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1. Introduction

In various physical applications including those in nuclearphysics and high energy physics [1, 2], one of the inter-esting problems is to obtain exact solutions of relativis-tic equations like the Klein–Gordon and Dirac equationsfor mixed vector and scalar potential. The Klein–Gordonand Dirac wave equations are frequently used to describeparticle dynamics in relativistic quantum mechanics. TheKlein–Gordon equation has also been used to understandthe motion of a spin-0 particle in a large class of poten-
∗E-mail: sikhdair@neu.edu.tr
†E-mail: sever@metu.edu.tr

tials. In recent years, much effort has been paid to solvingthese relativistic wave equations for various potentials byusing different methods. These relativistic equations con-tain two objects: the four-vector linear momentum opera-tor and the scalar rest mass. They allow us to introducetwo types of potential coupling, which are the four-vectorpotential (V ) and the space-time scalar potential (S).
Recently, many authors have worked on solving theseequations with physical potentials including the Morsepotential [3, 4], Hulthén potential [5–9], Woods-Saxon po-tential [10, 11], Pösch-Teller potential [12, 13], reflection-less-type potential [14], pseudoharmonic oscillator [15–17], ring-shaped harmonic oscillator [18], V0 tanh2(r/r0)potential [19], five-parameter exponential potential [20,21], Rosen-Morse potential [22], generalized symmetrical
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double-well potential [23], etc. It is remarkable that inmost works in this area, the scalar and vector potentialsare taken to be almost equal (i.e., S = V ) [2, 24]. How-ever, in a few other cases, the case is considered wherethe scalar potential is greater than the vector potential (inorder to guarantee the existence of Klein–Gordon boundstates)  i.e., S > V [25–30]. Nonetheless, such physicalpotentials are very few. The bound-state solutions for thelast case are obtained for the exponential potential for thes-wave Klein–Gordon equation when the scalar potentialis greater than the vector potential [25].The study of exact solutions of the nonrelativistic equationfor a class of non-central potentials with a vector poten-tial and a non-central scalar potential is of considerableinterest in quantum chemistry [31–37]. In recent years,numerous studies [38–40] have been made in analyzingthe bound states of an electron in a Coulomb field withsimultaneous presence of Aharonov-Bohm (AB) [41] field,and/or a magnetic Dirac monopole [42], and Aharonov-Bohm plus oscillator (ABO) systems. In most of this work,the eigenvalues and eigenfunctions are obtained by meansof separation of variables in spherical or other orthogo-nal curvilinear coordinate systems. The path integral forparticles moving in non-central potentials is evaluated toderive the energy spectrum of this system analytically [43].In addition, the idea of SUSY and shape invariance is alsoused to obtain exact solutions of such non-central but sep-arable potentials [44, 45]. Very recently, the conventionalNikiforov-Uvarov (NU) method [46] has been used to givea clear recipe for how to obtain an explicit exact bound-states solutions for the energy eigenvalues and their cor-responding wave functions in terms of orthogonal polyno-mials for a class of non-central potentials [47].Another type of non-central potential is the ring-shapedKratzer potential, which is a combination of a Coulomb po-tential plus an inverse square potential plus a non-centralangular part [48, 49]. The Kratzer potential has been usedto describe the vibrational-rotational motion of isolateddiatomic molecules [50] and has a mixed-energy spectrumcontaining both bound and scattering states, with bound-states have been widely used in molecular spectroscopy[51]. The ring-shaped Kratzer potential consists of radialand angle-dependent potentials and is useful in study-ing ring-shaped molecules [37]. In taking the relativisticeffects into account for a spin-0 particle in the presenceof a class of non-central potential, Yasuk et al. [52] ap-plied the NU method to solve the Klein–Gordon equationfor the non-central Coulombic ring-shaped potential [36]for the case V = S. Further, Berkdemir [53] used thesame method to solve the Klein–Gordon equation for theKratzer-type potential.Recently, Chen and Dong [54] proposed a new ring-

