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REGULARIZED TOTAL LEAST SQUARES:
COMPUTATIONAL ASPECTS AND ERROR BOUNDS

SHUAI LU, SERGEI V. PEREVERZEV AND ULRICH TAUTENHAHN

ABSTRACT. For solving linear ill-posed problems regularization methods are
required when the right hand side and the operator are with some noise. In
the present paper regularized approximations are obtained by regularized total
least squares and dual regularized total least squares. We discuss computational
aspects and provide order optimal error bounds that characterize the accuracy
of the regularized approximations. The results extend earlier results where the
operator is exactly given. We also present some numerical experiments, which
shed a light on the relationship between RTLS, dual RTLS and the standard
Tikhonov regularization.

1. Introduction

Ill-posed problems arise in several context and have important applications in
science and engineering (see, e.g., [4, 6, 10, 18]). In this paper we consider ill-posed
problems

A(]QZ = Yo (11)

where Ag : X — Y is a bounded linear operator between infinite dimensional
real Hilbert spaces X and Y with non-closed range R(Ay). We shall denote the
inner product and the corresponding norm on the Hilbert spaces by (-, -) and || - ||
respectively. We assume throughout the paper that the operator Aj is injective
and that yy belongs to R(Ag) so that (1.1) has a unique solution z € X. We are
interested in problems (1.1) where

(i) instead of the exact right hand side yy € R(Ag) we have noisy data ys € Y
with

1Yo — ysll <0, (1.2)

(ii) instead of the exact operator Ay € £(X,Y’) we have some noisy operator
Ay € ﬁ(X, Y) with
| Ao — Apl| < h. (1.3)

Since R(Ap) is assumed to be non-closed, the solution 2 of problem (1.1) does
not depend continuously on the data. Hence, the numerical treatment of problem
(1.1), (1.2), (1.3) requires the application of special regularization methods.
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Tikhonov regularization. Tikhonov regularization [4, 6, 10, 18, 20] is known
as one of the most widely applied methods for solving ill-posed problems. In this

method a regularized approximation %" is obtained by solving the minimization
problem

min Jo(v),  Ja(@) = [[Anz = ys* + ol Bx| (1.4)

where B : D(B) C X — X is some unbounded densely defined self-adjoint strictly
positive definite operator and « > 0 is the regularization parameter to be chosen
properly. Hence, in Tikhonov’s method the regularized approximation is given by

22" = (A} A, + aB*B) T A ys. (1.5)

Regularized total least squares. In the classical total least squares problem
(TLS problem) some estimate (&, 7, A) for (z7, yo, Ag) from given data (ys, Ay) is
determined by solving the constrained minimization problem

|A— Aul|? + |y — ys]|* — min  subject to Az =y, (1.6)

see [7]. Due to the ill-posedness of problem (1.1) it may happen that there does
not exist any solution z of the TLS problem (1.6) in the space X. Furthermore,
if there exists a solution & € X of the TLS problem (1.6), this solution may be
far away from the desired solution zf. Therefore, it is quite natural to restrict
the set of admissible solutions by searching for approximations Z that belong to
some prescribed set K, which is the philosophy of regularized total least squares.
The simplest case occurs when the set K is a ball K = {x eX ’ | Bx|| < R} with
prescribed radius R. This leads us to the regularized total least squares problem
(RTLS problem) in which some estimate (&, ¢, A) for (1, yo, Ag) is determined by
solving the constrained minimization problem

|A = Apl]* + ||y — ys]|> — min  subject to Az =y, |Bz| <R, (1.7)

see [3, 14, 15]. In the special case of exactly given operators A, = Ay, this
philosophy leads us to the method of quasi-solution of Ivanov, see [8], in which &
is determined by solving the constrained minimization problem || Az —ys|*> — min
subject to x € K. This approximation & is sometimes also called K-constrained
least squares solution.

Dual regularized total least squares. One disadvantage of the RTLS problem
(1.7) is that this method requires a reliable bound R for the norm || Bz||. In many
practical applications, however, such a bound is unknown. On the other hand, in
different applications reliable bounds for the noise levels § and A in (1.2) and (1.3)
are known. In this case it makes sense to look for approximations (Z, 7, A) which
satisfy the side conditions Ax =y, ||y — ys|| < d and ||A — A,|| < h. The solution
set characterized by these three side conditions is non-empty. Selecting from the
solution set the element which minimizes ||Bx|| leads us to a problem in which
some estimate (&, 7, A) for (27,10, Ag) is determined by solving the constrained
minimization problem

|Bz|| — min subject to Ax =1y, |ly—ys|| <9, ||A— An| < h. (1.8)



REGULARIZED TOTAL LEAST SQUARES 3

This problem is, in some sense, the dual of problem (1.7). Therefore, we propose
to call this problem as the dual regularized total least squares problem (dual RTLS
problem).

The paper is organized as follows. In Sections 2, 3 and 4 we discuss some
computational aspects of the RTLS problem (1.7) and of the dual RTLS problem
(1.8) in finite dimensional spaces. Main attention is devoted to the problem of
eliminating the unknowns A and y in both problems (1.7) and (1.8). As a re-
sult, both problems lead in the general case B # I to special multi-parameter
regularization methods with two regularization parameters where one of the regu-
larization parameters is negative. In Section 5 we discuss characterization results
for generalized problems (1.7) and (1.8) in which the norm ||A — A|| is replaced
by ||(A— Ap)G]|. In Sections 6 and 7 we provide error bounds for the regularized
approximations obtained by methods (1.7) and (1.8). In Section 6 we treat the
special case B = I and derive error bounds under the classical source condition
2t = A*v with v € Y that show that the accuracy of the regularized approxima-
tions is of the order O(v/d + h). In the general case B # I in Section 7 some link
condition between A and B and some smoothness condition for x' in terms of
B are exploited for deriving error bounds. In our final Section 8 some numerical
experiments are given, which shed a light on the relationship between RTLS, dual
RTLS and the standard Tikhonov regularization.

2. Computational aspects for RTLS

Computational aspects are studied in the literature for discrete problems (1.1)
in finite-dimensional spaces. Therefore we restrict our studies to the case when
X =R"and Y = R™, equipped with the Euclidian norm ||-||2 and use as a matrix
norm the Frobenius norm || - || .

2.1. Overview. The TLS method which is problem (1.7) without the constraint
|Bz|l2 < R is a successful method for noise reduction in linear least squares
problems in a number of applications. For an overview on computational aspects
and analysis of TLS see the monograph [7]. The TLS method is suited for finite
dimensional problems where both the coefficient matrix and the right-hand side
are not precisely known and where the coefficient matrix is not very ill-conditioned.
For discrete ill-posed problems where the coefficient matrix is very ill-conditioned
and also for infinite dimensional ill-posed problems, some additional stabilization
is necessary leading to the RTLS problem (1.7). The aim of our work in this
section is to review properties of the RTLS problem (1.7) which serve as a basis
for the development of practical computational algorithms.

