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Regularity of the Solutions of
Second Order Evolution Equations and Their Attractors

J.M. GHIDAGLIA - R. TEMAM

Introduction.

In this article we consider linear and nonlinear evolution equations of the
second order in time of the form

©.1) %(t) + a%’-tf(t) + Au(t) + g(t,u(t)) = £(2),
©02) u(0) = o, 2(0) = s,

and we are interested in questions related to the regularity of the solutions in
time and space (when (0.1) corresponds to a partial differential equation in =z
and t). Two types of regularity problems are addressed. The first one is that of
the regularity of the solutions of (0.1) (0.2) for all t € R. A scale of Hilbert
spaces F,, is considered

Fm+1CFmC...CFO,

where Fy x Fy D D(Al/z) x H and H is the basic Hilbert space for (0.1),
and we seek necessary and sufficient conditions for the data (A4,g, f) and the

initial values wo, u;, which ensure that the solution {u,u = %’ti} of (0.1)

belongs to Fy,4+1 x Fp,, for all t € R. An obvious necessary condition is that
{uo,u1} € Fn41 X F,,: the other conditions are related to the so-called com-
patibility conditions which have been investigated in R. Temam [23] for the
first order parabolic equations. Let us point out that the situation is definitely
different for second order and first order equations: indeed for second order
equations there is no regularizing effect as one can reverse the time and solve
as well the equations backward in ¢{. However some of the technics of [23]
are used here and, as in this last reference, we produce very simple necessary
and sufficient conditions of regularity. For other results on the regularity in
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relation with the compatibility conditions the reader is referred besides [23] to
O.A. Ladyzhenskaya, V.A. Solonnikov and N.N. Uralceva [13], J.B. Rauch and
E. Massey [19], S. Smale [22] and J. Sather [20].

The second type of regularity results which is addressed here is related
to the attractors and the long time behavior of the solutions of (0.1) (0.2).
The existence and the properties of the attractors for (0.1) have been studied
in a related paper [8] to which the reader is referred for more details and for
some points which are recalled without proofs, but the reading of this article
is essentially independent of [8]. In [8] and in previous related works of A.
Babin and M.I. Vishik [2,3], A. Haraux [12] and J. Hale [10] the existence
of a maximal attractor A for (0.1) was proved, and in [8] it was shown that
its Hausdorff and fractal dimensions in D(A'/2) x H were finite; in particular
A is compact in D(A'/?) x H and attracts in the norm of D(A'/2) x H any
bounded set of D(A/2) x H. Here we are interested in determining under what
conditions on f, g, A, the attractor A lies in a subspace F,,41 X F,,, of Fy X Fy
(corresponding to more regular functions in the space variables); and when
A c F, 41 x F,,, under what conditions a bounded set B,, of F,,41 X F,, is
attracted by A in the norm of F,,,; X F,,. As far as we know the problem of
the regularity of A(A C Fn41 X F,,) has been only investigated, in a direct
framework, by J. Hale and J. Scheurle [11] but they make the assumption that
the nonlinear term g is small in an approppriate sense, a smallness assumption
that is not needed here.

We now describe how this article is organized: the compatibility conditions
and the smoothness at finite ¢ are studied in §1, the regularity results for the
attractors are studied in §2. In §1.1 we describe the abstract setting for (0.1) in
the linear case (g = 0) and in §1.2a we show how the general setting applies to
the linear wave equation. The compatibility results for the linear wave equation
are proved in §1.2b and §1.2c for the nonlinear case; the assumption on the
nonlinear term g are the same as in [8] and this allows for non gradient
systems, non local nonlinear terms, linear self-adjoint operators other then —A
and general boundary conditions. Finally the application of the results to the
Sine-Gordon equation and the nonlinear wave equation of quantum mechanics
are described in §1.2d. Regularity results for solutions defined on the real line
are given in §1.3. In §2.1 we investigate the regularity result for A (conditions
insuring that A C F,,4+1 x F,,); and finally in §2.2 we study the convergence
of bounded sets to A in the norm of F, 41 X Fyy,.

A few words about notations. Let {2 be a domain in R™ and let p € [1,00].
We denote by LP((2) the class of all measurable funtions u, .defined on 2, for

which 1/p

[ulze() = (/ |u(x)|pdz) < oo
0
for 1 < p < 400, and for p = oo those which are essentially bounded on (:

lu|L=(a) = ess Sup |u(z)| < oo.
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We denote by H™((2) the Sobolev L?-space of order m and by HZ*(Q) the
closure of D(Q2) (the space of C* functions with compact support in ).

Let I be and interval of R, p € {1,00] and X be a Banach space. We
denote by L?(I; X) the space of classes of measurable functions f from I into
X such that ||f||x € LP(I). This space is a Banach space endowed with the
norm

N fler () = [IIf | x |e(r)-

The space C(I;X) is the space of continuous functions from I into X and we
shall denote by Cy(I; X) = C(I,X)NL*>(I, X) the space of continuous bounded
functions from I into X.
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1. - Smoothness and compatibility conditions.

1.1. - Abstract setting.

We are given on a real Hilbert space H, with scalar product (-,-) and
norm |- |, a linear self-adjoint unbounded operator A with domain

D(A)={ve H,Ave H}

dense in H. We assume that A is an isomorphism from D(A) (equipped with
the graph norm) onto H and that A is positive:

(1.1) (Av,v) >0, Vv € D(A), v#0.

We recall that under these hypotheses, one can define the powers
A®, s €R (see [6]) and that the space

(1.2) Vao = D(A%), s€R,
is a Hilbert space for the scalar product and norm
(u,v)2, = (A’u, A%v), |u|z, = (u,u);fz, Vu, v € D(A’).
It is well known that, given T with 0 < T < oo, and f,ug,u; satisfying
(1.3) f € L?*(0,T;H), up€V1, u; € H,
the initial value problem on [0,T):

1.4) i(t) + au(t) + Au(t) = f(t), 0<t<T,
(1.5) u(0) = up, 4(0) = u;.

