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REGULARITY THEOREMS FOR FRACTIONAL POWERS
OF A LINEAR ELLIPTIC OPERATOR ;

BY

Tskesu1 KOTAKE sno Mupumear S. NARASIMHAN.

1. Introduction. — Let L be a linear elliptic operator with C= coefficients
in an open subset @ of R*(n>x2). We suppose that L admits a (strictly)
positive self-adjoint realisation L in L2(Q). Let { I | be the spectral reso-
lution of £ so that

L :/7\ dFE,.

We consider the family of operators Ls, depending on a complex para-
meter s, defined by

Ts— j 3 dB.

The operators Ls may be viewed as ¢ fractional powers” of L. For
s—=-—1, —2, ..., we obtain the Green’s operator and its iterates.

‘We study in this paper the regularily properties of Lhe operators Ls. For
integral values of s, it is known that the operators L+ define kernels which
are ‘“ very regular " in the sense of Scuwarrz ([17], chap. V, §6) and thatif
further the coefficients of L are analytic the kernels of Ls are analytically
very regular. For positive integral values of s the results are trivial, for
negative integral values of s these follow from well-known regularily theorems
for elliptic operators [11]. The question arises whether these results are
true for all values of s.  We prove in this paper that this is in fact the case
(Theorems 2 and 3). The case of elliptic operators with constant coefficients
on a torus and on R” has already been dealt with respectively by S. Bocuxer
[3]and L. Scuwartz ([16], chap. VII, § 10, ex. T).

That the operators Ls possess kernels follows from regularity theorems
for elliptic operators. In order to prove that the kernels are very regular,
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we represent the kernels, for R/(— s) sufficiently large, in terms of the
Green’s function G (¢, @, y) of the associated parabolic operator. By using
some results of G. Bergenpal [1] and S. D. EipeLman [6] and showing that
G (¢, z, y) and its derivatives fall off exponentially as £-—<, we then prove
that the kernel s is very regular.

The proof of analytic regularity, when the coefficients are analytic, is more
difficult. It involves in the first instance estimates for the norms || A%u ||,
where u is a function that is to be proved to be analytic and A4 a linear elliptic
operator with analytic coefficients. Next we need to prove a general theorem
(Theorem 1) to the effect that if A is a linear elliptic operator of order m
with analytic coefficients in an open set ' of R?, and u is a function satis-
fying the inequalities

| A% || s <= (hkm) Tt

for every integer A >0, with a positive constant ¢ independent of &, then «is
analytic in €.
This theorem is a natural one in as much as the conditions

[| A%w || £ (km) ! ek

on every compact set are necessary for u to be analytic. We notice also
that this theorem contains the well-known result : if 4 is linear elliptic ope-
rator and has analytic coefficients, and if 4w — f with f analytic, then u is
analytic.

A weaker version of Theorem 1 has been proved by E. NeLsox ([14], th. T);
he proves the analyticity of « under the stronger assumption

| Ak || £kt ko,

Theorem 1 is proved by suitably estimating the L*-norms of derivatives of
order Am of u in terms of L*norms of «, Au, ..., A¥u. The proof of this
theorem uses some ideas of a paper of C. B. Morrey and L. Nirensere [13].

The use of the parabolic equation in the proofs of Theorems 2 and 3 was
suggested by a paper of S. MINAKSHISUNDARAM [12].

For spaces of distributions we use the usual notation [17].

The results of this paper have been announced in [10].

2. Statement of the theorems. — Let £ be an open subset of R%.  Let
@ (Q) be the space of complex-valued €= functions with compact support in £.
£L2(2) 1s the Hilbert space of complex-valued square summable functions
on £, with scalar product (o, ¢) defined by

(%, L’«)zfg@-@dx

for 9, Y€ L2(R); || ¢ |- means (¢, 7)1/
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Let 4 be a linear differential operator of order m,

A= Z aq (x) D*

{x|zm

with sufficiently differentiable complex-valued coefficients a,(x) defined
in Q, where o = (ay, @, ..., @), @ being integer > o0 and we put :

la|=ay+ a4 apy

F 0 \*/ 0 \* J \*
A —— _ — P —_— .
b ﬁkd:m) <d:zz> (dx,t>

We say now A4 is an elliptic operator in &, if the homogeneous form of
order m

Y a(@)iiFo

|&|=m
for every x € 2 and for every non vanishing real vector 2 =— (£, %2, ..., £r).

TueoreM 1. — Let Q be an open subset of R*.  Let A be a linear elliptic
operator of order m with analytic coefficients in Q. Let A* be the k'
tterate of A. Suppose that a function u (of class C*) satisfies the ine-
quality

|| A*ee || o =2 (km) | ekt
Jor every integer k> o with a positive constant c independent of k. Then
the function u is analytic in Q.

RemMark. — The above theorem is also valid for elliptic systems; the demon-
stration 1s the same as for the scalar case.
As for the following theorems, we consider a linear elliptic operator L
defined on L such that
(Lo, ¥)= (9, L)

for every ¢, y € @ (2).

