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‘; ?“, It is well-known that solving the in;tiél-value problem for the heat equa-
o 7
§ v tion forward in time takes -a "rough" jfnitial témperature into a temperature
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L ‘paper we prove related estimates on nonlinear evolution eguations which are
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:‘ certain éestimates on ‘td;"when u is-.a solution of the heat eguation: In this

governéd by homdgénedus nonlinearities. The results apply to classes of nonlinear
'diffusion equations and to conservation laws: The resultc are interesting from
the point of view of identifying. a néw "regularization" mechanism and the esti-

mates thémselvés cast new light on thé nature of thé solutions of some initial=
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SIGNIFICANCE AND EXPLANATION

It is well-known that solving the initial~value problem for the heat

equation forward in time takes a "rough" initial temperature into a temperature

which is smooth at later times t > 0. One aspect of this is the validity of

certain estimates on tut when u is a solution of the heat equation. 1In
this paper we prove related estimates on nonlinear evolution eguations which
are governed By homogeneous nonlinearitiés. The results apply to classes of
nonlinear diffusion equations and to conservation laws. The results are
interesting from the point of view of identifying a new "regularization"
mechanism and the estimates themselves cast new light on the nature of the

solutions of some initial-value problems with rough initial data.
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] REGULARIZING EFFECTS OF HOMOGENECUS EVOLUTION EQUATIONS
b i
:1,:‘. Pl
; / ‘Michael G, Crandall and Philippe Benilan
Introduction
} Each of the three evolution- equatiodns
' au _ 3% ja-1
: % ), 'a—é'=;3(lu| u) t>0,x€R ,
| Bu_ 3, jocl : {
g 2, at"ax('“l u) t>0, xeR , ,
N i
| ana ‘
l arl !
: au . 890 |
, By 5t axtlaxl o £>0 xeR |
i * i
P -may, if & > 0, be solved subject to-the initial coadition. !
: |
i (1C) : u(x,0). =-uy(x), xeR ., ;
- t E -
! 1 - » o : : , » i
: o where uy ¢ L'(R) for a solution u(x,t) in Such & way that ¢ + u(+,t), -which we call
. ) u(t), is a continuous curve in Lllﬁn and if o(t) is défined by S(t)u0 = u(t) then it ‘
; ; i$ a nonexpansive self<map -of LY#® for each ¢ > 0, .(This is -discussed- further in Section ‘
A - 1
{ B . N . - . . . . . ‘
: 3 2, but the reader reed kfoy nothing.of these matters beforehand.) A main result of this
j N note, as.appliéd to. thesé thfee problems, -establishes that
R et . 2l
N (4) 1im Jutermsacedl S0l !
S R 140 h fo-1]t {
Al ' ’ - .
SRR , -
ii’ with |} || the nofm of »LL(R)p<pfdvided‘ o # 1: Indeed, it is shown-that (4) holds for any -
ﬁ; v
! P . . . '
e ¥ évolutidn.équation u'(t) = B(u(t)). in which. B is homogeneous of degkee a > 0, a # 1, .
R ° ) i "9' :
;} ; and for which thére i an associated-nohexpansive fan*ly S(t). £n addition; each of ‘the -
| 550¢2 . pansi - .
LEy AP PO L L ; L Lo
Q% s problems- (1) +(2),i (3), give rise to opefators S(t) which.xéspect the hatural order on
‘;, ﬁl(ik): ’i;tﬁi}l follow frém another .abstract result of -this paper that -thérefore the point-
Li] ) wisérestimaté - B
i , PR :
; E . .
o ST ‘" ,.’f‘u;' —— ,’V - P “-,Jf " ,:7’1‘_‘7 = ':':V.ff".’::': ——— i,“i,\".‘.f“: o
: ‘Spongored .by -the ‘Unitéd States.Army undef Contract NO. DAAG29-75¥C#0024: and :DAAG29-80-C<0041: .
’ . . +

S e s e L . .. .
mem—— SR ST, - - T ————
o g (RIS S S LN A i ooy of 109 7 N e + > Yo S
—- . 1 . - ¥ ” ‘:’.( " e
A L L 3 .




\:i’ - N . e s e .

(5) (a-l)%‘éi -%u t>0, xe R ,

holds for nonnegative solutions of any once of the above problems ((5) being undexstood in
the sense of distributions).

