4 LA-UR-  96-1694

Approved for public refease;
distibution is unfimifed.

Title: | RELATIVISTIC STATISTICAL MECHANICS AND
PARTICLE SPECTROSCOPY

CONF-9 80267~ —

Author(s):| BURAKOVSKY, LEONID/TS RmEIVED
OCT 0 5 1998

OS8TI

Submitted t0f First International Conference on
Parameterized Relativistic Quantum
Theory, PRQT 98, Houston, Texas, USA,

Feb 9-11, 1988

DISTREUTION OF THIS DOCUMENT 18 UNLMKTED eﬂ

MASTEI

Los Alamos

NATIONAL LABORATORY
Los Alamos Natiofal Leboratory, an affimsafive aclion/equal opportunity empioyer, is operated by the University of Califomia for the
LS. Department of Energy under contract W-7405-ENG-36. By acceptance of this arlicle, the publisher recognizes that the U.S,
Government retaing a nonexclusive, royalty-free licanse to publish or reproduce the published farm of this contribution, or to allow
others to do so, for 1.5, Govemnment purposes. Los Alamos Nalional Laboratery requests that the publisher identify this article
a5 work performed under the auspices of the U.S. Department of Enesgy. The Las Alamos National Laboratory strongly supports
academic freedom and a rasearcher's right fo publish; as an institution, however, the Lahoratary does not endorge the vewpaint
of a publication or guarantee its technicel correciness. :

Form 836 (10/96}




DISCLAIMER

This report was prepared as an account of work sponsored by an agency of the United
States Government, Neither the United States Government nor any agency thereof, ner
any of their employees, make any warranty, express or implied, or assumes any legal liabili-
ty or responsibitity for the accuracy, compieteness, or usefulness of any information, appa-
ratus, product, or process disciosed, or represents that its use would eot infringe privately
owned rights. Reference berein to any specific comenerdial product, process, or service by
trade name, trademark, manufacturer, or otherwise does not necessarily constitute or
imply its endorsement, recommendation, or favoring by the United States Government or
any agency thereof. The views and opinions of authors expressed herein do not necessar-
ily state or reflect those of the United States Government or any agency thereof.




DISCLAIMER

Portions of this document may be illegible
in electronic image products. Images are
produced from the best available original

document.




©Relativistic Statistical Mechanics
and Particle Spectroscopy”

L. Rurakovsky'

Theoretical Division, T-8
Los Alamos National Laboratory
Los Alamos NM 87545, USA

Abstract

We review the formulation of manifestly covariant relativistic statistical me-
chanics as the description of an ensemble of events in spacetime parametrized by an
invariant proper time 7. We discuss the linear and cubic mass spectra which result
from this formulation (the latter with the inclusion of anti-events) as the actual
spectra of an individual hadronic multiplet and hot hadronic matter, respectively.
These spectra allow one to predict the masses of particles nucleated to quasi-levels
in such an ensemble. As an example, the masses of the ground state mesons and
baryons are considered, the results are in excellent agreement with the measured
hadron masses. Additivity of inverse Regge slopes is established and shown to be
consistent with avalla,ble experimental data on the D* meson and A, baryon pro-
duction.
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1 Introduction

A manifestly covariant form of relativistic statistical mechanics has more general structure
than the standard forms of relativistic statistical mechanics, but reduces to those theories
in a certain limir. to be described precisely below. These theories, which are characterized
classically by mass-shell constraints, and the us.. in quantum field - seory, of fields which
are constructed on the basis %+ imnass-shell free flelds, are associated with the statistical
treatment of world lines an«  -nce, considerable coherence (in terms of the macroscopic
structure of whole world lines as the elementary objects of the theorv) is implied. In
nonrelativistic statistical mechanics, the elementary objects of the theory are points. The
relativistic analog of this essentially structureless foundation for a statistical theory is the
set of points in spacetime, i.e., the so-called events, not the world lines (Currie, Jordan
and Sudarshan {1] have discussed the difficulty of constructing a relativistic mechanics on
the basis of world lines). -

The mass of particles in a mechanical theory of events is necessarilv a dynamical
variable, since the classical phase space of th- relativistic set of events consists of the
© spacetime and energy-momentum coordinates {q;. t;; ps £;}, with no a prior: constraint
on the relation between the p; and the E;, and hence such theories are “off-shell”. It is well
known from the work of Newton and Wigner [2] that on-shell relativistic quantum theories
such as those governed by Klein-Gordon or Dirac type equations do not provide local =
descriptions (the wave functions corresponding to localized particles are spread out); for
such theories the notion of ensembles over local initial conditions is difficult to formulate.
The off-shell theory that we shall use here is, however, pre sely local in both its first and
second quantized forms [3. 4. |

We finally remark that the standard formulations of quantum relativistic statistical
mechanics, and quantum field theory at finite temperature, lack manifest covariance on
a fundamental level. As for nonrelativistic statistical mechanics, the partition function is
 described by the Hamiltonian, which is not an invariant object, and hence thermodynamic
mean values do not have tensor properties. [One -ould consider the invariant p,n* in place
of the Hamiltonian [3], where n# is a unit four-vector; this construction (supplemented
b\« a spacelike vector othogonal to n*) implies an induced representation for spacetime.

