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An analysis is presented of data on students’ problem-solving performance on similar problems
posed in diverse representations. Five years of classroom data on 400 students collected in a
second-semester algebra-based general physics course are presented. Two very similar Newton’s
third-law questions, one posed in a verbal representation and one in a diagrammatic representation
using vector diagrams, were given to students at the beginning of the course. The proportion of
correct responses on the verbal question was consistently higher than on the diagrammatic question,
and the pattern of incorrect responses on the two questions also differed consistently. Two additional
four-question quizzes were given to students during the semester; each quiz had four very similar
questions posed in the four representations: verbal, diagrammatic, mathematical/symbolic, and
graphical. In general, the error rates for the four representations were very similar, but there was
substantial evidence that females had a slightly higher error rate on the graphical questions relative
to the other representations, whereas the evidence for male students was more ambiguous. There
also was evidence that females had higher error rates on circuit-diagram problems in comparison
with males, although both males and females had received identical instructi@nosGmerican
Association of Physics Teachers.
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[. INTRODUCTION be related to student thinking, and | will analyze classroom
data to generate some preliminary hypotheses regarding this

This paper reports on the initial phase of an investigatiorielation.
into the role of diverse representations in the learning of
physics concepts. The goal is to explore the relation betweeth. THE ROLE OF MULTIPLE REPRESENTATIONS
the form of representation of complex concepts, and stulN STUDENT LEARNING OF PHYSICS
dents’ ability to learn these concepts_,. Much previous re- qutline of previous research
search has shown that the use of multiple forms of represen-
tation in teaching concepts in physics has great potential There is no purely abstract understanding of a physical
benefit, and yet poses significant challenges to students a§@ncept—it is always expressed in some form of representa-
instructors2 Facility in the use of more than one represen-t'on' Physical scientists employ a variety of representations

tation deepens a student’s understanding, but specific learfi> @ Means for und_egrstandmg and working with phyS|_caI Sys-
tems and processés’ In many recently developed curricular

L?Ognsgﬁflcultles arise in the use of diverse representa-materials in physics>19-16and chemistry? there has been
: . . . much attention to presenting concepts with a diversity of
_ By representation | mean any of the widely diverse formsigpresentations. Van Heuvelen was one of the earliest to em-
in which physical concepts may be understood and commyspasize the potential benefits of this instructional strategy in
nicated. In Appendix A | show an example of the use of fourphysics! Numerous physics educators have stressed the im-
representations for what is essentially the same problem. Theortance of students developing an ability to translate among
representations are referred to here as verW fliagram-  different forms of representation of concepfs:®~??and re-
matic (D), mathematical/symbolic\l), and graphical @), ~ Searchers in other fields have stressed similar théfes.
corresponding to questions 1-4, respectiVeljithough ~ Moreover, it has been pointed out that thorough understand-
these questions are nearly identical and illustrate four differind Of & particular concept magquire an ability to recog-
ent ways of representing the same concept, to an introdud!'2€ and _m%rsnpulate that concept in a variety of
tory student they might appear very different. It often is as_representaﬂon :

. : : : It is well established that specific learning difficulties ma
sumed by instructors that a representation which they f'nq;\rise with instructional use og diverse reprgesentat?bﬁw- y

especially clear and comprehensilifer example, a graph  gent difficulties in mastering physics concepts using graphi-
also will be especially clear for the average student. Researcty| representations have been studied in considerable detalil
and experience shows that this assumption often is najnd specificity for topics in kinemati¢&22~3°These studies
correct® but relatively little work has been devoted to testing and other related work in mathematics educafidrave de-

it systematically. In this paper | will discuss a variety of lineated several broad categories of conceptual difficulties
methods of investigating how specific representations mayith graphs. Conceptual difficulties related to diagrammatic
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representations of electric circuits and fields have beemust be kept in mind that they are not identical, and that the
addressed® as have those in optics. Difficulties arising  connection between the two in the context of multiple repre-
from linguistic ambiguitiegverbal representatigralso have sentations must be explicitly investigated.
been explored* Specific representational difficulties in
chemistry education, largely parallel to similar issues in
physics education, also have been investigatef. [Il. COMPARISON OF STUDENT PERFORMANCE:
VERBAL VERSUS DIAGRAMMATIC VERSION
OF NEWTON'’S THIRD-LAW QUESTION

B. Research issues related to multiple representations
A. Description of questions

Beyond the investigations in the literature cited, there are o ) )
few available research results that focus on problems that Two very similar questions related to Newton’s third law
arise in the learning of physics concepts with multiple formsWere used to probe possible differences in students’ interpre-
of representation. As McDermott has emphasized, there is t&tion of and performance on questions posed in different
need to identify the specific difficulties students have withfepresentational formats. The two questions are shown in
various representatioris! suggest that additional insight Fig. 1(@); they were part of an 11-item quiz on gravitation,
might result from investigations that explicity compare @and they are numbered here according to their position on
learning in more than one form of representation. Although ghe original quiz. Question 1 is posed in a verbd) (epre-
number of recent investigations in science education andentation. Question 8 is posed in a diagrammdii§ epre-
other fields have focused on broader issues involved in stusentation, making use of vector diagrams.
dent learning with diverse representatidhé®there seemsto  The quiz containing these questions was administered on
have been relatively little effort to compare representationshe second day of class in a second-semester, algebra-based
in terms of their pedagogical effectiveness in particulargeneral physics course at lowa State University. This quiz
contexts>® was administered in courses offered during five consecutive

A closely related issue is that of students’ relative perfor-years, 1998—-2002, during the fall semester. All students had
mance on similar Problems that make use of different repreeompleted the equivalent of a one-semester course focusing
sentational form&-262%4%41n this regard, Koznf® and  on mechanics, and had previous instruction related to New-
Kozma and Russéfl have reported on the relative degree ofton’s laws with vector representations. Most took a tradi-
difficulty encountered by novice students presented with dional first-semester course.
chemistry problem posed in various representations. Among The quiz did not count for a grade; students were told that
physics and chemistry educators, there has been speculatidiwas given to help assess their level of preparation on topics
regarding the role that students’ individual learning stylesthat would be needed in subsequent class discussions. | will
might plzaé\é,43 and the possible relevance of genderrefer to this quiz as the gravitation pretest, because a second
difference$>*° and spatial ability* version of the same quiz was administered to the students

