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1. Introduction

In various physical applications including those in nuclear
physics and high energy physics [1, 2], one of the inter-
esting problems is to obtain exact solutions of relativis-
tic equations like the Klein—-Gordon and Dirac equations
for mixed vector and scalar potential. The Klein—Gordon
and Dirac wave equations are frequently used to describe
particle dynamics in relativistic quantum mechanics. The
Klein—Gordon equation has also been used to understand
the motion of a spin-0 particle in a large class of poten-
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tials. In recent years, much effort has been paid to solving
these relativistic wave equations for various potentials by
using different methods. These relativistic equations con-
tain two objects: the four-vector linear momentum opera-
tor and the scalar rest mass. They allow us to introduce
two types of potential coupling, which are the four-vector
potential (V) and the space-time scalar potential (S).

Recently, many authors have worked on solving these
equations with physical potentials including the Morse
potential [3, 4], Hulthén potential [5-9], Woods-Saxon po-
tential [10, 11], Posch-Teller potential [12, 13], reflection-
less-type potential [14], pseudoharmonic oscillator [15-
17], ring-shaped harmonic oscillator [18], V;tanh?(r/ro)
potential [19], five-parameter exponential potential [20,
21], Rosen-Morse potential [22], generalized symmetrical
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double-well potential [23], etc. It is remarkable that in
most works in this area, the scalar and vector potentials
are taken to be almost equal (i.e., S = V) [2, 24]. How-
ever, in a few other cases, the case is considered where
the scalar potential is greater than the vector potential (in
order to guarantee the existence of Klein—Gordon bound
states) — i.e.,, S > V [25-30]. Nonetheless, such physical
potentials are very few. The bound-state solutions for the
last case are obtained for the exponential potential for the
s-wave Klein—Gordon equation when the scalar potential
is greater than the vector potential [25].

The study of exact solutions of the nonrelativistic equation
for a class of non-central potentials with a vector poten-
tial and a non-central scalar potential is of considerable
interest in quantum chemistry [31-37]. In recent years,
numerous studies [38-40] have been made in analyzing
the bound states of an electron in a Coulomb field with
simultaneous presence of Aharonov-Bohm (AB) [41] field,
and/or a magnetic Dirac monopole [42], and Aharonov-
Bohm plus oscillator (ABO) systems. In most of this work,
the eigenvalues and eigenfunctions are obtained by means
of separation of variables in spherical or other orthogo-
nal curvilinear coordinate systems. The path integral for
particles moving in non-central potentials is evaluated to
derive the energy spectrum of this system analytically [43].
In addition, the idea of SUSY and shape invariance is also
used to obtain exact solutions of such non-central but sep-
arable potentials [44, 45]. Very recently, the conventional
Nikiforov-Uvarov (NU) method [46] has been used to give
a clear recipe for how to obtain an explicit exact bound-
states solutions for the energy eigenvalues and their cor-
responding wave functions in terms of orthogonal polyno-
mials for a class of non-central potentials [47].

Another type of non-central potential is the ring-shaped
Kratzer potential, which is a combination of a Coulomb po-
tential plus an inverse square potential plus a non-central
angular part [48, 49]. The Kratzer potential has been used
to describe the vibrational-rotational motion of isolated
diatomic molecules [50] and has a mixed-energy spectrum
containing both bound and scattering states, with bound-
states have been widely used in molecular spectroscopy
[51]. The ring-shaped Kratzer potential consists of radial
and angle-dependent potentials and is useful in study-
ing ring-shaped molecules [37]. In taking the relativistic
effects into account for a spin-0 particle in the presence
of a class of non-central potential, Yasuk et al. [52] ap-
plied the NU method to solve the Klein—Gordon equation
for the non-central Coulombic ring-shaped potential [36]
for the case V = S. Further, Berkdemir [53] used the
same method to solve the Klein—Gordon equation for the
Kratzer-type potential.

