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ABSTRACT

In a thermodynamic description of a mineral solid solution, it is customary to select a
minimal group of end-members that constitutes an independent set, and yet in practical
calculations it commonly occurs that a different independent set or subset is required.
Given the simplification of the symmetric formalism, it is straightforward to derive the
enthalpies of formation of dependent end-members as well as the interaction energies
between the end-members in the new independent set, in terms of those in the original
set. For example, a simplified ternary solid solution of Fe-free Ca-amphiboles might be
described with independent end-members tremolite, tschermakite, and pargasite, and yet
some calculations may require the use of end-members such as edenite or hornblende. Not
only are their end-member properties dependent on those of the first three, but the mixing
properties of any of the binary joins involving edenite or hornblende are dependent on
those in the original independent set. Examples drawn from pyroxenes, amphiboles, and
biotite micas show that such dependencies may prove invaluable in using experimental
information or heuristics to help constrain the mixing properties of complex solid solutions.
In particular, it is found that in non-ideal solid solutions that involve Fe and Mg distributed
over two or more non-equivalent sites, equipartition of Fe and Mg implies extreme restric-
tions on the ratios of the interaction parameters and the magnitude of the Fe-Mg exchange
energy. The thermodynamics can only be formulated generally and consistently when Fe-
Mg ordering is explicitly included, and this is done most simply via ordered Fe-Mg end-

members.

INTRODUCTION

Expressing the thermodynamics of mixing in mineral
solid solutions generally involves choosing a convenient
set of independent end-members for the problem at hand.
An example at the simplest level is that of tschermakitic
amphiboles in the CaO-MgO-Al,O,-SiO,-H,O system, in
which the choice of whether to use tschermakite [ts,
CaMgAlSO,(0OH),] or hornblende [hb, CaMgALS -
0O,,(OH),] as the aluminous end-member is arbitrary. If
thermodynamic data exist for the solid solution in terms
of tremolite-tschermakite, it is straightforward to generate
thermodynamic data for hornblende and, if the system is
ideal, the relationships are particularly simple. In this
case, the Gibbs energy of hornblende is G, = % (G, +
G,) — TS, stemming from the reaction relation 2hb =
ts + tr, where tr is tremolite [Ca,Mg.Si;0.,(OH),], with
addition of the configurational entropy present in horn-
blende through mixing of Al-Mg on the M2 site and Al-
Si on the T1 sites. However, if the join tremolite-tscher-
makite is non-ideal, say, regular with interaction energy
W, .., then are-formatting of the thermodynamicsin terms
of tremolite-hornblende requires further considerations,
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best illustrated in Figure 1. The enthalpy of the horn-
blende end-member is larger than the average of tremolite
+ tschermakite because of the non-ideal enthalpy of mix-
ing (X,Xs W« = %W,.). Also, the magnitude of the mix-
ing enthalpy between tremolite and hornblende is smaller
than between tremolite and tschermakite (W,.,, = %4W,.J).
In a binary these relationships are easy to derive, but for
complex systems a more systematic approach is required.
Such an approach for deriving the thermodynamic rela-
tionships for dependent end-members is outlined here.
The purpose of this paper is to investigate the macro-
scopic consequences of considering different independent
sets of end-members when non-ideal mixing is involved.
Examples will be used, and the reader is urged to view
them primarily as vehicles to illustrate the uses and con-
sequences of changing independent sets of end-members.
While care has been taken to make these examples real-
istic and useful, it must be stressed that presentation of
optimal activity models is not their intended use. In what
follows, the thermodynamics of non-ideal mixing are tak-
en, for simplicity of argument, to be macroscopic regular
between all pairs of end-members. In the symmetric for-
malism for multi-component multi-site phases (Powell
and Holland 1993; Holland and Powell 1996a, 1996b),
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Ficure 1. Excess free energy of amphiboles in the system
tremolite-hornblende-tschermakite (tr, hb, and ts, respectively).
The hb end-member has a higher Gibbs energy than a linear
combination of tr and ts by %W, .. The regular solution param-
eter for the binaries tr-hb and hb-ts are % of that for the binary
tr-ts.

the non-ideal contribution to the Gibbs energy of mixing
can be written as

El

G= =

1 n

> > ppW, (6h)
i=1 j=i+1

In this expression, which has the same form as that in-
troduced by Benedict et al. (1945), p, and p, are the pro-
portions of end-membersi and j in an independent set of
end-members, and the W, are macroscopic interaction en-
ergies. These interaction energies could, but need not, be
regarded as linear combinations of the microscopic same-
site and cross-site interaction energies. The p,pW, terms
are simply symmetric expressions for non-ideality, what-
ever their origin, of the same algebraic form as regular-
type interactions. The symmetric formalism is quadratic
in composition and, for the purposes of this paper, all
terms cubic in composition (and hence any ternary inter-
action parameters) will not be considered.

The number of end-members in the independent set is
determined by the number of components needed to rep-
resent the macroscopic composition of the phase, aug-
mented by the number of order-disorder parameters need-
ed to represent the microscopic arrangement of the atoms.
So, for example, in representing (stoichiometric) ortho-
pyroxene in the system, FeO-MgO-SiO,, with Fe-Mg or-
der-disorder on the Ml and M2 sites, there are two com-
ponents (say FeSi,O, and M@,Si,O;) and one order
parameter (say xM2 — xM1), giving an independent set with
three end-members (say fs, Fe,Si,0,, en, Mg,Si,O, and
the ordered end-member, fm, FeMgSi,O,, with Fe on M2
and Mg on M1). The independent set of end-members
used in the symmetric formalism is the choice of the user,
the underlying thermodynamics being equivalent in each
case. So, in the orthopyroxene example, the anti-ordered
end-member MgFeSi,O, could be used. However, because
the underlying thermodynamics are the same, the for-

mulations with different independent sets of end-mem-
bers must involve equivalencies among the p terms and
more particularly among the W terms. In the context of
the thermodynamic dataset of Holland and Powell (1990),
in which ideal mixing on sites was used for the majority
of phases, such equivalencies were not needed: The ther-
modynamic data for dependent end-members were found
by linear combination of the data for end-members in the
dataset. However, with increasing need to use non-ideal
models, with data now available to constrain non-ideality,
such a simple approach is no longer sufficient.

