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RELATIONS AMONG THE FIRST VARIATION, THE
CONVOLUTIONS AND THE GENERALIZED
FOURIER-GAUSS TRANSFORMS

MaN Kyu IM, UN C1G J1, AND YOON JUNG PARK

ABSTRACT. We first study the generalized Fourier-Gauss transforms of
functionals defined on the complexification Bg of an abstract Wiener
space (H, B, v). Secondly, we introduce a new class of convolution prod-
ucts of functionals defined on Bg and study several properties of the
convolutions. Then we study various relations among the first variation,
the convolutions, and the generalized Fourier—Gauss transforms.

1. Introduction

In [1], Cameron introduced a transform of functionals defined on the com-
plexification K¢[0,T] of the Wiener space Cy[0,T] which is called the Fourier-
Wiener transform, and later it was modified by Cameron and Martin in [3].
More precisely, for a functional F' defined on K0, T, the Fourier-Wiener trans-
form Gy ;F of F' is defined by

Gy F(y) = / Flo +iyym(dz),  y e Kol0,T]
Co[0.7]

whenever it exists, where m is the Wiener measure, and the modified Fourier-
Wiener transform G 5, F of a functional F' defined on Ko[0, T is defined by

G (y) = / F(V2z + iy)m(dz), y € Kol0,T]
Co[0.77]

if the integral exists. Also, in [7], Gross introduced v¢-convolution defined by

(W F)(y) = G 1 Fly) = /B F(viz + y)w(dr)
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for certain functional F defined on B, where (H,B,v) is an abstract Wiener
space, and then Lee in [15] introduced an integral transform G, gF of a func-
tional F' defined on the complexification B¢ of the abstract Wiener space
(H,B,v) and then G, gF' is called the Fourier-Gauss transform (see, [5, 9, 14]
and the references are cited there in) of F' which is defined by

Go s F(y) = /B Floz + By)v(ds),  y € Bo

whenever it exists, where o, 8 € C. In [5], the Fourier-Gauss transform was
generalized by Chung and Ji in white noise distribution theory (see, [8, 14, 16])
which, in the abstract Wiener space, can be defined by

GanF(y) = / F(Az+ Byw(dz), vy e Bo
B

whenever it exists, where A and B are continuous linear operators from Bg
into itself, and called the generalized Fourier-Gauss transform. Recently, in
[12], Ji and Obata investigated that the generalized Fourier-Gauss transforms
play an important role for the Bogoliubov transforms.

On the other hand, Yeh in [17] introduced a convolution product Fy * Fy of
functionals F; and Fy defined on Ky[0, 7] by

(Fy + B) () = /CO[O’T] R <$\2y> Fy (x\;iy) m(dz),  y€ Kol0,T)

whenever it exists, and studied an interesting relation between the Fourier-
Wiener transform and the convolution product:

Gu,i (F1 x Fy) (x) = (G1,:F1) (y/\/i) (G1,iF2) (_y/ﬁ)a y € Kol0,T]

for functionals Fy and F» in a certain class of functionals defined on Ky|[0, T1.
Then the Yeh’s results were extended to the abstract Wiener space by Yoo in
[18]. For the study of various relations between the convolution product and
the analytic Fourier-Feynman transform, we refer to [4, 10].

Main purposes of this paper are three folds. We first study the generalized
Fourier-Gauss transform of functionals defined on B¢ (see Section 3). Secondly,
we introduce a new class of convolutions Fy %4 g c,p F» of functionals F; and
F; defined on B¢ which is defined by

(Fl *A,B,C,D FQ) (.Z‘) = AFl (Al‘ + By) Fg (Cl’ + Dy) V(dy)7 S BC,
whenever the integral exists, where A, B, C, D are continuous linear operators
from B¢ into itself, and then we study several properties of the convolutions
(see Section 4). Finally, we study various relations among the first variation,
the convolutions and the generalized Fourier-Gauss transforms (see Section 5).

The study of several relations between the first variation, the convolutions
and the analytic Fourier-Feynman transform are now in progress.
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2. Abstract Wiener space

In this section, we shall briefly recall of concepts, notations and known results
in the abstract Wiener space [7, 13]. Let (H, B, v) be an abstract Wiener space,
i.e., H is a real (separable) Hilbert space, B is a real Banach space which is the
completion of H with respect to a weaker (measurable) norm || - ||g than the
norm on the Hilbert norm, and v is the standard Gaussian measure on 3. The
strong dual space of B is denoted by B*. Let Bec = {z +iy|z,y € B} be the
complexification of B. For each = € B, h € B*, (x,h) is well-defined Gaussian
random variable with mean 0 and variance ||h||%,, where (-, -) is the complex
bilinear form on Bg x Bg.

