in the
upper half semispace R"~! x (0, oo) such that u > ¢ and d,u < 0 on R*~! x {0}.
From the fact explained just above, we see that actually this problem is exactly our
obstacle problem for the operator (—A)!/2. The regularity we obtained is therefore
C"'/2 in the case {u = ¢} is convex, and C'* for every a < % in the general
case. The optimal regularity C'-!/2 was obtained very recently for this problem
by Athanasopoulos and Caffarelli in [1]. The two-dimensional case was proven
previously by Richardson in [12]. In 1979 Caffarelli showed C!*-regularity for a
small value of « in the n-dimensional case [3].

Usually the Signorini problem (or its equivalent formulation as the thin-obstacle
problem) is studied in bounded domains. For regularity purposes, one case can be
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deduced from the other. Suppose we have a solution of the Signorini problem in a
ball:

—Au(x) =0 for |x| < 1and x, > 0,
ux)=0 for x| = 1and x, > 0,
u(x',0) > p(x") for |x'| <1,
du(x’,0) <0 for ’x/| <1,
du(x’,0) =0 where u(x’, 0) > .
For the problem to make sense, we assume that ¢(x’) < O when |x’| = 1. Letnbe a
radially symmetric cutoff function such that {¢p > 0} € {n = 1} and suppn C B.
The function nu is above ¢ and also satisfies 9,n7u(x’,0) < 0 for x’ € R"~! and
d,nu(x’,0) = 0 for those x’ € R"~! such that nu(x’,0) > ¢(x’). Although nu
may not be harmonic in the upper half-space, its Laplacian is a smooth function.

Let v be the unique bounded solution of the Neumann-type problem in the
upper half semispace:

Av(x) = Anu(x) = An(x)u(x) +2Vn(x) - Vu(x),
9,v(x",0)=0.
Since Anu(x) is smooth and compactly supported, v is a smooth function. Now
nu — v is a solution of the Signorini problem without boundary with ¢ — v as

the obstacle. Therefore, we reduce the regularity for the bounded case from the
regularity of the unbounded case and our result applies.

1.3 Variations of the Problem

There are small variations of the obstacle problem that can be considered. To
simplify the variational proof of existence, we could consider minimizers of the
standard H*-norm from all the functions u that lie above a given obstacle ¢. By
the H®-norm we mean

lull s = /(1 + [E17)1a(8) | dé.
Rn

In this case we obtain a free boundary problem of the sort

e u>¢inR",
e u—+ (—A)u>0inR",
e u+ (—A) u(x) = 0 for those x such that u(x) > ¢(x).

The proofs of Section 3 have to be adapted to use the operator Id + (—A)*
instead of (—A)*. Once we get that the solution u is semiconvex, then it is going
to be Lipschitz and we can pass the term u to the right-hand side; everything in
Sections 4 and 5 applies without change. An advantage of this variation of the
1

problem is that we can get existence also in the case n = 1 and 5 > 5.
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We could also consider a problem with boundary values. Let ¢ be such that
¢(x) < Oforevery |x| > 1. Let u be the minimizer of J(u) (for J defined in (1.5))
from all the functions u that lie above ¢ and u(x) = 0 for every x € R" \ By. Then
we obtain the following free boundary problem:

e u>¢@inR",

e u=0inR"\ By,

e (—A)Y'u > 0in By,

e (—A)u(x) = 0for those x € By such that u(x) > @(x).

With a trick as in Section 1.2, our result applies to the interior regularity of this
problem. However, this solution u is not going to be C*(IR") since it is not going
to be differentiable across the boundary of the unit ball 9 B;. (As a matter of fact,
we cannot expect better that C* on d B, the boundary regularity of the Dirichlet
problem. See Proposition 5.1.)

1.4 Applications to Mathematical Finance

The operators (—A)* arise in stochastic theory as the operators associated with
symmetric a-stable Levy processes. Suppose we have such a Levy process X; such
that Xy = x for some point x in R”. We consider the optimal stopping time t to
maximize the function

u(x) =sup Efp(X;) : T < +o0].

Then the function u turns out to be the solution of our obstacle problem
e u>gpinR",
e (—A)’u>0inR",
e (—A)u(x) = 0 for those x such that u(x) > ¢(x),
o lim|x‘_,+oo u(x) =0.

If, on the other hand, we consider the problem
u(x) = sup E[e " p(Xo)],
T

then the function u turns out to be the solution of the following obstacle problem:

e u>¢inR",

e A+ (—A)’u = 0in R”,

e Au+ (—A) u(x) = 0 for those x such that u(x) > ¢(x),
o lim),you(x)=0.

A problem like this arises in financial mathematics as a pricing model for Amer-
ican options. These models have become of increasing interest in the last few years.
The function u represents the rational price of a perpetual American option where
the assets prices are modeled by a Levy process X, and the payoff function is ¢.
For nonperpetual options, a parabolic version of this problem is considered. A
very readable explanation of these models can be found in the book by Cont and
Tankov [6] (see also [10] and [11]). Usually the models are in one dimension, and
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although general payoff functions are considered, the case when ¢ = (K — e*)™
(the American put) is of special interest.

There is not much work done regarding regularity. In [2], S. Boyarchenko and
S. Levendorskif studied for which classes of Levy processes this problem has C'-
solutions (smooth pasting). They considered a very general family of (one-dimen-
sional) Levy processes, and a class of payoff functions that assures that the contact
set is a half-line.

When we consider jump processes whose corresponding integrodifferential op-
erators have a kernel that coincides with 1/[y|"™ around the origin, then the so-
lutions of the corresponding obstacle problem also satisfy an obstacle problem for
the operator (—A)® with a right-hand side. In many cases, we can assure enough
regularity for that right-hand side, and the results of this work hold for those inte-
grodifferential operators, too.

2 Preliminary Properties of the Fractional Laplace Operator

In this section, we provide some elementary properties of the operators (—A)°
that we will need. The usual reference for these operators is Landkof’s book [9].
We will show how (—A)? interacts with C*-norms, and characterize its supersolu-
tions.

2.1 Definitions and Properties

Throughout this section S stands for the Schwartz space of rapidly decreasing
C® functions in R”". Its dual, written as &', is the space of tempered distributions
in R".

The following classical theorem about distributions is going to be used:

THEOREM 2.1 Suppose that a distribution f is such that for any nonnegative test
function g, (f, g) > 0. Then f is a nonnegative Radon measure in R".

Two distributions f and g in R” are said to coincide in an open set €2 if for
every test function ¢ supported inside €2

(f,¢) = (8. ).

We recall the definition of (—A)? as a pseudodifferential operator.

DEFINITION 2.2 Giveno € (—n/2,1] and f € S, we define (—A)? f as
@1 (ZA)7f(E) = EP7 F©).

Notice that (—A)? f ¢ S since |£]% introduces a singularity at the origin in its
Fourier transform. That singularity is going to translate in a lack of rapid decay for
(=2A)° f. However, (—A)? f is still C™.

If o < —n/2, then |& |*° is not a tempered distribution, so we cannot allow that
case. Technically we could define the case o > 1 this way, but we are not interested
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in this right now. Clearly, (—A)! = —A, (=A)? = Id and (—A)%" o (—A)*? =
(—A)"' +oa

We can also compute the same operator using a singular integral. When f € S
and o € (0, 1), we can compute (—A)’ f as

S =FO) 4

2.2) (_A)Gf(x) = Cno PV y|n+20'

lx —
R~

The operator (—A)~? (for o > 0) can also be computed with an integral when
n > 20 by
. f ()
(2.3) (=8) 7 f(x) =cn—0 / x
RV!

_ y|n—2a

We refer to [9] for a detailed proof of the equivalence between (2.1) and (2.2) or
(2.3). From (2.3), we see that F'(x) = ¢, o /|x |"=2¢ is the fundamental solution of
(=A)%;1e., (—A)’ F = §y when n > 20. This function is generally known as the
Riesz kernel. From the definition of (—A)? in &, we can extend it by duality in a
large class of tempered distributions.

DEFINITION 2.3 Let S, be the space of C*®-functions f such that, forevery k > 0,
(1 + |x]"™2°) f®(x) is bounded. We consider the topology in S, given by the
family of seminorms

[£1ie = sup(L+ 1x[""2) £ O ).
We take S/, to be the dual of S, .

It is very simple to check that (—A)? f € S, when f € S.

The symmetry of the operator (—A)? allows us to extend its definition to the
space S, by duality; i.e.,ifu € S/,

(=2)u, f) = (u, (=L)° f)
This definition coincides with the previous ones in the case where © € S and
(—A)? is a continuous operator from 5’; toS'.

We are rarely going to use these operators in such general spaces. But it is
convenient to have in mind how far they can be extended. In general, we will be
applying these operators to functions in Llloc. The natural space that we are going
to use is a weighted L'-space:

Lo =L, NS, = {u : R" — R such that / ()]

——"7 _dx < +00}.
1+|x|n+26 }
R~

The norm in L, is naturally given by

Ju ()|
u = | —————dx
el / ST

Rl‘l
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In special cases, our formulas with the Fourier transform or the singular inte-
grals are enough to compute the value. The following technical property exempli-
fies this situation:

PROPOSITION 2.4 Let f be a function in L, that is C*° ¢ (or C'2 =1 ifg > 1)
for some ¢ > 0 in an open set Q; then for o € (0, 1), (—A)° f is a continuous
function in Q2 and its values are given by the integral of (2.2).

PROOF: Let us take an arbitrary open set 2o compactly contained in €2. There
exists a sequence f; € S uniformly bounded in C°+¢(Q) (or C':°*+¢~1), converging
uniformly to f in €y and also converging to f in the norm of L,. By the uniform
bound on the C?*¢-norm of f; in Q, it can be shown that the integrals converge
uniformly in €2,

AN | ) = fi(y) /f(X)—f(y)
( A) fk(x) _Ié[ |x_y|n+20 dy — |x_y|n+20

Rn

But (—A)? fy = (—A)? f in the topology of S&’. That implies that (—A)? f must
coincide with the integral in 2y by the uniqueness of the limits. Since € is arbi-
trary, this happens for any x € €. g

The following propositions explain how the operators (—A)? interact with C*-
norms:

PROPOSITION 2.5 Let u € C**(R") for a € (0,1] and « > 20 > 0; then
(=A)u e C*29 gnd

[(_A)Uu]c().a—Zo < C[M]Co,a

where C depends only on «, o, and n.

