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ABSTRACT

This thesis presents the components, the construction rules and the equations of the
reluctance network used in the analysis of an electrical machine. It defines the
equations to form the components of a single-phase electric equivalent circuit from the
results of a reluctance network. As part of the study, a computer program has been
developed to solve a two-dimensional reluctance network. As a result, the flux and
current distributions are calculated for a cage induction motor. The rotor construction
with a single-cage and double-cage winding is studied. From the analysis results, a
single-phase equivalent circuit is defined to calculate the locked-rotor current of the
motor in the steady-state period after the inrush current, at the moment when the
rotor starts to rotate.

The target in the study is to develop a single-phase equivalent circuit for a starting
motor with the effects of iron saturation and eddy-current losses included. The
leakage-flux paths of the core in the rotor have their own reactances and iron-loss
resistances in the single-phase equivalent circuit. The cumulative influence of the
main and leakage fluxes on the magnetic saturation of the machine cross-section is
taken into account by using a reluctance model covering the whole cross-sectional area
of the machine. The components for the equivalent circuit are defined from the energy
distribution over a period in steady-state condition.

In the analysis program, damping caused by leakage reactance of the end-windings in
the stator and rotor is excluded from the model equations. Only the resistances of the
windings are included to limit the supply current.

© All rights reserved. No part of the publication may be reproduced, stored in a retrieval system, or
transmitted, in any form or by any means, electronic, mechanical, photocopying, recording, or
otherwise, without the prior written permission of the author.
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A cross-sectional area

A time-dependent square-matrix, (page 95)
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B flux density, defined in Eq. (23)

B border node

Cm magnetic capacitance, defined in Egs. (79), (82) and (88)

D derivative matrix, defined in Eq. (124)

E electromotive force

Epge electromotive force, equivalent in accordance with the iron losses, (page 81)
E;. EMF source of a slot region, defined in Eqs. (8) and (11)

E flux-path region, reluctance element

e index of elements

F force

Fn magnetomotive force

AFy difference of magnetomotive force, defined in Eqgs. (6) and (10)
F time-dependent vector of the sources, (page 95)

f frequency

H magnetic field strength

h height

1 current

i index, iteration-step index, imaginary unit \: for space coordinate
Jj index, imaginary unit \/?1 for time coordinate

k time-step index

L inductance

[ length

M coefficient matrix, (page 97)

m index, number of phases, weight

N number of time steps in period

N number of turns, number of wires

Nesr number of effective turns, defined in Eq. (6)

Na number of parallel wires

N: number of pole pitches

n quantity

n maximum value for index

P electric power

P

iron losses
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hysteresis losses, defined in Eq. (24)
eddy-current losses, defined in Eq. (24)

number of pole pairs

factor for hysteresis losses, defined in Eq. (24)
factor for eddy-current losses, defined in Eq. (24)
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number of slots in sector, defined in Eq. (5)
index of slot pitches

resistance

resistance of a slot region, defined in Eq. (7)
resistance, equivalent in accordance with the iron losses, defined in Eq. (87)
reluctance

radial reluctance, defined in Eqgs. (1) - (4)
circumferential reluctance, defined in Egs. (1) - (4)
residual vector, (page 97)

radius

inner radius

outer radius

reluctance factor independent on reluctivity, defined in Eq. (52)
slip

time of period

air-gap torque, defined in Eq. (45)

time

length of the time step, time difference

phase voltage

volume, electric voltage

electric voltage drop

magnetic scalar potential

width

iron-loss energy, defined in Eq. (135)
heat-energy of winding, defined in Eq. (129)
magnetic energy, defined in Eqgs. (18) and (144)
reactance

vector of the unknowns, (page 95)

quantity

impedance



a angle

radial length of the air gap

€h loss factor of material, for hysteresis losses
& loss factor of material, for eddy-current losses
Nfe fill factor of the iron sheet
A permeance
A permeance factor independent of reluctivity, defined in Eq. (53)
v reluctivity, defined in Eqgs. (52) and (54)
D flux
@ phase shift
'4 flux linkage
) angular frequency
Subscripts
ave average
c calculation sector
eff effective
equi equivalent
fe iron
h main field
€] 1teration step
L supply line
N rated value
pc sheet package of iron core
R rotor
r radial
S stator
S slot
t tooth
v ventilation duct of iron core
y yoke
z axial
air gap

connected to loss factor of material

flux flow

| B » &

circumferential
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o leakage field

T pole pitch

Superscripts

(k) time step

T transposed vector, (page 96)

* referred to stator (quantity in single-phase equivalent circuit), (page 100)

Operators

Im{} operator giving the imaginary part of a complex number, (page 90)
Re{} operator giving the real part of a complex number, (pages 64 and 90)
A difference

Abbreviations

EMF electromotive force

FEM finite element method

MEC magnetic equivalent circuit

MMF magnetomotive force

Method of presentation for the variable type

X the quantity

X vector of the quantity

X() Iinstantaneous value of the quantity

X complex phasor for the time-sinusoidal approximation of the quantity,
(page 64)

x(t) the time-sinusoidal quantity

A

x amplitude of the time-sinusoidal quantity, (page 64)

X complex phasor of the time-sinusoidal quantity, (page 64)
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1 INTRODUCTION

1.1 Background of the work

The reluctance model has been the principal design tool for electrical machines since
the beginning of the last century. The reluctance model is constructed for the main-
flux path only, at first because of manual calculation, and later because of the speed of
the solution. The accuracy of the main-flux path model is acceptable when we use it to
determine the no-load condition. The model defines the magnetic state of the main-
flux path at the maximum magnetic stresses of the mean main-flux branch. The
calculation takes into account the state of side branches to the main-flux path using
correction factors. To solve the loading condition, the design routine converts the
quantities of the reluctance model into the components of a single-phase equivalent
circuit. The leakage-flux path has its own equivalent components in the single-phase
equivalent circuit. The definition of the leakage-flux components is based on the

averaging formulae for every single leakage-flux path.

A reluctance model using electric components was developed to solve the magnetic
state in the machine before the development of digital computers. This analogue
technique was presented in the 1950's, and included the interacting electric and
magnetic fields (Atkins 1958). The definition of the quantities, flux, current, energy,
and torque, has been collected in (Oberretl 1963). The analogue model was used, for
example, to solve the eddy-current problems (Roberts 1960). Iron saturation was taken
into account in these solutions (Roberts 1962). The size of the analogue models was
limited to small regions such as one slot pitch. The problems arising because of electric

components are discussed in (Silvester 1967).

The rapid development of digital computers since the 1980's has led to the use of such
mathematical analysis tools as FEM (Finite Element Method) in the research into
magnetic fields. The reluctance model has remained part of daily design routines. The
reasons for the use of the reluctance model have been the reasonable accuracy of the

model and the experimental knowledge and statistics of behaviour of the model.

The reluctance model represents the geometry of the machine's cross-section. It saves
the information of geometry within reluctances. We can connect reluctances in parallel
or in series and create a block having only one common reluctance. However, the
information of geometry remains. The reluctance model has future potential as an

analysis tool in research, in particular, in the operational simulation of an electrical
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machine. A simple model can solve simulation accurately enough more quickly than a
small FEM model.

In the Laboratory of Electromechanics at Helsinki University of Technology, the
development of a computer program using a reluctance network was started in 1989.
The development was part of a two-years project, "Development of an inverter driven
electrical motor". The result of the development was a computer program calculating a

single-phase equivalent circuit for a cage-induction motor.

The development of the new computer program-package for this study began at
Aalborg University, Denmark. In the summer of 1994, Prof. Ewen Ritchie of Aalborg
University organised a PhD course in the use of reluctance networks and proposed co-
operation to create a universal program by using the reluctance network method
(Magnetic Equivalent Circuit, MEC). The aim of the co-operation was that both of the
laboratories might develop a program that would be suitable for their own area of

interest and add to the knowledge of the program.

In the Laboratory of Electromechanics, the main target in the development of the new
MEC model has been flexibility of modelling. The computer program package is made
up of separate and independent subprograms. To analyse the magnetic field and
electric quantities, the program package includes the system equations for the
quantities in the reluctance model. In the analysing program, e.g. time-stepping
method, the necessary subprograms form the system equation matrices. The system
equation matrix can be solved by an external solver. The user can choose from the
alternatives to the flux-path element definitions, the reluctance model construction,
and the reluctance network definitions. The definition rules form the rules of a
universal reluctance network. The alternatives to the rules are a collection of

variations concentrating on a particular type of electrical machine.

1.2 Conventional reluctance model

The conventional reluctance model has only one branch, the mean branch of the main-
flux path. At the no-load condition, a supply voltage causes a current in the excitation
winding of the machine. The amplitude of the flux caused by the current, and the flux
distribution inside the machine depend on the magnetic circuit of the machine. The
time variation of the flux distribution follows mainly the time variation of the supply
voltage in an ac-excited machine and the rotational speed of the rotor in a dc-excited
machine. The flux causes a magnetic saturation of the core of the machine. This

causes a non-sinusoidal space variation of the flux distribution over the machine's



13

cross-section. The reluctance model takes into account the side branches of the main-
flux path using correction factors. The flattened air-gap flux-density distribution, the
flux leakage along the tooth, and the uneven flux distribution in the yoke have their
own correction factors to modify the components of the reluctance model. The
correction factors are partly empirical and reflect the manufacturers working routine.

They are often in the form of a diagram or table.

By the use of computers, conventional reluctance models can have extra branches
(Vogt 1983). When the machine has a distributed excitation winding, the reluctance
model may be widened to the entire pole pitch. The branches have identical elements
to the mean branch, but the model gives better agreement than the mean branch
alone. Certain correction factors may be omitted, and the flux distribution at the no-
load condition improves.

1.3 A short review of the use of the conventional reluctance model

The routine to design an electrical machine uses the reluctance model to determine
the properties of the machine in different loading conditions. The quantities of the
reluctance model are converted into the components of a single-phase electric
equivalent circuit. The magnetic circuit of the machine and the losses generated in the
machine have their own equivalent components in the equivalent circuit (Arnold &
la Cour 1909, Richter 1951, Vogt 1983, Perho 1993). In the conventional machine
design, the variation of the quantities is assumed to be sinusoidal. The non-sinusoidal
variations of quantities are approximated by the sinusoidal fundamental-harmonic
components. The currents and voltages in the single-phase equivalent circuit are
phasors.

The permeances from the main-branch reluctance-model are converted into the main
reactance of the single-phase equivalent circuit. The losses of the reluctance model are
converted into the resistances of the single-phase equivalent circuit. The main
reactance 1s an average value over the machine cross-section. The components

comprising the main reactance are the permeances along the main-flux path

- the permeance of the yoke in the stator,

- the permeance of the tooth in the stator,

- the permeance of the air gap,

- the permeance of the tooth in the rotor, and

- the permeance of the yoke in the rotor.
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The values of the permeance components in all regions are defined at no-load and the
excitation of the machine at the rated voltage. By the use of computers, the permeance
components may also have a flux dependence or a current dependence defined as a
function of the current or voltage in the equivalent circuit.

The leakage-flux paths have either their own equivalent reactances or a common
equivalent reactance in the single-phase equivalent circuit. The values of these
reactances must be calculated from averaging formulae for every single leakage-flux
path. The leakage-flux paths are taken into account as separate and independent flux
paths. Every flux path has an experimental equation for its permeance depending only
on the machine's dimensions (Richter 1936).

1.4 A short review of research using the reluctance network method

The MEC model has been used to analyse electrical machines such as an
asynchronous machine fed by an inverter (Hrusovsky & Hrabovcova 1995, Perho 1993,
Perho & Ritchie 1995), a permanent magnet motor (Perho & Ritchie 1996, Rasmussen
& Ritchie 1997), and a linear stepping motor (Wang & Gieras 1998). The possibility to
simplify the MEC model and to minimise the system equations has lead to new
approaches such as a solution of a three-dimensional magnetic field for a disk
induction motor (Ciosk & Gierczak 1998), the coupling of an MEC model with FEM
analysis (Gyselinck et al. 1998), a vibration and noise analysis for an electrical
machine (Vandevelde et al. 1998), and an analysis of skewing in a three-dimensional
MEC model (Sewell et al. 1998).

The size of the MEC model depends on the analysis. For the simulation of a motor
operation, the MEC model should be small in order to minimise calculation time. For
example, in the simulation of the transient state under local magnetic fault conditions
(Ah-Jaco et al. 1998), the reluctance model of an asynchronous motor used consists of
slot pitches with a reduced number of reluctances. The main flux path has a
circumferential saturable reluctance for the yoke and a radial saturable reluctance for
the tooth. The leakage flux path has a circumferential unsaturable reluctance branch
for the wound slot part and a circumferential saturable reluctance branch near the air
gap, with a series reluctance of the tooth tip and the slot opening reluctances. The
reluctance model in the air gap consists only of the radial reluctances between the
opposite stator and rotor teeth. Using the reluctance combination method of Ostovic
(Ostovic 1989b), the unknown variables are four potentials in a connected slot pitch. A
minimal number of elements are similarly necessary when modelling skewing in

three-dimensional analysis (Sewell et al. 1998).
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The theory for a numerical solution of an MEC model and its components has been
presented by (Ostovic 1989a), (Gagnon et al. 1993), and (Xiaogang et al. 1995), and in
combination with FEM model analysis (in discussion of Mukherjee et al. 1989). The
problems with the three-dimensional MEC model are presented by (Sewell et al.
1998).

1.5 Magnetic saturation in a single-phase equivalent circuit

To simulate machine reliability in action, the user needs a single-phase electric
equivalent circuit of the machine. It must be simple to make the simulation fast. A
problem arises when the machine parameters are unknown. Not all of the necessary
parameters can be defined by standard measurements. Alternative methods to provide
standard definitions and to determine machine parameters have been developed
(Ganji et al. 1996). Problems relating to the small size and the accuracy requirement
remain. Different single-phase equivalent circuits for a cage induction machine have
been presented, with eddy current branch (Fujimaki & Miyashita 1985, Hamels 1984),
with leakage-flux path losses (Jagiela 1985, Perho 1993), with multi-branch
impedance of rotor bar (Paszek 1981, Paszek & Pawelek 1984), and with separation of
stator and rotor iron losses (Udayagiri & Lipo 1989).

In the simulation of electrical machines, the need for a simple saturation model in the
single-phase equivalent circuit is obvious. The conventional analysis of magnetic paths
is not popular when investigating the saturation of iron in flux paths. There are
different variations for the saturation model to use in the operational simulation. A
common feature among these models is the problem solving method. The single-phase
equivalent circuit is standard in form, and the new effect, saturation, is applied to it
by force. The modelling of the saturation is done using mathematical functions.
Examples include the saturated equivalent circuits for a cage induction machine
(Ferreira de Jesus 1988), for an inverter fed cage induction machine (Andria et al.
1986, Hasuike 1984), for a switched reluctance motor (Athani & Walivadekar 1994),
and for a cage induction machine with a solid steel or copper layer rotor (Gibbs 1948).
A new saturation term has also been applied in the single-phase equivalent circuits of
space-vector theory, 'cross-saturation' (Brown et al. 1983, Kamoun & Popoujadoff
1986, Li 1996, Levi 1997), which takes into account the saturation of the real main-
flux path on the two orthogonal axes of d and q. Special equivalent circuits have also
been published with a divided rotor cage model calculated by FEM analysis (Healey et
al. 1994).
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The saturation of the main flux path in the yoke has been investigated using classical
theory (Gynt & Schuisky 1958, Fritz 1989, Weh 1957), the MMF (magnetomotive
force) harmonics (Qishan 1986), and a layer division in the reluctance model
(Dudzikowski 1994). The saturation of the main-flux path in the teeth is investigated
using classical theory (Gynt & Schuisky 1958).

The saturation of the leakage-flux path has been studied by many authors. Different
solutions have been presented to take into account the slot form near the air gap. The
conventional method is the analysis of the real flux paths. An analysis for open and
semi-closed slots with an iterative process has been presented by (Agarwal & Alger
1961, Akbaba & Fakhro 1987). The saturation of the closed slot has a model of a
variable fictitious slot opening (Akbaba et al. 1987, Savelainen 1980). The saturation
of the zigzag flux path is studied by (Beier, 1964). The saturation factors for different
slot types are presented by (Angst 1963, Chalmers & Dodgson 1969, Mouly et al.
1983). Another approach has involved leakage-flux calculation using FEM analysis
and a single rotor slot (Richter et al. 1981). An analysis using the Fourier series in

magnetic field components is presented in (Rogers & Benaragama 1978).

The starting current of a cage-induction motor has been calculated taking into account
the current distribution in the rotor bar without saturation by (Bolte 1981), and by
using FEM analysis (Andresen & Miller 1983). The problems of electromagnetic fields
in the rotor slot are presented by (Iwata 1984, Sliwinski 1987).

The calculation of the special iron-loss components has been studied for a cage-
induction motor with frequency-converter supply (Andresen et al. 1986), for a
permanent magnet motor (Atallah et al. 1992), for pole shoes of a salient pole machine
(Gibbs 1947, Moriyasu & Endo 1980), and tested with a special machine for a cage
induction motor (Chalmers & Richardson 1966). The stray-load losses of a cage
induction motor have been discussed widely and a wide overview is provided by
(Jimoh et al. 1985) and a report of the test results of calorimetric measurements by
(Loser & Sattler 1986).

1.6 Reluctance network of the study

The deficiency in the conventional reluctance model is that the main-flux path is
separated from the leakage-flux path. In a real machine, the magnetic saturation of
the material in the main-flux path affects the magnetic state of the leakage-flux path.
On the machine cross-section, the real flux paths include the same regions of material,

and their fluxes have a cumulative influence on the magnetic saturation of the region.
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The leakage-flux paths may be taken into account more effectively by using a more
sophisticated reluctance model covering the whole cross-sectional area. The time
dependence of the flux paths may be taken into account more precisely by using a

special reluctance model for the air-gap region when the rotor is rotating.

In the present study, the magnetic model of a cage-induction motor is constructed
using a reluctance model. The model describes the cross-section of the motor. The
electric models for the windings of the motor, the magnetic model, and the mechanical
model of the motor are connected according to Fig. 1 to a reluctance network model.
The voltage or current supply is connected to the terminals of the primary winding.
The primary winding is the distributed stator winding. Every coil of the primary
winding has a connection to the reluctance model as a current source. The reluctance
model operates as an electromotive-force source for every coil. The secondary winding
is supplied from the reluctance model. The secondary winding is the cage winding of
the rotor. Every bar of the secondary winding has a connection to the reluctance model
as a load. The reluctance model operates as an electromotive-force source for every
bar. The rotational angle of the rotor is solved from the air-gap torque calculated from

the reluctance model. In this study, the rotor is locked.

Reluctance network

A

r \
Electric Magnetic Electric

model model model
Primary Secondary

Supply winding winding

ST T |2
GUE| i |&
1oL

Mechanical
model

Fig. 1 Construction of the reluctance-network model in the study.
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In the machine cross-section, the main-flux path includes all the side branches
parallel to the mean main-flux branch. All the other elementary flux paths belong to
the leakage-flux path. The reluctance model of the study consists of reluctance
elements in which the flux path is divided into two main perpendicular directions. The
elements model flux paths when the flux flows through an element along either
direction alone or along both directions on the same time. The saturation of iron in an
elementary flux path is taken into account defining the magnetic properties of the

equivalent reluctance element by using the total flux density of element.