For each m > 0, let £,(m) be the class of functions ¢ on B¢ satisfying that

(i) for each z,y € Be, ¢(x + Ay) is an entire function of A € C;
(ii) the norm
| ¢ lm=sup [¢(z)|exp{—m | z ||5c}
z€Bc

is finite, where || - ||g. is the norm on Be.
For each & in B§, consider the function e{+€) defined on Be. Then
lef28) | < ellelisc il

and so for any m >|| £ ||

|48 < sup ellEl=mlalisg < 1
o TEBc B

and €€ in &,(m).
For each 0 < m < n, we have

|6 lln=sup |¢(x)le "I"I5c < sup [¢(z)le"™I"I5c <|| ¢ ||,
zEBc zEBc

and so, E,(m) C Eg(n). Put
&, = indlim&, (m).

m—r o0

Then for any £ € Bg, e$€) € &, and the exponential vector (or coherent state)
¢¢ is defined by

e = HO-HED),

Then ¢¢ € &, and {¢¢|¢€ € BE} spans a dense subspace of &,, see Corollary
3.3.8 in [16].

Theorem 2.1 (Fernique Theorem). There exists 8 > 0 such that
/ exp(Bllz|3, ) (de) < oo.
B
By Theorem 2.1, the following corollary is immediate.

Corollary 2.2. / exp(Blz||pe )v(dx) < oo for all > 0.
B
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3. Generalized Fourier-Gauss transform

Let L(Bc,Bc) denote the space of all continuous linear operators on Be.
Let S and T be in £(Bg,Bc). Now, we study the generalized Fourier-Gauss
transform introduced in [5].

Definition 3.1. Let ¢ be a functional defined on B¢ and S, T € L(Bc, Bc).
Then the generalized Fourier-Gauss transform Gs ¢ of ¢ is defined by

Gsrol@) = [ oo+ Typldy), o Be
B
whenever it exists.

Note that for each S,T € L(Bc,Bc), ¢ € £.(m) and x € Bc, we have
[ 1905+ Ty <1 & 15t [ (1701 ay
B

B
and then by Corollary 2.2, the last integral is finite. Therefore, for each z € B,
the integral [, ¢(Sx + Ty)v(dy) exists, and so the generalized Fourier-Gauss
transform Gs ¢ of ¢ € E,(m) is well-defined.

Theorem 3.2. Let S,T € L(Bc,Bc). Then for each m,n > 0 such that
m||S|| < n, the generalized Fourier-Gauss transform Gg r is continuous linear

from E,(m) into E,(n).
Proof. For each ¢ € E,(m), we have

| Gs.16 |ln = sup |Gs.rd(x)leI*I5c
rEBc

< sup </ | & |l (emHSerTyHBC) l/(dy)> e nlzlsg
zEBc B
<1/ 6 llm (sup e<m'S'n>'m'Bc> [ (ermisice ) viay).
B B

zebc

Since m || S'|| —n <0,

IG5 s ([ (115 ) uia) ) 16 1

and so, by Corollary 2.2, Gs ¢ is continuous from &,(m) into &,(n). O

Theorem 3.3. Let S,T € L(Bc,Bc). The generalized Fourier-Gauss trans-
form Gg 1 is continuous linear from &, into itself.

Proof. The proof is immediate by Theorem 3.2. O

Proposition 3.4. For each S,T € L(Bc,Bc) and ¢¢ € &,, the generalized
Fourier-Gauss transform Gs e of ¢¢ is given by

(3.1) Gsroe(x) = (STEFH((TT -1)EE) _ e%((SS*+TT**I)EV§>¢S*§(x)'

Proof. The proof is straightforward. O
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4. Convolutions and generalized Fourier-Gauss transforms

Let A,B,C,D € L(Bc,Bc). We introduce a new class of convolutions of
functionals on B¢, and study various relations between the convolutions and
the generalized Fourier-Gauss transforms.

Definition 4.1. Let ¢ and @ be functionals defined on Be. Then the convo-
lution ¢ x4, B,c,p ¥ of ¢ and 1 is defined by

6 ramenv(e) = [ o(As+ By)u(Ca+ Dyv(dy), =€ Bo
B
whenever it exists.

Lemma 4.2. Let my,ms > 0. For each ¢ € E,(mq), ¢ € E,(ma), the convolu-
tion ¢ x4 p,c,p Y(x) is well-defined.