Previous results about properties and computational aspects of RTLS problems
may be found in [1, 3, 14, 15]. Let us summarize different alternative characteriza-
tions of the RTLS-solution that serve as a starting point for developing algorithms
solving the RTLS problem (1.7) effectively. From [3] we have

Theorem 2.1. [f the constraint || Bzx||s < R of the RTLS problem (1.7) is active,
then the RTLS solution x = T satisfies the equations

(AT A, +aB"B +p8Ix = Alys and || Bz, = R. (2.1)



4 SHUAI LU, SERGEI V. PEREVERZEV AND ULRICH TAUTENHAHN

The parameters o and 3 satisfy

_ Az — wsll3

a=u(l+z)|2) and =
W1+ alf) and 5= ~IGete

(2.2)

and v > 0 s the Lagrange multiplier. Moreover,
B=aR —y;(ys — Anw) = | A = AullF = lly — vsll3- (2.3)

The results of Theorem 2.1 allow a second characterization of the RTLS solution
of the problem (1.7). The equations (2.1) and (2.3) show that the RTLS problem
(1.7) can be reformulated as a special eigenvalue-eigenvector problem for a special
augmented system, see [14, 15].

Theorem 2.2. If the constraint ||Bx|s < R of the RTLS problem (1.7) is active,
then the RTLS solution x = & satisfies the eigenvalue-eigenvector problem

( AT A, +aB"B ATys ) < T ) _ —ﬂ( T ) (2.4
Y5 An —aR? 4 yiys -1 -1 '
with o and (B given by (2.2), (2.3).
The results of Theorem 2.1 allow a third characterization of the RTLS solution
of problem (1.7). This characterization shows that the RTLS problem can be

reformulated as a problem of minimizing the ratio of two quadratic functions
subject to a norm constraint, see [1].

Theorem 2.3. The RTLS solution x = & of the problem (1.7) is the solution of
the constrained minimization problem

| Az — ys]|3
14 [|z||3

2.2. The standard form case B = I. Let us discuss the standard form case
B =1 in some detail. In this case the Theorem 2.1 is simplified as follows:

Corollary 2.4. If the constraint ||z||2 < R of the RTLS problem (1.7) with B = I
is active, then the RTLS solution x = & is the solution of the equation

(AT AL + al)x = AT ys (2.6)

and « is the solution of the nonlinear equation ||z|js = R.

— min  subject to ||Bzl|ls < R. (2.5)

The numerical computation of the RTLS solution x = & of problem (1.7) in the
case B = I can therefore effectively be done by following two steps:

(i) Compute the parameter a* > 0 by solving the nonlinear equation

fla) = |l=zg" 3 - R* =0 (2.7)

where 22" is the solution of the equation (2.6).
(ii) Solve the equation (2.6) with a@ = a* from step (i).
From our next proposition we conclude that f is monotonically decreasing and
that equation (2.7) possesses a unique positive solution a* > 0 provided

R < ||z} lle- (2.8)
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Here [L’:;,h is the Moore-Penrose solution of the perturbed linear system A,z = ys

which is the least squares solution with the minimal norm.

Proposition 2.5. The function f : RT — R defined by (2.7) is continuous and
possesses the properties

lim f(a) = o, |3~ B> and  Jim f(a) = ~R". (2.9)

In addition, f : RT — R is monotonically decreasing and convex. Let v3" be the
solution of the equation (AL Ay, + al)vdh = 25" then

J'a) = =2(vg",25) <0 and  f"(a) = 6[jvg"[[3 > 0. (2.10)
Proof. For a — 0 we have 2" — xgh. Hence, the first limit relation of (2.9)

follows. For o — oo we have a:‘sh — 0. Hence, the second limit relation of (2.9)

follows. By the product rule we have
d
=2 Oh S| 2.11
) =2 ( frath.at .11
In addition, differentiating both sides of equation (2.6) by a provides the equa-

d d
tion 2" + (AT A), + &I)d—xéh =0, that is, @xéh —v2" We substitute this
a

expression into (2.11) and obtain the first identity of (2.10). The proof of the
second identity of (2.10) is similar. O

Due to properties (2.10) we conclude that Newton’s method for f(a) = 0 con-
verges monotonically for arbitrary starting value « € (0, a*).

Remark 2.6. Due to stability reasons it is desirable to iterate with regularization
parameters a > «*. This can be reached, e.g., by applying Newton’s method to
the equivalent equation

h(r) == f(r~?) =0. (2.12)
The function h defined by (2.12) is monotonically increasing and concave on R
and for the first and second derivative of h we have

W(r)=r=32@" 25" >0 and B'(r) = —(3/2)r 52| Av®"||2 <0, (2.13)

T‘ ? 7"

where 25" is the solution of the equation (AF A, + r=/21)z%" = ATys and v2"
the solution of the equation (A} Aj, +r~Y/21)vd" = 22" For the Newton iterates
rk+1 = i — h(ry)/h' (1) the error representation

R (&)
Qh/(’/’k)

is valid. From (2.13) and (2.14) we conclude that Newton’s method applied to
the equation h(r) = 0 converges monotonically from below for arbitrary starting
values r € (0,7*). Rewriting Newton’s method in terms of « leads to the iteration

Tpe1 — 1 = (ry — r*)2 with & € (g, r") (2.14)

QB (vdh, 0 1/2
apr1 = oo with a) = @ T a 2.15
=) i o60) = (Ll ) e

that converges monotonically from above for arbitrary starting values a € (a*, 00).
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Due to noise amplification, the Moore-Penrose solution x|, of the discretized
ill-posed problem A,z = ys with noisy data (ys, Ap) is generafly highly oscillating
with large norm ||x:§’h||2. Therefore it makes no sense to choose the constant R of
the RTLS problem (1.7) larger than ||x}7h||2 since the unknown solution x' of the

unperturbed system Agr = g is expected to satisfy ||zf]|, < Hazj;,hHQ. Hence, one
will choose R sufficiently small such that (2.8) holds. In this case the constraint
|z]l2 < R of the RTLS problem (1.7) is active and Corollary 2.4 applies. This
corollary tells us that the RTLS solution is equivalent to the Tikhonov solution
2o = (AT Ay +al) =t AT ys with a chosen from the nonlinear equation ||z, = R.

This solution x = 2%" can be obtained by following algorithm.

Algorithm 1 Solving the RTLS problem (1.7) in the standard form case

Input: € > 0, ys, A, and R satisfying (2.8).

1: Choose some starting value o > a*.

2: Solve (A An + al)z = Al ys.