shaped potential and obtained the exact solution of theSchrödinger equation for the Coulomb potential plusthis new ring-shaped potential, which has possible ap-plications to ring-shaped organic molecules like cyclicpolyenes and benzene. This type of potential used byChen and Dong [54] appears to be very similar to the po-tential used by Yasuk et al. [52]. Moreover, Cheng and Dai[55], proposed a new potential consisting of the modifiedKratzer’s potential [50] plus the new proposed ring-shapedpotential in [54]. They have presented the energy eigen-values for this proposed exactly-solvable non-central po-tential in the three dimensional (i.e., D = 3) Schrödingerequation by means of the NU method. The two quantumsystems solved by Refs. [54, 55] are closely relevant toeach other as they deal with a Coulombic field interac-tion, except that a slight change in the angular momentumbarrier acts as a repulsive core which for any arbitraryangular momentum ` prevents collapse of the system inany dimensional space due to the slight perturbation ofthe original angular momentum barrier. Very recently, wehave also applied the NU method to solve the Schrödingerequation in any arbitrary D dimensions to this new mod-ified Kratzer-type potential [56–58].The aim of the present paper is to consider the relativisticeffects for the spin-0 particle in our recent work [56–58].We want to present a systematic recipe for solving the
D-dimensional Klein–Gordon equation for the new ring-shaped Kratzer potential recently proposed in [55] usingthe simple NU method. This method is based on solvingthe Klein–Gordon equation by reducing it to a generalizedhypergeometric equation.This work is organized as follows: in section 2, we shallpresent the Klein–Gordon equation in spherical coordi-nates for a spin-0 particle in the presence of equal scalarand vector non-central ring-shaped Kratzer potential andwe also separate it into radial and angular parts. Section3 is devoted to a brief description of the NU method. Insection 4 , we present the exact solutions to the radialand angular parts of the Klein–Gordon equation in D di-mensions. Finally, the relevant conclusions are given insection 5.
2. The Klein–Gordon equation with
equal scalar and vector potentials
In relativistic quantum mechanics, we usually use theKlein–Gordon equation for describing a scalar particle,i.e., spin-0 particle dynamics. Discussion of the relativis-tic behavior of spin-zero particles requires understand-ing of the single particle spectrum and exact solutions tothe Klein–Gordon equation which are constructed by us-
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ing the four-vector potential Aλ (λ = 0, 1, 2, 3) and thescalar potential (S). In order to simplify solution of theKlein–Gordon equation, the four-vector potential can bewritten as Aλ = (A0, 0, 0, 0). The first component of thefour-vector potential is represented by a vector potential(V ), i.e., A0 = V . In this case, the motion of a relativisticspin-0 particle in a potential is described by the Klein–Gordon equation with the potentials V and S [1]. Forthe case S ≥ V , there exist bound-state (real) solutionsfor a relativistic spin-zero particle [25–30]. On the otherhand, for S = V , the Klein–Gordon equation reduces toa Schrödinger-like equation and thereby the bound-statesolutions are easily obtained by using well-known meth-ods developed in nonrelativistic quantum mechanics [2].The Klein–Gordon equation describing a scalar particle(spin-0 particle) with scalar S(r, θ, φ) and vector V (r, θ, φ)potentials is given by [2, 24]
{

P2 −
[
ER −

V (r, θ, φ)2
]2 +

+ [µ + S(r, θ, φ)2
]2}

ψ(r, θ, φ) = 0 , (1)
where ER ,P and µ are the relativistic energy, momentumoperator and rest mass of the particle, respectively. Thepotential terms are scaled in (1) by Alhaidari et al. [24] sothat in the nonrelativistic limit, the interaction potentialbecomes V .In this work, we consider the equal scalar and vector po-tentials case, that is, S(r, θ, φ) = V (r, θ, φ) with the re-cently proposed general non-central potential taken in theform of the Kratzer plus ring-shaped potential [55, 56, 58]:

V (r, θ, φ) = V1(r) + V2(θ)
r2 + V3(φ)

r2 sin2 θ , (2)
V1(r) = −Ar + B

r2 , V2(θ) = C cot2 θ, V3(φ) = 0, (3)
where A = 2a0r0, B = a0r20 and C is a positive real con-stant, with a0 equal to the dissociation energy and r0 tothe equilibrium internuclear distance [50]. The potentialsin (3) introduced by Cheng-Dai [55] reduce to the Kratzerpotential in the limiting case of C = 0 [50]. In fact, theenergy spectrum for this potential can be obtained di-rectly by considering it as a special case of the generalnon-central separable potentials [47].Our aim is to derive analytically the exact energy spec-trum for a moving particle in the presence of a non-centralpotential given by (2) in a very simple way. We begin byconsidering the Schrödinger equation in D arbitrary di-mensions for our proposed potential [59–72]

− h̄22µ∇2
Dψ

(`D−1=`)
`1···`D−2 (x) = [E − V (r)]ψ(`D−1=`)

`1···`D−2 (x), (4)
where µ and E denote the reduced mass and energy,respectively, of two interacting particles. x is a D-dimensional position vector with hyperspherical Cartesiancomponents x1, x2, · · · , xD given as follows 1 [71–79]:

x1 = r cosθ1 sinθ2 · · · sinθD−1,
x2 = r sinθ1 sinθ2 · · · sinθD−1,
x3 = r cosθ2 sinθ3 · · · sinθD−1,