Suppose further that L when defined on ® (L) ( CL?), where it is sym-
meiric, has a strictly positive self-adjoint tion extension L.

Remark that these conditions entail that the form

L(z,5)= Y ba(x)i*

jot=m

is real and definite for every x € Q and £ real vector, when L = Z by (x) D>
. . Joigm
has sufficiently smooth coefficients.

Let { £} be the spectral resolution of L. By the hypothesis on L, we
have A > ¢, > o on the spectrum.
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We can now define a family of operators L+ depending on the complex
parameter s, by
L= (3 ap.

As we shall see in section 5, L* thus defined is a continuous linear map of

@ (L) into the space of distributions @ () for every s, so that L defines a
kernel Ls(z, y) ([17], [19]); the theorems to be proved concern the regu-
larity of the kernel L? (x, y).

Turorem 2. — Let L be a linear elliptic differential operator with C»
coefficients in an open set Q& of R*.  We suppose further that L admits a
strictly positive self-adjoint realisation

) :[x AF,.

in L*(Q). Let s be a complex number. Then the operator

Lo f 2 dE,.

defines a kernel which is very regular.

Tueoren 3. — Let L be a linear elliptic differential operator with ana-
lytic coefficients in an open set Q& of R*, admitting a strictly positive self-
adjoint realisation L in L*(Q). Then, for every complex number s, the

kernel of the operator
I f 3 dE,

For the definition of very regular kernels and analytically very regular
kernels see ([17], chap. V, § 6).

As a consequence of the above theorems, Ls(T) can be defined for 7, a
distribution with compact support and when L has the C* (analytic) coeffi-

is analytically very regular.

cients, Ls(T) is an infinitely differentiable (resp. analytic) function in an
open set of & where 7" is an infinitely differentiable (resp. analytic) function.

3. Preliminary lemmas. -— We consider in this section some lemmas
which are required in the proof of Theorem 1.

Let Q' be any open subset of £. Let « be of class €~ on the closure Q'
of Q'. Let k be an integer > 0. We define the k-norm of ue C”(ﬁ’) by

lallie= g [|1D* |z,

|& =4

where we put o ! moa; Loy ! ..o, ! for = (a4, o, ..., a,).
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Lemma 3.4, — Let k, k', be given integers > 0. Then we have

lelhoro= ¥ ) D20,

o=k
Proor. — We have

The lemma follows immediately from this equality.

The next lemma is a refined version of Friedrichs’ inequality [7]. The
proof is a modification of Friedrichs’ proof as in [13].
We denote by &, the ball | | <C r of radius r in R~

Lenma 3.2. — Let A be a linear elliptic operator of order m with C* coef-
Sictents in &. Let r, 0 be positive numbers such that 6 < r and Q,,;C Q.
Then there exists a constant ¢ > o independent of & such that for every
ueC=(Q) we have

eellm < e il Auwllo0, s+ 07" [ ]lo,0,s}-

Proor. — Let {€® (Q) have its support in ,..; and be such that {=1
on L, and satisfies

(3.1) sup | D2 (2)| Zea 37101 (3<r)
Q.ys

with ¢, > o depending only on «.

For any ue C» (RQ), we shall consider {"u, which is of class C* having its
support in &,.5. Since A4 is an elliptic operator with C* coefficienls, we have
the well-known inequality [10]

(3.2) 187 wllm, s==c tll A (@) o0, s+ 12700, .5}

with a constant ¢ > o depending onlyon 4 and Q..

By using the estimate (3.1), we obtain

| A€ @) 10,015 ¢

Il rAulno, s +E gk ” Chae (50,5 },

k=0

m—1 )
NlienDrufug, < { 17 g, s+ 23wk, }

la|=m k=0
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It follows then from (3.2),

n—1

(3.3) ok ullo, ezl |2 Aullg, o+ 3 T,

k=0 k=0
with ¢ > o independent of k.

To complete the proof of the lemma, we need the following fact : for
every ¢, 3 > o, there exists a constant cindependent of ¢, ¢ and « such that

(3.4) Yt Dullaze X ¢ Doulg

{al=k foe|=hk+1

+e(em07) Y 18 DRl
|%[=k—1

where A>x1.
In fact we have the equality
- (c/c D“u, Ck D“u): (:k-—l D“'u, Ck+1 D, D“u)
+ 2k((D:0) T D¥ u, OF D* ),

where o' = (a; — 1, o, ..., @,) (We suppose o, % 0) and D, = d/dx,.

Now we can obtain the inequality (3.4) by Schwarz’s inequality and by
taking into account the estimate (3.1) for ¢.

