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On the relation between the isotropy of the CMB and the geometry of the universe

Syksy Räsänen
Université de Genève, Département de Physique Théorique,

24 quai Ernest-Ansermet, CH-1211 Genève 4, Switzerland

The near-isotropy of the cosmic microwave background (CMB) is considered to be the strongest
indication for the homogeneity and isotropy of the universe, a cornerstone of most cosmological
analysis. We derive new theorems which extend the Ehlers-Geren-Sachs result that an isotropic CMB
implies that the universe is either stationary or homogeneous and isotropic, and its generalisation to
the almost isotropic case. We discuss why the theorems do not apply to the real universe, and why
the CMB observations do not imply that the universe would be nearly homogeneous and isotropic.

PACS numbers: 04.20.-q, 04.40.-b, 98.80.-k, 98.80.Jk

I. INTRODUCTION

A central assumption in most cosmological analy-
sis is that the universe is homogeneous and isotropic
up to small perturbations, and thus described by a
perturbed Friedmann-Robertson-Walker (FRW) model.
The strongest observational indication of isotropy comes
from the temperature of the cosmic microwave back-
ground (CMB), which is uniform at the 10−5 level in
different directions (excepting the dipole of 10−3) [1, 2].

The important question is how the CMB temperature
is related to the spacetime geometry. The first step to-
wards constraining the geometry without assuming that
it is FRW was taken by Ehlers, Geren and Sachs, who
proved that if the only matter is a radiation fluid with a
perfectly isotropic distribution function, the spacetime is
either stationary, FRW, or a special case with non-zero
rotation and acceleration [3]. (This has been extended to
arbitrary matter with an isotropic distribution [4].) The
result was generalised by Stoeger, Maartens and Ellis,
who showed that if the CMB temperature and its deriva-
tives are almost isotropic everywhere in an expanding
dust-dominated universe, and the observers are geodesic,
the spacetime is almost FRW [5].

Counterexamples which violate some of the assump-
tions of [5] have been presented [6]. For cosmology, the
main issue is the applicability of the theorems to realistic
models of the present-day universe, briefly discussed in
[7]. We first derive new theorems which relate the CMB
temperature to the geometry of the universe in the case of
perfect isotropy and in the case of small anisotropy, gen-
eralising the results of [3, 5]. We then discuss why neither
the new nor the old theorems apply to the real universe,
and how the CMB observations only indicate that the
universe is statistically homogeneous and isotropic, not
that it would be locally almost exactly homogeneous and
isotropic (i.e. almost FRW).

II. THE COVARIANT FORMALISM

The four-velocity. We are interested in the CMB
temperature measured by observers moving on timelike

curves. For reviews of the covariant approach we use,
see [8, 9]. The observer velocity is denoted uα, and
normalised as uαuα = −1. The derivative with regard
to the proper time measured by the observers is given
by ∂t ≡ uα∇α and also denoted by an overdot. The
tensor which projects on the space orthogonal to uα is
hαβ ≡ gαβ + uαuβ, where gαβ is the metric. The deriva-

tive projected with hαβ is denoted by ∇̂α ≡ h β
α ∇β .

The covariant derivative of uα can be decomposed as

∇βuα =
1

3
hαβθ + σαβ + ωαβ − u̇αuβ , (1)

where θ ≡ ∇αuα is the volume expansion rate, σαβ is
the traceless symmetric shear tensor, ωαβ ≡ ∇[βuα] +
u̇[αuβ] is the vorticity tensor and u̇α is the acceleration
vector. The tensors σαβ and ωαβ and the vector u̇α are
orthogonal to uα. Instead of ωαβ , we can equivalently
use the vorticity vector ωα ≡ 1

2ǫαβγωβγ, where ǫαβγ ≡

ηαβγδu
δ is the volume element in the space orthogonal to

uα, ηαβγδ being the spacetime volume element.
The temperature. In the geometrical optics approxi-

mation, light travels on null geodesics. The null geodesic
tangent vector, identified with the photon momentum, is
denoted by kα. It satisfies kαkα = 0 and kα∇αkβ = 0.
The energy is the projection of the momentum onto the
observer’s velocity,