(x € R) possesses a unique solution {u,u} € C([0,T);V1 x H); while if
£, € L2(0,T; H), uo € V; and u; € Vi, {u,u,i} € C((0,T]; VaxVix H). We
have denoted by a dot the differentiation with respect to the (“time”) variable ¢.
The proof of this result can be found for instance in J.L. Lions and E. Magenes
[16]). The reader is also referred to [8] where some complements are given.
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1.2. - Compatibility conditions.
a)  An example: the wave equation.

Let 2 be an open bounded set in R™ with smooth C* boundary 81
The wave equation in 2 x R, reads

aa_ig(x,t) ~ Au(z,t) = f(z,t) forz € Q, t >0,

(1.6) u(z,t) = 0forzedn, t>0,
' u(z,0) = u(z), $¥(z,0) = (z) for z € .

This set of equations can be written in the form (1.4)-(1.5) with =0 and
H = L*(), D(4) = H*(Q) N H}(Q), Au= —Au.

We seek a condition on the data f, up and u; such that the function
{u(.,t), %(.,t)} belongs to H™+*(Q2) x H™(Q1) for every ¢t > 0, where m is a
given integer. This problem is naturally connected with the regularity properties
of the operator A (here the Dirichlet problem for the Laplacian on ). If we
introduce the spaces F,, = H™(Q2), m > 0, the question can be rephrased as

Find a condition on the data f,ug,u,
1.7 such that the solution of (1.4)-(1.5) lies in
Fpy1 X Fp, ie. {u,2} € C{[0,T); Fnt1 X Fp,).

As already noticed the well known regularity results on the operator
A (see e.g. S. Agmon, A. Douglis and L. Nirenberg [1] or J.L. Lions and
E. Magenes [16]) are related to (1.7). Indeed the (trivial) case where f does
not depend on time £, up is such that —Aue = f, uo € V; = H}(Q) and
u; = 0 (i.e. the stationary case) shows that (1.7) is obtained if and only
if f € H*"1(Q) = F,,—;. This is an immediate consequence of the fact
(A denotes the p.d.e. operator —A) that

A is continuous from F,,,. into F,, and
(1.8) A is an isomorphism from V, N F,,42 onto F,,, Vm € N,
Au=Au, YueV,, m>2.

REMARK 1.1. The trivial case of stationary solutions to (1.6) shows
that if we take instead of F,, = H™(Q), F,, = V,, = D(A™/?), which is
a closed proper subspace of H™(Q2) when m > 1, the answer to (1.7) is
ug € Vipy1 and f € V,,—; since (1.6) reads Auo = f. But these conditions
(vo € V41, f € Viu—1) are much more restrictive for m > 2. They include
boundary conditions on f and uo which are not present when F,, = H™((}).
Indeed for, e.g. m = 4, the first condition is f € H3(Q2) whereas the second is
J€Vs={ve H*}), v=Av =0 on 8Q}. To conclude we say that taking
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F,, = H™(Q) leads to simpler conditions than taking F,, = V,, (also note
that the constraints in the last case are not physically relevant). However the
results in the second case are stronger since V,,+1 X V,,, is a proper subspace
of H™*1(1) x H™(Q).

b) The linear equations.

In accordance with the previous example, we assume that besides the scale
of Hilbert spaces {V,},cr, We are given a family of Hilbert spaces {F,,}meN
and an operator A that satisfy (1.8) with (%)

F,,—;1 C F,, the injection being continuous, V,, is a closed
(1.9) subspace of F,,, the norm induced by F,, on V,, being
equivalent to |- |,,; Vm €N; finally Fp = H.

Our goal in this paragraph is to answer (1.7). In the previous example of the
wave equation, this problem is clearly a regularity result. Problems of this
kind have been investigated by various authors in case of linear equations ([4],
[19], [22], ...) and by one of the authors ([23]) in the context of semi-linear
evolution equations of parabolic type. Let us recall that, due to the well-known
smoothing effect of parabolic equations the analogue of Problem (1.7) reduces
in that case to the behavior at time ¢t = 0. In the case of the second order
in time problem (1.4) (which includes hyperbolic problems) the situation is
definitely different. Indeed, this equation has no smoothing effect since one
can reverse time because the change of ¢t in —¢ does not affect the type of the
equation. However the results and technics for solving (1.7) are very similar
to those of [23] and produce a very simple necessary and sufficient condition
that answers (1.7), see (1.17).

In accordance with the technics of [16] and [23], we introduce the Banach
space

(1-10) Wm(I) = {'U € Cb(Ia Fm+1)a v(j) € cb(I;Fm+1".‘i)’ ij=1, ...,m+ 1}3
endowed with the natural norm

(1.11) ollm =, S9p_, [0 | (1P s,

where I denotes a closed (not necessarily bounded) interval of R and m is an
integer > —1. We shall write W,,,(0,T) instead of W,,,([0,T]) and W, instead
of W (R).

First, we assume that the conclusion of (1.7) holds, and we seek a
necessary condition. We suppose that for some m > 2,

(1.12) § € Wmn2(0,T); {u,4} € C([0,T); Frnt1 X Fin).
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By successive differentiations of (1.4), it follows that

(1.13) u € W,,(0,T).

Indeed, let j, 0<7<m+1 and

(1.14), u®) € C([0,T]; Fn-ks1), k=0, ..., j.

We obtain by (1.12) that (1.14)o and (1.14); hold true. Assuming that (1.14);

holds with 1 € 5 < m, we differentiate (1.4) 7 — 1 times with respect to .
Hence

ditly
diti+l

and using (1.8)-(1.9), (1.12) and (1.14); we find that

(1.15)

= wli+Y) = _oull) — gold-1) 4 pl-1),

w1 € ¢([0,T); Fpn-j).

This proves (1.14);4+; and by induction on 5 we obtain (1.14),,41 which is
exactly (1.13).