Knowing the equivalences among formulations of the
thermodynamics of a mineral is much more than a matter
of having a complete thermodynamic description, it is a
powerful tool in calibrating the thermodynamic descrip-
tion itself, in combination with heuristics concerning in-
teraction energies that are likely to be similar.

DERIVATION

The starting point is to write the Gibbs energy of a
mineral, G, as the sum of the non-configurational (G*)
and the ideal configurational (—TS) parts, as G = G* —
TS, with

G = I}; pG = .211 12;1 piijVij (2)
in which G, is the Gibbs energy of end-member i, and n
being the number of end-members in the independent set.
The configurational part of the Gibbs energy is found
from ideal mixing on sites and is not discussed further. It
is convenient to write the p, as a (column) vector, p, the
Gibbs energies of the end-members as a vector, g, and
the W’s as a strictly upper trangular matrix, W:

i) W12 W13 W14 erD
@ O W23 W24 WZHH
0 0 W, W,
W = 3
ﬁ) 0 0 0 w, - S
© 0 0 0 0 0p

Strictly upper trangular matrices have zeroes along the
main diagonal, as well as beneath it. With this G* Equa-
tion 2 can be written as the matrix equation

G* = p'g+ p'Wp 4

The proportions of the end-members in one indepen-
dent set, p, can be converted to the proportions in another,
p’, with a linear transform, represented by a matrix, A

p=Apandp’ = A1p 5)

in which A-t is the inverse of A. The transform matrix is
calculated from the matrix of the mineral compositions,
with each row of this composition matrix being the com-
position of an end-member in the independent set. If C
is the composition matrix for the initial set, and C’ the
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TABLE 1A.

Mathematica function, depem, to perform transformation

transform[c:{{-?NumberQ ...} .. .}, cp:{{-?NumberQ...}...},

name_List, namep-List] :=
Module[{n,m,a,pos,A,w,q,wp,h,hp,z},

{n,m} = Dimensions[c];

a = Map [NullSpace [Transpose [Join [c, {—#}]]1] &, cp];

If[Dimensions[a] ! = {n, 1,n + 1}, Print['not soluble]; "not OK",
A = Transpose [Map [Drop [#[[1]], —1]/#[[1, —1]]1&,al];
w = Table [If[i <j, StringJoin ["w[", ToString [name[[i]]],”,"”,
ToString[nameob[j1]1,"]1"1,0],

{i,n}.{5.,n}l;
g = Transpose [A].w.A;

q += Array[(k = #; Array [ If[#==k, 0, —q[[k,K]]] & n])&,n];
wp = Table[ If[i<j, Simplify [q[[i,j1]+al[j,i1]1].0].{i,n}.{j, n}1;

Map[(i = #; Map [Print["w’[",namep[[i]],”,”,namep[[#]],"]=",
wp[[i,#]]1&, Range[i+1,n]]) &, Range[n—1]];

Print[" "];

h = Map [StringJoin['g[", ToString [name [[#]]1],"]"]1&, Range [n]];
hp = Simplify [Transpose[A].h + Array[q[[#,#]]&,n]];
Map [Print['g’ [",namep [[#]],"] = ", hp[[#]]]& Range[n]];"OK" ] ]/;
Length [name] == Length [namep] && Dimensions[c] == Dimensions [cp];

composition matrix corresponding to p’, then A can be
found from C’ = ATC, which AT is the transpose of A.
In the different independent set, G* is written in terms
of p’, and the corresponding interaction energies, W’, and
Gibbs energies, g’, in an equivaent expression to (4)
G* =p’"g" + p""Wp’ (6)
Given that the right hand sides of Equations 4 and 6 are
identically equal, these equations alow g and W to be

related to g’ and W". First, combining Equations 5 with
4 gives
G* = p'"ATg + p'TATW'Ap’

= p'TATg + pTQp’ (7)
in which Q = A™WA. Comparing Equations 7 with 4, Q
will not in general be strictly upper triangular, as W isin
Equation 4, and as it needs to be, so the requirement is
to convert Q to the form of Equation 3. Some terms will
end up not being able to be included in W’, and these are
transferred to g’. To do the conversion, Q is written as
Q + Q,+ Q, in which Q, is that part of Q below the
diagonal with zeroes on the diagonal and above; Q,is that
part Q above the diagonal with zeroes on the diagonal
and below; and Q, is a diagona matrix containing the
diagonal elements of Q. The first contributions to W’
come from QT and Q,. Transposing turns the strictly low-
er triangular matrix Q,into a strictly upper triangular one.
Zeroing Q, is done by noting that the terms in Equation
7 from Q, have the form pzQ,,. These terms can be writ-
tenasp (1 — 3,..p,) Q. As aconsequence the diagonal
elements of Q, contribute to both g’ and W’. Writing

Pl — DI pj) Qu = PQa— % - P PQso the first part
has Q,, becoming the kth element of a vector g, that con-

tributes to g’ in the form p’7g. The second part has Q,,
being entered as elements in the kth row and the kth col-
umn of a strictly upper triangular matrix, Q’,, that con-
tributes to W’ in the form p’™ Q’;, p’. Thus Equation 7
becomes

G* =pT(ATg +q) + pT(Q] + Q, + Q)P
=pTg + pTWP ()
as required.
A Mathematica function, depem, is provided in Table
1 that implements this approach; it was used to produce
al of the transformations presented here. It is also avail-

able with all of the examples on the web at URL http://
rubens.unimelb.edu.au/~rpowell.

ExAMPLES
Orthopyroxene

The first example concerns orthopyroxene in the sys-
tem FeO-MgO-Al,O,-SIO,, with Fe-Mg order-disorder
between the M| and M2 sites, and octahedral Al is here
assumed to be located only on M1 (Fig. 2). The com-
position matrix of an independent set involving enstatite
(en; MgM@Si,O,), ferrasilite (fs; FeFeSi,O,), Mg-Tscher-
mak’s pyroxene (mgts; MgAIAISIO,), and Fe-Mg-ordered
pyroxene (fm; FeMgSi,O,) is

M2 M2 AM1 QM1 AM1 NT AT
NS Mg NEe Mg NAT Nar Ny

en 00O 1 0 1 0 0 2¢p
fis U1 o 1 0 o o 210
o (9

- mgtsﬁ 0 100 1 1 1
fm ol 0O O 1 0 0 2o
in which the ni denote the number of atoms of i on the
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TABLE 1B.