:e quantity that takes the place of the parameter ¢ is then z,n”; in the corresponding
quantum mechanics, the space parts of (induced form of) the momentum do not com-
mute with this time variable. Some of the problems associated with this construction
are closely related to those pointed out by Currie, Jordan and Sudarshan {1], for which
different world lines are predicted dynamically by the change in the form of the effective
Hamiltonian in different frames.] Since the form of such  theory is not constrained by
covariance requirements, its dynamical structure and predictions may be different than
for a theory which satisifies these requirements. For example, the canonical distribution
of Pauli [6] for the free Boltzmann gas has a high temperature limit in which the energy
is given by 3kgT. which does not correspond to any known equipartition rule, but for
the corresponding distribution for the manifestly covariant theory, the limit is 2kz7, in
agreement with 1kpT for each of the four relativistic degrees of freedom [7, 8]. For the
quantum field theories at finite temperature, the path integral formulation [9] replaces the




Hamiltonian in the canonical exponent by the Lagrangian due to the infinite product of
factors {¢|7} [rransition matrix element of the canonical field and its conjugate required
to give a Wevl ordered Hamiltonian its numerical value). However, it is the ¢ variable
which is analvtically continued to construct the finite temperature canonical ensemble,
completely removing the covariance of the theore:.cal framework. Omne may argue that
some frame has to be chosen for the statistical theory to be developed, and perhaps even
for temperature to have a meaning. but as we have remarked above, rhe requirement of
relativistic coveriz e has dynamical consequences (note that the model Lagrangians used
in the non-co- -rlant formulations are established with the criterion of relativistic covari-
ance in mind). and we argue that the choice of a frame, if necessary for some physical
reason, such as the definition and measurement of temperature, should be made in the
framework of a manifestly covariant structure,

The standard formulation of a finite-temperature field theory is also known to ex-
perience difficulties of a different kind: Consider the breaking of Lorentz invariance in
matter or temperature states [10]. It leads to the Narnhofer-Thirring theorem stating the
impossibility of a perturbation theory with quasiparticles at finite temperature [11]. In
other words, the entities to be used for a perturbative description in statistical systems
must have a continuous mass spectrum ~ they cannot be quasiparticles. The formula-
tion of a finite-temperature perfurbation theory for quantum fields with continuous mass
spectrum has been developed in [12}, and generalized to time-dependent [13, 14], as well
as spacially inhomogeneous [15] nonequilibrium situations. Transport equations for quan-
tum fields with continuous mass spectrum have been derived in [16]. The framework of
a manifestly covariant relativistic statistical mechanics. to be discussed in what follows,
eliminates two fundamental drawbacks of the standard formulation discussed above: It
has a manifestly covariant structure, and operates quasiparticles.

In the framework of a manifestly covariant relativistic statistical mechanics, the dv-
" namical evolution of a system of V particles, for the classical case, is governed by equations
of motion that are -of the form of Hamilton equations for the motion of NV events which
generate the space-time trajectories (particle world lines) as functions of a continuous
Poincaré-invariant parameter r [17, 18], usually referred to as a “proper time”. These
events are characterized by their positions ¢* = (¢, ) and energy-momenta p* = {E. p) in
an 8.V-dimensional phase-space. For the quantum case, the svstem is characterized by the
wave function ¢-(q1, ¢z, ..., qn) € LQ(R‘*N), with the measure d*q d gy - - - diqy = d*Vg,
(; = ¢ ©w=0123 {=12..../! ), describing the distribution of e\ents whlch
evolves with a generalized Schrédmger equation [18]. The collection of events (called
“concatenation” [19]) along each world line corresponds to a particle, and hence, the evo-
lution of the state of the N-event system describes, e posteriors, the history in space and
time of an V-particle system.

For a svstem of N interacting events (and hence, particles) one takes [18]

pzp% ,— ;
K= Z ZMP'*“ 1, G2y Y )y (1.1)

where A is a given fixed parameter (an intrinsic property of the particles), with the
{imension of mass, taken to be the same for all the particles of the system. The Hamilton




equations are

dg} _ oK _ I
dr py, M’
t_“fﬁii 0K av’

= —- = (1.2)
dr I i - T
In the quantimn theory, the generalized Schrédinger equation
| 8 - o | -
35‘?#".—((}’1:-(}2 o gy) = Kio(gr g gy (1.3)
-
describes the evolution of the N-body wave function ©;(q1,¢s,. .., ¢~ ). To illustrate the

meaning of this wave function, consider the case of a single free event. In this case (1.3)
has the formal solution -
e (g) = (e7e)(g) (1.4)
for the evolution of the free wave packet. Let us represent ¢-(q) by its Fourier transform,
in energy-momentum space: '

{ 1 —%'. 2 TP, . -
Urlg) = 7 fd“pe. e Un(p), (1.5)

(2r)?

where p? = ptp,. p- ¢ = p“qu, and ¥o(p) corresponds to the initial state. Applying the
Ehrenfest argun. -uts of stationary phase to obtain the principal contribution to w.(g) for
a wave packet at p#, one finds (p# is the peak value in the distribution ¥4{p))

b Pe | )
% = ET: (16!
consistent with the classical equations (1.2}, Therefore, the central peak of the wave
packet moves along the classical trajectory of an event, i.e., the classical world line.
It is clear from the form of (1.3} that one can construct relativistic transport theory in
a form analogous to that of the nonrelativistic theory; a relativistic Boltzmann equation
and its consequences, for example, was studied in ref. [20].