In (3.4) wetake k== m —1 and choose ¢ as ¢ == 8/2¢. Bringing the ine-
quality thus obtained in the right side of (3.3), we have

(3.5) N5k g, { 167 Ao, 5ot 2,8 | 2ot [l

k=0 k=0

with ¢ > o independent of k. Thus in the right side of (3.3), the terms
corresponding to k—=m —1 can be absorbed in the left side. Repeating
this procedure by using (3.4) with appropriate ¢, we arrive finally at the
desired inequality stated in the lemma.

Lemyva 3.3. — Let g be positive integer such that g <<m. Let r<ry,
ro being fized. Then there exists a constant ¢,,>> o depending only on m
and r, such that for every ¢ > o and ue C* (Q) one has

[ @llg, 0=l @i, =+ cnem?/m=0 [ fl,0,.

A proof of this lemma can be given by using Fourier transforms after exten-
ding the functions suitably to R». Another proof can be found in [15]
(Appendix).
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Remark. — Let p be any integer >». 0. By applying the above inequality
to D*u and by summing up the inequality thus obtained with respect to «
such that | «| = mp, we obtain from Lemma 3.1,

H [£2 H/}/»L+{],Q,. fé B H u H(/zH)m,Q,"*“ Cm g7/ tm—yl ” u H/:m,ﬂ,,

with the same constant ¢,, as in the above lemma.

k. Proof of theorem 1. — In this section we shall prove Theorem 1. The
proof is preceeded by several lemmas which permit one to estimate suitably
|| & ||t in terms of zero-norms of «, Au, ..., A*u.

We suppose throughout this section that A4 has analytic coefficients. In
this seclion, c(cy, ¢1, ..., etc.) will denote a positive constant, always inde-
pendent of &, which may vary from place to place.

The first lemma gives an estimate for the commutator of the operator D>
and the operator of multiplication by an analytic function.

Lemyva .1, — Let a be an analytic function in Q. We define the
commutator [a, D*] by [a, D*|u=a.D>u — D*(au), then we have for

every integer k > o.
k—1

k! )
RV [ S P AP NPT e Ta I
| =k =0
with ¢ > o independent of k.
Proor. — Since a is analytic in Q', we have

(l[.,g) Sgp[naa]éa!c\“lJA.

The Leibniz formula gives
« N al 3 )23
D (au)_ziﬁ!(a_r@)!(l) a) (D*3 )
Bza
where « — 3= 1(o,— B, ..., 2,— Bn) and B o means 3, «; for each
(i=1,2,...,n).
From (4.2) and the definition of [ @, D*], it follows immediately
N k! , o kU
Y lila D lalla= ¥ D et Dl
ja|=k fo|=k xéa

(Ea

k=171

Now the number of o’s such that a > v for fixed y is at most of order n
so that the right side is majorised by

k
o K _ A
Z o (nc)—7 E % DV lo,qr;

p=0 tvi=p

this proves the lemma.
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Lemya 4.2, — Let r, 0 be as in the lemma 3.2. Let : be any positive
number. Then there exist constants c, ¢, (¢ depending only on A and ¢,
depending on A and &) such that one has for every k and ue C» (),

(#.3) Nl ellgsnma,< 05 A el 0,5+ 07 Lt e, 0,55 4 2 |l lliprnim, Q. es

k
(k) m) e Y () ) e [ flm o,
p=0

Proor. — From Lemma 3.1 and the Friedrichs’ inequality (Lemma 3.2),
we have

' km) !
(8)  Jelwma= X S0 g,
|d ]| =km

é C{ H Au H/f'”»Q,- vy g-—m H u ”/fIILyQ,-ﬁ

dmd !

km)!
> 14, Do rlo,sz,ﬂ%-
[o|=hm
Now, writting 4 explicitly as 4 = 2 ag DE with analytic coefficients ag
131<m
. ul .
and applying the Lemma 4.1 for [ A, D*]u = 2‘ [a, D*] D8 u, we obtain
18]2m
km—1 m

. km) ! . O (km)! o
w5y X EL A D4 g = X X S e g,

| j=km p=0 qg=0

Since we may suppose ¢;>1 in (4.5), it follows immediately that there
exists a constant ¢; > o independent of & such that

(k+1jm—1
k"ﬂ ' Y ((/‘ +I) m) ’ 9 tm—s
(.6) Z ( P !) 1[4, D* o0, 52 z S c(‘zAH ' eells,Q,pse
jouf=4km §=0

We wish now to majorize the right side of (4.6), containing terms || z||,,
fors—o, 1, ..., (k-1)m —1,byan expression which contains only || « || pn,
forp=—o, 1, ..., (k+1).