Recently, Chen and Dong [54] proposed a new ring-

shaped potential and obtained the exact solution of the
Schrédinger equation for the Coulomb potential plus
this new ring-shaped potential, which has possible ap-
plications to ring-shaped organic molecules like cyclic
polyenes and benzene. This type of potential used by
Chen and Dong [54] appears to be very similar to the po-
tential used by Yasuk et al. [52]. Moreover, Cheng and Dai
[55], proposed a new potential consisting of the modified
Kratzer’s potential [50] plus the new proposed ring-shaped
potential in [54]. They have presented the energy eigen-
values for this proposed exactly-solvable non-central po-
tential in the three dimensional (i.e., D = 3) Schrédinger
equation by means of the NU method. The two quantum
systems solved by Refs. [54, 55] are closely relevant to
each other as they deal with a Coulombic field interac-
tion, except that a slight change in the anqular momentum
barrier acts as a repulsive core which for any arbitrary
angular momentum ¢ prevents collapse of the system in
any dimensional space due to the slight perturbation of
the original angular momentum barrier. Very recently, we
have also applied the NU method to solve the Schrodinger
equation in any arbitrary D dimensions to this new mod-
ified Kratzer-type potential [56-58].

The aim of the present paper is to consider the relativistic
effects for the spin-0 particle in our recent work [56-58].
We want to present a systematic recipe for solving the
D-dimensional Klein—-Gordon equation for the new ring-
shaped Kratzer potential recently proposed in [55] using
the simple NU method. This method is based on solving
the Klein—-Gordon equation by reducing it to a generalized
hypergeometric equation.

This work is organized as follows: in section 2, we shall
present the Klein—Gordon equation in spherical coordi-
nates for a spin-0 particle in the presence of equal scalar
and vector non-central ring-shaped Kratzer potential and
we also separate it into radial and angular parts. Section
3 is devoted to a brief description of the NU method. In
section 4 , we present the exact solutions to the radial
and angular parts of the Klein—Gordon equation in D di-
mensions. Finally, the relevant conclusions are given in
section 5.

2. The Klein-Gordon equation with
equal scalar and vector potentials

In relativistic quantum mechanics, we usually use the
Klein—-Gordon equation for describing a scalar particle,
i.e., spin-0 particle dynamics. Discussion of the relativis-
tic behavior of spin-zero particles requires understand-
ing of the single particle spectrum and exact solutions to
the Klein—-Gordon equation which are constructed by us-
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ing the four-vector potential A, (A = 0,1,2,3) and the
scalar potential (S). In order to simplify solution of the
Klein—Gordon equation, the four-vector potential can be
written as A, = (A, 0,0,0). The first component of the
four-vector potential is represented by a vector potential
(V), Le, Ap = V. In this case, the motion of a relativistic
spin-0 particle in a potential is described by the Klein—
Gordon equation with the potentials V and S [1]. For
the case S > V, there exist bound-state (real) solutions
for a relativistic spin-zero particle [25-30]. On the other
hand, for S = V, the Klein—Gordon equation reduces to
a Schrodinger-like equation and thereby the bound-state
solutions are easily obtained by using well-known meth-
ods developed in nonrelativistic quantum mechanics [2].
The Klein—Gordon equation describing a scalar particle
(spin-0 particle) with scalar S(r, 6, ¢) and vector V(r, 6, ¢)
potentials is given by [2, 24]

[ [er o]

2
+[H+M] }eu(r.e,so) 0,

where Eg, P and p are the relativistic energy, momentum
operator and rest mass of the particle, respectively. The
potential terms are scaled in (1) by Alhaidari et al. [24] so
that in the nonrelativistic limit, the interaction potential
becomes V.

In this work, we consider the equal scalar and vector po-
tentials case, that is, S(r, 8, ¢) = V/(r, 0, ¢) with the re-
cently proposed general non-central potential taken in the
form of the Kratzer plus ring-shaped potential [55, 56, 58]:

Va(6) | Vile)
r? r2sin’ 6’

V(r, 0, ¢) = Vi(r) + (2)

A B
Vil) ===+ 5, Vi(6) = Coot’6, Vilg) =0, (3)

where A = 2agry, B = agr? and C is a positive real con-
stant, with ao equal to the dissociation energy and ry to
the equilibrium internuclear distance [50]. The potentials
in (3) introduced by Cheng-Dai [55] reduce to the Kratzer
potential in the limiting case of C = 0 [50]. In fact, the
energy spectrum for this potential can be obtained di-
rectly by considering it as a special case of the general
non-central separable potentials [47].