O

Now, if a solution u to (1.4)-(1.5) satisfies (1.13), thanks to (1.15) we
can easily compute the successive derivatives of w at time ¢ = 0. These values
are determined by the following recurrent formula:

w(0) = ug, 4(0) = uM(0) = uy,

1.16

(119 w1 (0) = FU-1(0) — eul)(0) — Aul-V(0), 0< 5 < m.

We have Aul) = jU) — quli+1) — 4(7+2), thus according to (1.13), Aul) €
C([0,T); Fm-1-;) for 0 < j < m — 1. Since F,,—1—; C Fyp it follows then
from (1.8) that «(¥) € C([0,7]; V2) hence u()(0) € V2, 0< < m—1. On
the other hand by (1.13), u(™) ¢ C(kO,T]; Fy); since V; is closed in F; and
u € C([0,T]; V1) we deduce that u{™) € C([0,T]; V1), hence u(™)(0) € V1. We
have shown that

((0) eV, = D(A) for =0,..., m—1,
(1.17) u(m)() 2 = D(4) for j ™
u (O)EVl.

REMARK 1.2. (i) These conditions are compatibility conditions between
the data f, uo and u, since the u(9)(0) can be computed in term of these
quantities using (1.16).

(ii) Returning to the wave equation (1.6), (1.17) simply means that the
u(7}(0) (which are elements of F; = H'(Q)) vanish in the sense of trace on
80 : ul9) (0)]aq = 0 (see also Corollary 1.1).

O
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We are going to prove that (1.17) is in fact a necessary and sufficient
condition. More precisely we have

THEOREM 1.1. Assume that the data f, vy and u; are such that

f € Wm_2(0,T), f™ € L?(0,T; H),

1.18
(1.18) {ug,u1} € Frp41 X F,, where 0<T < oo and m > 1.

The solution u of (1.4)-(1.5) belongs to W,,(0,T) if and only if the u(9)(0)

given by (1.16) satisfy the compatibility conditions

w9 (0) eV, for 5=0,..., m—1,
u{™) (0) € V5. :

PROOF. We have already noticed that this condition is necessary. For the
sufficient part, we denote by v the solution to the Cauchy problem

(1.19) 5+ ab+ Av = f(m),
(1.20) v(0) = u(™)(0), 9(0) = u{™+1)(0),
where u(™)(0) and u(™+1)(0) are obtained through (1.16). Thanks to (1.17)
and (1.18) the problem (1.19)-(1.20) is identical to (1.4)-(1.5) and {v,v} €
¢([0,T); V1 x H). Since u(™) = v, it follows that

{ul™), w1} e ¢([0,T); V; x H).
For 0 < k < m — 1, the function w = u{¥ is also solution of a problem (1.4)-
(1.5) with right hand side g = f(*) and initial conditions wo = u(*)(0), w; =
u(*+1)(0). Since by (1.17) wo € V2, w; € V; and by (1.18), g, € L*(0,T; H),
we have {u(*), u(k+1)} e C([0,T];Vz x V). Hence

121 u® e C([0,T];V2), 0<k<m -1,
' {u(™),u(m+)} € C((0,T}; Vi x H).
The proof proceeds by induction. We assume that
(1.22); ulm*t5-1) € ¢([0,T]; Ft), 0< k < 3,

holds for some k, 1 < k& < m. We differentiate equation (1.4) m — 7 times with
respect to ¢; it follows that

Au(m=9) = plm=d) _ gy (m=i+1) _ y(m+2-1) ¢ ([0, T); Fj_1).
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Thanks to (1.21), u{™~9) e V, hence by (1.8), Au(m™=9) = Au{m=7) and
then u(m=7) € C({0,T]; F(j41)) : (1.22);41 is proved.

According to (1.21), (1.22), and (1.22); hold and (1.22),,,; follows by
induction. Therefore (1.13) and the Theorem are proved.

c¢) The nonlinear equations.

In this section we generalize Theorem 1.1 to a class of nonlinear equations
which includes in particular nonlinear wave equations. Although the method is
very general we will restrict ourselves for the sake of simplicity to the class
of second order in time nonlinear evolution equation:

(1.23) i+ ot + Au+ g(u) = f,
1.24) u(0) = ug, u(0) = u;.
We assume that the nonlinear operator g maps continuously V; into H and
V, into V;. Moreover we assume that the problem (1.23)-(1.24) is well-posed
(?) in V; x H and V, x Vq, ie. if f, uo and w; are given such that
(1.25) FeC([-T,T); H), up €V, and u, € H,
(1.23)-(1.24) possesses on [—T,T] a unique solution satisfying
(1.26) {u,4} € C([-T,T); V1 x H).
While, if f, up and u, satisfy
(1.27) 0, f€C([-T,T); H), uo €V, and u; € V3,
the previous solution satisfies
(1.28) {v,4} € C([-T,T); VaxV1).
In both cases, for ¢ fixed, the solution {u(t),%(t)} depends continuously on
{uo,u;} with respect to the corresponding topology.

We introduce a mapping Gy on Fp.; X - - - X Fy as follows. For
{u(9(0),x(1)(0),...,u*+t1)(0)} € Fyy1 x - - - x Fp, we set

GL®(0), 4 0), ..., u#0(0)} = { Zg(u(t)

t=0 }051'5k+1

We shall assume that for k£ > 1,

(1.29)x Gy is a continuous bounded map from Fyiy X - - - X Fy into itself.
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It follows from this hypothesis that for every interval I ¢ R,. g is a continuous
and bounded map from W (I) into itself. This is shown by observing that for
any r, the formula above is verified:

GuuO (1), (1)) = { FEra(u()

t=f}05j5k+1

(r = 0 does not play a particular role) and then we apply (1.29);.

Let there be given m > 2. Assuming that (1.29); holds for 1 < k< m-1,
by the same kind of method as in the linear case it follows that if (1.12) holds
then u satisfies (1.13) and the u{?)(0) are determined by

w(0) =0, (0) = w(0) = s,
130)  w*9(0) = f00(0) - T(ul)]  -au(0)

dti—1 =0

—Au-1(0), 1< < m.

