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ABSTRACT: The recently proposed relaxion models require extremely large trans-Planckian
axion excursions as well as a potential explicitly violating the axion shift symmetry. The
latter property is however inconsistent with the axion periodicity, which corresponds to a
gauged discrete shift symmetry. A way to make things consistent is to use monodromy, i.e.
both the axion and the potential parameters transform under the discrete shift symmetry.
The structure is better described in terms of a 3-form field C},,, coupling to the SM Higgs
through its field strength Fj;. The 4-form also couples linearly to the relaxion, in the
Kaloper-Sorbo fashion. The extremely small relaxion-Higgs coupling arises in a see-saw
fashion as g ~ F,/f, with f being the axion decay constant. We discuss constraints on this
type of constructions from membrane nucleation and the Weak Gravity Conjecture. The
latter requires the existence of membranes, whose too fast nucleation could in principle
drive the theory out of control, unless the cut-off scale is lowered. This allows to rule
out the simplest models with the QCD axion as relaxion candidate on purely theoretical
grounds. We also discuss possible avenues to embed this structure into string theory.
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1 Introduction

Recently [1] (see also [2-11] for later versions) proposed a new mechanism to solve the EW
hierarchy problem under the name of cosmological relaxzation. Its main appeal is that it
does not require the presence of new physics near the EW scale, while providing at the
same time a natural dynamical mechanism to keep the Higgs hierarchically lighter than



the cutoff of the theory. Basically the proposal is to extend the SM Higgs scalar potential
by including a coupling to an axionic field, leading to a potential

V =V(g) + (—=M? + go) |h|* + A cos (?) : (1.1)

Here V(gp) = gM?¢ + g*¢* + ..., and A = Ag + A(h) depends on the vev of the Higgs
field h. Also, f is the usual axion decay constant, and M? is a cutoff coming from SM loop
effects.

In the minimal version the field ¢ is the QCD axion, the cosine potential arises from the
usual SU(3) instanton effects breaking the Peccei-Quinn symmetry, and Aqcp ~ A(h = v)
depends on the Higgs vev through quark masses. We will however consider also more
general axion-like particles to play the relaxion role.

During inflation, the non-perturbative effects are negligible, hence the dynamics of ¢
is controlled by V' (g¢); the axion ¢ starts out at a large positive value and slow rolls down
its potential, thus scanning values for the Higgs mass. When crossing mj ~ 0, namely at
¢ ~ M?/g, the Higgs develops a vev, triggering electroweak symmetry breaking, and the
barrier of the cosine potential increases stabilizing the axion shortly after my ~ 0. Hence
the Higgs mass is dynamically set to a value much lower than the cutoff M. In order for
the instanton term to stop the rolling of ¢, the barrier A(h) evaluated at h = v should be
comparable to the slope of the axion potential. Parametrizing A(h)* = ch?, this requires

2 A (h = v) cv?

M ~

(1.2)

For the relaxion being the QCD axion, ¢ = f2y2, and f > 10° GeV according to astrophys-
ical bounds, leading to a very small coupling

—16m]23W
g~ 10 SR GeV. (1.3)

Therefore a big hierarchy between the cutoff M and the EW scale is translated into a very
small coupling g. In fact, the smallness of this parameter is common in all the versions of
the cosmological relaxation mechanism, with g ~ 10734 GeV being a typical value.

This mechanism to generate a hierarchically small Higgs mass is argued to be tech-
nically natural, since the smallness of mj; comes from the smallness of the parameters g
and A, which are associated to symmetry breakings. Indeed, the parameter g is the only
source of breaking of the global shift symmetry of the axion, and therefore its smallness is
expected to be technically natural.

There are two important questions unanswered by the above description:

e The smallness of g implies a field excursion A¢ during inflation much larger than the
UV cutoff of the theory. This possibly endangers the stability of the potential against higher
dimensional operators, a familiar issue in large field inflation models (see [12] for a review).
One may argue that this problem is solved by appealing to the continuous perturbative
axion shift symmetry. However, given the general belief that quantum gravity violates all
global symmetries, this mechanism seems unrealizable in actual embedding of this effective
theory in UV completions including quantum gravity.



e On the other hand, for ¢ to describe an axion, it should have a discrete periodic
identification under ¢ — ¢+ 27 f. As emphasized in [6], this should correspond to a gauge
symmetry in a consistent theory of quantum gravity.! This is however not respected by the
coupling to the Higgs field in (1.1), implying that ¢ can not be a pseudo-Nambu-Goldstone
boson (pNGB).

It is interesting that these two questions have already been addressed in the context
of axion monodromy inflation models [14-19] (see also [20-37]), and this motivates the
suggestion to UV-complete relaxion models in this framework. In this paper we take
several important steps towards fleshing out this proposal, and analyzing the problems of
embedding it into a consistent quantum theory of gravity like string theory. Among other
things, we will study the constraints that the Weak Gravity Conjecture [38] implies in the
viability of the models. Inflation generically leads to too fast nucleation of the membranes
required by the WGC, which could drive the theory beyond control if the cut-off scale
is not low enough. We also consider possible string theory embeddings of the relaxion
monodromy potentials.

The paper is organized as follows. In section 2 we review axion monodromy, i.e. pe-
riodic scalars with multibranched potentials. In section 3 we describe a minimal relaxion
model where the potential, including the Higgs coupling, arises from the multibranched
monodromic structure. section 3.1 highlights an interesting parametric dependence of
scales, which can naturally accommodate the exceedingly small couplings of relaxion mod-
els; section 3.2 introduces a simple multibranched relaxion model. In section 4 we discuss
nucleation of membranes bounding bubbles of vacua corresponding to different branches
of the axion potential, and exploit the possible role of the Weak Gravity Conjecture in the
evaluation of the transition rates. This discussion is applied to the case of relaxion models
in section 5. In section 6 we discuss possible embeddings of the relaxion structure into a
string theory setting. We finally leave section 7 for general comments and conclusions. We
complete the main text with four appendices. Appendix A reviews axion monodromy in
terms of a dual 3-form with a 2-form gauge symmetry. In appendix B we derive the tun-
nelling probability formulae discussed in the text. Appendix C discusses the Weak Gravity
Conjecture as applied to (d — 1)-form gauge fields. Finally appendix D shows some details
of the axion potential derived from the DBI action, as used in section 6.

2 Axion monodromy

In [6] the authors argue that the discrete shift symmetry of ¢ has to be necessarily gauged in
a consistent quantum theory of gravity and therefore can not be broken by any term in the
action. This implies that if ¢ is an axion or a pseudo-Nambu-Goldostone boson (pNGB),
the coupling ¢ is not naturally small but indeed theoretically inconsistent. However, the
authors in [6] miss the possibility that ¢ is not a pNGB but an azion with multi-branched
potential, so that the theory is consistent with a mass term and interactions for the axions

1One could try to drop the requirement that ¢ is an axion, by declaring it to take values in R rather
than in S'. This however makes the PQ-symmetry group a ( nonlinearly realized) R, instead of the usual
S! = U(1). Noncompact symmetries are again notoriously in conflict with quantum gravity [13].



while preserving an underlying discrete shift symmetry (see e.g. [14-19], also [20-36] for
applications to inflationary potentials). Our present work is the first concrete proposal to
implement a monodromy realization of relaxion models, and explore its implications.

In this section we review axion monodromy models, explaining the mechanism by
which periodic scalars get multi-branched potentials from the introduction of a coupling
to a 3-form field. It also serves to fix notation and conventions.

As described in [16] (see [39] for related ideas in a different context), an efficient way
to describe the introduction of potential terms for axionic scalars is to couple them to a
3-form gauge field. Consider for instance the simplest case, which eventually describes a
massive axion. It corresponds to the lagrangian

1 1
L= *5(%@?))2 - §\F4|2 + g Fy, (2.1)

where Fy = dC's the field strength of the 3-form. Since the 3-form field has no propagating
degrees of freedom in 4d, we can integrate it out via its equation of motion

« Fy = fo+ 99, (2.2)

leading to an induced scalar potential for the axion

Vics = 5(fo+ 90 (23)

Notice that even if the 3-form in four dimensions does not have propagating degrees of
freedom, it can still yield a non-vanishing field strength giving a positive contribution fj
to the vacuum energy. The discrete identification of the scalar is a gauge symmetry which
involves a change in fj, as follows

o= o+2nf, fo— fo—2mgf (2.4)

At the quantum level,? the vacuum value of the 4-form flux fy is quantized in units of
membrane charge (we will come back to these membranes in section 4)

fo=nAy, neZ (2.5)
Hence we have the following consistency condition [42]
onfg=kA2, keZ (2.6)

which will be important when discussing explicit relaxion monodromy models.
This structure underlies the axion monodromy inflationary models (see e.g. [14-19)]),
in which the scalar potential is multivalued with a multibranched structure dictated by

2At the classical level, fo can take an arbitrary constant value implying that the continuous shift of the
axion is also a symmetry of the action. However, as emphasized in [40] the actual value of the 4-form field
strength in four dimensions (and not only its shift when crossing a membrane) satisfies Dirac quantization.
When embedding the model in string theory, this quantized value indeed corresponds to the integer flux of
the magnetic dual in higher dimensions [40, 41]
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Figure 1. Multi-branched structure of a typical axion monodromy model.

the above discrete shift symmetry, akin to the “repeated zone scheme” familiar from solid-
state physics [42, 43] (see figure 1 for a qualitative picture). Each branch is labelled by the
value of fy. Once a specific branch is chosen, one can go up in the potential away from
the minimum and travel a distance A¢ larger than the fundamental periodicity f. This is
specially useful for large field inflationary models in which one needs a trans-Planckian field
excursion for the inflation even if all the scales of the theory remain sub-Planckian. The
relation between F-term axion monodromy and a Kaloper-Sorbo (KS) potential like (2.1)
was explicitly shown in [18], and further generalised in [41] for any axion of a given string
compatification.
The above system can also be generalised to multiple axions

L = K;jdg" Axd¢) — Fy NxFy+ C3 A j (2.7)

where j, = 9,0(¢") is an external current satisfying dj = 0 and 0(¢;) can be a polynomial
function mixing the axions. This leads to more generic potentials than (2.3) containing
also quartic or higher couplings between the axions. The system is then invariant under
a set of discrete transformations in the axions combined with some integer shifts on the
parameters appearing in 6(¢;) (which in string theory correspond to the internal fluxes of
the compactification). The relation (2.6) then becomes

60(¢) = kAL, kcZ (2.8)

where 60(¢) is the integer shift that has to be reabsorbed by each 4-form background. This
is indeed the situation that naturally arises in string theory flux compactifications [41], in
which the full axionic dependence of the scalar potential can be written in terms of 4d
couplings of the 4-forms.