2 ldeal relativistic gas of events

[o describe an ideal gas of events in the grand canonical ensemble, we use the expression
for the number of events given in {7] (in the following we shall use the system of units in
which ¢ = kg = 1, unless otherwise specified},

_ B
N=) np= , (2.1)

pzu P pzp: B(E—#—nx%);’i’" T1
where E = p®, m? = —p? = —p#p,, and the sign in the denominator of (2.1) is determined

by the event statistics in the usual way; ug is an additional mass potential [Ti, which
arises in the grand canonical ensemble as the derivative of the free energy with respect




to the value of the dynamical evolution function K. interpreted as the invariant mass

of the system. In the kinetic theory [7]. ux enters as a Lagrange multiplier for the
equilibrium distribution for K. as g is for NV and 1/7 for E. In order to simplify siubsequent
considerations. we shall take it to be a fixed parameter. '

Since the new mass potential is atypical of the standard formulation of statistical
mechanics, in cintrast to g, we shall dwell upon the question of the additive properties of
pg (and o} '

2.1 Additiveness of y and 1/ux

To clarify the additive properties of the both potentials, consider a model two-phase svs-
tem. According to the Gibbs criteria, the equilibrium cenditions for two phases consisting
of “entical particles are the equalities of temperature, chemical potential and pressure in
bous phases [21]. For, e.g., a system the baryvon content of which is partly in quarks ar '
partlv in nucleons, the conservation »f the total baryon number yields

N, . |
—3—q + Nn = const, and hence dN, = —3dNy, (2.2

if there are N, quarks more than antiquarks, and ¥y nucleons more than antinucleons.
since there are three quarks in a barvon. In order to establish a relation between the
chemical potentials of quarks and nucleons at phase equilibrium, we consider the Gibbs
free energy

G(T,PN)=FE~TS +pV. - (2.3)
The use of the second law of thermodynamics in the generalized form (7]
dE = TdS — pdV + pdN + pugdi | (2.4)

in the differential of (2.3) leads to

dG = —5dT + Vdp + pdN + pxdK, (2.3)
from which [7) -
oG ) ( oG ) N
== = u, = =u. . (2.6)
( af\/q ToK 64‘\".\-‘ Tp.K

By minimizing the Gibbs free energy at fixed temperature, pressure and total mass squared
(K) and using (2.2),{2.6), we obtain

oG 0G N, _ 0G oG

0= -
5Ny Y BN, BNy 0Ny

A o
= u - 3uf, (2.7
aN, T St

and therefore

Similarly,

ac;') \ ( G )
(aKq Tp.N o 0Ky Tp.N "




Since the analog of (2.2} for the conservation of the total mass squared (I&) reads. obvi-
ously.
K~ + 3K, = const, and hence dKy = —3dK,, (2,10}

the minimization of the Gibbs free energy at fixed temperature, pressure and total particle
number vields
oG c?G oK, oG 1 9G a1

= = — N _ L 4 5
a oK aK aK 0Ky 30K, Fi g FK: | (2.11)

and therefore 1 3 :
— = (2.12)
Fr Pk

Following the same logics, one can easily show that, for a general t\ pe of manv-species
equilibrium,

A1+Ag+”.+AN+—+Bl+BQ+“.+Bm, _ (2.13)

the chemical and mass potentials satisfy the following types of additivity:

,U P u -’_c_ ”-§.-JU,A“'=;;Bl+,u82+..‘+,u3‘”, (_2-14)
1 1 1 1 1 i
ue o HE i

3 Linear mass spectrum

In the following, we restrict ourselves to the case of the events obeying Bose-Einstein
statistics and use, therefore, the relation (2.1) with the minus sign in the denominator.
Similar analysis can be easily made in the case of the Fermi-Dirac events, which we skip
here for brevity.

To ensure a positive-definite value for n,., the number density of bosons with four-
momentum p¥, we require that '

2

m—#_HK% > 0. | (3-1)

The discriminant for the Lh.s. of the inequality must be nonnegative, i.e.,

M

. 3.2
##Qm (3.2)

For such g, (3.1) has the solution

mp = —

M T 2ipx M [ 2uuk
HE i2




For small g /3. the region {3.3) may be approximated by

w<m< gﬁ {3.4)
MK
One sees that uyx plays a fundamental role in determining an upper bound of the mass
spectrumi. in addition to the usual lower bound m > 4. In fact, small . . admits a very
large range of off-shell mass, and hence can be associated with the presence of strong
interactions [22}. For our present purposes it will be sufficient to assume that the mass
distribution has a finite range m; < m < my around the on-shell value m, = M/ug
corresponding to the limiting value for which the inequality (3.2) becomes an equality.
In order to show that our results hold independent of the dimensionality of spacetime.
we shall consider our ensembile in one temporal and D spatial dimensions, D > 1.
Replacing the sum over p* (2.1) by an integral.