...
xj = r cosθj−1 sinθj · · · sinθD−1, 3 ≤ j ≤ D − 1,

...
xD−1 = r cosθD−2 sinθD−1,

xD = r cosθD−1,
D∑
j=1 x

2
j = r2, (5)

for D = 2, 3, · · · . We have x1 = r cosφ, x2 = r sinφ for
D = 2 and x1 = r cosφ sinθ, x2 = r sinφ sinθ, x3 =
r cosθ for D = 3. The Laplace operator ∇2

D is defined by
∇2

D = D∑
j=1

∂2
∂x2

j
. (6)

The volume element of the configuration space is given by
D∏
j=1 dxj = rD−1drdΩ, dΩ = D−1∏

j=1 (sinθj )j−1dθj , (7)
where r ∈ [0,∞), θ1 ∈ [0, 2π] and θj ∈ [0, π], j ∈[2, D − 1]. The wave function ψ(`)

`1···`D−2 (x) with a given an-gular momentum ` can be decomposed as a product of aradial wave function R` (r) and the generalized sphericalharmonics Y (`)
`1···`D−2 (x̂) as [71, 72]
ψ(`)
`1···`D−2 (x) = R` (r)Y (`)

`1···`D−2 (x̂),
1 It is worth noting that such a definition was introduced
by Erdélyi early in the 1950s (cf. [79], pp. 232-5, Chapter
11) even though the notation used by him is quite different
from that by Louck and Chatterjee.
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Y (`)
`1···`D−2 (x̂) = Y (`1, `2, · · · , `D−2, `), ` = |m| for D = 2,

R` (r) = r−(D−1)/2g(r),
Y (`)
`1···`D−2 (x̂ = θ1, θ2, · · · , θD−1) = Φ(θ1 = φ)H(θ2, · · · , θD−1),(8)which is the simultaneous eigenfunction of L2

j :
L21Y (`)

`1···`D−2 (x̂) = m2Y (`)
`1···`D−2 (x̂),

L2
j Y

(`)
`1···`D−2 (x̂) = `j (`j + j − 1)Y (`)

`1···`D−2 (x̂),

` = 0, 1, · · · , `k = 0, 1, · · · , `k+1, j ∈ [1, D−1], k ∈ [2, D−2],
`1 = −`2,−`2 + 1, · · · , `2 − 1, `2,

L2
D−1Y (`)

`1···`D−2 (x̂) = `(` +D − 2)Y (`)
`1···`D−2 (x̂), (9)

where the unit vector along x is usually denoted by x̂ =
x/r.Hence for a nonrelativistic treatment with the potentialgiven in (2), the Schrödinger equation in spherical coor-dinates is

{ 1
rD−1 ∂∂r

(
rD−1 ∂

∂r

)
− L2

D−1
r2 + 2µ

h̄2
(
ENR − V1(r)− V2(θ)

r2 − V3(φ)
r2 sin2 θ

)}
ψ(`)
`1···`D−2 (x) = 0 , (10)

where µ and ENR are the reduced mass and the nonrela-tivistic energy, respectively. The angular momentum op-erators L2
j are defined as [71–78]:

L21 = − ∂2
∂θ21 ,

L2
k = k+1∑

a<b=2 L
2
ab = − 1sink−1 θk

∂
∂θk

(sink−1 θk ∂
∂θk

)+ L2
k−1sin2 θk ,

2 ≤ k ≤ D − 1,
Lab = −i [xa ∂

∂xb
− xb

∂
∂xa

]
. (11)

Application of Eqs. (9) and (11) leads to the separationof (10) into the following set of second-order differentialequations:
d2Φ(θ1 = φ)

dθ21 +m2Φ(θ1 = φ) = 0, (12)
[ 1sinj−1 θj

d
dθj

(sinj−1 θj ddθj
)+ `j (`j + j − 1)

− `j−1(`j−1 + j − 2)sin2 θj
]
H(θj ) = 0, j ∈ [2, D − 2], (13)

[ 1sinD−2 θD−1
d

dθD−1
(sinD−2 θD−1 d

dθD−1
)+ λ`

− 1sin2 θD−1
(
L2
D−2 + 2µC

h̄2 cos2 θD−1
)]

H(θD−1) = 0,(14)[ 1
rD−1 ddr

(
rD−1 d

dr

)
− λ`
r2
]
R` (r)

+2µ
h̄2
[
ENR + A

r −
B
r2
]
R(r) = 0, (15)

where m2 and λ` = `(` + D − 2) are the separation con-stants.On the other hand, in the relativistic atomic units (h̄ =
c = 1), the D-dimensional Klein–Gordon equation in (1)becomes [53]:

{ 1
rD−1 ∂∂r

(
rD−1 ∂

∂r

)
− L̃2

D−1
r2 − (ER + µ)(V1(r) + V2(θ)

r2
)+ (E2

R − µ2)}ψn˜̀m(r, θ, φ) = 0, (16)

with ψn˜̀m(r, θ, φ) being the spherical total wave functionseparated as follows:
ψn˜̀m(r, θ, φ) = R(r)Ym˜̀ (θ, φ), (17)

R(r) = r−(D−1)/2g(r), Ym˜̀ (θ, φ) = H(θ)Φ(φ).
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The spherical total wave function appearing in (17) has thesame representation as in (8), but with the transformation˜̀ → ` . Inserting Eq. (17) into Eq. (16) and using themethod of separation of variables leads to the followingdifferential equations:
d2Φ(φ)
dφ2 +m2Φ(φ) = 0, (18)

[ 1sinj−1 θj
d
dθj

(sinj−1 θj ddθj
)+ ˜̀j (˜̀j + j − 1)

−
˜̀j−1(˜̀j−1 + j − 2)sin2 θj

]
H(θj ) = 0, j ∈ [2, D − 2], (19)

[ 1sinD−2 θD−1
d

dθD−1
(sinD−2 θD−1 d

dθD−1
)+ λ˜̀

− L̃2
D−2 + Cα22 cos2 θD−1sin2 θD−1

]
H(θD−1) = 0, (20)

1
rD−1 ddr

(
rD−1 dR(r)

dr

)
−
[
λ˜̀
r2 + α22

(
α21 − A

r + B
r2
)]

R(r) = 0, (21)
where α21 = µ − ER , α22 = µ + ER , m and ˜̀ are constantswith m2 and λ˜̀ = ˜̀(˜̀+D−2) as the separation constants.Equations (18)-(21) have the same functional form as Eqs(12)-(15). Therefore, solution of the Klein–Gordon equa-tion can be reduced to solution of the Schrödinger equa-tion with the appropriate choice of parameters: ˜̀ →
`, α21 → −ENR and α22 → 2µ/h̄2.The solution of Eq. (18) is a well-known periodic and mustsatisfy the period boundary condition Φ(φ + 2π) = Φ(φ)which is the azimuthal angle solution:

Φm(φ) = 1√2π exp(±imφ), m = 0, 1, 2, ..... (22)
Additionally, Eqs. (19)-(21), the polar angle and radialequations, are to be solved by using the Nikiforov-Uvarov(NU) method [46] which is given briefly in the followingsection.

3. Nikiforov-Uvarov method
The NU method is based on reducing the second-orderdifferential equation to a generalized equation of hy-pergeometric type [46, 47, 80–84]. In this sense, theSchrödinger equation, after employing an appropriate co-ordinate transformation s = s(r), transforms to the follow-ing form:

ψ′′n(s) + τ̃(s)
σ (s)ψ′n(s) + σ̃ (s)

σ 2(s)ψn(s) = 0, (23)
where σ (s) and σ̃ (s) are polynomials, at most of second-degree, and τ̃(s) is a first-degree polynomial. Using awave function, ψn(s), of the simple ansatz:

ψn(s) = φn(s)yn(s), (24)(23) reduces into an equation of a hypergeometric type:
σ (s)y′′n(s) + τ(s)y′n(s) + λyn(s) = 0, (25)where

σ (s) = π(s) φ(s)
φ′(s) , (26)

τ(s) = τ̃(s) + 2π(s), τ ′(s) < 0, (27)and λ is a parameter defined as
λ = λn = −nτ ′(s)− n (n− 1)2 σ ′′(s), n = 0, 1, 2, .... (28)

The polynomial τ(s) with the parameter s and prime fac-tors shows the differentials at first degree to be negative.It is worthwhile to note that λ or λn are obtained froma particular solution of the form y(s) = yn(s) which is apolynomial of degree n. Further, the other part yn(s) ofthe wave function (24) is the hypergeometric-type functionwhose polynomial solutions are given by the Rodriguesrelation
yn(s) = Bn

ρ(s) dndsn [σn(s)ρ(s)] , (29)
where Bn is the normalization constant and the weightfunction ρ(s) must satisfy the condition [46]

d
dsw(s) = τ(s)

σ (s)w(s), w(s) = σ (s)ρ(s). (30)
The function π and the parameter λ are defined as
π(s) = σ ′(s)− τ̃(s)2 ±