Our aim is to derive analytically the exact energy spec-
trum for a moving particle in the presence of a non-central
potential given by (2) in a very simple way. We begin by
considering the Schrodinger equation in D arbitrary di-
mensions for our proposed potential [59-72]

B gVZD¢](€D’1:€)(X) _ [E _ V(r)] L/]qu:[)(X). (4)

41"'[D72 41"'[D72

where p and E denote the reduced mass and energy,
respectively, of two interacting particles. x is a D-
dimensional position vector with hyperspherical Cartesian
components xi,x2, - -+ , xp given as follows ' [71-79]:

X1 =rcosB;sin6B;---sinBp_q,
X, =rsinf;sinb,---sinBp_q,

x3 =rcos6,sin6z---sinBp_1,
Xj =rcosf;_ysinf;---sinfp_4,3<j<D—-1,

Xp_q1 = rcos Bp_,sin Op_1,

D
_ 2_ 2
Xp = rcos 6p_1q, g Xp=r, o)
j=1
for D =2,3,---. We have x; = rcos ¢, x, = rsing for
D = 2 and x; = rcosgsinB, x, = rsingsinf, x3 =

rcos 6 for D = 3. The Laplace operator V% is defined by
2 = &
Vo=) -5 (6)

The volume element of the configuration space is given by

D D—1
[ 1dxi =r""drdQ, dQ =] |(sin6)~"'d6;, (7)

j=1 j=1

where r € [0,00), 6, € [0,27] and 6; € [0,7], j €
[2, D —1]. The wave function l,l/},f),__gD_z (x) with a given an-
gular momentum ¢ can be decomposed as a product of a
radial wave function Ry(r) and the generalized spherical
harmonics Y§ , (%) as [71, 72

0 4 ~
Gy, () = Re(r) Vi, X),

' It is worth noting that such a definition was introduced
by Erdélyi early in the 1950s (cf. [79] pp. 232-5, Chapter
11) even though the notation used by him is quite different
from that by Louck and Chatterjee.
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(f) iy, (X) =Y (1, 6, lp2,€), € =|m| for D =2,
Re(r) = r=®="2g(r),
YO o (R=61,6,--,0p1) = D(6; = )H(O5, -, 6p_1),
(8)

which is the simultaneous eigenfunction of LIZ. :
2y (0) £
L3y, éD 2( X) =m Ya 5, (%),

LYY, @ =6+j-MY, X,

Lpy 2w

10 (,,0
9 ) S e N Vv
{qu or (r 6r) izt h? ( R )=

where p and Eng are the reduced mass and the nonrela-
tivistic energy, respectively. The angular momentum op-
erators L7 are defined as [71-78]:

az
L=-—:,
! 967
k+1
1 d L2
12 = 12 (smk*1 6 —) k1,
k a;b:Z ab sin~1 g, 96 00, | " sin? 6
2<k<D-1,
. 5} 0
Lab__ll:xa%_XbaXa:l. (11)

Application of Egs. (9) and (11) leads to the separation
of (10) into the following set of second-order differential
equations:

d’®(6; = ¢)

2d(6, = ¢) =0,
d912 +m (1 (P)

1 d (.. d ,
Lm/ g, d6; (S”" 19’%) oG +i=1
/

with ¢ 7,.(r, 6, @) being the spherical total wave function
separated as follows:
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— (Er+ 1) (v1(

=01, ,6=01,- 04, j€1,D-1)ke[2 D=2

b=—b,—b+1,---,6,—1,0,,

oY, ®=ee+D-2v", ®, (9

where the unit vector along x is usually denoted by X =
x/r.

Hence for a nonrelativistic treatment with the potential
given in (2), the Schrédinger equation in spherical coor-
dinates is

\/2(9) Vs() ©
T 2ein? 9)}¢ w020 =0 "
. <€+f—2>] HB) =0, jel2D-2), (13)
sin“ 0

1 d D2 )
—————— |sin"" " 6p_ +A
[sian2 6p_1 dBp_ ( - dOp_ !