Proof. For each ¢ € £,(m1), 9 € E,(m2), we obtain that
|p(Az + By)| < H¢||m1€m1“Am+ByHBC < ||¢||m1emlHAH|\$|\BC+M1HBHHZ/HBC
and
(C + Dy)| < ||, e 1€ Nzlng+mall Dl Iyllsc

Therefore, we have

(4.2) /B |6(Az + By)|[¢:(Ca + Dy)|v(dy)

< {16l 185l e A TFm2IC D2l / emIBIFmalDDvlise 4 (gy).
B

Since by Corollary 2.2 the last integral as in (4.2) is finite, the convolution
¢ *4.B,c,p ¥ is well-defined. O

Corollary 4.3. For each ¢, € &,, the convolution ¢x 4 g .c,pV is well-defined.
Proof. The proof is immediate by Lemma 4.2. O

Theorem 4.4. The convolution x4 ,c,p s separately continuous from £, x &,
nto &,.

Proof. For each m, my,mg > 0 with m > my|A|| + mz||C|| and ¢ € E,(m1),
P € Eg(ma), we have

||¢ *A,B,C,D 7/}||m

= sup /¢(A:v+By)w(Cx+Dy)y(dy) e~ mllzllsg
z€Bc |/B

< sup ||¢>Hm1||w||m2e<mlHAH+m2||cufm>nmnBc/e(ml|\Bu+m2uD||>uynBcV(dy)
xeEbc B

IN

</ e(ml|B|+m2|D|)|y|scy(dy)) [
B
as desired. O
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Proposition 4.5. For each ¢¢, ¢, € &, the convolution ¢¢ x4 B,c,p ¢n has
the following form:
(4.3)

e *a.5.0.p by(x) = T A EFCTHDBE M+ H (BB =DE&+3(DD~Dm,m),
Proof. The proof is straightforward. In fact, we obtain that

(¢¢ ¥A.B.0.D by)(T) = o= 3(6€) =5 (n,m)+{x, A"E+C ) / e<y,B*€+D*n)V(dy)
B
— ol ATEHC )+ 5 (B E+D 0, B*E+D " n) = 5 (€,€) — 5 (1)

— e(fmA*§+C*77)+<DB*§7Tl)+%<(BB*—1)Ev£>+%<(DD*—I)777?7)
as desired. 0
Theorem 4.6. The convolution *4 p.c,p S a commutative operation, i.e.,
¢*a,B,c,0Y =v*aB,cD ¢ for o, € E, if and only if
(4.4) A=C, BB* = DD*, DB* = BD*.
Moreover, if A, B,C, D are constants, then (4.4) is equivalent to that A = C,
B? = D2,
Proof. The proof is straightforward from Theorem 4.4 and Proposition 4.5. O

A relation between the convolution and the generalized Fourier-Gauss trans-
form is studied in Theorem 4.7.

Theorem 4.7. Let S;,T;,A;,B;,C;,D; € L(Bc,Bc), i = 1,2,3, j = 1,2.
Then for any ¢, € E,,
(45) gSl,T1 ((b *Aq,B1,C1,Dq 1/))(.%) = (gS27T2¢ *As,B5,C2,D2 gSs,Tzsw)(m)
if and only if the following conditions are satisfied:

(i) A1S1 = 5245, C1S1 = S307;

(11) (AlTl)(AlTl)* + BlBik = (SQBQ)(SQBQ)* + TQTQ*;

(lll) (ClTl)(ClTl)* + DIDT = (SgDQ)(SgDQ)* + Tng;

(IV) (ClTl)(AlTl)* =+ DIBT = (S3D2)(SQBQ)*.

Proof. For each §,n € BE, by (4.3) and (3.1) we have

(46) gsl,Tl (¢§ *A1,B1,C1,D1 (;577)(38)
— @ (A151)"¢+(C151) ™ n)

« e3 (AT (AL T) " +B1 B] —1)£,6)+((C1T1(C1T1)" +D1 D} —I)n,n)]

« {(C1T1(ALT)" +D1 B} )€, )

and

(4'7) (g52>T2¢§ *A3,B5,C2,D2 gSS,Tz(bn)(x)
— (@:(5242)"E+(85C2) )
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o3 1((S2B2(82 B2) " +T2T5 —1)§, £)+((S3 D2(S3 D2) "+ T5T5 —I)m, m)]
e(S3D2(S3B2)" &, m)
Therefore, by comparing (4.6) and (4.7) the proof is straightforward. O

From Theorem 4.7, the following corollary is immediate.