√(
σ ′(s)− τ̃(s)2

)2
− σ̃ (s) + kσ (s),(31)
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λ = k + π′(s). (32)
In principle, since π(s) has to be a polynomial of degree atmost one, the expression under the square root sign in (31)can be arranged to be the square of a polynomial of firstdegree [46]. This is possible only if its discriminant is zero.In this case, an equation for k is obtained. After solvingthis equation, the obtained values of k are substitutedinto (31). In addition, by comparing Eqs. (28) and (32),we obtain the energy eigenvalues.
4. Exact solutions of the radial and
angle-dependent equations
4.1. The solutions of the D-dimensional an-
gular equations
At the beginning, we rewrite Eqs. (19) and (20) represent-ing the angular wave equations in the following simpleforms:
d2H(θj )
dθ2

j
+(j−1)ctgθj dH(θj )

dθj
+(Λj − Λj−1sin2 θj

)
H(θj ) = 0,

(33)with j ∈ [2, D − 2], D > 3 and
d2H(θD−1)
dθ2

D−1 + (D − 2) cotθD−1 dH(θD−1)
dθD−1

+ [˜̀(˜̀+D − 2)− ΛD−2 + Cα22 cos2 θD−1sin2 θD−1
]
H(θD−1) = 0,(34)where Λp = ˜̀p(˜̀p + p − 1), p = j − 1, j which is well-known in three-dimensional space2. Eqs. (33) and (34)will be solved in the following subsection. In order toapply the NU method, we introduce a new variable s =cosθj . Hence, Eq. (33) is rearranged in the form of theuniversal associated-Legendre differential equation

d2H(s)
ds2 − js1− s2 dH(s)

ds + Λj − Λj−1 − Λjs2(1− s2)2 H(s) = 0, (35)
where j ∈ [2, D − 2], D > 3. By comparing Eqs. (35) and(23), the corresponding polynomials are obtained:
τ̃(s) = −js, σ (s) = 1− s2, σ̃ (s) = −Λjs2 + Λj − Λj−1.(36)

2 ΛD−2 = m2 for D = 3.

Inserting the above expressions into Eq. (31) and taking
σ ′(s) = −2s, one obtains the following function:

π(s) = (j − 2)2 s± (37)
±

√√√√[( j − 22
)2 + Λj − k] s2 + k − Λj + Λj−1.

Following the method, the polynomial π(s) is found tohave four possible values:

π(s) =


(
j−22 + Λ̃j−1) s for k1 = Λj − Λj−1,(
j−22 − Λ̃j−1) s for k1 = Λj − Λj−1,
(j−2)2 s+ Λ̃j−1 for k2 = Λj + ( j−22

)2
,

(j−2)2 s− Λ̃j−1 for k2 = Λj + ( j−22
)2
,

(38)

where Λ̃p = ˜̀p+(p−1)/2, with p = j−1, j and j ∈ [2, D−2], D > 3. Imposing the condition τ ′(s) < 0 for Eq. (27),one selects the following physically valid solutions with
τ ′ = τ ′(˜̀j−1); that is, a function of the angular momentum:

k1 = Λj − Λj−1 and π(s) = ( j − 22 − Λ̃j−1
)
s. (39)

This condition leads to writing
τ(s) = −2(1 + Λ̃j−1)s. (40)

Making use of Eqs. (28) and (32), the following expres-sions for λ are obtained, respectively,
λ = λn = 2nj (1 + Λ̃j−1) + nj (nj − 1), (41)

j ∈ [2, D − 2], D > 3
λ = Λj − Λj−1 − Λ̃j−1 + j − 22 . (42)

Upon comparing Eqs. (41) and (42), we obtain
nj = ˜̀j − ˜̀j−1. (43)

Additionally, using Eqs. (24)-(26) and (29)-(30), we obtainthe following useful parts of the wavefunctions:
φ(s) = (1− s2)( Λ̃j−12 − (j−2)4

)
, ρ(s) = (1− s2)Λ̃j−1 , (44)

146



Sameer M. Ikhdair, Ramazan Sever

where j ∈ [2, D−2], D > 3. We also substitute the weightfunction ρ(s) given in (44) into the Rodrigues relation (29)to obtain one of the wavefunctions in the form
ynj (s) = Anj

(1− s2)−Λ̃j−1 dn
dsn

(1− s2)nj+Λ̃j−1 , (45)
where Anj is the normalization factor. Finally the angularwavefunction is
Hnj (θj ) = Nnj

(sinθj)
(Λ̃j−1− (j−2)2 )

P(Λ̃j−1,Λ̃j−1)
nj (cosθj ), (46)

j ∈ [2, D − 2], D > 3
with the normalization factor

Nnj = √ (2` ′ + 1) Γ(` ′ −m′)2Γ(` ′ +m′)
=
√√√√√
(2nj + 2˜̀j−1 + j − 1)nj !2Γ(nj + 2˜̀j−1 + j − 2) , (47)

j ∈ [2, D − 2], D > 3.
Likewise, in solving Eq. (34), we introduce a new vari-able s = cosθD−1. Thus, we can also rearrange it as theuniversal associated-Legendre differential equation
d2H(s)
ds2 − (D − 1)s1− s2 dH(s)

ds + ν′(1− s2)− Λ′D−2(1− s2)2 H(s) = 0,(48)where
ν′ = ` ′(` ′ +D − 2) = ˜̀(˜̀+D − 2) + Cα22 (49)and Λ′D−2 = ΛD−2 + Cα22 .