Z 1,'(1—5—9] D
= ——“—fd *Yp,
B D '
20 = Gy
where V{12 ig the system’s (1 + D)-volume, and using the relation (p* = (p°, p))

(14D} _ dPp 2 2
d- p=de, m- = —-p'py, p=0,1,....D,
one obtains for the density of events per unit {1 + D)~volume, n= N/VI+D)

n— f’m am m/ £0),
m:  2mh J (27 h)DpO

(3.5)

with f{p) = nuu, as given in Eq. (2.1). Typical average values are given by the relations

u m2 dm m
w L fmdmm oy -
<pp’p > - E/.mt D / (QWE)DPO ppp f(p)s _etc. (31)

To find the expressions for the pressure and energy density in our ensemble, we study
the particle energy-momentum tensor defined by the relation! [20]

T#(q) = Z[dT%ESHD(q — (7)), . (3.8)

in which m, is the value around which the mass of the events making up the ensemble is
distributed. Upon infegrating over a small (1 + D)-volume AV and taking the ensemble
average, (3.8) reduces to [20]

Trv .
(T) = Son e (3.9)

*The coresponding relation of ref. [20] is given in four-dimensional spacetime.




In this formula, » = N/17, and .y is the average passage interval in 7 for the events
which pass through AV, which we discussed above. The formula (3.9) reduces, through
Eq. {3.7), to

g - po :
THy = i [ Y T ) (3.
| {(T%) = Q,Thmc /ml dmm | v g PP fp) . 3 1.0}
Using the standard expression
(T*Y = pg" — (p + plufu”, (3.1

where p and p are the particle pressure and energy density, respectively, we obtain
L |
p=(T", p=p5e"Tu), i=12...,D,

and therefore, through (3.10},

_ Tav m d’p p’ N
b= orhm, fml dm "'”f (27R)D ol P (3.12)
_ T&V . Lty de 0 . . E
p= Srhm, jml dm m/wp flp). _ (3.13)

We now calculate the particle number density per unit D-volume. The particle (1 + D)-
current is given by the formula [20]

.
J4(q) = Zfd‘rgélw(q — gif7)), (3.14)
i s . .
which upon integrating over a small (1 + Dj-volume and taking the average reduces to
T
(J4) = == n{p"); (3.15)

£

then the particle number density [5, 23] is

= (J% = “20(E), (3.16)
e

so that. with the help of (3.6),
T T&V m2 Dp . _ -
No = 2Tﬁmc/ dm m[,,—w f(p). | (3.17)

Since
d” _ '
—f 2rhpp gp (p) = p(m), S (318
¢ dPp | |

p= p f(p =p(m) o (3.19)"

o 1\2: h)D




and

N de - T 3 . %
Aﬁu/k%ﬁwj@ﬂzﬁdm} (3.20]

are the standard expressions for the pressure, energy density and particle number density
in 1 + D dimensions, respectively [24, 25, 26], we have the following relations:

Tav [ -
= : RV
p 2rhm, Jm, am m p(m), B2
Tav 2
= ) g 3.99
p 2rhm, Jm, 4 (7 ), 822
No= 22 ™ gm. Nof 3.23
Ny = b o m m Np{m). (3.23)

[t is seen in these relations that the manifestly covariant framework provides a finear
mass spectrum, tndependent of the dimensionality of spacetime. In order to obtain the
expressions for the basic thermodynamic quantities, one has to integrate the standard
{on-shell) results over this spectrum within the range of the mass distribution.

On the other hand, Eqs. (3.21)-(3.23) imply that the statistical ensemble provides a
linear distribution. If we assume that the number of degrees of freedom is conserved in
what might be considered as a sequence of nucleation to quasi-discrete levels, it follows
thas the degeneracy should be spread linearly on the interval m; < m < m,, with the
linear mass spectrum

T(m) = Cm, (3.24)
which leads to the formula o '
p= / ) (3.25)

and analogous relations for p and ¥, (similar tc the treatment of a strongly interacting
system by means of a particle resonance spectrum [28]). In fact, the linear mass spectrur:
finds its confirmation in the experimental hadronic resonance spectrum. If one calculates
for example, the pressure in the hadronic resonance gas by summing up the individua
contributions of hadronie species within a given multiplet, e.g., the vector meson none
(p(770), w{783), K*(852), ¢(1020)), baryon J = 1/2 octet (N(839), A(1115). ¥/ 190).
Z(1320)). or baryon J = 3/2 decuplet (A(1232), £(1385), = 1530}, Q(1672)). v u the
corresponding degeneracies,

T?m?  fmy _
p= Z s p(mg), plmy) = —Zjﬁz (?) ) (3.26;

and bv using the formula (3.25), in which m; and m, are the masses of the ligh' st and
the heaviest species. respectively, the results coincide. The details of this analysis, as
well as conclusions concerning the overall mass spectrum in the ensemble composed by
the different hadronic multiplets, and the thermodynamics of this ensemble. ave discussed
elsewhere |29, 30, 31]). Here, for brevity, we only show that the linear mass spectrum
leads the Gell-Mann-Okubo mass formula for a meson octet [32].




Let us place 8 isospin degrees of freedom of a meson octet (3 of an isovector. 4 of an
1sodoublet and 1 of an isoscalar; e.g., 3 p. 4 K™ and 1 ws) in the mass interval (my=1, im7=y)
in such a way that ensures the equality of the average mass squared as calculated either
with the help of the linear mass spectrum or directly by definition,

2 A2 2 M=o 2 ; 2
Bmpoy —Amiays + Mg (Y = Imi=i dmmm®  mi_, +mi, (3.27)
- = = . = . .20
8 Szt dmom, 2

which cotresponds to rhe conservation of the total mass squared (K) in what might be
considered as a sequeiice of nucleation to the quasi-discrete mass levels ms_1. my 0.
mi—g. it then ‘ollows from (3.27) that

4m?:l,"2 = TJ’I.%:I + 3??1%:01 {328)

which is the standard Gell-Mann-Okubo mass formula for a meson octet. [32].
In general, the normalization constant C of (3.24) is determined by the condition

/ ™ r(m) dm =, (3.20)

LN
where v is the number of states in the mass interval (m,, m,); therefore

v

It then follows that ' .
. dv{m) : .
T{m) = I (3.31)

i.e., 7(m) represents the density of states per unit mass interval, which is linear in mass
in the case of an individual hadronic multiplet [29, 30, 31].