Corollary 4.8. Let S,T,A;,B;,C;,D; € L(Bc,Bc), j =1,2. Then for any
Qb, ¢ € ng

(4.8) Gs,7(¢ *a1,B1,01,0, ¥) = (G5,70) *44,8,,02,D, (Gs,1Y)

if and only if the following conditions are satisfied:

(i) A1S = SAs, C1S = SCs;

(ii) (AiT)(AT)" + B1B} = (SB2)(SB2)" + TT™;
(i) (C1T)(C1T)" + D1D7 = (SD2)(SD2)* + TT;
(iv) (C’1 J(ALT)* + D1 By = (SD2)(SB2)".

Corollary 4.9. Suppose that *a, B,.c;,,p;,» © = 1,2, are commutative opera-
tions. Then for any ¢, € &,,

Gs,1(¢ *4,,B,,¢1,0, V) = (G5,70) *4,,B,,05,D, (Gs,177)
if and only if the following conditions are satisfied:
() A1S = SA;
(ii) (A1 T)(ALT)" + B1B} = (SB2)(SB2)" + TT™;
(iii) (CiT)(A\T)* 4+ D1Bf = (SDy)(SBs)*.

Proof. Suppose that x4, B, c, p, are commutative convolutions. Then by The-
orem 4.6, the conditions (ii) and (iii) in Corollary 4.8 are equivalent, and the
condition (i) in Corollary 4.8 is simplified by (i). Therefore, the proof is imme-
diate form Corollary 4.8. O

Corollary 4.10. Let S, T, A;, B;,C;, D; be complex numbers. Then (4.8) holds
for any ¢, € &, if and only if the following conditions are satisfied:
(i) A1S = A8, C1S = C55;
(ii) A2T? + B} = S?B2 + T?;
(iii) 02T2 + D2 52D2 + T2
(IV) A ClT —|—BlD1 S BQDQ.

In particular, we study the case of Bo = Ds = 0 which implies that the
convolution *4, B, c,,p, coincides with the composition of pointwise product
and dilations.

Corollary 4.11. Let S,T,A;, B;,C;, D; be complex numbers and By = Dy =
0. Then (4.8) holds for any ¢,v € &, if and only if the following conditions
are satisfied:

(1) AlS = AQS, 015 = CQS;

(i) AJT? + B} =
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(iii) C}T? + Di =T%
(IV) A101T2 + BlDl =0.

Corollary 4.12. Let By = Dy = 0 and let S,T € C with S # 0 and T # 0.
Suppose that 0 # By € C and A1 = o € C. Then (4.8) holds for any ¢,v € &,
if and only if

(4.9) Ay = A =a, Bl =(1-o*)T? C}=1-a% C,=C,, D?=ad’T.

Proof. Equation (4.8) holds for any ¢,% € &, if and only if the conditions
(i)-(iv) in Corollary 4.11 holds, and then (i) implies that

(4.10) Ay = Ay,  Cy=0

since S # 0. By (iii) and (iv), since T' # 0, the condition By # 0 implies that
Cy # 0 and so (iv), (ii) and (iil) imply that

éTQZ_& ﬁTZZE_l T2+D—%:T—2.
B, Cy’ B? B? ’ c: C?
Therefore, we have
T D? A? a?
I 7+T2 _ 71T4+T2 — 7T4+T2
¢t Cf B} BY
which implies that
2 B}
1= 272 { B2
On the other hand, by (ii) we have
(4.11) Bl =(1-A4)T°=(1-0a%)T"
and so
1—a?)T?
(4.12) C? = ( ) =1-a%

a?T? + (1 —a?)1?
Also, by (iii) and (4.12) we have

(4.13) D} =(1-C})T? =T
Hence by (4.10), (4.11), (4.12) and (4.13), we obtain (4.9). The proof of the
converse is straightforward. O

Example 4.13. The convolution * = %4 g c,p with A =B =D = % and

_ 1 . . . . e . .
C = ——5 has been introduced in [17]. Also, it is obvious that ¢ *¥10,-1.0 P
coincides with qb(% ')¢(—% -) and then by Corollary 4.11, we have

(4.14) G(pr)(2) = Gob (ﬁ) G (—ﬁ) ,
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where G = ;1 is the Fourier-Wiener transform, which is one of the main
results in [17] and a special case S =4, T = 1 and o = 1/v/2 of Corollary 4.12.
Moreover, by Corollary 4.12, for any 0 # S € C and ¢, € &,, we have

Gs1(9*)(2) = Gsa9 (\j?) G519 <—\j§> .