PROOF: Let us estimate the difference |(—A)?u(x;) — (—A)? (x,)]| for x1, x, €

R”:
[(=A)7u(x;) — (=A) u(xy)|
u(x)) —uxy +y) —ulx) +ulx2+y)
= Cn,a n+20 dy
|yl
Rll
<I+ 1,
where
I =Co / u(xy) —ulx; +y) ;;tg(xz) +ulxy+y) dy).
[yl
B,
L=cC,. / u(xy) —ulx; +y) — ;t(xz) +u(xy+y) dyl.
’ |y|n+ o

R'\B,
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For I}, we use that |u(x;) — u(x; + y)| < [u]co« |y|* fori = 1, 2. Therefore

2u] 0. |y|*
e
[yl

r

< Clulcoar®™%

For I,, we use that |u(x; + y) — u(xs + ¥)| < [u]coe |x1 — x2|%. Therefore

/ 2[u]coa X1 — x2|*

Il = Cn,a |y|n+2(7

< Cluleoar™ |x1 — x|*.
Picking r = |x; — x»| and adding I; and I,, we obtain

[(=2)7u(x1) = (=2)° (x2)| < Clulcoe Ixi — x|* 7.

PROPOSITION 2.6 Letu € C'*(R") for a € (0, 1] and o > 0.
o Ifa > 20, then (—A)°u € C*~% and
[(—A)Gu]cl,a—h < C[M]Cl,a

where C depends only on o, o, and n.
o Ifa <20, then (—=A)7u € C***** and

[(—A)Uu]c(),a—ZJ-H S C[u]cl,a
where C depends only on o, o, and n.
PROOF: The first part follows simply by Proposition 2.5 plus the fact that the
operators (—A)° commute with differentiation.

For the second part, let us first assume that o < % We proceed as in the proof
of Proposition 2.5 to get

I(=2)u(x) — (=4 () <L + 1L
for the same I; and I, as before. But now to estimate I; we use that since u € C,
lu(xr) —ulx) +y) —ulx2) + ulxz + y)|
< |(Vu(x) = Vu(x2)) -yl + [ulcra [y
< lulera(yl1xr — x| + [y1'+);

then I}, < Clulcta (r' =27 |x; — xp|% 4 rite=20),

In the case o > 1, we write (—A)° = (—A)° "2 o (=A)"/2, and the result
follows from the observation that (—A)!/? = > R;9;, where the R; are the Riesz
transforms. [l

Iterating the last two propositions we get the following result:
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PROPOSITION 2.7 Letu € C*% and suppose that k+o — 20 is not an integer. Then
(—A)°u € Cl'P where [ is the integer part of k +a — 20 and B =k +a — 20 — 1.

PROPOSITION 2.8 Let w = (—A)°u. Assume w € C**(R") and u € L™ for
o€ (0,1]land o > 0.

o I[fa+20 <1, thenu € COat20(R™). Moreover,
lullcoarro gny < C(llull oo + |wll o)

for a constant C depending only on n, o, and o.
o Ifa+20 > 1, thenu € CH*+2~1(R"). Moreover,

lullcrarze—tgny < Cllulle + [wllcow)

for a constant C depending only on n, o, and o.

PROOF: We will show that u has the corresponding regularity in a neighbor-
hood of the origin. The same argument works for a neighborhood of every point;
so we get, respectively, that u € C%**2° (R") or u € C1*+20~1(R").

Let n be a smooth cutoff function such that n(x) € [0, 1] for every x € R",
suppn C By, and n(x) = 1 for every x € B). Let

Uo(x) = ¢y —o f |”(”w(” = (=8) ().

|n 20

Then (—=A)°up = w = (—=A)%u in By, and therefore u — ug is smooth in By 5.
Moreover, its C%%t29- or C1+29=1_norm can be estimated from the L>-norm of
ug — u, which can be estimated from the L°°-norms of u and w.

So, we are only left to show that uy € COat2o (B12). Assume o < 1; then
we write ug = (A) " nw = (=A)'77 o (=A)"'nw, and from the C>*-estimates
for the Poisson equation (see [8]) we know that (—A)~'nw € C*% and its norm
depends only on [wl|¢,,. Now we apply Proposition 2.7 and we conclude the
proof. On the other hand, if @ = 1, then o > 1 — 20, and we write ug = (—A) ' o
(=)'~ nw; the result follows from Proposition 2.7 and the C*“-estimates for the
Poisson equation. g

PROPOSITION 2.9 Let w = (—A)°u. Assume w € L®(R") and u € L* for
o > 0.

o If20 <1, thenu € C**(R") for any a < 20. Moreover,
lullcoamn < Clullpe + lwllpe)

for a constant C depending only on n, o, and o.
e If20 > 1, thenu € CH*(R") for any a < 20 — 1. Moreover,

lullere@n < Clullze + llwllze)

for a constant C depending only on n, o, and o.
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PROOF: The proof is identical to the one for Proposition 2.8 with the difference
that we have to use C'**-estimates for the Poisson equation with the right-hand side
in L™ instead of C>“-estimates. O

2.2 Supersolutions and Comparison

We want the least restrictive possible definition of supersolutions for the equa-
tion

2.4) (—2)°u >0

so that we can prove general theorems of comparison. We want to be able to apply
maximum principles to nonsmooth functions for which the integral representation
(2.2) of (—A)? does not apply. We also want to be able to check (2.4) in an open
domain €2 that is not the whole space R". We will obtain characterizations of
supersolutions similar to the mean value for superharmonic functions that we will
use later in the paper.

When we are interested in the whole space, (2.4) means of course that (—A)u
is a nonnegative measure.

DEFINITION 2.10 We say thatu € 6_’(’, satisfies (—A)°u > 0 in an open set Q if for
every nonnegative test function ¢ whose support is inside €2, (i, (—A)°¢) > 0.

The definition says that (—A)“u coincides with a nonnegative Radon measure
in . This is good for a definition but it is awkward to deal with. We would like to
have a property like the definition of superharmonic functions comparing the value
at a point with the means in small balls centered there. We will restrict our study
to functions u € L,. We are going to use some special test functions.

Let ®(x) = C/|x|""% be the fundamental solution of (—A)?. Let us stick a
paraboloid from below to cut out the singularity at x = 0 to obtain a C'!-function
I' (x) that coincides with ® (x) when x is outside the ball of radius 1 centered at the
origin (see Figure 2.1).

Given A > 1, consider I';, = I"(x/A)/A"~2°. The function ', € C"! coincides
with @ outside of the ball of radius A centered at the origin, and it is a paraboloid
inside that ball. Besides, I'y, > I'y, if A} < A;.

We need the next proposition in order to use (—A)°I", as an approximation of
the identity.

PROPOSITION 2.11 (—A)°T is a positive continuous function in L'. Thus,
(=A)°T > 0.
In addition, fRn(—A)“F(x)dx =1
PROOF: Since I'is C!!, we can use the integral representation (2.2) to compute
(=A)°T. If xo ¢ By, then I'(xg) = ®(xp); for every other x, ['(x) < ®(x). Then
I'(xo) = T'(y)

(=A)’T'(x0) = —
A lxo — y|"**
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Sparaboloid—

FIGURE 2.1. The function I".

>/<I>(x())—<1>(y)d

|x0 _ y|n+2a

since ® is the fundamental solution.
If xo € B;—{0}, there exist an x; and a positive § such that ® (x —x;)+§ touches
I" from above at the point xy. Now we use the singular integral representation

I'(xo) —T'(y)

P
J lxo — y|"**7

/ Dxp—x1) +6—P(y —x1) =46
>
y|n+2a

(=) T (xo) =

dy=0

|xo —
Rﬂ

since (—A)? (D (xg — x1) +8) = 0.
If xo = 0, then I" attains its maximum at x,

I'(xo) —T'(y)

(—=0)°T(x) = —
A |lxo — y|"*?

> 0,

because we are integrating a positive function.

To show that fR,, (=A)°T'(x)dx = 1, we consider a smooth cutoff function 5
such that n(x) < 1 for every x € R"*, n(x) = 1 for every x € By and suppn C B;.
Let ng(x) = n(x/R); then we have

/(—A)"F(X)dx —1= I}LIEO<(—A)”F — (=A)° D, ng)
Rn
= lim (T — ®, (=A)°ng) =0

R—o0
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since clearly (—A)°ng goes to 0 uniformly on compact sets, and I' — @ is an
L'-function with compact support. O

Let Vi = (—A)UF;L

|n+2a

PROPOSITION 2.12 For any A, the function y, (x) decays like 1/|x when x —

Q.

PROOF: For |x| large, ' (x) = ®(x) and

[.(x) — T(y)
VA(X)Z/W(U
=/CD(JC)—q)()’)d _i_/q’(y)—rx(y)d

|x _ y|n+2d |x _ y|n+20
=/ <I>(y)—Fx(y)d

|x _ y|n+2(‘r

1

= |x|n+20

~

since ®(y) — I';(y) is a compactly supported function in L'. O
PROPOSITION 2.13 The family vy, is an approximation of the identity as A — 0.
In the sense that
u*xy(x) = /u(y)yk(x —y)dy - u(x) ae asi— 0.
Rn

PROOF: First of all, notice that u(y)y,(x — y) is integrable for every x since
u € L, and y;, decays as 1/(1 + |x|"*2?) by Proposition 2.12.
We have to check the rescaling properties of y; = (—A)T';:

1
y(x) = (=A)Th(x) = (=4)° <)Jl—2a r (;>>

_1 AYT X _1 X
_ﬁ((_ ) )(X)_K_”M(X)'

Since y is nonnegative and [ y; dx = 1, we conclude the proof. O

PROPOSITION 2.14 If (—A)°u is continuous at a point x € R", then
. C
(=2)7u(x) = lim = (u(x) —u * . (x)),
where the constant C depends only on o and n.

PROOF: Since (—A)%u is continuous at the point x, it is bounded in a neigh-
borhood of x, and for any function g € L!'(R") with compact support

1
(2.5) }LEI%)/(—A)GM(X - y)ﬁg<%>dy = (=2)%u(x) - /gdx.
R R~
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Let g(y) = ®(y) — I'(y); then

AT\ A Al A A\ A
1
= ﬁ(q)(y) —I)).

Thus, substituting in (2.5),
1

(=28)%u(x) = C lim IV f(—A)“u(x — (@) = a(y)dy
R"

= %li% A%(u(x) —u* y.(x)).