4 Cubic mass spectrum

As discussed in a previous Section, the manifestly covariant framework provides a good
model for the nucleation of individual hadronic multiplets, in terms of the linear mass
spectrum. It is interesting to ask whether this framework can be suitable for the descrip-
tion of hadronic resonance gas which is known to be composed of different multiplets which
populate linear rising Regge trajectories. As is clear from what follows, the description of
hadronic resonance gas in the manifestly covariant framework necessitates the introduc-
tion of anti-events, 1.e., the events moving in the opposite direction of a proper time. They
were first discussed in {33]. It turns out that the account for the anti-events results in the
opposite signs of both p1x in the expression for the anti-event distribution function and
the density of anti-events per unit (1 + D}-volume, as compared to those for the events.
{The situation is similar to the account for antiparticles in the standard framework which

£




results in the opposite signs of the antiparticle chemical potential and the antiparticle
number density per unit space volume, as comparted to those for particles.) The use of

2 Z 2 2
L m LETn® . LT g I
—exp [ 251 — 95inh ~ .
2 (Q:I-IT) e‘p( it ) =28 (QMT) MT

for small gy [22]. in the expressions of Section 3, will result in the new, cubic. mass
spectrum:

- TA" ma 3 i .
P = T J, O PIT). (+1)
Ty ma 3 .
= — dm 1.2
27 hm2T Jom, mm” p(m}, (4.2)
’ Tz}‘i" M .
No=———= 3N . 4,
0 BT o, dm m® Ny(m) (4.3)
To see how this cubic mass spectrum complies with the actital mass spectri:  f hadrons

which populate linear trajectories, we dwell upon the latter,

4.1 Mass spectrum of linear Regge trajectories

[t is very easy to show that the mass spectrum of an individual Regge trajectory is cubic.
Indeed, consider, e.g., a model linear trajectory with negative intercept:

oty =a t— 1. (1.1)

The integer values of a(t) correspond to the ates with integer spin, J = «f{t;), the
masses squared of which are m?(J) = ¢;. Since a spin-J state has multiplicity 2J + 1. the
number of states with spin 0 < J < J is

J
N(T) =Y 27+ 1) = (T +1)? =a*m*(J), ' (4.5)
J=0 .

in view.of {4.4), and therefore the density of states per unit mass interval (the nass
spectrum) is
dN{m)
7{m) = =
_ . (m) dm
It is also clear that for a §nite number of collinear trajectories, the resulting mass spectrum

is

4a?md. (4.6)

T(m) = 4Na*m?, (4.7)

where .V is the number of trajectories, and does not depend on the numerical values of
trajectory intercepts, as far as its asymptotic form m — oc is concerned.



4.2 Mass spectrum of an individual hadronic multiplet

It then follows that the form {4.7) of the cubic spectrum of the family of collinear Regge
trajectories allows one to establish the normalization constant of the linear spectrum of
an individual hadronic multiplet.
Consider the family of hadronic multiplets with spin 0,1...., which populate collinear
ajectories. Then the total number of states can be obtained in two ways: summing up
individual trajectories for every fixed value of isospin, or summing up individual multipiets
for every fixed value of spin. Either way should lead to the cubic spectrum, as discussed
above. In the case of meson multiplets (similar analysis may be done in the case of
~ baryon multiplets, of course}. in Eq. (3.26) g; = (2J; + 1)(2I, + 1)', where .J; and I; are
the values of individual spin and isospin, respectively (“” means that for I; = 1/2. the
above expression for g; should be multiplied by 2). Then. in view of (3.26),(4.4),

p= L2 + D@L+ 1Y p(my) = 4¥a* [ dm m® p(m). (48)

k3

Since also J; >~ o m2, it follows from the above expression that?

1

S™(2F; + 1)p(m;) ~ 2Na f dm m p(m), (4.9)

i.e., one sees that the mass spectrum of an individual meson multiplet is indeed linear.
~and its normalization constant is C = 2Na'.

Thus, the manifestly covariant framework can be a good mode! for the nucleation w.
hadronic resonance gas composed of different multiplets which populate collinear Regge
trajectories, since, as we have seen above, it does provide the cubic spectrum in its event~
anti-event version. Now it becomes of special interest to ask if this cubic spectrum of the
family of multiplets, or the linear spectrum of an individual multiplet, can predict the
masses of the states.

