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Abstract—This letter studies the impact of relay selection (RS)
on the performance of cooperative non-orthogonal multiple ac-
cess (NOMA). In particular, a two-stage RS strategy is proposed,
and analytical results are developed to demonstrate that this
two-stage strategy can achieve the minimal outage probability
among all possible RS schemes, and realize the maximal diversity
gain. The provided simulation results show that cooperative
NOMA with this two-stage RS scheme outperforms that with the
conventional max-min approach, and can also yield a significant
performance gain over orthogonal multiple access.

I. INTRODUCTION

Non-orthogonal multiple access (NOMA) has been recog-

nized as a promising enabling technology to improve the

spectral efficiency of the fifth generation (5G) mobile network,

and has been recently included into the fourth generation (4G)

long term evolution (LTE) system [1]–[3]. The application of

cooperative transmission to NOMA is important since spatial

degrees of freedom can be still harvested even if nodes are

equipped with a single antenna.

A few different forms of cooperative NOMA have been

proposed in the literature. The work in [4] relied on the

cooperation among NOMA users, i.e., users with strong

channel conditions act as relays. A dedicated relay has been

used in [5] to improve the transmission reliability for a user

with poor channel conditions. Similarly, a dedicated relay

has been used in [6] to serve multiple users equipped with

multiple antennas. Wireless power transfer has been applied to

cooperative NOMA in [7], as an incentive for user cooperation.

This letter is to consider a downlink communication sce-

nario with one base station, two users and multiple relays. The

impact of relay selection on the performance of cooperative

NOMA will be studied, where we will focus on two types of

relay selection criteria. The first one is based on conventional

max-min relay selection [8]. The second one is carried out in a

two-stage strategy, where the first stage is to ensure one user’s

targeted data rate realized, and the second is to maximize the

other user’s rate opportunistically. We obtain a closed form

expression for the outage probability achieved by the two-

stage relay selection strategy, which shows that this two-stage

scheme can realize the maximal diversity gain. Furthermore,

analytical results are developed to demonstrate that the two-

stage strategy is also outage-optimal, i.e., it achieves the

optimal outage probability among all possible relay selection

schemes. On the other hand, the max-min relay selection

criterion can achieve the same performance as the two-stage

one, i.e., realizing the minimal outage probability, for a special

case with symmetrical setups, but it suffers a loss of the outage

probability in general.
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II. SYSTEM MODEL

Consider a downlink scenario with one base station (BS),

two users, and N relays. Each node is equipped with a single

antenna. Assume that there is no direct link between the BS

and the users, and the BS-relay and relay-user channels ex-

perience identically and independent Rayleigh fading. Unlike

[1]–[3], users are not ordered by their channel conditions, but

categorized by their quality of service (QoS) requirements.

Particularly, assume that user 1 is to be served for small packet

transmission, i.e., quickly connected with a low data rate, and

user 2 is to be served opportunistically [9]. For example, user

1 can be a healthcare sensor which is to send safety critical

information containing in a few bytes, such as heart rates or

blood pressure. On the other hand, user 2 is to download a

movie, or perform background tasks.

During the first time slot, the BS will transmit the superim-

posed mixture, (α1s1 +α2s2), where si denotes the signal to

user i, αi denotes the power allocation coefficient. Note that

α2
1 + α2

2 = 1 and α1 ≥ α2 in order to meet user 1’s QoS

requirements [9]. Therefore, relay n, 1 ≤ n ≤ N , observes

yrn = hn(α1s1 + α2s2) + wr
n, (1)

where hn denotes the channel gain between the BS and relay

n, and wr
n denotes the additive Gaussian noise.

The conditions for a relay to decode the two signals, s1 and
s2, are given by

log

(

1 +
|hn|

2α2

1

|hn|2α2

2
+ 1

ρ

)

≥ R1, log(1 + ρ|hn|
2
α
2

2) > R2, (2)

where ρ denotes the transmit signal-to-noise ratio (SNR) and

Ri is the targeted data rate for user i.