Equation (48) has been recently solved in 2D and 3Dby the NU method in [55–58]. However, the aim in thissubsection is to solve it in D-dimensions. Upon letting
D = 3, we can readily restore the 3D solution given in[55]. By comparing Eqs. (48) and (23), the correspondingpolynomials are obtained:
τ̃(s) = −(D−1)s, σ (s) = 1− s2, σ̃ (s) = −ν′s2 +ν′−Λ′D−2.(50)Inserting the above expressions into Eq. (31) and taking
σ ′(s) = −2s, one obtains the following function:
π(s) = (D − 3)2 s (51)

±

√√√√[(D − 32
)2 + ν′ − k

]
s2 + k − ν′ + Λ′D−2

Following the method, the polynomial π(s) is found tohave four possible values:

π(s) =


(
D−32 + Λ̃D−2) s for k1 = ν′ − Λ′D−2,(
D−32 − Λ̃D−2) s for k1 = ν′ − Λ′D−2,(D−3)2 s+ Λ̃D−2 for k2 = ν′ + (D−32 )2 ,(D−3)2 s− Λ̃D−2 for k2 = ν′ + (D−32 )2 ,

(52)

where Λ̃D−2 =√(˜̀D−2 + D−32
)2 + Cα22 . Imposing the con-dition τ ′(s) < 0 for Eq. (27), one selects the followingphysically valid solutions with τ ′ = τ ′(˜̀D−2); that is, afunction of the angular momentum,3

k1 = ν′ − Λ′D−2 and π(s) = (D − 32 − Λ̃D−2
)
s, (53)

which yields from Eq. (27) that
τ(s) = −2(1 + Λ̃D−2)s. (54)

Making use of Eqs. (28) and (32), the following expres-sions for λ are obtained, respectively:
λ = λn = 2nD−1(1 + Λ̃D−2) + nD−1(nD−1 − 1), (55)

λ = ν′ − Λ′D−2 − Λ̃D−2 + D − 32 . (56)
We compare Eqs. (55) and (56) and from the definition
ν′ = ` ′(` ′ + D − 2), the new angular momentum ` ′, ˜̀D−2and ˜̀ values are obtained as

˜̀ = − (D − 2)2 +√(nj +m′ + 12
)2
− α22C,

` ′ = −12 +√(˜̀+ D − 22
)2 + Cα22 = nj +m′, j = D − 1

m′ =√(˜̀D−2 + D − 32
)2 + α22C, (57)

3 The physical significance of this choice of parameters is
that theeigenvalue and the eigenfunction equations can
be directly reduced to the ones obtained in Ref. [55] once
we set D=3.
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where ˜̀ = ˜̀D−1, which can be easily reduced to the well-known definition
` ′ = n+√m2 + α22C, (58)

where nD−1 = n, ˜̀D−2 = m, Λ̃D−2 = m′in 3D space [55].Using Eqs. (24)-(26) and (29)-(30), we obtain the follow-ing useful parts of the wavefunctions:
φ(s) = (1− s2)(2Λ̃D−2+3−D)/4 , ρ(s) = (1− s2)Λ̃D−2 . (59)

We also substitute the weight function ρ(s) given in (59)into the Rodrigues relation (29) and obtain one of thewavefunctions in the form
ynj (s) = Bnj

(1− s2)−Λ̃D−2 dnj
dsnj

(1− s2)nj+Λ̃D−2 , j = D−1(60)where BnD−1 is the normalization factor. Finally the an-gular wavefunction is
Hnj (θj ) = Nnj

(sinθj)Λ̃D−2− (D−3)2 P(Λ̃D−2,Λ̃D−2)
nj (cosθj ), (61)

where the normalization factor
Nnj =√(2nj + 2m′ + 1)nj !2Γ (nj + 2m′) , j = D − 1 (62)

where m′ is given in Eq. (57).
4.2. Eigensolutions of the radial equation
We seek to solve the radial part of the Klein–Gordonequation given by Eq. (21) by simply writting it in thefollowing simple form [56–70]:

d2g(r)
dr2 −

[ (M − 1)(M − 3)4r2 − (63)
− α22

(
A
r −

B
r2
)+ α21α22

]
g(r) = 0,

where
M = D + 2˜̀. (64)