5 Particle spectroscopy

Let us start with meson spectroscopy. To establish the masses of the states in the model
of collinear Regge trajectories discussed above, one has to krnow the intramultiplet mass
splitting m%:_m —m?_, and the mass of the lowest-lying isovector, m;-;. The former can be
easilv found with the help of (4.9}, for 9 isospin degrees of freedom of a meson nonet placed
in the mass interval® (my=1, mr—g), with mi_q — mi_; = 4/3 (mi_, 5 — M) =4/3 A
s fTI=0 ;14 =~
9 =2Na / dmm = 2Na §—A; (5.1)

Mi=1 3

2This results may be rigorously proven by the use of, e.g., the Euler-Maclaurin summation formula
which relates a sun: to an integral. _ '

*We assume that the remaining ninth isoscalar belongs to this interval; As established in [29], for
idealized meson nonets, its mass is equal to {Qm%:m + m2_,)/3 which coincides with the center of mass

squared of a meson octet, in view of (3.27),(3.28). .




therefore .
27 _
A= (5.2)
4N
To determine the number of collinear trajectories, we note that there are four differ-
ent meson multiplets for every partial wave, except 1 S-wave, which in the standard

spectroscopic notation are?

'Sy P, Dy 'Fy
3Po 3Dl SFQ
5P, *Dy Fy

35, 3P, 3Dy 3F,

(note that two missing S-wave nonets can be replaced by the radial excitations of 'Sy
and 351), each of which contains 9 isospin states; therefore, the total number of different
collinear meson trajectories is

N =4x9=26.

Hence, as follows from (5.2},
3
. 16cx 6.3
It is well known that two isoscalar states of an idealized bare meson nonet mix with each
other to form the p' -sical states the masses of which are [29]

2 2 2 ¢ 2 2 -
'm[zoi == m[:]_, mjr:()n = sz__.lfz - Tn[:y {0—1)
Therefore, one has
3 3
2 2 2 2 o o
M :mp+—1@ my = m, 8—&;., etc., (-3 J)
and also 5
2 2 o
my = m;, + — 3.6

It is widelv believed that pseudoscalar mesons are the Goldstone bosons of broken
SU(3)xSU(3) chiral symmetry of QCD, and that they should be massless in the chirally-
symmetric phase. Therefore, it is not clear how well would the framework that we discuss
here be suitable for the description of the pseudoscalar nonet. Indeed, as we have tested
in {34}, this nonet is not described by the linear spectrum. Moreover, pseudoscalar mesons
are extrimely narrow (zero width) states to fit into a resonance description. Probably, the
manifestly covariant framework cannot predict the mass of the pion, although the formula
(5.6) is consistent with data, as we shall see below.

Thus, the resonanre description should start with vector mesons, and the cubic spec-
trurn of a linear traje..ory enables one to determine the mass of the p meson, as follows:

‘In a constituent quark model. these multiplets correspond to spin-singlet and spin-triplet states of a
bound system of two quarks, '




Since the p meson has the lowest mass which the resonance description starts with.
let us locate rhis state by normalizing the p trajectory to one state in the characteristic
miass interval ( m2 -1/{2a"). \/-m.g + 1/{2a’}). With the cubic spectrum (4.6} of a linear

trajectory, one hdbj
. Y Y TN
1y AL 1704} 3 ‘g : )
1 =4da m” dm = 2a ms; - (3.7}

vmi-lf (2a’ )

therefore
9 .
me = —
7o 2 (5.8)
and, through (5.3), :
| mi.= b o L (5.9)
716 T 8 >

Similar analysis can be easily done for baryons. Here, for hrevity, we skip this analyvsis
and ounly refer to [30] where preliminary discussion on the barwon spectrosecopyv can be
found. Let us just write down the final expressions:

3 g 9 ; 3
S TrEcs =-—:1 m.._.-.:-—i_ HID
4o ¥ Sa = 2" [2-L40)

5 13 2
2 . 9 =, mi =, mi=_5, ete (5.11)

?n?,lv =

In (5.10), mZ = (mA +mi)/2 [30].

It is seen in (5.10),(5.11) that the mass squared splitting within an individual barvon
- multiplet is twice as large as that for an individual meson multiplet; e.g., mb. —~ mi =
3/(8a'}, as compared to (5.53),(5.6). The mass squared splitting between multiplets which
differ by one unit of spin remains, however, the same: since m, € m,, it follows from
(5.8), (5 10),(5.11) that m2 — m2 ~ mf, = 1/(2¢) = m3 — m%. Also, the r .tion m%, =
3/2 m,- as follows from (0 3), (5 10}, is definitely related to the valence quark structure
mterpretatlon of the two states.

5.1 Comparisbn with data

Now we wish to compare the formulas (5.5),(5.6),(5.10).(5.11) with available experimental
data on the particle masses [33].

It is seen that the particle masses are solely determined by the value of o Although
this parameter is known to coincide for both light mesons and baryons, it is also known
to have a weak favor dependence for light mesons [36]: o, = 0.88 GeV ™2, ay. = 0.85
GeV™2. a 20.81 GeV~2. Since here we are not concerned with accuracies of better than

1% {i.e., on the level of electromagnetic corrections), it would be enough to neglect -he
flavor dependence of ' and take '

o =0.85 GeV72, _ (5.12)

5Smc‘9 the p trajectory starts with a spin-1 isospin-1 state {g), it corresponds to the spectrum ri{m) =
G x 4a?m3. There is therefore no difference in normahzmg this trajectory to 9 states, or (4.6) to one
state, in the vicinity of the p mass. o :




which is the average of the above three values.
Let us start with (5.6). The use of m, = (m) + m%)/2 = 137.3 MeV 135] w this
formula leads. via (5.12), to :

mi = 489.3 MeV, ve. g = 495.7 £2.0 MeV [34]. (5.13)

Similar comparison of the hadron masses predicted by {5.3).(5.11).(5.12) w* u data is
presented in Table I.