Function, depem, used to perform transformation for the orthopyroxene example

Input:

name = {’en’,"fs", "mgts”, "fm’}
0,2}
0,2},
1,13},
0, 2}};

c={{0,1,01,0,
{1,0,1,0,0,
{0,1,0,0,1,
{1,0,0,1,0,
namep = {’en’,"fs", "fets”, "fm’}
cp=1{{0,1,0,1,0, 0,2}
{1,0,1,0,0, 0,2},
{1,0,0,0,1, 1,1}
{1,0,0,1,0, 0,2}};
transform[c, cp, name, namep] ;

output:

w’'[en,fs] = w[en,fs]

[
w’[en,fets] = 2 w[en,mgts] + 2 w[en,fm] — w[mgts, fm]
w'[en,fm] = w[en, fm]
w' [fs,fets] = —w[en,fs] + w[en,mgts] + w[en,fm] + w[fs, mgts] + w[fs,fm] — w[mgts, fm]
w' [fs,fm] = w(fs,fm]
w’ [fets, fm] = w[en, mgts]
g'[en] = g[en]
g'[fs] = g[fs]
g’ [fets] = —g[en] + g[mgts] + g[o] — w[en,mgts] — w[en,fm] + w[mgts, fm]
g'[o] = g[o]

site j. Using C, the relationship between the proportions
of the end-members in the independent set (Pu, Pror Prgis:
and p,,) and the composition variables used to character-
ize the phase can be determined, as outlined in part a of
Appendix 1. Here, choosing the composition variables to
be

M1
nFe

y = nit, X, = (—) and
ni -+ i

o o
2 T Mo 1 o )
ez +

pen - l - X2 - y
Ps = Xl(l - y)
pmgts:y

Pim = X2 — Xl(l - y) (10)

Considering the determination of equivalences in
changing the independent set of end-members, one that
could be addressed is the discovery of the consequences
of a plausible assumption that W, ,gs = Wigae iN Which
fets is Fe-Tschermak’s pyroxene (FEAIAISIO,). The idea
here is that such an assumption, leading to equivalences
between W's, makes the specification of the thermody-
namics of orthopyroxene easier to achieve. Thus,athough
the original choice of an independent set is an appropriate
one, looking at relationships between this set and one
containing fets results in constraints among the W'sin the
original set. The new set will involve fets instead of mgts.

Independent of the algebra in the previous section, the
non-trivial relationship between the macroscopic W's in
the two independent sets can be seen by looking at the
equations for the macroscopic W’s in terms of the micro-
scopic contributions (assuming that these contributions
are al of a configurational type). An example of these
relationships for orthopyroxene is given in Appendix 2.
The composition matrix of the new independent set is

M2 M2 M1 M1 M1 T T
nFe nMg nFe nMg nAI r]AI nSi

enp0 1 0 1 0 0 2g
o fsldi o1 0 0 0 20
= tetsl o (11)
etsD 1 0 0 0 1 1 1 i
fmpl O O 1 0 0O 20
fs fm | en mgts
| 7
M1 Fe Mg //AI//
, 7 7’
M2 Fe Mg

Ficure 2. Block diagram showing site occupancy and pro-
portion of end-members (fs, fm, en, and mgts) in FMAS
orthopyroxenes.
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Finding the transform matrix A so that C' — A'C, is out-
lined in part b of Appendix 1. Then, using Equation 5

O0P&O 0l0 1 @0 ps
Up.0 Do 1 0 dUpl
p, Dpst _ A p — pfs

Pia] 00 1 G P

op;..O 00 0 -1 11 O pi

I:l pe’l + pmgts D

0 p.

=g P 0 (12)

|:| pmgts D

I:l_pmgts + Pid

Note that the proportions of en and fm are different in
the two independent sets.

With A, the W equivalences can be established via
Equations 7 and 8, as shown in part c of Appendix 1, or
using the Mathematica function in Table 1. These equiv-
alences can be represented using the matrix equation

Wen fs Wen -mgts Wen fm vas—mgts vas,fm ngtsfm
OWersO 0O 1 0 0 0 0 0 o
UW,;n faﬂ D 0 2 2 0 0 -1 H
- 0 o0 1 0O 0 0
Wl o1 01 1 1 -1t
UV\/;Sme D 0 0 0 0 1 0 H
W O O 1 0 0 0 0 o
0 W,
DW gls
*Dwy IZI (13)
fsmgis
D f&fm D
[Mvmglsf
or
Wén fs Wen-fs
W;,n-fas = 2Wen-mgts + 2Wen-fm - ngtsrfm
We’n fm Wen—fm
va,srfets = _Wen-fs + Wen-mgts + Wenfm + Wfsmgs + vasrfm
- ngtsfm
va/s«fm = vas—fm
VWasfm = Wen-mgts (14)

Although some of the equivalences are obvious or intui-
tive (for example, the last one involves just MgAl mixing
of M1), other involve more complex combinations. Also,

gen gfs gmgts gfm
g0 ol O 0 000 947
g0 Do 1 o oD D gst
O, 0=0
e 3710 1 1078w
g0 00 O 0 100 g

Wen-fs Wen-mgts Wen-fm vasmgts vas«fm ngts—fm

o0 0 0 0 0 0o
Jo o o o o ol
"Ho -1 -1 0 o 10
0 0
oo 0 0 0 0 0 o
0 Weris O
D/\len—mgtsﬂ
Wen-fm
‘0 O (15)
vas—mgis
Uwfsfm H
Ij/vmgts«an
or
%a = O
O = O
gf/e(s = _gen + gmgts + gfm - Wen-mgts - Wen-fm
+ nglsfm
gf’m = gfm' (16)

These results show that W - W’ results in equivalences
that are more or less complex linear combinations. Note,
however, that W, being the W for the ij binary, is not
dependent on the choice of which other end-members are
with ij in the two independent sets. In the g - g’ results,
0’1 INVOIVeS the (expected) linear combination of g’s (re-
flecting the reaction fets = —en + mgts + fm) and a
linear combination of W's.