The present investigation focuses on specific issues arisingfter instruction had taken place.
when multiple representations are utilized in undergraduate
physics instruction. Ultimately, the issues we plan to inves-
tigate include the following: B. Results

(1) What subject-specific learning difficulties can be identi- The responses to the gravitation pretest are shown in Table
fied with various forms of representation of particular I.*> Responses varied from year to year, with the percentage
concepts in the introductory physics curriculum? of correct responses ranging from 10% to 23% on question 1

(2) What generalizations might be possible regarding thdoverall average: 16% corredi=408) and 6% to 12% on
relative degree of difficulty of various representations inquestion 8overall average: 9% corrgctThis low proportion
learning particular concepts? That is, given an averagef correct responses to a Newton’s third-law question is con-
class engaging in a typical sequence of instructional acsistent with previous research on traditional courses regard-
tivities, do some forms of commonly used representaing students’ belief that unequal masses in an interacting pair
tions engender a disproportionately large number ofexert forces of unequal magnitude. It is related to a general
learning difficulties? view referred to as the “dominance principlé® There are

(3) Do individual students perform consistently well or two interesting and consistent discrepancies between the re-
poorly with particular forms of representation with sponses to the two questions: the significantly lower correct-
widely varying types of subject matter? response rate on the diagrammatic questwn0.03 accord-

(4) Are there any consistent correlations between student$hg to a two-samplé-tes), and the far greater popularity on
relative performance on questions posed in different repthis question of a response that could be interpreted as a
resentations and parameters such as major, gender, agrger mass exerts a smaller force” conceptigasponse A
and learning style? on question 8, responses D and E on questijpn 1

The first row of Table 1l shows the ratio of the number of
Preliminary results regarding these issues will be pre<correct responses on question 8 to that on question 1. It is
sented in this paper. The analysis and discussion are based particularly striking that although the proportion of correct
five years of classroom data, generated during the initiatesponsegresponse C on both questignaried substantially
stages of an investigation into these issues. Ultimately, oufrom year to year, the ratio of correct responses on one ques-
goal is to investigate the relative effectiveness of variougion relative to the other in a particular year is nearly con-

representations in learning; however, the initial data disstant. The range is 0.45—0.6e overall average is 0.53

cussed in this paper will focus on student performance. Al33% variation that contrasts with the more than 200% year-

though these objectives are presumably closely related, tb-year variation in the correct-response rate itself. These
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(a)

#1. The mass of the sun is about 3 x 10 times the mass of the earth. How does the magnitude of the gravitational force
exerted by the sun on the earth compare with the magnitude of the gravitational force exerted by the earth on the
sun? The force exerted by the sun on the earth is:

. about 9 x 10'° times larger

. about 3 x 10° times larger

. exactly the same

. about 3 x 10° times smaller

about 9 x 10'° times smaller

Mo oW >

#8. Which of these diagrams most closely represents the gravitational forces that the earth and moon exert on each
other? (Note: The mass of the earth is about 80 times larger than that of the moon.)

P @@ P O— O O

(b)

#1. A 5-kg lead sphere is hanging 12 m from a 500-kg lead sphere. How does the gravitational force exerted by the 5-
kg sphere on the 500-kg sphere compare with the magnitude of the gravitational force exerted by the 500-kg
sphere on the 5-kg sphere? The forced exerted by the 5-kg sphere on the 500-kg sphere is:

A. 100 times larger
B. 10 times larger
C. exactly the same
D. 10 times smaller
E. 100 times smaller

Fig. 1. Questions on the gravitation qui@) gravitation pretest questions (Yerbal representatiorand 8 (diagrammatic representatipn(b) gravitation
posttest question 1. The posttest version of question 8 was unchanged from the pretest.

questions also were given ondé spring 2000 in the  havior of the majority who had answered the question

second-semester calculus-based general physics course. fdcorrectly. Of all incorrect responses on tle question,
though the correct-response rate was far higher on both quegso, were A and 53% were B.

tions in this cours€62% onV, 38% onD), the ratio of the A posttest version of the gravitation quiz was administered
correct responses dd compared tovV was consistent with  approximately one week after the pretest. The posttest ver-
the results from the algebra-based cousee the final col- sion of question 1 is shown in Fig.(d); question 8 was
umn of Table ). unchanged from the pretest. The posttest was a graded quiz.

The proportion of students giving the response correThe instruction that occurred between the pre- and posttests
sponding to “larger mass exerts a smaller for¢egsponse was based on interactive-engagement metlfodad was
A) on theD question also is consistently far higher than onused to lead in to a discussion of electrical forces and fields.
the V question, as shown by the second row in Table Il. The overall error rate on the posttést=400) dropped to
Overall, this response accounted for only 5% of all response6% onV (range: 5%—8% but only to 20% onD (range:
to theV question, but 41% of those to tilequestion. Onthe  14%-25%. Even after substantial improvement in the over-
gravitation pretest, those who correctly answered C onvthe all correct-response rate, the significantly higher error rate on
question were divided on their responses to Ehguestion:  the D question persisted. Again, the errors on heversion
41% answered it correctlfesponse § but nearly all others of the question were split between the “larger mass exerts a
gave either response(farger mass exerts a smaller foree ~ smaller force” response A25% of incorrect responseand
B (larger mass exerts a larger foycen almost equal num- the more popular “larger mass exerts a larger force” re-
bers. This equally divided response pattern paralleled the beponse B75% of incorrect responsed his preference for B
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Table I. Responses to questions 1 and 8 on the gravitation pretest. Feent with a belief that the larger-magnitude charge exerts the
question 1, “larger” refers to responses A and B, “the same” refers to greater-magnitude force, including 80% of the explanations
response C, and “smaller” refers to responses D and E. An ast(??bsk. iven by those who had chosen response A for this question,
denotes the correct answer. The rat(_e of correct responses fluctuz_ites sign jat is, the diagram consistent with the smaller force being
cantly from year to year, but the ratio of correct respor@@squestion 1 .
versus question)ds nearly constant. e_xerted by the Iarggr cha}rge. An example of an explanation
given to justify choice A is that Opposite charges attract.
1998 1999 2000 2001 2002 Since q is the greater charge it will exert a greater force

This explanation is consistent with the hypothesis that the
large proportion of responses observed for the A option
1. force by the sun is (smaller mass exerts a larger foroen question 8 of the
gravitation quiz was due to students’ confusion about
whether the arrow in such diagrams represents the force ex-
*the same [C] 14% 10% 20% 23%  14% ertedon or the force exertethy the object.