O

PROPOSITION 2.15 Given a functionu € L,, (—A)°u > 0 in an open set 2 if and
only if u is lower-semicontinuous in Q and

u(xo) = / u(x)y(x — xo)dx
Rn
for any xq in Q and ) < dist(xg, 0€2).
PROOF: We would like to test (—A)°u against ® —I'; and “integrate by parts.”

Unfortunately, this may not be a valid test function. The next few paragraphs
overcome this technical difficulty.

Let us consider a function u such that

/—Iu(x)l dx < 400

1+ |x|n+2cr

RVL

Ifr > A > Ay, I'y, — I'y, is a nonnegative C L1_function supported in B,. If
(—=A)°u = 01in B, (x(), then

(=2)7u, T, (x = x9) — [, (x — x0)) > 0.
Using the self-adjointness of (—A)?, we have
(u, (=2)7T5,(x — x0) — (=A)7T'3, (x — x0)) = 0.
Therefore
(u, y5,(x —x0)) = (u, 5, (x — x0)),
U * Vi, (x0) = u * ¥y, (Xo).

Let Qp € Q and (—A)°u > 0in Q. Let r = dist(2g, 02). Then if r > A; >
)\.2 > 0,

(2.6) Uxy, >uxy, in Q.

But y, is an approximate identity, u * y, — u a.e. in Qg as A — 0.
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For each A, u * y, is continuous. So u is the limit of an increasing sequence of
continuous functions. That means that (possibly modifying u in a set of measure
zero), u is lower-semicontinuous.

Taking A, — 0 in (2.6), we obtain the important property of supersolutions of
the operator (—A)? that replaces the mean value property of the classical Laplace
operator:

2.7 u * y5(x0) < u(xg) forevery xo € Q2 and A small enough.

The “if” part is already proved when A < dist(xg, d€2) (notice that y is sym-
metric). The case A = dist(xp, d2) follows by passage to the limit. The “only if”
part follows easily. O

COROLLARY 2.16 There is a constant C such that for every x € €,
(2.8) ulx) > u*xy(x)— cA» for every ) < dist(x, 052)

if and only if (—A)°u > —C in Q (in the sense that (—A)°u + C is a nonnegative
Radon measure).

PROOF: We can assume that €2 is bounded (since f > —C locally in €2 is the
same as f > —C in the whole 2 for any distribution f). Let v = C® % xq so that
(=A)°v = Cxq. By Proposition 2.14, for any x € €2,

o1
€ = lim — (v(x) = v y(0)).

But actually we can see that since (—A)° v is constant in 2 and ¢ —1I', is supported

in B;, then
1

€= 5 (0 — v 1)
for A < dist(x, 0€2).

Now we consider u# + v; then u + v(x) > (u + v) * y,(x) is equivalent to
(2.8), which means that (—A)° (# + v) > 0 in Q2. Thus (2.8) holds if and only if
(=AY (u+v)=0,ie., (=A)u > —C in Q. ]

With Proposition 2.15 in mind, we can prove the basic properties of superso-
lutions for the operator (—A)° without requiring the singular integrals to be well-
defined. We now show a maximum principle.

PROPOSITION 2_.17 Let Q2 € R" be an open set, and let u be a lower-semicontinu-
ous function in Q such that (—A)°u > 0inQandu > 0inR"\ Q. Thenu > 0 in
R". Moreover, if u(x) = 0 for one point x inside 2, then u = 0 in all R".

PROOF: We need semicontinuity in  because we cannot assure that any su-
perharmonic function will be semicontinuous up to the boundary of the domain.

If u takes negative values in R”", then they must all lie inside 2. Since u is
lower-semicontinuous, it attains its minimum in Q (which is a compact set in R").
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Suppose that the minimum is negative and is attained at a point xy € 2. Then by
Proposition 2.15, there is a A such that

u(xp) > /u(xm(x — Xxg)dx.
Rﬂ

But y;, is strictly positive and has integral 1, so

0= /(u(X) — u(x0))Yr(x — xo)dx.
R
That is impossible because since u(xg) < 0, the right-hand side is strictly positive.
Now, if u(xg) = 0, we get

0> /u(xm(x — xo)dx.
Rn
But because u(x) is nonnegative,

0< /u(xm(x — xp)dx.

e
Therefore
0= /u(x)yk(x — xo)dx.
Rn
Since y;, is strictly positive, we obtain u = 0. O

PROPOSITION 2.18 Ifu;, u, € L, are two supersolutions for the operator (—A)°
inQ (e, (—A)°u >0and (—A)°v > 0in Q), then u(x) = min(u;(x), ur(x)) is
too.

PROOF: Given xy € L, then u(xg) = u;(xp) fori = 1 ori = 2. By Proposition

2.15 for A small enough,
u;(xo) > /”i(x)yk(x — xp)dx.
]er
But u; (xg) = u(xp) and u(x) < u;(x) for every other x. Then
u(xo) > /ui(xm(x — xo)dx > fu(xm(x — Xo)dx
Rr R»

and (—A)°u > 0. O

For functions u such that (—A)%u < 0, a similar property holds:

PROPOSITION 2.19 Given a functionu € L,, (—A)°u < 0 in an open set 2 if and
only if u is upper-semicontinuous in 2 and u * y; (xg) > u(xg) for any xq in Q and
A < dist(xg, 9€2).
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We can also obtain the analogue of Corollary 2.16.

COROLLARY 2.20 There is a constant C such that for all » < dist(xg, 0S2) and
x € Q, u(x) <usx*y(x)+ CA¥ ifand only if (—A)°u < C in Q.

PROPOSITION 2.21 Let Q2 € R" be an open set, (—A)°u > 0 and (=A8)v < 0in
Q, such thatu > v in R"\ @, and u — v is lower-semicontinuous in Q. Thenu > v
in R". Moreover, if u(x) = v(x) for one point x inside 2, then u = v in all R".

PROOF: Apply Proposition 2.17 to u — v. U

We have a similar property for functions u such that (—A)°u = 0 in an open
set £2.

PROPOSITION 2.22 Given a function u € L,, (—A)°u = 0 in an open set <2

if and only if u is continuous in Q2 and u * y,(xo) = u(xg) for any xy in Q2 and
A < dist(xp, 0€2).

From the above proposition, with a standard convolution argument we can get
an iterative gain in regularity and prove that a function u such that (—A)°u = 0
in an open set 2 is C* in that set. This is a well-known result not only for the
fractional Laplacian but for any pseudodifferential operator.

Remark 2.23. We are not going to compute y; explicitly. The properties shown so
far are enough for all our purposes. In [9], functions u such that (—A)°u > 0 are
defined in a similar (and equivalent) way using some function in place of y;, that is
explicitly computed.

3 Basic Properties of the Free Boundary Problem

In this section we will construct a solution to our problem and show the first
regularity results.

3.1 Construction of the Solution

We recall the statement of the problem that we are going to study.

Let ¢ : R” — R be a continuous function with compact support' that we will
consider the obstacle. We look for a continuous function u satisfying

u>¢@inR",

(=A)'u > 0in R",

(—=A)*u(x) = 0 for those x such that u(x) > ¢(x),
limjy | 400 u(x) = 0.

! Rapid decay at infinity would suffice.



18 L. SILVESTRE

We will prove that for any such ¢, there is a solution u to this problem. The
proof fails whenn = 1 and s > %, because in that case it is impossible to have
(—=A)*u > 0 in R" and at the same time for u to vanish at infinity.

We will construct u as the function that minimizes

(3.1) J () _f/ '”(x)_ﬁ(gz'
R? Rn

over all the functions u € H* that satisfy ¢ < u.
For any function f € S, the norm in H* is given precisely by

(32) 1 f e = / / 1) yﬁgsﬂ

R® Rn

That is equivalent to

(3.3) Il = /Ié‘lz“ £ ©)17 de.

In some texts, this space H* is written as 1,252,

When n—2s > 0, the Sobolev embedding results say that H® C L¥/0=29) (see,
for example, [14, chap. V]). The space H* is defined as the completion of S with
the norm ||| ;. Indeed, H* is the space of L>*/*'=2 functions for which (3.2) is
integrable. The space H* is a Hilbert space with the inner product given by

e :// (f @) = FONEE) — ()

|x _ y|n+23

R® R?

- f F)(=AY gy
~ / £ &)@ de.

The set {u € H® : ¢ < u} is clearly convex and closed, and it is easy to
show that it is nonempty because ¢ is bounded and has compact support. Thus,
the (strictly convex) functional J has a unique minimum in that set. Let u be this
minimizer. In the following propositions, we will prove that u is a solution of our
obstacle problem.

PROPOSITION 3.1 The function u is a supersolution of (—A)’u > 0.

PROOF: Let i be any smooth nonnegative function with compact support, and
let ¢+ > 0. The function u + th is above the obstacle, and so [|u + th| zs > lull zs.
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Therefore

(u,u)ps < {u+th,u+th)gs,
0 < t(u,h)ps +12(h, h) s
< t{u, (=A)h) 2 + 12 (h, h) g
< zfu(—A)therzz(h,h)m.

Letting t — 0T, we get that [u(—A)*hdx = [((—=A)*u)hdx > 0 for any
nonnegative test function .. Therefore (—A)*u is a nonnegative measure. Il

COROLLARY 3.2 The function u is lower-semicontinuous and the set {u > ¢} is
open.

PROOF: Since (—A)°u > 0, by Proposition 2.15 u is lower-semicontinuous.
Thus {u > ¢} is open. [l

PROPOSITION 3.3 Let xg € R" such that u(xg) > @(xo). Let r > 0 such that
u > @ in B,(xo); then (—A) u(xg) = 0in B, (xp).

PROOF: Since u is lower-semicontinuous, the infimum of # — ¢ is achieved in
B, (x¢); then there is an & > 0 such that u > ¢ + ¢ in B, (x(). For any continuous
function & supported in B, (xg), u+th is going to be above ¢ for ¢t small enough. So
the same computation as in the proof of Proposition 3.1 takes place. But this time
t and h do not need to be nonnegative, and (—A)*u = 0 is obtained in B, (xp). U

The following proposition is a modification of a theorem of Evans for superhar-
monic functions. It will be used to prove continuity for u.

PROPOSITION 3.4 Let v be a bounded function in R" such that (—A)°v > 0 and
v| g is continuous where E = supp(—A)°v. Then v is continuous in R".