Ca-amphibole

The second example concerns calcic clinoamphiboles
in the system NaO-CaO-MgO-Al,O,-SiO,-H,O, with
mixing restricted, for simplicity of argument and illustra-
tion, to the A site, the two M2 site, and the four Ti sites.
Thus the thermodynamics may be written in terms of an
arbitrary choice of three end-members chosen from trem-
olite, hornblende, tschermakite, edenite, and pargasite
(Fig. 3). Al substitutes for Mg on the M2 sites and for Si
on the T1 sites, and Na substitutes for vacancies on the
A site. The composition matrix for an independent set of
end-members involving tr [CaMg.Si;0,,(OH),], ts [Ca-
Mg.AlS0,,(OH),], and pa [NaCaMg, Al.Si.0,,(OH),] is

A A M2 M2 T1 T1
Ny Ma Mg MA° Nal N

r gl 0 2 0 0 4g
C=ts 51 002 2 2@ (17)
pan0 1 1 1 2 20
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Ficure 3. Compositions of amphibole end-members (tr, hb,
ts, ed, and pa) in the NCMASH system. The shaded triangle is
one possible independent set (tr-ts-pa) of end-members. The ther-
modynamics of an alternative choice of independent set (tr-ts-ed)
is discussed in the text.

Taking a new independent set as tr, ts, and ed
[NaCa,Mg.AlSi,0,,(OH),], the composition matrix

becomes
NG Ma Mg N> Ny Ng'
r gl 0 2 0 0 40
C =ts §1 00 2 2 2@ (18)
edpo0 1 2 0 1 30O

and transforming the p’s gives the new proportions

| 1 o
1r_7pa
Lt [F 2™
H_no 1 0
P . Jo ()
0P
0 P O

The resulting equivalences for the interaction energies
(W) and Gibbs energies (g') for the independent set in-
volving tr, ts, and ed are

VVtr-ts Vvlr-pa Vvlspa (20)
ol O 0o
vafr ts%_ _} } 1_ D DE\AI\A/U-(DD
lr—ec‘a_ 0 4 2 2 |:| trfp%
el 3 1 g [TV
04 2 20

or

MII/T"S = WIT'IS
, 1 1 1
Vvtr—ed = 7ZVVtr-ts + Evvtrpa + Evvtsrpa
3 1 3
W:ad-pa = Zvvtrts - Evvtr»pa + Evvtspa (21)
O O O
' 1 0 O
%o o Y ogn
0,0 _[Jo 1 o D 0D
9<1= o o 9,
oo [ 1 1 1 Jogg
o2 2 O
Vvtr-ts Vvtr-pa VVIspa
E 8 8 8 DD DVVtr-tsDD
+5 5 E\M,,p% 22)
0-1 1 _1[] oW
o4 2 20
or
O = Oy
O = Os
1 1 1 1
Ow = Egtr - Egts t O — Zvvtr-ts + Evvtr-pa
1
- E\lepa (23)

Thus the edenite Gibbs energy is a linear combination of
the Gibbs energies of the other end-members and their
interaction energies.

Biotite
The third example concerns biotite in the system K,O-
FeO-MgO-Al,0,-SIO,-H,0. An obvious choice of inde-
pendent set involves phlogopite [phl; KMg,Mg(AISi;)
0,,(OH),], annite [ann; KFe,Fe(AlSi,)O,,(OH),], easton-
ite [eas; KM@,AI(AILSi,)O,(OH),], and ordered biotite
[obi; KMg,Fe(AlSi;)O,,(0H),]. So
NE2 N N g N NGy Ng
phlp0 2 0 1 0 1 3no
~amlJ2 0 1 0o o 1 3[
eas ﬁo 2 0 0 1 2 ZDD
obipd 2 1 0 0 1 3g
and, for a new set, with siderophyllite [sid; KFe-
Al(ALSi,)O0,,(OH),] instead of eastonite, the composition
matrix becomes

M2 M2 M1 M1 M1 T T
nFe nMg nFe r‘IMg nAI nAI nSi

(24)

phg0 2 0 1 0 1 3p
anll2 0 1 0 o 1 30

C = 25
sid ﬁz 0 0 0 1 2 2DD (25)
obip0 2 1 O O 1 3o

and transforming the p's gives the new proportions as
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Elp,/)hﬂ O P O

b0 o, — pod
=0 O

0.0 (26)
Pel] 0 P= [
Pl OPes + Pob]
with the W and g equivalences becoming
Woniam = Wonam
Wiisa = Woan + Wanee = Wonios = Wannews
+ W, T Weeon
Wit = Wini-on
Wansa = Wes o
o= Wannoni
Waios = ~Wanes T 2Waron + 2Weeon (27)
and
O = Yoni
Fan = Gam
Oia = Gam T Gews ~ Goni T Wonoas + W
= Weg o
U = Gooi (28)

It would be a difficult task to determine the binary
mixing parameter W, in the original component set
phl-ann-obi-eas, either by experiment or from natural
data. However, the equivalences above show that W,
= W,,.ssand this could be determined, in principle, from
experiments in the KFASH subsystem. Consideration of
equivalences in different independent sets of end-mem-
bers can help in the calibration of a complete set of mix-
ing properties for a complex solid solution, as discussed
further below.

Discussion

In the above section, the method of transforming the
thermodynamics of minerals from one independent set to
another was illustrated using examples from pyroxenes,
amphiboles, and micas. In the following, general aspects
of treating Fe-Mg phases are considered, then the ther-
modynamic descriptions of the minerals in the above ex-
amples are calibrated.