1 2uC
- ——— (13, + == cos’ 6 H(6p_1) =0,
sln299_1(02 = D1):| (6p-1)
1 d d A 9
v p—1 9 4
[rD*1 dr (r dr) r? ]Rﬁ(r)
2u A B

where m? and A, = £(¢ + D — 2) are the separation con-
stants.

On the other hand, in the relativistic atomic units (h =
¢ = 1), the D-dimensional Klein—-Gordon equation in (1)
becomes [53]:

Vz,(ze)) +(E/%—u2)}¢nzm(r, 0.9) =0, (16)

(
Uiin(r. 0.9) = R(NYF(6,9), (17)
R() = r0Rg(r),  Y'(6,¢) = HO)O().
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The spherical total wave function appearing in (17) has the
same representation as in (8), but with the transformation
00 Inserting Eq. (17) into Eq. (16) and using the
method of separation of variables leads to the following
differential equations:

+ m?®(¢p) =0, (18)

B 2—1 (?j—1 +j—2)

i ) ] H(6;)=0,je2,D-2], (19

1 d . D2 d )
_— sin” < 6p_ + A5
[sian2 6p_1 dBp_ ( - dBp_ ¢

_ L3 5+ Co3 cos® Op_4

slnz 91),1

] H(6p4) =0,  (20)

_[ﬁ+a22(a12—é+5)]’?(”) =0 ()

where oqz =p— Eg, 0122 =p+ Eg, m and 7 are constants
with m? and A; = z(?—i-D—Z) as the separation constants.
Equations (18)-(21) have the same functional form as Eqs
(12)-(15). Therefore, solution of the Klein—Gordon equa-
tion can be reduced to solution of the Schrodinger equa-
tion with the appropriate choice of parameters: v >
0,0} - —Eng and o — 2ulh?.

The solution of Eq. (18) is a well-known periodic and must
satisfy the period boundary condition ®(¢ + 21) = P(¢)
which is the azimuthal angle solution:

b, () =

1
exp(£img),m =0,1,2,..... 22
Vo p(Eime) (22)
Additionally, Eqgs. (19)-(21), the polar angle and radial
equations, are to be solved by using the Nikiforov-Uvarov

(NU) method [46] which is given briefly in the following
section.

3. Nikiforov-Uvarov method

The NU method is based on reducing the second-order
differential equation to a generalized equation of hy-
pergeometric type [46, 47, 80-84]. In this sense, the
Schrodinger equation, after employing an appropriate co-
ordinate transformation s = s(r), transforms to the follow-
ing form:

9+ S+ il =0, ()

where ¢(s) and @(s) are polynomials, at most of second-

degree, and T(s) is a first-degree polynomial. Using a
wave function, ¢,(s), of the simple ansatz:

Un(s) = @nls)ynls), (29)

(23) reduces into an equation of a hypergeometric type:

a(s)yn(s) + T(s)yn(s) + Ayn(s) = 0, (25)

where
a(s) = n(s) ;f,((ss )), (26)
7(s) = T(s) + 27(s), T'(s) < 0, (27)

and A is a parameter defined as

n(n—1)

A=A, =—nT(s) — 5

d"(s),n=0,1,2,.... (28)
The polynomial 7(s) with the parameter s and prime fac-
tors shows the differentials at first degree to be negative.
It is worthwhile to note that A or A, are obtained from
a particular solution of the form y(s) = y,(s) which is a
polynomial of degree n. Further, the other part y,(s) of
the wave function (24) is the hypergeometric-type function
whose polynomial solutions are given by the Rodrigues
relation

B 4"\ n(9)p(s)). (29)

Ynls) = p(s) ds”

where B, is the normalization constant and the weight
function p(s) must satisfy the condition [46]

The function 7t and the parameter A are defined as

, ~ , ~ 2
a(s) = o's) —7(s) i\/(U(S)Z_T(S)) —F(s) + kal(s),
31
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A=k+7(s). (32)

In principle, since 57(s) has to be a polynomial of degree at
most one, the expression under the square root sign in (31)
can be arranged to be the square of a polynomial of first
degree [46]. This is possible only if its discriminant is zero.
In this case, an equation for k is obtained. After solving
this equation, the obtained values of k are substituted
into (31). In addition, by comparing Eqgs. (28) and (32),
we obtain the energy eigenvalues.