PROOF: In the open set R" \ E, (—A)°v = 0, and thus v is continuous there.
We are left to check that v is continuous in E.

Let xog € E and x; — xg. Since v is lower-semicontinuous, lim inf;_, o v(x;) >
v(xp). We are left to prove lim sup,_, ., v(xx) < v(xp). Suppose the contrary; then
we can extract a subsequence such that

lim v(x;) = v(xg) +a
k— 00

where a > 0. Since v|g is continuous, then x; ¢ E from some k on. We can

assume that x; ¢ E for any k by dropping the first few elements in the sequence.
Let y; be the point in E closest to x; (or one of them). Since v is continuous in

E,limv(y,) = v(xg). Let Ay = |xx — yi| = dist(xg, E), so Ay — 0as k — 0. Let
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co = inf(y;(x + e))/(y1(x)), where e is any unit vector. The infimum is achieved
at one point, and thus ¢y > 0, since

r1(x +e)
m — =1.
[x]—00 Y1 (x)

By symmetry, the value of ¢y does not depend on e. Setting e = (x; — yi)/Ax, We
have

( ) ( ) 1 x—xk+xk—yk X — Xi
X — —c X —Xxp) = — —c
Vi Yk 0Yrk k P, Vi o o 0Y1 "

> 0.

We now use Proposition 2.15 for v(y;) and Proposition 2.22 for v(x;) to get

v(y) > fm (x — y)v(x)dx

Rn
> / Co¥a, (x — xp)u(x)da
(3.4) R"
+ /(m (x = 1) — oy (x — xp))v(x)dx
Rl’l

>cov(xp) +1; + 1

where

(3.5) I = / (Ya (x = y6) — cova (x — X)) v(x)dx,
Bﬁ(}’k)

(3.6) I, = / (Vo (& = 3 — oy (x — xp))v(x)dx.
R"\Bﬁ(ﬂv)

Since v is lower-semicontinuous, when k — oo, Ay — 0, and v(x + y;) >
v(xg) — & forany x € B /() and & — 0. Moreover, recalling that y;(x) =
yi(x/A)/A"and [yydx =1, if wesetz = (x — xx)/Ax and e = (yx — xg)/Ags

/ (V2 (x = i) — coya (x — 1) )dx = / (n@) —coyi(z + )dz

B () B,—1p2

>1—co— &
for & — 0 as k — oo. Combining these last two facts, we obtain

37 I = (1 —co—er)(w(xp) — &) = (1 —co)v(x0) — Exv(x0) + &, (1 — co — &).
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Now we estimate I»,

(3.8) L= —vl / (Vi (& = 3) — cova (6 — x0))dx = =& |Vl -
R™\B 5 (%)

Substituting (3.7) and (3.8) in (3.4), we get
v(r) = cov(x) + (1 — co)v(xo) — 28 [Vl Lo + &x(1 — co — &),

where ¢ and & go to 0 as k — oo. But this is a contradiction since v(y;) — v(xg)
and v(x;) — v(xg) +a as k — oo. O

COROLLARY 3.5 The function u is continuous.

In this way we finished proving that the minimizer of the functional J (u) solves
the original obstacle problem (1.1)—(1.4).

3.2 Semiconvexity

We are going to show that when ¢ is smooth enough, the solution u to our
obstacle problem is Lipschitz and semiconvex. When ¢ has weaker smoothness
assumptions, we will get correspondingly weaker conditions for #. The proofs in
this subsection depend only on the maximum principle and translation invariance.
This regularity is common for all obstacle problems with operators satisfying these
two conditions.

PROPOSITION 3.6 The function u is the least supersolution of (—A) u > 0 that is
above ¢ (u > @) and is nonnegative at infinity (liminf}y|_, ;o u(x) > 0).

PROOF: Let v be another supersolution of (—A)*v > 0 such that v > ¢ and
liminfjy— o0 v(x) > 0. Let m = min(u, v). We want to show that actually m = u.
By definition m < u, we are left to show m > u.

Since both u# and v are supersolutions, by Proposition 2.18, so is m. The func-
tion m is also above ¢ because both u and v are; then m is another supersolution
that is above ¢. By Proposition 2.17, m is lower-semicontinuous in R”.

Since ¢ < m < u, then lim,_,,, m(x) = 0. For every x in the contact set
{u = ¢}, m(x) = u(x). In Q = {u > ¢}, u is a solution of (—A)’u = 0
and m a supersolution. By Corollary 3.5 u is continuous; then m — u is lower-
semicontinuous. Then m > u by the comparison principle (Proposition 2.21). [

COROLLARY 3.7 The function u is bounded and sup u < sup @.

PROOF: By hypothesis u > 0. The constant function v(x) = sup ¢ is a super-
solution that is above ¢. By Proposition 3.6, u < v in R". O

THEOREM 3.8 If the obstacle ¢ has a modulus of continuity c, then the function u
also has the same modulus of continuity.
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PROOF: Since c is a modulus of continuity for ¢, for any & € R", p(x 4+ h) +
c(lh]) = @(x) for every x € R". Then the function u(x + h) + c(|h|) is also
a supersolution above ¢. By Proposition 3.6, u(x + k) + c(|h]) > u(x) for any
x, h € R". Thus u also has ¢ as a modulus of continuity. O

COROLLARY 3.9 The function u is Lipschitz, and its Lipschitz constant is not
larger than the one for .

PROOF: It follows from Proposition 3.8 with c¢(r) = Cr. O

PROPOSITION 3.10 Suppose that ¢ € C'. For any vector e € R", let C =
Sup —0e.¢. Then d,,u > —C too. Thus, u is semiconvex, and therefore for any
point x € R", there is a paraboloid of opening C touching u from below.

PROOF: Since d,.¢ > —C, we look at the second incremental quotients:
p(x +te) + (x —te)
2
for every t > 0 and x € R". Therefore

o(x) = u(x +te) —;u(x —te) Ll 0

and v is also a supersolution of (—A)*v > 0. By Proposition 3.6, v > u; then

o(x) = u(x +te) ;u(x —te) O > u)

for every t > 0 and x € R". Therefore d,.u > —C. O

+Ct* > ¢

The above proposition is enough to treat the case when ¢ is C!'!. However,
to obtain the sharp estimates for ¢ € C'*, we need to refine the previous result.
The following propositions are proven more or less with the same idea used in
Proposition 3.10, but with an incremental expression for the fractional Laplacian
instead of the second-order incremental quotient. The reader interested only in the
case when ¢ € C!! can jump to Proposition 3.16.

PROPOSITION 3.11 Let us suppose that (—A)° ¢ < C for some constant C and
some o € (0,1). Then also (—A)°u < C (maybe for another C depending on the
dimension n).

PROOF: We apply Corollary 2.20 instead of the second-order incremental quo-
tient to obtain

9(x) < @ *y(x) + CA*
for any x € R” and any A. Since (—A)*(u % y, + CA*°) = (=A)*u x y, > 0 and

wky,+CA° = gxy + CA > o(x),

then u * y, + CA* > u by Proposition 3.6. Thus (—A)*u > —C by Corollary
2.16. O

PROPOSITION 3.12 If (=AY ¢ € L®(R"), then (—A)*u € L®(R™).
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PROOF: This proposition follows by combining Proposition 3.11 with the fact
that (—A)*u > 0. O

PROPOSITION 3.13 If ¢ € C"%, then for every xo € R", there is a vector a € R"
such that

u(xo+h) > u(xg) +a-h—C|h|'"™™ forevery h € R";

i.e., the function u has a supporting plane at each point with an error of order
1+ .

To prove this proposition we will need a couple of lemmas.

LEMMA 3.14 Suppose ¢ € C'*. If0 =" A;h; for h; € R" and }; € [0, 1] such
that )" 1j =1, then

(3.9) w(x) <Y Mu@x +hy) +C Y a1 forany x € R".

PROOF: Since ¢ € C'*, there is a constant C for which

Y hpG ) +C Y A |
> Y 2i(0@) + Vo) by — Clay ) + C Y aylhy |
> @(x) + Vox) - Y Aihj = o(x).

As in the proof of Proposition 3.10, we obtain that
V() = Y Aule+h) +C YA [y

is a function above ¢ such that (—A)*v > 0, and thus it is also above u. By
Proposition 3.6,

D hjuGe k) 4+ C O a T = u (),
as we wanted to show. O

LEMMA 3.15 Let f : R — R be a Lipschitz function that satisfies an inequality
like (3.9). Then for every x € R, f has right and left derivatives at x. Moreover,
the right derivative is greater than the left derivative, and for any number a in the
closed interval between them and for every h € R,

(3.10) fx4+h)> f(x)+a-h—C|h'™
where C depends only on the constant of inequality (3.9).
PROOF: We will show that f has derivatives from both sides, and the one from

the left is smaller than or equal to the one from the right. Then we will show that
(3.10) holds for any a between the two derivatives.



24 L. SILVESTRE

Let xo be any point in R, and 0 < A’ < h. Consider the inequality (3.9) with
x=xo+h,hy =—h',andhy =h—h',andthus A = (h—h')/hand A, = h'/h.
We have

/ /

h
f(xo)+zf(x+h)

h
h—h h
C h/ I4+o - h_h/ 14+«
+ (—h Ly +h| |

fo+h") <

< fx)+ %(f(x +h)— f(h)) + Ch - h“.
Then,

fa+r) = f&) _ fr+h) = fx)
+
h - h
Since f is Lipschitz, its incremental quotients are bounded, and then (3.11) implies
that (f(x + h) — f(x))/h has a limit as # — 0". Thus the right derivative exists.
Similarly, we can show that the left derivative exists.

We want to see now that the right derivative is greater than or equal to the left
one. Consider &; = h and h, = —h in inequality (3.9); then

(3.11) Ch”.

fx) < %f(x+h)+%f(x—h)+Chl+“.

Therefore,
[ —fa—h) _f&+h—f)
h - h
Taking 7 — 0, we obtain that the right derivative is not less than the left one.

Let a be a real number that is not greater than the right derivative and no less than
the left derivative. Taking " — 0 in (3.11),

SRR (O

+2Ch".

< Ch".
h
Then
f(x+h) > f(x)+a-h—Ch'"™,
The result follows similarly for negative 4. U

We are now ready to prove Proposition 3.13.

PROOF OF PROPOSITION 3.13: By Lemma 3.14 we have that if 0 = ) A;h;
for h; € R" and A; € [0, 1] such that ) A; = 1, then

(3.12) u(x) < dulx+hy) +C Y Ajlhy|'"t  forany x € R".