We can now state the analogue of Theorem 1.1:

THEOREM 1.2. Let m > 2 and assume that (1.29); holds for 1 < k < m-1.
If the data f, ug and u, are such that

J € Wm—2(0,T), f(™ € L*(0,T; H),

1.31
( )m {uo,ul} (S Fm+1 X Fyn where 0 < T < oo.

Then the solution u of (1.23)-(1.24) belongs to W, (0,T) if and only if the
ul?) (0) given by (1.30) satisfy the compatibility conditions:

w9 0) e V; for 5=0,...,m -1,
(1.32),,

u{™)(0) e V3.

PROOF. The proof of the necessary part is parailel to that in Theorem 1.1.
We are going to establish the sufficient part by induction on m. For m = 2,
it follows from (1.31)-(1.32) that (1.27) is fulfilled. Hence according to (1.28)
and (1.23), we have: u € W1(0,T). Thanks to (1.29),,
(1.33) g(u) € W1(0,T).
We write (1.23) as
(1.34) i+ o+ Au= [ — g(u);

According to (1.31), (1.32) and (1.33), Theorem 1.1 (with m = 2) applies to
(1.34) and we obtain that u € Wz(0,T). Theorem 1.2 is proved for m = 2.
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Suppose that this theorem is true for some m > 2 and that hypotheses
(1.29),,, (1.31),, and (1.32),,,, are satisfied. Applying Theorem 1.2 at rank
m, we deduce that

(1.35) u € W, (0,T).
From (1.29),, it follows that
(1.36) g(u) € Win(0,T)

and according to (1.31),,41, (1.32),,41 and (1.36) we can apply Theorem 1.1
at rank m + 1 and it follows that u € Wy, 4+1(0,7).

REMARK 1.2. (i) In the proof of this Thorem we have only used the
fact that g is a continuous and bounded map from Wy(I) into Wj_,(I) for
k<m-—1.

(ii) The case where g depends on time ¢ can also be considered. In that
case (1.29); is replaced by the assumption that g is a continuous and bounded
map from Wy(I) into itself.

d) Example: a nonlinear wave equation.

_ We return to the notation of Section 1.2.a on the linear wave equation in
(I xR, and introduce g a C* mapping from the real line R into itself ().
The nonlinear wave equation in 2 x R4 reads

%u ou . «
(1.37) W+QE—AU+9(U)—fln QXR+,
together with (1.6)2 and (1.6)s. ,
We make the following assumptions on g (G(s) = [ g(o)do)
0

(1.38) lim inf G(:) > 0,

jo]—+ooc &

there exists C; > 0 such that

(1.39) lim infs_g(s)_—zC&(s) >0,

|a]— o0 s
and (when n > 2)

(1.40) lg'(s)] < C(L+[s]")

0<v7< 0 when n =2
with 0<~4<2 when n =3
~=0 (i.e. g’ is bounded) when n > 4.
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The two main types of applications we have in view are

(i) g{u) = sin u in which (1.37) is the well known Sine-Gordon equation,
(if) g(u) = u?*!, p € N, and v = 2p satisfying (1.40) (here for physical
reasons 2} ¢ R™ with n < 3).

These examples satisfy obviously that g is C* and (1.38)-(1.40).

a

Under the previous hypotheses, it is well known (see [2], [8]) that
Equations (1.37), (1.6)2, (1.6)s are well-posed in V; x H and Vp x V;.

In order to apply Theorem 1.2 to (1.37), we observe that for ¢ R"*,
n < 8 (the physical case) it follows from Sobolev imbeddings Theorems
(in particular since H?(Q}) ¢ L*(Q)) and from Fai di Bruno formula (see

L. Comtet [5], p. 137) which gives the derivatives %:E(g(u(t))) as functions

of those of g and u, that (1.29), holds for every k > 1 (see the Appendix).
Therefore under the previous hypotheses, Theorem 1.2 reads

COROLLARY 1.1. We assume that 2 is a smooth (C*®) bounded open set
in R*, n < 3. If the data f, uo and u, are such that (m > 2)

59 ec(o, T, H™ (), 0< s <m~1, f(™ e L*(0,T; L*(0)),
Uy € Hm+1(9), u € Hm(ﬂ),

then the solution u of (1.37), (1.6)2, (1.6)s satisfies
ut) € C(0,7]: H™174()), 0< 5 Sm+1,
if and only if the u(9)(0) computed recursively by
uw(®(0) = uo, ulM(0) =y,

. . 57
+1) 00y — -1 () —
w1 (0) = 741 (0) e

_ g(u(®))| -eul)(0) — Aul-1(0),

t=0

0<7<m,

are such that

. J
ul(z,0) = -aaTt;(z,O) =0 for z €90, =0,...,m.

1.3. - Bounded trajectories on the real line.

This section is devoted to the study in the dissipative case (i.e. a > 0) of
solutions of the linear equation

(1.41) i(t) + au(t) + Au(t) = h(t), teR,
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satisfying the boundary condition at —oo
(1.42) lim sup (|u()(? + [(t)[?) < oo,
where h € Cy(R, H).

We write (1.41) as a first order system by introducing ¢ = {u,v}, ¥ =
{0,h}, A€ L(V1 x HH xV_1):

A= (e ase)

where € is chosen in (1.45).
With these notations (1.41) reads

(1.43) S(t) + Ap(t) = 7(t), teR

and we introduce the linear group {X(t)}:ecr which acts on V; x H by setting
Z(t)po = p(t) where o is the solution to (1.43) with this time ¥ = 0 and

(1.44) ©(0) = pq.

Concerning the choice of € we denote by « the norm of the injection from
Vi into H(lu| < &|ul;, Yu € V1) and we compute for p € Vo x V1, o = {u,v},

(A, v xir = (eu— v,u); + (e(e — @)u + Au + (@ — €)v,v)
= eluf? + (o= fol? — (e — €)(w,9),

(AP @)vixar 2 eluli + (@ — €)|v]* — e|a — e|sfuls |o].