4. Exact solutions of the radial and
angle-dependent equations

4.1. The solutions of the D-dimensional an-
gular equations

At the beginning, we rewrite Egs. (19) and (20) represent-
ing the angular wave equations in the following simple
forms:

d?H(6))
d6?

d
+(j—1)ctg6;

H(Q’)+(/\v A H(6;) =0,

de; T sin? g

(33)
with j €[2,D—2],D > 3 and

d*H(0p1)
d 920—1

dH(0p_1)

+ (D — 2) cot Op_1 46,

- Ap_ 2 2 -
+[€(€+D—Z)— p_2+ CaZ cos? Op_4

]H(eoq) =0,

(34)
where A, = Z,,(?p +p—1),p =j—1,j which is well-
known in three-dimensional space?. Eqgs. (33) and (34)
will be solved in the following subsection. In order to
apply the NU method, we introduce a new variable s =

sin’ Op_

cos 0;. Hence, Eq. (33) is rearranged in the form of the
universal associated-Legendre differential equation

d’H(s)  js dH(s) N =N —Ajs?
ds?  1-—s2 ds (1 —s2)?

H(s) =0, (35)

where j € [2,D — 2], D > 3. By comparing Eqgs. (35) and
(23), the corresponding polynomials are obtained:

T(s) = —js, a(s)=1—5s% G(s)=—N\;s>+ /A — N1
(36)

2 /\D—Z = m2 for D = 3.

Inserting the above expressions into Eq. (31) and taking
0’(s) = —2s, one obtains the following function:

_U ; 2oL (37)

_2 2
J_PJ[(’Z) +/\,.—k]52+k—/\,4+/\,1‘

Following the method, the polynomial n(s) is found to
have four possible values:

7(s)

for k1 = /\j — /\j*'] ,

2_Na)s  forki =N —A1,
n(s) = - ~ \2 0 (38)
%54'/\]_1 fOI’kzZ/\j‘f‘(%) ’

. ~ 2
@S—/\j_1 fOI’kzZ/\j-f-(%) ,

where A, = 0, +(p—1)/2, with p = j—1,jand j € [2, D—
2], D > 3. Imposing the condition 7'(s) < 0 for Eq. (27),
one selects the following physically valid solutions with
T = T’(?,;ﬂ; that is, a function of the angular momentum:

PR
ki =N — Ay and 7i(s) = (/T - /\,_1) s, (39)

This condition leads to writing
(s) = =2(1 + Aj_1)s. (40)

Making use of Egs. (28) and (32), the following expres-
sions for A are obtained, respectively,

A=Ay =201+ As) + nj(n; = 1), (41)
j€2,D-2, D>3
~ j—2
A=A =N = A + 155, (42)
Upon comparing Egs. (41) and (42), we obtain

l

~

n/:

i = - (43)
Additionally, using Eqs. (24)-(26) and (29)-(30), we obtain
the following useful parts of the wavefunctions:

7 7 A

A= _(4=2)
é(s) = (1 —52)( ) pls) = (1—52)"", (44)
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where j € [2,D—2], D > 3. We also substitute the weight
function p(s) given in (44) into the Rodrigues relation (29)
to obtain one of the wavefunctions in the form

an

=) )

Yny(s) = Ay, (1 - Sz)—lw

where A, is the normalization factor. Finally the angular
wavefunction is

J . A,
Ho0) =Ny (sn8) P cos ), o)

j€2, D=2, D>3

xv,r@) P

with the normalization factor

e +nre—m)
Noy = \/2F(€+m)

/

(20 + 281 +j-1)
= = : (47)
2 (ny+ 261+ -2

je2,D-2] D> 3.