1.7 Single-phase equivalent circuit of the study

In this study, the reluctance network model will be used to define the components of a
single-phase equivalent circuit. The equivalent circuit is standard in form, Fig 2. The
rotor model is constructed as for a double-cage rotor. The components of the
equivalent circuit are defined using the flux-path definitions of the reluctance model
(Perho 1993). The magnetic energy of an elementary flux-path is modelled in a
reactance X. The iron losses of the same elementary flux-path are taken into the
equivalent circuit using a resistance Rfe connected parallel to the reactance X. The
modelling of the winding losses follows the reluctance network definitions, too. The
losses of the conductor connected to a reluctance element are modelled as a part of

resistance R.

An energy component of an elementary flux-path has to be named to belong to a main-
flux or a leakage-flux component in the single-phase equivalent circuit. The decision
will be made according to the flux routes on the machine cross-section. The naming is

clear in the elementary paths of the yoke region. The routes of both the flux

* e
Rfe,olR Rfe,OZR
S

Rfe,OS

Rs |—|:I—|
|

— e =] q |
X8 o1R X5R
US< Rfe hs Xhs Xhal RiR Ror| | REnr XiR
S S S

Fig. 2 The single-phase equivalent circuit of the cage-induction motor (Perho 1993).
The components of the main flux path have an index h and the components of the
leakage flux path an index o. The components of stator, rotor and air gap have indices

E]m

>

S, R and 6,. The asterisk indicates that the quantity is referred to the stator.
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components join in the elements of yoke. The effect of the leakage flux will be included
in the reactance Xy of the main-flux path. In the tooth region, the routes of the flux
components deviate. Both the deviating routes need their own component in the
single-phase equivalent circuit. The effect of the leakage flux will have an own
component Xg in the equivalent circuit in series with the reactance X}, of the deviating
main-flux path. In the air-gap, the energy is concentrated to one reactance of main-

flux path in this study.

1.8 The aim of the study

This thesis introduces the structure of the universal reluctance network used in the
computer-program package developed. It specifies the rules for the construction of the
network, the definitions of the material properties used in the modelling, and the
system equations. It describes the method for the construction of a single-phase
equivalent circuit from the results of the reluctance network. It presents the rules for
the universal reluctance network by solving as an example a cage-induction machine.

It further provides alternatives of the rules for this machine type.

The applied part of this study concentrates on the leakage-flux paths on the machine
cross-section. The principal intention is to model the magnetic field distribution near
the air-gap region with a small reluctance network. The target machine type is a cage-
induction motor. The emphasis is on the locked-rotor current in the steady-state
period after the inrush current, at the moment when the rotor starts to rotate. The
currents and the magnetic fluxes have their steady-state values. In practice, this
happens when the input voltage of the stator winding is increased slowly and the rotor
1s locked at stand-still. The major purpose is to develop a single-phase equivalent
circuit for a starting motor with the effects of iron saturation and eddy-current losses
included. Two cage-induction motors will then be analysed, a single-cage 15 kW and a

double-cage 37 kW four-pole motor.

The aim of the study is to introduce a single-phase equivalent circuit and a reluctance
network model working together. The components of the equivalent circuit are defined
from the results of analysis using the reluctance network model. The components of
the equivalent circuit have the properties of the flux paths modelled by the reluctance

network.

In this study, the reluctance network is limited so as to model only two-dimensional
flux distributions. The three-dimensional leakage-flux paths of the coil ends of the

windings are outside the scope of this study. The reactances of these paths can be
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included as extra leakage inductances to the single-phase equivalent circuit presented

in this study.

1.9 Outline of the thesis

This thesis consists of ten chapters. In Chapter 1, a brief introduction about methods
of modelling magnetic fields, problems of single-phase equivalent circuits and a
summary of previous studies to connect special demands to the single-phase
equivalent circuit are given. The purpose of this research is described and the outline
of the thesis is sketched.

In Chapter 2, the basic reluctance element for the reluctance model will be introduced.
The construction rules of the reluctance model for the machine cross-section will be
given. The reluctance network will be constructed by connecting the reluctance model
and the electric circuits of the machine windings. The components and the

specifications of the reluctance network will be given.

In Chapter 3, the equations of magnetic and electric circuits of the reluctance network
will be introduced. The equations of magnetic energy, flux density, iron losses, and air-

gap torque will be given. All the equations will be defined for a reluctance element.

In Chapter 4, the material properties will be introduced. The definitions of magnetic
axial length of the reluctance model will be given. The reluctivity of a reluctance
element has a definition basing on the material data and on the total flux density of
the reluctance element. In this chapter, the reluctivity definition will be shifted
according to the flux density component of the main direction of the flux flow. The

redefinition is meant to be used only in certain special cases discussed in the chapter.

In Chapter 5, a magnetic capacitance will be introduced as an analogue for the
resistive losses in the magnetic circuits. The capacitance may be used for conductor
losses or partly for iron losses of the reluctance element (eddy-current losses). It will
give the same phase shift and energy loss as the resistive current circuit of the

conductor.

In chapter 6, the equations introduced in Chapter 3 are collected as a matrix equation
for the reluctance network. The principle of solution of the matrix equation will be

shown.
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In Chapter 7, the method to define the components of a single-phase equivalent circuit
will be introduced. The method bases on the energy distribution in the reluctance
network. A reference slot-pitch model will be used as an energy equivalent for the
reluctance network. The energy of the reluctance network will be collected to the
equivalent regions of the reference slot-pitch model. An equivalent region will have an
analogue component in the single-phase equivalent circuit. The component will
include the material properties of the slot-pitch region. The saturation of iron will
have an effect to the flux-density variation in the reluctance element. The same effect
will be seen in the energy of the reluctance element and its analogue component in the

single-phase equivalent circuit.

In Chapter 8, a computer program package will be introduced. The program was
developed to solve a reluctance network model. The program bases on a universal
reluctance network. The universal reluctance network is a tool to analyse magnetic
field and electric circuits connected to the reluctance model. The target of the analysis

can be any electrical machine or magnetic component.

In Chapter 9, two squirrel cage motors will be analysed, a 15 kW single-cage and a
37 kW double-cage asynchronous motor. A two-dimensional reluctance model will be
defined for both the motors using the presented methods in earlier chapters. The
reluctance networks will be defined and solved, and the results will be introduced.
Both the motors will have same kind of single-phase equivalent circuit where the
values of the components will be defined from the energy distribution of the analysis

1n the reluctance model.

Chapter 10 will summarise the research and assess the method proposed for

suitability for analysis and design of electrical machines and magnetic circuits.
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2 MESH GENERATION

The aim of this chapter is to specify a universal reluctance network for use with the
electrical machines. The version of the network presented in this chapter will be
magnetically two-dimensional. The principles of network construction will be solved in
the context of a radial-flux slotted machine with either a concentrated or cage winding

in the stator and rotor.

In a rotating radial-flux electrical machine, the axial dimension of the machine is
greater in comparison with the circumferential dimension of the machine. The core of
the machine may be treated magnetically as infinitely long. This assumption means
that the flux distribution is constant in the axial direction of the machine and that the
flux has no component in the axial direction. The flux distribution may be defined for

the cross-section of the machine and using a two-dimensional magnetic model.

The reluctance network is a magnetic equivalent circuit that describes magnetic flux
paths on the cross-section of the target electrical machine. The reluctance network
includes the reluctance models of the stator, rotor and air gap, and the electric models

of the stator and rotor windings.

The chapter is divided into main topic sections: reluctance element, elementary mesh
for the core and the air gap, reluctance model of machine cross-section, and connection

between magnetic and electric models.

2.1 Reluctance element

This section introduces the basic component of the reluctance model, a reluctance

element for a flux-path region.

The reluctance model is based on the flux paths over the machine cross-section. The
flux path has an equivalent circuit component in the reluctance model, a reluctance
element, as in Fig. 3. When the flux-path is divided into smaller parts, every flux-path
division has its own reluctance element. The reluctance elements of the divisions form

a chain of elements as an equivalent for the flux path.

The reluctance element has its own branches among the flux components flowing
through the flux-path region. A three-dimensional region has a circumferential, a

radial, and an axial branch in its reluctance element. To minimise the reluctance
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Fig. 3 A flux-path region and its equivalent two-dimensional reluctance element.

model, two-dimensional modelling is selected in this study, and only the

circumferential and radial branches are taken into the reluctance element.

The circumferential branch of the reluctance element has a reluctance Ry, defined for
the circumferential flux component Dy, The radial branch of the reluctance element
has a reluctance R, defined for the radial flux component @,. Both branches are
connected in a scalar magnetic potential node. The reluctance components in the main
directions are divided to both sides of the node, as in Fig. 3. In the simulation, the
magnetic state of the reluctance element is defined as a function of the total flux
density of the flux-path region. The values of the branch reluctances depend on each
other according to the reluctivity of the entire flux-path region.

2.2 Elementary mesh for the core region

This section defines the basic unit of the reluctance model, an elementary mesh for the
slot pitch. The definition of the elementary mesh is based on the flux-region layers
where every layer is a portion of the flux path. The construction of the elementary
mesh and the problems in the refinement of the elementary mesh will be discussed in

this section.

The machine cross-section may be divided into repetitive areas according to the
slotting. The natural division of the cross-section is the unslotted and the slotted
areas. For the flux-path regions, those areas are dealt with in circular layers. The
layers are referred to as the layers of the yoke, and the layers of the slotting. Every
circular layer has the same circumferential base-division according to the slotting.

The stator and rotor have different divisions of the circular layers in the
circumferential direction. The basis of the division is the minimum circumferential
repetitive unit, the slot pitch. This is a sector of the core that includes one tooth and
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one slot. The symmetry division of the stator and rotor depends on the windings and
on the positions of the stator teeth and stator slot openings compared with the rotor
teeth and rotor slot openings. The symmetry division is the smallest collection of slot
pitches in which the properties of the machine can be comprehensively studied. The
symmetry division is a repetitive construction division that includes only one pole

pitch or a collection of pole pitches as a minimum.

To define the reluctance model for the flux path, a collection of reference flux-path
regions is used. The basis for the reference regions is a sector. All other reference
regions are used to model the slot or the pole depending on the machine type. The slot
or pole dimensions define the type of the flux-path regions, a rectangle, a trapezium,

or a circular region. A flux-path region may also be a combination of reference regions.
2.2.1 Reference flux-path regions

The present study uses the reference flux-path regions to construct the reluctance
model. The base region 1s a sector layer, Fig. 4. The others are a rectangle, a

trapezium, and a circular region modelling the slot regions, Fig. 5.

The radial and circumferential reluctance components of the sector, R, , and Rpge,

are
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Fig. 4 The basic reference flux-path region, a sector.
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Fig. 5 The reference regions of the slot are
a) rectangle, b) symmetric trapezium, and c¢) segment of a circle.
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2.2.2 Generation of the slot-pitch mesh

A slot-pitch region includes four flux-path regions, as in Fig. 6. The flux-path regions
of the yoke (Ey1 and Ey9) are the circumferential divisions of the circular layer of the
yoke. The flux-path regions of the slotting (E; and E,) are the circumferential divisions
of the circular layer of the slotting. Each region can have a circumferential and a
radial subdivision inside its sector without any response from neighbouring regions.

The flux transfer between the regions crosses at the borders of the regions.

The slotting layer has the regions of the slot E  and the tooth E,. The circumferential
division between the regions E, and E; bases on the slot dimensions. The main
subdivision in the radial direction is the same in both the regions. The radial division
is based on the slot definitions. The divisions are the opening, the top, the middle, and
the bottom of the slot.

Flux-path regions are defined together with the neighbouring regions. The circular

layer of the slot-pitch division has an equivalent reference region of a sector, as in

Ey1 Eyo
TT Yoke
E¢ Eg
Slotting
a b

Fig. 6 A slot pitch model.

a) A slot pitch of an electrical machine with the tooth and slot sectors.

b) The equivalent reluctance model. The white-coloured reluctance components are of
constant reluctivity. The black-coloured ones are of flux dependent reluctivity.



27

Fig. 7. This is the base for determining the flux-path regions. In the slot Eg, the
portion of the slot has a form of a reference region, as in item 2 of Fig. 7. To construct
the flux-path region for the tooth E, as in item 1 of Fig. 7, the region of the slot is
separated from the sector region. The divisions of the bottom, middle, top, and opening
of the slot are separated independently, Fig. 8. The yoke layer has the same
circumferential division as the slotting layer. The circumferential division of the yoke
layer, Ey1 and Eyo, 1s made by dividing the slot-pitch sector between the regions
according to the neighbouring regions E_; and E;.

Opitch
Fout
Fin \_1 2

Fig. 7 A division of the sector flux-path region on the slot pitch division.
Item 1 is a flux-path region of the tooth E, and Item 2 a region of the slot E .

Yoke

Bottom

Middle

Top

Opening

a b

Fig. 8 The divisions of the slot-pitch sector.

a) The flux-path regions E, and E, are divided into radial divisions according to the
slot definitions. The divisions of the bottom, middle, top, and opening of the slot are
separated independently according to Fig. 7.

b) The reluctance model of the slot-pitch sector.
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2.2.3 Refinement of the mesh

To analyse the properties of the flux-path region, the basic subdivision according to
the slot dimensions does not always be accurate enough. The basic subdivision has to
be divided to smaller regions. The new division may be done inside the target region
maintaining the neighbouring regions unchanged. The division may not change the
flux flow to the neighbouring regions. The connections to the neighbouring regions
must be secured by using a border node. The border node presents the magnetic

potential at the border line between the regions.

The correct division does not affect the flux flow through the divided region. Fig. 9a
presents a model of the region before division. Fig. 9b presents the same region after
an incorrect division. The reluctance value of the route between border nodes B and
Bs differs from the reluctance value before division. The division provides a new
parallel route through the border nodes Bg and B4. The corrected model is presented
in Fig. 9c. The model is constructed using two divisions in radial and two in
circumferential direction. Only the possible flux routes are presented. Every subregion

has its own reluctivity value according to the flux flow through the subregion.

The smallest division in refinement is two to all directions. When using a larger
number of divisions in a region to radial or circumferential direction, it will happen
that the branches to the border node short-circuit divisions. If the division of the
neighbouring region may not be subdivided to the same direction, the only possible

solution is to increase the subdivision of the target region also to the other direction.

Bo Bo By
E¢1 E¢1 Et1
B11 ) B3 Bll ) B3 Bl q ) B8
By By ]_3)'4
a b c

Fig. 9 Subdivision alternatives inside the flux-path region.
a) The basic division of region E,; before subdivision.

b) An incorrect subdivision: the reluctance of region E,; changes because of the passing

routes through the border nodes B2 and By.
c¢) A corrected subdivision of b: the division of region E,; without changes to the flux

paths.
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Fig. 10 Subdivision alternatives inside the flux-path region.
a) An incorrect subdivision: the reluctance of region E,, changes because of the passing

routes over the middle subdivision, presented in Fig. 2.11 (Rasmussen 1996).
b) A corrected subdivision: the division of region E,, without changes to the flux paths.

Rasmussen (Rasmussen 1996) used a special circumferential division at the top of the
tooth to obtain a more accurate air-gap model, as in Fig. 10a. Three circumferential
divisions of region E;o (the top of the tooth) are connected to region E;; (the main
tooth) using the common border node B9 and to region Eg (the air gap) using border
nodes By, Bs and Bg. There is a short-circuit to the circumferential flux path from the
neighbouring teeth over the middle division of region E;9. A corrected subdivision is

presented in Fig. 10b. There the radial division of region Eg is two.

2.3 Elementary mesh for the air-gap

This section defines the construction rules for the air-gap elementary mesh. The air-
gap reluctance model is not constant; it will change according to the rotor position.

The air gap has its own circular layer between the stator and rotor. The layer has a
circumferential width defined by the common symmetry division of the stator and
rotor. The axial length of the layer is the magnetic length of the air gap. The opposite
positions of the stator slot pitches and the rotor slot pitches give the number of
divisions in the flux-path region E5. The minimum repetitive construction division in
region g 1s one pole pitch or a collection of pole pitches. The air-gap reluctance model
differs from the stator and rotor reluctance models only in the manner of renovation at
each time step when the rotor is rotating.

The air-gap reluctance model connects the stator and rotor reluctance models. The
circumferential subdivision of the air-gap layer is based on the positions of the stator
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slot pitches relative to the rotor slot pitches. The opposite positions of the slot pitches
change when the rotor rotates. To simplify the construction of the reluctance model of
the entire machine, the stator and rotor reluctance models have border nodes on all
tooth and slot opening elements on the borderline of the air gap. This ensures that the
stator model and the rotor model may be independent of the construction of the air-
gap model.

To ensure modularity, the definition of the air-gap flux-path regions is of constant
dimensions. The air-gap region Eg is divided radially into two regions. One region is
connected to the stator, Eg g, and the other to the rotor, Es g, as in Fig. 11a. Regions
Es.s and Eg g are defined according to the slot pitches of the connected machine parts.
The basic circumferential divisions of regions Es g and Es g are based on the

circumferential divisions of the reluctance models of the tooth and slot opening.

The air-gap region Eg is the union of regions K5 g and Egsg. The circumferential
division of region Eg is based on the opposite positions of the divisions in regions Eg g
and E;s g, as in Fig. 11a. When a division in region Eg g has a common sector with a
division in region Ej g, the common sector between the air-gap borders of the stator

, ES,S
DSD Ets Es s
Es1,8 Ese,s
Es1 Es2 Es3

Es1R Es2 R
Etr EsRr
EtRr EsRr !
a b

Fig. 11 The construction of the air-gap region Es

a) The opposite positions of the divisions in the regions E5 g and Es g, and

b) the resulting division of the air-gap region Egconnecting the stator and rotor
models.
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and rotor forms a division in region Eg, as in Fig. 11b.

In the air-gap model, the border node may have multiple branches, Fig. 11b. Under
the tooth, the short-circuiting route of the circumferential air-gap flux does not
represent a significant error. When two flux-path regions pass each other in the air
gap (through the border node on the tooth), it may be considered as a real flux passing

along the tooth top with an infinite permeability.

Under the slot opening, the short-circuiting route of the circumferential air-gap flux
causes a more significant error in the analysis. The error grows when the proportion of

the width of the slot opening to the pole pitch increases. These cases are e.g.

an open slot opening in a large machine using preformed preinsulated coils, and
a small number of slots for pole and phase or

a small pole pitch in a machine with open or semi-closed slot opening.

The reason for the error is that the short-circuited and the neighbouring regions are of
same material and the degree of saturation of material is the same. The error changes
when the air-gap model is rebuild because of the rotation of rotor. The error affects to
the magnetic width of the tooth. The size of the error depends on the degree of
magnetic saturation of the machine. A solution is to divide the border layer on the slot

opening into smaller regions.

The accuracy of the simulation may demand a further subdivision of the air-gap region
Eg both in the radial and in the circumferential directions. To solve a no-load condition
or a loading condition, the simulation may be sufficiently reliable when using a simple
air-gap model, as in Fig. 12b, in which the connection between the stator and rotor has
radial components only (Ostovic 1989a, Perho 1993). The simulation of the leakage
fields, as in the short-circuit condition, requires a better model with the possibility to
model the circumferential flux components in the air gap (Perho & Ritchie 1995), as in
Fig. 12c and 12d.

The only way to increase the circumferential division in the air-gap region Eg is to
increase the circumferential divisions in the stator and rotor reluctance models. The
stator tooth and slot regions, E¢ g and Eg g, could have a circumferential subdivision,
e.g. three and two in Fig. 12a. The rotor tooth and slot regions, E; g and Eg g, could

have a circumferential subdivision, e.g. two for both the regions in Fig. 12a.
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b)

d)

Fig. 12 Definition of the reluctance model for the air gap.
a) The flux paths between the stator and rotor.
b) Reluctance model has only radial flux paths.