Simplification for Fe-Mg minerals

Fe-Mg site partitioning is a complication that arises in
most Fe-Mg minerals. Although there are good site par-
titioning data for orthopyroxene in the system FeO-MgO-
SiO,, there are few data for biotite. In the literature, for
phases such as biotite, it has been common practice to use
equipartitioning of Fe and Mg, either implicitly or ex-
plicitly, in an attempt to simplify the thermodynamics. If
this could be done, it would potentially decrease the num-
ber of end-members in the independent set by one (the

ordered Fe-Mg end-member—for Fe-Mg partitioned be-
tween two sites) and thus decrease the number of W's
needed by n — 1 (for an n end-member two-site phase);
a useful reduction in the number of parameters that need
to be calibrated. However, the partitioning must be con-
sidered an integral part of the thermodynamic description
of the phase (whether it is with the symmetric formalism
or not). The partitioning is the consequence of the equi-
librium for an independent set of reactions between the
end-members of the phase. For orthopyroxene, with Fe
and Mg partitioned between M| and M2, there is one
reaction, for example en + fs = 2fm. Strict enforcement
of equipartitioning not only denies the possibility of non-
convergent ordering (as is seen in orthopyroxenes, or-
thoamphiboles, and cummingtonites) but also implies
stringent relationships among the thermodynamic param-
eters. Thus, for a solid solution between ff (Fe,Fe,) and
mm (Mg,Mg,) containing an ordered end-member fm
(Fe,Mg,), there are just two possibilities: (1) the trivial
ideal case where all W terms and AH¢ are zero; and (2)
the non-ideal case in which there is only one independent
interaction energy W = w,, ... In the latter case, the other
parameters are specified completely at any temperature
above a disordering critical temperature T, for the fm end-
member:

(m + n)2 mn
AHS = —RT,
2 m+n
(m + n) m \?
Winmm = —RT, + w
2 m+ n
2
w, . - —RTMEN ( n )W
2 m+n

These expressions for convergent ordering are derived
from Equations 4—7 of Holland and Powell (1996b). For
complete disorder, T, must be below any geologically rel-
evant temperature for mineral equilibration and, in the
limiting case of T, being zero, only the second term in
each of the above expressions remains. Complete Fe-Mg
ideality appears ruled out for most rock-forming silicates,
and the restrictions imposed above suggest that equipar-
titioning is the rare, rather than the general, case.

This result has important ramifications for common Fe-
Mg minerals, including pyroxenes, amphiboles, chlorite,
and micas, for which consistent multicomponent mixing
models must take Fe-Mg ordering explicitly into account.
If simplifications of the Fe-Mg partitioning are needed,
as they are in most minerals, then they have to be made
with the full thermodynamic description as the starting
point. There are various ways that such simplifications
can be carried out. One way is to make an assumption
about the similarity of Fe-Mg partitioning, at the ther-
modynamic level, in Fe-Mg-Al systems, Fe-Mg-Ca sys-
tems, and so on, in different minerals (effectively a cor-
responding-states approach). Another way is to look
explicitly at the internal equilibria controlling Fe-Mg par-



8 POWELL AND HOLLAND: THERMODYNAMICS OF MINERAL SOLID SOLUTIONS

titioning (as in the equilibrium relationship in orthopy-
roxene for reaction en + fs = 2fm mentioned above).

Using equivalences

To calibrate a simple FMAS orthopyroxene model re-
quires obtaining values for the six independent interaction
energles Wen-fsl Wen-mg151 Wen-fmv va&fml V\/f&rngts! and ngt&fm as
well as the enthalpy of the Fe-Mg-ordered pyroxene rel-
ative to en and fs. In the Al-free subsystem, there are
sufficient experimental Fe-Mg partitioning experiments
involving olivine-orthopyroxene (e.g., von Seckendorff
and O’'Neill 1993) and intracrystalline distribution of Fe-
Mg (e.g., see review by Carpenter and Salje 1994) to
determine reasonable values for W,,,, = 6.8 kJ/mol, and
Wi = 4.5 kd/mol, together with a decrement of 6.95 kJ
to be taken off the average of the enthalpies of en and fs
to yield the enthalpy of fm (Holland and Powell 1996b).

In the Al-bearing system, fitting the Al contents of or-
thopyroxene coexisting with garnet and with spinel in the
MAS system can be achieved with ideal mixing on the
assumption that the Al-Si mixing on the tetrahedral sites
is ignored (e.g., Danckwerth and Newton 1978; Perkins
et al. 1981). Thus, the Tschermak substitution in MAS
gives W, ... = 0. This assumption, first suggested by
Wood and Banno (1973), works in this regard, but ulti-
mately is not a satisfactory way of lowering the entropy
of mixing, particularly in larger systems, for example,
where Fe3+-Al mixing is to be considered. The assump-
tion that W,, ... = O is made here because it is the sim-
plest one for illustrating the principles.

Remaining to be found are W, and W, ... The ap-
proximation that W,, s = Wi« 1S NOt only plausible but
is required by the recent experiments of Aranovich and
Berman (1997), the simple Wood-Banno entropy model
is used. With this assumption, the equivaencies in Equa-
tion 14 yield W, oim — Wigngs = 2.2 in kIJmol. One of
these must be fixed to complete the thermodynamic de-
scription, with the Al solubility in orthopyroxene coex-
isting with garnet in the FAS system providing the ex-
perimental constraint (Aranovich and Berman 1997). The
Gibbs energy of the fets end-member may be determined
from Equation 16 and depends on the magnitude of
W, germ (given values for all the other terms in the ex-
pression). Only values close to W, ., = 1.2 kJ/mol yield
Gibbs energy for fets that can satisfy the experimental
Al,Q, solubility of 1.1 wt% determined in the FAS system
at 20 kbar and 1000 °C. The complete model is given by

(in kJmol):

W,... = 6.8 W,.., = 4.5
Wormgs = 0 W, = 45
Wings = 1.0 Wopem = 1.2
W, = 34 Wieerm = O.
Wigsee = 0

The results of this ssmple model are tested against ex-

1.0 T | |
Garnet—orthopyroxene
20 kbar, 975°C
0.8+ s
Calculated
20 Kbar, 975°C
5 0.6 -
>
v
<
04+ .
0.2+ _
Experimental ® 20 kbar, 975°C
Lee & Ganguly 1988 O 26 kbar, 1050°C
00 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0
X(Fe) opx
6.00
Garnet—orthopyroxene
20 kbar, 975°C
5.00
4.00
o’
<
o 3.00
<
=
2.00
Perki .
100 [1 Perkins etal. 1981
B Aranovich & Berman 1997
A Lee & Ganguly 1988
0 | 1 1
0 0.2 0.4 0.6 0.8 1.0
X(Fe) opx
Ficure 4. (a) Comparison of the calculated curve using the

mixing model outlined in the text, and the experimental data of
Lee and Ganguly (1988). (b) Comparison of the calculated curve
using the mixing model outlined in the text, and the experimental
data of Perkins et al. (1981), Lee and Ganguly (1988), and Ar-
anovich and Berman (1997). All calculations used the program
THERMOCALC.