For this purpose, we write sas s —=pm—+q with o=pk, and 0o ZLq < m.
Then the remark of Lemma 3.3 gives

(k7) Nellpmig, s == [ llprtim, s+ em &0 [t [[pn0, 15

with ¢,, independent of ¢’ and 9.
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In (&.7), we choose ¢ as
Y- (pm +q)! com=)
(p+1)ymt™
where ¢ {0 < ¢ <C1)is given.
Then we have

ety (MY ),
— (pm) ! ?

g

so that we obtain for s = pm + ¢,
—~(p+1)m

Cy
)m) ] H u H(P-H)m,QM—S

.,
(!"8) "‘STHU’H-Y:Qr+8éE((P+I

m\m c:PHL
—+ Cm<?> Z;)—I’IZ—)Y-H u [Ep)zz,@,.+a'

Bringing this in the éxpression (%.6), we have

~ (& !
o) Y VY14, Do) ulio,.

|| =km

P

k+1)ym)!
Zme Il u H(/\'+1)m,Q,,+5'~’r‘ d (5) Z(_(—_)_l.
p=0

(k+1)m—pm

(pm) ! 2 ]l pm, Qs

m m .
where we put ¢'(e) =1+ me + <?> ¢m. We take now in (%4.g) the cons-

tant ¢, large enough to absorb the constant ¢/(¢) which is independent of .

Then, from (.4), the desired inequality follows.

DerixiTion (see [13]). — Let & be a positive number. For each integer
k> o, we define

ok (u, }, B) = ((km) )= k4 (R—r)* sup |l ullkm,Q,
RI2Zr<R

Lemma k.3, — Let R << 1. There exists a constant } depending only on A
and R such that for every k and ue C* (Q)we have
(h.10) o (u, X, R) Z[(km +1)...(k+1)m)]of(Au, i, R)
k
—i—Za/’(u,, i R).

p=0

Proor. — Multipliying by [((k +1) m) !]-t A=+ (R — r)&=+17 on both
sides of the 'inequality of Lemma 4.2 and taking the supremum for
R/2 ~ r < R, we obtain

(&.11) b t(u, A, R) = sup (L1+c¢l,+ I;+ 1),
BpLr< R
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where

L=c[((k-+1)m) |71 2= "+ (R — rYEOm I A w0, 050

L= c[((k-+1) m) 1]t A0 (R — ryltm Ly gm0, 5
(b.12) L=c[((k+1)m) [P 2D (R — pyeim g=mil g |, o s,

) ) : ck+1-
IL,—c¢ k) (R _ r)(kﬂ)mz (—;W ” w |[lml,Q.-+3'
=0
—r

We choose in what follows 0 —

e then we have
I

R__ r /cm._ 1 —km
R—r—3g —\' T T =6

with ¢, independent of k. It follows now from the definition of 6% (u, 1, R),

W13) L= [(km ). .((k—i—l)m)]"(%cz>o"‘(Au, % R).
Similarly
(&.14) I, = (ccy) o& (u, 3, R).

For I, we have

c R—r No/R—pN\N7m (km)! .
) R3] () e o b -

Since we have from the definition of d.

(_Ré— )">ln: (k_'_ I)m

it follows from (4.15)

(%.16) .[;;é<%>o”‘(u, W R).

Finally we obtain for 7,

i
. N\A—p
(k.17) l,&é(cc;\c'l)z(?) lo/’(u, i R (A1),

/

p=0

It follows now for every A o,

(b.18) (1— ey (u, 2, R) Z[(km +1)...((k+1) m)]—1<%1>a"(Au,Z, R)

i (9}%) ZL“ (%>k7pal’(u, 2, R)

p=0
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for sufficiently large constants ¢, ¢,>> 0, ¢ being independent of ¢, while ¢,
depends on z. After we have chosen ¢ =1/2¢ in (4.18) ¢, is a constant
dependent only on A and & so that it is possible to find 2 independent of k&
such that 2 > 2¢,; thus we obtain the inequality (&.10).

LemMa v h. — Let . be the same constant as in lemma 4.3 ; we have then
k1 i
(f.19) o (u, ), R 4? 2"*1’+‘< + ) ((mp) e (A7 u, X, R).
p=0 4
Proor. — The proof is by induction on k. For & = o, the Lemma is valid

(see Lemma 4.3). Suppose that the lemma is valid upto &k — 1. Applying
the induction hypothesis to the function 4w, we have

k
A.
h. YAu, ), R) = Qk‘/’< > n) =t (Ar+tiy, A, R).
(e20)  oHdu, 3y B2 27 ( ) ((pm) )~ o )

=0

Also, we have for ¢ =~ &,

q
k. 7(u, ), Ry = 2‘/—/’<q>( m) N 1e*(47u, ¥, R).
(ho21)  o7(u >_,§O b Jmnren )

From Lemma %.3, we get

(. 22) o+ (u, 2, R Z[(km +1)...((k + 1)m)]

!
><2 ok—p (;) ((pm) H)—'e® (Ar+1u, 2, R)

P=—0

k q
A ¥ ¥ a0 <Z> ((pm) )=t o"(Aru, ), R).

¢=0 p=0

Now, let ¢, be the coefficient of ° (47w, )., R). Then foro=Zp .=k

= [(/{m +1). (A 1)ym)! 2’1’*‘/’+1<I) i . > [((p—1)ym)i]!