Let us assume, without loss of generality, that xo = 0. For any unit vector e,
we apply Lemma 3.15 to see that u satisfies the inequality (3.9) in every ray from
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the origin with possibly a different linear part. That means that for each e € S"~!,
there is a real number a(e) such that

(3.13) u(te) > u(0) +ae) -t — C|t|'H
where the constant C does not depend on e and a(e) is the directional derivative
te) —u(0
(3.14) ate) = lim Q=4O
t—0t I3

Now we will show that the function c(x) = a(x/|x]|) - |x|, which is homoge-
neous of degree 1, is convex. We have to see that

cOx+ (1 =2)y) <icx)+ 1A —r)c(y).
We use inequality (3.12) to obtain
u(htx + (1 — ry) < ru(tx) + (1 — Vu(ty) + C(t |x — y)'™

for any real number . We now subtract #(0) from both sides and divide by ¢ to
obtain

u(rtx + (1 — A)ty) — u(0)
t

- AM +(1— A)M +Cr(lx =yt

Now we let t — 0 and replace the limit of the quotients by the corresponding
value of ¢ using the directional derivatives of u to obtain

cQx + (1 =A)y) = rex) + (1 = e(y).

Now that we know that ¢ is convex, let a be the slope of a supporting plane at
the origin (a is a vector in the subdifferential of ¢ at 0). Then c(h) > a - h for every
h € R". Therefore, recalling (3.13),

u(h) > u(0) + c(h) — C |h|"™™* > u(0) +a -h — C |h|'T,
which concludes the proof. U

We finish this section by showing that u solves the third specification of the
problem.

PROPOSITION 3.16 For any closed set A C R", let v be the solution of

e v(x) =¢(x)in A,
o (—A)Yv=0inR"\ A, and
[ limmﬁoo U(.X) =0.

Then v < u in R" (obviously, in the case A = {u = ¢}, u = v).
PROOF: Since u > ¢ in R”, then u > v in A. Since u is a supersolution of

(=A)’u > 0in R" \ A and v is a solution, then # > v in R" \ A by the maximum
principle. U
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4 An Improvement in Regularity

In the rest of this work, we will study further regularity results for u. This
section is devoted to showing that (—A)*u is C* for some small « if the obstacle ¢
is smooth enough.

4.1 Problem

To study the regularity of the problem, it is convenient to consider the difference
u — ¢. The problem that we obtain is also an obstacle problem; the obstacle is 0,
but there is a right-hand side for the equation. For convenience, we will continue
to call u our solution, although the problem is slightly different.

Thus, we have u as a solution to the following free boundary problem:

4.1) u(x) >0,
4.2) (=D)'u(x) > ¢ (x),
4.3) (=A)Y’u(x) =¢(x) whenu > 0,

where ¢ is —(—A)*¢ for the obstacle ¢ of the previous sections.
Since we are going to be using (—A)°u(x) a great deal, we define w = (—A)*u.
If we assume ¢ to be C*°, the right-hand side ¢ will be C* as well. However,

it will be enough for all the proofs to come (and actually more than enough) to
assume ¢ to be just Lipschitz.

If we assume ¢ € C'# for some B € (0, 1) such that 1 + 8 > 2s, we will have
¢ € C'*P=25_ The results of this section will still apply for this case, but the proofs
have some extra complications. For simplicity, we will address this case only at the
end of the section. At first we will assume ¢ to be C*, and thus ¢ to be Lipschitz.

In this situation, we know from Section 3 that the function u is a bounded
Lipschitz function (Proposition 3.9) and also semiconvex (Proposition 3.10), and
so far we know that w is L from Corollary 3.12. We want to prove that w is
Holder-continuous. To summarize, we know:

4.4) sup [¢(x)| < C,
“s) Jow = el _
xy X =yl
4.6) u.,, > —C for every e such that [e|] = 1,
(4.7) lwx)| < C,

for some constant C.
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4.2 A Few Lemmas

LEMMA 4.1 Foro € (0, 1), there is a constant C depending only on o and dimen-
sion such that if v is bounded and semiconvex,

(4.8) sup [v(x)| < A,

(4.9) inf inf vec(x) > —B,
X el=

then sup . (—A)°v(x) < C - B° CAlO,

PROOF: We can assume that v is smooth. Otherwise, we take a smooth, com-
pactly supported function i with integral 1 and consider the approximation of the
identity ¥, (x) = A"¢¥ (Ax). Then for any A > 0, i, * v satisfies (4.8) and (4.9) and
is a smooth function. If we can obtain that sup, [(—A)? (¥; * v)(x)| < C-B°-Al=
uniformly in A, then we pass to the limit as A — 0. Therefore, it is enough to prove
the lemma for smooth v.

The value of (—A)?v(x) can be computed with the integral

vx) — v

—A)v(x) =
( ) (X) |X _ y|n+20
Rn

- / v(X)—v(X)—Vv(X)-(y—X)+BIy—XI2dy

lx — y|r+2e
Bpr(x)
+ A d
|)C _ y|n+20 y
R™\BR(x)
<B / ! dy |+ A / ! d
- I_x _ y|n+2(rf2 y |X _ y|n+20 y
BRr(x) R"\Bg(x)

<C(B-R*™ +A-R™%).
Replacing R by +/A/B in the above inequality we obtain
(—A)°v(x) < CB°A'"™°.
O

Remark 4.2. Actually in Lemma 4.1, condition (4.9) could be replaced by Av >
— B by using the fact that

1
Av =2n ,l_ingr r_2(|33r| / v(y) — v(x)dy).
3

r

LEMMA 4.3 Let v be such that ||(=A)°v(x)|l < C. For o < 20, consider
vy, = v(Ax) /A% Then | (—2)°v)(X)|loo = 0as A — O.
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PROOF: Recalling that (—A)% (v(Ax)) = A%7 ((—A)?v) (Ax),
[(=A) v (0)| = [A¥2% ((—2)*v) (Ax)
< C)\ 0.

O

LEMMA 4.4 Forany o € (0,1) and § > 0, if ¢ and «a are chosen small enough,
then there is a y > 0 such that if

(4.10) (=A)°v(x) <e for x € By,
4.11) vix) <1 forx € By,
(4.12) v(x) < |2x|* for x € R"\ By,
(4.13) § < {x € By 1 v(x) = 0},

then v(x) < 1—y forx € B.

PROOF: Asin Lemma 4.1, we can assume v to be smooth.
Let b(x) = B(|x]|) be a fixed, smooth radial function with support in B; such
that 8(0) = 1 and B is monotone decreasing.
For small enough € and «, we can choose a positive number « < % such that
Jyl® — 1 5
|y|n+2c7 Y=< 2. 2n+2a'

(4.14) e+ ksup (A b(x) + /
* R"—By/4

Lety = K(,B(%) — ,8(%)). Suppose there is a point xo € By, such that v(xg) >
1—y = 1—kB(3)+kB(3). Then v(xg) +kb(xg) > 14«B(3), which is larger than
v(y)+«b(y) forany y € By \ B3/s. This means that the supremum of v(x) +xb(x)
for x € By is greater than 1 and is achieved at an interior point of B3 4. Let us call
that point x;. Now we will evaluate (—A)? (v + «b)(x1).

On one hand, (—A)° (v + kb)(x1) = (—AvV)v(x1) + k(—AV)°b(xy) < & +
k (—Av)°b(x1). On the other hand, we have

(v +«b)(x1) — (v + kb)(y) J
y.
|x1 _y|n+2a

(=2)7 (v +kb)(x1) = f
RV!
For any point z € By we know (v + «b)(x1) > (v 4+ kb)(z). Let Ag = {y €

By Av(y) < 0}. By assumption |Ag| > §. We use (4.12) and that « < % to obtain
the lower bound:

(—A) (0 4+ kb)(x1) = f
YER™M\B|
(v +«b)(x1) — (v +kb)(y) d
Yy
|y — y[r*2e

(v +kb)(x1) — (v+«D)(y) d
y
|xl _y|n+2<7

YEB)
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/ 1— 2y / 11—«
dy
|X1 _ y|n+20 |X1 _ y|n+20

R™\ B
— |4 yl"‘ 1/2
|y|n+2<7 |X1 _ y|n+2<7 y
R"\B1/4
1—14y|*
/ |4y] n
|y|n+20 2. 2n+2cr
R"—By/4
Therefore
+ K sup (A b(x) > / Lo MM
&+ ksup (— X _ _—
xp - |y|n+20 y 2. 2n+2<7
R"\B1/4
But this is a contradiction to (4.14). [l

Remark 4.5. The proof of Lemma 4.4 can be adapted to a more general family of
operators instead of (—A)?. In [13], it is used to obtain Holder estimates for the
corresponding equations. The operators for which the result applies include the

case
v(x) —v(x +y)
|y|n+2<7(x)

Tv(x) = /a(x, y)
Rll
for a bounded and symmetric (a(x, y) = a(x, —y))and 0 < 0g <o (x) <oy < 1.
No modulus of continuity whatsoever is required either for a or o. All the details
can be found in [13].

COROLLARY 4.6 Forany o € (0, 1), if € and o are chosen small enough, then
there is a y > 0 such that if
[(=A)7v(x)| < ¢ for x € By,
lv(x)] <1 for x € By,
lv()| < 12x|*  forx € R"\ By,

then oscp, , v <2 —y.

PROOF: Consider the same y as in Lemma 4.4 for § = |B;|/2. Suppose

x e Byt () < 0)] = '—21'

otherwise we consider —v instead of v. By Lemma 4.4, we get v(x) < 1 — y for

X € Byy; we conclude 08Cp, , U < 2—y. 0

LEMMA 4.7 Forany o € (0,1) and a € (0,20), if § is close to |By|, then & can
be chosen small enough so that there is a y > 0 such that if
(=A)°v(x) <eg forx € By,
v(x) <1 for x € By,
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v(x) <14 [2x|* forx € R"\ By,
§ < lfx € By 1 v(x) =0},
then v(x) < 1 —y forx € By),.

PROOF: The proof is the same as in Lemma 4.4 with the only difference that
we have to choose « such that

1/2
n —A)b(x) + dy < inf | o=y 9
& +k Slip( ) (X) / |y|n+2a Y < Alélm/ |)C1 — y|"+2" Y
=B 4 |Al=8 A

for which we need § close to | B;| so that the right-hand side is larger than the last
term of the left-hand side. U

Remark 4.8. If o, 0, 8§, and & are a combination of constants for which Lemma 4.7
applies, then it also applies for lesser values of «. In other words, if it holds for one
«, then it also holds for any « smaller.