¢) Reluctance model has radial and circumferential flux paths.
d) Reluctance model has a radial division of two in radial and circumferential flux

paths.
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2.4 Reluctance model of the machine cross-section

This section defines the smallest reluctance model of the machine cross-section. The

definition depends on the symmetry of the stator and rotor constructions.

The complete models for the stator and rotor include the flux-path regions E, E;, and
Ey of all the slot pitches. The flux-path regions of the slot pitches are combined. As a
result, there are separate stator and rotor reluctance models. The flux-path regions
are of constant form during the computation. The stator and rotor reluctance models

with the air-gap reluctance model form the reluctance model of the machine.

It is possible to reduce the size of the reluctance model. The stator and rotor
reluctance models are constructed using the repetition of the slot pitches. The
resulting reluctance model of the machine cross-section has a repetition depending on
the number of pole pitches and on the symmetry of the windings. This repetitive sector

defines the number of flux-path regions required in the comprehensive analysis.

The smallest possible repetitive sector of the reluctance model is the sector of one pole
pitch. The boundaries of the repetitive sector reflect the calculated properties as an
1mage over the boundaries. The boundaries act as property mirrors when the number
of pole pitches in the repetitive sector, N, is not an even number. The results of the
analysis using the repetitive sector may be copied over the entire machine cross-

section taking a mirroring if needed.

The numbers of slots included in the repetitive sector, @, g for the stator and @, y for

the rotor, are

Qc S = Nrc @
| 2P 5)

_ &R

QC,R = Nrc 20

®g  is the number of slots of the stator,
@R  1s the number of slots of the rotor, and

p 1s the number of pole pairs.
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2.5 Connection between magnetic and electric models

This section specifies an extended definition for the basic reluctance element
presented in Chapter 2 and defines an electric element with a connection between the

reluctance and electric models of the flux-path region.

A flux-path region of conductor has an equivalent element both in the magnetic model
and 1n the electric model. In the reluctance model, the conductor 1s as a current source
presented there with a magnetomotive force (MMF) source Fy,. In the electric model,
the flux-path region operates as a voltage source for the conductor, and is presented
with an electromotive force (EMF) source E. The EMF source is caused by the flux
variation in the flux-path region. The MMF source of the reluctance model and the

EMF source of the electric model transfer the energy between the models.

The extended reluctance element will take on a source component. The new extension
is an equivalent for the flux-path region with an MMF source Fy, divided to both sides
of the node, as in Fig. 13b. The MMF may be caused by a permanent magnet or by a

current. The study concentrates only on the MMF caused by a current.

a b c

Fig. 13 A flux-path region of conductor and the equivalent magnetic and electric
elements of the region.

a) A flux-path region of conductor has the flux components @, and cb(p, and the axial
current 1, flowing through the region.

b) The extended reluctance element consisting of branch reluctances and MMF sources
divided to both sides of the node. The components F', and Fm(p are assumed not to be

present simultaneously.
c) The electric element consisting of an EMF source E, induced from the flux variation

and an axial resistance of conductor R,.
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An electric element is a model of a conductor in an electric model. In the two-
dimensional reluctance model, the current of the conductor has only the axial
component I, on the machine cross-section. The electric model can still be three-
dimensional, only the axial branch of the electric element can have connection to the
reluctance model. The axial component of the electric element consists of the branch

resistance of the conductor R, and an EMF source E,, as in Fig. 13c.
2.5.1 Electric element

The MMF source of the reluctance model is caused by a flux-path region of an axial
conductor in which a current flows, as in Fig. 13a. The current density is assumed to
be constant over the flux-path region. In the reluctance element, the MMF source
caused by the current in the region can be modelled only to one main direction, in

either a radial or circumferential direction. The placement and the value of the MMF
source I depend on the other MMF sources of the reluctance model.

The winding of the machine may have a three-dimensional electric model consisting of
three-dimensional electric elements, as in Fig. 14. The electric model of the conductor
presented in Fig 13c is the axial branch of the whole three-dimensional electric
element. The radial and circumferential conductors of the winding are outside of the

flux-path regions modelled by the two-dimensional reluctance model. The electric
element, in Fig. 14, has nodes on the both ends of the axial branch. The resistance R,

and the EMF source E, of the axial branch are between the nodes. The resistances of

the radial and circumferential branches, R, and R, modelling the radial and

(p’
circumferential conductors are divided to both sides of the nodes.

Fig. 14 A three-dimensional electric element of a winding.

The axial branch models the flux-path region with a conductor, a part of a winding.
The radial and circumferential branches model the part of the winding outside of the
flux-path regions modelled by the two-dimensional reluctance model.
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2.5.2 Distributed winding

In a distributed winding, the current flows in parallel and serial wires. In the
reluctance model, the assumption made in the modelling of the winding is a uniform

current density distribution over the entire coil area in the slot.

The current of a coil side forms a group of MMF sources distributed to all the
reluctance elements on the sector of the slot region E, and of the neighbouring yoke

region E_,, as in Fig. 15. The distributed winding causes the MMF sources in the

y2
reluctance model only on the circumferential branches of the reluctance elements. The

MMF increase AFy, . in an element of the slot region is

AFe= @&]coﬂ = @Neff,coﬂ[coil (6)
oil Vacoil oil
where
Yoke Ey1 Byl
Bottom E¢1 Et1
Middle Eto Ee2
Top Es Et3
Opening Ei4 Ei4
a b

Fig. 15 The MMF sources from the slot current in the slot-pitch model.

a) The division of the slot-pitch sector to layers. The yoke layer Ey is divided according
to the slotting layer divisions E; and Eg. Both the slotting layer divisions are divided
according to the slot dimensions. The current is flowing in the regions Es; and Eg2 of
the slot.

b) The reluctance model of the slot-pitch sector. The regions Ey9, Es; and Egg have the
MMEF sources only in the circumferential branches of the reluctance elements divided to
both sides of the nodes.
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Aze 1s the axial current-carrying area of the element,
Acoil 1s the total area of the coil in the slot,

Neoil 1s the number of wires in the coil and

Nacoil the number of parallel wires in the coil.

Neff,coil 1s the number of effective turns of the coil, and

Ieoil 1s the current of the coil.

The value for the MMF source is cumulative starting from the air-gap border-regions
to the yoke. The MMF value grows linearly within the flux-path region where the
current flows, as in Fig. 16. The value of the MMF source associated with the

reluctance element is an average value of the cumulative MMF acting on the element.

To define the electric model of the distributed winding, the coil side may be replaced
with an equivalent coil wound around the yoke in the slot sector, as in Fig. 17a. In the
reluctance model, the wound area of the slot will be divided according to the slot
dimensions, as in Fig. 15. The same division shall be done in the electric model, too.
The equivalent coil will be divided according to the slotting division, in Fig. 17a to a
coil of flux-path region Eg1 and to a coil of region Eg2. Both of the region coils have
their own electric elements in the electric model. The electric elements have a EMF
source K, ¢ or E, ;o on the axial branch of the electric element. The EMF source is
supplied from the flux-flow variations inside the region coils in flux-path regions E ;,
Eg2 and Ey2. The EMF value grows linearly within the flux-path region, as in Fig. 16.

FmA
Fm,Ey2
Fm,Esl
F,=1(r)
Fm,EsZ
r
- s
=
g & 4 5 4
L g &

Fig. 16 The MMEF distribution of the coil side as a function of radius from the air gap
to the yoke.

The MMEF sources for the reluctance elements Esg, Es; and Eyg in Fig. 15 have an
average value from the cumulative MMF value acting on the reluctance element.
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Yoke Ey1
Bottom Et1

E:s1

Rz,sl

Middle E¢o

EZ,82
Top Et3 R; 52
Opening Et4

a b

Fig. 17 Definition of the electromotive force for a distributed winding.

a) Two equivalent coils of the slot regions Es; and Eg9 are wound around the yoke and
connected in series forming the real coil side.

b) The electric model of the real coil side connecting the electric elements of the slot-
region coils in series.

The electric model of the coil side is in Fig. 17b. Only the axial branch of the basic
electric element is used. The resistance R, , of the slot-region coil is

Rze=

1
g - coil (7
2 Acoﬂ

and the EMF source of the branch is

A 0011 ( \ 6_1( d¢(/’,l\
z,e = E
Acoﬂ Na coil L J =1 L ds J ®)
1(do elf do

“ze
= eff coil

Acoﬂ

il

where the summation goes from the flux of the yoke region to the neighbouring region

corresponding to the target electric element E,.
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The coil-side EMF is the sum of the EMF sources of all the elements of the coil side

B, =B, 9)

2.5.3 Cage winding

In a cage winding, the current flows in single conductors in each slot. The divisions of
slot region, E, divide the single conductor into a multiple cage winding comprising a
collection of elementary bars connected parallel, as in Fig. 18a. In the reluctance
model, the assumption made in the modelling of the winding is a uniform current
density distribution over the elementary bar.

The currents of the elementary bars form a group of MMF sources distributed to all
the reluctance elements on the sector of slot region E  and of the neighbouring yoke

region E_,, as in Fig. 18b. The value for the MMF source is cumulative starting from

y2
the air-gap border-region to the yoke, as in Fig. 19. The cage winding causes the MMF

sources only on the circumferential branches of the reluctance elements. An axial

Yoke

Bottom

Middle

Top

Opening

Fig. 18 The MMF sources from the slot current in the slot-pitch model.

a) The division of the slot-pitch sector to layers. The yoke layer Ey is divided according
to the slotting layer divisions E; and Es. All the slotting layer divisions are divided
according to the slot dimensions. The current is flowing in all the regions of the slot.
b) The reluctance model of the slot-pitch sector. All the regions in the slot sector have
the MMF sources in the circumferential branches of the reluctance elements divided to
both sides of the nodes.
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Fm,Ey2
Frn,Esl
Fy = )
Fm,EsZ
Fm Es3
Fm,Es4 r
-
2 8
g & 4 § 3
2 =
O

Fig. 19 The MMF distribution of the cage-winding bar as a function of radius from
the air gap to the yoke.

The MMTF sources for the reluctance elements in Fig. 18 have an average value from the
cumulative MMF value acting on the reluctance element.

current I, , flowing in the elementary bar causes an increase AF,_ , in the MMF

distribution

Aﬁvm,e = [z,e (10)

The value of the MMF source associated with a reluctance element is an average value
of the cumulative MMF acting on the element, as in Fig. 19.

To define the electric model of the cage winding, the end-ring of the winding has to be
divided circumferentially into sectors of slot pitches and radially into parts according
to the height of the elementary bars. In the electric model of the winding, the
elementary bar and the division of both the end-rings have a common three-
dimensional electric element, as in Fig. 14. To define the EMF source on the axial
branch of an electric element, the elementary bar may be replaced with an equivalent
coil, having one effective turn, wound around the yoke in the slot sector, as in Fig. 20a.
The equivalent coils are separate and connected together in the electric model of the
slot. The EMF sources of the coils Eg1 to Eg4 are supplied from the flux-flow variations
inside the coils in flux-path regions E_, to Eyz- The EMF value grows linearly within

the flux-path region, as in Fig. 19.
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Yoke

Bottom

Middle

Top

J I N Il Il = = = = = = = =

Opening

Fig. 20 Definition of the electromotive forces for a cage winding.

a) The equivalent open coils of the slot regions Esj to Eg4 are wound around the yoke.
Their connection is made in the electric model.

b) The electric model of the bar connecting the electric elements of the slot-region coils.

The electric model between the elementary bars is in Fig. 20b. The EMF sources E_ ,
are the EMF sources of the equivalent coils Eg1 to Eg4. The bar resistance R, , and the
radial and circumferential end-ring resistances R, , and R(p . have to be defined from

the dimensions of the slot regions and the end-rings.

The EMF source of an equivalent coil E, 1s

1(do M do,,
-, =§( ):2\ dz J D

where the summation goes from the flux of the yoke region to the neighbouring region

corresponding to the target electric element E,.
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2.6 Conclusion

In this chapter, rules for the construction and the components of the universal
reluctance network have been specified. The basic elements of the network, the

reluctance element and the electric element, were introduced.

The machine cross-section was divided to slot pitch sectors, and the sectors to layers.
Every layer was divided to flux-path regions according to the slot dimensions. The
reluctance model for the slot pitch was constructed using the reluctance and electric
elements representing the flux-path regions. The slot-pitch model is the basic unit to
build the reluctance model of the stator, rotor, and air gap. The number of the slot-
pitch models included in the modelling depends on the magnetic and electric
symmetry of the stator and rotor windings and cores. Alternative versions of the air-

gap model were presented.

The reluctance models of stator, rotor and air gap form the model of the machine. The
electric elements form the electric models of the windings. Together, the reluctance
model sand the electric models are the reluctance network of the electrical machine.
The MMF sources of the reluctance model and the EMF sources of the electric model

provide the energy transfer between the models.

In the next chapter, the equations connected to the reluctance network will be
introduced and the methods to solve the properties of the reluctance network will be

presented.
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3 SYSTEM EQUATIONS

The aim of this chapter is to specify the equations to solve the properties of the
universal reluctance network, the system equations. The specification demands to
define the specifications of the magnetic energy and flux density of the reluctance
element, and the air-gap torque connected to the reluctance model. The flux density
and air-gap torque specifications are based on the magnetic energy of the reluctance

element.

The system equations of the universal reluctance network are related to the electric
models of the windings and the reluctance model of the flux-path regions. The voltage
equations of the stator winding are related to the electric supply connected to the
electric model of the distributed winding. The voltage equation of the current loop in
the rotor winding is connected to the electric model of the cage winding. The flux-
balance equation is related to the magnetic scalar potential of the node in the
reluctance element. The equations of the magnetic energy, iron losses, flux density,

and air-gap torque are connected to the flux-path region.

3.1 Voltage equations

This section presents the voltage equations for the electric model. The equations are

presented for a distributed winding and for a cage winding.

The voltage equation of a phase in the distributed winding is constructed as a current

loop between the supply of the electric network and the winding, as in Fig. 21. In

Ry, Ly, L <4—— R
o—[ | o—lll—o——{ |
® ®*

Fig. 21 The current loop for the voltage equation of a phase in a distributed winding.
A principle presentation of the current loop. The components of the supply line have an
index L. The inductance Ly is the leakage inductance of the end-winding. The
components E and R without any index are from the electric model of the winding.
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Fig. 21, the presentation of the current loop is a principle one and used only to

introduce the method. The voltage equation of the current loop is
d
(&, + B)7+ @[(LL+LG)[]+E— % =0 (12)

where

E1,  1s the EMF of the supply,

Ry, 1s the resistance of the supply line,

L1, 1s the inductance of the supply line,

Ls 1s the leakage inductance of the end-winding,

E 1s the EMF of the electric model of the phase,

1 1s the current of the electric model of the phase, and
R 1s the resistance of the electric model of the phase.

In the analysis, the winding connection has to be taken into account. Because of the
non-linear properties of the magnetic model, all the phase currents have an influence
to each other. The single-phase current circuit has to be replaced by a three-phase one
as presented in Fig. 22. The example is constructed for a wye-connected electric
network and a delta-connected winding as will be used in a cage induction motor
analysed in Chapter 9.

I
E—L\‘Q Rro LL2 l Ly, <+— Ry /E{
r— ) ——( —iIilk - | ©)
Evs <& E
Ri3 Lis L3 R3 3
—e— . - (<)

Fig. 22 The current loops for the voltage equation of a distributed winding.

The components of the supply line have an index L. The inductance L is the leakage
inductance of the end-winding. The components E and R only with an index of phase
are from the electric model of the winding. The supply line has a wye connection and
the winding has a delta connection.



45

The voltage equations of the electric model of cage winding are constructed for the

circumferential and radial current loops between neighbouring electric elements. The
circumferential loop between the elements Eg and Eg has a current I 00> a8 in Fig. 23.

The radial loop between the elements Eg and E4 has a current I . The voltage

equations of the current loops are

Reg(Zyo = L1 + Lo ~ o) + Beg Lo ~ L5 ~ Ly + 15
+(Byo + Bys) Lo ~ By + Bog =0

) (13)
Rog( 20+ Iy ~ Lo ~ Ty ) + Bes (L = Lo + Lpa — Ly
+(Bog+ By | Iy + B~ Boy =0
Rys
5 st

{1

>

R:3 I(;DS

\

Fig. 23 The loop currents for the voltage equations of the element Ey.

The voltage equations are constructed for the circumferential loop current I o0 between
the electric elements Eg and Eg, and for the radial loop current I, between the electric
elements E¢g and E4.
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In the equations, the quantities are

E; the EMF source in the axial branch of the electric element E;,
L, 1y the radial and circumferential loop currents connected to the
electric element E;, and

R,, R,;, R the resistances of the axial, radial and circumferential

@i
branches in the electric element E;.

The bar current I in the flux-path region of the element Eg is defined by

]Z():]IO_]QDO"'[(pl_[I*Z (14)

3.2 Flux-balance equation

This section presents the flux-balance equation for the centre and border nodes of the
reluctance model.

The flux-balance equation defines the magnetic scalar potential of the node in the
reluctance element. The basic equation is constructed for the node potential V_ , of the

element Eq in connection with the node potentials V_; of the neighbouring elements

E;, as in Fig. 24. The flux-balance equation of the element Eg is

Aleft[VmO = Vm1 + 0-5(Fm<p0 + Fm(pl )]

+ Aright[VmO = Vi3 - 0-5(qu00 + Fm(pS)]

(15)
+ Aup[ VmO - Vm2 + 05(Fm70 + leﬁ)]
+ Adown[VmO = Vina - 0-5(Fm70 + Finra )] =0
where the permeances are
2
Aleft =
Bm(pO + Bm(pl
2
Aright =
) Rm(pO + ﬁ)m(p3
2 (16)
up = 5 5
B0 + By
2
Adown =
v Bmi() + Rmr4
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Fig. 24 The magnetic equivalent circuit of the flux-path regions for the flux-balance
equation to the magnetic scalar potential V¢ of the node in reluctance element E.
The target element Eg and the neighbouring elements E1 toE 4.

In the equations the quantities are

F, i F.; the circumferential and radial MMF sources of the element E;
and
R o R . the reluctances of the circumferential and radial branches in

the element E;.

A border node is used to connect two or more reluctance elements either in core region
or at the border of air gap. In the core region, the border node has one branch to both
the neighbouring elements. At the air-gap border, the air-gap model may have parallel
branches connected to a border node. The border node means the same boundary
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Fig. 25 The magnetic equivalent circuit of the flux-path regions for the flux-balance
equation to the magnetic scalar potential Vg of the border node B.

The target border node B and the connected elements: E9 of core region, and E; and E3
of air-gap region.

potential of the neighbouring elements. The balance equation is constructed for the
magnetic scalar potential V_ g of border node B in connection with the magnetic
scalar potentials of the core element E9 and the air-gap elements E; and Es, as in
Fig. 25. The balance equation for the magnetic potential of node B is

2( Vm,B = Vo + O'5Fm’2) + 2( Vm’B _ le) + 2( Vm’B _ Vm3) =0 17
Ry 0 A Lo rs

3.3 Magnetic energy

This section presents the definition of the magnetic energy stored in a flux-path region
Ec. In the universal reluctance model, the magnetic energy will be used as a basis to
define the flux density of the reluctance element, the torque affecting between the
stator and rotor.

The magnetic energy W, of a flux-path region E, is a function of the flux density. The

magnetic energy stored in the volume V, of the flux-path region is defined at flux

density B,
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BA 4By
B,
B =f(H)
H
Ve(Be)

Fig. 26 Definition of the magnetic energy at a flux density B,.
The magnetic energy stored in a volume V., is defined using the area A(B,) between the
magnetic characteristic B = f(H) of the material and the B-axis.