Likewise, in solving Eq. (34), we introduce a new vari-
able s = cos Bp_4. Thus, we can also rearrange it as the
universal associated-Legendre differential equation

2 _ 11 <2\ A
d*H(s) _(D=T)s dH(s) V(1= —Nos oy
ds? 1—-s2 ds (1 —s2)?
(48)
where
V = 0@ +D-2=0@+D-2)+Cd? (49)
and by =Nps+ Cai.

Equation (48) has been recently solved in 2D and 3D
by the NU method in [55-58]. However, the aim in this
subsection is to solve it in D-dimensions. Upon letting
D = 3, we can readily restore the 3D solution given in
[55]. By comparing Egs. (48) and (23), the corresponding
polynomials are obtained:

T(s) = —(D—1)s,0(s) =1—5%,T(s) = —V's>+ vV =N}, ,.
(50)
Inserting the above expressions into Eq. (31) and taking
0’(s) = —2s, one obtains the following function:
D-3
n(s) = %s (51)

2
+ \“:(DZ_?)) —|—v’—l<:|52-}—k—v’—{—/\/D2

Following the method, the polynomial n(s) is found to
have four possible values:

% + /~\D_2 s forky =v —Ap_,,
D=3 __ N — v — A
n(s) = DZ 3 /\1?:2 s forky=v /\072; (52)
(0=3) ;)S-F/\D,z fOszZV/-i-(%) ,
. ~ 2
Cs —NApy  forky=v'+ (Z2)7,
- - 2
where Ap_, = ((79_2 —+ %) + Ca?. Imposing the con-

dition 7'(s) < 0 for Eq. (27), one selects the following
physically valid solutions with " = 7/(¢p_); that is, a
function of the anqular momentum,’

ki =V —N,_, and n(s) = (? —7\D_2) s, (53)

which yields from Eq. (27) that
1(s) = =2(1 + Ap_2)s. (54)

Making use of Egs. (28) and (32), the following expres-
sions for A are obtained, respectively:

A=Ay =2np1(1 4+ Ap_2) + np_1(np_1 — 1), (59)

~ D-3
A=V — /\b72 —Np_s + T (56)
We compare Eqgs. (55) and (56) and from the definition

Vv = 0'(¢' + D — 2), the new angular momentum ¢, Zp_,
and ¢ values are obtained as

~ D-2 1\?
E:—( 5 )+\/(n/+m’+2) - aC,

2
p/:_1+\/(?+D 2) +CaZ=n;+m', j=D-1

~ D-3\*
m’:\/(gD_z"rz) +Q’22C, (57)

3 The physical significance of this choice of parameters is
that theeigenvalue and the eigenfunction equations can
be directly reduced to the ones obtained in Ref. [55] once
we set D=3.
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where ¢ = 20,1, which can be easily reduced to the well-

0 =n++/m?+aC, (58)

where np_1 = n, ?D—Z =m, Ko—z = m'in 3D space [55].
Using Egs. (24)-(26) and (29)-(30), we obtain the follow-
ing useful parts of the wavefunctions:

known definition

ls) = (1— 52)(27\072+3—D)/4’p($) (- 52)7\072. (59)

We also substitute the weight function p(s) given in (59)
into the Rodrigues relation (29) and obtain one of the
wavefunctions in the form

2)—%72 " (1 _52)"/+/~\sz j=D-1

ds"i
(60)
is the normalization factor. Finally the an-

yn/(s) = Bn,- (1 -

where B, ,

gular wavefunction is

D-3)

iy (6) = N sin 6) 7" Plio-2%-2(cos 6, (61)

where the normalization factor

N (2n,+2m’+1)n,! j=D-1 (62)
" 2 (nj +2m') '

where m’ is given in Eq. (57).