3: Solve (AL A + al)v = .

(v, x) 12
Update ayey 1= . .
’ (a(v,m FR - ||x||%>

if |apew — | > €la| then a := ayey and goto 2
else solve (AT Ay + apewl)r = Alys.

3. Computational aspects for dual RTLS

In our knowledge, the dual RTLS problem (1.8) has not been studied in the
literature so far except in the special case h = 0. In this special case method (1.8)
reduces to Tikhonov regularization with o chosen by the discrepancy principle,
see [12, 4]. In the case h # 0 the situation is more complicated. Let us start by
collecting some properties which can be shown by straight forward computations.

Proposition 3.1. Let x € R, y € R™, A, A, € LR",R™) and G € L(R* R").
Then,
@) ly"zle = lylalzlls, () gllAz—yll5 =247 (Az —y),
(i) 20 An)=ypa®,  (iv) &I(A— ANGIE = 2(A - A4,)GGT.

In the following theorem we provide a different characterization of the dual
RTLS solution that serves for effective solving the dual RTLS problem (1.8).

Theorem 3.2. [f the two constraints ||y —ys||2 < 0 and ||A—Ap||r < h of the dual
RTLS problem (1.8) are active, then the dual RTLS solution x = & of problem
(1.8) is a solution of the equation

(AT A, +aB'B + pl)x = Alys. (3.1)
The parameters o and 3 satisfy

2 Ar — 2
1 | X 7 -

(3.2)
Vi v+ |3
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where >0, v > 0 are the Lagrange multipliers. Moreover,
h(0 + hllzl2)

[Ane = ysll2 = 0 + hllzlls  and 5= -
]l

(3.3)
Proof. We eliminate y in problem (1.8) and use the classical Lagrange multiplier
formulation with the Lagrange function

Lz, A p,v) = || Bl + p 1Az — w3 = 8) + v (|4 = Aull} = B?)  (3.4)

where p and v are the Lagrange multipliers which are non-zero since the con-
straints are assumed to be active. We characterize the solution to the dual RTLS
problem (1.8) by setting the partial derivatives of the Lagrange function (3.4)
equal to zero. Applying Proposition 3.1 we obtain

L, =2BTBx 4+ 2uAT (Az — ys) = 0, (3.5)
L4 =2u(Axr — ys)z’ +20(A - A) =0, (3.6)
L, = || Az — ysl5 — 6* =0, (3.7)
L,=||A— A3 —h*=0. (3.8)
From (3.6) we have A(pxz” + vI) = vA;, + pysz®, or equivalently,
-1
A= (VAh + uy(;xT) (umxT + V])
1 H T
= (VAL + pysz” (I— —— 1 )
(v ) v v+ pllzl3)
H T
= Ap — ——— 5 (Ahx - y(;) T . (39)
v+ pl)3
We substitute (3.9) into (3.5), rearrange terms and obtain the equation
Hv T H T
B"Br + ————— (A — —————x(ApT — ys) ) (Apx —ys5) = 0.
v+ulzl3 7" v+ a3

We multiply this equation by (v + pl|z||3)/(uv), rearrange terms and obtain the
equivalent equation (3.1) with o and [ given by (3.2). It remains to prove (3.3).
We substitute (3.9) into (3.7), rearrange terms and obtain the equation

5 :
14 = gslla = (v + wllel3) (3.10)

We substitute (3.9) into (3.8) and obtain [|(Ayz — ys)zT||r = %(1/ + p|x]|3). Due
to property (i) of the Proposition 3.1, this equation is equivalent to

h
Apr —ysllo = ——— (v + pllz]|3) . 3.11)
[ Ane = galla =~ (v + o) (

From (3.10) and (3.11) we obtain the two equations
J h

v el

and ||Apz — ysll2 = § + hljz||2. (3.12)
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From (3.11) we have p||Apx —ysll2/(v+pllz]|3) = h/||z||2- Hence, from the second
equation of (3.2) we have 8 = —h||Apx — ys||2/||x]|2. From this equation and the
second equation of (3.12) we obtain 5 = —h(d + hlz|]2)/[|z||2. O

Remark 3.3. We note that due to (3.9) and (3.11) the coefficient matrix A in the
dual RTLS problem (1.8) is given by
h
Az — ys) T,
G — gy = %)

and that due to this equation and the second equation of (3.12) the vector y in
the dual RTLS-problem (1.8) is given by

A=A, -

Y =1ys+ (Apz —ys),

| Anz — sl
where x = 7.

Remark 3.4. If the two constraints ||y — ys]|2 < d and ||A — Ap||r < h of the dual
RTLS problem (1.8) are active, then we obtain from the results of Theorem 3.2
that the solution x = & of the dual RTLS problem can also be characterized either
by the constrained minimization problem

|Bx|ls — min subject to ||Apx — ys]|2 = 0 + h||z|2
or by the minimization problem
1Ane — ysll3 + al| B[l — (& + Al]|2)* — min

with « chosen by the nonlinear equation ||Apx — ys]|2 = 0 + h|z||2-

4. Special cases for dual RTLS

4.1. The case h = 0. In our first special case we assume that in the dual RTLS
problem (1.8) we have h = 0, that is, the coefficient matrix A, = A, is exactly
given. In this special case the dual RTLS problem (1.8) reduces to

|Bz|l — min subject to Az =vy, |y —ysll2 <9 (4.1)
and the Lagrange function attains the form
L(w,p) = ||Bzl3 + u(ll Aoz — ys]l3 — 6%).

Corollary 4.1. If the constraint ||y — ys|l2 < 9§ of the dual RTLS problem (4.1)
is active, then the solution x = T of problem (4.1) satisfies

(AY Ao+ aBTB)x = Alys and || Aoz — ysl2 = 9. (4.2)
The parameter o and the Lagrange multiplier > 0 are related by o = 1/ p.

Proof. Setting the partial derivatives of the Lagrange function equal to zero we
obtain

L, = 2BT Bz + 2u AT (Agz — y5) = 0,
L0 = Aoz — ysll3 — 82 = 0.
These equations give (4.2). O
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The numerical computation of the dual RTLS solution = Z of problem (4.1)
can effectively be done in the following two steps:

(i) Compute the parameter a* > 0 by solving the nonlinear equation
fla) = [|Agzy — ysll3 —0° =0 (4.3)
where 29 is the solution of the first equation of (4.2).
(ii) Solve the first equation of (4.2) with v = o* from step (i).
From our next proposition we conclude that f is monotonically increasing and
that equation (4.3) possesses a unique positive solution o* > 0 provided
1Pysll2 < & < [ysllz-
Here P denotes the orthogonal projector onto R(Ag)*.