Corollary 4.14. Suppose that S, T, A;, B;,C;, D;, i = 1,2, are complex num-
bers and the convolutions *a, B, c;,p;,, * = 1,2, are commutative operations.
Then

gsyT(q5 *A1,B1,C1,D4 ’(/}> = (gS,T¢) *A3,B5,C2,D2 (gS,Tw)
if and only if the following conditions are satisfied:
(1) AlS = AQS;
(i) A37T? + B? = B3S? + T%
(iii) A3T? + B1 Dy = S?ByD>.

The proof is immediate from Corollary 4.9.

5. First variation, convolutions and transforms

Let D = LS{¢¢|¢ € BE}, where LS(X) means the linear span of X. In this
section, we study various relationships among the three concepts of generalized

Fourier-Gauss transform, convolution, and first variation for functionals belong
to D.

Definition 5.1. Let ¢ be a functional defined on B¢ and w € Be. Then the
first variation d¢(-|w) of ¢ in the direction w is defined by

0
So(yhw) = 5oy +tw)| . y€Bo
t=0

whenever it exists.

Theorem 5.2. Let S,T € L(Bc,Bc) and w € Be. Then for any ¢ € D
(5.15) Gs,r(00(y|Sw)) = 8(Gs,r8)(ylw), y € Be.

Proof. For y € Bc and § € Bg, we have

(5.16) Gs.10(00¢(y|Sw)) = Gs. 0 ((Sw, §) de)(y) = (Sw, §)Ts.r¢e(y),

where we use the fact that d¢¢ (y|w) = (w, &) d¢(y) for any £ € BE and w € Be.
On the other hand, by (3.1) we have

(5.17) 8(Gs,r¢e) (ylw) = (w, S*€) Gs r¢e(y) = (Sw, &) Gs 10¢(y)-
Therefore, by (5.16) and (5.17), we have (5.15). O

Theorem 5.3. Let A,B,C,D € L(Bc,Bc) and w € Bg. Then for each

¢, € &, such that %d)(x + tw) and %w(m + tw) are bounded by an integrable
function in x with respect to the measure v, we have

(5.18) 8(¢*a,B.0,00)(ylw) = (6¢(-|Aw) *a,B,c,0 ¥+ d*a,B,c,0 5%(-|Cw)) (y)
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fory e Be.

Proof. Let y € Bc. Then for each ¢, € &, such that % (z 4 tw) and

%w(as + tw) are bounded by an integrable function in = with respect to the
measure v, by applying Lebesgue convergence theorem we obtain that
6(¢ *a,B.c.p ¥)(ylw)
/ 5 Ay + tw) + B2)y(C(y + tw) + Dz)]

B / 0¢p(Ay + Bz + tAw)
Js ot

v(dz)

t=0

Y(Cy + Dz)v(dz)
t=0

+ / oAy + Bz) 22LCYF ;z 2O
B t=0

= [0¢(-|Aw) *a,B,c.0 YI(y) + [¢ *a,B,0.0 Y (|Cw)](y),
which implies (5.18). O

In Theorem 5.3, we study the derivation property of the first variation with
respect to the convolutions. In fact, we consider D,,¢ = d¢(-|w), ¢ € D, then
D,, has the derivative property with respect to the convolution if and only if
w = Aw = Cw.

A relation between the generalized Fourier-Gauss transform and the the
convolution is studied in the following theorem.

Theorem 5.4. We keep notations and assumptions as in Theorem 4.7. Let
w € Be. Then for any ¢, € D,

5g51,T1 (¢ *A1,B1,C1,Dq ¢)(y|w)
= [g527T26¢('|51A2w) *A3,B3,C2,D2 gSs,TaqM(y)
+ [gS27T2¢ *As,B2,C2,Ds gSs,Tzaw(|S3CQw)](y)

Proof. The proof is straightforward by applying Theorems 4.7, 5.3 and 5.2. O

In the next corollary, we study a intertwining property of the generalized
Fourier-Gauss transform and the first variation. For the more study of the
intertwining property, we refer to [5, 6].

Corollary 5.5. Let A, B € L(Bc,Bc). Then for any ¢ € D,
(5.19) 6(Ga,80)(ylw) = Ga,p(0¢(y|Aw)),  y € Be.
Proof. By Theorem 5.4, we have

6(G4,80)(ylw) = 6(¢ *a,.0.0 V(ylw) = Ga,p(06(y|Aw)),  y € Be,
which implies (5.19). O
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