State , Mass from (5.5).(5.10),(53.11:. MeV | Mass from ref. [34], Me\" |
D 767.0 _ 768.5 £ 0.6
K* 899.3 8939+ 2.3
o 10146 _ 1019.4
N ] 939.3 9389
T 1150.5 1133 £ 2
= 1328.4 g 1318 + 3 [
A 1212.7 ] 1232 + 2 j
Y 1382.7 | 1385 + 2 ]
= 1533.9 15335+ 1.5 i
Q " 1671.6 1672.4 |

Table I. Comparison of the particle m: :as predicted by the formulas (5.5),(5.10),(5.11)
with experimental data from ref. [35].

One sees excellent agreement with experiment for all states, except for A, We however
note that this state has largest width among the ground state baryvons (~ 120 MeV"; for
comparison, the X* has largest width of ~ 9.5 MeV among the remaining ground state
baryons), and therefore its mass is poorly known. Indeed, the pole position of A, as
indicated in [35], is 1210 & 1 MeV, and hence the prediction of Eq. (5.10) for the A mass
is in excellent agreement with the pole position of A.

One can easily obtain expressions similar to (5.5),(5.10),(5.11) for otuer harronic mu:
tiplets, assuming that they populate liniar trajectories; e.g..* mZ, = mfﬁrl;’ar =3/(20) =
1328.4 MeV, vs. 1318 £ 1 MeV [35].

6 'Intfamultiplet mass relations

By comparing the mass spectra provided by the manifestly covariant framework and
hadron phenomenology, Egs. (3.21)-(3.23) and (4.9), and (4.1)-(4.3) and (4.7), respec-
tivelv. one can establish the following relations (we recover m, = M/ug in Egs. {3.21)-
(3.23) and (4.1)-(4.3)):

Tryvpk !

——— = 2No, 6.1

2rh M ' ( )
- It is interesting to note that, although the numerical values of mﬁz =mi = 3/(2a), as calculated
from our formulas, do not coincide with data for o' = 0.85 GeV=2, they do coincide with each other:
ma, =z = 1318 MeV.




Tlavﬂ%f ‘o
53 — E i_\‘r = . P
SehTME = O (6-2)

Eq. (6.1} Pstabhshes a relation of &' to the thermodynamic parameters of the off-shell
svstem. It follows from (6.1},(6.2) that

Try - T = 27AN. . (6.3)

This relation is in agreement with naive expecations, since Tay- is related to the (average)
extent of the ensemble along the time axis. The low-temperature limit, T — 0, of the
theory we are discussing here is known to coincide in form with the Galilean limit ¢ — oc
[37], in which the theory passes over to a nonrelativistic statistical mechanics of on-shell
particles. Also, the limit N — oo means that more and more events become nucleated
to on-shell particles. Each of these two limits is associated with Thy — oc, according to
{6.3). This means that the ensembie filis a longer tube in phase space, and its displacement
with 7 is not as important. It is in this limit alone that a direct comparison with the
usual on-shell relativistic ensemble can be made, since in this case the system possesses a
stationarity in spacetime but not a non-trivial evolution in 7 [7, 37].

6.1 Additiveness of inverse Regge slopes

Since M is the same for different species (which only d'fer by the values of pyx, or,
equivalently, by the on-shell mass values m. = M/ug), and Tav is a characteristic time
scale for the particles to remain very close to its mass shell (in the interpretation of a
strongly interacting system as a distribution of free particles which temporarily go oft-
shell while undergoing an interaction [38]), which is common to every species, Eq. (6.1}
really implies that particle trajectory slope is proportional to ug. This in turn implies
additivity of inverse slopes, in view of additivity of px’'s {see Section 2).
A typical example of such inverse slope additivity is “Havor equilibration”, -

AA+ BB +— AB + BA,

described b\»

Lot 1 -
pugt  pBf P uB '

in view of {2. la) which may be rewritten in terms of inverse Regge slopes as follows
(with o, 5 = ), :

1 1 2
t + f = ¥ o . (6'5)
Gz Qg  Qup

Eq. (6.5) represents a crucial difference between the manifestly covariant framework which

" leads to (6.5) and the standard framework which cperates zero width resonances, in terms
of Veneziano amplitudes [39] {which contain linear trajectories}, and leads to factorization
of stopes, :

G,z Ogp = (Q!AE‘)E ; - (6:6)




which follows from the factorization of residues of the #-channel poles [40].
If one assumes linear Regge trajectories for b ons with identical J¥¢ quantum num-
bers {i.e., which form a common muitiplet}, one will obtain for the states with spin .J

J = aﬂm.-;j +a43(0),
J = aupmip +a1s(0),
J = agsmys+ags(0).

Further, the following relation among the intercepts exists:
0.43(0) + agp(0) = 2a,5(0). (6.7)

This relation was first derived for u(d)- and s-quarks in the dual-resonance model [41].
It is satisfied in two-dimensional QCD {42], the dual-analytic. model {43], and the guark
bremsstrahlung model [44]. Also, it saturates inequalities for Regge trajectories {45} which
follow from the s-channel unitarity condition. Hence, it may be considered as firmly
established and may transcend specific models.