There also were several students who gave a correct re-
sponse on th¥ question, but an incorrect response onthe
question, and whose explanations were consistent with the
dominance principle. This pattern is consistent with the ob-
G+ «—6 [B] 54%  45%  45%  55%  43% servation that almost 60% of those who gave the correct

response to th& question on the gravitation pretest from
1998 to 2002 did not correctly answer tBe question, but

N 78 96 83 77 74

larger [A or B] 81% 8% T6% 0% 84%

smaller [D or E] 5% 6% 4% 6% 3%

8. earthimoon force

® ®© 6% 6% 1% 12% 7% instead gave an A or B response consistent either with the
dominance principle or its opposite.
GO— <@ (Al 38% 41% 4Al%  34%  46% In 2002, 64% of the students who made errors on either

the gravitation posttest or the final exam questions made
representation-related errors on one or the other, but not on
other 1% 2% 2% 0% 4% both tests. A representation-related error refers either to a
correct answer on only one of the twb (andV) questions
contrasted with the much more even split observed on thg, the pair, or incorrect but inconsistent answers on both
pretest:’ A large majority (81%) of the incorrect responses questions, such as B on 1 and A on 8. This observation is
on theV posttest question were for response E, correspondeonsistent with results regarding the consistency of students’
ing to the smaller mass exerting the smaller force. Thereforaesponses, as will be discussed further in Sec. IV.
among students who responded incorrectly, the preference
for a response consistent with the dominance principle

g?é?eesrt.mass exerts a larger foyagas unchanged from the IV. MULTI-REPRESENTATIONAL QUIZZES:

In 2002, a pair of questions nearly identical to questions 1COMPARISON OF RESPONSES ON DIVERSE
and 8 in Fig. 1 was placed on the final exam of the courseREPRESENTATIONS
(see Fig. 2 These questiofi changed the context to elec-
trostatics, one of the major topics covered in the course. Ot&
the D question, students were required to explain their an-
swer. The error rate on these questions was 9%/aand Two additional quizzes were designed to incorporate ques-
14% onD (N=70). Again the errors oD were split almost tions posed in the four representations described in the Intro-
evenly between responses A and B. Most of the written exduction.(Note that in this context, “graphical” refers to bar

planations for these incorrect responses were clearly consisharts and not to line graphs.
The first quiz(Appendix A, Coulomb quigrequired stu-
dents to find the magnitude of the electrostatic force between
Table Il. Comparison of responses on gravitation pretest: diagramniiatic ( two interacting charges, given the initial force and the initial
question 8 versus verbal {, question 1 First row: ratio of number of  and final separation distances. This quiz was administered
correct(C) responses o to number of correc(C) responses oV, fluc- midsemester and counted toward students’ grades. The sec-
tuations are in a relatively narrow range. Second row: ratio of humber Ofond quiz(Appendix B, circuits quiZinvoIved a comparison
rzqu"’:)“rfsrgga(;]NfAr)a;ﬁ)Sspc;’:Se;33] t;’rgzg’%;’; ;’:La”ier; ;Tyai‘rr:éDaa::ngstentof two different two-resistor direct-current circuits, one se-
S ‘ ries and one parallel. The two circuits utilize batteries of the
response discrepancy. Data for algebra-based second-semester general prgs- P . .
ics course(1998-2002 are shown. The final column shows data for a ame VOItage’ but the individual r(_35|stances are different.
calculus-based second-semester general physics asprig 2000, which ~ Students were required to determine whether the current
are in good agreement with those for the algebra-based course. through a specified resistor in the parallel circuit is greater
than, equal to, or less than the current flowing through a
Calculus-based  specified resistor in the series circuit. This quiz also was
course(2000 administered midsemester, during 1998—-2002.

. Background

Ratio of 1998 1999 2000 2001 2002 N=240 The intention was to make the four questions on each quiz

correct onD/ as nearly equal in difficulty to each other as possible. For
correct onV 045 060 059 050 0.50 0.61 example, the separation ratios in the Coulomb cflazger

wsmaller” on D/ separation distance divided by smaller separation disfance
ssmaller” on V.. 8 8 1 5 18 26 are all small integer$2, 4, and 3, and all five answer op-

tions correspond to the same set of choices, that is, the force

466 Am. J. Phys., Vol. 73, No. 5, May 2005 David E. Meltzer 466



1. Particle A has a charge that is ten times the magnitude of the charge on particle B. How does the
magnitude of the electrical force exerted by charge A on the smaller charge B compare with the
magnitude of the electrical force exerted by charge B on charge A? The force exerted by charge A on the
smaller charge B is:

100 times larger
10 times larger
exactly the same
10 times smaller
100 times smaller

MmO 0w

N

In the figure below, particle q1 has a charge of +10 C, and particle q2 has a charge of -2 C.

A ‘—> (@ D .—> (@» G (@»
B —@ E .——> @— H 4— @—>
C .———f 4—@ F“ 4_@ I 4— (:?—-—V

(A) [3 points] Which of these diagrams most closely represents the electrical forces that the two charges
exert on each other?

(B) [2 points] Explain your answer to part (A).