During the second time slot, assume that relay n can

decode the two signals and is selected to send (α1s1+α2s2).
Therefore, user i receives the following:

ydn,i = gn,i(α1s1 + α2s2) + wd
n,i, i ∈ {1, 2}, (3)

where gn,i denotes the channel gain between relay n and user

i and wd
n,i denotes the additive Gaussian noise. User 1 decodes

its message with the signal-to-interference-plus-noise ratio

(SINR),
|gn,1|

2α2
1

|gn,1|2α2
2+

1
ρ

, and user 2 decodes its own message with

the SNR, ρα2
2|gn,2|

2, provided that log
(

1 +
|gn,2|

2α2
1

|gn,2|2α2
2+

1
ρ

)

≥

R1. Note that fixed power allocation is used in this paper.

Optimizing the power allocation coefficients and also using

different power allocation policies for differen time slots can

further improve the performance of cooperative NOMA, which

is out of the scope of this paper.

Relay Selection Strategies

1) Max-min relay selection: The criterion for this type of

relay selection can be obtained as follows [8]:

max
{

min{|hn|
2, |gn,1|

2, |gn,2|
2}, n ∈ Sr

}

, (4)
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which is to select a relay with the strongest

min{|hn|
2, |gn,1|

2, |gn,2|
2}.

2) Two-stage relay selection: The aim of this relay selec-

tion strategy is to realize two purposes simultaneously. One is

to ensure user 1’s targeted data rate is realized, and the other

is to serve user 2 with a rate as large as possible. Specifically,

this two-stage user selection strategy can be described in the

following. The first stage is to build the following subset of

the relays by focusing on user 1’s targeted data rate:

Sr =

{

n : 1 ≤ n ≤ N,
1

2
log

(

1 +
|hn|

2α2
1

|hn|2α2
2 +

1
ρ

)

≥ R1,

1

2
log

(

1 +
|gn,1|

2α2
1

|gn,1|2α2
2 +

1
ρ

)

≥ R1

1

2
log

(

1 +
|gn,2|

2α2
1

|gn,2|2α2
2 +

1
ρ

)

≥ R1

}

. (5)

Denote the size of Sr by |Sr|. Among the relays in Sr, the

second stage is to select a relay which can maximize the rate

for user 2, i.e.,

n∗ = arg
n

max
{

min{log(1 + ρ|hn|
2α2

2), (6)

log(1 + ρ|gn,2|
2α2

2)}, n ∈ Sr

}

.

III. PERFORMANCE ANALYSIS

In this section, we will characterize the outage probability

achieved by the two-stage relay selection scheme. Note that

the overall outage event can be categorized as follows:

O = O1

∪

O2, (7)

where O1 denotes the event that relay n∗ cannot decode s1, or

either of the two users cannot decode s1 successfully, and O2

denotes the event that s2 cannot be decoded correctly either

by relay n∗, or by user 2, while s1 can be decoded correctly

by the three nodes.

Therefore, the outage probability can be written as follows:

P(O) = P(O1) + P(O2). (8)

The term P(O1) can be calculated as follows:

P(O1) =P(|Sr| = 0) (9)

=
N
∏

n=1

[

1− P
(

|hn|
2 > ξ1

)

× P
(

|gn,1|
2 > ξ1

)

P
(

|gn,2|
2 > ξ1

)]

,

where ξ1 =
ϵ1
ρ

α2
1−ϵ1α

2
2

and ϵ1 = 22R1 − 1. It is assumed that

α2
1 > ϵ1α

2
2, otherwise the outage probability is always one, a

phenomenon also observed in [2]. By using the fact that all

channels are assumed to be Rayleigh fading, we can have

P(O1) =
N
∏

n=1

[

1− e−3ξ1
]

. (10)

The term P(O2) can be calculated as follows:

P(O2) = P(E1, |Sr| > 0) + P(E2, Ē1, |Sr| > 0), (11)

where E1 denotes the event that relay n∗ cannot decode s2, Ē1

denotes the complementary event of E1, and E2 denotes that

user 2 cannot decode s2. The first term in the above equation

can be expressed as follows:

P(E1, |Sr| > 0) (12)

= P
(

log(1 + ρ|hn∗ |2α2
2) < 2R2, |Sr| > 0

)

,

where ξ2 = 22R2−1
ρα2

2
.