Now we take
. o 1
(1.45) € =4 Min ('Z, W) H
hence
€ €
(1.46) (Ap, P)vix > E(IUIE + v]?) = §|<P|‘2A XH

From (1.46) it follows that for o € V3 x V4,

(1'47) Iz(t)(Polglle S e_dl(pol‘zﬁxff$ t 2 0’

and since ¥(t) is linear and continuous on Vi x H by density of V, x V; in
V1 x H we deduce (1.47) for every ¢y € V7 x H. Hence

(1.48) 1) evixm) S e 2, t>0.
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The goal of this section is the following result
PROPOSITION 1.1. Let k be a positive integer and let h be such that

b € CoR; Frmja1), 5=0,...,k—1,

1.49
(149) hE) e C(R; H).

Then equation (1.41) possesses a unique solution u which satisfies
(1.50) {u,u} € Co(R;V; x H).

Moreover u € Wy, and there exists a constant c; such that

(1.51) lulle < cx(1R® |Lo@.m + Swp_, ) | @ s-1))-

PROOF. Let us first prove this Proposition for & = 1. For the uniqueness
we have to prove that if u satisfies (1.50) and (1.41) with A =0, then » = 0.
Let t > s then (p = {u,v}) by (1.43) with ¥ =0,

o(t) = B(t - 5) o(s),
and by (1.48),

. —€(l—s
(152 Ol < (=D s) v

But by (1.50), since v = @+ eu, |p(s)|v,xz is bounded when s — —oco. Hence
letting s — —oc in (1.52),

le(t)lvixer £0,
i.e. p(t)'= 0 which implies » = 0. The existence is obtained by the variation

of constants formula. Indeed we set (t,7) = X(t —r){0,h(r)}; from (1.48) we
have y(t,.) € L'(~o0;t;Vy x H) and

t —
90t Wvacar < xp(L D) plpoa, 75t

Therefore we can define € C(R,V; x H) by

t
(1.53) olt) = / (t, 7)dr,

and

]
t— 2
(1.54) |plre®vixm) < (/ eXP(-E(TL))dT) |hlz=® ) = Zlhlz=@,5)-

o OO0
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It is easily seen that ¢ defined by (1.53) satisfies (1.43) and since ¢ = {u,v}
with v = & + eu, u is solution to (1.41) with (1.50) thanks to (1.54) which
shows also (1.51). In fact we have obtained that the solution is given by

(1.55) {u(t), i(t) + eu(t)} = / Se(t — 1){0, h(r) }dr,

-—co

+oo

- / S (r){0, h{t — r)}dr.

13

For k > 2, we first differentiate (1.55) k times with respect to ¢. Since
r(k) € Cy(R, H) we find that {u(*), u(k+1)} € C4(R;V; x H). Let us prove by
induction on 5, 0 < 7 < k+1, that

(1.56); uk+1-3) € Cy(R; F;).

For 7 =0 and 5 =1 it has just been shown. We assume that (1.56); holds for
some j > 1. According to (1.41),

wb=42) | o (b=i+1) 4 g (k=3) _ p(b=3)
and by (1.56);_1, (1.56); and (1.49),
Au(k_j) (S Cb(R;Fj._l).

Since A is an isomorphism from V. N F;;, into F;_; (by (1.18)) we deduce
(1.56) 41 '

Hence (1.56)41, ie. u € Wy, follows by induction and (1.51) by
inspection of the proof.

2. - Application to the attractors.

In this paragraph we derive some properties concerning the long time
behavior of the infinite dimensional dynamical system generated by the equation

2.1 i(t) + au(t) + Au(t) + g(u(t)) = f for t > 0,
2.2) u(0) = ug, 2(0) = uy,

where o is positive. We assume that the right-hand side, f, of (2.1) is
independent of ¢ and belongs to H, so that (2.1) is an autonomous (*) dynamical
system,

. The hypotheses are those of Section 1.2.c, in particular those concerning
the well-posedness of (2.1)-(2.2) in V3 x H and V; x V;; we assume further that
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the injection from V; into H is compact. Equation (2.1) can be for instance
the damped nonlinear wave equation of Section 1.2.d (see (1.37)).

The previous hypotheses are such that the mapping S(¢) from V; x H or
Va x V; into itself defined by

23) S(){uo,u1} = {u(t), ()}, VeeR,

is continuous and since (2.1) is autonomous, {S(t)}:cr is a group which acts
on both spaces. We recall that a subset X of V4 x H is a functional invariant
set for S(t) if

24 St X=X, VieR.

Given {S(t)}:er Which acts continuously on a metric space &, we recall
that B, is a bounded absorbing set in £ if B, is bounded in £ and for every
bounded subset B in £, there exists T'(B) € R such that S(t)B C B,, for every
t > T(B). .

Concerning the long time behavior of (2.1) we assume that there exist a
bounded absorbing set By (respectively B;) in V; x H (resp. Vo x V1) and a
compact set in V; x H, A, which is bounded in V; x V;, functional invariant
and attracts bounded sets in V; x H i.e. for every bounded set B in V; x H,

2.5) lim  Sup _d(S(t){uo,u:},A) =0,

t—+oo {up,u;1 }JEB

where we have denoted
(2.6) d(y,A) = Min|ly - aflv, -

This set, A, which is necessarily unique is called the universal attractor for
the flow (2.1) in V; x H.

Under the assumptions of Section 1.2.d., it was shown in [8] that the
maximal attractor A exists for the nonlinear wave equation of Sec. 1.2.d
(provided v < 2 if n = 3); cf. also related results of A.V. Babin and
M.I. Vishik [8,3], A. Haraux [12] and J.K. Hale [10]. The more general
framework considered in [8] includes non gradient systems, non local nonlinear
terms, linear self-adjoint elliptic differential operators other than —A and other
boundary conditions.