E = −uαkα . (2)

The photon momentum can be decomposed into an am-
plitude and the direction, and the direction can be split
into components orthogonal and parallel to uα,

kα = E(uα + eα) , (3)

where uαeα = 0, eαeα = 1.
In [5], the temperature was defined with the inte-

grated brightness I ≡
∫ ∞

0 dEE3f(E, x, e) ∝ T 4, where
f(E, x, e) is the phase space distribution function of the
CMB photons. However, observations of the anisotropy
of the brightness are only made in some small energy
ranges around a few frequencies [1, 2]. To avoid assump-
tions about the spectrum at unobserved energies, rather
than considering I, we define the temperature using the
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spectrum in the observed energy range. There the CMB
distribution function has the blackbody shape to an ac-
curacy of 10−4 [10], f = 2(eE/T (x,e)−1)−1. We can invert
f = F (E/T (x, e)) to obtain E(x, e, f) = T (x, e)F−1(f).
Neglecting interactions with matter after last scattering,
the photons are essentially collisionless, so the distribu-
tion is conserved, df

dv = 0, where d
dv is the derivative

along the photon flow line in phase space. It follows that
d ln T

dv = d lnE
dv = kα∇α lnE, where the last derivative

is on the spacetime manifold. It is therefore sufficient
to consider the photon energy E(x, e, f). We assume
that E is an analytic function. Decomposing kα∇αE
using (1), (2) and (3) on the one hand, and writing
kα∇α = E(∂t + eα∂α) using (3) on the other, we ob-
tain the following relation between the energy and the
spacetime geometry:

(∂t + eα∂α) ln E = −

(

1

3
θ + u̇αeα + σαβeαeβ

)

.(4)

This relation places constraints on θ, u̇α and σαβ from
the behaviour of E, regardless of the matter content and
the equations of motion. For more comprehensive results
about the spacetime, we need the equations which con-
nect these quantities to the rest of the geometry.

The evolution equations. We assume that matter and
geometry are related by the Einstein equation Gαβ =
Tαβ, where Gαβ is the Einstein tensor and Tαβ is
the energy-momentum tensor. (We use units in which
8πGN = 1, GN being Newton’s constant.) Without loss
of generality, Tαβ can be decomposed as

Tαβ = ρuαuβ + phαβ + 2q(αuβ) + παβ , (5)

where ρ is the energy density, p is the pressure, qα is the
energy flux and παβ is the anisotropic stress. Both qα

and παβ are orthogonal to uα, and παβ is traceless and
symmetric. The decomposition (5) can be understood

as the parametrisation of whatever tensor the Einstein
tensor is equal to, and in this sense it remains valid even
in theories where the Einstein equation does not hold.

The set of evolution equations given by the Einstein
equation, the Bianchi identity and the Ricci identity
for uα can be conveniently written in terms of the de-
compositions (1) and (5) and the electric and mag-
netic parts of the Weyl tensor, Eαβ ≡ Cαγβδu

γuδ and
Hαβ ≡ 1

2ǫ γδ
α Cγδβµuµ [8, 9]. Let us first give those evolu-

tion equations which are independent of the matter con-
tent and the Einstein equation,

hα
βω̇β = −

2

3
θωα + σα

βωβ −
1

2
ǫαβγ∇̂β u̇γ (6)

∇̂αωα = u̇αωα (7)

Hαβ = 2u̇〈αωβ〉 + ∇̂〈αωγ〉 + ǫγδ〈α∇̂
γσδ

β〉 , (8)

where 〈〉 denotes the symmetric traceless spatially pro-
jected part, A〈αβ〉 ≡ h γ

(α h δ
β) Aγδ − 1

3hαβhγδAγδ. The

other equations involve the energy-momentum tensor (5),

ρ̇ = −θ(ρ + p) − ∇̂αqα − 2u̇αqα − σαβπαβ (9)