The above system of a single axion admits an alternative description in which the
scalar is dualized into a 2-form. The 3-form then gets massive by “eating up” the 2-form in
a gauge invariant consistent way [18]. We review this (standard) description in appendix A.
The description in terms of 2-forms is valid for the simple monodromic models studied in



this paper, but has not appeared in the literature for more general monodromic models
such as those in [41].

The appealing feature of this mechanism is that the gauge invariance of the 3-form
protects the potential from Planck-suppressed operators. More concretely, consider higher-
dimensional operators which appear as powers of the gauge invariant field strength Fy/M?,
with M the cut-off scale (or the Planck mass in monodromy inflation). After integrating
out the 3-form the corrections to the scalar potential will also appear as powers of the
leading order potential itself, namely §V ~ > Vo(Vo/M*)™, so they will be subleading as
long as the potential remains below the cut-off scale, even if the field takes large values.
Therefore it is a very efficient mechanism to keep a scalar field light, in a way consistent with
interactions, and without adding new degrees of freedom or new physics at the EW scale.

This is another motivation to construct a relaxation model by rewriting all the cou-
plings in terms of 3-form fields. The parameter g of relaxation could be safely argued to
remain naturally small even for a large field excursion of the axion.

3 A minimal relaxion monodromy model

As mentioned in the introduction, monodromic or multi-branched potentials have been
suggested as a way out of certain puzzling features of the naive relaxion models. How-
ever, there is actually no explicit relaxion model with a built-in monodromy structure in
the literature. In this section we describe the simplest relaxation model with an axion
monodromy structure. We also revise the issue of the smallness of g in the context of
monodromy. Clearly, the construction admits many generalizations, and the model in this
section is proposed as a simple illustration. In this sense, we emphasize that the analysis
in forthcoming sections is actually meant for general constructions, rather than the precise
model in this section.

3.1 Seesaw-like scales and stability

The scales in axion monodromy show an interesting see-saw structure which has not been
pointed out in the literature.

As discussed in the previous section, requiring that an axion potential has a mon-
odromic structure amounts to requiring that it is invariant under a discrete axion shift
symmetry which acts non-trivially on the parameters of the potential. In the previous
section we saw in (2.6) that

2 f

So we see that g is quantized in units of AZ/(2mf). The structure in (3.1) is reminiscent

g = (3.1)

of the seesaw mechanism for neutrino masses (for a review, see e.g. [44]), where the very
small neutrino mass arises as a quotient m%,v /M, between two different mass scales; as
long as M, > myy (typically M, ~ 1010 — 106 GeV in the neutrino context), the resulting
neutrino mass will be much lower than both myy, M,.

Similarly, (3.1) can explain one of the troubling aspects of the relaxation mechanism,
namely the tiny value of g. This is typically required to be as small as e.g. 10734 GeV, so



that, even if relaxation works, we seemingly must introduce a new energy scale far smaller
than any other in an unmotivated way. However, the smallness of g is nicely explained by
the seesaw mechanism in (3.1). For f ~ 1019 GeV one obtains for the flux scale Ay:

g=10"3GeV — A, ~ Jgf ~ 1073 eV . (3.2)

So for typical relaxionic values the new fundamental scale is rather A, ~ 1073eV, and
the smallness of g appears as a derived very small quantity determined by the effective
see-saw relation g ~ Ai /f. This beautifully follows from the monodromy version of the
axion symmetry, via the discrete shift symmetry and the quantization of fy. The new
fundamental scale Ay is much larger, 20 orders of magnitude larger than g.

Before moving on we should notice an interesting numerical coincidence in this minimal
example. The new scale A, ~ 1073eV is in the order of magnitude to the observed
cosmological dark energy scale Agax ~ (1073eV)%. It is tantalizing to speculate that both
scales are physically related, perhaps through the intimate relation between (free) 4-forms
and their contributions to the cosmological constant [40, 45-47].

In any case, the smallness of Ay is yet to be explained. A perhaps interesting observa-
tion® along this line is that, by combining (1.2) and (3.2), we arrive at

AS
A~ 37, (3-3)
This resembles a further seesaw between the nonperturbative scale A, and the SM cutoff
scale M. However, in absence of any direct coupling between QCD and Fy, (3.3) remains
accidental. Indeed, (1.2) means that the nonperturbative barriers are able to stop the re-
laxion, and thus constitute a purely phenomenological requirement for the relaxion picture
to work.

This see-saw structure can provide an explanation for the originally tiny value of g. But
one should also address the question of the stability of this parameter, both at the classical
level (taking into account non-negligible higher dimensional operators due to the large field
excursion of the relaxion) and at the quantum level due to loop corrections. The former
makes reference to the infinite tower of non-renormalizable operators which a priori become
relevant when the field takes values larger than the cut-off of the theory (as required in
relaxation), while the latter refers to the quantum stability of the classical Lagrangian. The
argument for which g is technically natural since it is associated to a symmetry breaking is
not valid in the context of monodromy, or at least, the underlying protection is more subtle,
because indeed the discrete shift symmetry of the axion remains unbroken at the level of
the action (so g is not associated to the breaking of the discrete shift symmetry). However,
monodromy provides a new mechanism to guarantee the stability of the effective potential.
First, as explained in the previous section, the gauge invariance of the 3-form shields the
potential against non-renormalizable higher dimensional operators, implying that those
should come as powers of the potential itself. Therefore they will remain subleading (due
to the original smallness of g) even if the field excursion of the relaxion is bigger than

3We thank the anonymous referee for pointing this out to us.



the cut-off scale. Let us remark that the stability of the full scalar potential can only be
guaranteed if the complete perturbative potential for the axion (including mass terms and
interactions) arises from a coupling to a single 3-form field. Therefore, not only V' (g¢) has
to be rewritten in terms of a coupling to a 3-form field, but also the axion-Higgs coupling
term. This will be the subject of section 3.2. In addition, the stability of the potential
at quantum level appears as a natural consequence of the previous argument, because
all the classical perturbative couplings involving the relaxion ¢ are then controlled by g.
Therefore the quantum corrections will only give rise to a renormalization of the parameter
proportional to itself, implying that g is technically natural and will remain small if was
originally small (e.g., due to the see-saw structure described above).

3.2 Coupling a multi-branched axion to the SM

Let us start by recalling the minimal relaxion model (1.1),

V =V(go) + (—M? + gp)|h|* + A* cos (?) (3.4)

The simplest option for a monodromy invariant version of this coupling one could think
of is
Vo= Von + Vis —nFuHP? + Vs (3.5)

with 1 some constant of order one and

1
Vks = 5|F4|2 — goFy (3.6)
One obtains, after eliminating Fy

Vo= 2 H? + NH* + (fo + 96 + n[H)? + Vies = (3.7)
= MNH* + (fo + 9¢)> + 20 (-=M> + g¢) |H?> + Vios,

where we define
12

M? = 5
2n

fo (3.9)
An important point to remark is that u is of order the UV cut-off, includes all loops, and
is not quantized in general. Then fj is not required to be large, and no enormous quanta
are required. It only has to shift appropriately and will generically be of order fy ~ Ai.

The structure just obtained is similar to the relaxion model, with a certain KS-like
potential for the axion. Now, as the axion rolls down, it meets first the point at which
¢ = M?/g as usual. But still goes down because the KS potential has not yet reached
its minimum. But then eventually the cosine piece enters into the game and stops the
relaxation, as usual.

This minimal monodromy version of relaxation improves the original in several re-
spects. The gauge shift symmetry is preserved, even though the axion has a non-trivial
quadratic potential. This symmetry also protects the relaxion from Planck suppressed



corrections which appear in powers of F, 42 /M*. Furthermore, the minute mass scale g ap-
pears as derived from a much larger fundamental scale A;, ~ 1073 eV via the relationship
g~A2/f.

It is clear that many other models may be constructed by introducing different cou-
plings of the 4-form strength to the Higgs field. Also the values of the mass scales involved,
the cut-off M and the 4-form scale Ay may be very different from the ones in this simple
example. As an example, in section 6 we show a model derived from a string setting in
which the coupling of Fy to the Higgs system is quite different.

We refrain from entering a detailed model-building search, and instead turn to the
interesting question of whether the general idea of a monodromy relaxion is viable, by
studying new model-independent constraints. In particular, the multi-branched structure
of the axion potential implies the existence of tunnelling between vacua corresponding
to different axion branches. We have to explore whether this tunnelling is sufficiently
suppressed so that the relaxion indeed proceeds smoothly through slow roll to reach the
point in which it induces a massless Higgs. We study these issues in the next two sections,
in particular exploiting the implications of the Weak Gravity Conjecture.