perimental data in Figure 4. The calculated Fe-Mg distri-
bution between aluminous pyroxene and garnet at 20 kbar
and 975 °C, and the absolute alumina content of such
pyroxenes as a function of Fe/Mg ratio are in excellent
agreement with the experimental findings of Perkins et a.
(1981), Lee and Ganguly (1988), and Aranovich and Ber-
man (1997). A more refined model should include a com-
plete fit to the Aranovich and Berman data and should
account for excess volumes of mixing on the en-mgts and
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Ficure 5. Calculated asymmetric solvus between tremolite
and pargasite using program THeErRMoOcALC and the mixing model
outlined in the text.

0.6 0.8

250

0.0 1.0

fs-fets binary joins, together with a better model for tet-
rahedral site entropy reduction.

Considering the amphibole example, the simple tr-ts-
pa system is critical for understanding the thermodynam-
ics of aluminous amphiboles. In rea situations, the sys-
tem needs enlarging to include Na-Ca-Mg mixing on the
M4 site as well as Fe-Mg substitutions, but the simpler
situation above highlights the need for further experi-
mental mixing data. The experiments of Jenkins (1994)
on the tr-ts join provide a basis for recovery of the ther-
modynamic properties of tschermakite and the magnitude
of W, (20 kd/mol), whereas the experiments of Lykins
and Jenkins (1993) and Sharma (1995) provide informa-
tion on the tr-pa join. At present there are insufficient
experimental data to determine this small subsystem of
three independent end-members in a completely satisfac-
tory manner. However, the experiments of Lykins and
Jenkins (1993) fix the tremolite activity through the equi-
librium 2tr + 2fo = 4di + 5en + 2H,0 to avalue of 0.46
at 1.5 kbar and 880 °C, using the thermodynamic data for
the minera end-members from Holland and Powell
(1998). The amphiboles lie close to the tr-pa join near
PBystlo15 @Nd SO imply that W, is close to 44 kJ/mol. At
1.5 kbar and 880 °C, the tschermakite activity is fixed at
avalue of 0.0025 by the equilibrium 2ts = 4an + 2fo +
en + 2H,0. Given the composition reported by Lykins
and Jenkins, the ideal activity of tsis 0.0265 and there-
fore fixes the value of RTIny, = —22.6 kJ/mol. With the
values of W, = 20 kJ/mol and W, = 44 kJmol, the
pa-ts interaction energy required to satisfy the ts activity
isW,,.. = —24 kJ/mol. The experiments of Sharma (1995)
lie at the tremolitic end of the pa-tr join and can be fitted
well with avalue of W,,,, = 30 kJ/moal, in contrast to the
value of 44 kJmol determined from the pargasitic data
of Lykins and Jenkins (1993). This difference in magni-
tude for W,,,, deduced at each end of the series suggests

pa-tr

more asymmetry in the tr-pa join than can be handled by
the symmetric formalism. Although the amphiboles in
both studies lie close to the tr-pa join, those in the ex-
periments of Sharma are <15% pargasite whereas those
of Lykins and Jenkins are >85% pargasite, which sug-
gests a miscibility gap (cf. Oba 1980). The simple model

above, with W, = 44 kJmol, W, = 20 kIJmol, and
W,... = —24 kJmol, generates an asymmetric miscibility

gap closing at about 540 °C (at 5 kbar) with a crest near
Payestloss, (Fig. 5).

The ideal activity model used for these amphiboles is
simple ideal mixing on the A and M2 sites, with half the
entropy of T1 mixing. The site fractions are

Xt= P X =1-p, X =P Pe
— 2P — +
Xy = 2= Pa Pt P g
2 - ts — Mpa
xg - 2B b

and lead to the following ideal mixing activities

. 1
= = =<1~ PR — 2P, — P2 — P~ P

1
joed = ;1(1 = Pe)(2Pis + Pua)(Ppa + Pis)

X (2 - pts - ppa)
A = P(2P + P2 ~ 20— PR)(Prn + P)
X (2 - pls - ppa)

The calibration of the biotite mixing model is more
difficult because there are fewer experimental data. How-
ever, as discussed above, the thermodynamics must still
start out in terms of the full complexity in terms of Fe-
Mg partitioning between sites. The ideal activity model
used for these biotites is simple ideal mixing on the MI,
M2, and T1 sites. The site fractions are

X = P X =1- Pes = Ponis
1+
X = Py X = Pany Xii = Tp“ and
1 — eas
X1 = Tp

and lead to the following ideal mixing activities:
I(ijlg = pphl(l - pann)z(l - pees)(l + peas)
agﬁ‘ = (1 ~ Pes — pphl)psnn(l - paas)(l + peas)
_ 1
ag:al = Zpees(l - pann)z(l + peas)2

u:é)?al = (1 = Pes — pphl)(l - pann)z(l - peas)
X (1 + Pes)-
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10 T T T I
Calculated activities
(phlogopite—annite)

0.8 i

800 °C
0.6 |- ]
500 °C
04 |- 800°C ]
500 °C
0.2 -
0.0 | | " 1 |
0.0 0.2 0.4 0.6 0.8 1.0
X (Fe)

Ficure 6. Calculated activities for phlogopite and annite in
the binary Fe-Mg system without octahedral Al. The assumed
Fe-Mg ordering leads to a pseudo-ideal solution at most
temperatures.