LEMMA 4.9 For any o € (0, 1), let v be a function such that (—A)°v(x) = 0 for
X in some open set Q2. Suppose that

(4.15) lv(y) —v@)] < c(lx =y

for every x € R"\ Q, y € R", and some modulus of continuity c. Then the same
holds for every x, y € R".

PROOF: We are left to show (4.15) when x, y € 2. The function v is continu-
ous in €2 because of the equation and in R"\ €2 because of (4.15), so v is continuous.
Letvi(z) = v(z) —v(z+x — y); then (—A)°v1(z) =0forz e QN (L 4+ y — x)
and v1(x) < c(Jx —y|) forz ¢ QN (2 + y — x). By the maximum principle
v1(z) < c(Jx — y|) for every z € R”; evaluating in z = y we obtain the desired
result. O

4.3 Further Regularity

LEMMA 4.10 Given > 0 and u satisfying (4.6), if u(x) > ur? for one x € B,,
then
l{x € By |t u(x) > 0} = 8|By|

for some & depending on L.

PROOF: We know that u,, > —C every time |e| = 1. In other words, u is
semiconvex, and for each point x there is a paraboloid touching u# from below:

C
u(y) z u(x) + B+ (y = x) = Zlx =y’
where B is any vector of the subdifferential of u(y) + (C/2)|x — y|? at x.
Now, let us consider the set

A= {y :B- (y — x) > O} N B(M/C)I/Zr(.x).
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If y € B, ey, (x), then (C/2)|x — y[* < (u/2)r>. If y € A, then

C 2
u(y)zu(x)JrB-(y—x)—Elx—yl

)
> _ =
> u(x) >
zﬁr2>0.

The set A is half of a ball. If u/C < 1, then A is going to be completely
contained in B,,, and we obtain the desired result with

1 n/2
s=-(2) .
2\4C

Otherwise, we take A" = {y : B - (y — x) > 0}N B, (x) instead of A, and we obtain
the desired result with

g

Remark 4.11. Lemma 4.10, as well as Lemmas 4.4 and 4.7, can be applied to
any two balls, one inside the other. The outer radius does not have to be double
the inner radius. The lemmas, as stated, imply this by rescaling and a standard
covering argument. And the proofs also clearly do not depend on the ratio between
the radii. Of course, the constants will vary.

We are now ready to start the proof of w € C”.

THEOREM 4.12 Let u and w be as in (4.1)-(4.7) (recall 0 < s < 1); then w

is C% for a universal «, and its C*-norm depends on the various constants C of
4.4)-(4.7).

PROOF: Let us normalize # and w so that ||w| ;« = 1. We want to show that
there is a constant Cy > 1 such that for every xo € R" and k € N,

(4.16) osc w < Co2~.
B,k (x0)
This clearly means that w is C¢.

We will show by induction that (4.16) holds for every k. The induction step
works when k > k for a large integer ko. Then we can choose a large value for Cy
so that (4.16) holds for any k£ < k.

We can assume xy = 0. Let us also assume that O € supp u; we will consider
the case xo ¢ suppu later. Suppose that (4.16) holds for k = 0,1, ..., ko. Let
us prove that it also holds for k = ky + 1. Let § > 0 be a small number to be
determined later. We will prove that

4.17)

C
{x € By s w(x) — inf w < 702—0”‘0}‘ > 8| By .

270
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But first, let us show how (4.17) implies the inductive step.

Consider
(4.18) v(x) = 2C, 2% (w(27F0x) — Jnf w) —1.

27ko

By (4.6), —Au < C; thus (—A)'™v < C2%@+2=2)  Then, if « is chosen
smaller than 2—2s and k is large enough, then v satisfies the hypotheses of Lemma
4.4 witho = 1—s. Therefore, thereisay > Osuchthatv(x) < 1—y forx € By.
Rescaling back to w, we obtain w(x) < Co27%0%(1 — y/2) + inflgfkO w for x €
By—ky-1. If « is chosen small enough so that 27* > 1 —y /2, then 0SCB o1 (xo) W =
Co2~®%o*+D "and the induction step is over.

We are left to prove (4.17). Suppose the contrary:

(4.19)

C
{x € Byt s w(x) — inf w < 702—“’“)” < 8|Byio .

270
We know w(x) > ¢(x) for every x. Then infBrko w > infBTk0 ¢, and since ¢ is
Lipschitz,

C
osc ¢ <C27h < ~0p-ako
B,k (x0) 2

for ko large enough.
Every time u(x) > 0, w(x) = ¢ (x); therefore

C
{x e Byx:ulx) >0} Cix € By« : wx) — inf w < 702_“]‘0
2o

Thus
H{x € By« : u(x) > 0} < 8|By-x|.

We choose § in this proof to be small, so that the contrareciprocal of Lemma
4.10 applies and we have u(x) < u2~% for every x € B340 -
Let us consider the rescaled problem:

ii(x) = Cy'2k0@ 2y (2 hoy),
w(x) = Cy k% w2 *0x),
$(x) = Cy 2% 27"0x).
The pair u and w also satisfy the original hypotheses:
w(x) = (=4)u(x),
u(x) =0,
w(x) > ¢(x),

w(x) = ¢(x) whenii > 0.
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From (4.4)-(4.7),
p(x) — d(y)]
sup ——
vy X =l

fee > —C27M0C=2=®)  for every e such that |e| = 1.

< C2 Fol—a)

Also, ii(x) < C27%0@=25=%) for every x € Bys.
If k¢ is large enough, then

sup p&x) — ¢l _ |

4.20) <e,

X,y |x — y|
“4.21) u,. > —e forevery e such that |e] =1,
4.22) O0<ukx)<e for every x € B34,

33

for arbitrarily small . We choose & much smaller than . From (4.21) and (4.22),

we conclude that u is Lipschitz in Bs/g and its norm is less than Ce.
The inductive hypothesis, rescaled, turns into

(4.23) oscw < 2k«
B,k
fork=0,1,2,....
Then
(4.24) lw(x) — w(0)] < |2x|* for |x| > 1,
(4.25) lwx) —w0)] <1 for |x| < 1.

We also know from (4.19) that

1
{x € B;: w(x) —infw > —H > (1 —8)|By].
By 2

Now, let b be a smooth cutoff function such that

b(x) =0 forx € R"\ Bs,

b(x) =1 forx € By,

b(x) <1 forevery x € R".
Thus

b(x)u(x) < e,
(bit)ee = beett + 2b,it, + bit,e > —Ce.

Let h = (—A)*(bu). We can apply Lemma 4.1 to obtain 2 < Ce.

By construction it — bit = 0 in By,16, therefore

0= —A(i — bit) = (—=A)'™(w — h) in By 5.
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Letv(x) =1 + 2(h(x) +infp, w — w(x) — Ce¢). Then
(=)' =0 in B7/16,
supv < 1,
By

supv < 14 (2-25%  for every positive integer k,
sz

[{x € Bi : v(x) <0} = (1 =8)|Bil.

Then, if § is chosen small, we can apply Lemma 4.7 (rescaled) to v in the ball
B7,16 to obtain v(x) < 1 — y for x € Bj/,, which means

(4.26) wx) >y + ilr;fwi) +h(x) —Ce
1

for x in By .

Letv;(x) = b(x)-u(x)+eb(2x). Then max v;(x) = v;(xo) for some xo € By ;.
Moreover, since 0 € suppu and £b(2x) constantly achieves its maximum in a
neighborhood of 0, then i (xy) > 0. Therefore w(x) = ¢ (x) for every x in a neigh-
borhood of xy; thus w and also u are sufficiently smooth at xy so that (—A)*u(xp),
as well as (—A)*v1(xg), can be computed. Since v; achieves its maximum at x,
(—A)*vi(x0) = 0. Therefore

0 < (=A)'vi(xp) = h(xo) + €2°(=AL)"b (2xp)
< h(xp) + Ce.

Replacing in (4.26), we obtain

(xo) = y +infb — Ce.
1

But since xy € supp u, w(xp) = q_b(xo), and infp, w > infp, q§, then

Y < ¢(xo) — iIIglfq_S —Ce < (Cls.
1

But this is a contradiction if we choose the constants so that ¢ is much smaller
than §.

This finishes the proof for x in the support of u. To extend this modulus of
continuity for all x € R”, we observe that (—A)!~*w = 0 in the interior of {# = 0}
and apply Lemma 4.9. O

4.4 The Case When ¢ € C1-#

When we assume ¢ to be only C'# in our obstacle problem, we can still obtain
the result of Theorem 4.12 when we have 1 + 8 > 2s. In order to show that, we
have to improve some of the lemmas. We will explain the modifications in detail
now.
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Since we are not assuming ¢ € C*, we only have ¢ € C* fort =1+ 8 — 2s.
And instead of u,, > —C, we have only a one-sided C'-#-estimate saying that for
each x € R”, there is a vector a(x) such that

(4.27) u(y) = u(x) +ax) - (y —x) = Cly —x["*.
Instead of Lemma 4.1 we will need the following lemma:

LEMMA 4.13 For o € (0, B), there is a constant, depending only on o, 8, and
dimension, such that if sup, |[v(x)| < A and for each x there is a a(x) such that

v(y) > v(x) +ax) - (y —x) — Bly —x|'""? foranyy e R",
then (—A)°v(x) < C B20/(+B) A(+p=20)/(1+5)
PROOF: The proof is very similar to that for Lemma 4.1. We can also assume
v to be smooth and do the computations:

v(x) —v(y)

—AN)v(x) =
(-arue = [ TR
Rn

= / v(X)—v(x)—Vv(x)’(y—x)-l-Bly—XIHde

|x _ y|n+20
Br(x)
—A d
+ |X _ y|n+2¢7 Yy
R\ Bg(x)
<o [ i) [ o)
= 5 g A T o, 4
|x _ y|n+2a—l—f} |)C _ y|n+20
Bg(x) R™"\Bg(x)

< C(B . R]-‘rﬂ—za +A . R_ZG).

Replacing R by (A/B)!'/U+P) in the above inequality we obtain

14820
1+ .

(=AY v(x) < CBTF A
O

Instead of Lemma 4.10, we will use the following lemma, which does not pro-
vide an estimate that is as good as before, but it is enough for our purposes.