4 Membrane nucleation and the Weak Gravity Conjecture

Axion monodromy models, in particular those involving a large number of axion wind-
ings along a branch, must address the question of possible tunneling transitions between
branches (mediated by membrane nucleation) which can reduce the effective field range of
the axion (see e.g. [16-18, 27| for discussion in the axion inflation setup). However a quan-
titative estimate of the tunneling probability requires information from the UV completion,
which determines the tension of the corresponding membrane. As we argue in appendix C,
in theories containing quantum gravity, a version of the Weak Gravity Conjecture (WGC)
in [38] can provide useful information on the parametric dependence of the membrane ten-
sions, in a fairly model-independent way, and therefore can yield generic constraints on
relaxion models. In this section we study the membrane nucleation process and explore
possible constraints from the WGC.

4.1 Membranes and monodromy

In a generic relaxion model, an immediate question is how large a hierarchy we can obtain
between A¢, the field range traversed by the relaxion during inflation, and f, the relaxion
decay constant. Can one really restrict to a single branch and go up the potential to make
the field range parametrically large? The answer is no, in general. As is well-known in the
monodromy literature [18], in the presence of membranes there are dynamical processes
which make the field jump from one branch to a lower one, spoiling the slow rolling.*
However, as for any non-perturbative tunneling process, the probability for this to happen
is in principle exponentially suppressed (see [27, 42] for some discussion in the context of
axion monodromy inflation).

4There are other processes which may spoil too large windings of the axion, see e.g. [17]. In this paper
we restrict to membrane nucleation, which as we show is enough to stress the relaxion a little bit.



Let us describe this process in more detail. During inflation, and the rolling of the
relaxion, a bubble may nucleate, bounded by a membrane. The value fy of the 4-form
will jump by A,Qq upon crossing the membrane. Since the vacuum energy is lower within
the bubble than outside, the bubble will expand indefinitely, provided that it is initially
large enough so that the pressure associated to the difference in vacuum energies beats the
surface tension. The smallest bubble for which this happens is the so-called critical bubble.

Bubbles smaller than the critical radius cost energy to produce, since the surface
tension overcomes volume. As a result, they cannot be produced in the vacuum. The
critical radius bubble costs no energy, and hence it can be produced by an instanton effect.
One can estimate the transition rate for this process in the thin wall approximation. There
is a well known expression for this

27721
P ~exp(—B), B= AAV (4.1)
where T is the tension of the membrane which induces a shift on fy and AV is the variation
in the potential energy, in our case

AV =V; — Vi ~ Algo. (4.2)

This formula however neglects gravitational effects. As discussed in [48], it is only valid
when the gravitational backreaction of the energy density in the bubble can be ignored.
This will be the case whenever the bubble radius® r ~ T//(AV) is smaller than the de Sitter
radius H ! associated to the energy density of the bubble. In other words, gravitational
effects are negligible if

1 AV
=—~—>1 4.
=00 " TH (43)

where the variable ¢ parametrizes the importance of the gravitational effects and will be
useful later. We will see in section 5.2 that relaxionic models correspond to precisely the
opposite regime. For typical parameters, ¢ = (rH)~! < 1 and gravitational effects are
significant.

We therefore need to use the more general expression for vacuum decay which can be
found in [48], see appendix B for details. It turns out that the approximate expression
valid in the relaxation regime is

(4.4)

Here, w is a certain function of ¢ defined in appendix B and ranging from one to =~ 0.1
in the relaxation regime. Notice that unlike (4.1), (4.4) depends strongly on the Hubble
constant H, signalling the importance of gravitational effects.

Formulae like (4.1) or (4.4) are useless without additional information, because they
give the tunneling probability in terms of the membrane tension 7', which cannot be con-
strained from just effective field theory. It is here where the WGC can be helpful, allowing

®Notice that 7 ~ T/(AV) is the radius that the bubble would have in flat space. When gravitational
effects are important, the expression for the bubble radius is modified, as explained in appendix B.

~10 -



us to constrain the model even if we do not know the exact UV completion. If the WGC
predicts the existence of a membrane with very small T', we have B < 1. Even though we
would be outside of the semiclassical approximation inherent to any instanton computa-
tion, a small value of B would generically mean that membranes are produced copiously,
since their nucleation is not suppressed by exponential effects. Since inflation lasts for so
long in relaxation models, we would produce enough membranes so as to completely spoil
the slow-roll of the relaxion. Generically, if a strong enough form of the WGC holds, we
can use it as a tool to discern which effective field theories might be a priori UV completed
when including gravity and which ones would be in the Swampland instead.

4.2 WGC and membranes

We now briefly discuss what the Weak Gravity Conjecture is and apply it to 3-form fields.
This conjecture has proved useful in constraining inflationary models based on natural
inflation with one or multiple axions [49-63]. Our analysis is the first dedicated study of
WGC constraints to axion monodromy models as well.5

The original statement of the WGC [38] is that, in theories of quantum gravity, for an
abelian p-form gauge field with coupling g,, there must exist a charged object, of charge
@) and p-dimensional worldvolume, which is superextremal, i.e. its tension T satisfies

~ /GN

(4.5)

where GGy is Newton’s constant.

Such state is required to allow the decay of subextremal charged objects which can be
constructed in the effective field theory of the p-form field coupled to gravity. For instance,
for p = 1 in d = 4, this effective theory contains subextremal Reissner-Nordstrom black
holes. These black holes may lose charge and mass via Hawking radiation of charged par-
ticles, and become extremal. However, extremal black holes risk becoming superextremal
when radiating charged particles. Superextremal black holes are problematic, since they
have naked singularities which generically drive the theory out of control. So, either they
are stable, or there is some decay channel which preserves (sub)extremality. The former
possibility is not feasible, at least in theories (like string theory) in which the coupling g,
is tunable: by taking g, very small we could get a large number of stable, almost massless
and degenerate, extremal black holes, resulting in the usual trouble with remnants [64], as
explained in [65].

We are thus let to the latter possibility. The requirement for an extremal black hole
with charge @ and mass M = @ g1 M, to be able to decay while remaining (sub)extremal
is that there is a particle with mass m and charge @, such that

(Q—Qm) 1 Mp _ 1
M —m =

M
— QmmmP21 (4.6)

50One could also try to apply this conjecture to axion monodromy models in inflation (see [53] for partial
attempts). However, the constrains derived in that case are too weak and do not pose a serious problem
for inflation. It is the particular interplay between the scales in relaxation what makes these constraints
relevant.
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where we have assumed a black hole arbitrarily close to extremality, M ~ Qg1 M,. This is
precisely (4.5) for p = 1; a similar argument works for (almost) any other p.

In this paper we are concerned with applying the WGC to 3-forms in four dimensions.
This is a subtle issue, which we discuss in apprendix C, but our conclusion is that the
WGC is plausible (up to order 1 factors) in this case as well. Furthermore, as discussed
in the appendix, we will assume a strong form of the WGC, which basically says that one
may take @@ = 1 in (4.5) if desired. This is a particular instance of the “Lattice Weak
Gravity Conjecture” of [60], which is the only strong form of the conjecture known so far
that is consistent with dimensional reduction. Although the black hole arguments above
only motivate the mild form of the conjecture, no counterexamples to the strong form are
known in string theory. In fact, the membranes predicted by the WGC are present in any
stringy model we can think.

In terms of 3-form data, the gauge coupling gs is none other than A%, the 4-form
flux quantum, which as argued in section 2 equals 27 f¢g in monodromic relaxion models.
The strong form of the WGC applied to 3-form fields in four dimensions implies that the
membrane which shifts the flux fy by one unit must have a tension lower than

T ~2nfgMp (4.7)

where we have restored the Planck mass, f is the decay constant of the axion, and there
might be additional O(1) factors. The tunneling probability associated to membrane nu-
cleation is given by eq. (4.4)

fgMp

B =~ 413w(q) 73

(4.8)

One can now take a particular effective relaxation model and compute the tunneling
probability between different branches. If the tunneling is not suppressed, many such
transitions will take place over the exceedingly large number of e-folds that inflation lasts in
the original relaxion proposal, spoiling the simple slow roll picture of the relaxion dynamics.

This mechanism will not stop with the appearance of the QCD barriers, since periodic
potentials coming from nonperturbative effects have (approximately) the same value at ¢
and ¢ 4 27 f; only the monodromic part of the energy changes. As a result, AV remains
the same and so does the transition rate.

It is important to emphasize the WGC membrane is a kind of domain wall different
from the field-theoretic “bounces” which arise once the QCD barriers switch on. These
are fully accounted for by low-energy effective field theory, have a tension T ~ fA2? (where
A, is of order of the strong coupling scale of the gauge group coupled to the relaxion)
in relaxionic models, and are already discussed in [1]. Their decay rate [48, 66] can be
safely computed within effective field theory and is not an issue for the relaxion proposal.
On the other hand, the effect of the membranes we consider cannot be computed within
effective field theory, and we need additional input like the explicit value of T', or the WGC
bounds on it.
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5 Constraints on the relaxion

When studying the viability of relaxation in a UV completion using monodromy there are
two issues to address. First, the stability of the full scalar potential can only be guaranteed
if the complete potential for the relaxion (including also the axion-Higgs coupling term) is
rewritten in terms of a coupling to a 3-form field. This has been the subject of section 3
from a pure effective field theory point of view. First attempts to find such a structure in
string theory will be given in section 6.