Proposition 4.2. The function f : RT — R defined by (4.3) is continuous and
possesses the properties

lim f(a) = [Py} — 8 and lim f(a) = [lysll3 — 5> (4.4)

In addition, f : RT™ — R is monotonically increasing. Let v° be the solution of
the equation (AL Ay + aBT B)v) = BT Bx?, then

f'(@) =2a(v?, BT"B22) >0 and f"(a) =2(v), B"Bx?) — 6a||Bv||3. (4.5)
Proof. For a — 0 we have ys — Agx®, — Pys. Hence, the first limit relation of

(4.4) follows. For o — oo we have ° — 0. Hence, the second limit relation of
(4.4) follows. By the product rule and the first equation of (4.2) we have

/ d d
fila) =2 (wxi, A (Agr? — y5)> = 2 (da:pg, BTBx‘;) . (4.6)

In addition, differentiating both sides of the first equation of (4.2) by « provides
d d

the equation BT Bx? 4 (AL Ay + aBTB)d—:c‘; = 0, that is, d—x‘s —v°. We sub-
Q a

stitute this expression into (4.6) and obtain the first identity of (4.5). The proof
of the second identity of (4.5) is similar. O

From the second identity of (4.5) it follows that the function f defined by (4.3)
is convex for small a-values, but concave for large a-values. Hence, global and
monotone convergence of Newton’s method for solving equation (4.3) cannot be
guaranteed. Therefore we propose to determine the solution r* of the equivalent
equation

h(r):= f(1/r) =0 (4.7)
by Newton’s method. This function possesses the following properties:
(1) For r > 0 the function A is monotonically decreasing and we have
W(r)=—2r73’, BTB2%) < 0
where 20 is the solution of the equation (AT Ag + r~!BTB)2? = Alys; and
v? is the solution of the equation (AT Ay + r~*BT B)v? = BT Bx?®.
(2) For r > 0 the function h is convex and we have

R (r) = 67"’4HAUU,‘§H§ > 0.
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From (2.14) and the two properties (1) and (2) we conclude that Newton’s method
applied to the equation h(r) = 0 converges monotonically for arbitrary starting
values r € (0,7*). Rewriting Newton’s method rx.1 = ry — h(rg)/h/ (1)) in terms
of ay := 1/ leads us to the iteration method

B 2a3(v8, BT Bx?)
~ 202(v), BTBx?) + || Agx?, — ys|3 — 62

a1 = p(ay) with  ¢(a)

where v? is the solution of (AL Ay + aBTB)v? = BT Bx?. This iteration method
converges monotonically from above for arbitrary starting values a € (a*, ).
Summarizing, in the special case h = 0 the dual RTLS solution = 2° can be

obtained by following algorithm.

Algorithm 2 Solving the dual RTLS problem (1.8) in the case h = 0
Input: € > 0, ys, Ao, B and ¢ satisfying || Pys|la < 0 < ||ys]|2-

1: Choose some starting value o > a*.
Solve (A3 Ao+ aBTB)z = Al'ys.
Solve (Al Ay + a BT B)v = BT Bz.

20 (v, BT Bx)
2a2(v, BT Bx) + || Aoz — ys|3 — 62
if |omew — | > €la| then o := ayey and goto 2
else solve (AT Ay + anew )z = Alys.

Update apew 1=

4.2. The case § = 0. In our second special case we assume that in the dual
RTLS problem (1.8) we have § = 0, that is, the vector ys = yo is exactly given.
In this case the dual RTLS problem (1.8) reduces to

| Bz|ls — min subject to Ax =yo, ||[A— An|lr<h (4.8)
and the Lagrange function has the form
L(z, A\ v) = [|Bz[l3 + (A, Az — yo) + v([|[A = An[l7 — 2?).

Corollary 4.3. If the constraint ||A — Apllr < h of the dual RTLS problem (4.8)
is active, then the dual RTLS solution x = & of problem (4.8) is a solution of the
equation

(AL A, + aB"B + Bz = Al yo. (4.9)
The parameters o and 3 satisfy
2 Az — uall2
v 13

where v > 0 is the Lagrange multiplier. Moreover,

| Az — yollo = hl|xl]s and B = —h>. (4.11)
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Proof. Setting the partial derivatives of the Lagrange function equal to zero gives

L, =2B"Bx+ AT)\ =0, (4.12)
La= T +2(A—A,) =0, (4.13)
Ly=Ax —yo =0, (4.14)
L,=|A- A% —hr*=0. (4.15)

From (4.13) we have A = A, — o~ Az’ We substitute it into (4.14) and obtain
Apr — % A = 1o, that is,
2v
A= BE 5 (Anz — 10). (4.16)
2

From (4.16) and (4.13) we obtain that A has the representation

l213 ||2
We substitute (4.16) and (4.17) into (4.12) and obtain

BBe+ (Ag Tl ST >><Ah””_y°):0'

We multiply this equation by ||z||3/v, rearrange terms and obtain the equivalent
equation (4.9) with a and (3 given by (4.10). It remains to prove (4.11). We sub-
stitute (4.17) into (4.15) and obtain ||(Anx —yo)zT ||F = h||z||3 which is equivalent
to the first equation of (4.11). Finally, the second equation of (4.11) follows from
the first equation of (4.11) and the second equation of (4.10). O

4.3. The case B = I. In the standard form case B = I from the Theorem 3.2
one can obtain the following characterization of the solution of (1.8).

Corollary 4.4. If the two constraints ||y — yslla < § and ||A — Apllr < h of
the dual RTLS problem (1.8) are active, then the dual RTLS solution x = Z of
problem (1.8) with B = I is the solution of the equation

(AT Ay + al)x = Alys, (4.18)
and « 1is the solution of the nonlinear equation ||Apx — ys|la = 0 + h|z||2.

The numerical computation of the dual RTLS solution of the problem (1.8) in
the standard form case B = I can therefore effectively be done in two steps:

(i) Compute the parameter a* > 0 by solving the nonlinear equation
fla) = 142" = ysll3 — (6 + Rl (|2)* = 0, (4.19)

where %" is the solution of the equatlon (4.18).
(ii) Solve equatlon (4.18) with a = o* from step (i).

From our next proposition we conclude that f is monotonically increasing and
that equation (4.19) possesses a unique positive solution a* > 0 provided

1Pysllz — Bllzfnlle < 6 < llysllo.
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where :ngh — Alys is the Moore-Penrose solution of the perturbed linear system

Apx = ys (which is the least squares solution of the minimal norm) and P is the
orthogonal projector onto R(Ap)*.