4.2. Eigensolutions of the radial equation

We seek to solve the radial part of the Klein—Gordon
equation given by Eq. (21) by simply writting it in the
following simple form [56-70]:

d’g(r) (M—1)(M —3)
drz [ 4r2 B (63)
- & (2= 5]+ aie]onr -0,
where
M=D+20. (64)

In what follows, we present the exact bound-states (real)
solution of Eq. (63). Letting

& =ala3, 4y’ = M=1)(M—=3)+4BaZ, B* = Aa3, (65)

and substituting these expressions into Eq. (63), one gets

Polr) (=€ + By
dr? r?

g(r)=0. (66)

To apply the conventional NU-method, Eq. (66) is com-
pared with Eq. (23), resulting in the following expres-
sions:

T(r)=0,0(r)=r,0(r) = = + Br—y*.  (67)

Substituting the above expressions into Eq. (31) gives

7lr) = 5 = 3\ASE Ak~ B A R (6

Therefore, we can determine the constant k by using the
condition that the discriminant of the square root is zero—
that is

k= B?+e/4y? +1,4y>+1 = (D+20-2)* +4Ba3. (69)

In view of that, we arrive at the following four possible
functions of 7(r) :

+ |er+ 342+ 1, ki = B2+ e\/4y2 +1,
—ler+ 342+ 1|, ki =B+ /4 +1,
+|er= 342+ 1|, k=B — /A +1,
—ler= 342 +1|, k= —ey/4? +1.

(70)
The correct value of 7(r) is chosen such that the function
7(r) given by Eq. (27) will have negative derivative [46].

NI= RNI= N= =

So we can select the physical values to be

1 1
k= B>—e\/4y2 + 1 and n(r) = 53— [6,_ T/m] ,
(71
which yield

7(r) = —2er + (1 + /42 +1),7(r) = =26 < 0. (72)

Using Eqgs. (28) and (32), the following expressions for A
are obtained, respectively,

A=A =2ne, n=012 .., (73)

A=B—e(1+~/4y2 +1). (74)
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So we can obtain the Klein—Gordon energy eigenvalues
from the following relation:

[1 +2n+\/(2Z+D—2)2+4(p+ER)B]

Vi —Er=AVu+Egr, (75

and hence for the Kratzer plus the new ring-shaped po-
tential, it becomes

~ 2
[1 o0+ \/(2€ +D— 2) + daord(u + ER)]
TV H— ER = 2(]()[’0'\/ p+ ER, (76)

where ¢ is defined by Eq. (57). Although Eq. (76) is
exactly solvable for Eg, it looks to be a little complicated.
Furthermore, it is interesting to investigate the solution for
the Coulomb potential. Therefore, applying the following
transformations: A = Ze2, B =0, and ¢ = ¢, the central
part of the potential in (2) turns into the Coulomb potential
with Klein—Gordon solution for the energy spectra given
by

2g°e?
Er=p(1- .77
R=H g7l + 2n+20+ D 1) 77)
ne=01,2,..,

where g = Ze is the charge of the nucleus. Furthermore,
Eq. (77) can be expanded as a series in the nucleus charge
as

B 2ug?e?
Er = n-Gri2esD-p
2ugtet
7 —Olge)’, (78)

2n+20+D—1)

The physical meaning of each term in the last equation
was given in detail by Ref. [53]. The difference from the
conventional nonrelativistic form is due to the choice of the
vector V(r, 0, ¢) and scalar S(r, 6, ¢) parts of the potential
in Eq. (1).

Furthermore, if the value of ¢ obtained from Eq. (57) is in-
serted into the eigenvalues of the radial part of the Klein—
Gordon solution in Eq. (76), we finally arrive at the en-
ergy eigenvalues for a bound electron in the presence of
a non-central potential given by Eq. (2) as

[1 +2n + \/(zw + D —2)* 4+ 4(aprg — CO)(u + ER)]

. \/[J—ER =2(]0I’0'\/H+ER, (79)

where

204D-2 = 1+2nD,1+\/(2?D,2 +D— 3)2 +4C(u + Er).

(80)
On the other hand, the solution of the Schrodinger equa-
tion, Eq. (10), for this potential has already been obtained
by using the same method in Ref. [56, 57] and it is in
Coulombic-like form:

8uaird
Eng = — 5
[Zn +1+/(20 + D— 272 + 8u(aors — C)]
no=01,2.. (81)
and

204+D-2 = \(D—27 + (@7 + 20 +1 —1,

n 0,1,2, ... (82)

where m’ = y/m? + 2uC in 3D space. Also, applying a
suitable transformation (4 + Ep — 2u, y — Ep —» —
Eng, ¢ — ¢) to Eq. (79) provides exactly the nonrela-
tivistic limit given by Egs. (81)-(82).