A way to start calibrating biotite is to assume that an
average value for we,,,, per octahedral site is 3 kJmol,
giving W,,..., = 9 kJ/mol, based on the molar volume
relationship in Davies and Navrotsky (1983). If the equi-
librium constant for the bictite internal equilibrium is tak-
en to be independent of the Fe/Mg ratio, as in both or-
thopyroxenes and cummingtonites, this leads to the
restriction W, o = 3 + W, (Se€ the discussion in Hol-
land and Powell 1996b). Taking 3 kJ/mol as a reasonable
estimate for W¥i,, = W, leadsto W, ., = 6.0 kImol.
A corresponding-states argument is used to determine the
enthalpy for the ordered end-member, obi, by assuming
that the Fe-Mg ordering in biotites is similar to that ob-
served in orthopyroxenes and cummingtonite-grunerites,
in which a value for the order parameter Q is about 0.5
at the Fe,,Mg,, composition at 1000 K. Following the ap-
proach for these other minerals (Holland and Powell
1996b), the enthalpy change for the reaction 2 phl + ann
= 3 obi, using the W terms above, becomes —32.2 kJ/
mol. These approximations alow calculation of activities
in the phlogopite-annite system in which no octahedral
Al occurs, and the results show that such biotites are pre-
dicted to be virtually ideal between 500 and 800 °C (Fig.
6). Such idedlity in phlogopite-annite solid solutions has
long been known (Wones 1972; Schulien 1975). To
incorporate the Tschermak substitution into phlogopite,
a value for W,, .. is needed, and the calorimetric data
of Circone and Navrotsky (1992) on the phl-eas join
can be taken to imply W, .. is around 10 kJmol
(Holland and Powell 1998). Using the plausible approxi-
mation (see the orthopyroxene example above) that
W,ee = W,qa = 10 kIImol and, from the equivalences

pl

2.50 , : :
I Biotite—garnet |
Fe—Mg Partitioning.
.00 P = 6 kbar i
F&S
S 150 -
£ ]
Yereo
L /e,
1.00 S
P&L/ %05
050 | Y
500 600 700 800 900
T°C

Ficure 7. Calculated values (fine lines and symbols) for the
distribution coefficient for Fe-Mg between garnet and bictite
compared with the experimental studies (thicker lines). F&S =
Ferry and Spear (1978), P& L = Perchuk and Lavrent’ eva (1983).
The calculated partitioning in the®Al absent system is virtually
identical to that of Ferry and Spear’s study with phlogopite-an-
nite biotites. The calculated partitioning for ©©Al-bearing biotites
is closer to the experimental study of Perchuk and Lavrent’eva
(1983), who used natural biotites containing, ©Al, Ca, Mn, and
Ti. A vaue of Wg,,, = 2.5 kImol (three-site basis) was as-
sumed, and a composition of Xg = 0.8 was fixed so as to be
comparable with the study of Ferry and Spear, and al calcula-
tions were performed with the program THERMOCALC.

noted earlier, that W, ., = W,,.s then a complete ther-
modynamic description just requires fixing a value for
W, This last variable has a strong effect on the way
InK, for Fe-Mg exchange between garnet and bictite
varies with octahedral Al. A value of W,,,... = —1 kJ/
mol allows agreement between calculated InK, and the
experiments of Ferry and Spear (1978) for phlogopite-
annite biotites, while reducing the discrepancy between
calculated values and the experiments of Perchuk and La-
vrent’ eva (1983) on natural biotites (Fig. 7). Similar com-
parisons of experiments of Spear and of Perchuk and La-
vrent’ eva were made earlier by Aranovich et al. (1988).
Thus the complete model for biotites becomes (in kI/mal):

thl-ann = 9 Wann-obl = 6
thi-ees =10 thi-obi =3
Wann—@s = _1 Weesobi = 10

Values for interactions involving siderophyllite may be
derived from the list of equivalences given earlier. This
description is not intended to be an optimal thermody-
namic model of biotite mixing, but rather to show how
the equivalences can be used to constrain the values of
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Biotite—orthopyroxene
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s
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Ficure 8. Calculated distribution of Fe and Mg between bi-
otite and orthopyroxene at 700 °C and 5 kbar compared with the
experimental data of Fonarev and Konilov (1986). All calcula-
tions used the program THERMOCALC.

the interaction energies, given some simple initial
assumptions.

Calculation of the Fe-Mg partitioning between ortho-
pyroxene and biotite should make a good test of the gen-
eral reliability of the methods outlined here, as it makes
use of the current model with both of the solid solutions
involved. The partitioning at 5 kbar and 700 °C, calcu-
lated with the thermodynamic data of Holland and Powell
(1998) and the models of this study, is compared with
the experimental data of Fonarev and Konilov (1986) in
Figure 8. With the exception of the most Fe-rich samples
(which may have contained significant Fe*+), the agree-
ment is quite good. Thus, even with limited available in-
formation, it should be possible to generate activity mod-
els for other silicate solid solutions that incorporate
reasonable assumptions about Fe-Mg ordering.
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APPENDIX 1: ORTHOPYROXENE EXAMPLE DETAILS

(a) Determining the relationships between p and vy, x,,
and x,

First the transpose of the composition matrix, C, (Eq.
9), is augmented by a column representing each row of
CT7 in terms of y, x,, and X,

M 1 0 1 X, 0
010 1-x

[E 1 00 X, (1 -y)

@ 00 1 (1-x)2-ypo. (29)
010 y

[E 010 y H

@ 21 2 2-y O

Next the nullspace of this matrix is determined (e.g.,
Strang 1988, p. 74-77). If there is just one row in the
nullspace, it means that the number of end-membersis
correct. No rows means insufficient phases. More than
one row means that there are reactions between the
end-members, implying that the end-members do not
constitute an independent set. The one row of the nulls-
pace gives the correspondency between the p’s and vy,
X, and X,

0Pl O 1=%—-Yy D
Op.0 U x@a-y [
O o=0 o -
[Pra<l] [] y [

OPmO O—=X + X + XY

(30)

Such a calculation is straightforward to do with the sym-
bolic computation facilities in Mathematica, using the
built-in function, Nullspace: see Appendix Table 1. In a
simple system like this, the number of independent end-
members is easy to determine, for example via a figure
like Figure 2; in complex systems it may be less straight-
forward. Ascertaining whether the number of end-mem-
bers is determined correctly can be done as a part of a
calculation to find the relationship between the propor-
tions of the end-members in the independent set (Pa., Pror
Prgsr 8NA P;,) a@nd the composition variables used to char-
acterize the phase.