The second term in (11) can be expressed as follows:

P(E2, Ē1, |Sr| > 0) =P
(

log(1 + ρ|gn∗,2|
2α2

2) < 2R2,

log(1 + ρ|hn∗ |2α2
2) > 2R2, |Sr| > 0

)

.

Therefore, the probability P(O2) can be calculated as follows:

P(O2) =P
(

log(1 + ρ|hn∗ |2α2
2) < 2R2, |Sr| > 0

)

(13)

+ P
(

log(1 + ρ|gn∗,2|
2α2

2) < 2R2,

log(1 + ρ|hn∗ |2α2
2) > 2R2, |Sr| > 0

)

.

Assuming |Sr| > 0, define

xn = min{log(1 + ρ|hn|
2α2

2), log(1 + ρ|gn,2|
2α2

2)}, (14)

and

xn∗ = max{xi, ∀i ∈ Sr}. (15)

The probability P(O2) can now be expressed as follows:

P(O2) =P
(

min
{

log(1 + ρ|hn∗ |2α2
2), (16)

log(1 + ρ|gn∗,2|
2α2

2) < 2R2

}

, |Sr| > 0
)

=P(xn∗ < 2R2, |Sr| > 0) .

The above probability can further expressed as follows:

P(O2) =
N
∑

l=1

P (xn∗ < 2R2, |Sr| = l) (17)

=
N
∑

l=1

P (xn∗ < 2R2||Sr| = l) P (|Sr| = l) .

For a relay randomly selected from Sr, denoted by relay

n, the cumulative distribution function (CDF) of xn can be

founded as follows:

F (x) =P

(

min{|hn|
2, |gn,2|

2} <
2x − 1

ρα2
2

∣

∣

∣

∣

n ∈ Sr, |Sr| ̸= 0

)

=P

(

|hn|
2 > |gn,2|

2, |gn,2|
2 <

2x − 1

ρα2
2

∣

∣

∣

∣

|hn|
2 > ξ1, |gn,2|

2 > ξ1
)

+ P

(

|hn|
2 < |gn,2|

2, |hn|
2 <

2x − 1

ρα2
2

∣

∣

∣

∣

|hn|
2 > ξ1, |gn,2|

2 > ξ1
)

.

Define the two probabilities at the right hand side of the above

equation by Q1 and Q2, respectively. The probability Q1 can

be expressed as follows:

Q1 =
P
(

|hn|
2 > |gn,2|

2, |gn,2|
2 < y, |hn|

2 > ξ1, |gn,2|
2 > ξ1

)

P (|hn|2 > ξ1, |gn,2|2 > ξ1)

=
P
(

|hn|
2 > max

{

ξ1, |gn,2|
2
}

, ξ1 < |gn,2|
2 < y

)

P (|hn|2 > ξ1, |gn,2|2 > ξ1)
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where y = 2x−1
ρα2

2
. The constraint on y, y ≥ ξ1, will be

explained later. By using the Rayleigh assumption, we have

Q1 =e2ξ1
∫ y

ξ1

e−max{ξ1,z}−zdz

=
1

2
e2ξ1

(

e−2ξ1 − e−2y
)

.

Q2 can be obtained similarly, and therefore, the CDF can be

expressed as follows:

F (x) =e2ξ1
(

e−2ξ1 − e
−2

(2x−1)

ρα2
2

)

.

It is important to point out the following:

x = log(1 + ρmin{|hn|
2, |gn,2|

2}α2
2) (18)

≥ log
(

1 + ρξ1α
2
2

)

,

which is due to the fact that both |hn|
2 and |gn,2|

2 should be

larger than ξ1, since relay n is in Sr. With this constraint, one

can easily verify that

F (log
(

1 + ρξ1α
2
2

)

) = 0, (19)

and F (∞) = 1. With this CDF, the probability for O2 can be

calculated as follows:

P(O2) =
N
∑

l=1

P (xn∗ < 2R2||Sr| = l) P (|Sr| = l) (20)

=
N
∑

l=1

(F (2R2))
l
P (|Sr| = l) .