Estimates of the form {4), (5) are types of "regularizing effects" in that the quantities

estimated for t > 0 need not be sensible at t = 0. We comment on the rather subtle impli-

cations of the estimates {4) and (5) in particular cases at some length in Section 2, and we

pay there due respect to the difference between the assertion (4), which is an estimate of

the "speed", and the stronger assertion that the "velocity™ u'(t) exists and admits the
. corresponding estimate.

i This note is divided into two sections. Section l presents the abstract results concern-

{ ing solutions of the equation u' = B{u) and its perturbations under various assumptions

(always including that B is. homogeneous).. These results are elementary estimates on the

difference quotients h-l(q(t+h)éu(;;i. Section 2 discusses the interaction of the abstract

O . eminns oo Yookt e

‘results with.particular problems, includifig those listed above, and it is partly expository.

‘Estimates in evolution problems of véiocities u'(t) b& expressions involviné' 1/t are
familiar in several contekts. Perhaps the'cldsest in spirit to those given here occur when
x B s the (linear) infinitesimal generator of‘a,Str;hgiy ééntinuéus seiigroup, in which case
an .estimate of ,hxlﬂu(t+h)—u(t»” in the form clluto) ||/t is essentially equivalént to B
’;gk’ ‘being. the generator of a holomokphic semigroup (see, e.g., {17}, 729)1): «(Tnis-is the case i 1
fqg the linear problems (Lkl = (3}1 in a.variety of spaces,). Another known case is the result :
of Bfezis.(7, cﬁp. III) which appliés if B = 3¢ is the §ubdifferentiél,qf’a convek fuhction 7 4
on a Hi;bgrt_sp?qe. Brezis' estimates épgyy to variants bf‘(l)a, (}1a to give L“2 based re- ‘;’
sults like ‘(4) which do. ot use thie horiogenéity .Of the right<hand sides. Seée {3, pg, 200).
Other regularizing .effects-afe to’be ‘found: in [5),. [16):. [26).
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Section 1

Let “ li be a semi norm on the vector space X and B : D(B) < X -+ X be an operator

in X which is homogencous of degree & > 0. fThat is

(1) Blxx) = xr"B(«) for x >0 and x ¢ D(B)

’

where it is understood in (H) -that rD(B) < b(B) for x > 0. We are interested in the

-evolution problem.
~ du

,a: B (u)

(E)

I3

cul0) = %

but rather than deal with (E) directly we shall work heré only with its solutions. These
solutions are assumed to be presented to us by some theory or construction in the form

u(t) =-8(t)x where each- s(t), t > 0, isvamapping S(t) : C+ X and C is subset of X.

Thé property (M) of B .ic taken to be reflected in S by the identitics

1 1
(HS). Wlsaox =s0 % for €220 and xcc .

This is-arrjved at in the’fogiowingxwayj If u(t) is a.classical solution of (E) .and (H) holds
‘,1».

A3
. 1 o
and A > 0, ‘then v(t) =2* ¥ ue) satisfies Lty = 2% e = 2% Beon) = ]
1

s o). = B(V(t)) sO that v is agaih a classical $olution -of (E) and- further satisfies : 1
1 ' . . .
. - . ; . . -
vio) =% 1 u(0):. The correspohding property of the notion of solution-of (E)- provided by S ]
. . (

is what is requested by (HS)-. It is understood in (HS) that rC < C for r >.0. Thé other i
major requirement we place ypdn. .§ is the Lipschitz condition .
AL). stk = skl < Blfx=gl] for ¢ 20; k& ¢ . o
where || || is:the nofm in X I
Theorem 1: Let Cgc:X and S(t) : C»X for t >0 and gatisfy (HS) vith o« > 0, a # 1,
(L) and S(t)0 z 0. Then for x ¢ -C dand t,h > 0, ’
=3= ’ H

!

T g —————— w— S s
- ' P _ . . .
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Is(esnx - scorxfl < 2nffxft 12 - (2 + l‘t-)l'“i ,

(6) and, in particular,
Lin sup |[S(t+h)xh- serxl] < (21;3;{ )_tl_
hi0

proof. We use (HS) with

) h
(7 A= (14 r.)
to compute

1 1

(8) S(tth)x - S(B)% = SO - S(E)x = A% s(ey (A%t %) - s(ox

1 1 1

A syl - st + A% nswx

Now (8), (L) and S(t)0 = 0 imply

1 1 A
Is(esmx - scrxl] < a7 L ] fxl} + P2 fulix] -

L

ikl |1 - At

W

The estimates (6)- follow from- this and (7).
For the next result we assume that X is edquipped with a relation > under which it
is an ordered-vector space and that S(t) respects this order.