∇̂αp = −u̇α(ρ + p) − hαβ q̇β −
4

3
θqα − hαγ∇̂βπβγ

−παβ u̇β − σαβqβ + ǫ βγ
α ωβqγ (10)

θ̇ +
1

3
θ2 = −

1

2
(ρ + 3p) − σαβσαβ + 2ωαωα

+∇̂αu̇α + u̇αu̇α (11)

σ̇〈αβ〉 = −
2

3
θσαβ + ∇̂〈αu̇β〉 + u̇〈αu̇β〉 − σγ〈ασγ

β〉

−ω〈αωβ〉 − Eαβ +
1

2
παβ (12)

hαγ∇̂βσβγ =
2

3
∇̂αθ + ǫ βγ

α

(

∇̂βωγ + 2u̇βωγ

)

− qα (13)

Ė〈αβ〉 = −θEαβ + 3σ γ
〈α Eβ〉γ −

1

2
(ρ + p)σαβ −

1

2
σ γ
〈α πβ〉γ −

1

2
π̇〈αβ〉 −

1

6
θπaβ −

1

2
∇̂〈αqβ〉 − u̇〈αqβ〉

+ǫγδ〈α

(

∇̂γH δ
β〉 + 2u̇γH δ

β〉 − ωγE δ
β〉 −

1

2
ωγπ δ

β〉

)

(14)

Ḣ〈αβ〉 = −θHαβ + 3σ γ
〈α Hβ〉γ −

3

2
ω〈αqβ〉 − ǫγδ〈α

(

∇̂γE δ
β〉 −

1

2
∇̂γπ δ

β〉 + 2u̇γE δ
β〉 + ωγH δ

β〉 +
1

2
qγσ δ

β〉

)

(15)

hαγ∇̂βEβγ = −3ωβHβ
α + ǫ βγ

α

(

σβδH
δ
γ −

3

2
ωβqγ

)

+
1

3
∇̂αρ −

1

2
hαγ∇̂βπβγ −

1

3
θqα +

1

2
σαβqβ (16)

hαγ∇̂βHβγ = 3ωβEβ
α − ǫ βγ

α σ δ
β

(

Eγδ +
1

2
πγδ

)

+ (ρ + p)ωα −
1

2
παβωβ −

1

2
ǫ βγ
α ∇̂βqγ . (17)

III. THEOREMS

Isotropy theorem. We prove the following result
about the implication of a perfectly isotropic CMB for

the spacetime geometry:

Theorem 1 If geodesic observers at all x measure pho-
ton energy E(x, e, f) that is independent of the direction
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e, the spacetime is either stationary or obeys the con-
ditions (18), (19). If the anisotropic stress is zero (in
particular, if the matter is an ideal fluid), (18), (19),
reduce to the statement that the spacetime is FRW.

Assuming the observers to be geodesic implies u̇α = 0.
Since E does not depend on e and harmonic functions of
different degree are independent, it follows from (4) that

eα∂αE = 0 , σαβ = 0 . (18)

Since eα is an arbitrary direction orthogonal to uα,
eα∂αE = 0 is equivalent to ∇̂αE = 0, which can be
written as ∇αE = −uαĖ by using the definition of hαβ.

Now there are two possibilities. Either Ė = 0 or Ė 6= 0.
If Ė = 0, it follows from (4) that θ = 0. Together with

u̇α = 0 and σαβ = 0, this is equivalent to ∇(αuβ) = 0,
so uα is a Killing vector, and the spacetime is stationary.
The spacetime is static if and only if uα is also hypersur-
face orthogonal, which is equivalent to ωαβ = 0. These
results hold independently of the matter content and the
Einstein equation.