Secondly, if one indeed succeeds in constructing such a model, one should study the
tunneling probability by membrane nucleation before making any claim about the effective
field range available to relaxation.

A priori it makes no sense to address the second issue without having a complete
realisation of monodromic relaxation, since one needs the tension of the membrane (and
more generally, the action of the instanton) to be able to make any concrete claim. However,
it turns out that the typical scales involved in the theory to address the EW hierarchy
problem are in general so extreme that we can already draw some conclusions just focusing
on the pure relaxion potential V(g¢). Taking g to be the 3-form coupling, one can apply
the formulae in the previous section to constrain specific relaxion models.

5.1 Constraints on the relaxion parameter space

The original relaxion model [1] has a parameter space specified by the cutoff M, the axion
coupling g, the axion decay constant f, the Hubble scale H during inflation, and the energy
scale A of the gauge group providing the nonperturbative effects which stop the rolling of
the potential. If we want the relaxion to also solve the strong CP problem, then f and A are
constrained to have their QCD values. This parameter space is however very constrained.
We now review these constraints as established in [1].

In order for the relaxation mechanism to provide a dynamical solution to the EW
hierarchy problem for generic initial conditions of the relaxion ¢, inflation must last long
enough for ¢ to scan the entire range of the Higgs mass. This implies that

Ap z M?/g (5.1)
leading to a lower bound in the number of efolds
H2

NZ 2 (5.2)

about N, > 1037 — 1057, depending on the specific details of the model and further con-
strains on inflation. The relaxion will stop rolling when the barrier of the non-perturbative
potential becomes comparable to the slope of the perturbative potential, ie.
A
f
where A2 = AY(h = v) = cv? being ¢ = f2y2 if ¢ is the QCD axion. If we require M > my,
(to have a EW hierarchy problem to solve), the relation (5.3) implies an upper bound
Ay

2
fmw

gM? (5.3)

g < (5.4)
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For the minimal field content in which the relaxion is the QCD axion, the above bound

reads g < 10716 GeV, where we have used A, ~ Aqcp ~ 200MeV and f ~ 10° GeV. For

instance, a cutoff M ~ 107 GeV implies g ~ 10726 GeV. Combining egs.(5.1) and (5.3)
we get

Ay M+ M*

— >~

f AL

Therefore a big hierarchy between the EW scale and the cutoff of the theory implies

(5.5)

in turn an even bigger hierarchy between the axionic field range and the fundamental
periodicity f. Notice that this is independent of whether the relaxion is the QCD axion.
In terms of the monodromic model, this implies that the axion must travel its fundamental
domain an extremely huge number of times, between at least 10* — 100 times for a cutoff
M ~ 10* —10'3 GeV. It is then reasonable to expect a non-negligible tunneling probability
so that it is more efficient to decrease the energy by jumping from one branch to another
than by slowly rolling down the potential. In the next section, we explicitly compute this
probability by plugging the above constraints in the formulae derived for the transition
rate in the previous section. But before that, let us recall that the Hubble constant is also
highly constrained in the relaxion models. For the QCD-like barriers to form, we must have

H < A, (5.6)

Also, energy density during inflation must be dominated by the inflaton, rather than the
relaxion. As a result

H>=—"—. (5.7)

This already imposes an upper bound on the cutoff given by M < (AUMp)l/ 2~ 10°GeV
for A, taking the QCD value. This constraint can even be a bit stronger if we also impose
that quantum fluctuactions are subleading with respect to the classical rolling, leading to
M <107 GeV .

5.2 WGC constraints

The above constraints were already discussed in the original relaxion paper. We want to
study whether membrane nucleation provides extra constraints on the relaxion parame-
ter space.

If the transition rate is not exponentially suppressed, we can expect a large number of
membranes being produced during inflation. If this number is larger than the number of
times the relaxion winds its fundamental domain, ~ 10* — 100, membranes will efficiently
take ¢ to 0, thus spoiling the solution to the hierarchy problem. Therefore, in order to
have successful relaxation we must have P ~ exp(—B) < 1.

Inserting the relations between f, g, H and M found in the previous section (given by
eq.(5.3)) into (4.8) and using ¢ ~ M?/g, we get

B =~ 4m%w(q)q e

(5.8)
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The variable ¢ was defined in (4.3) and parametrizes the importance of the gravitational
effects. If ¢ = 1 we recover the flat-space formula (4.1). In particular, we have

AV_ g9 o MZ/MP
! <M2/9> H

=HT = HM, ~ <1 (5.9)
which is always smaller than one at the end of relaxation, since for relaxion models satisfying
¢ ~ M? /g, the value of ¢ is controlled by the ratio between the density energy for relaxion
and inflation. Therefore gravitational effects may play a role suppressing the value of B
in (5.11) and increasing the tunneling probability. Since H < A, (see (5.6)) we also have
a lower bound for ¢ given by

M2
<qg<1. 5.10
T (5.10)
Using (5.9), and taking into account ¢ ~ M?/g during relaxation, we may rewrite (5.8) as
AyMp\*
B =~ 4m%w(q) ¢ < UMQ > . (5.11)

Requiring a suppressed tunneling probability with P ~ exp(—B) < 1, yields a constraint

M < (47r2w(q)q3)1/8 VAMp ~ (w(q)g®)® 2.5-10° GeV (5.12)

where we have used A, ~ Aqcp. This constraint for M, based only on the tunnelling rate,
is slightly weaker than those already discussed in [1], unless ¢ < 1. However, it can be
checked that due to the lower bound for ¢ in (5.10) it is not possible to get a stronger
constraint for the cutoff than M < 10° GeV.

The bounds above pose no problem for relaxionic models. However, we still have to
take into account that in relaxion models the inflation period is extremely large and the
number of efolds N enormous. Thus we have to consider that bubbles can form at any
moment at any point in the expanding universe. In this connection note first that, as
shown in appendix B, the radius of a bubble changes with time as

r(t) = & + 1 tanh? (\/Kt> (5.13)
cosh? (\/Kt) A

with A ~ H? being the associated cosmological constant. This shows that, within a few
Hubble times, the bubble reaches the cosmological horizon at » = H~!. Intuitively, the
bubble expands at almost the speed of light, and it takes a time of order H~' to reach
the horizon. This is true for bubbles nucleated at any time; although later bubbles start
with exponentially suppressed ryin to account for the expansion of spacetime, they always
become of cosmological size in one e-fold. Therefore the exponential expansion does not
wash out the effects of the bubble.

On the other hand, although bubble nucleation is suppressed, inflation lasts an enor-
mous amount of time in relaxionic models. In principle, many membranes can be produced.
The average number of bubbles nucleated in a spacetime region R of de Sitter space must be

N, ~ Vol(R)e™ P (5.14)
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where we have not written an equality because of an instanton prefactor whose computation
requires an ultraviolet completion of the theory. Typically it is set by some scale of the
theory, so we might think of it as a function of A, f, g, M . ... Ultimately, the precise value
of this factor will not be relevant for our conclusions (as long as it is nonzero of course).

The bottomline of the discussion is that if R is our past light cone during inflation,
then its spacetime volume scales as Vol(R) ~ e where N is the number of e-folds. Since
bubbles grow up to the Hubble radius within one e-fold (and actually start pretty close to
it), by the end of inflation we will be within roughly N, bubbles.”

For bubble nucleation not to spoil relaxation, we must require N, < 1. Parametrically,
this is equivalent to the requirement N < B. Since in relaxation N ~ (H/g)?, one has

B AR
N~ Ar°w(q)q 7206 (5.15)
which sets a new constraint for relaxionic models,
ASAZ3 N\ §
M < ( 47T3w(q)q5”fp> ~ (w(q)g®)"""® 300 TeV (5.16)

where we have used typical QCD values A, ~ 107! GeV and f ~ 10° GeV in the last step.
In this case, any hierarchy between the Hubble scale and M2 /Mp (leading to ¢ smaller than
one) would scale down this bound and can even rule out any possible hierarchy between
the cutoff M and the EW scale.

This constraint is more restrictive than the constraints discussed in the original relaxion
papers, and it applies to any relaxation model, independent of the nature of the relaxion
or the origin of the scale A,. Let us remark that the only constraints coming from the
relaxion proposal that we have used are: the fact that ¢ ~ M?/g (necessary to get a light
effective Higgs mass), the relation (5.3) derived from imposing that the non-perturbative
barrier eventually stops the running of ¢, and the requirement that the energy density
is dominated by inflation instead of relaxion, leading to (5.7). Hence the result is quite
independent of the specific relaxion proposal, as long as it satisfies the three previous
conditions and has a built-in monodromy structure.

For instance, the minimal relaxion model described in section 3 includes a new pa-
rameter 1 parametrising the coupling of the Higgs field to the Minkowski 4-form. The
constraints for relaxation are modified so that the bound in the cut-off becomes

f

One could a priori think of relaxing the constraint on the cut-off by having an extremely

1
A6M3 B
M§< 43w (q) g —~ P> V- (5.17)

large . However this leads the theory out of perturbative control, since n? is a coefficient
for the Higgs quartic coupling.

TA similar argument would not work for the field-theoretic domain walls of tension T ~ A2 f discussed
in the previous section, since these can only appear in the final stages of inflation when the QCD barriers
become significant.
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Figure 2. Plot of constraints B > 1 and B > N including the w(gq) dependence. The blue and
orange zones correspond to the regions surviving to the tunneling constraints in the parameter
space spanned by the cut-off scale M and the parameter ¢ ~ M?/(HM,) (left) or the Hubble scale
(right). Only B > N leads to stronger constraints on M than those already coming from eqs.(5.6)
and (5.7) plotted in green.