+Z ar=0( 1) [onp) 11

Since

we get

cpzzatrer( ) (pmy ),



460 T. KOTAKE AND M. S. NARASIMHAN
On the other hand, for p =k + 1, we have evidently,

Clan :[((/\ —+1)m) !]*1.

Hence, it follows
k+1

(#.23) ot (u, ) R) =Y zkw(

p=0

k41

: ) [(pm) D o0 (APuy 2, R);

this is the inequality which we wanted to prove; thus the induction is
completed.

Proor oF THEOREM 1. — Let v € CG™ () such that

(k.24) | A*u |0 =< (km) | e+t

for & an open set of & and for all A> 0 with a conslanl ¢ independent
of k.

Since the analyticity is a local properly, we may suppose that the origin
of R” belongs to £"and it is sufficient to prove analyticity at the origin.
Take R <1 with Qpc ', then

(%.25) oo (A*u, X, R) = [|A"u||L2(QH)é/fmI Zani

Now from Lemma &.%, we have
k+1

(heot) oG 0, B) = B C () D (Ar, 0 R

p=0
k41

k-1
k—p—+1 pp41 — k+1
{:S 2f—PHl P < P )—C(C+2) .

p=0
From the definition of o+t (u, A, R) we obtain
H u H(k+1)m,QR/»2é ((k -+ I) m) ! 'Ck+1

with a certain constant ¢ independent of k.
Then, Lemma 3.3 permits us to estimale |ju«]|, for p=o, 1, ...
by |} e ||gt-r1ym for k=0, 1, ... and we have
(b.27) el L e
for all p(=o, 1, ...), where ¢ is a constant depending only on 4 and Q.

Now, by Sobolev’s lemma [13], we see that « is analytic at the origin.
Hence, the proof of Theorem 1 is completed.
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5. Regurarity of the kernel of Ls. — We denote by ])([j“) the domain
of L, that is the set of elements fe L () such thatf| MPRA|EL S]] <.

Then, under our hypothesis on L itis easy to see that
(5.1) D(L) < D(Ls) if RIs>RIs,

(5.2) for every complex number s,

Dpe (\D(&+) it re (M D(ED).
k=0 k=0
Let fe (Y D(£¥). Tt follows from (5.1), (5.3) that feDL++)

k=0

and Z“feD(l’:") for every complex number s and integer s> 0. We have
then

(5.3) LiLs f=Fs Lk f= Fs+r f
(for these properties, see [16], § 228; [18], p. 222).

ProrosiTion 5.1. — For any complex number s, L defines a kernel
Ls(z, y), that is, a distribution in the product space Q > Q.

Proor. — We first consider the case R/s<Co. In this case, Ls is a
continuous map of L2 (&) into itself. Tor, by hypothesis on Z:f A dEs,

we have a positive constant ¢, such that A > ¢, on the spectrum, hence
WELs < cBls for h 1 and A1 for ) >1, since Rls < o.

Thus, 2¢ is bounded on the spectrum of L. Hence L*1s a continuous linear

map of L2(Q) into itself. A fortiori, Ls is a continuous linear map of @ (Q)

into @' (). By the kernel theorem of L. Scawarrz [19], L5 defines a
kernel.
For general s, we take a posilive integer m such that R/(s —m) <To.

Then, as seen above, L 1is a continuous map of @(Q) into @ (Q)

while L7, m iterate of L with C* coefficients, is evidently a continuous map
of @ (£2) into itself.

Now, the proposition follows from (5.3), by remarking that

Lo :I:S—’"]:’”cp for gem (L) since @ (Q2)C m D<l7‘>.

k=0

From now on, we denote by L (&, y) the kernel of I
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ProrosiTioN 5.2. — For every complex number s, the kernel L* (x, y) is
regular.

Proor. — We bave to prove that Z° maps conlinuously @ (L) into & (Q)
and can be extended to a continuous linear map of & (Q) into @' (Q).

Suppose that for everys, Ly maps conlinuously @ (£2) into 6(L2). Let o,
¢ be in @ (). We have then (ljscp, @):(cp, /::dg), 5 denoling the
conjugate complex of s, this implies that £ can be identified on the dense
subspace @ () of & (L) with the transpose of L5, while the transpose
of £5is a continuous map of & (£2) into @' (L) when L5 is a continuous
map of () into 6 (). Hence, L% can be extended to a continuous map
of & () into @' (Q).

It remains now to prove that % maps continuously D (L) into & (£2).

Remark first that the image of @ () by L+ is contained in & (9) For,

if pe @ (L), then v € ﬂD(L") so that by (5.2) we have I Q& mD(L‘)

k=0 k=0
From the regularity theorem for a linear elliptic operator with £~ coefficients

([T], [15]), it follows that £5¢ is of class C™.

As for the continuity of the mapping Ls, it is sufficient [17] to verify that
the image of every bounded set in ®(Q) by Ls is also a bounded set
in &(Q).