Then, with (6.7), one obtains from the above three relations, the quadratic intramul-
tiplet mass formula ’ , !

QA qMAL T GppMps = 20,5M 5. (6.8)

In the light hadron sector, where all slopes almost coincide and there is no difference
between (6.3) and (6.6), the above formula reduces to known relations ot the type m +
m?2 = 2m&%. which describe ideally mixed meson nonets.

However, in the heavy, or heavy-light, sector, {6.5) and {6.6) will have different impli-
cations for hadron spectroscopy.

In a series of publications [36, 46, 47, 48] we chose Eq. {6.3), since it is much more
consistent with (6.8) than is Eq. {6.6), when tested by using measured quarkonia masses
in Eq. (6.8). By ehmlnamug the values of the Regge slopes from Egs. 3.5),(6.8), we
derived new (higher power) mass relations which hold with high accuracy for all well
established meson multiplets, and may be reduced to quadratic formulas by fitting the
values of the slopes {36, 47, 48], and new quadratic baryon mass relations [46].

Here, for brevity, we only compare predictions of (6.5) and (6.6) for the inclusive
production of heavy flavors. We choose the D meson production, according to the reaction

T+ N-—-D+ X, (6.9)
and the A, baryon production, according to the reaction
T+ N—=A+ X, (6.10)

for both of which experimental data exist: {49, 50, 51, 52] and [33], respectively. We note
that no experimental data vet exist for, e.g., the B meson production.

The following parametrization of the differential production cross section, in terms of
the Feynman-x (zg) and transverse momentum (pr) variables is commonly used:

d?s

- dx F dp%

~ (1 - xp)e b, (6.11)




where & is constant, and n = 1—2a(0), where a(0) is the value of intercept of the trajectory
exchanged in the production reaction. .

In both the reactions (6.9} and (6.10), the D* meson trajectory is exchanged. There-
fore, for these reactions, Eq. (6.11) contains n = 1 — 2ap-(0). Since the value of the
D trajectory intercept implies the corresponding value of n which may be directly com-
pared with available experimental data, one can choose between Egs. {6.5),(6.6) by their
predictions for ap-{0}.

Consider Egs. (6.3),(6.6) with 4 = n(— u,d}, B = c. Introducing x = amja a: We
can rewrite Eq. (6.8) as

4z |
2 : 2 __ 2 o
Mes + TM = 1+$m6ﬁ, : (6.12)
mi; + T'md, = 2zm’,, (6.13

respectively, using {6.5) or (6.6). The use of the measured vector and tensor meson masses
n (6.12),(6.13) allows one to extract the following values of z in both cases:

z = 050001 for Eq. (6.5),  (6.14)
= 0.77£0.01 for Eq. (6.6). -~ (6.15)

Further calculation of the value of intercept of the D* trajectory, with the formula
ap-(0) + ap.mi. =1,

where op. is determined from (6 5),(6.12) or (6.6),(6.13) and «, = 0.88 GeV~2, gives,
respectively,

[ —1.365+0.035 for Eq. (6.5),
ap-(0) = { ~173+£0.04 for Eq. (6.6). (6.16)
Therefore, '
_ [ 3734007 for Eq. (6.5), (6.17)
4.46 +0.08 for Eq. (6.6). o

Since the above values of n differ by ~ 20%, it becomes crucial to compare both of them
with experiment. Available experimental data are presented in Table II.

Reference [49] 150] [51] 32] | = [53]
Valueof n | 3.80+0.63 | 3.74+0.23 |39£03 | 35£05{3.562£03

Table 1. Comparison of the values of n given in (6.17) for both Egs. (6.5) and (66) with
available experimental data on the 1) meson and A. baryon production.

One sees that the value of . given by (6.5) is supported by existing experimental data,
while that given by (6.6} is in apparent disagreement with these data. This confirms
the conclusion drawn before on the basis of particle spectroscopy [36, 46, 47, 48] that it
is additivity of inverse Regge slopes, Eq. (6.5}, which is realized in the real world, not




factorization of slopes, Eq. (6.6). Since additivity of inverse slopes follows clearly from
additivity of inverse mass potentials in the manifestly covariant framework, experimental
confirmation of additivity of inverse siopes gives extra credibility, in addition to apparent
success of the linear and cubic spectra, as discussed in Sections 3-3. to manifestly covariant
relativistic statistical mechanics as a framework for the description of realistic strongly
interacting phyvsical systems.

7 Concluding remarks

We have discussed manifestly covariant relativistic statistical mechanics as the description
of an ensemble of events in spacetime parametrized by an invariang proper time 7. We
have shown that the lin' & and cubic mass spectra result from this formulation (the latter
with the inclusion of anti-events}. We have presented evidence that these spectra are the
actua! spectra of an individual hadronic multiplet and hot hadronic matter, respectively.
These spectra allow one to predict the masses of particles nucleated to quasi-levels in
such an ensemhle. As an example, we have calculated the masses of the ground state
mesons and baryons, in excellent agreement with the measured hadron masses. We have
established additivity of inverse Regge slopes, through additivity of the mass potentials,
and shown that this additivity is consistent with available experimental data on the D*
meson and A. baryvon production, while factorization of slopes, as given in the standard
framework, is in apparent disagreement with data. All this supports manifestly covariant
relativistic statistical mechanics as a framework for the description of realistic strongly
interacting physical systems.
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