Proposition 4.5. The function f: RY — R defined by (4.19) is continuous and
possesses the properties

lim f(a) = ||Pysl3 — (8 + hllzf,ll2)*  and  lim f(a) = [lysll; — 6% (4.20)
Let voh = (AT Ay, + o)~ a2, then
flla)=2 (a +h? 4 ho /a8 2) (W3, 5 > 0. (4.21)

a o

Proof. For a — 0 we have 22" — xgh. In addition, ys — Ahx;h = s — ApAlys =

Pys. Hence, the first limit relation of (4.20) follows. For v — oo we have that
25" — 0. Hence, the second limit relation of (4.20) follows. We use that f is

given by f(a) = || ApaSh —ys || — h2||x%"||2 — 20h||2%"||2 — 62, apply the chain rule
and the product rule, exploit equation (4.18) and obtain
hé d
f(e) = -2 (a +h* + M) (fj,;h,@h) : (4.22)
lza(l2/ \da
In addition, differentiating both sides of the equation (4.18) by « provides the
d d
equation 25" + (AT A, + a[)d—xéh = 0, that is, d—xéh —v%" From this iden-
o
tity and (4.22) we obtain (4.21). O
The function f defined by (4.19) is convex for small a-values, but concave for
large a-values. Hence, global and monotone convergence of Newton’s method for

solving equation (4.19) cannot be guaranteed. Therefore we propose to determine
the solution r* of the equivalent equation

h(r) == f(r7'/?) =0 (4.23)
by Newton’s method. This function possesses the following properties.
Proposition 4.6. Let h be defined by (4.23) with f given by (4.19), let 25" be

the solution of the equation (AT Ay, + r= Y20 azd" = ATys and v2" be the solution
of the equation (AT Ay, + r= 121" = 2.

(i) h: RT — R is monotonically decreasing and

W(r) = —r=52 (r72 £ B2 4 5h/[|22" o) (3", 23") < 0, (4.24)
11 . — s convexr an
i) h:RY >R d

W (r) = (" 2p") + 3 Av " 15230407 13
2r3 2r5/2
3p1/2|| 40h 2
L opn Tl ”5”( P (4.25)
4r3 |2 |13

Proof. Using the relation 1/(r) = —3r=32f/(r=1/2) together with (4.21) we obtain
(4.24). The proof of (4.25) is similar. O
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From (2.14) and Proposition 4.6 we conclude that Newton’s method applied to
the equation h(r) = 0 converges monotonically from below for arbitrary starting
values r € (0,7*). Rewriting Newton’s method rx.1 = ry — h(rg)/h/ (1)) in terms
of ay := 7“,;1/2 leads us to the iteration method

a®f'(a) )” ?
af'(a) +2f(a)

where f and f’ are given by (4.19) and (4.21), respectively. This iteration method
converges monotonically from above for arbitrary starting values a € (a*, ).
Summarizing, in the special case B = I the dual RTLS solution x = %" can be
obtained by following algorithm.

apr1 = (o) with () = (

Algorithm 3 Solving the dual RTLS problem (1.8) in the standard form case

Input: € > 0, y5, Ay, 6 and h satistying || Pys|l2 — hllzf, ]2 < 6 < ||ys].

1: Choose some starting value o > a*.
2: Solve (A Ap + al)z = Al ys.
3: Solve (AL A + al)v = .

3 r/
Update apew 1= o’ f(a)
af'(a) +2f
if |apew — | > €la| then a := apey and goto 2
else solve (AT Ay + apewl)r = Alys.

1/2
(a)> with f from (4.19).

5. Revisiting RTLS and dual RTLS

In this section we generalize the regularized total least squares problem (1.7)
by solving the constrained minimization problem

I(A = An)GE + lly — sllz — min  subject to Az =y, [|[Bz|: <R, (5.1)

and generalize the dual regularized total least squares problem (1.8) by solving
the constrained minimization problem

|Bz|| — min subject to Az =vy, |y —vusll2 <9, [[(A—A)G|r < h. (5.2)

In (5.1) and (5.2), respectively, G is a given (n, k)-matrix. The introduction of the
additional matrix GG can be motivated by an additional scaling in the constrained
minimization problems (5.1) and (5.2), respectively. Considering the estimate

1Az]l; < [|ABTB)"2||p|| Bz,

which corresponds to the estimate ||Az|y < ||A(BTB)™'?|x_y||Bz|x in the
infinite dimensional case, we conclude that

G = (BTB)~'/? (5.3)

is one appropriate choice of treating the two problems (5.1) and (5.2). Using
the proof ideas from [3, Theorem 2.1] we obtain that for arbitrary G the RTLS
solution of the problem (5.1) can be characterized as follows.
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Theorem 5.1. Let G be an arbitrary (n, k)-matriz with rank r(G) = n. If the
constraint || Bz||s < R of the RTLS problem (5.1) is active, then the RTLS solution
xr = T satisfies the equations

(AT A, +aB"B + B(GG") Yo = Alys and || Bzl = R. (5.4)
The parameters o and 3 satisfy

A — w3
L+ [(GGT) 123

a=p(l+|(GGT)|3) and G = (5.5)

and p > 0 s the Lagrange multiplier. Moreover,
B =aR? —y; (ys — Anz) = =[[(A = A G5 — lly — sll5. (5.6)

For the special choice G = (BT B)~'/2 we obtain from Theorem 5.1 that the
RTLS solution of the problem (5.1) can be characterized as follows.

Corollary 5.2. Let G be chosen by (5.3). If the constraint ||Bz|2 < R of the
RTLS problem (5.1) is active, then the RTLS solution satisfies the equations

(AT A, +aB"B)x = Alys and ||Bz|l, = R. (5.7)

Now let us consider the dual RTLS problem (5.2). Extending the proof of
Theorem 3.2 to the more general dual RTLS problem (5.2) with arbitrary G leads
to following result.

Theorem 5.3. Let G be an arbitrary (n, k)-matric with rank r(G) = n. If the
two constraints ||y — ysll2 < 6 and ||[(A — Ap)G||r < h of the dual RTLS problem
(5.2) are active, then the dual RTLS solution is a solution of the equation

(AT A+ aB"B + B(GGT) Ha = Al ys. (5.8)
The parameters o and 3 satisfy

oo vl GO ol — sl

v v+ pll(GGT) x5

(5.9)

where p >0, v > 0 are the Lagrange multipliers. Moreover,

h(0 + h[(GGT) "V 2xl)
(GGT) Pl

If G is chosen by (5.3), then we obtain from Theorem 5.3 that the dual RTLS
solution of the problem (5.2) can be characterized as follows.

|Anx — yslla = 0 + hH(GGT)_l/Qa:Hg and [ =—

Corollary 5.4. Let G be chosen by (5.3). If the two constraints ||y — ys|l2 < 6
and ||[(A — Ap)G||r < h of the dual RTLS problem (5.2) are active, then the dual
RTLS solution satisfies the equations

(AfAh + OéBTB)JL' = AZyg and ||Apz — ys|l2 = d + h||Bz||2. (5.10)
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6. Error bounds in the standard form case B =1