Let s be such that Rls << o. Let B be a bounded set in @ (£2). Then,
by definition [17], the image LX(B) of B by L* is bounded in ®(Q), a
Jortiori, bounded in L2(2). Now L5 is a continuous map of L?(2) into
itself, so that £5 £*(B) is bounded in L* (). On the other hand, £+(B)
1s a family of C” functions belonging to the domain of L+ hence it follows
from (5.3) that L*£s(B) is bounded in L2(L), from this, we see,
according to Lemma 3.2 and Sobolev’s lemma [13], that L5(B)is a family

of € functions whose derivatives of orders miA — [~] —1 are uniformly

bounded on every compact of Q. Since & is arbitrary, this proves that 1:(B)
is bounded in &(Q).
For general s, as in the ploof of Proposition 5.1, choose m so large

that Rl(s—m)<Co and remark that .L‘cp:LS*’”L"lcp for ce® (),
then Z7 and L5~ map respectively @ () into @ () and &(L) conti-
nuously. This completes the proof.

6. Estimates for the Green’s function of the associated parabolic

operator. — Consider the family of operators Gz:fe*” dEy fort > o.
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G, is a bounded and Hermitian operator in £2(Q). Associated with these
operators we have a C” function in R < & < Q,

G(t, x, y) :] erde(h, z, ¥),

where e (4, &, y) denotes the spectral function on[S].
We have then

P d e
<d_t+Lx>G(t,x,y):o and <E+Ly)G([’ Z,y)=o

for > o.
The next lemma shows that the function G (¢, 2, ¥) and its derivatives
fall off exponentially as t—o0.

Lemms 6.1. — Let H be a compact in Q< Q. Under our assumption
that L is strictly positive operator () > cy > o0 on the spectrum), we have

9 pD“DBG(z‘ x,y) | Lee i
()t X Yy 3 ? jutment ‘

Jor t >1 and uniformly for (x,y)€ H, where ¢ depends on p, a, 8
and H.

Proor. — Denote by L the elliplic operator with conjugate complex
coefficients of L.

Consider the operator :
- ) — 0
Lot L= g )+ L0 57)

which is evidently elliptic with C* coefficients in the product space & < .

Now, by Lemma 3.2 and Sobolev’s lemma [13 ] applied 10 (Lx+Zy), it 1s
easy to see that the desired estimate is a simple consequence of the
following : let U be a relatively compact open subset in & such that
HcUxU. Then for every positive integers &', £/, we have

— /) ONY .
‘(Lz-—f* LJ~>A <*d‘t> G(l, &, )/) ’écg—/‘ol;’_

for ¢t >1 and for (&, y)eUx U. Since

L.G(t,z,y) =L,G(t, 2, y) =— (%G(t’ x, y) for t>o,

- . . a\* P
1t 1s sufficient to estimate <E> G(t, x, y) for every positive integer £.
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Let m be a sufficiently large positive integer such that £— has a kernel

K(z, y) of the Carleman type ([&], [5],[8]). For z€Q, let K, elL?
denote the function K (x, ™).

Now '
(|| (3w
— } fe““(— Wk de (4, @, ¥) s

= ‘j e M (— Wk de (B, K., Ky)

e 7} / e M2 }\ZnH—kl d( E)l Kr, Ky) {

since A > ¢, and £2>x1. Now the variation of (£ K., K,) in Ris majorised
by | Ko flos || Koy [lie (161, §126) and [|Kelles | Ky {lix £ c(U) for (, y)GUXU
where ¢(U) is a constant depending only on U and L.

It follows that
’

2

for ¢ >1 and (z, )€ H with a constant ¢ depending on &, H and L. Thus
Lemma 5.1 is proved.

‘We next consider the behaviour of G (¢, x, y) and its derivatives as £—o.
The required information is given by the results of G. BereExpaL [1] and
S. D. EipeLman [6].

Let K be a relatively compact open subset of €. Consider now the

parabolic operator <d% -+ L> on R x K assiociated with L. According to

S.D. EibeLuaN, we have a fundamental solution E(¢, z, ¥) 0f<

) G(t,z,y) ‘éce“”ﬁ

+ L, )
ot
It is of class C* in (¢, 2, y) when ¢>> o and salisfies near t—=o the
following estimate. :

Lemma 6.2 (S. D. EipELMan). — For o<t <1 and (x, y)eKx< K, we
have

0 “
—(pm-+|al+{3|+n)/m g—cy |x—y |t
)<dt>DDE(lxy) Zct e

where . —=1/(m — 1) and ¢, depends only on L, K, while ¢ depends also
on p, «, B.
As for the behaviour of G (¢, z, y) we have

Lemma (6.3) (G. Bergexvan). — Let H be a compact subset of Q< Q
suchthat HC K < K. Let I/(t, x, y) be the same as in lemma6.2. Then
there exist positive constants ¢, ¢, such that

(8 25060 290 — 00 o
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Jor o <<t <1 and for (z, y)ell, wherec, depends only on L and H, while
¢ depends also on p, a, 5.