Fig. 2. Electrostatic version of Newton’s third-law questions; administered as part of 2002 final exam.

increases or decreases by a factor equal to the separati€act that in this question, the separation between the charges
ratio or the separation ratio squared, or no change. It is imhas been changed in the diagram on the right.
portant to emphasize that by the time these quizzes were |n 2001 non-multiple-choice variants of tH@ and M
administered, the students had had extensive exposure to agdestions on the Coulomb quiz were given as part of a
practice with various questions and problems utilizing allfollow-up quiz (see Fig. 3 On this quiz, students were re-
four representations on many quizzes, exams, and homewog,ired to explain their answers to tBequestion. The nearly
assignments. identical error rates on these questiga8% and 25% oD
andM, respectively, disregarding explanatiohs: 75) were
approximately double those on the earlier multiple-choice
B. Common errors on Coulomb quiz and circuits quiz quiz (15% and 13%, respectivelyThe “1/r” error contin-
Sued to represent the majority of incorrect responses, which
the assumption that the electrical force was proportional t as consistent with StUd?ntS’ written explanations and alge-
1/r, instead of 17?. This error corresponded to the response raic work. _The proportion of incorrect responses repre-
sequence B, B, D, D on questions 1—4, respectively. Thg€nted by this error on the follow-up quiz6% forD, 58%
proportion of all incorrect responses represented by this errdP’ M) was comparable to that observed on the initial quiz in
was 74%, 62%, 51%, and 50%, respectively. Very few of the2001(64% forD, and 80% forM).
incorrect responses corresponded to the “no change” answer It appeared that many students who had not made the 1/
with the exception of question 2. On this questighe D error on the original quiz did make this error on the
version, the “no change” response C represented 16% of allfollow-up quiz on one or another of the two questions. There
incorrect responses. Interview data and informal discussionsas no clear pattern which would suggest that their error was
with students indicated that they sometimes overlooked thdue specifically to the form of representation. The number of

On the Coulomb quiz, the most common error by far wa
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3. The diagram on the left shows two isolated particles with equal magnitude charges, along with the electrical forces
acting on those particles due to their mutual interactions. The same charges are to be repositioned in the diagram on the
right, this time separated from each other by half the distance that separated them in the diagram on the left. Complete
the figure in the right diagram to represent the new positions and forces.

Explain how you decided on the lengths of the arrows:

4. Isolated particles with charges ¢, and q> (q; = q2) are separated by distance #, and initially experience mutual
interaction forces with magnitudes F;™ = F,™ = 40 N; r"** = 10 m. The particles are repositioned so /" = 2 /™",

F Iﬁnal —

[no partial credit; answer must be within 15% of correct answer; —1 deduction for missing or incorrect units]

Fig. 3. Non-multiple-choice versions of diagrammatic and mathematical questions on the Coulomb quiz, administered as part of a follow-up uiz in 200
numbered according to their position on the quiz.

students who switched from correct Bn(on the initial quiz ~ C. Error rates
to incorrect(on the follow-up quiz was exactly the same as
the number who switched from correct to incorrect Mn One question of interest is whether, on average, students
and the proportion who moved in the other direction—fromfind particular representations more difficult than others. The
incorrect to correct—was almost identical in the two repre-error rates for each question on the Coulomb and circuits
sentations. Of the students who made errors on the follow-uguizzes are shown in Table Ill. There were no blank re-
quiz, only 28% made consistent errors on b&thand M sponses. “Any Error” refers to students who made errors on
questiongfor example, making the f/error on both, while ~ one or more of the questions on a given quiz, with the fol-
most(62%) made errors on only one of the two questions. l0wing exception: Students who gave four incorrect answers
On the circuits quiZAppendix B, the most common in- that were clearly consistent with each other were not counted
correct response corresponded to greater current flowint the “Any Error” statistic. Such a set of responses was, for
through the resistor in the series circ(itthas the smaller of instance, B, B, D, D on the Coulomb quiz, because each of
the two resistances in three of the four questipimstead of these corresponded to an answer that assufvedlr (in-
the one in the parallel circuit. The proportion of all incorrect stead ofF o 1/r?). Such a set of consistent responses gives no
responses represented by this error was 88%, 89%, 79%, aegidence of any confusion related strictly to the representa-
67%, respectively, on questions 1-4. The “equal currents’jon.
responseresponse B in all caspsepresented 8%—-15% of  The error rates are low; 31% is the highest rate observed
the incorrect responses on questions 1-3, but 30% on quegn any of the quiz questions in any one year, and the year-
tion 4. This difference might be due to the fact that in con-to-year fluctuations are substantial. The error rates on the
trast to questions 1-3, the pa_rallel an_d series resistors whoggcuits quiz are much higher than those on the Coulomb
currents are being compared in question 4 are shown to be @liz. However, the mean error rates of different representa-
equal resistancdinstead of the parallel resistance beingtions on the same quiz differed only slightly. Moreover, the
greatey. This response pattern might imply the existence of gg|ative ranking of the four representations with respect to
nonrepresentational artifact in the data. _ _error rate varied from year to year, and varied between the
The diagrams, algebraic work, and other notations writtefyg quizzes in the same year. No one representation yielded
on students’ papers were scrutinized carefully to ascertaithe nighest error rate consistently for all five years on either
why some students made an error on one or two questmnauiz_

and yet did not do so on other questions on the same qQUIZ. gyatistical comparisons were made between representa-
No pattern could be determined—the errors appear to ocC[ons using a paired two-samptetest? in which the error

almost randomly. This finding was consistent with observa- ates on. for instance. thé question on the Coulomb aui
tions made of students’ work on all instruments employed irl » 1orl » (N€ question u quiz
this study. In a further attempt to probe for any possibleVere compared to those for tiequestion on the same quiz,

representation-related learning difficulties, students’ refor the sample of five pairs of error rates, one pair for each
sponses to the quiz questions were subjected to considerapigar. Of the 12 possible comparisons, thaMssersusD, V
additional statistical analysis as will be described in the fol-versusM, V versusG, D versusM, D versusG, andM
lowing. versusG (all six on each quig only one difference between
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Table Ill. Error rates on multi-representational quizzes, in percent; the proportion of all students giving incor-
rect responses to each of four quiz questions. “Verbal” corresponds to question 1 on both Coulomb quiz and
circuits quiz; “Diagrammatic” corresponds to question 2, Coulomb quiz and question 3, circuits quiz; “Math-
ematical” corresponds to question 3, Coulomb quiz and question 2, circuits quiz; “Graphical” corresponds to
question 4 on both Coulomb quiz and circuits quiz. “Any Error” corresponds to students who made an error on
one or more of the quiz items, not including students who gave four incorrect responses that were clearly
consistent with each othésee text Error rates in the “Average” row were calculated from cumulated total
errors(1998-2002 divided by the 5-year total number of students.