In figure 2 (right) we plot the dependence of the transition rate on the cut-off scale M
and the Hubble scale H (which enters in the formulae through the dependence on ¢). In the
left figure we plot the constraints directly in terms of ¢, to show explicetely the relevance
of the gravitational effects. The blue and orange regions correspond to the allowed regime
with B > 1 and B > N respectively. The constraints on the Hubble scale (yielding (5.10))
put an additional constraint on the cut-off represented by the green region. This latter
constraint is the one already appearing in [1]. Unlike B > 1, the constraint B > N
motivated above, indeed leads to stronger bounds than those already discussed in [1]. In
particular, the bigger is H, the stronger are the constraints. Therefore, depending on the
exact value of the Hubble constant, cosmological relaxation could still be used to explain
the Little hierarchy problem (with M < 300 TeV) or instead be totally ruled out.

Let us also finally comment that the minimal version of cosmological relaxation is
already ruled out by the strong CP problem. The minimization of the axionic potential
implies

fqcp ~ (9) ~ gM*f2 A} ~ O(f) (5.18)

while the experimental constraint imposes fqcp < 10719, There are mainly two proposals
to solve this problem still keeping the relaxion to be the QCD axion. Either the slope
of the perturbative axionic potential decreases dynamically after inflation [1], or the non-
perturbative potential induced by QCD instantons is suppressed during relaxation and
grow afterwards to force fgcp to small values [7]. In the former case, the constraint (5.16)
is modified to

1
TP ME gt ) o
M < 4m3w(q)q 7 lacn ) ® 500 GeV. (5.19)

In this case the bound of M is so restrictive that there is no hierarchy problem to solve:
bubble nucleation rules out the original relaxation proposal. We stress however that this
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bounds only apply to the particular solution of the strong CP problem in [1]; other solutions,
such as the one in [7], might still be viable.

The third option is to consider an additional new strong group coupled to the Higgs
which stops ¢ from rolling. The scale A, can be then increased until a few hundred GeV [1],
so the tunneling probability is further suppressed and the constraint for the cut-off is relaxed
to M < 10® GeV, again times the cosmological suppression factor (w(q)q5)1/ 16 These latter
constraints are comparable (perhaps slightly stronger) to the ones obtained in [1].

6 Monodromy relaxions and string theory

Many of the ingredients of the relaxion models discussed in previous sections are present
in string theory. Periodic axion-like fields appear in all string compactifications, and their
shift symmetries are typically remnants of gauge invariance of higher dimensional anti-
symmetric fields (see [67] for review). In particular in Type II orientifolds axions appear
from expanding D=10 Ramond-Ramond (RR) antisymmetric fields C), N..Q on harmonics
over the 6D compact space, see e.g. [68]. They also appear upon dimensional reduction
of Neveu-Schwarz(NS) antisymmetric 2-forms Bjsy. The field strengths of these anti-
symmetric fields as well as the magnetic fluxes of Fj;y regular gauge fields are quantized
when integrated over the compact space. All these integer quanta are inherent discrete
degrees of freedom for any string compactification. This leads to a landscape of string
vacua for any given particular compact space, which has been argued to be at the root of
the understanding of the smallness of the value of the cosmological constant [40].

As we mentioned above, it has been realised that in large classes of Type ITA/IIB string
compactifications the axions may have non-trivial perturbative scalar potentials without
spoiling the gauge discrete shift symmetries. This is true as long as not only the axion gets
shifted, but also the (quantized flux) parameters of the potential transforms appropriately.
The structure is similar to the Kaloper-Sorbo type of potential discussed above generalised
to include multiple axions and higher order polynomial interactions. Thus the structure is
again that of monodromic axions, whose symmetries are again better described in terms of
4d 3-forms, as in the simple examples discussed in this paper, see [41] for a more general
discussion.

So string theory contains two of the required ingredients to construct relaxion models:
1) there are axions and 2) they have the required multi-branched structure so that the axion
potential does not spoil the shift symmetry. In this section we try to take a further step and
attempt to build a string construction with the required axion-Higgs couplings appearing
in a relaxion model. We use Type IIB orientifolds, which have a rich structure of axions,
and exploit D-brane physics to engineer the monodromy in an eventually semirealistic
construction. We will just provide an explicit example of the required structure within
a toy model, and will not pursue the building a complete model. We will also see the
limitations of the approach and the prospects for a more realistic structure. The reader
not familiar with string technicalities may jump safely to eq. (6.9) where the main example
of this section is provided.
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The setup we consider is a stack of 3 parallel D5-branes wrapping a 2-cycle in a Type
IIB orientifold compactification® with an orientifold with O3/O7-planes. In this type of
compactifications there are axion fields b, arising from the expansion of the NSNS field
Bjsn on harmonic 2-forms w, which are odd under the orientifold reflection. We choose
our axion ¢ to be one of this kind, By = ¢ ws. This structure is similar to the one appearing
in the original axion monodromy models of string theory in [14, 15].

Let us now describe the realization of the SM gauge and Higgs fields. The initial gauge
group associated to the three D5-branes is U(3), and in general there are adjoint scalar fields
®; which parametrize the motion of the D5-branes in the four compact dimensions trans-
verse to the branes. The dynamics of these scalars is described by the Dirac-Born-Infeld
(DBI) plus Chern-Simons action, as we discuss in appendix D. After some simplifications
the DBI action applied to the mentioned system has the structure

R 1
SppI = —M5g$_1T1“/d6f\/(1 + 2028H<I>13#<I)z) <1 + 2gslfabfab> (1 —402?|[®1, <I>2]|2)2 ,
(6.1)
where ps = (a/)3/(27)% is the D5-brane tension, gs is the string coupling (dilaton) and
Fap = 0Fap — Bap, (62)

where 0 = 2o’ and (o/)~! is the string tension. We allow for magnetic flux quanta along
the U(1) of the U(3), F» = qws, and also assume there is an axion zero mode By = ¢ ws.
Here wy is an odd 2-form Poincare dual to the 2-cycle 3o wrapped by the D5’s. Expanding
this expression to second order in 4d derivatives we obtain

. |
Sppr = —u5gslsTr/d6§ (1 —40?|[@', 2] ) (1 + 029,001 + Zgglfabf“b +.. )

(6.3)
where we have neglected higher order terms in F. Now take the adjoints ®,, ®9 as
0 o0 & 000
'=| 0 0 K|, ®=]000 |,
(RY* (h)* 0 00m
0 0 mh!
(@, ®2) = 0 0 mh?|. (6.4)

—m(hH)* —m(R?)* 0

This correspond to one of the 3 D5-branes getting slightly displaced from the rest, giving

rise to a configuration with a gauge group SU(2) x U(1). Here m is generically of order the
2 ~ o/. Now, the potential for the axion arises from

1 i
105 FanF P o (0F — Ba)? o (g - go)* . (6.5)

This potential may be understood as arising from a Kaloper-Sorbo structure [34]. The

string scale, i.e. m™

relevant 4-form Fy is the dual of F» in the D5-brane worldvolume, and has a cross coupling

8See chapters 11 and 12 in [67] for a detailed discussion of this class of string vacua.
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Fy A Bs, which upon using the equations of motion for F; and By = g¢w produces the
above expression. On the other hand using the matrices for ®1, ®5 above and tracing over
gauge indices, we get

Tr [[®1, @212 = —m?|h|? (6.6)

leading to a scalar potential
VoBr = p5Vs,g; ' (14 402m2’h’2) (1+(qg— §¢)2) : (6.7)

There is a built-in KS symmetry which enforces the dependence on the axion to necessarily
appear in powers of Fy = (¢— g¢). However, that is not the case for the Higgs field, so that
a large mass term of order the cut-off is expected to appear at the quantum level, beyond
the original DBI contribution to its mass. Including this one obtains

Vo= =2 |h)? +Voer = M*(q—§¢)* + (—p° +4M*o*m? (1 + (¢ — §8)?) |h]*)  (6.8)

where we have assumed that the quantum correction of the Higgs mass is negative and
M* = usVs,g;!, and have ignored a constant term which is not relevant for the discussion.
The Higgs kinetic term is not canonical, and after redefining to the canonically normalised
Higgs h one finally gets a potential
2
Vo= <—1+(q“’_§¢)2 n 4M402m2> 2 + Mg — §6)% . (6.9)
The structure of this potential is of relaxion type, although not of the minimal class we
discuss in the text. At large ¢ the Higgs mass-squared is positive, the axion then starts
decreasing and at a certain point the Higgs mass vanish, a vev develops and then the
non-perturbative QCD (or other) condensate? stops the vev. Note that one can obtain the
above potential if a 4-form Fy in a KS term couples also to the Higgs field through a term
in the action of the form FZ/(1 + 40%m?|h|?).

This is an interesting toy model with some similarities with the simplest relaxion
model, but still far from a fully realistic realization. The most obvious difficulty in a string
embedding of the original relaxion dynamics comes from the required mass scales. The
natural scale in the above potential is the string scale, whereas in a relaxion model like
that in section 3 the 4-form scales are of order 1072 eV. One could perhaps consider models
with low string scale, but that would also lower the cut-off scale M.