B-B,

Wine = VeA(B) =V, [|ve(B) BB (18)
B=0

where A(B,) is the area between the B-axis and the magnetic characteristic B = f(H) of

the material, as in Fig. 26.

When the reluctivity of the flux-path region is constant, the stored magnetic energy at
flux density B, is

1
Wi,e= 5 VeVegj (19)

3.4 Flux density

This section presents the specification of the flux density used in the universal
reluctance network. The specification is based on the energy equivalence between the
flux-path region and the reluctance element.

In the reluctance model, a flux-path region has a constant flux-density value B in the
entire volume. To present the flux-density equation for the region Eg in Fig. 24, a

rectangular reference region is used, as in Fig. 5a. The flux components of the
equivalent reluctance element Eg are specified in Fig. 24. The magnetic energy W, of

the region Eg with a constant permeability v, as in Eq. (19) may be written
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Wm0= Wm<p0+Wm70

1 2 1 2
- Z Rm(p()@left * Z Hm(pO@right (20)

1 2 1 2
— LB 0P — R0
+4 m up * 4 ™ down

Using the dimensions of Fig. 5a to the region Eg, the equation (20) can be written in

the form

1w 1 /g 2 2 )
Woo==vg0 (@2 a2 ViZvy, 2D (02 1o 21
m0 4 Vo /ZOZO \ left * right/ - 4 v wO/0 \ up * down ) @1)

After rewriting, the magnetic energy stored in the reluctance element takes the form

2 2 2 2
DF  + D7 P° + @
WmO _ l Vo VO left - 2r1ght + 1 o VO up gown (22)
2 2720 2 2w§/0

Comparison of energy equation (22) with energy equation (19) gives the equivalence in

a general form for flux density B,

S Jcbffub?ht @2 +q>§

Be=\/52 +5’2 - | elt g + up own (23)
ve ne | 94 24>
‘ p,e re
where
B oo 1s the circumferential flux-density component of the flux-path region,
B, , the radial flux-density component of the flux-path region,
A(p,e the cross-section of the flux-path region perpendicular to the
circumferential flux, and

A the cross-section of the flux-path region perpendicular to the radial flux.
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3.5 Iron losses

This section defines the equations of the iron losses. Conventional equations using the
sinusoidal flux-density variation will be presented, and the discrete equations for the

instantaneous value of the losses will be defined.

In the time-stepping analysis, a discrete approximation of iron losses is necessary to
solve the losses occurring during the time step. The approximation formulae are
presented in this section. The definition of the formulae is based on the same
assumption of the origin of the loss component as in conventional loss equations,
(Richter 1951, see Eq. 211). The approximation formulae are set to give the same
average loss-values over one period as the conventional loss equations on sinusoidal

flux variation.

3.5.1 Conventional equations of iron losses

The average iron losses Py, , of an element E, are defined by the conventional loss

equations. The assumption of the definition is a sinusoidal flux-density variation at a
constant frequency. The iron losses are the sum of the hysteresis losses P} , and the

eddy-current losses P, ,

A2 N
s b 2
Phe=mfee en(fe, be )fi Te = Dh,efebe
fe| §
€
/
| A 12 N (24)
2 72
Pre=mfee ex(fe be fi& = DPre fe De
& A
€

where the variables of the flux-path region are

LT the weight,

f, the frequency of flux-density variation,

b the flux density,

DPhe the constant factor for the hysteresis loss and

DPre the constant factor for the eddy-current loss,

and the material definitions
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& the hysteresis loss factor of the material,

™
=

the eddy-current loss factor of the material,

the frequency of flux-density variation and

S s

the flux density of the loss-factor definitions.

3.5.2 Discrete hysteresis losses

The definition of the discrete approximation is based on the hypothesis that the origin
of the hysteresis losses is the energy bound to the hysteresis loop, and that the losses
may be defined by the area of the hysteresis loop multiplied by the frequency with
which the flux density cuts the loop and by the mass of the element, (Richter 1951,

pp. 150-152). In this section, the discrete approximation formula will be presented.

The discrete approximation formula is based on the area of the hysteresis loop in the

real BH-characteristic of the material and the sinusoidal variation of the flux density.

The area of the hysteresis loop may be divided into regions of time steps Ang’ as in

Fig. 27. The region is defined between the boundaries of the BH-characteristics

without hysteresis (used in analysis) and with hysteresis, and the horizontal lines of

B A
(k) , (k)
Ave b,
. >
decreasing
H
be . H
1) increasing
b e
Ay
Avik-l)b gk-l)
- >
H
>

v f;k) be(gk) v gk_l)b gk-l)

Fig. 27 Approximation of hysteresis losses in time-stepping method.

The area of a trapezium replaces the magnetic energy difference between the BH-
characteristic used in analysis and the hysteresis loop curve. The energy defines a
hysteresis-loss component between two calculation steps k-1 and k.
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flux-density values b® and b*-1) of two time steps. In Fig 27, the assumption is that
the value of b(® is greater than the value of 5(*-1), and the magnetisation follows the

lower side of the hysteresis loop. The region A(;[; may be replaced with a trapezium of

(ﬁ) (%) (4-1)
height /z and width Woprr and Worr

Agpre \
(k) _ "BH.e|( (k) (/1)
ABH,e 9 \wBH,e+wBH,e/ (25)

where
(B _ | A (A1)
/ZBH,e - be be
1P - Av(j)bi/e)‘ (26)

BH e e

WD _ ‘ A AD f(A1)
e

In the equations, Avik)bik) is the difference between the field strengths of the BH-

characteristics with and without the hysteresis loop at the flux density 4% The area
e

of the trapezium may be rewritten by replacing the field strength differences of the
(%)

two time steps using an average reluctivity value Av
ave,e

)

Comparing the sum area of the time-step trapezium areas with the conventional

AP
A( R _ ave,e (

_ A
BH,e 9 2, ‘ @7

hysteresis-loss equation, the formula for the discrete hysteresis-loss increment at time
step k can be constructed as an equation

- e

b(/g 1)‘)

4B _ b(/e 1)‘ 28)

The equation bases on the sinusoidal flux-density variation at a fundamental
frequency f. Using of Eq. (28) instead of the original equation, Eq. (24a), gives an
approximation for the hysteresis losses at every time step. Using of Eqgs. (24a) or (28)
for a non-sinusoidal flux-density variation, the error made depends on the size of the

harmonics of flux-density variation in comparison to the fundamental.
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3.5.3 Discrete eddy-current losses

The definition of the discrete approximation is based on the origin of the eddy currents
caused in the material by the flux-density variation. In this section, the discrete

approximation formula will be presented.

The discrete approximation formula for the eddy-current losses is based on the square
of the flux-density derivative which is replaced by the difference of flux densities b®)
and b(*-1) divided by the length of the time step At

B oL N/MZMQ 1 N(bge)‘bi/e'l)ﬁ 29
(/x e) Mﬁ/gl AZJ =ﬁ/§1L At J 9)

where N is the number of time steps in the period.

The formula for the discrete eddy-current loss increment at time step £ may be written

as an equation

(g0 _ g2\
2 e e

R _ Zle e
APl(r,e = Pre NL A/ J (30)

3.6 Air-gap torque

This section presents the specification of the air-gap torque in the universal reluctance
network. The air-gap torque Ty will be specified from the circumferential variation in

the magnetic energy of the air gap.

The air-gap torque is the sum of the elementary torques affecting the air-gap regions.

The elementary torque of a flux-path region is calculated from the change in the
magnetic energy W_ , of the region e to the circumferential direction. In this study,

the rotor is locked and the differences of the quantities are replaced with derivatives

oW,
]8,6=reFe=_ﬁ (31)

where
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r, 1s the radius to the mass centre of the flux-path region,
F, the force component caused by the energy change, and
a the angular width variable for the region.

The magnetic energy for a reluctance element was presented in Section 3.4

Wm,e = Wrmp,e + er,e

2 1 2
=—Rpy P . +— R,
m@:€ Neft 4~ P right

2 1 2
+ er’e@up+4ﬁ

(20)

m7e™ down

N

The components of the magnetic energy create equivalent components for the

elementary torque affecting the element to the circumferential direction

an(p,e a anr,e

oa Ja

(32)

TE),e = Té(p,e"' Yér,e =-

Using the definition of the elements in Fig. 24, the circumferential magnetic energy

component of the element Eg, W40, is

1

2 1 2
qu;O = Zﬁmtpo(pleft + Zﬁm(poq)

right

/ VmO_le \2_'_( VmO_VmS \2 (39)

- omeo kﬁm(po + Bmcpl} k Bm(pO + Rmtp?))

The layer of the reluctance element Eq has the main dimensions of axial length /; and

of outer and inner radii r_,; and r;,. The reluctance elements of the layer have the

out
circumferential reluctance R, oe
Yo
Hm(p,e =0, [ = ae]'?m<p (34)
{ In Lout J
73

where the constant reluctance R 0 is independent of the change in the angular width

a, of the flux-path region.
e



56

Using the circumferential reluctance of Eq. (34), the equation for the magnetic energy

Wm(pO takes the form

2 2
Wm(po _ Qp / VmO - le\ + ( VmO - Vm3\ (35)
Bm(p L an + 07 op + ag

The torque component T&po from the change of the energy Wm(pO 1s

O Wmgo

Jo

2 2
1 9 (Vino = Vin1 ) +/Vm0—Vm3\

LBy ot oo+ ay oo + asg

]76 @0 =~
(36)

and after derivation of the angular width variable

2 2
1 (VmO_le\ +(Vm0_ Vm3\ dag

LBy

]é(pO =~
apg+ oq ap + o3 oo

+ 20!0 Vmo - le /60!0 + 60!1\
B ( )3 Ja aa) 37)

apg + aq

+ 20{0 VmO - Vm3 (80(0 + 80(3\
LB ( )3 L dot an

apg + asg

The change in angular width o is always inverse to the changes in angular widths o,

and ag. The equation for the elementary component Tafpo is

2 2
1 (Vmo—le\ +(VmO_Vm3\ ado

To o= —
090 LBy L ap + oy L oo + asg da (38)
1 Iq
=W 220
Q) me0 o

Using the definition of the elements in Fig. 24, the radial magnetic energy component
of the element Eqo, W, 1s
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_1 2 1 2
Winro = 4 m’0¢up + 4 B0 down
2 2 (39)
{VmO_Vm2\ +{ VmO_Vm4\

LBmIO + £, B0+ By

= Lm0

The layers of the air gap have the main dimensions of axial length /, and of outer and

and r. The reluctance elements in the same sector as the

out,e in,e’
reluctance element Eg have the radial reluctance R, ,

inner radil r

1 v hJM\ - iﬁm . (40)

er,e = /_
Qg Ze 7in,e ap

where the reluctance R ,1s independent of the change in angular width «.

Using the radial reluctances of the equation (40), the equation for the magnetic energy
W, 0 takes the form

m

2 2
(VmO_VmZ\ +(VmO_Vm4\
kﬁmo + Bm2) LﬁmO + By

Wnro = £mo ag (41)

The torque component 75,0 from the change in energy Wy, 0 1s

oW,
Ty, = ———210
o
( VY \’
__R., L Vmo = Vmz) (Vo =Vma) |92 (42)
Lo + BmZJ L Lo + Fomy ) do
1 (90(0
=T Wm0
Qg Ja
The total elementary torque T’y for the reluctance element Eq is
1 oa 1 oo
Tso = __Wm(poa_o_a_WmIOa_O
0 0 (43)
1 Ja
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The equation is in a general form

IWn e 1 da
]76,6‘ == = = Wm,e €
Ja a, o

(44)
The air-gap torque T} is the resulting torque of all the flux-path regions in the air gap

_ __y Ly 9
]76_2776,6_ gkaeWm,e an (45)

The summation in the equation is over the entire air-gap volume.

When the rotor is rotating, a discrete circumferential air-gap torque Té/“?) 1s calculated

replacing the derivative of the magnetic energy with the difference of energy values on

time steps

AWme

w3013

e
-1)
oA _ (/3-1)2[ m,e W(me]

R

(46)

where apR 1s the angle variable for the rotor position.

When the rotor is at a standstill, the discrete circumferential air-gap torque Té@ 18

calculated from the change between the time steps in the magnetic energy stored in

the air gap

a m,e m,e o

7 - 272/2 --3 1 (W</e> A1) 9% (A7)

e

3.7 Conclusion

In this chapter, the system equations of the universal reluctance network were
specified. The system equations of the universal reluctance network were related to

the electric model of the windings and the reluctance model of the flux-path regions.
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For the stator winding, the voltage equation was presented connecting the electric
model of the distributed winding to the electric supply network. For the rotor winding,
the voltage equations were presented connecting the electric elements of the cage

winding.

For the reluctance model, the flux-balance equations were presented to the magnetic
scalar potential of the centre and border nodes in the reluctance element. The
magnetic energy stored in the reluctance element was defined. The specifications of
the flux density and air-gap torque were introduced basing on the magnetic energy of
the reluctance element. Furthermore, the equations of the iron losses were presented
using the conventional loss equations on sinusoidal flux variation. Finally, the discrete

equations for the iron-loss components were defined from the conventional equations.

The specifications of the reluctance will be introduced in more details in the next
chapter. The system equations will be collected to a matrix equation to solve using

matrix calculations in Chapter 6.
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4 MATERIAL PROPERTIES

In this chapter, the magnetic properties of the universal reluctance network are
introduced. The magnetic properties included in this chapter are the magnetic axial
length of the flux-paths and the approximation of the material reluctivity used in the
present study. Two special reluctivity specifications for the sinusoidal (phasor)

magnetic quantities will be introduced.

There will be an introduction to the influence of flux-path geometry to field-strength
definition. Three exceptions to the reluctivity definition of the universal reluctance

network will be presented:

the reluctivity definition of a tooth region when the region has a significant cross-
sectional change,

the reluctivity definition of a yoke region when the circumferential length of the
yoke has a significant cross-sectional change as a function of core radius, and

the reluctivity definition of the slot opening.

4.1 Magnetic length of the air gap

This section introduces the axial length of the reluctance model of the air gap.

In the reluctance model, the axial length of the air gap /g is defined by using the
traditional equations (Richter 1951, see Eqgs. 243, 245)

ly =l +26 when 4 =

(48)
h=05(k+&R) whenk =4k

where

lg 1s the axial length of the stator,
Ig the axial length of the rotor, and
0 the radial length of the air gap.
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4.2 Magnetic length of the core

This section defines the axial length of the reluctance models of the stator and rotor.

The stator and rotor cores consist of iron sheets covered with a non-magnetic
insulation material. The flux in the core flows both in the iron and in the insulation of
the sheets. The quantity of flux flowing in the insulation depends on the saturation of
the iron. Furthermore, the core may have radial ventilation ducts, which can be
created by collecting the sheets into small sheet packages and by leaving radial
channels between the packages when setting them into the frame. The radial
ventilation ducts function as a parallel path for the flux. The quantity of flux flowing

in the ducts depends on the saturation of the iron in the packages.

The axial length of the core I consists of the thickness of the sheet packages and the

axial length of the ventilation ducts

/=0y +1)4pe + 1134y (49)
where

lpc  1s the thickness of a sheet package,

ny the number of the ventilation ducts, and

Iy the axial length of a ventilation duct.

The thickness of the sheet package includes the thickness of the sheet insulation. The
axial length of the core has three components, the length of the iron /g, the length of

the insulation, and the length of the ventilation ducts

I= fo + (1= e )(my +1) e + 104 (50)
where the length of the iron lg, is

be = Mfe (nv + 1)/pc (51)
In the equations, n¢ is the fill factor for the iron sheets.

In the reluctance model, the different properties of the axial length are represented as

three parallel flux-branches, as in Fig. 28.
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(1 — nfe)(! — nyly)

Fig. 28 The axial reluctance model for a flux-path region.
The model takes into account the sheet insulation, the iron, and the radial ventilation
ducts.

4.3 Reluctivity

This section concentrates on the definition of the reluctivity v in the flux-path regions.
The reluctivity function of the universal reluctance network will be specified for time-
stepping and sinusoidal analysis. A discussion about the variable cross-section of a
flux-path region introduces a method to use a larger element with an element
dependent reluctivity specification. The section is divided into subsections: reluctivity
function, reluctivity with phasor quantities, reluctivity of tooth, reluctivity of yoke,
and reluctivity of slot opening.

In this section, the abbreviations r, for reluctance factor and 2 for permeance factor

are used for the dimension ratios of the flux-path region. The abbreviations are

defined by the quantitative equation for the reluctance

/,
ﬁm,e = Vei = Ve/m (52)
Ag

and by the quantitative equation for the permeance

Ap=—22 - — (53)

In the equations

I 1s the length of the flux-path region throughout the flux flow and
Ag  the area of the region perpendicular to the flux flow.
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4.3.1 Reluctivity approximation

This section defines the function of the reluctivity used in the universal reluctance

network.

In the universal reluctance network, the reluctivity is defined using the total flux
density, Eq. (23). The definition of flux density does not assume anything about the
radial and circumferential cross-sections. Only the rectangular reference region has
been used in the derivation. To define a correct value for the reluctivity of a flux-path
region with a variable cross-section, the region should be divided into smaller regions
to keep the change of cross-section small and model them using the average cross-

section of a region division in its flux-density definition.
The BH-characteristic of iron, without hysteresis, gives the reluctivity value

H(5,)

V. (B,) = 2
e

(54)

In the analysis, the BH-characteristic of the core region is presented as a polynomial

function in proportion to the flux density squared

v(B,) = i a<32) (55)

=0

with the constants a;. The values for the polynomial constants are defined by a curve
fitting as a common reluctivity to the parallel flux paths of Fig. 28. The middle path
has the BH-characteristic of iron, Eq. 54, and the side paths have the linear BH-
characteristic of air.

The definition of reluctivity of the core region assumes that the flux density has a
constant value in the flux-path region. The radial and circumferential cross-sections of
the flux path region are constant or average cross-sections will be used.

4.3.2 Effective reluctivity

The assumption of a sinusoidal time variation for the current, flux, flux density, and
voltage is a solution to reduce calculation time. The assumption is valid for steady-
state operation of the motor. The effective reluctivity defined by (Luomi et al. 1986)
takes into account the time-sinusoidal nature of the flux distribution. The effective
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reluctivity will be used with complex phasors. The effective reluctivity is assumed to
be a function of the amplitude of the complex phasor b of the flux density and

constant in time.

In the approximation of a sinusoidal time variation, the current, flux, flux density, and
voltage are assumed to be equal to the amplitude of their fundamental time variation,
1.e. they have the form

x=x cos(w t+ @) (56)
where

X 1s the current, flux, flux density, and voltage,

A

x the amplitude of the fundamental,

I0) the angular frequency of the fundamental, and

Q@ the phase shift of the fundamental.

The current, flux, flux density, and voltage can be presented using a complex phasor,
1.e. they take the form

F=x e/ (57)
where j is the imaginary unit ;= E

The reluctance network may be analysed using the complex phasors. As a result, the

flux and current may be presented at any point of time ¢ from the equation

D(F) = Re{ciae/wf }

{2 = Re{z e/w} o9

where Re{ } represents an operator taking the real part of a complex number.
Two kinds of effective reluctivities are possible:

— For a sinusoidal voltage source, the analysis has an approximation of a time-

sinusoidal flux density using an effective reluctivity
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7
1 A(2)
v, =— A ds 59
eff Tz{O b cosi wli (59)
where
b 1s the amplitude of the sinusoidal flux-density wave form,
T the time of period of the fundamental of the flux-density variation, and

h(t) the instantaneous value of the magnetic field strength.