To the best of our knowledge, so far in the literature there are no error bounds
characterizing the accuracy of the approximations z of the both problems (1.7)
and (1.8). Our aim in this section is to prove order optimal error bounds in the
special case B = I under the classical source condition

ot = Aju with veY. (6.1)
6.1. Error bounds for RTLS.
Theorem 6.1. Assume that the eract solution z' of the problem (1.1) satisfies

the source condition (6.1) and the side condition ||z7|| = R. Let in addition & be
the RTLS solution of the problem (1.7), then
| — 2| < (24 2v2)V2||o||V? max{1, RY*}V5 + h. (6.2)

Proof. Since both (zf, o, Ag) and (i, 7, A) satisfy the two side conditions Az =y
and ||z|| < R of the RTLS problem (1.7), we obtain from (1.7) and (1.2), (1.3)
that

A= Aul* + 119 = ysll* < [[ Ao = Aul® + llyo — ws[* < 2* + 6% (6.3)

Next, since ||Z]] < R and ||27|| = R we have [|2]|? < ||27]|?, or equivalently,
|2 — zf|® < 2(z", 2t — 2).
Due to (6.1) and the Cauchy-Schwarz inequality we obtain
|17 —af|* < 2(Agv, 2’ — &) < 2jvf| | Aoz’ — Ao, (6.4)
By triangle inequality we have
[ Aozt — Ao < [| Aozt — gl + |5 — Aol
< | Aox" — sl + 119 — ysll + 15 — An|| + | Ao — Apil|.  (6.5)

For estimating the sum of the first and fourth summand in the bracket of (6.5)
we use the identity Aoz’ = 1, apply (1.2), (1.3) and obtain

| Aozt — ys|| + || Aot — Ap|| < 0+ h||2]| < max{1, ||Z]}( + h). (6.6)

For estimating the sum of the second and third summand in the bracket of (6.5)
we use the identity § = Az, apply the inequality a+b < v/2v/a2? + b2, the estimate
(6.3) and the inequality v a2 + b? < a + b to obtain

19— ysll + 115 — Anzll < 1§ — wsll + I A — Anll 12
< max{1, |2} (19— vsll + 1A — Aull)
< max{1, |#1}V2y/ 19 — wall2 + | A — Au?
< max{1, ||Z[|}V2v62 + h?
< max{1, ||Z]|}V2 (6 + h). (6.7)
Combining (6.5), (6.6), (6.7) we have
| Ao — Agx!|| < max{1, ||2(|}(1 4+ V2)(6 + h). (6.8)
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Since ||| < ||2T|| = R, this estimate and (6.4) provide (6.2). O

6.2. Error bounds for dual RTLS.

Theorem 6.2. Assume that the evact solution x' of the problem (1.1) satisfies
the source condition (6.1) and let & be the dual RTLS solution of the problem

(1.8). Then,
I — ™|l < 2jv]|2/6 + h|21]]. (6.9)

Proof. Since both (zf, 1, Ag) and (&, ¢, A) satisfy the three side conditions Az =
Y, |ly — vs]] < 6 and ||A — Ap|| < h of the dual RTLS problem (1.8), and since &
is the solution of (1.8) we have

121 < fl="]1%, (6.10)

or equivalently, ||# — zf||? < 2(zf,2" — #). Using (6.1) and the Cauchy-Schwarz
inequality we obtain

12 — 2|* < 2(Ajv, 2" — 7) < 2[|v]| Aoz’ — Ao (6.11)

From (1.2) we have ||y — ys|| < d, and from (1.8) we have ||y — ys|| < 0. Conse-
quently, by triangle inequality and the identity Agz! = 1, we have

1Aoz™ = 3l < llyo — wsll + 17 — ws| < 26. (6.12)

From (1.3) we have ||Ag— Ap|| < & and from (1.8) we have || A — Ay|| < k. Hence,
by triangle inequality, the identity y = Az and estimate (6.10) we have

15 — Aol < (14 = Anll + [ Ao — Anll) 2] < 28]|2] < 202" (6.13)

We apply again the triangle inequality together with (6.12), (6.13) and obtain
[ Aoz" — Aozl < | Aoz" = gl| + 11§ — Aol < 20 + 2h]|T]]. (6.14)
From this estimate and (6.11) we obtain (6.9). O

7. Error bounds for B #1

In this section our aim is to provide order optimal error bounds in the general
case B # I. These error bounds are not restricted to finite dimensional spaces X
and Y but are also valid for infinite dimensional Hilbert spaces. For error bounds
in the special case h = 0 see [2, 4, 13, 16, 17].

7.1. Smoothness assumptions. We formulate our smoothness assumptions in
terms of some densely defined unbounded selfadjoint strictly positive operator
B : X — X. We introduce a Hilbert scale (X,),cr induced by the operator B,
which is the completion of N D(B*) with respect to the Hilbert space norm
]l = [B"z|], r € R.

Assumption A1l. There exist positive constants m and a such that

m||B™z|| < [|Aoz|  forall x € X.
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Assumption A2. For some positive constants £ and p we assume the solution
smoothness x' = B™Pv with v € X and ||v|| < E. That is,

vt e Myp={z e Xx||all, < E}.

Assumption A1, which we will call link condition characterizes the smoothing
properties of the operator Ay relative to the operator B~!'. Assumption A2 char-
acterizes the smoothness of the unknown solution z' in the scale (X,),cr. By
using A2 we can study different smoothness situations for z.

7.2. RTLS. For deriving error bounds under the assumptions A1 and A2 we will
use the argument from the Section 6 combined with the interpolation inequality
s—r)/(s+a a+r a
el < flaf &7/ a4, (7.1)
that holds true for any r € [—a, s|, a + s # 0, see [9].

Theorem 7.1. Assume the link condition A1, the smoothness condition A2 with
1 < p < 2+a, and that the exact solution x' of the problem (1.1) satisfies the
side condition |Bz'|| = R. Let in addition & be the RTLS solution of the problem
(1.7), then

I — 2| < (2B)7 <max{1, ||ﬁ7LL}(1 +2) 6+ h)) Pra

=0 ((6+h)) . (7.2)

Proof. Since |Bz|| < R and ||Bz'|| = R we have ||Bz|> < ||Bz'||>. Consequently,
due to Assumption A2,

|z — z'||> = (B, B) — 2(B#, Bx') + (Bx', Bz')
< 2(Bx', Ba") — 2(B#, Ba)
= 2(B*?(z' — 2), BPal)
<2E|& — a'o—p. (7.3)

For estimating ||Z —z'||s_, we use the interpolation inequality (7.1) with r = 2—p,
s =1, and obtain from (7.3) the estimate

I3 = 2Tl < 2B & — af|| 2 o — af e, (7.4)
Rearranging terms in (7.4) gives
i = ol < (2B — o0 DV, (75)
From Assumption Al and estimate (6.8) of the Theorem 6.1 we obtain
s —i— A
oty < ot = Al max{L [0+ VIO -+ b)

7.6
|| — - (7.
This estimate and (7.5) provide
N (p—1)/(a+p)
R “ u max{1, ||Z||}(1 + v2)(6 + h
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Now the desired estimate (7.2) follows from (7.6), (7.7) and the interpolation
inequality (7.1) with » =0 and s = 1. O]

7.3. Dual RTLS. For deriving error bounds under the smoothness assumptions
Al and A2 we will proceed as in the Subsection 7.2.