For f given in F, = H, according to the previous assumptions and
remarks, the universal attractor is included and bounded in V, x V;. In the
following section 2.1 we address the natural question whether A is more
regular, i.e. included in Fy,4; X F,, for some p, provided f is more regular. We
will give a positive (and optimal) answer in Theorem 2.1 which shows that if
f € F,, we have A C F,, ;2 X Fy,4+1. Then in Section 2.2 we study whether
(when f € F,,) the convergence in (2.5) is achieved in a better norm than that
of V; x H. Finally we give some generalizations to the time periodic case.
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2.1. - Attractors are made of smooth functions.
In this section we prove

THEOREM 2.1. Let m be a non negative integer and assume that f € F,,
and g satisfies (1.29) for 1 < k < m. Then every functional invariant set X
bounded in V1 x H is included and bounded in Fy,42 X Fpt1.

PROOF. Let us first observe that if X satisfies the hypotheses of the
Theorem then X C A. Indeed since S(¢)X = X and X is bounded in V; x H
by (2.5) we have d({ug,u1},A) = 0 for every {uo,u;} € X. Hence the Theorem

is proved for m = 0. In fact according to what precedes it is sufficient to show
that if f e F,,,

(2.7) AcC Frio X Fruga.
Let there be given {uo,u;} € A. Since A is invariant by S(t) and bounded

in V; x V, we know that the trajectory {u(t),u(t)} = S(t){uo,u1} lies in A for
every t € R and therefore is bounded in V; x V3, i.e. we have

X)) @(t) + ci(t) + Au(t) = h(t)
where

(2.9) h(t) = f - g(ult)

and

(2.10) {u,4} € Co(R;Va x V3).

We are going to prove by induction on m that
2.1, if f € Fp, then u € W41 and ||u)lm+1 £ pm < +o0,

where p,, is independent of {ug,u;} € A.

The case m = 0 follows immediately from (2.10). Indeed since g is
bounded from V, into H we have & = f — g(u) - Au— au € C(R, H) and the
norm of u in W, is bounded by a constant which only depends on A.

We assume that (2.11),, is proved for some m > 0. Let f € Fpp1;
since F,,,, C F,, by (2.11),, we deduce that v € W, 4, and since g satisfies
(1.29),;,4+1 we know that

(2.12) 9(v) € Winy1 and [|g(u){lm+1 < plp < +oo,

where p!, does not depend on {ug,u;} € A. Now it follows from (2.12) and
f € Fpaq1, that h, given by (2.9), satisfies

wU) € Co(R; Frnt1-5), 7=0,...,m,
Km+2) e Cy(R; H),
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and by Proposition 1.1 with k = m + 1, we deduce (2.11),,41.

Now Theorem 2.1 follows from (2.11),, since from u € W,,+1 we deduce
that {u,4} € C4(R, Frnt+2 X Fm41) hence at time ¢ = 0, {uo,u1} € Frny2 X Frnt1,
and (2.7) follows. The boundedness of A in F,,;2 x F,,41 iS a consequence
of the estimate in (2.11),,.

O

In particular, the application of Theorem 2.1 to the nonlinear wave
equation of Sec. 1.2.d. gives the

COROLLARY 2.1. We assume that Q) is a bounded domain in R™, n < 3,
with C* boundary and that f € H™(Q). The universal attractor A for (1.37)-
(1.6), is included and bounded in H™+2(Q) x H™+1(Q1). When f € C*(Q0), A
is included in C*((1)2.

2.2. - Convergence to the universal attractor in stronger norms.

According to (2.5), we know that for {ug,u,} € V1 x H, the trajectory
starting at time ¢ = 0 from this point converges to A in the norm of V; x H.

But when j belongs to F,,, Theorem 2.1 shows that A is included in
F,.+2 X F,.4+1, therefore a natural question is whether the convergence to A of
the trajectory is achieved in a norm stronger than that of V3 x H. This problem
is by nature connected with the question of smoothness of the trajectory i.e.
the analogue of (1.7) for the nonlinear equation (2.1)-(2.2). Let us emphazise
the fact that when the semi-group {S(t)}:>0 possesses a smoothing effect (e.g.
in the case of parabolic equations) the problem of the convergence of the
trajectories with respect to stronger norms is totally different. Indeed, starting
from any point the trajectory becomes regular for ¢ > 0, and since it is only the
long time behavior that is concerned the convergence is automatically achieved
in stronger norms.

—1In our case, since we work with a group (i.e. the Cauchy problem is well-
posed forward and backward), the smoothness of the points of the trajectory is
constant in time. Hence in order to insure that the trajectory {u(t), u(t)}:>0 lies
in some space Fp+; X F, it is necessary and sufficient that the initial conditions
{ug,u,} satisfy the compatibility conditions (1.32),.

a) A family of invariant nonlinear manifolds.

In this Section we study the set of initial conditions that produce regular
trajectories.
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Let there be given m > 2 and f and g such that

(2.13) f € F,, and Gy is bounded and continuous from

Fit1 X - - - X Fy into itself (see (1.29)x) for 1 < k < m.
For {ug,u;} € Fp41 % F,,, we introduce the finite sequence {u(?) (0)}’1'.‘_;'(’,‘:
2.14)  uO(0) = uy, uvM(0) = uy, wP(0) = f — g(uo) — auy — Aue,
w+2)(0) + auli*+1)(0) + Aul+1)(0) + %g(u(t)) = 0,
1<5<m-2

Now for f and g satisfying (2.13), we set

(215)  em(f) = { {uo,u1} € Fny1 x Frn such that the {u(?)(0)}7,
computed by (2.14) satisfy (1.32),,},
(2.16) €0(f) =Vix H, €1(f) =Vo x V1.

PROPOSITION 2.1. For every m € N, f and g satisfying (2.13) when m > 2,
the set e,,(f) is a closed subset of Fppy1 X F,, which satisfies

(2.17) eo(f)oa(f)d>...0em(f)D...,
(2.18) A cen(f),
(2.19) S(t)em(f) =em(f), VEER.

REMARKS 2.2. (i) From (2.18), it follows that e,,(f) is not empty.
(ii) The e, (f) are, in general, unbounded functional invariant sets.