In what follows, we present the exact bound-states (real)solution of Eq. (63). Letting
ε2 = α21α22 , 4γ2 = (M−1)(M−3)+4Bα22 , β2 = Aα22 , (65)

and substituting these expressions into Eq. (63), one gets
d2g(r)
dr2 + (−ε2r2 + β2r − γ2

r2
)
g(r) = 0. (66)

To apply the conventional NU-method, Eq. (66) is com-pared with Eq. (23), resulting in the following expres-sions:
τ̃(r) = 0, σ (r) = r, σ̃ (r) = −ε2r2 + β2r − γ2. (67)

Substituting the above expressions into Eq. (31) gives
π(r) = 12 ± 12√4ε2r2 + 4(k − β2)r + 4γ2 + 1. (68)

Therefore, we can determine the constant k by using thecondition that the discriminant of the square root is zerothat is
k = β2±ε√4γ2 + 1, 4γ2+1 = (D+2˜̀−2)2+4Bα22 . (69)

In view of that, we arrive at the following four possiblefunctions of π(r) :

π(r) =


12 + [εr + 12√4γ2 + 1] , k1 = β2 + ε
√4γ2 + 1,

12 −
[
εr + 12√4γ2 + 1] , k1 = β2 + ε

√4γ2 + 1,
12 + [εr − 12√4γ2 + 1] , k2 = β2 − ε√4γ2 + 1,
12 −

[
εr − 12√4γ2 + 1] , k2 = β2 − ε√4γ2 + 1.(70)The correct value of π(r) is chosen such that the function

τ(r) given by Eq. (27) will have negative derivative [46].So we can select the physical values to be
k = β2−ε√4γ2 + 1 and π(r) = 12 −

[
εr − 12√4γ2 + 1] ,(71)which yield

τ(r) = −2εr + (1 +√4γ2 + 1), τ ′(r) = −2ε < 0. (72)
Using Eqs. (28) and (32), the following expressions for λare obtained, respectively,

λ = λn = 2nε, n = 0, 1, 2, ..., (73)
λ = β2 − ε(1 +√4γ2 + 1). (74)
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So we can obtain the Klein–Gordon energy eigenvaluesfrom the following relation:[1 + 2n+√(2˜̀+D − 2)2 + 4(µ + ER )B]
·
√
µ − ER = A

√
µ + ER , (75)

and hence for the Kratzer plus the new ring-shaped po-tential, it becomes[1 + 2n+√(2˜̀+D − 2)2 + 4a0r20 (µ + ER )]
·
√
µ − ER = 2a0r0√µ + ER , (76)

where ˜̀ is defined by Eq. (57). Although Eq. (76) isexactly solvable for ER , it looks to be a little complicated.Furthermore, it is interesting to investigate the solution forthe Coulomb potential. Therefore, applying the followingtransformations: A = Ze2, B = 0, and ˜̀ = `, the centralpart of the potential in (2) turns into the Coulomb potentialwith Klein–Gordon solution for the energy spectra givenby
ER = µ

(1− 2q2e2
q2e2 + (2n+ 2` +D − 1)2

)
, (77)

n, ` = 0, 1, 2, ...,
where q = Ze is the charge of the nucleus. Furthermore,Eq. (77) can be expanded as a series in the nucleus chargeas

ER = µ − 2µq2e2(2n+ 2` +D − 1)2
+ 2µq4e4(2n+ 2` +D − 1)4 −O(qe)6, (78)

The physical meaning of each term in the last equationwas given in detail by Ref. [53]. The difference from theconventional nonrelativistic form is due to the choice of thevector V (r, θ, φ) and scalar S(r, θ, φ) parts of the potentialin Eq. (1).Furthermore, if the value of ˜̀ obtained from Eq. (57) is in-serted into the eigenvalues of the radial part of the Klein–Gordon solution in Eq. (76), we finally arrive at the en-ergy eigenvalues for a bound electron in the presence ofa non-central potential given by Eq. (2) as[1 + 2n+√(2` ′ +D − 2)2 + 4(a0r20 − C )(µ + ER )]
·
√
µ − ER = 2a0r0√µ + ER , (79)

where
2` ′+D−2 = 1+2nD−1+√(2˜̀D−2 +D − 3)2 + 4C (µ + ER ).(80)On the other hand, the solution of the Schrödinger equa-tion, Eq. (10), for this potential has already been obtainedby using the same method in Ref. [56, 57] and it is inCoulombic-like form:
ENR = − 8µa20r20[2n+ 1 +√(2` ′ +D − 2)2 + 8µ(a0r20 − C )]2 ,
n = 0, 1, 2, ... (81)