All
students N Verbal Diagrammatic Mathematical Graphical Any Error
1998 71 4 7 10 14 24
1999 91 11 15 18 21 30
Coulomb 2000 79 14 11 10 11 24
quiz 2001 75 12 15 13 23 35
2002 67 15 16 24 19 33
Average 11 13 15 18 29
1998 68 24 18 28 31 49
1999 88 22 18 22 31 53
Circuits 2000 68 15 19 15 18 31
quiz 2001 75 19 24 24 24 48
2002 63 22 13 13 19 32
Average 20 19 20 25 43

the means was statistically significant at the0.05 level  score. | analyzed students’ responses on the extra-credit op-
according to a two-tailed test. This difference was on thdion to gauge their confidence with the various representa-
Coulomb quiz,D versusG (p=0.03). tions.

The discrepancy that appears to be most consistent is that Students who gave a correct response but did not choose
between the error rates @hand those oW, D, andM. The the extra-credit option are defined as giving a “low-
overall error rates of, on both quizzes, are 5% higher than confidence correct” response. This response suggests that al-
the combinedv-D-M mean error rates on the respective though the student is able to find a correct answer, they lack
quiz, while the differences among the mean error rateg,on full confidence in the correctness of their response. In Table
D, andM are all<4%. This will be discussed further in [V, low-confidence correct responses are tabulated for each
Sec. V below. question on each quiz.

On both quizzes, the proportion of low-confidence correct
responses on th¥ question is lower than that on the three
D. Confidence levels other questions on the same quiz. The differences are not
large, and so | tested the significance of the differences be-
| attempted to assess students’ confidence in their use @fveen low-confidence correct response rates onvtfigies-
the various representations. Each question had an extrgpns and those on the, M, andG questions by employing
credit option that allowed students with high confidence iny pairedt-test. Each sample consisted of the five péinse

the correctness of their response to gain additional points f . .
a correct answefsee Appendices A and)BIf this option is %r each yearof the error rates on thé question, and either

chosen, a correct answer is credited with 3.0 points instead df€ D, M, and G question, respectively, for a total of six
the 2.5 points it would be worth normally. However, there iscomparisongthree for each quiz The difference between
a substantial penalty for an incorrect response. Instead of i€ means was found significant at the<0.01 level(one-
incorrect answer being worth zero points, it is wortl.0  tailed test for the V-D and V-G comparison on the Cou-
points; that is, a deduction is taken from the student’s totalomb quiz, andp=<0.05 for theV-M andV-G comparison

Table IV. Correct but low-confidence responses: the proportion of students giving correct response but not
choosing extra-credit option.

1998-2002 Verbal Diagrammatic Mathematical Graphical
Coulomb Number correct 340 333 326 315
quiz Low-confidence correct 17% 24% 22% 24%
Circuits Number correct 289 295 288 272
quiz Low-confidence correct 33% 37% 41% 45%
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Table V. Consistency of responses: the students who took both quizzes and made one, two, or three errors on
at least one quiz. A “repeat” error refers to an error on both quizzes for questions in a particular form of
representation; £50% repeat errors” indicates that half or fewer of all incorrectly used representétioms

bined for both quizzeswere part of a repeat-error paisee text (Students who gave four incorrect but
consistent responses on a single quiz as defined in the text were not counted as having made any errors on that
quiz for the purposes of this tabulatipn.

Errors on one Errors on both Errors on both Errors on both

quiz only quizzes but quizzes, but quizzes,
N (norepeat erronrs  norepeat errors  <50% repeat errors  >50% repeat errors
2000 23 78% 9% 9% 4%
2001 44 73% 7% 14% 7%
2002 26 77% 12% 8% 4%

on the circuits quiz. Corresponding values for the remaininge. Consistency of students’ error

comparisons werp=0.10 (V-M on the Coulomb quiz and To explore whether a given student consistently made er-
p=0.12 (V-D on the circuits quiz These results suggest rors with the same form of representation, a subset of the
that students had slightly greater confidence when respongtata was examined in more detail. For the years 2000, 2001,
ing correctly to questions posed in the (“words only”)  and 2002, a tabulation was made of students who took both
representation on these two quizzes. In comparison, amonglizzes and made one, two, or three errors on at least one
students respondingncorrectly, lower-than-average confi- quiz. When students made four errors, there is no direct evi-
dence was associated withandM responses on the circuits dence as to whether they have—or have not—made a
quiz. representation-related err@n contrast to a physics error

Table VI. (a) Error rates on multi-representational quizzes, in percent; male studentgmnBrror rates on
multi-representational quizzes, in percent; female students only.

470

N Verbal Diagrammatic Mathematical Graphical Any Error
@
Males
1998 27 7 7 7 11 26
1999 36 6 11 11 11 14
Coulomb 2000 32 13 16 9 13 22
quiz 2001 30 10 10 10 10 31
2002 30 17 10 30 20 30
Average 10 11 14 13 24
1998 27 26 11 33 33 52
1999 35 9 14 14 29 49
Circuits 2000 29 14 14 14 21 31
quiz 2001 28 18 21 21 14 43
2002 28 14 11 14 11 29
Average 16 14 19 22 41
(b)
Females
1998 44 2 7 11 16 23
1999 55 15 18 22 27 40
Coulomb 2000 47 15 9 11 11 26
quiz 2001 45 13 18 16 31 38
2002 37 14 22 19 19 35
Average 12 14 16 21 32
1998 41 22 22 24 29 46
o 1999 53 30 21 26 32 57
qu'Jr;“'ts 2000 39 15 23 15 15 31
2001 47 19 26 26 30 51
2002 35 29 14 11 26 34
Average 23 21 21 27 45
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Therefore, students who made four errors on either (pa_Jiz vation that theG error rates are higher thah D, or M error

very small proportion of students ovepadire not counted in  rates on the same quiz during the same year, | employed a
this tabulation. In contrast, students who gave four incorreciyjiicoxon sign rank test® This is a nonparametric test that
but consistent responses on a particular quiz were NQfses not depend on the shape of the distribution of sample