In what follows, let us now turn attention to finding the
radial wavefunctions for this potential. Substituting the
values of o(r), n(r) and t(r) in Egs. (67), (71) and (72)
into Egs. (26) and (30), we find

(]5(/’) — r(5+1)/2€7£r’ (83)

p(r) = rfe™*, (84)
where { =+/4y? + 1. Then, from Eq. (20), we obtain

Ynj(r) = Byr¢ ezﬂj— (rrteemer) (85)
rn

and the wave function g(r) can be written in the form of
the generalized Laguerre polynomials as

)(1+<)/2

9i)=Co (52) e Lol (80)

where for Kratzer’s potential we have

~ D-2\? :
(=2 €+T + aor§(p + ERr), p = 2er.  (87)

Finally, the radial wave functions of the Klein-Gordon
equation are obtained:

((+2-D)2
) e L), (88)

R(p) = Gy (£

149




Relativistic solution in D-dimensions to a spin-zero particle for equal scalar and vector ring-shaped Kratzer potential

where C,; is the normalization constant to be de-

termined below. Using the normalization condition,
J R?(r)rP='dr = 1, and the orthogonality relation of the
0

generalized Laguerre polynomials,

2n+n+"1)(n+n)!
n!

’

/ 27 [L1(2)f dz =
0

we have [85, 80]

1+5
/ 2 n!
C"’:(2 uz_E’%) \/(2n+(+1)r(n+(+1)'

(89)
Finally, we may express the normalized total wave func-
tions as

1+5

/2 _F2| *?
) (x):(2 ) ! P exp(—/i2 — E3nLE@\/ i — ERr)
bt 27T(n4+m +1) \| 27 2n + {+ 1) (n+ {+1) REIEn R

D
- exp(xime)

-2 (zn,+2?j_1+j—1)n,!

A

(sin 6;) (A1-2) P,(,Ij_1’/~\l_1)(COS 9;)

i\ 2 (20 + - 2)

) (2/7071 +2m’+1)nD,1!
20 (np_1 + 2m’)

where m’ and ¢ are given in Egs. (57) and (87), respec-
tively.

5. Conclusions

The relativistic exact bound state solutions of the D-
dimensional Klein—Gordon equation for a spin-0 parti-
cle have been obtained easily for equal scalar and vec-
tor ring-shaped Kratzer potential by means of the con-
ventional NU method. The analytic expressions for the
bound state energy levels and eigenfunctions of this non-
trivial dynamical system can be reduced to the well-known
three-dimensional space expressions upon setting D = 3.
Furthermore, such non-central potentials as have recently
been investigated in [47] are to be introduced as perturba-
tions to the Kratzer potential while adjusting the strength
of the coupling constant C in terms of the parameter a,
the coupling constant of the Kratzer potential. Addition-
ally, the analytical solution of the radial and polar an-
gle wave functions of Klein—-Gordon equation are found
in terms of Laguerre and Jacobi polynomials, respectively.
The analytical method presented in this paper is gen-
eral and worth extending to the solution of other inter-
action problems. This method is very simple and useful
in solving other complicated systems analytically without
restriction conditions on the solution of quantum systems
as is the case in other models. We have seen that for the
nonrelativistic model, the exact energy spectra can be ob-
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sin(Bp_1) 02~ P=32PRo-2A0-2 (cos G 4), (90)

(

tained either by solving the Schrodinger equation in (10)
(cf. Ref. [56, 57] or Eq. (55)) or by applying an appro-
priate transformation to the relativistic solution given by
Eq. (76). Finally, we point out that these exact analytical
solutions obtained for the new proposed form of the non-
central potential (2) constitute an interesting investigation
of a nontrivial dynamical system. Furthermore, there are
interesting applications in studying various quantum me-
chanical systems in atomic and molecular physics.
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