On the other hand, the probability to have l relays in Sr can

be calculated as follows:

P (|Sr| = l) =

(

N

l

)N−l
∏

n=1

[

1− P
(

|hπ(n)|
2 > ξ1

)

(21)

× P
(

|gπ(n),1|
2 > ξ1

)

P
(

|gπ(n),2|
2 > ξ1

)]

×
N
∏

n=N−l+1

[

P
(

|hπ(n)|
2 > ξ1

)

× P
(

|gπ(n),1|
2 > ξ1

)

P
(

|gπ(n),2|
2 > ξ1

)]

,

where π(·) denotes a random permutation of the relays.

Following steps similar to those used to obtain (9), the above

probability can be obtained as follows:

P (|Sr| = l) =

(

N

l

)

[

1− e−3ξ1
]N−l

e−3lξ1 . (22)

By combing (8), (10), (20), and (22), and also applying some

algebraic manipulations, the overall outage probability can be

obtained in the following lemma.

Lemma 1. The overall outage probability achieved by the

two-stage relay selection scheme can be expressed as follows:

P(O) =

N
∑

l=0

(

N

l

)

(F (2R2))
l
e−3lξ1

[

1− e−3ξ1
]N−l

, (23)

if α2
1 > ϵ1α

2
2, otherwise P(O) = 1.

Remark 1: At high SNR, ρ approaches infinity, ξ1 ap-

proaches zero, which means that the function F (2R2) can be

approximated as follows:

F (2R2) =e2ξ1

(

e−2ξ1 − e
−2

(22R2−1)

ρα2
2

)

≈

(

2
(22R2 − 1)

ρα2
2

− 2ξ1

)

=
γ

ρ
,

where γ = 2 (22R2−1)
α2

2
−2 ϵ1

α2
1−ϵ1α

2
2

. By using the above approx-

imation, the overall outage probability can be approximated as

follows:

P(O) ≈

N
∑

l=0

(

N

l

)

γl

ρl
e−3lξ1

[

1− e−3ξ1
]N−l

(24)

≈
1

ρN

N
∑

l=0

(

N

l

)

γl

[

3ϵ1
α2
1 − ϵ1α

2
2

]N−l

.

Therefore, the two-stage RS scheme can realize a diversity

gain of N , which is the maximal diversity gain given the

existence of the N relays.

Remark 2: The optimality of the two-stage relay selection

scheme is shown in the following lemma.

Lemma 2. For the addressed cooperative NOMA scenario,

the two-stage relay selection scheme minimizes the overall

outage probability.

Proof: The lemma can be proved by contradiction. If there

exists a better strategy achieving a lower outage probability,

an event that the use of relay n∗ causes outage, but no outage

occurs with the relay selected by the new strategy, denoted by

n̄∗, n̄∗ ̸= n∗, should happen. Recall that for any relay selection

scheme, the outage event can be categorized as follows:

O = O1

∪

O2. (25)

We only focus on the cases with |Sr| ̸= 0, otherwise outage

always occurs, no matter which relay is used. When |Sr| > 0,

one can conclude that relay n̄∗ must be in Sr, i.e., n̄∗ ∈ Sr,

otherwise outage occurs for sure by using relay n̄∗. According

to (5), relay n∗ will not cause outage event O1 as well, if

|Sr| ̸= 0. Now by using the criterion in (6) and the definition

of O2, one can conclude that it is not possible that relay n∗

causes O2 but relay n̄∗ does not, since relay n∗ is the optimal

solution to avoid O2. The lemma is proved.

Remark 3: Simulation results show that the two-stage relay

selection scheme outperforms the max-min scheme. However,

for a special case with symmetrical setups, e.g., ξ1 = ξ2, we

can show that the two schemes achieve the same performance.