Theorem 2: Let X be an ordered vector Space with the order relation denoted by >. Let

s(t) satisfy

(o) S(E)x > sS(t)y if %X,yeC and %2V .

.and satisfy (HS). with o > 0, o # L« If xeC,x >0 and &/h >~ 0 then

£

by 1=y sty

(9 (a=1) (S(t+h)x - S(E)X). > (a~1)((1 + ¢

-

Proof. There aré two.cases. JIf a > I, we xeturn to (8) and observe that Y = (1 + Eﬁ
Tl 1. =1 1 v
- -

and A%T 5 1. mhus 2% x> x and so A S0 % 0 < s(x) 20 by (@, The

=4~

N
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inequality (9) is obtained by dropping this nonnegative term from the right hand side of (8)
and multiplying by a-1 > 0. fThe parallel reasoning if 0 < & < 1 shows that the term just
dropped is now nonpositive, so we have the opposite ineguality than above ~oming from (8),
which becomes (9) again Upon multiplication by a-1 < 0.
In applications of Theorem 2 there is sometimes a nonnegative linear functional
A : X > R which is preserved by S(t), i.e.
(10) AS(t)x = Ax for t>0,xeC, x>0 ,
and X is a lattice. The notation X' = sup{%,0}, X = ~inf{x,0} will be used. :
Corollary 3. In addition to the-conditions of Theorem 2 assume that X is a vector lattice, A
- i
A is a nonnegativé linear functional on X “.and (10) holds: Let x e C, x >0 and !
u(t) ='s(t)x. The following estimaté is valid for t,h ~ 0 and v e {#=}:
g : !
~ n . i;‘» :4 1!
(1) ) AGtu(esh) = w(en™) < |1 - (1 + %)—l-q'f'l\x i
Proof. From (10).-we have oo
. o |
(12) Al(u(t+h) = U(t))+ % A((u(t+h): = u(t))7) = Au(t+h) - Ma(t) =0 h )
‘From (9) and S(t)x > 0 we-also ‘have _
e - 1. 5 -
o . i B F h, d=-a, . PR N - N
| (ulesh) zu(e)) < (1= (1 + )7 TIS(0)X Af a > i
(13§ kY P . 51
" ~ L-(?-!(Hh) ~uent <o s B %yslyx if 0<a < 4
Applying A .to the ine&uélit@es~(i3) andvugiqé (12) dmplies (11). "
. ) :‘{""Ix’ A
Remarks: If A 1i$ as.above and-if (10) holds,. then (0) is -essentially equivalent to -the -
-property -
¥ - ek N S ) :
(145 o AUS(ETR = SO ™) € Alk-y) ‘
T o v ] o 4
See -[14]) ., -‘Hence (l1l) répresents: a- slight refinement of /f) with fxfl = ax™. Also .the proof
shows (11) is valid:fof « > J if (10) is weakéned to AS(t)x < fx. ;::
} : | , E
=5= :
wy - B ’
ES
T - o mET— T = ,