Theorem 7.2. Assume the link condition A1 and the smoothness condition A2
with 1 < p <2+ a, and let & be the dual RTLS solution of problem (1.8). Then,

. o (6 + h|zT|| pra »
— 7 < 2Fp+a | —— = = pta | | .
|z —a'|| < 2E%+ ( - 0((5+h)+) (7.8)

, A) satisfy the three side conditions Az =

Proof. Since both (2,99, Ag) and (2,9
< h, since & is the solution of (1.8) we have

Y, ly — sl < 0 and [|A — Ap|
|Bz||? < ||Bx|]?. It gives us

Iz —2"[[} < 2B — 2[|2—p- (7.9)
From Assumption Al and the estimate (6.14) of the Theorem 6.2 we obtain

| Ao — Aozfl| _ 25+ 2h]ja]

H‘%_J;TH—Q < >
m m

(7.10)

Now the desired estimate (7.8) can be proven as in the Subsection 7.2, where
instead of (7.6) the estimate (7.10) has to be used. O

Let us give some comments. First, we have to mention that Theorem 7.1
requires the assumption ||Bx'|| = R which means that we have to know the exact
magnitude of ||Bz'||. We do not know if error bounds (7.2) are valid if || Bx|| is
not exactly known. Second, we note that both Theorems 7.1 and 7.2 require the
assumption p > 1, that is, the unknown solution has more smoothness than it is
introduced into the problems (1.7) and (1.8). There arises the question whether
the error bounds of the Theorems 7.1 and 7.2 are valid in the case p < 1. We
will answer this question in a forthcoming paper and expect that this will be true
under the two-sided link condition m||B~*z|| < ||Aoz|| < M ||B~*z|| instead of
Al. Third, we mention that the power-type link condition A1 does not allow
a study of severely ill-posed problems (1.1) where the operator Ay is infinitely
smoothing and B is finitely smoothing. In such situations the link condition Al
has to be generalized, see [2, 11, 13, 17| for results in the special case h = 0. The
extension of our error analysis to this more general setup will also be subject of a
forthcoming paper.

8. Numerical experiments

In the standard form case B = I both RTLS and dual RTLS lead to solving an
equation of the form (2.6). The same equation appears in the standard Tikhonov
regularization, when data as well as an operator are noisy. So, all these methods
differ only in the choice of the regularization parameter «. In the RTLS this
choice can be made without a knowledge of the noise levels (h,d). For the stan-
dard Tikhonov regularization such noise level free parameter choice strategies are
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also possible. Presummably, the most ancient of them is the one termed quasi-
optimality. It was proposed in 1965 by Tikhonov and Glasko [19], who suggested
to choose from a geometric sequence

I ={a;: 0 =ap', i=1,2,...,N}, p>1,

such o = «,, for which the quantity
|l

vlaq) = [lagl — 2!,
has the minimum value v(ay,) in the chosen set I'},. For lack of a knowledge of
noise levels, within the framework of quasi-optimality one needs to try a suffi-
ciently large number NN of regularization parameter «;. It means that an equation
of the form (2.6) should be solved many times with different «.

On the other hand, in RTLS one usually needs to solve only a few such equations
prior the Algorithm 1 arrives at the stage 6.

But unlike quasi-optimality, RTLS requires a reliable bound R for the norm |||
of the unknown solution, and as it will be seen from our numerical experiments
below, RTLS is sometimes too sensitive to a misspecification in the value of R.

As to the dual RTLS, it is free from above mentioned drawback of RTLS, and
still only a few calls of a solver for equations of the form (2.6) are necessary. At
the same time, using dual RTLS one needs to know noise levels.

Following [3] to preform numerical experiments we use test problems from [5].
The first test is based on the function shaw(n) in [5] which is a discretization of
a Fredholem integral equation

™

[ ks 05@dt = g(s), s e [-2. 7],

2

where the kernel and the solution are given by

sin(u)

u

)2 . u=m(sin(s) + sin(t)),

() = arem 107" o gpemea (12",

a; = 2, a9 = 17 C1 = 6, Co = 2, tl = 08, t2 = —0.5.

k(s,t) = (cos(s) + cos(t))? (

The kernel and the solution are discretized by simple collocation with n = 30
points to produce a matrix A and the vector 7. Then the discrete right-hand
side is produced as vy = Ax'.

Following [3] the perturbed right-hand side is generated as

ys = (A+ 0| E|F E)a’ + olle]l3 e,

where FE and e are from a normal distribution with zero mean and unit standard
deviation. In all experiments we take o = 0.1. We present the results where data
errors are in fact between 0.099217 and 0.122227.

To implement the quasi-optimality criterion we take oy = 1073, p = 1.1, N =
70.

In Algorithm 1 solving RTLS problem in the standard form case we take ¢ = 0.8,
R = 8. Making such a choice of R we, in fact, overestimate the norm of the exact
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25r

FIGURE 1. The graphs of the exact solution, and approxi-
mate solution given by Tikhonov method equipped with the quasi-
optimality criterion are labelled respectively by (x) and (o). The
gray dash line is RTLS-solution.

solution ||z']|. In the presented case the latter one is 5.64. Note also that R = 8
meets the condition (2.8), since in considered case ||x§h|| = 7.6705 - 10.

The Algorithm 1 terminates after 5 steps with a = 0.0683 that corresponds
to a relative error 0.1846. The quasi-optimality criterion suggests the choice of
a = 0.0232 (in the presented case the optimal choice is o = 0.0255). It leads to a
relative error 0.1753.

The graphs of corresponding approximate solutions are displayed in Fig.1 to-
gether with the exact one. In considered case the Algorithm 3 solving the dual
RTLS problem terminates with o = 0.2208 and gives a relative error 0.1589.

Thus, all considered methods produce reliable results, but both RTLS algo-
rithms require essentially less computational efforts than the standard Tikhonov
regularization equipped with the quasi-optimality criterion.