The overall outage probability can be expressed as follows:

P(O) = P
(

|hn|
2 < ξ1

)

+ P
(

|hn|
2 < ξ2, |hn|

2 > ξ1
)

(26)

+ P
(

|gn,1|
2 < ξ1, |hn|

2 > ξ2, |hn|
2 > ξ1

)

+ P
(

|gn,2|
2 < ξ1, |gn,1|

2 > ξ1, |hn|
2 > ξ2, |hn|

2 > ξ1
)

+ P
(

|gn,2|
2 < ξ2, |gn,2|

2 > ξ1, |gn,1|
2 > ξ1, |hn|

2 > ξ2,

|hn|
2 > ξ1

)

.
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When ξ1 = ξ2, we can have

Po = P
(

|hn|
2 < ξ1

)

(27)

+ P
(

|gn,1|
2 < ξ1, |hn|

2 > ξ1
)

+ P
(

|gn,2|
2 < ξ1, |gn,1|

2 > ξ1, |hn|
2 > ξ1

)

.

Note that the following equality holds

P
(

|hn|
2 < ξ1

)

+ P
(

|gn,1|
2 < ξ1, |hn|

2 > ξ1
)

(28)

= P
(

min{|gn,1|
2, |hn|

2} < ξ1
)

.

By using this equality, the outage probability achieved by the

max-min approach is given by

Po = P
(

min{|gn,2|
2, |gn,1|

2, |hn|
2} < ξ1, ∀n ∈ {1, · · · , N}

)

=
[

1− P
(

min{|gπ(1),2|
2, |gπ(1),1|

2, |hπ(1)|
2} > ξ1

)]N

= [1− e−3ξ1 ]N , (29)

which is exactly the same as Lemma 1 by applying ξ1 = ξ2.

5 10 15 20 25 30

10
−3

10
−2

10
−1

10
0

SNR in dB

O
u

ta
g

e
 P

ro
b

a
b

ili
ti
e

s

 

 

RS−OMA

The max−min RS scheme

The two−stage RS scheme, simulation

The two−stage RS scheme, analysis

Solid lines −− N=10
Dashed lines −− N=2

Fig. 1. Comparison between cooperative OMA and NOMA with different
relay selection (RS) strategies. R1 = 0.5 bit per channel use (BPCU), R2 = 2

BPCU, and α1 =
1

4
. The analytical results are based on Lemma 1.

IV. NUMERICAL STUDIES

In this section, the performance of cooperative NOMA with

the two relay selection strategies is evaluated by using com-

puter simulations. In Fig. 1, the performance of cooperative

NOMA is compared with that of orthogonal multiple access

(OMA). For OMA, 4 time slots are needed, and the max-min

criterion is used for relay selection. As can be observed from

Fig. 1, cooperative NOMA can efficiently reduce the outage

probability, and hence the use of cooperative NOMA can offer

a significant performance gain over OMA in terms of reception

reliability. The reason for this performance gain is that the use

of NOMA can ensure that two users are served simultaneously,

whereas two times of bandwidth resources, such as time slots,

are needed for OMA to serve the two users.

The performance difference between the max-min relay

selection scheme and the two-stage one is also illustrated in

Figs. 1 and 2. When ξ1 ̸= ξ2, the two-stage relay selection

scheme outperforms the max-min scheme, and this observation

is consistent with Lemma 2 which shows that the two-stage

relay selection scheme achieves the minimal outage probabil-

ity. When the number of the relays is small, the performance
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Fig. 2. The outage probabilities achieved by the max-min relay selection
scheme and the two-stage one. N = 10.

gap between the two relay selection schemes is small, and the

use of more relays can increase this gap. One can also observe

that the simulation results perfectly match the analytical results

developed in Lemma 1, which demonstrates the accuracy of

the developed analytical results. Furthermore, when ξ1 = ξ2,

the two relay selection schemes achieve the same performance,

as discussed in Remark 3 in the previous section.

V. CONCLUSIONS

In this paper, we have studied the impact of relay selection

on cooperative NOMA. Particularly two types of relay selec-

tion have been proposed and studied, where a closed form

expression for the outage probability achieved by the two-stage

scheme has been obtained. The developed analytical results

have demonstrated that the two-stage scheme can achieve not

only the optimal diversity gain, but also the minimal outage

probability. Compared to the two-stage scheme, the max-

min relay selection criterion results in a loss of the outage

probability, except in a special case with symmetrical setups.
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