To see this in more detail, let us compute the relaxion couplings M, g and f which we
used in previous sections in terms of stringy parameters. First, let us fix the axion decay
constant. The IIB supergravity part of the action relevant here is [67, 69]

1 /10 2
—— [ d7z|H3|", (6.10)
4riy

where k3, = 1(2m)7a/%. The B field couples to worldsheet instantons wrapping 3 [67, 69] as

1
B 6.11
2w’ /22 2 ( )

9This can arise from non-perturbative gauge dynamics on D-branes to which the axion couples, or from

euclidean D-brane instanton effects, see [67] for background.
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We now expand By = jows, where we remind the reader that wo is the volume form of .
1
29
Vs is the volume of the compactification manifold. With this choice of g, we may read the

We choose § so that (6.10) is canonically normalized, and hence §2Vg/(4x3,) = 3, where

canonical axion decay constant f from (6.11), to have

_ 2K2 2ma Ve 2ma/
== == s (6.12)
Vs Vs, 2r1g Ve,

One may also get the value of A%, the 4-form quantum, using the above and the DBI

action. If we momentarily take F5 = 0, we may obtain ¢ from the DBI by substituting
By = g¢uws and expanding to second order in ¢, from which we get

Lpse, 29 2 Msy - 2T Vi,
DRI~ 5 Vg ¢, g = Vel = L (6.13)
From this, we get A} = (27gf)? as
4 2./ M2
Ab Amtelym M (6.14)

gsVsakio gV,

This same value of A? can be obtained in a different way. Allowed values of the flux of the
D5 gauge field F5 are Fy = %wg for integer ¢, so that f22 F5 is an integer multiple of 27
(this ensures that the lower D-brane charges induced by the D-brane Chern-Simons terms
satisfy the right Dirac quantization condition). Plugging this back into the DBI action, we
get an action of the form %AinQ, with Ay given by (6.14), as expected.

Admittedly, we have no control over 2, which is why the model in this section falls
short from a stringy realization of relaxation. One possible way out is to locate the relevant
branes into warped throats which can exponentially reduce the mass scales M, o, m through
a warping factor [70-72]. This is in fact used in KKLT-like moduli fixing models [73], in
which this exponential suppression is also important in order to fine-tune the cosmological
constant. It is however not obvious that this proposal does not turn the relaxion proposal
into a Randall-Sundrum solution of the hierarchy problem, as the quantum corrections to
the Higgs mass p? will also be warped. We speculate that this may not be the case if
12 receives contributions from sources outside of the throat; however, we have no explicit
implementation of this idea, which is beyond the scope of this paper.

The WGC membrane must already be there in string theory. Indeed, this is the
case: the membrane is the object coupling to the 4d 3-form, which is the magnetic dual
potential of the gauge field on the D5-brane worldvolume. Hence, the WGC membrane is
a monopole on the D5-brane worldvolume gauge theory, realized as a D3-brane ending!”
on the D5-brane [77].

An additional improvement to achieve a more realistic model would be to realize the
full SM gauge group and matter, and achieve full moduli fixed. This would require a global

10ne may wonder where the other boundary of the D3-brane is. Actually, the worldvolume U(1) gauge
field whose dual has KS coupling must have no Stuckelberg couplings [74], and the latter condition implies
that the U(1) resides on a combination of D-branes with a homology relation, which thus defines a chain [75,
76], on which the monopole D-brane actually wraps.
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embedding, in particular with cancellation of RR tadpoles, and hence possibly requiring
anti-D5-branes, thus complicating the construction. Note finally that the assumption of a
large negative Higgs mass-squared from quantum corrections is crucial to have the relax-
ation effect, since otherwise the potential would have been positive definite and the Higgs
would never reach a zero mass point. It would be interesting to address these issues and
other ingredientts in other classes of string vacua.

In summary, string theory has in principle many of the ingredients of the simplest
relaxion models. However, the detailed realization should address the difficulties of obtain-
ing a viable example, in particular producing the very peculiar structure of mass scales in
relaxion models.

7 Conclusions

The idea that the cosmological evolution plays a role in the origin of hierarchies and
other physical properties in Particle Physics is tantalising. The work in [1] studies the
generation of the EW scale in terms of the cosmological evolution of an axion field, the
relaxion. The simplest implementations based on this idea have however a number of
problems, including the inconsistent explicit breaking of the axion discrete gauge symmetry,
as well as the stability of extremely large trans-Planckian excursions of the relaxion. It
was pointed out from the beginning that a monodromy structure of the axion could allow
for large field excursions, following the pattern of large field monodromy inflation in string
theory. However no explicit relaxion model has been constructed implementing this class
of symmetries.

In this paper we have described how one can construct relaxion type models with a
monodromy structure built in. The simplest way to achieve this is by coupling a Minkowski
3-form, with a quantized flux Fj coupling both to the relaxion and the Higgs field. The
gauge symmetries of the 3-form guarantee the stability of the axion potential under Planck
suppressed corrections, similar to the Kaloper-Sorbo structure applied in large field in-
flation. This allows for large trans-Planckian excursions of the relaxion field. In these
constructions the axion shift comes along with shifts of the F); quanta, so that there is a
branched structure of axion potentials. The shift symmetry is in this way consistent with
the presence a non-vanishing potential for the relaxion. An interesting consequence of the
monodromy version of relaxion is that the mass parameter g is related to the 4-form flux
by g = F4/f, so that one may understand the smallness of the g parameter from a sort of
see-saw structure. Thus, e.g., values of the 4-form flux F; ~ (1073eV)? and axion decay
constants f ~ 10'0 GeV give rise to values g ~ 10734, in the ballpark of simplest relaxion
models. The fact that this value for F7? is of order of the observed cosmological constant
Agark =~ (1073eV)* is intriguing.

We also describe how in explicit string constructions the main ingredients of the relax-
ion mechanism are present. There are axions arising from the dimensional reduction of RR
and NS antisymmetric tensors and these axions may have couplings to Higgs doublets with
a structure similar to relaxion models. A toy model from the DBI dynamics of D5-branes
in Type IIB orientifolds is presented. However the natural scale for the 4-forms in string
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theory is the string scale Fy ~ M2, whereas realistic relaxion models have rather very low
values, e.g. Fy ~ (1073eV)2. It would be interesting to see whether the presence of strong
warping effects or other mechanisms could explain this difference in scales.

We have studied the constraints on the relaxion parameters coming from membrane
nucleation. In particular there are membranes coupling to the 3-forms which induce changes
on the 4-form quanta, while also changing the axion branch. These jumps make the slow
roll of the relaxion unstable, so that we must impose that the rate for these processes is
sufficiently suppressed. To check whether the nucleation of membranes is suppressed or not
we need to know the membrane tension T. However we have argued that the Weak Gravity
Conjecture provides for an upper bound for the tension of order T' < g f M,,. With this input
we find that the transition rate from one relaxion branch to another is indeed suppressed if
the cut-off scale is below a certain scale (M < 109 GeV in the simplest axion model) which
is comparable to other limits. However, taking into account the extremely large period of
inflation in which bubbles may be generated in relaxion models, one finds that the upper
bound on the cut-off scale becomes much tighter, of order M < 300 TeV. This would imply
that the relaxion mechanism is able to generate a small hierarchy not much above the EW
scale, but seems not to be viable to explain the hierarchy problem itself.
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A Axion monodromy in the dual 2-form view

The system described in section 2 admits an alternative description in which the scalar is
dualized into a 2-form. Let us recall the duality in the absence of monodromy. Consider
an axion field with action

1
3 / de A *de. (A1)

As is well-known, the above theory is dual to that of a massless 2-form field B, as follows
(see e.g. [39]). The path integral for the axion field is equivalent to the path integral of a
closed 1-form v. This is described by the action

SI/;UA*U+B2/\dU. (A.2)
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where v is an unconstrained 1-form. Integrating out B, it acts as a Lagrange multiplier
imposing dv = 0, and by then setting v = d¢ we recover the original action. If on the other
hand we integrate out v we obtain the action

1

The Kaloper-Sorbo proposal allows us to extend this duality framework for the case of
an axion with a potential. Consider the particular case of an scalar field with a mass term

% /d¢ A kdgp — %m%? (A4)

To establish the duality [39], notice that the path integral for massive axion action can be
rewritten (at least in flat space) as

1

1
5 /dqf) Axd¢ + gpFy — §F4 A xFy. (A.5)

Repeating the argument above for the axion, we then get
1 5 1
S = 5 ’ng — gCg‘ — §F4 N xFy. (AG)

This describes a massless three-form C' becoming massive by eating up a massless two-form
B. Note the gauge invariance

C3—>C3+dAy, By — By+ gAg (A7)

The relationship (2.6) also arises in the dual formulation. The operator

exp <27ri f| By—kAZ / 03> (A.8)
s b

is gauge-invariant both under large B-field gauge transformations and C' gauge transfor-

mations, provided that kAi = 2mgf. Physically the operator describes the contribution

of an euclidean membrane instanton wrapping ¥ and ending in an worldsheet instanton

wrapping 0. kA? is then the membrane charge, which by Dirac quantization [40] can be

argued to be an integer multiple k of the fundamental 3-form coupling, Ai.

B Analysis of the bubbles

Here we study in detail several aspects of 4-form membrane and bubble physics which are
important for the main text. Specifically, we derive the tunneling probability formulae such
as (4.4), and analyze the nucleation and growth of the bubbles, emphasizing the cosmolog-
ical effects which take over when the bubble radius is comparable to the de Sitter radius.
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B.1 Coleman-DeLuccia formulae

We are interested in computing the nucleation probability in the thin-wall approximation
for a membrane of tension 7" which transitions from a vacuum with V; to another with V7,
V¢ < V; and both positive. This is e~ B, and for B, there is a slightly complicated formula

by Coleman and DeLuccia [48],
1 3
<1 — 3/~§Vir2> — 1] } . (B.1)

3
1 2
<1 - 3,<;Vfr2) -1

where k = 877G, and Mp = G~/2. One is supposed to minimize B with respect to r, and

1

Vi

1272 | 1
B = 27x°Tr3 —
Tl re 4+ 2 {Vf

then the bubble nucleation rate is exp[—B(rmin)]. The expression simplifies for V; = 0 and
it has been used recently in the literature of WGC constraints to large field inflation [53].