If Ė 6= 0, we have θ 6= 0. We can write uα =
−Ė−1∇αE. This (together with u̇α = 0) means that
the vorticity tensor has the form ωαβ = u[αvβ]. It then
follows from uαwαβ = 0 that ωαβ = 0. (This is an ap-
plication of Frobenius’ theorem [11].) Given u̇α = 0, the

condition ∇̂αE = 0 implies ∇̂αĖ = 0, so from (4) we

get ∇̂αθ = 0. From (8) we have Hαβ = 0. These re-
sults hold independently of the matter content and the
Einstein equation. Assuming that the Einstein equation
holds, the evolution equations (6)–(17) reduce to the fol-
lowing:

ωαβ = 0 , ∇̂αθ = 0 , Hαβ = 0

ρ̇ + θ(ρ + p) = 0 , θ̇ +
1

3
θ2 = −

1

2
(ρ + 3p)

∇̂α(ρ + 3p) = 0

∇̂βπβ
α = −∇̂αp , π̇αβ +

2

3
θπαβ = 0

Eαβ =
1

2
παβ , qα = 0 . (19)

It follows that if the anisotropic stress is zero, the space-
time is FRW. In particular, this is true for an ideal
fluid. The result that for an ideal fluid the conditions
u̇α = 0, σαβ = ωαβ = 0 imply that the spacetime is FRW
is well-known [8]. Further, for an ideal fluid the condi-
tions u̇α = 0, σαβ = 0 imply that θωαβ = 0 [12], so the
spacetime is either stationary or FRW (or both).

Note that we have made no assumptions about the
photon distribution function outside the observed fre-
quency range or about the distribution of matter com-
ponents other than the CMB photons, in contrast to
[3, 4, 5].

’Almost isotropy’ theorem. We generalise the previ-
ous theorem to the case of small anisotropy:

Theorem 2 If observers at all x measure photon energy
E(x, e, f) such that the first three harmonic moments of

(∂t + eα∂α) lnE and their derivatives are independent of
the direction e to O(ε) (where ε ≪ 1 is a constant), and
the matter is an ideal fluid to O(ε), the spacetime is, to
O(ε), either stationary or FRW.

Note that the observers are not assumed to be geodesic.
The detailed conditions on (∂t + eα∂α) lnE and the mat-
ter content are given in the proof below.

When E is not perfectly isotropic, knowing the
anisotropy of E is not sufficient to place constraints on
the local geometry, because the relation (4) involves the
derivatives of E. In fact, we only need assumptions about
the derivatives of lnE. We expand their direction depen-
dence in covariant harmonics:

(∂t + eα∂α) lnE(x, e, f) ≡ A = Ā(x) + Aα(x)eα

+Aαβ(x)eαeβ +

∞
∑

n=3

Aα1...αn
(x)eα1 . . . eαn . (20)

Since (4) involves at most two eα on the right-hand side,
we do not need moments of A higher than two, corre-
sponding to the dipole and the quadrupole (of the deriva-
tives, not the energy itself). Decomposed into harmonic
moments, the relation (4) reads

Ā = −
1

3
θ , Aα = −u̇α , Aαβ = −σαβ . (21)

If we assume that the anisotropy of A is small, we have
to say with respect to which scale this holds, since A is
a dimensional quantity. We introduce a timescale L, and
assume that Aα, Aαβ . O(ε)L−1 where ε ≪ 1 is a fixed
constant. (The scale L need not be constant; in fact,
when Ā is not also small, a natural choice of L is the
local Hubble time 3θ−1 = −Ā−1.) From (21) we have

u̇α . O(ε)L−1 , σαβ . O(ε)L−1 . (22)

We consider two possibilities, either Ā . O(ε)L−1 or Ā
is of the same order as L−1.

If Ā . O(ε)L−1, we have from (21) the result θ .
O(ε)L−1, which combined with (22) means ∇(αuβ) .

O(ε)L−1. So uα is an ’almost Killing vector’, and
the spacetime is ’almost stationary’ when viewed on
timescales of L or shorter. If the vorticity is also
O(ε)L−1, the spacetime is ’almost static’.