LEMMA 4.14 Given pu > 0 and u satisfying (4.27), if u(x) > ur'*™® for one
x € B,, then
l{x € By tu(x) > 0} = 8| By |

for some & depending on L.

PROOF: The proof is identical to the one for Lemma 4.10, but every time there
is an estimate with a term |x — y|?, |x — y|'*# has to be used instead. [l
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A new lemma has to be added to replace the well-known fact that semiconvex
functions are locally Lipschitz.

LEMMA 4.15 Suppose
(4.28) lu(x)| <e forx € By,
(4.29) u(y) > ux) +ax) - (y —x) —ely —x|'*? forx,y € By.

Then u is Lipschitz in By, with a Lipschitz norm no greater than Ce for a con-
stant C.

PROOF: For x,y € By, let
u(y) —u()]
lx — ¥l
Let us assume that u(y) > u(x) so that u(y) = u(x) + K|x — y|. Letz € By be

in the line determined by x and y so that [x — z| > |y — z| > % From (4.29), we
have

(4.30) u(y) — Klx —yl = u@x) > u(y) +a@y) - (x —y) —elx —y|'"*?,

K

(4.31) u(z) > u(y) +ay) - (z—y) —elz — y"*.
From (4.30),
a(y)- (y —x) = Klx — y| —elx — y|"*7.
From (4.31),
|z — x|
uz) > —e+a(y) - (y—x) -
ly — x|
>a(y)-(y —x) —2¢
2|y — x|
1
> (Klx —y| —elx — y|"")— —2¢
2|y — x|
K
> — — 3¢,
2
Since u(z) < ¢ for any z € By, we have K < 8e. [l

Now we are ready to state the theorem. Our assumptions now match what we
know in the original obstacle problem when ¢ € C!-#.

THEOREM 4.16 Let u and ¢ satisfy (4.1), (4.2), and (4.3). Let w = (—A)*u (recall
0 < s < 1). Let us also assume (4.4) and (4.7), and also

4.32) C > sup lp(x) — (¥

X,y |x—)’|r

(4.33)  u(y) > ux) +ax)-(y—x)—Clx —y|'*?,

fort =148 —2s,

1
434) (—N)°u=<cC forany o < %’B
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where f is a positive real number such that 1+ 8 > 2s. Then w € C® forana > 0
depending only on s, B, and the dimension n.

Remark 4.17. In our original obstacle problem, we have (4.33) from Proposition
3.13 and (4.34) from Proposition 3.11. But actually (4.34) could be deduced from
4.33 and the boundedness of # by Lemma 4.13.

The proof is essentially the same as the proof of Theorem 4.12 with a few
modifications.

First of all, for the function v defined in (4.18), we have to use Lemma 4.4 for
ao suchthat 0 < 20 < 14+ B8 — 2s = 1, since it is for those o that we know
(—A)w = (—A)°u < C and therefore (—A)%v < ¢ for kg large enough.

Later in the proof, when we construct the rescaled function u, we will have a
different upper bound for # in B34 given by Lemma 4.14 instead of 4.10. We have
u(x) < p2=1+Pk for x € B340+, which is enough to obtain 0 < u(x) < ¢ for
X € B3y since 1 + B > 2s.

Instead of (4.20) and (4.21), we have

up lp(x) — d(»)] -
X,y lx — y[*

u(y) = u(x) +ax) - (y —x) —ely — x|

fort =148 —2s,
1+8

This is the point when we need to use Lemma 4.15 to obtain the Lipschitz bound
for i in Bsg to be less than Ce.

Then the proof follows as in Theorem 4.12 until we have to estimate (bu).,
from below. Instead, we compute a one-sided C Le_estimate for (bit),, from the
corresponding one for # and the smoothness of b. We have that

b(y) > b(x) +b'(x) - (y —x) — Clx — y|'*#,

i(y) > i(x) +ax) - (y —x)—ely —x|'*#.

Multiplying both inequalities and recalling that ||u||,;, < Ce, we get

b(y)ia(y) = b(x)ii(x) + Ax) - (y — x) — Cely — x|'*F

where A(x) = a(x)b(x) + b'(x)i(x). Then we apply Lemma 4.13 instead of
Lemma 4.1 to obtain A = (—A)*(bu) < Ce.

The rest follows exactly as in the proof of Theorem 4.12.

Remark 4.18. It is interesting to notice the difference with the classical obstacle
problem (case s = 1). In that case, the result of Theorem 4.16 is not true since Au
has a jump discontinuity across the free boundary. The key point is that when s <
1, we can use the semiconvexity of u to obtain that w = (—A)*u is a subsolution
of (=A)'™Sw < C, and this is an elliptic-like equation in the sense that Lemma
4.4 holds. We are thus using this room that we have between s and 1 to gain some
extra regularity.
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5 Towards Optimal Regularity

The observation that (—A)!~*w = 0 in the interior of the contact set {u = 0}
will allow us to estimate its growth in the free boundary by using a few barrier func-
tions carefully. In this way, we will achieve optimal (or almost optimal) regularity
results.

5.1 Barriers

In [9] a Poisson formula for the balayage problem of (—A)? is proven. The
formula says that if g is a continuous function in R"\ B,, then there exists a function
u, continuous in R”, such that u(x) = g(x) for every |x| > r, and (—A)°u(x) =0
for every |x| < r. The function u in B, is given by the formula

u(x) = / P(x, »)g(y)dy

R\ B,

r2—x?\° 1
P(X,y) = Cn,a

Iy2—=r2) |x—y|"

where

This is known as the balayage problem in B,, and P is its corresponding Poisson
function.

We can take r — oo in the above formula to obtain a solution of the balayage
problem in the semispace {x,, < 0}. If g is a continuous function in {x,, > 0}, then
there is a function u, continuous in R”, such that u#(x) = g(x) for every x such that
Xp, > 0and (—A)°u(x) = 0 every time x,, < 0. The function « in {x,, < 0} is
given by the formula

u(x) = f P(x. y)g(y)dy

{yn=>0}
where
X, \" 1
P(-xvy):Cn,ot i nt
lyal / 1x — ¥l
The constant C,, o is chosen so that
1= [ Pey

{yn=0}
for any x (by rescaling, it is not hard to see that the above actually does not depend
on x).

Notice that for each fixed y, P is C? across the boundary {x, = 0}. We are
going to construct barriers now to assure this regularity in several cases.
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FIGURE 5.1. The function B.
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Let go = 1 — xp,- When x, > 0 let B(x) = go(x), and when x,, < 0 let B(x)
be given by the formula

5.1) B(x) = f 200 P(x, y)dy = / P(x., y)dy.

{yn=0} {yn=0Aly[=1}
The function B would be the solution of the balayage problem in the semispace
{x, < 0} for B(x) = g(x) in {x, > 0} (see Figure 5.1). In this case g is not
continuous, so we just define B as the integral above.
Let us estimate now the behavior of B for small x. Let |x| < % If |y| > 1,

%lyl < |x — y| < 2|y|; therefore, since

Ixa\7 1
P(x, )’) = Cn,a ,
lyal ) 1x = yI"

we have .

Cn,oz|xn| =< P()C, Y) = Cn,ot|xn|

(T— 0’—
2y, |7 |y]" [Yal? ly]"

Applying these estimates to (5.1), we get
C
(5.2) 2—n|xn|" < B(x) <2"Clx,|”
for every |x| < % where C depends only on n and « and is given by

1
C=Ch, f ——dy.
|Ynl® ]y 1"

{yn=0Aly|>1}

On the other hand, when |x| > 1, it is clear that 1 > B(x) > d; for some constant
d; > 0 depending only on « and n.
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Now let g;(x) = min(|x[, 1); let us solve the corresponding balayage problem
for the semispace {x, < 0}. We observe that g;(x) = fol go(x/t)dt. Then

1
A(x) = f g1<y>P<x,y>dy=/0 B(?)dt.

{yn=>0}

We want to see the behavior of A when x approaches 0. Let |x| < 1;
1
aw= [ 5(Ea= s (as [ 5()a
0 t 0 t 2 t
e (Y
<2|x|+ 2C dr
2x| !

C o o
r+1|x"| (I —=@2JxD?)

2|x| 1

|x|

<2lx|+

< 2[x| + Clx,|%.

On the other hand,

1 2|x| 1
A(x):f B(f>dz=/ B(f>dz+/ B(f)dz
0 t 0 t 20 t
2| X
[l
o t

2|x|
z/ dy dt = 2d;|x|.
0

The function A is continuous, and clearly A(x) — 1 as |x,| — oco. Let u =
mian\Bl/4 A(x). Then
A(x) > min(u, 2d;|x]).

If we consider A(x) = (1/u)A(ux/(2d;)), then A(x) > min(1, |x|).

PROPOSITION 5.1 Let v be a continuous function in R" such that

o (—A)°v = 0in a convex open domain 2,
e v(x) is Lipschitz and bounded in R" \ .

Then v € C°(R").

PROOF: Without loss of generality, we can assume that the Lipschitz constant
of vis 1 and ||v||;o« = 1. Let xo € R" \ Q. Since €2 is convex, there is a unitary
matrix U such that the function V (x) = A(U (x —x0)) +v(xg) satisfies (—A)°V =
0 in . Since V(x) > min(l, |x — xg|) + v(xg), then V(x) > v(x) in R" \ Q.
By the maximum principle V > v in the whole R”. In the same way we prove
v(x) > v(xg) — A(U (x — x0)). Therefore we have a uniform C?-modulus of
continuity for every point xo in R” \ 2. By Lemma 4.9, v € C? (R"). O
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5.2 Optimal Regularity Results

Optimal regularity can be quickly derived from what we have so far in the case
when the contact set {# = 0} is convex. The nonconvex case will require more
work.

THEOREM 5.2 Let u be as in Theorem 4.12; if the interior of the contact set {x :
u(x) = 0} is convex, then w € C'~* and therefore u € C"*.

PROOF: By Theorem 4.12, w € C* for some small . Then w is continuous
is R". Let 2 be the interior of {x : u(x) = 0}, that is, convex. We also know
w(x) = ¢(x) forevery x € R" \ ©, and ¢ is Lipschitz. Since (—A)'*w = 0 in
2, then we meet the conditions of Proposition 5.1 with o = 1 — s, so we conclude
we Cls. O

Remark 5.3. With a slightly different barrier function it could be shown that in the
situation of Theorem 4.16, w € C* for « = min(1 — s, t) where ¢ € C*.