However, we are interested in a different case, since for us Vy = V; — 27 f g°¢; and we
assume Vy —V; small. Note that both Vy and V; include contributions from the inflationary
potential, and are indeed dominated by them. As a result, we will take

K K
Vi~ =V, ~ H? B.2

in terms of the Hubble constant during inflation.
Let us now find the extrema of B(r). The condition for stationary point is, discarding
the trivial one at r =0,

T
_M—i—m—i-%rzo (B.3)

where following Coleman’s notation, A; = (kV;)/3 and analogously A¢ are the correspond-
ing cosmological constants.
We now solve this equation carefully. Squaring once, we get

2
yr = —rkTV1—1r2A;, ~= <(HZ) +Ar— Ai> . (B.4)

Existence of nontrivial solutions now depends crucially on v < 0. If this is not the case,
the would-be bubble would have a radius so large it would extend beyond the cosmological
horizon. Fortunately, in relaxation we have Ay — A; = — 527 f g*¢o with ¢g = M?/g. For
this to overcome the WGC membrane tension (kT)% ~ (fg/Mp)?, we must have ¢g > f,
the original vev of the relaxion must be larger than the fundamental decay constant, which
is always satisfied in any reasonable relaxionic model.

One may wonder what happens for more generic monodromy models. For instance, [15]
provide examples of monodromic models which have a linear potential at large fields. For
a generic potential, the requirement that bubbles can form is that the change AV in the
potential upon crossing of a membrane AV > (fg)2. Parametrizing a linear potential as
X2g¢, for some mass scale X, we get a condition ¢g > f %, which is only troublesome if
X <« M. However, both for the original relaxation proposal and the monodromic models
in this paper, we take X = M. To do otherwise means introducing a new mass scale, X,

— 95—



very different from M. In a sense, this shifts the problem from explaining the hierarchy
between myy and M to explaining the hierarchy between X and M.
We now may take squares in (B.4) to obtain

1
P = (B.5)

Plugging back in (B.1) we get our exact expression

9 1 3/2 _ 1 9 1 3/2 _ 1
: ((“QQEA”H) ) T e

B=2m KAy * (Ai+ ol )3/2 kA

K2T?2

where we have defined

5 <(K?2 + A — Af> : (B.7)

When A; — 0, it reduces to the transition-to-Minkowski limit

. 2167T*
V(4V + 3k2T2)2°

(B.8)

We are instead interested in a different limit in which the difference AA = A; — A is very
small compared with either A;, Ay, while also being very large compared to (kT)%. The
parameter

KT fo f9 _f

VA MpH ~MZ T 4 (5.9)

p

(where we have used H > M?/M,, and renamed A; = A as our reference cosmological
constant) is very small in relaxionic models, so it is a nice variable to expand B. We also
introduce

! (AA) 9¢_ < 9 (B.10)

T=JA\sT )~ MpH ~ 3¢
Unlike p, ¢ can be of order 1 or larger, but its introduction simplifies formulae.'’ p is

precisely the inverse of the parameter A in [53].
After expansion for small p, we get

1+ 2¢°
1+ g2

"There is a numeric factor of 1/3 in (B.10), which we have ommitted. This does not affect our results,

272p

R B = w(q)

+0p?), w(q) —2g. (B.11)

which are all order-of-magnitude estimates.
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The function w(q) goes from 1 at ¢ = 0 to =~ 0.1 at ¢ = 1. Substituting p, when studying
membranes in relaxion scenarios, it is a good approximation to take

22T
B =~ 73 w(q)

(B.12)

which is precisely (4.4). Notice that the radius of the bubble is always large. From (B.5),

, 1 1

min — ) (B13)
At (§-q)

—-1/2

which is very close to the de Sitter radius (A) for small p and p/q.

Substitution of typical relaxionic values, while also using fgM? ~ A}, MpH >
M?, yields

A4 A Lo\ 8 A L\ 8
<02 viVp v W\® 4057 v W
B<on w(q)< 5 ) <AQCD> ( ) 1057w(q) <AQCD> ( ) . (B.14)

where we have used Aqcp ~ 0.2 GeV, Mp ~ 10Y¥ GeV, my ~ 102 GeV. This is another
form of equation (5.11), which highlights the enormous scales involved.

A final but important comment is in order. The results of [48] which we used as
starting point rely on the thin-wall approximation. As discussed in that reference, this
means that the thickness of the membrane L should be much lower than the de Sitter
radius A=Y2 = H~!. Here we are at a loss: although the WGC gives the value of the
tension of the membrane, it does not provide a value for L.

We have no proof that the bubbles we consider satisfy the thin-wall approximation.
However, we can give a plausibility argument. Generically, we expect the effective field
theory to be a valid description of the physics up to scales of order the cutoff M2. If the
membrane is thicker than M2, it should arise as a soliton of the effective field theory.
However, there are no such solitons.!? So either the EFT we were using is incomplete, or
we can trust the thin-wall approximation.

For the stringy models similar to the one in section 6 we can be a little more explicit,
since the membrane is generically a D-brane wrapping some cycle or chain in the compacti-
fication manifold. Then the membrane thickness will generically be of order va/gs [78, 79].
In any successful stringy embedding of relaxation, this must be much smaller than the de
Sitter radius to claim control of the theory (otherwise the tower of excited string states and
winding modes stretching around de Sitter space become light during relaxation). Other-
wise we would have e.g. low tension fundamental strings which should be included in the
effective field theory during inflation.

In other words, if the thin-wall approximation for the WGC membrane does not hold,
we likely cannot trust field theory for scales of order ~ H anyway. Hence we expect to be
able to trust the formulae of this section in the relaxionic context, if the relaxion proposal
indeed admits an UV completion.

12Barring the field-theoretic bubbles which arise when the wiggles in the relaxion potential become large;
as discussed in the main text, these are not the bubbles we are concerned with.
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B.2 Bubble growth, energy balance, and cosmological effects

The bubble solution is obtained in the so-called hyperbolic coordinates [80]. One may
change to global coordinates, more natural in the inflationary context, by recalling the
definition of de Sitter space as the hyperboloid

A2 =w? -7 42?42+ 22 =w? — 7% 4 p? (B.15)
as done in [48]. These coordinates are related to the usual ones by
Ap? = —sinh? (VAt) + cosh? (VAt) Ar® (B.16)

where r is a dimensionful coordinate such that the metric on the 3-sphere of ¢t = 0 is
just the flat metric in R* restricted to the locus A~2 = w? + r2. The worldvolume of the
membrane boundary is given by p = ryin, where i, is given by (B.5). Therefore, the
bubble is indeed a ball in global coordinates, whose radius expands according to

L (V) e
cosh? <\/Kt) A

r

r(t) =

For small enough 7,;n, we recover the Minkowski limit, but for late times the membranes
reach the cosmological horizon. At this point they are frozen by the exponential expansion
of de Sitter space. Similarly, membranes initially larger than the de Sitter radius contract
instead of expanding. This may give some insight as to why no bubbles exist for v > 0; for
v =0, rmin 1S precisely (A)*l/ 2 the de Sitter radius. Bubbles with v > 0 should therefore
have an initial radius larger than this, and therefore would initially contract. But the
critical bubble is precisely the smallest one which can expand; hence no critical bubbles
exist for v > 0.

The expression (B.5) tells us that gravitational effects make the critical bubble radius
smaller than it would have been otherwise: the flat-space expression

T\ 2
T?nin,ﬂat space — (AA) > m = Toin- (B.18)
rT ?

The flat-space expression can be obtained straightforwardly by demanding that the total
energy of the bubble vanishes, since in tunneling (or in any other transition) energy is
conserved. In the thin-wall approximation one can take

4
E ~ 47Tr* — §7rr3 =0, (B.19)

which results in (B.18).

A similar argument holds when gravitational effects are taken into account. This is
because in asymptotically de Sitter spacetimes the (ADM) mass is well-defined, thanks to
the presence of a timelike Killing vector (within the horizon). Consider a spherical region
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of radius r at a constant time slice in de Sitter. Initially, we have empty de Sitter space
with cosmological constant A;. The ADM mass of this region is given by [81]

" 1
GM :/ 4rr?p(r)dr! = §Air3' (B.20)
0

This expression already takes into account the gravitational self-energy of the system (which
precisely cancels the effect of the warping of the geometry within the bubble). Now, this
region is replaced by a thin-wall bubble whose cosmological constant is A;. We have a
contribution %WAZ‘TS to the energy, analogously to (B.20). However, this is not the end of
the story. The bubble is bounded by a membrane, which self-gravitates. If the tension of
the membrane is T', close to it the energy density is Too = 7'6(1), where [ is the normalized
normal coordinate to the membrane. We have §(1) = §(r)(gr)"/2. Since (g,r)"/? jumps
precisely at the location of the membrane, its value can be taken as the arithmetic mean
of the values at both sides of the membrane.'® As a result, the total ADM mass of the

bubble is
_ 1y 3 KT 2 2
GM = §Afr + 1" <\/1 — A2 /1= A2 ). (B.21)

Demanding equality with (B.20) yields precisely (B.5). Since (B.21) is a full expression for
the energy of the membrane including gravitational backreaction, we may expand it for
small A;, A; to see the effect of the first corrections:

4 A+ A
GM =~ §7rAfr3 + 47*Tr? — 27T <—;f> '+ O(A?). (B.22)

The r* term is precisely the Newtonian gravitational interaction energy between a mem-
brane of tension 7' and radius r with a ball of energy density 3(V; + V). We now have a
clear picture of what is happening: the membrane feels the gravitational field of the bubble
interior, which pushes it inwards.'* The gravitational field sourced by the energy density
outside of the bubble is zero via Gauss’ law. For large bubbles, this gravitational attraction
is strong enough so as to diminish the radius of the critical bubble significantly.