(b) Determining the transform matrix, A

Finding the transform matrix, A, so that C’ = A'C, is
most easily done using the nullspace, as in (a) above.
First the transpose of C is augmented by the negative of
a column of the transpose of C’. For example, C™ with
the third column of C’7, which will give the third column
of A as

ApPPENDIX TABLE 1. Function, p2x, used to perform the
calculation in part a of the Appendix for

the orthopyroxene example

definition:

p2x[c:{{-?NumberQ...}...}, xy-List, name_List] :=
Module [{ns,n},

ns = NullSpace [Transpose [Join [c, {—xy}]]];

n = Length[ns];

Which[ n == 0, “insufficient end-members”,
n > 1, “too many end-members”,
True, Thread [name - Simplify [Drop[ns[[1]], —1)/ns[[1, —1]]1]//

ColumnForm ] ]

calling function:

p2x[c,{x2, (1 —-x2),
xX1(1=y), A-x1)(1-y).y,
Y. 2-y}, name]

output:

en -~ 1—-x2-y

fs - x1(1-vy)

mgts - y

fm- —x1+x2+x1ly

™ 10 1 -1n
010 0
[Eloo OH
4001 0p. (31)
010 -1
[E010—1H
® 21 2 -1n

The nullspace has one row that gives the third column of
Aas(—1011). Inthisway A is built up giving

M1 0 -1 O
b 1 o ol .
A:EPO:LODDWIm
D 0 1 1o
m 0 1 O
b1 ol
M 0 -1 1o

(c) Determining W’ and g".

With A, the W equivalences can be established. First
Q = A"WA, (Eq. 7), is formed
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[O Wen-fs Wen-fm + Wen -mgts Wen-fm O
Q _ [b O vasfm + vas—rngts vasfm Q (33)
ﬁ) _Wen—fs _Wen—fm - Wen—mgis + nglsfm _Wenffm mgl&me
0 0 0 0
Noting that Q must have non-zero terms on and below P’ TQ;p’ = (Pe)?u (36)
the diagonal moved or converted in order for it to become
W, first Q, (part of Q below the diagonal) and Q, (part  \writin )23 Pl = Pl — Plam — Pli), then
of Q above the diagonal) are formed ) g/(p”)/ pf/( / pph/ p/ p/f) )
PTQsP” = (Ples ™ Plias P'oi = Plas Plam = Plias P (37)
0 W, W, W,
en-fs en -fm + en-mgts en-fm O
or= D 0 W+ Wi W, I () which, in the manner of (8), can be written as
1 H) O 0 Wen fm + ngis—meD
0 0 0 5 PTQp” = p’Tg + pTQ%LP’ (38)
and in which
0 0 0 o 00 0 u O
b o -w. ol [bD Jo o u dl
Q, = enfs & (35) g=ppg and Q} —DDO 0 O l.% (39)
: 0 0 '
E 0 0 09 o0 0 0 @

These, as QT + Q, contribute directly to W’. This
leaves the diagona matrix, Q,, made up of the diagonal
elements of Q, to be handled.

The only non-zero element in Q, is the third element,
W, m + W. W, s denoted by u in the following.

en-fm en-| mgts

So, from Equation 7:

The element marked by an asterisk is zero; it is in the
position of the non-zero element of Q,. Note that the u is
placed in the rows and columns above and to the right of
the asterisk, corresponding to the p’,, P'ras Pam Pas @d
P’ies P’ terms. (The term q is included in the Gibbs en-
ergy equivalences below). Combining the Q's asin Equa-
tion 8 gives the required result for W’

0 W, W, + 2War g — Wi Wa DI

W D0 Wa = Woe o Worge + Wi+ Wonge = Woern W D @0
0 0 0 Worreu]
M 0 0 0 o

The required result for the Gibbs energies of the end-
members in the new independent set, g/, is just ATg aug-
mented with the term q left over from converting Q to
W’ above

09,0 ol 0 0 @o gy
g Dg;SD Jo 1 0 dl ngD
=0,0=0 o0
D] [71 01 J% (]9t
9.0 00 0 0 1o g

0 0 0

[ 0 il

+ 0 O (41)
_Wen-fm - Wen»mgis + ngisfml]
O 0 0

APPENDIX 2: THE SYMMETRIC FORMALISM FOR THE
ORTHOPYROXENE EXAMPLE

Following the development in Powell and Holland
(1993), the macroscopic interactions can be written in
terms of the same-site and cross-site interactions. For en-
fs-fm-mgts there are “C, = 6 macroscopic W's. The mi-
croscopic contributions come from three w's from same-
site mixing on M1 (wyi,, wyi, and w¥i), one on M2
(wmgpe) and oneon T (W}g), and two w's from cross-site
mixing between M1 and M2 (wyz ,, and wiiz ), two
between M1 and T (WX, and W¥E..,), and one be-
tween M2 and T (W}Z4.), making a total of ten micro-
scopic W's. The equivalences are:
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enfs

=

en-fm

en-mgts

fsfm

fs-mgts

fm-mats

POWELL AND HOLLAND: THERMODYNAMICS OF MINERAL SOLID SOLUTIONS

= M1 M2 M1M2
WMgFe + WMgFe + WFeFeMgMg

= M2
- WMgFe

1 1
= -Whg + Wmam - _ngMgAl

4 2

= M1
WMgFe

= —\WT M1 M2 — M1M2
- WAISi + WFe‘\I + WMgFe WAIFeFeMg

4

- —ngm, + EwhlélezSTMgAl

2

1
= ZWLS + Wm;m + WRAASFe -

M1M2
WAIFeMgMg

ZW“AAIgMgAI + EWII\:AEZSTMQAI .

Observation of macroscopic properties allows the six
macroscopic W's to be determined; the ten microscopic
w's are only known in these linear combinations.

In the context of changing the independent set from
en-fs-fm-mgts to en-fs-fm-fets (see text), the macroscopic
W's new to this independent set are:

1 1 1
Wen—fets = _WLISi + _ng;Al + _WMEFe + W%I%QMQ

4 4 2
1 M1T M2T
- EWAISMQAI - EWFeSngAI
- 1 T M1 M1T
vas-fas - ZWAISi + WL — EWAISiFeAI

1 1
Winsas = 7Whis + Wmm - _WXI]-STMQAI'

4 2

It can be seen directly that finding the equivalences be-
tween the macroscopic W's is a non-trivial task.