13 T -— T I s — - - T T T T T ~ Rl T - T T ™
3 - - -
o1
,\ i i
b | ——— e = |
; |
- i i
4§ i
I |
H % !
! |
o
4] |
- i ; ) '
b i We turn now to the "forced" problem 1
Lb A |
W ] 1
‘ ? y du . t 1
; i 3t - Bluy + f{t)
; (FE)
s u(0) = x
? ~
E ) where £ : {0,T] » X for some T > 0. Again, it is mpst efficient to assume that solution: i
N 3 R :
- R of (FE) are presented to us in the form u(t) = S(k,x,f) and lay our conditions directly 1
1 ’ 1 |
} - f
E upon 5. Computing the equation satisfied by v(t) = Aa 1 u{At) if u is a classical |
! !
L § solution of (FE; and B is homogeneous of degree o leads to j
‘3
i « 1
. =
o (15) vie =svn) +27% ean . C
o .
- ; In oxder to mimmize bookkeeping problems we will assume simply that X 1s a Banach space ; )
; and C g X x Lioc(o,°° z X) is given together with i
) S [0 xC»X b
+
f 1
. such that wu(t) = s(t,x,f) is the solution of (FE) of interest for (x,f) . C. We let “ g .
! |
N T (16) £,(6) = £0) )
R & v
- ’ i and assume (x,£f) ¢ C =‘(x,kl—u fk) ¢ C for X > 0. The cquation (15) satisfied by |
i ’ p v ..‘.‘1-'.. :
} Ao u(At) is to bé reflected in § by |
1 1 a {
o (FH ). : P soexn = s x* ey . ;
L B - - A
1 o K ’ d
£
i; Motivated by known existence theories (see Section 2) the Lipschitz condition (L) 1s general-~ :
’ A
et \if' ized to
L
i, P U, N
‘e y (FL) st ey - stez, Bl < vllx-xll + [ fi2m - £ e
‘i ’ 0
! <
5. . ﬁ when -the arguents lie in the domain of (S).
f . .
P 1 Theorem 4. Let S satisfy (FHS), (FL) and S(t,0,0) 2 0. If t,h> 0, (x,f) ¢ C, i :
. o3t g o ) h T !
I B A 6 >0, a#1 and u(r) = 5(t,x,£); then
P , - i
5o x N
S |
SRR -6~ .
SRRt ‘
¢ ,3‘ - N E3
[ PN
Lk R
T N .
1.5
A
, - i
y} " - .———;-'7 Rospsars -~ !_(i - = T e i e s
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1
T t

an fuesm - uwoff <o - @+ %)l-u|(2“x" + f g0 Jlen
0

1
h

1

T t — t

+ {1+ %) -1+ E)l'“lj et + % ) fjar + (1 + %)l"" f g + % ) - £(0) Jlavn
0 0

In particular, if

t
(18) V(s,£) = lin sup [ LEGHED = £l
g0 0 ¢
then / t \
2] + o f [l [|ar \
(19) Lim sup duteth) ueyfl L. ) S
h40- h -t fo=1]

and u is Lipschitz contihuous on eaéh compact subset of (0,T] if V(T,f) < o

Proof: Of coirse the argument is just as before. The relation (FHS) yields, with

= hy -
A= L+,

(20) u(t+h) = u(t) = S(At,x,£) < S(t,x,£)

1. 1 o

= /\’l'“((su,xa"'lx,A“'lfl\) - S(EXE)) + (S(Ex,E,) = S(tix,£))]

1

T s e, xi6).

Using (LH) in conjunction With_(QO) proves (17) and (19) follows by taking the indicated

limit.

Remaxrk §. If £ is absolutely continuous -and differentiable almost evefywhere onh-each. com~

-pact subset of (0;T), then

t
{(21) vit, £) = [ tfle (1) Jlar
’ 0

- - -
- -

In general V(T,f) < @ is equiValent to ¢t -+ tf(t being -of (essentialiy) finite variation

#

. on-_ [0,T):

X,

-y . -
ANt g 7

R
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Remark 6. It is quite interesting that Theorem 2 has a forced analogue. If S(t,x,%) uxs

“-1.

nondecreasing in x and f (where £ > g means £(t) > g(t) a.e.) and t - («-1)(%: (=)}

15 nondecreasing in €, then (20) implies (9) with u(t) = s(t,x,f) in place of s(t)x.

The final abstract case we consider is (E) perturbed by a Lipschitz continuous function

p : D(p) ¢ X » X. That is

du _ o
x = B(u) + p(u)
(PE)
,u(0) =k
where p satisfies / -
22) flpy - pip il < #fls=y|l for xiy ¢ B(p)

and some M > 0. We regard (PZ) as a-special case of (FE) in the sense that we assume

solutions S(t,x,f) of (FE) are known and. understand a solition u._ of (PE) to be a function
u with values in. D(P) 'such that (x,p(u)).¢ C and wu(t) = s(t,x,p(u)).. The results will be

a modulus of continuity of any solution u- .of «(PE).

.

Theorem 7. -Let § satisfy the assumptions Of Théorem 4-with. « > 0, « # 1. Let
P : D(p) € X ~+ X satisfy (22), wu e C((0,») ¢ D(p)), (x,p(u)) € C and wu = S(t,x,p(u)). Then

"for each T > 0

'

-sup -&"u(uh) - u(eyr]] < el® o, x|l L.y
o<t<T ©
~Oihf_t ]

where the right hand side above depends pniy'op*thg indicated.guantities. 1In particular, u

is Lipschitz -continudus on compact subseté.of (0,T) for each T > 0.