— For a sinusoidal current source, the analysis has an approximation of a time-

sinusoidal magnetic field strength using an effective reluctivity

h
Veff = (60)

7
; | {O[b(l)cos(a)t)dz‘]

where
A
h 1s the amplitude of the sinusoidal magnetic field strength wave form,
T the time of period of the fundamental of the variation of the magnetic

field strength, and
b(t) the instantaneous value of the flux density.

4.3.3 Reluctivity of a tooth

The magnetic potential drop in a tooth is approximated traditionally using Simpson's
rule from the field strengths at various distances along the tooth height (Richter 1951,
see Eq. 269). In this study, the approximation is replaced by dividing the flux-path
region of the tooth into radial divisions. In the analysis of the reluctance network, the

region is treated as a single element with its own reluctivity function.

In the universal reluctance network, the definition of reluctivity assumes that the
radial and circumferential cross-sections of the flux path region are constant or almost
constant. To model a tooth with a variable circumferential width, the tooth has to be
divided into smaller regions. This means a fine mesh. To reduce the number of
elements in the network, this study specifies a new way to construct the reluctivity of
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the tooth. This will be achieved by dividing the flux-path region into divisions

according to the assumed main direction of flux.

The use of the assumed flux direction does not accord with the theme of the universal
reluctance network. Its advantage, however, is a more precise analysis of flux in
electrical machine with fewer elements. For the theme of the universal reluctance
network, there is an alternative to adjusting the flux-direction in the analysis. First,
the analysis defines the flux flow and then runs again using this information to select

the appropriate reluctivity function.

The assumption made in the approximation is that the main direction of the flux flow
is the direction of the radial height of the tooth, as in Fig. 29. The reluctivities in the
divisions of the flux-path region are determined for a radial flux @, flowing through
the region. The sum of the magnetic potential drops over the divisions defines the
magnetic potential drop for the region. The flux density B, of the region is defined

from the flux @, and from the average cross-section A of the divisions.

d,ave

The resulting reluctivity of the tooth, for the flux density B,, is

n

2 ( vi(B;) "mr,z')
ve(B,) = =1 (61)
n
E Tmri
=1
where
We2
I
A f ¢7‘
he
\
| Wel
a b

Fig. 29 The reluctivity definition in a tooth uses the radial flux component.
a) The divisions in a tooth region to define the reluctivity function of the tooth.
b) The reluctance model of the tooth for the main direction of the flux flow.
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1s the number of the divisions,

v the reluctivity of the division i according to Eq. (54),

l

B

n
; the flux density of the division i, and
ori the reluctance factor of the division i.

l

The resulting reluctivity function of the tooth, in accordance with Eq. (55), is
constructed from the results of Eq. (61) at different flux-density values. The constants
a; of the polynomial are defined by a curve fitting with the calculated reluctivity

values.

The resulting radial and circumferential reluctances of the tooth are

n
er,e = VeE Tmri

=1
< v, 62)
Bm(p,e =

n
E )Lf/’,l'
=1

where

v, is the reluctivity defined from Eq. (61), and

Agi the permeance factor of the circumferential branch in the division i.

4.3.4 Reluctivity of yoke

The circumferential flux in the yoke does not have a uniform distribution over the
entire yoke cross-section. Traditionally, the real distribution is determined using
empirical functions (Richter 1951, pp. 161-167). In the reluctance network used in this
study, the uneven flux distribution is approximated by dividing the flux-path region in
the yoke into parallel regions in a circumferential direction. In the analysis of the

network, the region is treated as a single element with its own reluctivity function.

In the universal reluctance network, the definition of reluctivity assumes an even flux
distribution in the flux path region. To model a yoke with an uneven flux distribution,
the yoke has to be divided into smaller regions to get an almost even distribution of
flux flow in the region. This means a fine mesh. To reduce the number of elements in
the network, this study uses a special way to construct the reluctivity function of the
yoke. This will be achieved by dividing the flux-path region into divisions according to

the assumed main direction of flux, circumferential along the yoke. The use of the
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predefined flux direction does not accord with the theme of the universal reluctance
network. For the theme of the universal reluctance network, there is no remarkable
error in practice for the model of the yoke. Most portion of the flux in the yoke flows in
circumferential direction. The advantage, however, is a more precise analysis of the

flux flow with fewer elements.

In the approximation, the reluctivities in the divisions of the flux-path region are
determined for a circumferential flux D, flowing through the yoke, as in Fig. 30. The

magnetic potential drop of the parallel divisions defines how the flux is branched. The
flux density B, of the yoke is defined from the flux D, and from the cross-section A 4 of

the yoke.

The resulting reluctivity of the yoke, for the flux density B, is

n
> .

Ve(By) = 1 (63)
n )\. .
2 im
=1 Vl'(Bz')
where
n 1s the number of the divisions,
\Z the reluctivity of the division i according to Eq. (54),

B. the flux density of the division i, and

Ag,i  the permeance factor of the division i.

Qe
_ | —————»
rout,e* E/ %¢(p
—
f_

I'in,e

a b

Fig. 30 The reluctivity definition in the yoke using the circumferential flux.
a) The divisions in a yoke region to define the reluctivity function of the yoke.
b) The reluctance model of the yoke for the main direction of the flux flow.
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The resulting reluctivity function of the yoke, in accordance with Eq. (55), is
constructed from the results of Eq. (63) at different flux-density values using a curve
fitting.

The resulting radial and circumferential reluctances of the yoke are

n
er,e = VeE Tmri
=1

) v (64)
Rngo=—1—

n
E A’f/’,l'
=1

where

v, is the reluctivity defined from Eq. (63), and

rmri the reluctance factor of the radial branch in the division .
4.3.5 Reluctivity of the slot opening

The magnetic potential drop in the tooth tip was considered in (Akbaba & Fakhro
1987, Savelainen 1980). They used a variable fictitious slot opening to model the
saturation of the tooth tip when the circumferential flux flows across the slot opening.
In the present study, this theory is adapted within the reluctance network. The
approximation of the variable fictitious slot opening is made by using a semi-saturated
flux-path region in the slot opening. In the analysis of the reluctance network, the

flux-path region is treated as a single element with its own reluctivity function.

In the study as an exception to the universal reluctance network, the definition of a
slot-opening region bases on the circumferential main direction of the flux flow. The
slot-opening region consists of three subdivisions: the real slot opening (either of iron
or air) in the middle and two elements of iron at the sides separated from the tooth
tips of the neighbouring teeth, as in Fig. 31. The circumferential dimension of the side
elements i1s half the width of the slot opening. The axial and radial dimensions, and
the material are of the tooth tips.

The reluctivity function of the slot-opening region Eg 1s determined for a
circumferential flux cb(p flowing through the region, as in Fig. 31. The sum of the

magnetic potential drops over the three subdivisions defines the magnetic potential
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Fig. 31 The reluctivity definition of the slot-opening region uses a saturable model.
a) The enlargement of the slot-opening region includes a portion of the neighbouring
tooth tips E1 and E>2 to the slot-opening region E.

b) The saturable reluctance element Eg of the slot-opening region connected to the
reluctance elements of teeth, E; and Eos.

drop for the region. The flux density B, of the region is defined from the flux P, and
from the circumferential cross-section A o0 of the slot opening.

The resulting reluctivity vequi of the slot-opening region, for the flux density B, is

Ago Apo
2 vo(By) +0.5vo(By) s (65)

Vequi(BO) =0.5v1(5)

where the subscripts for the reluctivities and the circumferential cross-sections are

according to Fig. 31.
The resulting reluctivity function of the slot opening, in accordance with Eq. (55), is
constructed using a curve fitted to the results of Eq. (65) at different flux-density

values.

The resulting radial and circumferential reluctances of the slot opening are

L0 = Vequi’ms0 66)

ﬁm(pO = Vequi’mge0
where

Vequi 1s the resulting reluctivity of the slot opening defined from Eq. (65),
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rmyo theradial permeance factor of the slot opening region Eg and

rmgo the circumferential permeance factor of the slot opening region Eo.

4.4 Conclusion

In this chapter, the magnetic properties of the universal reluctance network were
introduced. The chapter specified the axial length of the flux paths. The reluctivity
function was specified using the material BH-characteristic of the flux-path region.
The reluctivity functions for the sinusoidal (phasor) magnetic quantities were

introduced.

The methods used to determine the influence of the flux-path geometry were
developed. Three exceptions to the reluctivity definition of the universal reluctance
network were specified for the regions of tooth, yoke, and slot opening. The method
was to use a main direction of the flux flow through the region, divide the region

according to the flux flow, and define the resulting reluctivity function:

The variable width of the tooth region was taken into account by defining the
resulting reluctivity using the serial reluctance of the tooth-region divisions.

The uneven flux distribution of the yoke region was taken into account by
defining the resulting reluctivity using the parallel reluctance of the yoke-region
divisions.

The saturated tooth tip on the slot opening was taken into account by defining
the resulting reluctivity using the serial reluctance of the tooth tips and the slot

opening.

The definitions in this chapter will be used in the reluctance network definitions for
the machines in Chapter 9. In the next chapter, a new component will be presented to
combine the electric element to the reluctance element of a flux-path region in the

reluctance model.
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5 MODELLING OF EDDY-CURRENT LOSSES

A magnetic capacitance C, is presented in the reluctance model in (Oberretl 1963)
and in the simulation model using electric components in (Roberts 1960 and 1962) to
take the resistive losses into the magnetic model. The main analysis target has been

the eddy-current losses rising in the conductors.

The aim of this chapter is to specify a magnetic capacitance for the universal
reluctance network and the rules for the placement of the capacitance. The simple
form of the equations in the presentations of Oberretl and Roberts based on the square
form of the flux-path regions. In order to use the same technique in the universal
reluctance network, the flux equation must be reformulated. The formula for the
magnetic capacitance will be developed, and the flux equation of the reluctance

element node will be reformed to include the flux component of the capacitive branch.

5.1 Eddy-current losses of a flux-path region

In this section, the interconnection of a reluctance element and an electric element as

a model of eddy currents in a flux-path region will be presented.

According to Section 2.5, a flux-path region with a conductor (or a conducting
material) may be modelled as a combination of a reluctance element with an MMF
source and an electric element having only the axial branch, as in Fig. 13. The eddy
currents induced in the conductor may be modelled by short-circuiting the axial
branch of the electric element. The resistance of the axial branch depends on the

resistivity of the flux-path region.

For a circumferential flux flow @, the flux-path region Eg may be represented in the
reluctance model as a combination of a reluctance element with an MMF source Fi, g0
and an electric element with a short-circuited axial branch, as in Fig. 32. The
reluctance model represents the magnetic energy distribution of the flux-path region.

The electric model represents the electric energy distribution of the flux-path region.
In the reluctance element, the product of the magnetic voltage drop AV g over the

circumferential total reluctance Ry q0 and the flux @, going through the reluctance is

twice the magnetic energy Wy, o stored in the flux-path region

AVimo®, = ﬁmw@; = 2W, (67)
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Fig. 32 The circumferential branch of the reluctance model for eddy currents.
a) The reluctance element E¢ of a conductor for the circumferential flux flow.
b) The electric model of the short-circuited conductor modelling the eddy currents.

The product of the magnetic voltage drop over the MMF source, Fiyg0, and the flux @,

represents double of the magnetic energy dissipation caused by the eddy currents

FmOdj(pO =2A WmO (68)
This portion of magnetic energy, AWy, o, is changed to heat energy.
In the electric element, the product of the electric voltage drop AV over the axial

resistance R and the current I,o going through the resistance is the electric power

APq dissipated as heat. The equivalent heat energy AWyg at a time interval At is
AW, = APyAt = AVl At = Hzojio At (69)

The product of the value of EMF source E.q and the current Lo represent the electric
power Pg supplied from the magnetic field. The equivalent energy Weo at the time

interval At is
Woo = PyAt = £ o1 At (70)

The connection of the magnetic and electric elements is the pair of equations
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Fno=-1y
z do, (71)
D77

A small change of flux A®y, from a value @y to the value @y, + A®y, in a small time
interval At induces an EMF to the electric model. The supplied energy in the electric

model 1s

AD
Wiy = PyAt= Byl Al = A—Z(pjzo At= AD L = ADy Frg = 20Wyo  (72)

The dissipated magnetic energy, caused by the eddy currents, is opposite to the change
caused by the supplied magnetic energy. When the supplied magnetic energy
increases, the dissipated magnetic energy is taken from the supplied magnetic energy.
When the supplied magnetic energy decreases, the dissipated magnetic energy is
taken from the stored magnetic energy of the flux-path region. When modelling the
flux flow in the reluctance model, the energy dissipation caused by the eddy currents

1s capacitive to the magnetic energy of the flux-path region.

In the next section, a capacitance will be added to the reluctance element presented in
Chapter 2. The magnetic capacitance will be used as an equivalent for the eddy-

current losses.

5.2 Magnetic capacitance

In this section, the theory for using a capacitance as a resistive-loss component will be
presented. The new equation of flux flow between the neighbouring regions will be
developed. Moreover, the placement of the capacitance in the reluctance element will
be specified. The purpose of the discussion is to simplify the reluctance model and
replace the electric element by using the capacitance when the electric model

connected to the flux-path is a EMF source loaded by a resistance.

The circumferential flux D, flows through the flux-path region Eg, and induces the
EMF source E.q of the electric element, as in Fig. 32

do 1 dVl—V z—F 0
EZ():_ ¢ _ _ (m ; m(p) (73)
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where the circumferential reluctance Ry, is the total reluctance between the nodes of
reluctance elements E1 and E9

}‘)m(p = 0-5Bm(p1 + Rm(po + O'5ﬁm(p2 (74)

The equation (73) can be rewritten by using the magnetic potentials at the boundary
nodes B; and B, of the region Eq

do,, 1 d( Vm,B1 - Vm,B2 - chpo)
At~ Rygo ds

(75)

where the value of E,q is independent of the model outside region Eq.

The layout of the reluctance element Eg may be changed by moving the component
Fm<p0 outside the boundary nodes and dividing it to both sides of the reluctance

element Eq, as in Fig. 33. Equation (75) changes to

oo APy 1 d( Ve Vm,BZ) .

< dl‘ Bm(po dl‘

2) lel - @ B; l_"/mol :Bz @ - IVH12

Rmg1 Fmqo Rmgo  Rmqo Frngo Rmg2
2 2 2 2 9 2
IZO X
b) E0 4
RzO

Fig. 33 An alternative layout of the reluctance element Eg on the circumferential
branch for the layout in Fig. 32.

a) The reluctance element Eg of a conductor for the circumferential flux flow.

b) The electric model of the short-circuited conductor modelling the eddy currents.
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The asterisk indicates that the values of these potentials are changed because of the

new definition of reluctance element as represented in Fig. 32.

The axial current I, flowing in the electric element is

[ = £ =— 1 d( m B ’B2> 77)
20
Ry R Rugo de

Using Eq. (77) for the MMF source Fm(pO’ equal to -1, in the equation of the

circumferential flux, the asterisk will be omitted from the quantities because the

potential values belong to the new element layout that will be used in the analysis.

The equation of the circumferential flux cD(p 1s

_ Vm,Bl - Vm,BZ _ FmO

Y RmtpO Hm(pO
78
Vmp1~Vmpz 1 d(V%LB1-VhLB2) (78)

o Ry Bfn 0 ds

The equation is a capacitive equation for determining magnetic potentials.

Using a definition for a magnetic capacitance C|, 0

@0 = F (79)
20

me0

the equation of the circumferential flux D, Eq. (78), may be rewritten in a form

A(VinB1 - Vin,p2)
v0 dz

IV -1
b - m,B1 m,B2 +Cm

@
qu)O

(80)

The equation represents a circumferential flux (Dw flowing in a reluctance model for
the circumferential branch presented in Fig. 34 where the MMF source F, o0 and the
electric element with the EMF source E_, loaded by the resistance R is replaced by a

capacitance Cmq)o connected to the border nodes By and B9 of the reluctance element
Eg.
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Fig. 34 The capacitive reluctance model of the reluctance element E¢ for the
circumferential flux taking into account the eddy currents in the element.

For the radial branch of the reluctance element Eg, a radial flux @, flowing through

the region can be defined using the potentials of the border nodes, as in Fig. 35

Vm,BS - Vm,B4 + 1 d( Vm,B4 - Vm,B3)

D, = (81)
Fonro R Brzn " ds
Ej
_ymS
RmrS I
2
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Fig. 35 An alternative layout of the reluctance element Eg on the radial branch.
a) The reluctance element E¢ of a conductor for the radial flux flow.
b) The electric model of the short-circuited conductor modelling the eddy currents.
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The equation is a capacitive equation for determining magnetic potentials. Using a
definition for a magnetic capacitance C_,

1
Cmro = —1?2 (82)
RZO m/0
the equation may be rewritten in a form
Viaps -V, d{ Vm,B4 = Vm,B3
d)r — m,B3 m,B4 + Cm,-o ( m, m, ) (83)
o0 dz

The capacitive two-dimensional reluctance model is presented in Fig. 36. The flux-
balance equation for the node potential V_ , of reluctance element Eg is

A(Vino - Vin,1
ds
VmO - Vm,B2)
ds
Vo=V d{ Vo - V;
4 9/mo m,B3 +2C0 0 ( mO m,BS) (84)
Roro ds
Vo — Vm,B4 20 d( Vo - Vm,B4)
+ m70
Roro ds

9 VmO - Vm,Bl

+ 2 Cm 0
7 %
me0

I
+2- 1

-V d
ﬁm(;DO

-0

+2

Fig. 36 A two-dimensional capacitive reluctance model of element E.
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In the construction of the reluctance network, account must be taken of the following

rules:

When modelling the eddy currents of the conducting region, the magnetic

capacitances must be present in both the main directions, the circumferential

and the radial direction, as in Fig. 36. Otherwise, the modelling does not take

into account both of the flux components.

When modelling the currents induced in a coil wound around the region, only the

main direction perpendicular to the coil cross-section needs the magnetic

capacitances, as in Fig. 37.

The MMF sources, caused by currents flowing in the other reluctance elements,

cannot be included in the capacitance model. These must be distributed among

the main branches of the capacitive reluctance element as presented in the

previous chapters, as in Fig. 38.

a

b

B1
E
0 R0 I 2Cmro
Rmgo 2 Rmg0
2 2
e VmO -
R
2Cer I I;lro
Bg
C

Fig. 37 Alternative layouts of the reluctance element Eg of a short-circuited coil.
a) A concentric, short-circuited coil wound around the flux-path region.
b) The reluctance element Eg of the flux-path region and the electric element modelling

the coil.

c) The capacitive reluctance element Eg replacing the separate reluctance and electric

elements.
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b)

Fig. 38 Alternative layouts of the reluctance element Eg of a short-circuited coil.
a) A concentric, short-circuited coil and a multi-wire coil.

b) The reluctance and electric models of the flux-path regions.
c¢) Using the capacitive reluctance element Eg for a short-circuited coil.
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5.3 Eddy-current losses in iron

In this section, the magnetic capacitance will be demonstrated, when used to estimate

the eddy-current losses in the core region.

The eddy currents caused by the flux variation in the iron may be defined in the
reluctance network as with the eddy currents in the conductor. For a massive iron or
for an iron-sheet package, the equivalent of the conductor region is possible. The
solution of capacitance directs at least one part of the iron losses into the correct
positions. The hysteresis losses of the material remain unsolved when using this

model because of the different origin discussed in Chapter 3.