Remark 5.4. By constructing test functions that solve the equation outside of a
ball instead of a semispace, the above theorem could be refined to a contact set
that satisfies an exterior ball condition. For the time being we cannot assure any
regularity for the free boundary, and such regularity theory is likely to require a
sharp estimate on the regularity of the solution u.

The proofs from now on are not very different whether we consider ¢ to be
Lipschitz or merely C*. We will thus describe the general case right away. We
suppose that in our original obstacle problem ¢ € C!# and 25 < 1+ 8, so that we
have p € C* fort =1+ 8 — 2s.

The following lemma gives us an idea about how far from convex the level sets
of u can be.

LEMMA 5.5 Let u be as in Theorem 4.16. Let’s assume that w € C* for some
given o < 1 + B — 2s (probably larger than the one from Theorem 4.16). Let x,
be a point such that u(xy) = 0. Then for a small enough §, there is a constant C
such that xg is not in the convex envelope of the set

(5.3) A, = {x € B, (x0) : w(x) > w(xp) + Cor®*?®}

for any r > 0. Moreover, § can be chosen to be any positive real number less than
(14 B)/(x 4+ 2s) — Da (for example, half of that number).

PROOF: Since w € C%, then u € C*** (or CH*™~ 1) so w(x) = (—A)*u(x)
can be computed by its integral representation.
We can assume xo = 0 without loss of generality. We choose
1+8
a+2s
Notice that § < T —a (recall T = 14 8 —2s). If we take Cy = 1 in the definition of
A,, we will prove that the result of the lemma is true for » small enough. Choosing

S < lo.
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Cy large enough in (5.3), we can then make it true for larger values of r. (Actually,
we can even make sure that A, is empty for large r.) So we will consider now

(5.4) A, = {x € By (x0) : w(x) > w(xg) + Cor®*®},

and we want to show that for small enough r, 0 is not in the convex envelope of A,.
Since ¢ is a C*-function, ¢ (x) < ¢(0) + C|x|*. Then, when x € A, for r small
enough,
¢ (x) < ¢(0) 4 Clx|" < w(0) + Cor*™ < w(x);
then w(x) > ¢(x); thus u(x) = 0 for every x € A,.

Let us argue by contradiction. Suppose that we have k points x;, ..., x; € A,
such that a convex combination of them is 0,

k
ijxj =0
j=1
for A; > 0 and ij = 1. For each j, we have
u(x;) —u(x; +y) —u(x; +y)
w(xj)=/ ! ! dy=/%dy

n+2s n+2s
J |yl 3 Iyl

Since u satisfies (4.33), at each point y there is a plane tangent from below with an
error of order C|z — y|'*#; i.e., there is a vector A € R” such that

(5.5) u@ >u(y)+A-(z—y)—Clz—y|'"**

for every z € R". If we replace z = x; + y in (5.5) and add, we get

k
(5.6) > hjulx +y) = u(y) - Cr'te,

Jj=1

Now we compute w(0) and compare it with the values of w(x;),

u(0) — u(y) M(Y)
LU(O) :/ | |n+2v | |n+2v
R)l
—u(y) / —u(y)
|y|n+2s |y|n+2s
B; R”\ By

For the first term we use that w € C% and then u € C**? (or C**>~1). Then
u(x) < C|x|*™, and

—u(y)
|y|n+2s

(5.7) > —C7.
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For the second term, we use (5.6):

k 1
/ —u(y) dy > / —ijl)»ju(xj +y)—Cr +8 :

[y Y ’
R"\ B; R"\ B;
k
B Zj:l Aju(x; +y) dy — Crl+PF—2s
e |
R\ By

Now we make a convenient choice for 7. Let 7 = r? for p = (1 4+ 8)/(a + 2s).
We observe that since p > (a +8)/a, xj € A,, and u is C*, then for r small
enough u(x; + y) = 0 for every y € B;. Thus

—M(y) Z | Aju(x; 4 y) dy — CrlHPF=2s
|n+2s |y|n+2s
R\ B; "\B
(5.8) > ijw(xj) _ OB
j=1

> w(0) + Cor®*® — Ccrith=2p,
Adding (5.7) to (5.8), we get
w(0) = —CF + w(0) + Cor®*® — Cr'+F=2¢
> w(0) + cor‘“‘S — Crbe — Crlthr

(14+B8)a
> w(0) + Cor®*® — Cr o+ .

But this is impossible for small r because we chose § so that  + 6 < 2« /(a + 25).
O

LEMMA 5.6 Let u be as in Theorem 4.16. Let’s assume that w € C% for some
given a < min(l — s, 1 + B — 2s) (probably larger than the one from Theorem
4.16). Then w is actually in CY*, where

1—=s oa+6
1—s+6. o
=< (I—=s)a+2s+1+p8) )>1
21 — )¢ +2s) +a(l + B —a — 2s)

where § is as defined in Lemma 5.5.

‘)/ =
(5.9

PROOF: First we will construct some auxiliary functions. Let B be as in (5.1)
with 0 = 1 — s. Recall that B(x) > 8 when |x| > 1. Then, for 1 > r > 0, let

D(x) = r“ by +/1 lB X =1 dr
X — —B|( — .
d] r . dq t
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Clearly, D(x) = 0 when |x| < r and x,, > 0. When |x| > r,

re min(|x|,1) 1
(5.10) D(x) > 7 di —I—f od di*~'dr > min(|x|%, 1).
1 r 1

For x, < 0 and |x| < r/2, applying (5.2), we have

o\ T
5.11) D(x)fc(r ( r ) +/r ( t ) ! dt)

S C(rOH-S—l + 1)|xn|l_s-

Now, let us take a point in the free boundary d{u = 0} that we will suppose to
be the origin. Since w is C* for 0 < r < 1, by (5.10) there is a constant C such
that w(x) —w(0) < CD(x) forevery |x| > r. By Lemma 5.5, if we choose r small
enough, then w(x) < w(0) + r**? at least in half of the ball B,. We can assume
that B, N {x, > 0} is that half of the ball. Therefore

(5.12) w(x) < w(0) +r*" + CD(x)

for every x except maybe some x € B, N {x, < 0}.

Since ¢ is C* and r was chosen small, ¢ (x) < ¢(0)+C|x|* = w(0)+Clx|* <
w(0) + r**® 4+ CD(x). Therefore all the points for which (5.12) does not hold
must be in the set where w(x) > ¢(x), i.e., in the interior of {#(x) = 0}. Butin
that set (—A)!~w = 0; also (—A)!™*D = 0 in that set (since it is included in
{x, < 0} N B,). By the maximum principle, (5.12) holds in all of R".

Let x be such that |x| is small. Let p = (1 —s5)/(1 —s+6) < landr =
|x|? > 2|x|. Then, combining (5.12) with (5.11), we get

w(x) < w0) +r*? + Cr* T 4 1, [
(5_13) S w(o) + |x|(05+8)17 _|_ C(|x|(a+s—l)p + 1)|x|l—s
w(0) + C(Ix]? + |x|'™*) < w(0) + C|x|4,

A

where
(ax+8)(1—5) (a+s—D(d—y)
= 5 = =
4=@+Op =" [
=a+s—Dp+d—-5)<1-—s5.
Since w(0) = ¢(0), then w(x) = ¢ (x) = ¢(0) — Clx| = ¢(0) — Clx|? for |x|
small. And this C? modulus of continuity holds at every point in the free boundary
o{u = 0}.
Let x¢ be such that u(xg) > 0; let x be any other point in R”. Let x; be a point
in the segment between x and x, that is in the free boundary d{u = 0}. Then
lw(xo) — wx)| < [w(xo) —wx)| + [wlxy) — wx)]
< lp(x0) —p(x)| + [w(x1) — w(x)|

< C(lxo —x1I" + |x;1 — x|?) < Clxo — x|7.
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Thus, there is a uniform C? modulus of continuity for every x in the set {u > 0}.
Since (—A)'~*w = 0 in the complement of this set, we can apply Lemma 4.15 to
conclude w € C?(R"). Recalling that in Lemma 5.5 § can be chosen to be

1/1+8
— —1)a,
2\a +2s

we get a complicated formula for ¢,
(481 —ys) 1—=s oa+6
T 1-s+6  1-s5s46 o
_( 1=s)a+2s+14+p8) )oc
21 —s) (¢ +28) +a(l1 + 8 —a —2s)

= ya.
O

PROPOSITION 5.7 Let u and w be as in Theorem 4.16. Then w € C¢ for every
a <min(l —s, 1+ B —2s). Thus u € C"* for every a < min(s, B).

PROOF: From Theorem 4.12, we know that w € C¢ for some small @ > 0.
Then we can apply Lemma 5.6 repeatedly to get w € C“ for larger values of
a. To check that « gets as close to min(1 — s, 1 + 8 — 2s) as desired, we only
have to observe that the application I («¢) = y«, where y is given by (5.9), is
continuous and such that I (o) > « for every o € (0, min(1 — s, 1+ 8 — 2s)) and
I(min(l —s,14+ 8 —2s)) = min(l —s, 1 4+ 8 — 2s). 0

THEOREM 5.8 Let B > 0. Given a function ¢ € C"P, let u be the solution of the
obstacle problem given by (1.1)—(1.4). Then u € C"“ for every positive number o
less than min(B, s).

PROOF: In the case 1 + 8 > 2s, we apply Proposition 5.7 to u — ¢ with
¢ = —(—A)* . Recall that u — ¢ satisfies (4.33) and (4.34) because of Proposition
3.11 and Proposition 3.13, and (4.7) is satisfied because of Corollary 3.12.

In the case 1 + B < 2s, the proof is simpler. From the definition of the
problem (1.1)—(1.4) (or from Proposition 3.1 if we start with the variational ap-
proach) (—A)’u > 0 in R". Moreover, (—A)°u > 0 in R” for any 0 < s,
since (—A)°u = (—A)°*(—A)’u, and the operator (—A)°~ is given by the
convolution with a positive kernel. Since ¢ € C'*#, (=A)°¢ € L™ for any
o < (14 B)/2. Then we can apply Proposition 3.11 to conclude that (—A)°u < C
in R” for any ¢ < (1 4+ 8)/2. Thus (—A)°u € L* forany o < (1 + B)/2, and
from Proposition 2.9 u € C'* for any o < . U
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