Proof. The Lipschitz condition (22) implies

£23) 7 etaceddl < a + ufjuce ||

for some a. Using (23), J(LF)--and $(t,0,0). £ 0 one- deduces that

PR

[T —
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- — - SR IR T

-t
LOV SR

pa—
'
. ?

e fluew fl = fscex,p) - ste,0,0 ]|
t
i ‘ < u(flx]l + at + 8 [ Jlutnflan
§ 0
: i from which flows the estimate
B
! -
3 (24) fucerll < nellxll + ame™ for o<t .
i .
Y . , .
. Next we use (17). with £(t)- = p(u(t)) and the estifmates (23), (24) to conclude that for
T>90 and 0 <t < t+h X T thére is a constant ¢ = c(T,a, ||x]],.L,#)  for which
kk i . .1, - A
. t . t; P e t h h, 1-a
(25) Sluten) - awfl <cpfr- @+ f+las -+
| § onTat h
| 8 4=+ 0 [l 20 - umnjan .
i -h t t
H 0
i
s Set £ = h/t above and
]
. lace g I
E t(1+ =0t
SR B (26) ge,g) = AR A0
-
Y
; ; ;: Then- (25)' implics .
: g ; " L Lt . -
1§ (27 g(t,E) < C{l + [ g, £)dT]
| 0 ‘ J
S .
) ; for some.new .constant .C ~;a§1§ 0 <t<T/(i+8) ‘0 £ & <8 < 1, whefe .B. is chosen in (0,1]. J 1
- . e pel ~
Py The:estimate (27) gives-a- néw :estimate .
N -
HE R (28) gltr6) < C for 0 <t <T/(14B); 0 <6 £B <X B 4
hE . . Y
‘ H where C is yet anothef .conStant, whdse precise §tructure-we leave t6.the réader, but depends .
: Ih only-on alloWed-quantities.. T ‘beifg arbitraxy thé broof is-complete.. . s
- 5 3 ;:1 - . . V-
; ! 't‘: B g
M
< a o -
f . P .
i :
ik » : }
1 * - 2 ¢
PR =
VUE r i »
v - 0w _ P
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Section 2.

Exampies and Applications

We began by reviewing one abstract cheory for (E) which guarantees that (FHS) and (FL)
hold whenever B satisfies (H) and one additional condation.

three classes of examples (1)0, (Z)u, (3)u and generalizations of them as well as the

o e AT s

equation
N a=1
3u Bu 3u . N
(26)u 3t z lax.‘ X, t> 0, xR
i=l 74 i

and a host of other possibilities.

Following this we dascuss briefly the tw~ classes of examples (l)a’ (2)u in their

simplest setting to make various puints and orient the recader. We make no attempt to write

The tueory cnvomrasses the

i ke e o ST A YA e A T

e i e e e i et

down the new results which obvicusly flow from the-estimates of Section 2 even as applied to

the examples mentioned here.

Given -a-Banach space X and B : D(B) cX-+X T>0, and f e‘Ll(o,T . X} we call

u e €(10,T) : X) a-nild solution of

u

(EF)" u!' = B(u) + £

on [0,7] provided for every ¢ > 0

n

X i e n . )
10,1 and finite sequences (xi) §=0" LEilx:!

Je can f£ind a partition

s
L

Joe
3

{0 = Eg

in X such that

=0,1,..:,n%1

= 1l,u..;n-1

I 4 \
i) - = B(x,,,) =f£, .,
14l ti i+l i+l
i) ey =t <
(27) :
(i) 0<T=¢t <¢g
| G < n
n-1 7§i+l ) )
SR TS C 27 W g, = e@rflas < e
‘ {21, e
\. ' A
and )
(28). flu ey 2 we) ] <¢ on 0,8
where i

~10=

< t1<~oo<tn} of
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(29) ue(g) =X for t $t< t oy i=1;...,n=1 .