O

PROOF. The fact that ¢,,(f) is closed is a consequence of the continuity of
G from Fpqq X - - - x Fy into itself, (see (1.29),,)). Let {uo,u1} € A; thanks
to Theorem 2.1 we have {u(f),u(t)} = S(t) {uwo,u1} € Co(R; Frs1 X Fp,)
and by (1.12)-(1.13), which is also valid in the nonlinear case, we deduce
that v € W,,. Now from the necessary part of Theorem 1.2 we deduce that
the {ul?(0)}m, satisfy (1.32)m, hence {ug,u1} € em(f). This shows (2.18).
Concerning (2.19), we notice that for m = 0 and m = 1 the invariance follows
from the fact that {S(t)}+er is a group on Vy; x H and V; x V3. Let m be greater
or equal to 2; if we take {ug,u1} € em(f), by the sufficient part of Theorem
1.2, the corresponding trajectory u belongs to W,,(0,t¢) for every t € R and
therefore by the necessary part {u(t),u(t)} € e (f):

(2.20) S()em(f) C emlf), teR.

Applying S(—t) to both sides of (2.20) we obtain (2.19). Finally (2.17) follows
by construction.
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b) The dynamics on the nonlinear manifolds.

PROPOSITION 2.2, The hypotheses on [ and g are those in Proposition
2.1. The group {S(t)}:er possesses a bounded absorbing set By, in e, (f).

PROOF. For m = 0 and 1, the conclusion of this proposition is included in
the assumptions we have made at the beginning of Section 2. We then proceed
by induction on m. Let m > 2 and f € F,,. Since Proposition 2.2 is true at
rank m — 1, there exists B,,_; bounded in &,,_;(f) ie. in F,, x F,,_y such
that for every bounded set B in e,,—1(f), there exists Tp,_;(B) such that

(2.21) S(t)B C Bp— for t > Tpn_1(B).

Now we take a bounded set B in &,,(f), since B is also bounded in &,,_1(f),
(2.21) holds. It follows that the trajectory u belongs to a bounded set in
W—1(Tm—1(B),+00) and since f € F,,—3 and (1.29),,,—1 holds,

(2.22) J — g(u) belongs to a bounded set in Wy, —1(Tpn—1(B),+00)

with a bound independent of B.
We write now (2.1) as

4+ au+ Au= f - g(u),

and from (2.22) and the fact. that o is positive, it follows that there exists
Twm(B) 2 Tra—1(B) and B,, which is bounded in €,,(f) and does not depend
on B such that

{u(t),u(t)} € Bm, for t > T,,(B).
Hence Proposition 2.2 is proved at rank m.

O

Now we can state the main result of this section. Before that, we denote
(when f € F,,)

(223) dm(yaA) = I;/gAl "y - a"l"‘m+1 XFy

THEOREM 2.2. Let there be given [ € F,, and assume that Gy satisfies
(1.29)x for 1 < k < m. For every bounded set B in €,(f),

(2.24) lim Su B dm (S (t) {uo, ul},A) =0,

t—+oo {ug,uy}€

i.e. A is the universal attractor for S(t) in en(f).

Before giving the proof of this Theorem we recall some definitions and
a general result on abstract groups.
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Let € be a metric space and {S;}:cgr 2 group which acts on £ and such
that for every t € R, S, is continuous on £. We recall that the w-limit set of
a subset B in £ is

3
(2.25) wB)= 0 USTE.

We have the following result (see for instance [8]):
PROPOSITION 2.3. We assume that

(i) S; possesses a bounded absorbing set B, in £,

(ii) for every bounded set B in £, there exists a compact set K in £ such
that

(2.26) lim Sup d(S,®,K) = 0.

t—+oco
Then w(B,) is the universal attractor for S; in £.

a
PROOF of THEOREM 2.2. Let there be given m > 1, according to

Proposition 2.2, the point (i) of Proposition 2.1 is satisfied with £ = ¢,,(f) and
B, = B,,. We prove now the point (ii). Let there be given B a bounded set in
em(f), and let {ug,u1} € B. We set {u(t),u(t)} = S(t){uo,u1}; this trajectory
satisfies u € W,, (0,+o00) and by the hypotheses on g (namely (1.29),,) we find
that g(u) € W,,(0,400) and ||g(u)|lm < rm. Since f € F,,, we have

(f —9)D € CoR4; Fry), 5=0,...,m,
(F — g(u)™+1) € ¢y (R4 ; H).

By reflexion around the origin ¢t = 0, we can construct A with

R e Co(R; Frn—j), 7=0,...,m,

2.27
(2.27) Rm+1) € ¢y (R; H),
|h(m+1)|L°(R,H) + Su |h(j)|L"’(R;Fm_j)
(2.28) oz
< Cn(|flFm + llg(u)llm),
and
(2.29) h(t) = f — g(u(t)) for t >0,

where C,, is a constant which does not depend on f and u.
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According to Proposition 1.1, with £ = m + 1, the equation

v+av+ Av=nh,
UEWm+11

possesses a unique solution and
(2.30) ollm+s < i

where rf, depends only on r,, C, and |f|r, by (2.28). If we study the
difference between u and v, § = u — v, according to (2.29) we have

(2.31) 6+ab+ A5 =0, for t >0,

6(0) = ug — v(0),

6(0) = uy — 9(0).
Since {u,4} € Co(R4; Fns1 X Fp) and {v,9} € Co(R+; Frnt1 X Fn) we have
{6,6} € Co(R4; Fray1 X Fy,) and using (2.31) and (1.48) it follows that {§,6}
goes to {0,0} exponentially in F,,+; X F,, uniformly with respect to {ug,u;}
in B.

Thanks to (2.30),

K= U {T(t-)—ml’m+1xf‘m

{vo,u1}€B
t20

is bounded in F,,42 X Fiu41, it is compact in F,,.; x F,, and by

dm (S (t){uo, u1}, K) < [{8(8),6(t)}|Frssx o

we deduce the point (ii) of Proposition 2.3. According to this result, A,, =
w(By,) is the universal attractor for S(t) in e,,(f). Now since f € F,,, we
know by Theorem 2.1 that A is included and bounded in F,,;2 X Fy41; OD
the other hand S(t)A = A, Vit € R; it follows that A c A,,. Conversely A,,
is included in V; x H and S(t)A,, = A,, therefore A,,, C A.