In the second test we use a discretization of the Fredholm equations

sin s s

" eseost p(p)dt = 2 e [0, =
| et =22, se 0.3

implemented in the function baart(n) in [5]. The solution is given by f(t) = sint.
We use baart(n) with n = 32, that gives us a matrix A and the vector yo. Noisy
data are simulated in the same way as in our first test.

At first we implement the Algorithm 1 for RTLS with R = 1.2, which is a good
approximation for the norm [|zf|| = | sin(-)|| = g The algorithm terminates
with a = 0.0016 and gives a relative error 0.1846. The standard Tikhonov reg-
ularization equipped with quasi-optimality criterion gives a relative error 0.2402
for a = 0.0144. Corresponding graphs are displayed in Fig.2.

To demonstrate an instability of RTLS-algorithm for this particular example
we take R = 2, which is still not so far from the real value of ||27||. In Fig.3 one
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0

F1GURE 2. The results of the second experiment. The graphs are
labelled as in Fig.1. In RTLS-algorithm R = 1.2.

22N

0.5F

-05
0

FI1GURE 3. The results of the third test. The graphs are labelled
as in Fig.1. In RTLS-algorithm R = 2. The relative error of the
Tikhonov method equipped with the quasi-optimality criterion is
0.1565, a = 0.0010. For RTLS a = 0.0004969, and relative error is
0.9826.

can easily see a dramatic change in the behavior of RTLS-approximate solution.
A relative error is now 0.9826, and it is obtained for a = 0.0004969. In contrast to
our first test, we can observe now a non-disarable sensitivity of RTLS-algorithm
to a misspecification of a bound R for the norm ||z'||. It can be explained by the
fact that the kernel of the Fredholm equation is now an analytic function, that
hints at a severely ill-posedness of considered problem, which was not the case in
our first test.
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0.5F

-0.5
0

FI1GURE 4. The gray dash line is a graph of an approximate solu-
tion given by dual RTLS-algorithm. Other lines are labelled as in
Fig.1.

At the same time, dual RTLS realized by the Algorithm 3 demonstrates a stable
behavior, as it can be seen from Fig.4. Of course, it requires a knowledge of a
noise level, which is 0.102796 in considered case. The Algorithm 3 terminates
after 4 steps with a = 0.0822, and gives a relative error 0.3336.

From our numerical experiments one may make a conclusion that in case of
known noise level dual RTLS can be suggested as a method of choice. With-
out knowledge of a noise level Tikhonov regularization equipped with the quasi-
optimality criterion seems to be more reliable than RTLS.

Acknowledgement

The first two authors are supported by the Austrian Fonds Zur Forderung der
Wissenschaftlichen Forschung (FWF), Grant P20235-N18.

References

[1] Beck, A., Ben-Tal, A. and Teboulle, M. (2006): Finding a global optimal solution
for a quadratically constrained fractional quadratic problem with applications to the
reqularized total least squares, STAM J. Matrix Anal. Appl. 28, 425 — 445.

[2] Bottcher, A., Hofmann, B., Tautenhahn, U. and Yamamoto, Y. (2006): Conver-
gence rates for Tikhonov regularization from different kinds of smoothness condi-
tions, Applicable Analysis 85, 555 — 578.

[3] Golub, G. H., Hansen, P. C. and O’Leary, D. P. (1999): Tikhonov regularization
and total least squares, STAM J. Matrix Anal. Appl. 21, 185 — 194.

[4] Engl, H. W., Hanke, M. and Neubauer, A (1996): Regularization of Inverse Prob-
lems, Dordrecht: Kluwer.

[5] Hansen, P. C (1994): Regularization tools: a Matlab package for analysis and solution
of discrete ill-posed problems, Numerical Algorithms, 6, 1 — 35.



REGULARIZED TOTAL LEAST SQUARES 23

[6] Hofmann, B. (1986): Regularization of Applied Inverse and Ill-Posed Problems,
Leipzig: Teubner.

[7] Huffel, S. V. and Vanderwalle, J. (1991): The Total Least Squares Problem: Com-
putational Aspects and Analysis, Philadelphia: STAM.

[8] Ivanov, V. K. (1966): On the approzimate solution of operator equations of the first
kind, USSR Comp. Math. Math. Phys. 6, 1089 — 1094.

[9] Krein, S. and Petunin, Y. I. (1966): Scales of Banach spaces, Russian Math. Surveys
21, 85 — 159.

[10] Louis, A. K. (1989): Inverse und schlecht gestellte Probleme, Stuttgart: Teubner.

[11] Mathé, P. and Tautenhahn, U. (2006): Interpolation in variable Hilbert scales with
application to inverse problems, Inverse Problems 22, 2271 - 2297.

[12] Morozov, V. A. (1966): On the solution of functional equations by the method of
reqularization, Soviet Math. Dokl. 7, 414-417.

[13] Nair, M. T., Pereverzev, S. V. and Tautenhahn, U. (2005): Regularization in Hilbert
scales under general smoothing conditions, Inverse Problems 21, 1851 — 1869.

[14] Renaut, R. A. and Guo, H. (2005): Efficient algorithms for solution of reqularized
total least squares, STAM J. Matrix Anal. Appl. 26, 457 — 476.

[15] Sima, D., Huffel, S. V. and Golub, G. H. (2004): Regularized total least squares
based on quadratic eigenvalue problem solvers, BIT Numerical Mathematics 44,
793 — 812.

[16] Tautenhahn, U. (1996): Error estimates for reqularization methods in Hilbert scales,
SIAM J. Numer. Anal. 33, 2120 — 2130.

[17] Tautenhahn, U. (1998): Optimality for ill-posed problems under general source
conditions, Numer. Funct. Anal. and Optimiz. 19, 377 — 398.

[18] Tikhonov, A. N. and Arsenin, V. Y. (1977): Solution of Ill-Posed Problems, New
York: Wiley.

[19] Tikhonov, A. N. and Glasko, V. B. (1965): Use of the regularization methods in
non-linear problems, USSR Comput. Math. Math. Phys. 5, 93 — 107.

[20] Vainikko, G. M. and Veretennikov, A. Y. (1986): Iteration Procedures in Ill-Posed
Problems, Moscow: Nauka (In Russian).

SHuAl Lu, SERGEI V. PEREVERZEV, JOHANN RADON INSTITUTE FOR COMPUTATIONAL
AND APPLIED MATHEMATICS, AUSTRIAN ACADEMY OF SCIENCES, ALTENBERGSTRASSE 69,
4040 LINZ, AUSTRIA

E-mail address: sergei.pereverzyev@oeaw.ac.at, shuai.lu@oeaw.ac.at

ULRICH TAUTENHAHN, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF APPLIED SCI-
ENCES ZITTAU/GORLITZ, P.O.Box 1455, 02755 ZITTAU, GERMANY
E-mail address: u.tautenhahn@hs-zigr.de