and
2` ′ +D − 2 = √(D − 2)2 + (2ñ+ 2m′ + 1)2 − 1,

ñ = 0, 1, 2, ... (82)
where m′ = √

m2 + 2µC in 3D space. Also, applying asuitable transformation (µ + ER → 2µ, µ − ER → −
ENR , ˜̀ → `) to Eq. (79) provides exactly the nonrela-tivistic limit given by Eqs. (81)-(82).In what follows, let us now turn attention to finding theradial wavefunctions for this potential. Substituting thevalues of σ (r), π(r) and τ(r) in Eqs. (67), (71) and (72)into Eqs. (26) and (30), we find

φ(r) = r(ζ+1)/2e−εr , (83)
ρ(r) = rζe−2εr , (84)where ζ =√4γ2 + 1. Then, from Eq. (20), we obtain

ynj (r) = Bnjr−ζe2εr dn
drn

(
rn+ζe−2εr) (85)

and the wave function g(r) can be written in the form ofthe generalized Laguerre polynomials as
g(ρ) = Cnj

( ρ2ε)(1+ζ)/2
e−ρ/2Lζn(ρ), (86)

where for Kratzer’s potential we have
ζ = 2√(˜̀+ D − 22

)2 + a0r20 (µ + ER ), ρ = 2εr. (87)
Finally, the radial wave functions of the Klein–Gordonequation are obtained:

R(ρ) = Cnj
( ρ2ε)(ζ+2−D)/2

e−ρ/2Lζn(ρ), (88)
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where Cnj is the normalization constant to be de-termined below. Using the normalization condition,
∞∫
0 R2(r)rD−1dr = 1, and the orthogonality relation of thegeneralized Laguerre polynomials,

∞∫
0
zη+1e−z [Lηn(z)]2 dz = (2n+ η+ 1)(n+ η)!

n! ,

we have [85, 86]
Cnj = (2√µ2 − E2

R

)1+ ζ2 √ n!(2n+ ζ + 1) Γ (n+ ζ + 1) .(89)Finally, we may express the normalized total wave func-tions as

ψ(`)
`1···`D−2 (x) =

(2√µ2 − E2
R

)1+ ζ2
2m′Γ(n+m′ + 1)

√
n!2π (2n+ ζ + 1) Γ (n+ ζ + 1) r (ζ+2−D)2 exp(−√µ2 − E2

Rr)Lζn(2√µ2 − E2
Rr)

· exp(±imφ) D−2∏
j=2

√√√√√
(2nj + 2˜̀j−1 + j − 1)nj !2Γ(nj + 2˜̀j−1 + j − 2) (sinθj)(Λ̃j−1− (j−2)2 )

P(Λ̃j−1,Λ̃j−1)
nj (cosθj )

·

√ (2nD−1 + 2m′ + 1)nD−1!2Γ (nD−1 + 2m′) sin(θD−1)Λ̃D−2−(D−3)/2P(Λ̃D−2,Λ̃D−2)
nD−1 (cosθD−1), (90)

where m′ and ζ are given in Eqs. (57) and (87), respec-tively.
5. Conclusions

The relativistic exact bound state solutions of the D-dimensional Klein–Gordon equation for a spin-0 parti-cle have been obtained easily for equal scalar and vec-tor ring-shaped Kratzer potential by means of the con-ventional NU method. The analytic expressions for thebound state energy levels and eigenfunctions of this non-trivial dynamical system can be reduced to the well-knownthree-dimensional space expressions upon setting D = 3.Furthermore, such non-central potentials as have recentlybeen investigated in [47] are to be introduced as perturba-tions to the Kratzer potential while adjusting the strengthof the coupling constant C in terms of the parameter a0,the coupling constant of the Kratzer potential. Addition-ally, the analytical solution of the radial and polar an-gle wave functions of Klein–Gordon equation are foundin terms of Laguerre and Jacobi polynomials, respectively.The analytical method presented in this paper is gen-eral and worth extending to the solution of other inter-action problems. This method is very simple and usefulin solving other complicated systems analytically withoutrestriction conditions on the solution of quantum systemsas is the case in other models. We have seen that for thenonrelativistic model, the exact energy spectra can be ob-

tained either by solving the Schrödinger equation in (10)(cf. Ref. [56, 57] or Eq. (55)) or by applying an appro-priate transformation to the relativistic solution given byEq. (76). Finally, we point out that these exact analyticalsolutions obtained for the new proposed form of the non-central potential (2) constitute an interesting investigationof a nontrivial dynamical system. Furthermore, there areinteresting applications in studying various quantum me-chanical systems in atomic and molecular physics.
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