O
c)  Applications.

In particular, the application of Theorem 2.2 to the nonlinear wave
equations of Section 1.2.d gives the

COROLLARY 2.2. Let Q be a bounded domain in R™, n < 3, with C*®
boundary and f € H™(R). For every bounded set B in e, (f),

lim Su 5 dH'"+1(Q)xH"‘(Q) (S(t){uo,ul},A) =0.

t~+co {uo,ul €
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In this Section (Sec. 2) we have only considered the autonomous case.
In fact Theorems 2.1 and 2.2 can be extended to the time periodic case, i.e.
the case where the right-hand side of (2.1) depends on ¢ and satisfies

(2:32) fE+T) = f(t), VieR,

for sonmie positive T' (a period). This case occurs naturally in physics in e.g.
Sine-Gordon equation. Concerning the existence of an universal attractor and
related results the reader is referred to [8]. Let us only mention that the
hypotheses f € F,, in Theorems 2.1, 2.2 must be replaced by

(2.33) FD € CR;Fnj), 0<j<m.

Then the universal attractor A is this time invariant under the action of the
discrete group {S(mT)}mez. The conclusions are the same, under hypotheses
(2.33) and (1.29);<;<,, we obtain that A is included and bounded in
F,.4+2 X F,,4+1 and provided that the compatibility conditions of order m are
satisfied, the convergence to the attractor is achieved with respect to the norm
induced by F,,41 X Fp,.

Appendix

We aim to show that the continuity and boundedness properties (1.27)
hold in the case of the nonlinear wave equation (1.37). We are given a function
g € C*(R,R) and we want to prove that the mapping Gk, & > 1:

A1) G {u®(0),...,u* ) (0)} = {;Tj,{g(u(t))}

t=0 }OS]'SIC+1

is contiI{uous and bounded from Fp4; X ... X Fp into itself:
(A2) Gr:Frp1x...x FgD, k>1.

We recall that in the present case

(A3) F, = H*(Q),

and since 1 is a regular bounded open set in R™, n=1,2 or 3,
(A4) Fy, is an algebra for every k > 2.

More generally, when Q is a regular bounded open set in R¢ (d arbitrary)
and h € C*(R,R), the composition mapping: « — k o u is continuous and
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bounded from H*(f2) into itself as soon as s > d/2, s € R. Although a direct
proof when s € N (s > d/2) can be made possible using Fad di Bruno formula
(A.7) below and Sobolev-Gagliardo-Nirenberg inequalities, the general result
i.. for s > d/2, s € R is proved in [24] using the paradifferential calculus.
Therefore when h € C*(R,R),

(A.S5) u — hou is continuous and bounded in F;, &k > 2.

In order to prove (A.2), we have to show that (u; = u(9(0),

(A6); {uo, ... ,Uk+§} - dt, {g(u(t))}
is continuous and bounded from F,,+1 X...x Fpinto Fgqq_;
holds for 5 =0,...,k+ 1. We first notice that (A.5) shows (A.6),.

Concemning the cases j > 1, we recall that the Fad di Bruno formula (cf. [5]
p. 137) yields

(A7) E { ( ZZQ"” (wo) 6l ...ulizsta
t=0 p=10¢;
where the C; € N are such that
J—p+1 I—p+1
(A8) Y. =3 )., Ce=p
=1 =1

and we have set all the multiplicative constants appearing in the terms in the
right-hand side of (A.7), equal to 1. We have

Uj—p+1 € Frqp—j,

since p>1, k+p—~3 > k+1—j and then according to (A.4) and (A.5),
regarding (A.7) we obtain (A.6); for 5, 1 < j < k- 1. It remains to study the
two cases 7 = k and 5 = k+ 1. In the former case, (A.7) reads

EZ (")(uo) “1 . uf:;r+l

p=1C,

The question is whether this function is continuous and bounded with values
in F; = H'(02). The terms corresponding to p > 2 are easy since the ug_p4;
belong to HP(Q2) which is an algebra. It remains to study the case p = 1:

o' (uo)ui ... ug*
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with (A.8). We have Cj € {0,1}. When Cj = 0, all the terms are in H2((2).
When Cj =1, then by (A.8), C; =C;=...=Ck_1; =0 and the term reduces
to g'(uo)uxr which obviously define a continuous and bounded function from
H*(Q) x H'(Q) into H'()). We have shown (A.6). Finally we consider the
case 7=k + 1, then (A.7) reads

k+1

E E gt (uo) ulr... ufi'gi‘p’ .

p=1 C,

We want to check that this defines a continuous and bounded function with
values in Fo = L?(Q). As before the p > 3 terms are easy. When p = 1, we
have to consider

g'(uo) 6 ... uf_’f_‘{‘
and the worst case is again Cik41 = 1: g'(uo)uk+1, Which belongs to L2(12)
since ug4y € L2(Q) and g¢'(uo) € H*1(Q) c H2(Q) ¢ L*(Q). When p = 2,
we study

g"(uo) ulr ... ulx,
with
k k
Do tCi=k+1, ). Ci=2.
£=1 =1
Here the worst case is C; =Cy =...=Cp_1 =0, Cx = 2 ie.

g" (uo) uZ.

But ux € H}(Q) c L*(f), hence {uo,ux} — g"(uo)u? is continuous and
bounded from H*(Q) x H*(Q) into L?(Q).

O

Notes.
(1) The following properties are well-known in the previous example.

(3) In Section 1.2.d we give, in the particular case of nonlinear wave equations, sufficient
conditions which guarantee the well-posedness. More general conditions are given
in details in [8].

(®) The smoothness assumption on g can be considerably weakened. In fact it is
sufficient that g satisfies (1.29); for 1 <k <m — 1 as in Theorem 1.2.

(*) See Section 2.2.c for the time periodic case.
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