ggggfsegfﬁiza;;]r;?yrs?gd'?'hae?; e(jr;?;sac;g ghhaotver:“iznf%kt)kl}ee \F;uXalues, and thus is less sensitive to deviations from normality
“repeat” error refers to an error on both quizzes for ques-m the data sample. In this test | considered all pairwise com-

tions in a particular representation. If students made errors oR@risons between th@ error rate and th¥, D, andM error
V, D, andM on one quiz and, M, andG on the other, rates, respectively, on a given quiz for a given year. This
50% of their errorétwo [D,M] out of four[V,D,M,G]) are procedure yielded 15 comparisons on each dthizee for
considered to be repeats. The statemest0% repeat er- each year both for males and females. For instance, for
rors” in Table V indicates that half or fewer of all incorrectly male students on the Coulomb quiz, teV, G-D, and
used representations were part of a repeat-error pair. G-M pairs for 2000 wereg0.13, 0.13, (0.13, 0.16, and
The results of the three years are very consistent: mogp.13, 0.09. For female students during the same year, the
students made errors on one quiz only. Of those who madﬁairs were(0.11, 0.15, (0.11, 0.09, and (0.11, 0.1}. The

errors on both quizzes, most did not repeat the same errgy, . samples and their resulting values(for a two-tailed
That is, they did not make two errors using the same repre-

sentation. If they did repeat an error, half or fewer of theirS? are Coulomb-male, p>0.10; ~Coulomb-female,
representation errors were repeated. These data do not sup=0.01; Circuits-male, p>0.10; and Circuits-female,
port the hypothesis that students tend to err consistently ip<<0.02; each sample consisted of 15 pairs of values. These
one or another representation. results suggest that the error rates for females might be
higher onG questions than oW-D-M questions.
A paired two-sample-test was used to make a full set of

V. GENDER-RELATED DIEFERENCES 12 interrepresentation .comparisons,- separately for males and
females. There were six on each quiz, thaMsjersusD, V
In Table VI, error rate data are shown for male, Table VlversusM, V versusG, D versusM, D versusG, and M

(@), and female, Table V(b), students. This breakdown al- yersusG. Each sample consisted of five pairs of values, one

lows us to test for possible gender-related differences. W?or each year. No interrepresentation differences were found
see that the mean error rat@werage values, all years com-

bined for the female students are higher than those of thd® be significant .at the=0.05 .Iev_ell using a two-tailed test.
males, on all questions on both quizzes. In most cases, theeveral comparisons were significant at #re0.10 level
male-female difference is relatively small. To gauge the stausing a one-tailed test; alp values corresponding to the
tistical significance of the differences, a pairedest was one-tailed test are shown in Table VII.

carried out separately for each question on each quiz, where

each sample consisted of five pairs of val(resle error rate,

female error ratg one pair for each yed?.This test also was

done for the “Any Error” rate. Of these ten cases, the only

difference in the mean error rate significant at e 0.05

level with a two-tailed test was tHe question on the circuits Table VII. p values for statistical testene-tailed testof the significance of

. differences between mean error rates on questions from the same quiz posed
. 0 . Up =
quiz (male: 14%, female: 21%)=0.008). Due to the low in different representations. The pairédest and the test for correlated

Stanst'%_‘l power of a test with a sample of only five PaIrs, proportions are described in the text. Thesealues represent the probabil-
and in view of the consistency of the observed male—femal@y that differences in mean error rates equal to or larger than those actually

error rate difference, it may be more appropriate to uge a observed(but with the same signwould occur in an ensemble of paired
=<0.10 criterion and apply a one-tailed test. Two additionalrandom samples of the same size, drawn from an infinitely large population
cases met that criterion: Coulomb qui, question(male: in which the true difference in mean error rates is zero.

13%, female: 21%p=0.08), and Coulomb quiz, any error

Coulomb quiz Circuits quiz
(male: 24%, female: 32%p=0.09).

A noticeable contrast between the Table VI and Table IlI Paired  Correlated Paired  Correlated
data is that the difference among the male students between t-test  proportions  t-test  proportions
the G error rate on the Coulomb quid3%) and the mean G versusy  0.04 0.001 0.12
combinedV-D-M error rate on the same quiz2%) is much G versusD  0.05 0.02 0.10 0.05
smaller than the corresponding difference in the “all stu- G versusM  0.07 0.04 0.03 0.07
dents” sample(Table Ill). In contrast, a sizeable difference Females |, <usD 0.5 0.34
still exists for the female student&( 21%;V-D-M: 14%). V versusM  0.08 0.08 0.29
This observation suggests that the larger error rateGon D versusM  0.26 0.42
(relative toV—D—M) in Table Il is primarily QUe to the fe- G versusy  0.04 0.23 0.14
male students. It is not as clear whether this pattern may be G versusD 020 012
true for the circuits quiz as well, for here a discrepancy is ' '
still present for males@: 22%,V-D-M: 16%), as well as  Males © versusWt 049 o3t

i ’ ' ' V versusD 0.43 0.32
for females G: 27%, V-D-M: 22%). VversusM  0.17 0.04 0.18
To examine this question more closely, | did three statis- D versusM  0.29 0.15

tical tests. To probe the statistical significance of the obser:
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To examine these possibly significant comparisons moréarger(smalle) force” responsddescribed belowis one that
closely, a test for the difference between correlated proporeharacterizes a sizeable fraction—perhaps more than a
tions was applied! With this method a test statistic is  third—of this population.
calculated by comparing, for instance, the number of stu- It was observed that response A on the diagrammatic ques-
dents(all five year$ who were correct on thé question but  tion 8 of the gravitation quiz—what we call an “antidomi-
incorrect on theV question (Gy) to those who were incor- hance principle” responselarger mass exerts a smaller
rect on theG question but correct on thé question (Gg).  [Orce—represents more than 40% of responses to this ques-
After applying a continuity correctiof?, we havez=(|Cgy goln, while thelcorrespondmng g(';d Ef re”sponses on the Vﬁr'
—Cyal— 1)/(Cayt Cye)®S. The calculatedh values result- al question 1 represent only 5% of all responses to this

ing f this statisti h in Table VII for th ._question. The implication is that many students have an in-
Ing from this statistic are shown in fable Or tNOSE palrs ¢ rect understanding of vector arrow conventions, that is,
that met thep=<0.10 criterion on the-test.