A function U piecewise constant as-in .(29), is-called an e-approximate solution of (EF)'

when the various conditions of (27) are satisfied. Roughly, (27) defines a simple implicit

Euler approximation of (EF)' and we are defining solutions of (EF) ' to be the uniform limits

of solutions of these difference~approximations. We have:

Pxoposition 8. Let ‘B -be homogeneOQS‘ofldegree @>0, a #1. Let T>0,X>0 and
o 1

£ ¢ leo;T : X). If uec(l0,T) : X) is.a mild solution of (EF), thén v(t) = A%"1 u{it)
is a mild- solution of (EF) on. [0,T/X}) with £ replaced by Aa/a*lf(xt).
The proof is left to. the reader. If B is also dissipative (equivalently, =B is

accretive = see, e.g:; [3%,,[11],'[161y one -hast

Proposition 9. Let 'B' be dissipativé. ‘Let % ¢ ¢losure(D(B)), T > O and f ¢ Ll(O,T . X) s
If for each € > 0 there is an e-appioximé;e solution Y, of (EF)' satisfying
[lu_(0) = x|} < ¢ then (EF)* has a mildsolution u .on 10;T). Moreover, if

et (0,7 ¢ X)' and u;u are mild sdlutions.of u! =.B(u) + £,u' = B(u)+ £ respectively,

) . A
Jater = aeer || < flucor - acopll + [ |£es) - £isr]|as
o

for -0 X t <M )

o

This..is proved in [13], although éhé-défihition Of *mild solution" is not given thére.

See also [18].

It -follows from Propos;tlons -8 and“9 that lettlng, u(tr %-5(t;u(0)/£) -when u is.a

mild solution of (EF)‘-and B is‘dlssxpatlye and homogeneous:of degree a deflnes;an operator

§' with the desired. propértzes (FHS) and (FE) wkth L wod (Th¢~spg§iék‘d§s§.’g = 0: .gives

(HS) and (L) w:.thuL . e S ‘

Assocxatedszth'each;oﬂ«the probléms (1)1, (2x“,,(3),, a > o, is éadénséIY-défiggg

m-dlssxpatlve operator B 1n L (mk, .the ‘B:  i§ d1551pat1yg and the ranue.of

{1 - ABJ) is L (1§: fo;' A >=0. Thxs 1nxcon3unct10n wzth Propos;tions 8\and 9, guarantee*
) - 4 ' - . - 2 - “ > - i
the existence of .Mild $8lutions. -Morepqu!,eaghaqugqtgg §,~5Q~ngaéhéﬁﬁis~9faér‘PﬁéSQfVin9£‘
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with respect to the ratural orxder on Ll. ‘This provides one precise sense in-which these

problems fall under the scope of this paper. (One may, of course, treat these problems by any

other suitable method which prov@deé the information (FHS) and (FL), eté.) Some references
are: (i) [6) which. shows how to make precise the m=dissipative operator in Ly(Ey) associated
with equations u, = Av(uj for more-general nonlinearities than in (i)u and- in any number of
dimensions N, (ii) {4] and [9] which contain results defining m-dissipative opérators asso-
ciated with initial<boundary value problems for v, = Ad(u), (iii) [2), (23] which contain
results defining m-dissipative opératcrs in F spaces, 1 ip 2w, éééééiated with -variants
of (3)0 (which.mist be @odifiednfbr-the pure initial valué pfoblem)y (iv): {10}, {4] which
establish m-dissipative operators for generqlizétiéﬁé‘of jz)a: The,eQQa;ién (26)a'

1 <a <2, correspond$ to an m-diSsipative operator in the spacé of.uniformly céntinudus

“functions on R, as, i§ proved in [25].

Of course, there is éjhgge.iitérathre concerning other apprdaches.and results. for these
problems. We continue in this section by éhéééihg;(x)a and (2) = for further discuééioh to
41lustrate the significancé-of the results.of Sectién 1 in applications$-an@ something .of the
relatio#ship with-known-.results.. ‘

The problen (i)a £0f a-= 1 is thé initial-value for the linear heat .equation which is

solved by '
> e 12
N -l)hzl
N T & T4
(30) u(x;t) === e ux(y)dy .
S e e, fovay

If X :s.afy one of the Banach.Spaces pR(In, Y & p<®; -0f BU(R). (the bounded uniformly

contintidus fuiictions.oh R) eqiipped with the uéﬁa@ nogmi-and. uy € X, thén t = u(*;t)
with. u given.by.(30) i$ -3 Continudus curVe, ih X ‘fof t 5.0. Mokeover u(t) = u(e,t) = Uy

in X .as £+ 0. ‘Th each spacé X défine ah operator B by
{31) D) E{vé X v .e X} and BV = v" for v e D(B) .

yheﬁé-diffe#éﬁéi&;;gﬁ is ih the gense of distributions: Thén it is.very well:known that 3

is,m=dissipative and: thé mild Soluion-of W' = bdi u(0) = 4y 5 S(E}u, = ulths Difect

exafiination: of -(30), éb§w§;ﬁﬁ§t if uy. € X, than u(t) 1§ differentiable, w(t) ¢ D(B} and