The conventional equation for eddy-current losses of the flux-path region e was

presented in Eq. (24)
2 N9
Pr,e = Pre fe be (85)

The eddy-current losses may be modelled as the losses dissipated in an equivalent bar
current in the flux-path region. The loss equation, Eq. (85), is modified to form an
equivalent equation with the resistance Rpg, , and the induced EMF source Epy, ,
causing the same power loss for the flux-path region e. The eddy-current losses are

given by

1 (do,) He,e

A? L dl‘) ) HPfe,e
d,e

(86)

Pr,e = Pr,e

where A(p, o 1s the area of the flux-path region perpendicular to the flux @,.

The equivalent bar resistances Rpg, oe and Rpy, .., for the circumferential and radial

branches in the flux-path region e are

AZ
p.e

BPfe,(p,e =
J Fr.e (87)
AZ

7,e

RH’e,r,e =

Dr e
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Using the equivalent resistances and the reluctances of the flux-path region, it is

possible to construct a capacitive reluctance element, where the definition of magnetic
capacitances Cm(p foo and C 1s equivalent to the magnetic capacitances Cm(p and

C,,,1n Egs. (79) and (82)

mr,fe,e

1
Cm fe,e =
@,1e,e
e, g, Hrzmp e
< ’ (88)
1
Cmr fe,e =
BPfe,r,e Brznre

In the construction of the reluctance network, account must be taken of the rule:

When modelling the eddy-current losses, magnetic capacitances must be present
for both of the main directions, the circumferential and the radial direction.
Otherwise, the model does not take into account both of the flux-density

components.

5.4 Conclusion

In this chapter, the magnetic capacitance for the universal reluctance network was
specified. The magnetic capacitance was used as an equivalent for the eddy-current
losses. The formula for the magnetic capacitance was developed, and the flux equation
of the reluctance element node was reformed. In addition, the capacitance was
included in the reluctance element of the universal reluctance network replacing the
separate electric element of the flux-path region. The magnetic capacitance was
additionally defined for the eddy-current losses in the core.

In the construction of the universal reluctance network, the following rules must be

taken into account:

- When modelling the eddy -currents of the conducting region, the magnetic
capacitances must be present for both of the main directions, the circumferential
and the radial direction. Otherwise, the modelling does not take into account
both of the flux components.

- When modelling the currents induced in a coil wound around the region, only one
main direction perpendicular to the coil cross-section receives the magnetic

capacitances.
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- The MMF sources, caused by currents flowing in the other reluctance elements,
cannot be included in the capacitance model. These must be distributed among
the main branches of the capacitive reluctance element as presented in the
previous chapters.

- When modelling the eddy-current losses in iron, the magnetic capacitances must
be on both the main directions, the circumferential and the radial direction.
Otherwise, the model does not take into account both of the flux-density

components.
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6 SOLUTION ALGORITHM

The aim of this chapter is to collect the system equations for time-stepping and

sinusoidal analysis and solve them simultaneously using a matrix equation.

In this chapter, an introduction is included to the analysis of the reluctance model
(MEC) in comparison with the finite element method (FEM). There will be a

discussion about differences in what appear to be identical system equations.

6.1 Equations of the universal reluctance network

This section introduces the time-dependent and sinusoidal-approximation system
equations used in the universal reluctance model. The system equations of the
reluctance network consist of the equations of the winding, flux-path regions, and

motion. In this study, of the equations of motion only the air-gap torque is considered.
6.1.1 Equations of the winding

The winding equations connect the electric model to the magnetic model and to the

external voltage source. The equations are the voltage, EMF, and MMF equations.
Voltage equations

For a distributed winding, the single-phase equation with an external voltage source,

as in Fig. 21, is
(&, + B)7+ %[(LL+LG)[]+E— B -0 (89)

where the quantities are

Ry,  the line -resistance,

R the resistance of the winding phase,

L;,  the line inductance,

L, the leakage inductance of the end-winding,

1 the phase current,

E the phase EMF induced in the winding, and
E;,  the phase EMF of the external voltage source.
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For a cage winding, the voltage equations are constructed for the radial and

circumferential current circuits of the electric element Eg, as in Fig. 23

d
_]320]20 + }323[2,3 + (R(po + }3@3)[(,00 + d_l‘[L0’0’3](p0] - EZO + EZ =0

(90)

RoLy ~ Rog Loy +(Brg + Byg ) 1y + d%[zo,o,élf,o] 4 By - Eoy =0

where the quantities are

R.. the axial resistance of the electric element e,

Rgye the circumferential resistance of the electric element e,

R, . the radial resistance of the electric element e,

Lg.e,i the leakage inductance of the end-winding between the electric elements
e and i,

I., the axial current of the electric element e,

Iye  the circumferential current of the electric element e,

I, the radial current of the electric element e, and

E.. the axial EMF induced in the equivalent coil connected to the electric

element e.
EMF equations

For a distributed winding, the EMF equation for the EMF E. induced in the

equivalent coil of a coil-side, as in Fig. 17, 1s

dw
E,-S=-0 91
Y B0

where Wis the flux linkage of the coil-side.

For a cage winding, the EMF equation for the axial EMF E,, induced in the

equivalent coil connected to the electric element e, as in Fig. 20, is

-0 (92)

where ¥, is the flux linkage of the equivalent coil.
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MMF equations

For a distributed winding, the MMF equation for the MMF difference AFy,, of

reluctance element e is

A
Aﬁvm e~ —5f Neff,coﬂ[coil =0 (93)

’ oil
where the quantities are

Az, the axial current-carrying area of the element,
Acoil the total area of the coil in the slot,
Neft coil the number of effective turns of the coil, and

I.on the current of the coil.

For a cage winding, the MMF equation for the MMF difference AFy, , of reluctance

element e is

APy o-1,0,=0 (94)
where I . is the axial current of the element.
Sinusoidal equations

In the sinusoidal approximation, the quantities are replaced by complex phasors and
the time derivative of the complex phasor by the multiplication by jw.

The equations of the distributed winding are in the sinusoidal approximation

V(ZEL + H)?+ ja)(LL + L0)7+ £- EL =0
1E, - joW =0 (95)

- A .
Aﬁvm e =2 Neff,coil[coil =0

’ .
o1l

The equations of the cage winding are in the sinusoidal approximation
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(Rl + Byl + (R,
Roglog - Rosloy + (ﬁzo + f?r4)},o + joLg4ly + B = By =0
Ez’e - joW, =0
AP o-1,,=0

o+t R(p?))](po +ja)L0,O,3](p0 - EZO + Ezg =0

(96)

6.1.2 Equations of the flux path
The flux-path equations define the flux balance on the reluctance model, the flux
density of the reluctance elements, and connect the stator, rotor and air-gap models.
The flux-path equations are the flux-balance equations of the magnetic potentials of
the centre and border nodes, and the flux-density equations.
Flux-balance equation
For the centre node in an element Eq, as in Fig. 24, the flux-balance equation is

Pleft + Pright + Pup + Pdown =0 97

where the flux components are

for a basic reluctance element, as in Fig. 24

( 2
Dleft = Rm(po N ﬁmq)l [VmO = Vi1 + 0'5(Fm(;00 + Fm(;l?l )]
2
By = [V SV 0= 0.5 0+ F ]
< right Bm(pO N qu)?) mO0 m3 ( mge0 m(p3)
(98)
@up = ;[Vmo = Vo + 0.5(Fm,0 + Fmiﬂ)]
Rm/O + [")m/Q
2
Diown = R0+ Ros [VmO = Via - 0-5(Fm/0 + Fnra )]
where

Rmg,e 1s the circumferential reluctance of the element e,
Rmre is the radial reluctance of the element e,
Vm,e 1s the magnetic potential of the centre node in element e,

Fmg,e 1s the circumferential MMF source of the element e, and
Fmre is the radial MMF source of the element e.
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for a capacitive element, as in Fig. 36

Vo=V d{ Vo -V,
Dlefy = 2 m0 m.B1 + 2Cm(p0 ( mo m,Bl)
g0 dz
Vo=V d|{ Vo - V5
Pright = 2—2 282 4 92C 0 Vo Vi)
< M0 dz
o Vmo-VmBs d( Vo - Vm,B3) (99)
up = 2 +2 m0
R0 ( dz )
Vino -V, d\ ¥mo = Vim,B4
Boyn = 2—20_"mBL L o0 :
down Bm/{) m70 dz
where

Rmgo is the circumferential reluctance of the element Eo,

R0 1s the radial reluctance of the element Eg,

Vmo 1s the magnetic potential of the centre node in element Eo,

Vm,i 1is the magnetic potential of a border node 7 in element Eo,

Cmgo 1is the circumferential magnetic capacitance of the element Eq, and
Cmro 1s the radial magnetic capacitance of the element Eg.

Flux-density equation
The flux density B, is a vector quantity having a circumferential and radial

component, By . and By, Using the length of the flux-density vector, B, the flux
density equation for a reluctance element e is

<1>12 ot @2 " P2+ q')j
Bz e right  up own _ (100)
¢ 24> 2 4>
@,e re

where

B, is the length of the flux-density vector 5, = \ B +B

@,e re
D; 1s the flux component defined in Egs. (98) and (99),

A(p . 1s the circumferential cross-section of the element, and

A,, 1istheradial cross-section of the element.
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Sinusoidal equations

In the sinusoidal approximation, the quantities are replaced by complex phasors and
the time derivative of the complex phasor by the multiplication by jw.

The flux balance equation in the sinusoidal approximation is

Dleft + QD]right + (pup + Pgown =0 (101)

where the flux components are

for a basic reluctance element, as in Fig. 24

(o 9 B ~ B B
Dleft = Bng0 + Bong [VmO = Vm1 + 0-5(Fmtp0 + mepl )]
@right = 2 [f/mo - I;va - 0-5(]7m<p0 + ﬁman)]

) Hm(pO + Rm(p3
- - - - - (102)
By <2 [T T 03 Fr Fo
B0 + By

- 9 - - - -
Pyown = R0+ R [VmO = Vina - 0-5(Fm/0 + g )]

for a capacitive element, as in Fig. 36
- . Voo -
Dleft = ( + fzwcm(pOJ ( Vmo - Vm,Bl)

me0
B [ 2 . )
d)right = k + /2wcm(p0J (VmO - Vm,BZ)
) me0
= ( . \ (103)
¢up = k +/2wcm70J (VmO - Vm,BS)
m/s0
- . \ /= -
Diown = L + ./2(’001‘1‘170) ( Vo - Vm,B4)
m/0

In the sinusoidal approximation, the flux density fB’e 1s a vector quantity in space and
a phasor quantity in time. In space, it has the circumferential and radial component,
which are the phasors E’(p,e and B’,,e. The flux density, the vector in space and the

phasor in time, is
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B, = Re]

e} + /'Im{ﬁe} = Re{z’,e + ZE’W} + /'Im{z’,e + ZE’W} (104)
where

Re{} means the operator giving the real part of the complex number,
Im{} means the operator giving the imaginary part of the complex number,
J means the imaginary unit /= -1 in time, and

i means the imaginary unit /= V-1 in space.

The flux-density equations are the equations for the real and imaginary time-
components of the flux density

'(Re{ B - (Re{ 1| *SRe{@right})z (Befdy]] - (je{@down})Z o
R S0 O S

(105)
where the quantities ‘13;‘ are the flux phasors defined in Eqs. (102) and (103).
6.1.3 Equations of motion

The equations of motion connect the magnetic model to the mechanical model. In this
study, only the equation of the air-gap torque is used. The summation in the torque
equation collects all the movement derivatives for the magnetic energy of the air-gap
elements e

([ Wie dat,) _

where the quantities are

T the air-gap torque,

Wh,e the magnetic (co-)energy of the air-gap element e,

e the angular width of the sector of the element e, and
o the angular width variable.
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The equation in the sinusoidal approximation is identical.

6.2 Derivative of flux balance equation

In this section, the derivative of the flux-balance equation is discussed as an example
of the derivatives of the system equations in the universal reluctance network.
Additionally, this section introduces differences in how the reluctance model (MEC)
and the finite element method (FEM) define the derivative. The discussion will show

differences in what appear to be the same kind of system equations.

In the magnetic field analysis, both the analysis tools, MEC and FEM, solve definite
quantities. In the FEM model, the magnetic vector potentials of nodes are solved. In
the MEC model used in this study, the magnetic scalar potentials of nodes are solved.
In the literature on MEC model theory, both the magnetic vector potentials and the
magnetic scalar potentials are used. For example, Atkins (Atkins 1958) and Ostovic
(Ostovic 1989a) use magnetic scalar potentials, Oberretl (Oberretl 1963) and Roberts
(Roberts 1960, 1962) use magnetic vector potentials.

In the FEM model, the conventional element is a triangular element of either first or
second order. Each element has either three (first order) or six (second order)
unknown nodal potentials. In the MEC model using the magnetic scalar potentials of
nodes, the elements are of different shape but of equal two-axis analogy. Each element
has one unknown centre potential. To connect more than two elements through a
common potential line, the border between the elements has an extra unknown

potential.

In the universal reluctance model, the scalar potentials and the information about the
reluctivity of the element are calculated at the same time. When the distribution of
scalar potentials is solved, the reluctivity derivatives of the elements are taken into

account when calculating the necessary increments to the potentials.

In the reluctance model presented in Fig. 39a or Fig. 39b, the flux-balance equation of

the scalar potential Vi, of element Eg may be written as

2 2
f(V 0) = V. 0~ |4 1|t —/——————— V. 0~ V. 2
" qu)O + Rm(pl ( ” " ) Bm/O + BmIQ ( " » )
, , (107)
V. 0~ V. 3]t V. 0~ V. =0
quoO + Rm(p?) ( " ” ) Bonr0 + P g ( " » )
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a b

Fig. 39 The nodal potentials influencing the flux-balance equation and the derivative
formula of the nodal potential of element Ey, indexed by 0.

a) The reluctivity of the reluctance elements Eg to E 4 is constant.

b) The reluctivity of the reluctance elements Eg to E 4 is a function of flux density.

The reluctance models in Fig. 39 have different material properties of elements. In the
models, the circumferential and radial reluctances of the element e are
R, %

p,e = Velmep,e

(108)

er,e = Velmre

where the circumferential and radial reluctance factors ryge and rmre, defined in
Section 4.3, are independent of the material properties. In Fig. 39a, the reluctivity ve
1s constant, and in Fig. 39b, the reluctivity ve is a function of flux density B,.

For the elements of constant reluctivity in Fig. 39a, the derivative of Eq. (107) 1s

i of (Vo) | _
EALY,
2 0Vmo _ V], 2 Vmo V2 (109)
Bm(pO + ]Em(pl d VmO J le Rm/() + Hm/Q d VmO J VmZ

2 0Vmo  9Vms3 N 2 0Vmo  9Vmg
Bmch + Bm(p?) 0Vmo 9Vms By + Bonrg |0Vino  9Via
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The derivative formula, Eq. (109), has only the derivatives of the nodal potentials
presented in Fig. 39a.

In the model of Fig. 39b, the reluctances in Eq. (107) are functions of flux densities of
the regions Eqg to E4. The flux densities Bg to B4 of the regions are functions of the

nodal potential of the region and the nodal potentials of the neighbouring regions

(R0 = V0(B) "mgo = Yo(Vin0> V1> Vin2: Ving» Vima) 7meo
Bonro = vo(B0) 7m0 = Vo(Vmo> Vin1: Ve Vins» Vina) 7m0

< L1 = Vi(B1) g1 = VilVmo, Vin1> Vs, Vines Vm12) 7me1
B = vo(Bo) o = Vo(Vimo, V2, Vines V7, Vms) 'mm
Fonps = V3(B3) 'mp3 = V3(Vimos Vi3 Vins: V9 Vim10) 7me3
Fonrg = Va(By) 'mps = Va(Vino, Vima, Vin10- V11, Vim12) 7mra

(110)

For the elements of variable reluctivity in Fig. 39b, the derivative of Eq. (107) is

§ of (Vo) | _
| 0V
2 Vo Vi1 2 Vo Vo
Bm(pO + ﬁm(pl d VmO 0 le BmiO + BH’IIQ d VmO 0 Vm2
2 Vo Vs 2 Vo Vg
Bm(pO + Bm(,v?) d VmO 0 VmS Bml() + er4 0 VmO J Vm4
2( Vo - le) 12 A% BBS Vi 882
- 9 me ' mel
(ﬁm(po + Bm(pl) /=0 082 Vm; 08> 9V,
2( Vo = Vim2 12 A% 833 dV 832
- P f'mIO—BzaV .+rm,2_B‘ZaV ‘ 111
(Bm;o + ﬁmﬁZ) /=0 05 T 05, % m/ (111)
o Vo) 8] o oy 55
- 9 me0 ' me3~ o .,
(Hm(po + [gm(p3) =0 GBZ J ij GBZ d Vrn/

All the nodal potentials having a derivative in the derivative formula, Eq. (111), are
presented in Fig. 39b.
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The increment AV, for the potential V0 may be calculated from the equation

12
of (V.
f(Vino) - 2 ;Vm?)Aij
AVimo = £l o
m (Vo)
Voo

(112)

In the FEM model, the vector potentials are calculated separately from the reluctivity
of the element. When the distribution of the vector potentials is solved, the reluctivity
of the elements is checked. If necessary, the vector potentials are solved using the new
reluctivity values. The vector potentials connected to the derivative formula of the
FEM model are presented in Fig. 40a for the first-order and in Fig. 40b for the second

order element independent of the material of the elements.

The differences between the MEC and FEM models are:

The MEC model has a large number of unknowns connected to an equation. The
calculation speed in matrix form is slow because the matrix of the derivatives of
equations approximates to the full matrix.

The FEM model has a small number of unknowns connected to an equation. The
calculation speed in matrix form is fast because the matrix of the derivatives of

equations 1s a sparse matrix and the elements are concentrated around the

2 3 2 7 6
o o o o o
4 5 8 10
e o o o
1 0 4 1 3 0 11 9
o o [ ] e o6 o o o
18 17 14 13
e O o [ )
6 5 15 16 12
° ° e o e
a b

Fig. 40 The nodal vector potentials influencing the energy equations and the
derivative formula of the nodal potential Azg in FEM models.
a) A first-order FEM model and b) a second-order FEM model.
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diagonal of the matrix.

The total calculation speed depends on the sparsity of the derivative matrix and the
number of iterations required to obtain a result. The method used in the FEM model,
to take into account only a portion of the variables that are influencing the equation
balance, converges more slowly than the method used in the MEC model. The common
effect of the sparsity and the number of derivatives depends on the MEC model

construction:

When the MEC model has only one layer in the yoke and one element or at least
one sector of elements in a tooth, the number of derivatives of equations is the
smallest one to take into account the properties of iron. The sparsity of the
derivative matrix is almost the same as in the FEM model. The iteration speed
and the convergence are fast.

When the MEC model has many layers in the yoke and many sectors of elements
in a tooth, the number of rows like Eq. (111) increases in the derivative matrix.
The derivative matrix changes from a sparse structure to almost a full matrix.
The advantage of the MEC model in iteration speed disappears. The situation
between the speed of methods used in the MEC and FEM models is reversed.

6.3 Matrix equation

This section introduces the procedure to solve the system equations in the universal

reluctance network.

The equations of the reluctance network can be written as a matrix equation
AX-F=0 (113)

where the quantities are

A the time-dependent square-matrix,
X the vector of the unknowns, and
F the time-dependent vector of the sources.

The indexing in the following matrices and vectors results in the group of equations:

index =1 the group of equations of the stator winding and stator flux-paths,

index = 2 the group of equations of the air-gap flux-paths,



96

index = 3 the group of equations of the rotor winding and rotor flux-paths,
and
index =4 the group of equations of the air-gap torque.