: , - . the arrow whose tail is attached to an object represents the
Even with this wealth of statistical data, the conclusionstce that is exerted on that object, not by it. This implication
remain ambiguous. However, the various results support thg strongly supported by the written explanations offered by
hypothesis that there is a discrepancy between the male arRgl,qents on the 2002 final exam questighs.
female students regarding the relative error rateSaques- These observations are intriguing and important, and yet
tions in comparison to/-D-M questions, at least on the |eave unanswered questions. What is still unclear is the pre-
Coulomb quiz. On this quiz, the female students did moresise nature of students’ thinking that leads some to answer
poorly onG questions in comparison t4-D-M questions, that the gravitational forces exerted by the sun and earth on
whereas the male students did not, or at least not as mucbach other are of equal magnitude, and yet moments later to
There also was suppofnoted abovgfor the hypothesis that select a vector diagram in which the interaction forces of
female students perform more poorly on the diagrammatiearth and moon are clearly not the same. Similarly, the de-
guestion on the circuits quiz, in comparison to male studentgails of students’ thinking regarding the representation of
Because the male and female students in this study receivédrces exerted on or by an object are not well understood. It
identical instruction, these results are potentially significantis possible that confusion related to the specific words or
phrases used in the gravitation questions has contributed to
the differences observed in students’ responses, independent
VI. DISCUSSION of confusiqn introduced by the diagra_mm_atic re_presentation.
Our experience suggests that extensive interviewing will be
required to clarify these matters.
A. Newton'’s third-law questions

The analysis of the gravitation quiz data leaves no doubt
that there is a systematic discrepancy among students in this
sample between their interpretation of the verbal and diaB. Multi-representational quizzes
grammatic versions of the Newton'’s third-law question. Al-
though the correct-response rate on the pretest version of the The mean error rates on the Coulomb and circuits quizzes
two questions varied substantially from year to year, the ratevere consistently low(below 30% on each questipnand
of correct responses on the diagrammatic version was nevgear-to-year variations were highp to 400%. These facts
greater than 60% of that on the verbal version. A substantidmply that statistical conclusions from this data set will have
majority (59%) of students who correctly answered the ver-limited reliability. In particular, it would not be reasonable to
bal version gave an incorrect response on the diagrammatgeneralize conclusions from these data to problem sets of
version. In the latter context they were influenced by thesignificantly greater difficulty without further investigation.
dominance principle that had not, apparently, determinedost students in this data sample did not make errors on the
their response to the verbal version. Written explanations otest questions; therefore, one could argue that the interrepre-
the electrostatic version of these questions on the 2002 finalentational competence of a substantial fraction of the popu-
exam are consistent with this interpretation, although they ddation sample was not directly probed by these instruments.
not directly support it (It is notable, however, that of the More difficult test questiongincluding non-multiple-choice
students who correctly answered the diagrammatic version afems that could probe a larger fraction of the population
this question on the pretest, only 23% gave an incorrect resample might yield conclusions that are different than, and
sponse to the verbal version on the same )test. even contradictory to, those discussed here.

Over the five years of this study, 59% of students who Most students in this sample did not show a pattern of
answered the Newton'’s third-law pretest question with a coreonsistent representation-related errors on the multi-
rect “equal-force” response on the verbal representatiorrepresentational quizzes. The specific physics errors made by
gave an “unequal-force” response on the diagrammatic repstudents were quite consistent; as discussed in Sec. IV, a
resentation. Yet the total number of such students is relaarge proportion of incorrect responses were concentrated on
tively small in comparison to the size of the full sample sincejust one conceptual error on each quiz. However, the typical
only 16% of all students gave a correct response on the vestudent made errors on only one or two questi@rsnone,
bal pretest question. This discrepancy in response rates derand gave correct answers on the other questions. They typi-
onstrates how sharply divergent students’ responses may fally did not make an error with the same representation on
in different contexts—even when the context is merely a both quizzes, and this pattern of no repeat errors was consis-
different representation accompanied by slightly differenttent with results on the Newton’s third-law questions dis-
wording®® However, this particular divergence is not repre-cussed in Sec. lll. The precise trigger that led a student to
sentative of a large fraction of the student population. Inmake a “standard” physics error when using one particular
contrast, the error corresponding to the “larger mass exerts @presentation on a particular quiz—and not with any other
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representations, nor on a follow-up quiz—is unclear, and apwas substantial evidence that females had a slightly higher
peared to be almost random, both for individual students andrror rate on graphicdbar chart questions in comparison to
for the students as a whole. On the Coulomb questions inerbal, diagrammatic, and mathematical questions, whereas
2001, for example, the number of students gettirg ques- the evidence for male students was more ambiguodis.
tion incorrect later in the semestéafter they had already Some evidence of possible gender-related differences was
answered it correctly earlier in the semeptetas exactly identified. Specifically, a possible difficulty related to electric
matched by the number of students displaying the same pagircuit diagrams has been identified for females in compari-
tern with theM questions(See Sec. IV R son to males.

There is evidence for slightly higher confidence rates on Although the observed error rate differences among the
the verbal questions. This finding might surprise some, bedifferent representations were quite small or statistically in-
cause many physics instructors would find the verbal versiogignificant in general, this result was in the context of a
of the quiz questions to be awkward to interpret and analyzegourse that emphasized the use of multiple representations in
in comparison to thé®, M, andG versions based on very all class activities. In addition, the overall error rates were
familiar and long practiced representations. This result sugduite low and suggest that the questions were too simple to
gests that the instructor’s view of the ease or difficulty of aProbe possible representation-related difficulties among the
particular representation in a particular context mightmajority of the students. What results might be found for
not match the views of a large proportion of students. Thestude_nts in a more tr_adltlo_nal course Whlch_ focuse_s on math-
results of previous investigations regarding student undef€matical representations is an open question, as is the ques-

standing of kinematics diagrafi€®-3%are consistent with tion of what results might be observed if significantly more
this inference. challenging problems were posed.