-t

'
RN

2=

B G ——
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N u'(t) = Bu(t): for t > 0. .Moreover
! 3 3
L (32) Il = s || <l for £>0 .
g
! \‘. -
v l Thus one has very explicit regularizing here, most convincingly illustrated by the formula
) (30) . The-estimate (32) implies that S(t) is an-analytic semigroup in X (see, e.g., [17},
*‘ 3 f{29}): We note that while {32) has much the same character as the.estimate (6) of Theorem 1,
y Theorem 1 does not apply heré for a = 1.
- If « >0 and a #1, we do not know a formiula for the solution.of (1). HOwever, the
{ 4 y
3 operator Ba in X = Ll(JR) given. by
; P
3 s 1. - G . : N - 1
X , pa) = {v e themr s v el (R ana ([v]*iwe md
! . (33) 1 ar oc
i ’f : z a=1 0 . nin.
R & . By 2 (V[T for v epiBy)
é 1
g is m=acéretive in -LlN(”JR); (16)).; Thé mild solutions provided by -this B, ‘aré uniquely
> -charactérized.as solutions of (1), inthe sehse of -distributions (see [8]). Thus for o > O,
. o # 1 Thed¥éms l-and 2 apply with ‘these.choices and we concludé that the solution u of
o S,
- 1, satisfies
A7 . i oo (o Julx,trh) = uix,t) | 1.2 . .
. (34) -J,im«supifu S === dx < T 1= f Ig (x) [ax.
: e hi0 R h =t !u 1] ®R%
: 5 and, also
DA I (35 3t = (esDt °
X : } o .
H o provided ixb;_>‘_ 0 so . > 0. The andlogue 6f (34) in 1P(R) or BU(R) doés not hold in view
i 3 ’ 0= ;
} p - s ez — - - Ja . . - P - R A
¥ of ekplicit eXamplés. -See, .eig.. [24). The relatioh (35) follows from Theorem 2 applied to
'&‘ ® LI ’ - o x - - ° .
f ) 'this eXam, e by dividing: (9):by’ h and.letting h ¢ 0. (The limit of (u(tth,x) - u(t,x))/h
iﬁf A is takén in the $énse-of distributions.) The curve 't ~u(f) in I;]T:(,I‘R)‘ solving (1)
il . i ) . .
A\ ; thud hds .a “"Speed" ‘boundéd in. the form ¢/t ‘for t > 0, as was true -in the linear case, but
vié-cahnot So- easily .aSsert here :thé. éxisténce of the- velocity lim h-l(u(t;-ﬁh) - uft)) = u'(t)
- : T ] 0"
v Ah 1i;l'(fg§)' or ‘that (t): < f,ﬁ(gg_) -even fOf aliiost dll € > 0: If wuy < u(0)- > 0, these
..13: 4 ’
. s e S e T T

3
‘l{

1
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desirable properties hold true - see [l). The current proof of this is a long story begin-
ning with (35). (Ongoing work of various investigators indicates that the results of [1}

extend to u, not necessarily of fixed sign and to more general nonlinearities.) However,

it is known that if S(t) is constructed from an (abstract) m-dissipative B as explained

i
N above, then lim [|S(t+h)x = s(edl]/h < M < = exactly when there is a sequence {gn} < D(B)
by hi0 ’
L - p .
Jb with x + S(t)x and lin sup "ann < M. (See, e.g., [12], {14)). ‘Thus (34) itself and the
. T heew

explicit .nature (33) of B, imply that (1u(t)]a-lu(t))" is a measure on. R of variation
at most 2/t|a—l|;

With respect to other literature about (1)a and variants, we mehtion in particular that

the L}-npn éxpansiveness is noted in [27), that [3], [22],. [24] are of interest and the

references listed therein provide access to the large literature, that the estimate (34) is

not new if v, > 0 (see [1]), and that the result.of our paper applied to Ll)a and general-

izations of it with u

0 not of fixed sign and the equation either perturbed or forced’ seem

to ‘be- new. -
’{ i The -distinction between finite speed and possessing a velocity is clearly illustrated by
the class of p;ob;e@s (?)a. The linear problem o-= 1 is explicitly solved by

u(x,t) £--~u0(x+t:).,,. If u, € X and X is one of the spaces Lp(30¢ 1l <p<® or BUWR),