For p -+ |a|-+|B]|=o, this is proved in [1]. The general case can be
proved in a similar fashion (see [ 2], § 2.3).

7. A representation for the kernel L* (x, y) in terms of the Green’s
function G (¢, x, y).

ProrosITION T.1. — Let s be a complex number such that Rls < —n/m.
Then we have

(7.1) Ls(z,y) = Tﬁfwi's‘lG(t, x, y) dt.

The integral on the right converges uniformly on every compact subset
of Q<& and represents a continuous function of (x, y)in Q< Q, where
we denote by I (— s) the Gamma function.

Proor. — From Lemma 6.1 we have for > 1 and for (x, y)€ H,
(7.2) [G(t, 2, y) | L ceoth

while for o<t <71 and for (&, y)e H, it follows from Lemma 6.2 and
Lemma 6.3,

(1.3) |Gz, y) | Z|E@, 2, y) |
+| (E___ G) (l, x"y> Iéct—n,’m_i_qce—cxzf;u

with positive constants ¢, ¢; depending on .

From these estimates, it is easy to see that the integral converges
uniformly for (x, y)€ H when Rls<{-— n/m and represents a continuous
function of (x, y) since G (¢, z, ¥) is of class C” for £ > o.

We shall prove now the equality stated in proposition 7.1. For o,
$ed(Q), consider

L R <€
P:m<[ 4 G (¢, x»)’)dtaCP(x)kl’(}’)>7

where <, > denote the scalar product between @' (£ < £2) and @ (< £2).
By what has been seen,

I “ e g1 M :
Pepiy e G m ) e@ b dedy

. . -
:_‘—r(—s)fo t~s—1d:f e~ d(Frg, ),

Co

BULL. 80C. MATH. — T. 90. FASC. 4. 33
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where the integration fe;“ d(I5 ¢, ¢) is taken in the sense of the Radon-

Stieltjes integral with respect to the complex-valued function of bounded
variation (/5 0, &) in —wo<C ) <.
Let
(B, ) =[p1 (A) —p2(A) ]+ i[s(2) —pe (1) ]

be the canonical resolution of (/£39, &) with the real valued monotone
increasing functions of bounded variation p; (), k =1, 2, 3, 4 (|20], p. 202).

Then we have

[ematsan =S [ ity

Co k=1 ‘o

where sy —— s, = — (e, =g, =—=1.

f (=1 dt[ e doy (1).

0

Consider now

Since £—*—'e~* is a continuous function of (¢, %) in the integration domain :
0<Ct< o, ¢g<C h<Coo and the ovbious estimate |51 =2 | L Rlis—tg—ret
implies that it is integrable there with respect to the product measure
dt dop(#) when Rls <o.

By Fubini’s theorem, we have,

f st dtf e dpi(2) :f dpkf it e,
0 < “n [

(]

x

Noting that f t——1e=M dt =—T'(— s)}* and summing up the above integral
o

with respect to &, we have

P :2 ekf).s dor (1)
k=1

which is equal to
f};‘d(E;\q), 0y = (Lo, ).
This completes the proof.

8. Proof of theorem 2. — As in paragraph b, we see that it is sufficient
to prove Theorem 2 for Rls<(— % Since we have already proved that

Ls(z, y) is regular, it is sufficient to prove that Ls(z, y) is of class C”
outside the diagonal [17].
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For Rls << — %, we have by Proposition 7.1,

(8.1) Ls(x, y) = IT_(i_s) fxr-H G(t, z, y) dt.

0

If (x, y) belongs to a compact set A in the complement of the diagonal we
see from Lemmas 6.1, 6.2 and 6.3 that

=L ¢ e alttTy) (o<t <)

d\* 8
(8.2) ‘(aﬁ DEDEG (1, 2, y)

with positive constants ¢, ¢;, where ¢, is independent of £, «, 3.

It now follows from (8.1) and (8.2) that Ls(x, y) is of class C* outside
the diagonal, since we may differentiate under the integral sign any number
of times.

9. Proof of theorem 3. — In this section ¢, ¢;(i =1, 2, ...) will denote
positive constants independent of 4. We suppose that L has analytic
coefficients.

To prove Theorem 3, it is sufficient to prove the following two statements :
(i) LS(2, y) is an analytic function in the complement of the diagonal
in Q< Q.

(i1) For each 9 ®(Q2), z‘q) 1s an analytic function in every open set
where ¢ is analytic.

Proor oF (i). — (L, 4 L,)" is a linear elliptic operator of order m with
y P P
analytic coefficients in £ > . Applying Theorem 1, we see that to prove (i)
it is sufficient to prove the following : for each compact set 7 in the complet
ment of the diagonal, there exists a constant ¢ independent of & such tha-
(9.1) sup [(Lp—+ L) Ls (2, y) | = (mk) | cF+,
(v, y)eHd

It is sufficient to consider the case Rls < — ;—ll

As in paragraph 8, we start from the integral representation of Ls(x, y) :
I

(9.2) Ls(z, y) = mfwt—sle(t, z, y) dt.