However, this preliminary investigation has yielded at
least one dramatic example of how student performance on
C. Gender differences very similar physics problems posed in different representa-
. . . . . tions might yield strikingly different resultgravitation quiz,

On the multi-representational quizzes, there is ‘?V'dencﬁuestions 1'and)&® This “existence proof” serves as a cau-
that student performance on ti@ questions was slightly  tjon that potential interrepresentational discrepancies in stu-
inferior to that on thev, D, andM questions. However, this  dent performance must be carefully considered in the design
evidence is strong only for female students on the Coulomiand analysis of classroom exams and diagnostic test instru-
quiz. The poorer performance @ questions might be as- ments.(This idea is already implicit in the work of many
cribed to less familiarity and practice with this representa-other authors cited in this papeFor instance, if students are
tion. However, the instruction for both females and malesobserved to make errors on Coulomb’s law questions using a
was identical, and the relatively poorer performance by fevector representation, representational confusion would be
males on theG questions, at least on the Coulomb quiz, signaled by correct answers on closely related conceptual
suggests a genuine performance discrepancy between theestions using other representations.
genders in the larger population. Whether this discrepancy The evidence provided here for possible gender-related
may be due to different degrees of previous experience witlliscrepancies in interrepresentational performance suggests
G representations or some other cause is a matter for spectihat substantial additional investigation of this possibility is
lation. Similarly, the substantial evidence for poorer perfor-warranted, with a view toward possible implementation of
mance by females on the circuit-diagram questibnques- ~ appropriately modified instructional strategies. Many unan-
tion; female error rate 21%; male error rate 14%) cannot SWered questions regarding the details of students’ reasoning
be explained based on available information. The slightlyVhen using diverse representations must await more exten-
higher error rates by females overall, in comparison to malesiVeé data from interviews and analysis of students’ written
are not statistically significant for the most paft. explanations.
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APPENDIX A

Coulomb quiz. Designations of representations, and correct answers: 1, Verbal, answer: A; 2, Diagrammatic, answer: A; 3,
Mathematical, answer: E; 4, Graphical, answer: E.

Physics 112
Quiz #11
October 6, 2000

Name:

IF YOU WANT A QUESTION GRADED OUT OF THREE POINTS (-1 [MINUS ONE] FOR WRONG
ANSWER!!) WRITE “3” IN SPACE PROVIDED ON EACH QUESTION.

1. When two identical, isolated charges are separated by two centimeters, the magnitude of the force
exerted by each charge on the other is eight newtons. If the charges are moved to a separation of eight
centimeters, what will be the magnitude of that force now?

one-half of a newton
two newtons

eight newtons
thirty-two newtons

one hundred twenty-eight newtons Grade out of three? Write “3” here:

MY QW

2. Figure #1 shows two identical, isolated charges separated by a certain distance, The arrows indicate the
forces exerted by each charge on the other. The same charges are shown in Figure #2. Which diagram
in Figure #2 would be correct? 73

[A] N
b1 (B]

(C]

(D]

[E]

mYawp

Grade out of three? Write “3” here:

initial __

3. Isolated charges ¢q; and g; are separated by distance r, and each exerts force F on the other. g,
ted charges ¢; and g, are separated by distance 7 ,
qjﬁna and qzmma = qzﬁna; rmma — 10m; 'ﬁna =%m. meal - 25N, Fﬁna =97

A IN
B. 5N
C. 25N
D. 125N Grade out of three? Write “3” here:
E. 625N
4. Graph #1 refers to the initial and final separation between two identical, isolated charges. Graph #2
refers to the initial and final forces exerted by each charge on the other. Which bar is correct?
Grade out of three? Write “3” here:
7] Final |
A. #1 ’
B. ? K
c. E 56
D. H % 5
‘g ° Initial
T I Final  Final
1
04

A) ® © ) (B)
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APPENDIX B

Circuits quiz. Designations of representations, and correct answers: 1, Verbal, answer: A; 2, Mathematical, answer: A; 3,
Diagrammatic, answer: A; 4, Graphical, answer: C.

Physics 112
Quiz #16
October 27, 2000

Name:

IF YOU WANT A QUESTION GRADED OUT OF THREE POINTS (-1 [MINUS ONE] FOR WRONG
ANSWER!!) WRITE “3” IN SPACE PROVIDED ON EACH QUESTION.

1. In a parallel circuit, a three-ohm resistor and a six-ohm resistor are connected to a battery. In a series circuit, a four-
ohm and an eight-ohm resistor are connected to a battery that has the same voltage as the battery in the parallel
circuit. What will be the ratio of the current through the six-ohm resistor to the current through the four-ohm resistor?
Current through six-ohm resistor divided by current through four-ohm resistor is:

A. greater than one

equal to one

less than one

equal to negative one

cannot determine without knowing the battery voltage

Grade out of 3? Write “3” here: ___

moaw

2. Parallel circuit: R4 =6 Q; Rg =9 Q.
Series circuit: Re =7 Q; Rp=3 Q.
AV (series) = AV (parallel)

1
I B £= Cc. 2«1 D. =1 E. need AV,,
c Ie Ic Ic

Grade out of 3? Write “3” here:

A

3. The arrows represent the magnitude and direction of the current through resistors A and C. Choose the correct

diagram. Iy RA b, R, " I, _Ic’
A 2Q 16Q
B. B [B] —» —_—
C.
D. . | | — € — —
E. need to know AV, * AV

D] —» «—
Grade out of 3? Write “3” here: _____ [E] (need to know AV,

4. Graph #1 represents the relative resistances of resistors A, B, C, and D. Resistors A and B are connected in a
parallel circuit. Resistors C and D are connected in a series circuit. The battery voltage in both circuits is the
same. Graph #2 represents the currents in resistors C and B respectively. Which pair is correct?

A. #1 #2
B +
C. resistance current
D. NICIRNIL
E. need to know voltage
\_Vl_l_l_J — 0 B
paralle series L J )\ |
Grade out of 3? Write “3” here - [A] (B] [C]
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