The square-matrix A is

A0 0 0
—10 A20 0
A= 2 114
0 0 As0 (114
0 0 0 Ay
where 0 indicates that all the elements of the region are zeroes.
The vectors X and F are
T
X=[X17X27X3’X4:| (115)
T
F=|:F19F27F3’F4:| (116)
For the numerical solution, the equation is transformed into a discrete form
MAxXA L A _ R4 (117)
where
k 1s the time-stepping index of the analysis,

M@®) the discrete coefficient matrix,
X(®)  the discrete vector X,

F®) the discrete vector F, and

R(*) the residual vector at time step k.

The discretisation of the equations is done using the Crank-Nicholson method,
whereby the time derivative of the variable x at time step k is replaced by the values

of the variable x at time steps k& and k-1 according to the trapezoidal rule

[ 3.{%) (/%-1) (&) _ (A1)

A?
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The discrete matrix M(*®) and the discrete vectors X(®), F®) and R®) are

MP 0 0 0
(%)
uw | 0 M 00 (119)
o o MY o
o o o M®%
4 J
V4 Va4 T
XA - [XYE)X(Z/‘?)XE% X >] (120)
T
FA - [Fg@ FO,FO, Fi’”] (121)
V4 V3 T
R - [R@,R;’@,R; ), R >] (122)

The matrix equation Eq. (117) is solved by iteration. The value of the variable vector
X(*), at time step k is iterated until the residual vector R(®) is acceptably small. The
value of the variable vector for the next iteration step i+1 is calculated from the
equation group

X - x(H_Ax
(7+1) (2 (123)

DY AX -R(P ~ 0
0 )

where

i 1s the iteration step at time step £,
AX  the difference vector,

REZ/;) the residual vector R(® and
D4

0 the derivative of the matrix M(® at the iteration step i.
Z

An element of the matrix DEZ/”;) 1s
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(%)
D [a.b] - M(]a.b]+ 3 XE?[’”]GM;;([sm] (124)

where a is a row, b a column, and n the number of columns in the matrix M®).

6.4 Conclusion

In this chapter, the system equations for time-stepping and sinusoidal-approximation
analysis were collected, and the method for matrix calculation was introduced. The
reluctance model (MEC) and the finite element method (FEM) were compared

according to how they solve the iterative calculation process.

While the system equations were of the same type, there were differences in the
methods. A discussion was presented about the sparsity of the matrix and the
iteration speed. The method used in FEM model solves first the nodal potentials and
then the reluctivity of elements. The method used in the MEC model of this study
solves the nodal potentials and the reluctivity of elements together. It was noted that
the method of FEM model converges more slowly than the method of MEC model as

long as the MEC model uses fewer parallel elements with variable reluctivity.
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7 SINGLE-PHASE EQUIVALENT CIRCUIT

This chapter introduces a single-phase equivalent circuit for the cage-induction
machine. The components of the model will be specified using results of the analysis of
the reluctance network.

7.1 Reference slot-pitch model

In the analysis using the reluctance network, the electric model of the stator winding
1s connected to a sinusoidal voltage supply. The rotor is at stand-still and the air-gap
model in the reluctance network is constant. The analysis uses the time-stepping
method for a steady state analysis and divides the period of the fundamental voltage
harmonic into calculation time-steps. The method solves the flux and current
distribution on the reluctance model at every time step. The distribution gives the
magnetic energy and the loss energy in the reluctance elements.

To form the components of a single-phase equivalent circuit, a reference slot-pitch will
be constructed, as in Fig. 29. The reference slot-pitch represents the effect of all the
slot pitches of the machine cross-section. The energy of the model is the energy of all
the flux-path regions on the machine cross-section and calculated over one period of
the supply frequency. In the reference slot-pitch, the energy of flux-path region is the

ESS,R Es2,R
Eyos | Es1,s Es2s \ I ES4’R/ Es1r Eyo R

@ @ EsS,S‘_ESAL,S Eso @‘ @ @ n @

1{“ - N !
—> — > —>»  —>

Eyi,s Et1,s Etos  Et3s Etqas] Es1| EtaR EtsR Et2r Et1R Eyi1R

| \ / |

Fig. 41 The reference slot-pitch of the cage-induction motor.

The assumed flux flow is shown by arrows, the dashed arrow means a leakage flux
component and the black arrow a main flux component. The index y in the name of a
region means the yoke, s the slot, and t the tooth. The stator regions are with an index
S, the air-gap regions with an index 6 and the rotor regions with an index R.
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sum of energy from the reluctance elements of the flux-path regions on the machine

cross-section having the same position in its own slot-pitch sector.

The property of a reluctance element is based on the radial and circumferential flux
components presented as arrows in the reference slot-pitch, as in Fig. 41. In the
reference slot-pitch, the energy components are collected according to the radial and

circumferential components of energy.

7.2 Basis of construction

In this study, a single-phase equivalent circuit used for a double-cage motor will be
constructed. The single-phase equivalent circuit consists of resistances and reactances,
as in Fig. 42. The resistances represent the average losses in the windings and in the
core. The reactances are the equivalents of the magnetic energy in the stator, in the
air gap, and in the rotor. The definition of the resistances and reactances is based on
the average energy distribution in the machine over one period of the supply
frequency. An extension of iron loss resistances parallel to all reactances will be used,
as in (Perho 1993). The chosen equivalent circuit models the leakage-flux paths, iron
losses, and the current distribution in the rotor cage with more details than the
standard single-phase equivalent circuit.

In the single-phase equivalent circuit, the definition of a component bases on the main
or leakage flux paths:

Rf*e,clR R;e,02R
Rfe,oS S S
— ¢ 1l -
XGS XolR XGZR
Us Rifens qy Xhs Xh5. RTRD R§R|:| Rfe hR ?XﬁR
S S S
\)

Fig. 42 The single-phase equivalent circuit of the cage-induction motor (Perho 1993).
The components of the main flux path have an index h and the components of the
leakage flux path an index o. s is the slip of the rotor. The asterisk indicates that the
quantity is referred to the stator.
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- In the yoke region, the path of the main flux and the path of the leakage flux join.
In the equivalent circuit, the component represents the energy of the joined flux
path region. In the reference slot-pitch, the energy in an element of yoke is
calculated as a sum of both the circumferential and radial flux flow.

- In the tooth region, the path of the main flux and the path of the leakage flux
deviate. In the equivalent circuit, there have to be two components to represent
both the main-flux energy and the leakage-flux energy of the region. In the
reference slot-pitch, the energy in an element of tooth is calculated as a sum for
the circumferential flux flow corresponding the effect of leakage flux and for the
radial flux flow corresponding the effect of main flux.

- In the slot region, only the leakage flux flows on the region. In the equivalent
circuit, the component represents the energy of the flux path region. In the
reference slot-pitch, the energy in an element of slot is calculated as a sum of
both the circumferential and radial flux flow.

The single-phase equivalent circuit may have as many branches as there are elements
in the reference slot-pitch. To reduce the size of the equivalent circuit, the energy of
elements will be combined. The main aspect is to combine the energy according to the
flux flow. The energy of slot and the energy of leakage flux of tooth will be combined to
a common leakage reactance, as Xgg includes the energy of the reluctance elements
Es1,s to Eg4,8 and the circumferential-flux energy of the reluctance elements E¢1 s to
Et4,s. The energy of yoke and the energy of main flux of tooth will be combined to a
common main reactance, as Xpg includes the energy of the reluctance elements Ey1 g
and Eyo g and the radial-flux energy of the reluctance elements E¢1 s to Et4.g.

7.3 Equivalent resistance for winding losses

This section defines the equivalent resistance of the cage-winding in the rotor. The
resistance is the equivalent of the heat energy produced in the winding.

A conductor in one reluctance element E; dissipates a heat energy AW, .. The heat

energy associated with a time step k is
At 2
AR B p (B (125)
e, 9 l\ 7 /

where the quantities are
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At the length of the time step,

R; the resistance of the branch of the electric element of E;, and

i the current of the branch of the electric element of E;.

The heat energy W, ; dissipated in the element E; over one cycle of the fundamental

frequency is
N
W, ;- 2AW</¢> 2/ </a>\ (126)
=1

where N is the number of time steps in the cycle.

In the cage winding, the electric element associated to the reluctance element E;

consists of the axial branch (the bar) and the radial and circumferential branches (the
end ring segment of the rotor cage), as in Fig. 14. The heat energy W, ; dissipated in

the element E; includes the heat energies in the bar and in the end-ring segments
connected to the bar. The heat energy W, ; is

E/AWU‘?) +AW(/€) +AW</‘?>\

ez,l e"l
) (127)
</e>\ ( </e>\ </e>\
E 1% E &y E A
where
R, . 1sthe resistance of the axial branch,
I, 1s the current of the axial branch,
R(pi 1s the resistance of the circumferential branch,
i(p ;  1s the current of the circumferential branch,
R, 1isthe resistance of the radial branch,and
i, : 1s the current of the radial branch,

In the reference slot-pitch, a reluctance element Ej has the same place as the
reluctance element E; in its slot-pitch sector. The reluctance element E; collects the

heat energy of all the reluctance elements E; having the same position
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%
Wey= 3 [ Wei], (128)
g=1

where @ is the number of slots.

Every reluctance element E ; of the reference slot-pitch may have its own resistance Rj
in the single-phase equivalent circuit. The resistance is based on the heat energy
dissipated in the conductor of the element and divided to one phase of the stator
(supply) winding

&
2
W= > [We,i]q -mB T (129)
=1
where
m 1s the number of phases in the stator winding,
Ij 1s the rms-value of the sinusoidal current flowing through the resistance

Rj and

T 1s the length of the period of the supply frequency.

To define the resistance for the stator winding in the equivalent circuit, as Rg in
Fig 42, the heat energy dissipated in the stator winding is the sum of the energies of
the wound slot regions of the reference slot-pitch, as Eg1 R and Egg g in Fig. 41. The
resistance Rgis

_ We Es18 + We Es2s
A = 2
m[s 7

(130)

where Ig is the rms-value of the sinusoidal current in the equivalent circuit flowing
through the resistance Rs.

To use two equivalent resistances for the rotor winding in the equivalent circuit, as
Rir and R9R in Fig. 42, the heat energy dissipated in the rotor winding have to be
divided according to the energies of the regions of the reference slot-pitch, as Eg1 R to
Es4,R in Fig. 41. One solution is to combine the heat energy in regions Eg3 R and Eg4 R
near the air gap to the resistance R1R and the heat energy in regions Eg1 R and Eg2 R
to the resistance RoR. The resistances RiR and RoR are
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_ WeEssr + WeEsar
K mP T
< 1R (131)
7 _ VeEsir + WeEsor

2

R ml T
2R

i—*%*

where I1g and Isr are the rms-values of the sinusoidal currents in the equivalent
circuit flowing through the resistances R1g and RoR. The asterisk in the quantities
indicates that the quantity is referred to the stator.

7.4 Equivalent resistance for iron losses

This section defines the equivalent resistance of the iron losses in the core. The
resistance is the equivalent of the heat energy. The position, in which the resistance
component is substituted in the single-phase equivalent circuit, depends on the
reluctance element of the reference slot-pitch where the heat energy is collected. The
position of the element and the direction of the flux flow define the resistance

component.

The flux density of the reluctance element has a circumferential and radial
component. The assumption made in this analysis is that a flux-path region can
belong to both the main-flux and leakage-flux paths. The steady-state flux-density
distribution is defined in every time step for both of the flux-density components. The
flux-density time-variation in every reluctance element is replaced with Fourier-

series. The iron losses are defined as a sum of the losses of the harmonics.

The iron losses Py, ; of a reluctance element E; may be written as components caused

by the circumferential and radial component of the flux density B;

Pre ;= Pre(By 1) + Pre(By)) (132)

In the tooth region, the flux paths of the main and leakage fluxes deviate. In the
reference slot-pitch, the radial flux-component flows on the main-flux path. The iron
losses of the flux component belong to the main-flux path. In the reference slot-pitch,
the circumferential flux-component flows on the leakage-flux path. The iron losses of

the circumferential flux-density belong to the leakage-flux path.
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In the yoke region, the flux paths of the main and leakage fluxes join. Both of the iron-
loss components belong to the energy of the joined flux path. In the reference slot-
pitch, the circumferential flux is the main source of the iron losses in the yoke. The
radial loss component Pfe(By,;) takes into account the iron losses from the flux going to
the tooth area.

The iron-loss energy Wy ; of the reluctance element E; has the energy components

Wbri and Wb o associated with the iron losses of the radial and circumferential flux

components in the period of the supply frequency

%r,z' = TPfe(Br,z') (133)
VVb(p,l' = TPfe(B(p,z')

where T is the length of the period of the fundamental harmonic of supply voltage.

In the reference slot-pitch, a reluctance element EJ- has the same place as the
reluctance element E; in its slot-pitch sector. The reluctance element E; collects the

iron-loss energy of all the reluctance elements E; having the same position

( &
%r,j = 2 [ %r,z']q
< 7-1 (134)
&
%(p,/ = E [ Wb(p,i]q
g=1

Every reluctance element Ej of the reference slot-pitch may have its own resistances
Rfe,j in the single-phase equivalent circuit. The energy dissipated in the equivalent
resistance is equal to the heat energy Wy P either the radial or circumferential

component, divided to one phase of the stator winding

Q mUi 7
Wi = W | = A 135
b,/ 021 [ b,z]q er,j (

where U] 1s the rms-value of the sinusoidal voltage over the resistance Rfe,j.

The modelling of iron losses in a tooth region of the reference slot-pitch, e.g. the
element Et1 g in Fig. 41, needs two resistance components in the equivalent circuit
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2

mU_ was?
FresEt1S=— > —
W, Et1S (136)
2
mU as?
HehEt1S=—
WorEt1S

where Ug Et1s and Up gt18 are the rms-values of the sinusoidal voltages in the

equivalent circuit over the resistances Rfe ¢ Et1S and Rfe h Et1S.

In the equivalent circuit of Fig. 42, the resistance Rfe o Et1S 1s combined in the
resistance Rfe o8 modelling the iron losses of stator caused by the leakage-flux
components. The resistance Rfe h Et1S 1s included in the resistance Rfe hs modelling

the iron losses of stator caused by the main-flux components.

The iron-loss resistances in the equivalent circuit, Fig. 42, are defined using the iron-

loss energy of the regions in the reference slot-pitch, Fig. 41,

- for the iron losses in the stator

mUZS 7
@e,GS = ﬁ
< b;S (137)
mU° T
Frons = —hS
© W hs

- for the iron losses in the rotor

2
. _ mUolR 7
fe,01R % SIR
2
. _ mUoZR 7
feo2R ~ Wi _op (138)
. mUﬁR 7
fe, AR Wi uR

In the equations, Ugs; and Uy; are the rms-values of the sinusoidal voltages in the

equivalent circuit over the resistances Rfe o; and Rfe hj and the iron-loss energies are
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W68 = Whe,Et1S + Whe Et2s + Whg, Et3s + Whe,Et4S
Wy hs = Wy Ey1s + Wh, Eyes
+WorEt18 + WorEt2s + WhrEt3s + Wor Etas
My 61R = Wy, Et3R + Whe,Et4R (139)
My 02R = Wohe,Et1R + Whe, Et2R
o hR = Wh,Ey1R + Wh,Ey2R

+WorE0R + WorEt2R + WorEt3R + Whr EtaR

7.5 Equivalent reactance

This section defines the equivalent reactance of the magnetic energy. The position, in
which the reactance component is substituted in the single-phase equivalent circuit,
depends on the reluctance element of the reference slot-pitch where the magnetic
energy is collected. The position of the element and the direction of the flux flow define
the reactance component.

The magnetic energy calculation is based on the flux-density value, Section 3.3. In the

analysis using the reluctance network, the flux density and the magnetic energy of a
reluctance element E; are calculated at every time step. The magnetic energy AW_ ;. of

the element E; is for the flux-density value b, at time step &

=8P

AP f[v(/))bdb] (140)
! =0

The magnetic energy AW, ; of the element E; may be divided to the magnetic energy

components AW .. and AWm(pi according to the radial and circumferential flux-

density components br,i and b(p’i of the element at the time step &

2
(%)
NG NIRRT
mr,7 b(k) m,;
) ! , (141)
HA)
N GO BN
me,z b(/g) m,7
;
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The magnetic energy W _, over one period is the average of the energy values AW
during the period. The components er,i and Wm(p’i in the element E; are

mr,z

) . (142)
W, = 3 aA?
"N A

me,z

oo LS aph
mr,z—ﬁz
/=1

In the reference slot-pitch, a reluctance element Ej has the same place as the
reluctance element E; in its slot-pitch sector. The reluctance element E; collects the

magnetic energy of all the reluctance elements E; having the same position

( &
er,j = E [ er,l']g
< 7-1 (143)
&
Wm(p,j = E [ qu@,z’]q
g=1

Every reluctance element Ej of the reference slot-pitch may have its own reactances XJ

in the single-phase equivalent circuit. The energy dissipated in the equivalent
reactance is equal to the magnetic energy W _, 7 either the radial or circumferential

component, divided to one phase of the stator winding

2

v N (144)
m,/ E [ m,l]q X
g=1 J

where UJ 1s the rms-value of the sinusoidal voltage over the reactances X]

The modelling of magnetic energy in a tooth region of the reference slot-pitch, e.g. the

element Et1 g in Fig. 41, needs two reactance components

2

v U ras?
GEtlS =
Wmtp,EtlS (145)
2
¥ 7Y pas?
hES=—— "
er,EtlS
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where Uggt1s and Up Et1s are the rms-value of the sinusoidal voltages in the
equivalent circuit over the reactances X; Et18 and Xh Et18

In the equivalent circuit of Fig. 42, the reactance X Et18 is combined in the reactance

Xss modelling the magnetic energy of stator caused by the leakage-flux components.
The reactance Xy, Et18 is included in the reactance Xns modelling the magnetic energy
of stator caused by the main-flux components. When defining the analogue for both
the iron-loss and magnetic energy of the same flux path, the equivalent resistance and
reactance are parallel components, as Rfe o Et1S and Xs Et18, and Rfeh Et1s and
Xh,Et18. In the equivalent circuit in Fig. 42, the parallel components are Rfe s and
X8, and Rfe hs and Xps.

The reactances in the equivalent circuit, Fig. 42, are defined using the magnetic
energy of the elements in the reference slot-pitch, Fig. 41,

- for the magnetic energy in the stator

mU? T
X = oS
Wm oS
) ’ (146)
mU> T
Kpg = — 05—
Wm,hS

- for the magnetic energy in the air gap

m[/2 7
X - ho (147)
W Es1 + Wi Eo2

- for the magnetic energy in the rotor

2

. mUolR 7
clR Wm,olR
. mU* T

X - 02R
O2R " W om (148)

2
v o mUhR 7

hR Wm,hR
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In the equations, Ug; and Uy; are the rms-values of the sinusoidal voltages in the
equivalent circuit over the reactances X5; and Xp; , and the magnetic energies are

er,oS = Wm,EslS + Wm,EsZS + Wm,Es3S + Wm,ES4S
+Wm(p,EtIS + Wm(p,EtZS + Wm(p,EtSS + ngv,EtélS
Wi hs = Wi Ey1S + W Ey2s
+er,EtIS + er,EtZS + er,Et3S + er,Et4S
< Wm,olR = Wm,EsSR + Wm,ES4R + Wm(p,EtSR + Wm(p,Et4R (149)
Win,02R = Wi Es1R + Wi Es2R + Wing,Et1R + Wine Et2R
W hR = W Ey1R + W Ey2R

+er,Et1R + er,EtZR + er,EtSR + er,Et4R

7.6 Conclusion

This chapter has presented the reference slot-pitch model for the energy distribution
in the machine cross-section and the single-phase equivalent circuit of the cage-
induction machine. The single-phase equivalent circuit with two branches for the
losses of the rotor winding was used. All stator and rotor reactances in the equivalent
circuit have the parallel iron-loss resistance. The chosen equivalent circuit models the
leakage-flux paths, iron losses, and the current distribution in the rotor cage with
more details than the standard single-phase equivalent circuit. The resistances
represent the average losses in the windings and in the core. The reactances are the
equivalents of the magnetic energy in the stator, in the air gap, and in the rotor. The
definition of the resistances and reactances based on the average energy distribution

in the machine over one period of the supply frequency.