If Ā = O(1)L−1, we have θ = O(1)L−1. Analogously

to the exactly isotropic case, we write uα = − ˙̄A−1∇αĀ+
˙̄A−1∇̂αĀ. Assuming that ∇α∇̂βĀ . O(ε)L−3 and
˙̄A = O(1)L−2, it follows that ωαβ . O(ε)L−1. The con-

ditions u̇α, σαβ , ωαβ . O(ε)L−1 do not necessarily imply
that the spacetime is FRW to O(ε) even if the matter is
an ideal fluid, because the evolution equations (6)–(17)
involve their derivatives, which may be large. We assume
that ∇̂αĀ, ∇̂α∇β∇̂γĀ, ∇̂αAβ , ∇̂α∇̂βAγ ,∇αAβγ , as well
as ∇αqβ, παβ ,∇απβγ , are all . O(ε). Then (6)–(17) re-
duce at leading order to the FRW equations, and spatial
derivatives and Weyl tensor components are O(ε). In this
sense, the spacetime is FRW to O(ε). (The assumption
about ∇αqβ could be replaced with further assumptions
about the derivatives of Ā, Aα and Aαβ .)
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IV. DISCUSSION

The real universe. Theorem 1 follows from the direc-
tional distribution of photon energies, which is observ-
able. However, since the observed CMB is not perfectly
isotropic, the theorem is not relevant for the real uni-
verse. In contrast, theorem 2 relies on assumptions about
the derivatives of the energy, which are not directly ob-
served. It would be more accurate to say that the ’almost
isotropy’ theorem characterises the relation between the
geometry and the CMB in nearly stationary or nearly
FRW universes, rather than that it places constraints on
the geometry from CMB observations. The same is true
for the theorem of [5], where it was assumed that deriva-
tives of the temperature anisotropy of up to third order
are small. The smallness of the derivatives may seem to
be just a technical assumption, and in [5] it was justified
with the Copernican principle. However, the derivatives
are related to the local geometry, and large local varia-
tions are not in contradiction with the assumption that
our position is typical. Extending the Copernican princi-
ple to mean that local variations are small is equivalent to
assuming that the universe is almost FRW, and this can
be done for the geometry without going via the CMB.

In the real universe, there are large spatial varia-
tions in the geometry. For example, the volume ex-
pansion rate θ varies by a factor of order unity be-
tween underdense and overdense regions. Reading the
relation (4) between the energy and the geometry the
other way than we have done so far shows that the
derivatives of E are therefore large. This does not im-
ply that the energy would have large spatial variations
and thus be anisotropic (otherwise there would be no
need to make assumptions about the derivatives of E
for the ’almost isotropy’ theorem). This can be made
transparent by integrating (4) to obtain E(x, e, f) =

Es exp
(

−
∫ o

s dη
[

1
3θ + u̇αeα + σαβeαeβ

])

, where the in-
tegral is from a source to the observer along the null
geodesic which has the tangent vector eα. Here η is a
parameter along the geodesic defined by d

dη ≡ ∂t + eα∂α.

The CMB photons start from the last scattering surface,
and Es is given by the distribution f and the constant
decoupling temperature. This relation shows how the
energy itself, instead of its derivatives, is related to the
geometry. As long as the spatial variation in the geome-
try is uncorrelated over long distances, and the coherence
scale is small compared to the magnitude of the deriva-
tives, the anisotropy in E is small [7].

Conclusion. A perfectly isotropic CMB seen by
geodesic observers implies that the spacetime is station-
ary or FRW (or has the restricted form (18), (19)), but
an almost isotropic CMB implies that the universe is
almost stationary or almost FRW only with additional
assumptions about the derivatives of the CMB tempera-
ture. These assumptions do not hold in the real universe.
The observed isotropy of the CMB, coupled with the
Copernican assumption and analyticity, indicates statis-
tical homogeneity and isotropy, but not local homogene-
ity and isotropy. This is an important distinction, be-
cause a universe which is only statistically homogeneous
and isotropic is not described by the FRW metric, and
its expansion is not determined by the FRW equations.
In particular, the assumption that the universe is FRW is
crucial in deducing the existence of dark energy or mod-
ified gravity. Dropping this assumption, it may be pos-
sible to explain the observed deviation in the expansion
of the universe at late times from the matter-dominated
FRW prediction without new physics [7, 13, 14].
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