0

theh u(t) = UOKfft) is a.continuous curve ih X. The velocity u"(t) -exists at sofie. t

L§@4:A‘ ifiand only if it exists for t=0 if -and only if Uy, € D(B) = {veXiv' ¢ Xt fTFhe speed
i ‘1im Hrl"u(t¢h) = u(t)fl is independent of t and is finité if and only if
ht 0 ’
R :
E - T . : ) p,.. B}
s ' y {;)‘:uo € D(B) when X=1L'(R), l<p<a ,
j (fi). w; dis Lipschitz continudus when X & BU(R,

o (36) o 0

{iii) uy is of essentially bounded variation-on R
‘wheh X = LN(R) .
‘Moreover, the speed is "Buo” =:uqb"n in case (i).; ‘the least Lipséhitz constant -in case

«(ii) and the vatiation.of By in case (iii). There is-ho regularizing in this example.

=14-

*

e et it S el e N

e e e o s o =

|
i
i




b T TR e
DN T = T R T BT e e e

A T S 4

EARF Iyt g eyt oy

e
E e

s

PR Toer
oy

[ ——

B T

T

3
I3
1
S
B

L2

The differéntiability and speed of u are independent of t. An-estimate on the speed does

dimply some redularity in x as described above, but .it-dées not imply u(f) ¢ D(B) .

The nonlinear problems (Z)G, o« # 1, corresponds té the m=dissipative operators

1w

D(B,) {ver(m: (Ivl“'lv)' ctrm)

(37)

B v (lv[aaxd)'

in Ll(30 and the operators s, to which they give rise respect the order of Ll(hu ([10},

[4]). It is not trué here that solutions of:(l)h in' the sense of distributions are unigue
and extra conditions must be laid upon solutions. = édﬂéalléd.enthgy conditions. See (201,
{21), 128), which further esplain other -approaches £6.-(1) .. The éntropy séi‘utiéns@f'(l)°l

are given by S, ({10}).. sSimple  analyses by tngmethod-dﬁ}éhar§¢teri§tics shows that éven

if u, is smooth.and compadtly .supported;. the sﬁiutiﬁnpéf¢(2)u st become discontinuous:

0

as. t -increases - i.é. "shocks- form”, fThis is reflecteéd: in-thé §_ -and ih general
r : : : 11§ 15 ‘reflected in-the S, g :

S, (B, ¢ D(B) larged t -and wu, # 0. Here we have "régularizing' in that Theorem 1

estimates the speed:of 'a solution. u(t) in the form- .¢/¢ -and" additional .cénsideratiéns

.ekplained above ‘then estimate the variatioh in x of ‘Iq‘trlu sign-d(t) by the same quantity,

but we also have "roughing” in that wu(t) neéd not bé-émooth in X (or even lie in D(B,))

even if uy is smooth,
Estimates on the variation of solutions of du/dt + £ (u)/dx% =0 which-decay like ¢/t

are classical for convex functions f£ ({21]): Our -estimates for; e.g., du/dt + aQSZax = 0:

are.perhaps new, -as are the pointwise estimates (35) fof .honnegative $olutions and the.esti~

natés.£or the perturbed-and foréed equatiofs. S$ée .alsé [15): Concérning genéralizations of

(26)  see {19}.
@
A £inal point &f interest here is that ‘Theorém L did not Capture the regularizing pre-

sent in the linear heat guation 41)1 and, -indeed; it could not for Theofem-1 uses only. pro-

perties shared by 12)1'56r‘which;;heié,is~n05fé§g}qfi§ihg.
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H - .équations and to -consérvation laws. The results are interesting from ‘theé point
- ‘ o (contlnued)
' FORM > "‘ "j,“ - \t ‘.. R '»,”3.\ N\::; :4', - L ot 'V > L £ >
DDI LIANTY. ]4]3 EDITION.OF 1 NOV.6: IS oaso;arc

e e »

(A

g

i

[T

s N
rhome g ey S

s QUNCLASSIFIED




C—
- Svai

n

1“ e

Fritea ,81 ey yay

ey

|

[E PR VRV S

e

.o g Pt e e

e et 15 e e

¢
'

AR S L vees

F e S S

ABSTRACT (continued)

of view of identifying a new "regularization" mechanism and the estimates thems:lve=
cast new light on the nature of the solutions of some initial-value problems with
Yough initial data..
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