If (z, y)€H, we have the estimate (8.2) which permits us to differentiate
under the integral sign, so that we have

_ 1ok 9\
(9.3) (L1+Ly>k1:s(x,y>:<r(—i)sg)_£ rs~1<5;> G (1, , y) dt.
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For we have

P . PR
(5i+ )6 =( g+ L )60 o, y) =0

for £>>o0. Letus fiest suppose that s is not a negative integer. By integra-
tion by parts in (9.3) [ which is permitted by (8.2)] we obtain

(9.4) (Lo L) Le(@, y)
ok *
=g (—s—1)(—s—2)...(—s—Kk f LG, 2, ) dt.
Now as a special case of (8.2) we have
62, @, y) | Loeaitr s

uniformly for (x, y) € H with positive constants ¢, ¢, depending on #.

Remembering that p—= (m —1)~', it follows from a simple calculation
that

(9.5) sup

f l—&—k«lG(t, x, )/) dit é((m——[)k)!ck+i,
le,y)EH | Jy

¢ being independent of &, which gives evidently, from (9.4),

sup |(Lo-+Ly)'Ls (2, y) |
() E€EH

= —,—l—,—(%k_s—)—l—[(——s——l) (—s—2)—s—K)|((m —1) k)| F+t = (mk) ! ct.

If s is a negative integer, we see that the integral
» &
[ (g)ewand @wpnen
A at

vanishes for all large & and (9.1) is trivially valid. So (i) is proved.

Proor oF (ii]. — Let ¢ €@ (). We suppose ¢ is analytic in an open
subset &, of 2. We shall show that Zscp 1s analytic in £,.

Let ©,, &, be any relatively compact open subsets of &, such that

Q,cQ,cc,.
Let ce®@ (L) and =1 on Q,. One has then
Lo (9) = L# (ag) + Lr (1 — @) 9).

Now, (1— o) €® () and its support does not inersect £,; by what has
been seen in (i), L*(z, y) is an analytic function of (z, y) outside the
diagonal in £ < &, so that it follows immediately from the integral represen-

tation of L*(x, y) that Ls((— a)¢) is analytic in L.
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It remains to show that Zs(acp) is analytic in &,. It is sufficient to

. n .
consider the case R/s<— —-. Then we have for each integer k> o
m =

9.6) LLiag) ()= iy [ ot 6w y) (alte)ydy

k=1
i “ e
Rl Wy ZL;;[O -t dy
p=0
><f G(t, 2, y) ([L, a]Lt7"19), dy,
Q

where [ L, a] is the commutator of L and «.

Consider the second term in the above expression, which we write as

k—1
(9-7) r(—I_T)ng (),
where -

F,,(x):L_l;f s dth(t, 2, ) ([L, ] LA=19), dy.
0 Q

Now [L, ] is a differential operator of order (m — 1) whose coefficients
have their supports in (£, — £,), so that if we consider # in &, we may
perform the differentiation L2 under the integral sign as in paragraph 8 and
we obtain,

(9.8) Fp(z)=(—s—1)(—s—2). ..(—~s—p)f t—s—P1 dt
, .
><f G(t, z,y) ([L, a]L*~r~19),dy, forsnon-integral
Q
—o for all large p if s is a negative integer.
Since the coefficients of [ L, a] have their supports in (£, — £,) and ¢ is

analytic in &, by hypothesis, we have

(9.9) sup |[L, a] Li=r=1q | Z ((k — p)m)! ct=r~!
xeQ,

with ¢ independent of k£ and p.  Further we have (see § 8)

(9.10) sup | G(t, 2, y) | =L cemaltrimy;
L, ) € Q< — Q)

we obtain from (9.8), (9.9) and (9.10)
sup [ Fp(@) | < (pm) (= pym) L
re

with a constant ¢ independent of £, p.
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Consequently, we have

E—1

' - 1 ok

(9.11) ;2}51[1‘( -S)ZF,,(x) Z (km) ! i1,
p=0

On the other hand, since ¢ is analylic in ,, we have

sup | aLfo| = (km)! &+
€Ly

and from the results of paragraph 6 [see (7.2), (7.3)], we have

sup | G, @&, y) | = c e m et
(2,1 €M<

so that it follows for Rls << — n/m,

(9.12) sup T:S)f tfsf‘dtfo G(t, 2, y) (a L¥Q)y dy | < (km) | ¢4,
¢ 2o

xel),

From (9.6), (9.11) and (9.12) we obtain finally

sup | LK Ls (a9) ' Z(km) ! ch+t,
el

with ¢ independent of &; now from Theorem 1 we see that Z*‘(acp) is analytic
in &, which was an arbitrary open subset of Q,. This proves (ii) and the
proof of Theorem 3 is thus completed.
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