C Weak Gravity Conjecture for (d — 1)-form fields

Important subtleties arise when trying to apply the WGC to p = d — 1, where the corre-
sponding objects are domain walls, as noted by [60]. Let us particularize to p = 3, d = 4,
for which the relevant object is a membrane in 4d, separating vacua with different value of
4-form flux, Fy — Fy + A2, and (since a three-form field is nondynamical [39-41, 45-47))

/2 involves a product of two distributions which

13There is some ambiguity here, as the product &(r)(gr+)
must be conveniently regularized. The arithmetic prescription used here comes from using exactly the same
smoothing for the membrane § as the one used for the change in vacuum energy.

1 We are neglecting the gravitational field sourced by the membrane itself, but it would be easy to include.
All we would have to do is to replace the /T — A;72 term above by /1 — A;r2 — 2m/r, where m = 4nTr?
is the ADM mass of the membrane alone. Nevertheless, in relaxion models with WGC membranes, this

contribution is negligible, again of order f/¢o.
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thus different cosmological constant. In General Relativity, a solution describing a black
membrane with nonvanishing cosmological constant A is [82]

2 1
ds® = —Hd* + H'\dr® +r* (d2® + dy?), H=-—"L _ A (C.1)
r

where mp is a measure of the brane tension, which should be taken positive. Since r is

always timelike, this solution describes a time dependent background which is not asymp-

_6mgp
A

so for A > 0, the only coordinate horizon is behind the singularity at » = 0. In a sense,

totically flat. Furthermore, the solution only has a single coordinate horizon, at 3 =

the membrane is always superextremal and hence the validity of its effective field theory
description is questionable.

This fits with the naive extrapolation of the extremality condition for dilatonic mem-
branes obtained in [60]. For p = d — 1 the extremality condition is given by

a2 d-1 9 g2q2
[ P 3
Here o measures the strength of the dilaton coupling. We see that for o = 0 the equation
has no solution; the membranes are always superextremal.

From (C.2), it seems that a non-trivial dilaton profile can solve the pathologies of the
membrane solution (as is the case for domain walls solutions in string theory). Alterna-
tively, consistency of the membrane solution is sensitive to the particular matter coupled
to gravity in effective field theory. This sensitivity prevents us from constructing a generic
black membrane and studying its decay to formulate a WGC; for some theories it might
well be that no nonpathological membranes can be constructed at all.

In string theory, there is another way to go around these issues and derive a WGC
for membranes: one may use a chain of dualities, such as T duality, which change the
codimension of objects charged under p-form fields. This approach was pioneered in [53],
which used a chain of dualities to derive a WGC for 0-form fields (producing bounds on
instanton actions), which also escapes the naive extrapolation of the p-form WGC.

This will also work for (d — 1)-forms fields coming from RR fields in string theory. In
this case, the membranes will be D-branes wrapping some cycle of the compactification
manifold. If we perform a T-duality along some circle direction, the (d—1) form will become
a (d—2) form. Charged objects in this case are cosmic strings which, like the domain walls
we were considering, cannot have flat asymptotics either. If we perform another T-duality
along another circle direction, the (d —2) form will turn to a (d — 3)-form. Charged objects
are (d — 3) branes, for which an extremality condition and WGC bound can be defined
without further issue. Now we can T-dualize back. In this way, the original WGC for (d—3)
forms can be rewritten in terms of T-dual to give a formulation of WGC for (d — 1)-forms.

To sum up, although the effective field theory arguments which support the WGC
for p < d — 2 cannot be applied straightforwardly to domain walls, these difficulties seem
due to the high codimension of the charged object preventing a smooth solution within
effective field theory. As soon as one includes a (strong enough) dilaton coupling or allows
for stringy dualities, p = d — 1 does not seem to be very different from the other cases.
In the main text we explore the consequences of the WGC for 4d 3-form fields, in the
particular context of relaxion models.
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C.1 WGC variants

The discussion in the main text corresponds to the so-called mild form of the WGC [38].
Its mildness follows because it only constrains the the charge-to-mass ratio of the state
(domain wall), but it can be satisified with any value of (). This does not constrain the
low-energy effective theory: the conjecture can be satisfied by a domain wall with very large
charge and tension, so large that it is not relevant for inflationary or relaxion dynamics.
This is the membrane version of the loophole discussed recently in the literature in the
inflationary context [51-53].
In [38], two other two possible versions of the WGC were considered:

e The state of least charge under the p-form already satisfies (4.5); we will call this the
first strong form of the WGC.

e The lightest state charged under the p-form field already satisfies (4.5); this is the
second strong form of the WGC.

These forms are not directly related to black hole arguments, and their validity is under
debate. The original WGC paper suggested a counterexample for the first strong form,
which has however been deactivated in [60], by the argument that the state is actually
charged under several U(1)’s. This motivated the proposal of the so-called Lattice WGC,
valid for several U(1)’s, and which in fact implies both the first and second strong forms
above when applied to a single U(1).

The Lattice WGC [60] states that for every point in the charge lattice there is an
object with charge @ satisfying (4.5). In the main text, we assume the validity of this
latter conjecture because it seems to be the only strong form which can be extended to
several U(1)’s and be consistent under dimensional reduction.

Therefore, we explore the implications of demanding the existence of a light membrane
of unit charge whenever we have a 3-form in the theory. Regardless of the WGC, this
assumption holds in any stringy model we can think, and pose serious trouble for the
relaxion proposal.

We also note in passing that, whereas for other p-form fields there is also a magnetic
WGC which sets an unusually low cutoff scale for the theory, there is no magnetic version
of the WGC for 3-forms in 4d, or in general for (d — 1)-forms in d spacetime dimensions.
Thus, in principle there is no bound on how low g can be (though as g — 0, the membranes
predicted by the electric WGC become tensionless).

D DBI D5-potential for the axion

The effective action for the microscopic fields of a system of D5-branes in the 10d Einstein
frame is given by the Dirac-Born-Infeld (DBI) + Chern-Simons (CS) actions

S= - #595_IST1“/d6£ \/—det (P [EMN + Eu (Qfl — 5)” EjN] + 27TO(’FMN) det (Q;)

+ /L5STI‘/P[CG + Cy A\ F2] (D.1)
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where

Eyn = g*Gun — Bun ;s Q) =0 +i2rd [0, 94 By (D.2)
o=2ma"; ps=2n)° 397t Fo=2md'Fy— By (D.3)

PJ-] denotes the pullback of the 10d background onto the D5-brane worldvolume and
‘STr’ is the symmetrised trace over gauge indices. The indices M, N denote the directions
extended by the D5-brane while 4, j denote the transverse directions. In the absence of NS
and RR fluxes the Chern-Simons action plays no role in the discussion.

We are interested in the scalar potential for the position moduli of the D5’s, since the
Higgs field will later appear as off-diagonal fluctuations of the adjoint field parametrizing
the position of a stack of D5-branes. Therefore we will neglect all the terms involving the 4d
gauge bosons and the Wilson lines. We are going to assume for the moment no warpping,
diagonal Minkowski and compact metric and no mixed Minkowski-internal tensors. We
also consider vanishing 3-form G5 fluxes but allow for an open string background given by
the magnetic worldvolume field strength

F2 = qw2 , (D4)

where wo is the orientifold-odd volume form of the 2-cycle Y9 wrapped by the D5-brane.
Even if there is no B-field induced by G3 on the brane, we can still have a coupling of
the D5 position moduli to the axion coming from dimensionally reducing By in the same
2-cycle

Bg = ¢w2 y (D5)

as we will see in the following.
Neglecting derivative couplings, the determinant in the DBI action can be factorised
between Minkowski and the internal space as follows

det(P[EyN]) +0Fun) = gg det (77/w + 2028u<1>01,<i>) -det (gab + 9;1/2.7:@1,) (D.6)

where p, v label the 4d non-compact directions and a,b the internal D7-brane dimen-
sions, and

Fap =0Fyp — By - (D.7)

Then, using the matrix identity

1 1
det(1+eM) = 1+etr M —&? {Qtr M? — 5 (b M)Q] (D.8)

1 1 1
4¢3 [3tr M3 — 5 (bt M) (tr M?) + g(tr M)3]

- %(tr M) (tr M?)
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we obtain on one hand that

— det (1 +20°0,90,8) det (g + g7 /2 Fap ) = (1 + 20°0,00®) (1 + %g;l}'ab]-'“b ,

(D.9)
where we have neglected terms with more than two derivatives in Minkowski. On the other
hand we have that

(@) = g2det 07+ 010 7o) =2 (14 507107 o6 . ) (D10

In a supersymmetric configuration with vanishing D-terms [®, ®*] = 0 we get

Tr([¢™, ¢"%) = (6™, &"][0n, dm] = —4[[®*, 2% (D.11)

and the quartic terms combine with the quadratic terms to complete a perfect square (see

e.g. [31, 83]) . To do the computation more explicit we took the transverse space to the

branes to be T%, and ®;, ®, the two adjoints parametrizing the position in the torus.
Putting everything together we find that the relevant part of the DBI action is given by

R 1
Sppr = —M5gsSTr/d6f\/(1 + 2020, 91017 (1 + 29s1fab]:“b> (1 —402|[®1, 02)[2)?,

(D.12)
as used in the main text.
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