The energy distribution was specified using the time-stepping analysis of the
reluctance network. The heat energy dissipated in the rotor winding was calculated
from the resistive losses in the electric elements of the winding model. The iron losses
were calculated using the Fourier-series of the flux-density variation in the reluctance
elements. The magnetic energy distribution was calculated from the magnetic energy

stored in the reluctance elements.

The energy distribution of the whole reluctance model was collected in the reference
slot-pitch. Every flux-path region of the reference slot-pitch includes the energy
components of the flux-path regions having the same place in their slot-pitch sector as

the flux-path region of the reference slot-pitch.
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The components of the single-phase equivalent circuit were specified using the energy
components of the reference slot-pitch. The position in which an equivalent circuit
component was substituted in the single-phase equivalent circuit was dependent on
the flux-path region in the reference slot-pitch where the energy was collected. Every
region may have its own resistance and reactance components in the single-phase
equivalent circuit. The energy dissipated in the equivalent-circuit component is equal
to the energy component of the flux-path region in the reference model divided to one
phase of the stator winding.

To reduce the size of the equivalent circuit, the energy components of the elements
were combined according to the flux flow. The energy of the slots and the energy of
leakage flux of the teeth were collected to the common leakage reactance and
resistance components. The energy of the yoke and the energy of main flux of the teeth

were collected to the common main reactance and resistance components.

In Chapter 9, the equivalent single-phase equivalent circuits, with a layout according
to this chapter, will be defined and used for a cage induction motor with a single-cage
and for a cage induction motor with a double-cage rotor. The energy components of the
reluctance network will be combined to form a common resistance or reactance
components in the equivalent circuit. The rules of combination will be different
depending on the rotor type.
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8 COMPUTER PROGRAM

In this chapter, a computer program package will be introduced. The program package
1s developed in this study to use in the analysis of the universal reluctance network.
The package defines the components of the reluctance network for the machine,
according to Chapter 2. It solves the equations presented in Chapter 6. The values for

the variables are iterated according to Chapter 6.

The chapter will introduce the input data files, the general flow of the program, and

the output file alternatives.

8.1 Input data of program

The input data of the program package is read from three input files. The definitions
of the stator and rotor of the machine have their own input files. The third file
includes the operating instructions and instructions for the output. The input data
files of the stator and rotor consist of the core, slotting, winding and supply

definitions.
The core definitions of the stator and rotor are

outer diameter of core,

inner diameter of core,

axial length of core,

axial iron length (optional),
axial width of a ventilation duct,
number of slots,

number of poles, and

number of ventilation ducts.

The layout of the slot specifies the dimensions of the slot-pitch sector. The layout of
the tooth is defined by the program. The sector dimensions use the reference regions
as a basis. The sector starts from the middle of the air gap. The first dimension region
is the segment from the air gap. The next dimension regions are from the layout of the
slot. The slot is divided to a collection of reference regions. The last dimension region

is the segment from the yoke.
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The slotting definitions are

number of dimension regions used in the slot-pitch sector
(radial division of the slot dimensions),
number of region blocks (connected regions), and

list of connected regions included in each region block.

Definitions of regions are
form of region (segment/rectangle/trapezium/circle),
height of region,
width of region,
radius of region,
number of radial divisions in region,
circumferential divisions in the tooth section,
circumferential divisions in the slot section,
reluctivity code of the tooth section,
reluctivity code of the slot section,
fill factor of the tooth section,
fill factor of the slot section,
resistivity code of bar in the slot section, and

resistivity code of end-ring in the slot section.

Flags for the region
slot section uses partly the reluctivity of tooth section (yes/no) and

slot section includes conductor (yes/no).

The winding definitions of the stator and rotor are

winding type (single layer/double layer/cage),
number of phases,

number of neutrals,

number of parallel branches of winding,

width of coil in slot pitches,

number of turns in coil,

axial length of half a coil, cage bar,

outer diameter of end-ring (cage winding),
inner diameter of end-ring (cage winding), and

axial width of end-ring (cage winding).
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The line definitions are

winding connection (star/star and neutral/delta),
supply connection (star/star and neutral/delta),
impedance connected in series with the winding EMF,
1mpedance connected in series with the supply EMF,
source type (current source/voltage source),

wave form of source (sinusoidal/rectangle/constant),
rms-value of source voltage or source current,
frequency of source voltage or source current, and

phase-shift of source voltage or source current at zero time.

The input file of operating instructions controls the program flow. The instructions

define the target of the program, the size of the reluctance network, and the initial

state of the calculation. The program saves all the results in output files at different

moments of the analysis. The operating instructions control which results should be

saved. The alternatives are the initial state before the time analysis, during the time-

stepping process for each time step, and after the process for the last time step.

The operating instructions are

machine type (cage induction machine/-),

method of analyse (steady-state/from zero-state),

operation target (short circuit/open circuit/fixed speed/process dependent),
operation (motor/generator),

number of time steps in period,

number of periods,

model size (full machine/pole/pole pair),

air-gap model (only radial reluctances/one radial division/two radial divisions/all
radial divisions specified by slot-pitch sector data),

slip (optional),

direction of rotation, and

rotational angle at zero-time.

Flags for the output

the initial state (yes/no)
all time steps (yes/no)

the last step (yes/no)
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8.2 Procedure of program

The program package consists of C-language programs described in the simplified flow
chart in Fig. 43. The program defines the flux-path regions of the slot-pitch sector of
the stator and rotor from the input data. Using the flux-path regions as units, the
reluctance model of the stator, rotor and air-gap will be constructed according to
Chapter 2. The materials of the elements are defined by the reluctivity curves of the

program package and by the flux-path region combinations, as in Chapter 4.

In the time-stepping analysis, the quantities of the reluctance network are first
defined using sinusoidal approximation for the quantities, Chapter 6. The calculation
1s iterative. When the iteration is converged, the results are used as initial values of
the quantities at the first time-step in the time-stepping analysis. At each time step &,
the calculation is iterative.

For a magnetic potential V, current i, and flux density b at a time step %k , the criteria

of convergence for the itereations step i are

‘A A AP ‘Ab(/e)

D1 106, L D1 196 [ O] 194 (150)
‘V(/e) A ‘bue)

0 ©) )

Both in the iteration of the sinusoidal approximation and in the time-step iteration,
the program gives an alarm if the iteration needs more than five iteration turns. The

program stops when the number of iteration turns exceeds ten.

8.3 Output of program

The results of the reluctance network analysis are saved in the output files. The file
can include all chosen results or only one group of the chosen results. The layout of the
file in the first case is a chart of results where the results are collected as groups. In
the second case, the results are presented as rows and sorted by the time-step order,
the stator, rotor and air-gap results in their own files. The results for the initial state
and for the last time step are saved as a chart of results. The results for the time-
stepping are saved to their own files. The layout of the files is compatible with

Microsoft Excel or an equivalent program.
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DATA IN INPUT FILE

- CORE DEFINITIONS

- SLOTTING DEFINITIONS

- WINDING DEFINITIONS

- LINE DEFINITIONS

- OPERATING INSTRUCTIONS
- INSTRUCTIONS FOR OUTPUT

v

CONSTRUCTION OF RELUCTANCE ELEMENTS
- ELEMENTS OF ONE SLOT PITCH

- DEFINITION OF CALCULATION SECTOR

- ELEMENTS OF AIR GAP

v

CONSTRUCTION OF RELUCTANCE NETWORK
- MATERIAL DEFINITION OF ELEMENTS

- RELUCTIVITY CURVES FOR ELEMENTS

- COMBINING OF ELEMENTS AS BLOCKS

- RELUCTIVITY CURVES FOR BLOCKS

v

CALCULATION OF ANALYSIS

- USING SINUSOIDAL APPROXIMATION
- ITERATIVE CALCULATION

- SAVING RESULTS IN FILES

v

TIME STEP FROM FIRST TO LAST STEP

v

CALCULATION OF ANALYSIS

- USING TIME STEPPING METHOD
- ITERATIVE CALCULATION

- SAVING RESULTS IF FILES

v

NEXT STEP

Fig. 43 Flow chart of the program package.




The optional files or data groups, in which the results are saved, are

as a chart form

the input data
the winding construction,
the flux-path regions, and

the potential nodes of reluctance models.

as a chart or row form the values in the reluctance models

8.4

node potentials and MMF sources,

circumferential and radial flux components,

flux density and its circumferential and radial components,
magnetic energy and its circumferential and radial components,
hysteresis and eddy-current losses,

currents of circumferential and radial loops in electric elements,
axial, circumferential and radial currents in electric elements,
EMF sources 1n electric elements,

voltages, phase EMF sources and phase currents in distributed winding,
voltages, phase EMF sources and phase currents in source,
electric energy and current losses in winding elements, and

air-gap torque.

Conclusion
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In this chapter, the developed computer program package of a universal reluctance

network was introduced. The program package will be used in the analysis of the next

chapter.

The input data was saved in three input files. The details of the stator and rotor

construction were in the stator and rotor files. The operating instructions were in the

third file. The operation of the program was discussed shortly. The program followed

the methods presented in the previous chapters to construct the reluctance network

and to solve the system equations. The output of the program was saved in the files

and controlled by the user. According to operating instructions, the results for the

initial state, for the last time step, and for the time-stepping were saved to their own

files. The list of the optional output files was given.
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9 ANALYSIS RESULTS

In this chapter, two cage induction motors, 15 kW and 37 kW, will be analysed using a
reluctance network. The computer program package of the universal reluctance
network will be used in the analysis. The components of the single-phase equivalent
circuits will be defined. The saturation of the starting reactance and the leakage
reactances of the stator and rotor will be presented. The computed starting torque and

stator current of the motors will be compared with the measured results.

9.1 Per-unit values

In the analysis, the supply voltage is sinusoidal. The amplitude of the voltage is varied
to study the saturation of the components in the single-phase equivalent circuit, as in
Fig. 42. The components of the equivalent circuit will be defined from the analysis at
different voltages. The quantities calculated from the reluctance network will be

represented as per-unit values in the comparison with the measured values.

The per-unit values r for a resistive component and x for a reactive component are

defined with respect to the base impedance ZN of the motor

_ N

2
N A

(151)

where UN and IN are the rated rms-values of the line-to-neutral voltage and the line

current.

The definition of the per-unit value r for a resistance R is

R (152)

X (153)
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9.2 Analysed motors

This section introduces the two cage induction motors analysed as a demonstration of
the reluctance network, a 15 kW single-cage and a 37 kW double-cage motor. The
section describes the method used in the reluctance model construction for the core

cross-section.

Both of the motors have unskewed rotors. The data relating to the motors are
presented in Table 1, the layout of the slots in Fig. 44, and the slot dimensions
defining the flux-path regions in Table 2.

The flux-path regions of the motors are defined using the slot-pitch sectors in the
stator and rotor as presented in Chapter 2. The reluctivities of the tooth and yoke
regions are defined taking into account the assumed main direction of flux according
to Section 4.3. The air-gap reluctance model is a single-layer model as presented in
Fig. 12c.

The layout of the slot specifies the dimensions of the flux-path regions in the slot

Table 1. Cage induction motors.

Output 15 kW 37 kW
Voltage 380V 380V
Current 30 A 73 A
Frequency 50 Hz 50 Hz
Synchronous speed 1500 rpm 1500 rpm
Connection Delta Star
Base impedance 7.3Q 3.0Q
Stator
- outer diameter 235 mm 310 mm
inner diameter 145 mm 200 mm
core length 194 mm 248 mm
number of slots 36 48
number of poles 4 4
number of phases 3 3
winding one layer one layer
Rotor
- outer diameter 144.1 mm 198.4 mm
inner diameter 53 mm 70 mm
core length 196 mm 248 mm
number of slots 34 40
winding single cage, double cage,
unskewed, unskewed,
aluminium aluminium
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Fig. 44 Slot layouts of the analysed motors.
a) The stator slot of both motors,
c¢) the rotor slot of the 15 kW motor.

b) the rotor slot of the 37 kW motor, and

Table 2. Slot dimensions of the analysed motors.
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section of the slot-pitch sector, as in Chapter 2. The dimensions of the slot are given by
dimension regions in the input file, specified in Chapter 8. The first dimension region
1s the segment of the yoke. The next regions are from the dimensions of the slot, given
in Table 2. The last region for the reluctance model of the slot-pitch sector is the

segment of air gap from the middle diameter of the air gap to the core.

The stator slot has four dimension regions in both the motors. They form the flux-path
regions Eg11, Eg12, Eg9 and Eg3 of the slot, as in Fig. 45a. These flux-path regions
define the flux-path regions of the tooth section E¢11, Et12, Et2 and E¢3 of the slot-pitch
sector using the method of Fig. 7. The reluctivity curves of all the flux-path regions are
specified taking into account an assumed direction of the flux flow. The tooth regions

have the radial flux flow and the slot regions the circumferential flux flow.

In the study, the sizes of the reluctance models are reduced. In the stators, this is done
by combining some of the flux-path regions in the slot and tooth, and by forming
region blocks. In the stators of both the motors, the flux-path regions Eg11 and Eg19 of
current-carrying region of the slot are joined forming the region Eg1 and the regions
Et11 and E¢19 of the tooth forming the region Et1, as in Fig. 45b. The reluctivity curves
of the new regions are defined by the same way as the reluctivity curves of the original
flux-path regions but by using the reluctivity curves and the assumed flux-flow
directions of the original regions. The reluctance model and the electric model of

stators are presented in Fig. 46.

Fig. 45 Collection of the flux-path regions in the stator core of both the motors.

a) The initial collections of flux-path regions defined by the dimension regions of the
input data.

b) The collections of flux-path regions used in the analysis. The regions E¢11 and E;j2
are replaced by the region E;j in the tooth. The regions Egj; and Eg12 are forming the
region Egj.
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Rz,sl

Ez,sl

Fig. 46 The model of the stator slot-pitch sector of both the motors.
a) The division of the region, b) the reluctance model, and c) the electric model.

The rotor slot of the 15 kW motor has four dimension regions, Table 2. They form the
flux-path regions Eg11, Eg12, Eg2 and Egs of the slot, as in Fig. 47a. As in the stator
model, these flux-path regions define the flux-path regions of the tooth Et¢11, Et12, Et2
and E¢3. The reduction of the rotor reluctance-model is done by forming the region
block Eg1 in the slot, by combining the regions Eg11 and Eg192, and the region block E¢1
in the tooth, by combining the regions E¢11 and Et19, as in Fig. 47b. All the flux-path

regions are modelled using the same methods as with the stator model.

Fig. 47 Collection of the flux-path regions in the rotor core of the 15 kW motor.

a) The initial collections of flux-path regions defined by the dimension regions of the
input data.

b) The collections of flux-path regions used in the analysis. The regions K17 and E¢j2
are replaced by the region E;j in the tooth. The regions Egsj; and Egj2 are forming the
region Fg;.
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The double-cage rotor slot of the 37 kW motor has seven dimension regions, Table 2.
They form seven flux-path regions in the slot section of the slot-pitch sector, as in
Fig. 48a. Six of the flux-path regions are in the slot, the four regions of the lower bar
(farthest from the air gap), Eq11, Eg19, Eg13 and Eg14, and the two regions of the upper
bar (nearest the air gap), Eg2 and Eg3. One of the dimension regions form the flux-path
region Ei{5 named to belong to the tooth because of its material definition. The flux-
path regions of the slot section define the regions of the tooth section in the slot-pitch
sector using the method in Fig. 7. The regions are E¢11, Et12, Et13 and E¢14 parallel to
the lower bar, Et9 and Et3 parallel to the upper bar, and Ei4 parallel to the region Eis.

In the specification of the reluctivity curves, all the flux-path regions in the slot
section of the slot-pitch sector are handled on the same way. The assumed flux-flow
direction is circumferential. In this model, the flux-flow definition means the regions

of the yoke Eyg, the regions of slot Es11 to Eg3, and the tooth region E¢s.

In the reduction of the rotor reluctance-model, the number of the flux-path regions is
decreased by forming the region blocks, Eg1 into the slot and E¢; into the tooth, as in
Fig. 48b. The flux-path region Eg1 includes all the lower bar flux-path regions Eg11 to
Eg14. The region E¢; includes all the flux-path regions of the tooth parallel to the lower
bar Et11 to Et14. The reluctivity curves of the new regions are defined by using the

reluctivity curves and the assumed flux-flow directions of the original regions.

Ey1  Eyo Ey1  Eyo
E¢11 ©O\Es11 ol
Ei10 ® Es12 E1 ®
Et13 )~ Es13
Et14 Es14
Eto ((®\Es2 Ew2 /(® Es2
Et3 ®/Es3 Et3 ®/ Es3
Et4 Es Etq Ets
a b

Fig. 48 Collection of the flux-path regions in the rotor core of the 37 kW motor.

a) The initial collections of flux-path regions defined by the dimension regions of the
input data.

b) The collections of flux-path regions used in the analysis. The regions Es17 to Ez14 are
replaced by the region E;j in the tooth. The regions Egjj to Es14 are forming the region
Eg;.



124

The reluctance and electric models of the rotor for the 15 kW motor are presented in
Fig. 49. They are constructed using the flux-path regions in Fig. 47b. The models of
the rotor for the 37 kW motor are presented in Fig. 50. They are constructed using the
flux-path regions in Fig. 48b.

Fig. 49 The model of the rotor slot-pitch sector, the single-cage motor (15 kW).
a) The division of the region, b) the reluctance model, and c) the electric model.

Ey1 Ey2
Es1
Et1 @S
Ew /(@® Es2
Ets (®/Eg3
Eiq Et5
a

Fig. 50 The model of the rotor slot-pitch sector, the double-cage motor (37 kW).
a) The division of the region, b) the reluctance model, and c) the electric model.
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9.3 15 kW motor

The reluctance and electric models used in the study are presented for the stator in
Fig. 46 and for the rotor in Fig. 49.

In the stator, the reduction of the number of flux-path regions was made in the coil
section of the slot and its parallel section in the tooth. Near the air gap, the stator
model has reluctance elements in the wedge and opening of the slot and their parallel
sections in the tooth. The reduction has a small influence to the leakage flux

modelling.

In the rotor, the reduction was carried out in the lower part of the slot (farthest from
the air gap) and its parallel section in the tooth. Near the air gap, the rotor model has
reluctance elements for the uppermost portion of the main bar and for the opening of
the slot and their parallel sections in the tooth. To model the current distribution
inside the main bar, the number of bar divisions nearest the air gap is low. The
number of divisions is a compromise between the accuracy and the size of the model.

The reduction has a small influence to the leakage flux modelling.

In the study, the energy distribution of the reluctance network is transferred to the
components of the single-phase equivalent circuit, as in Chapter 7. The single-phase
equivalent circuit is presented in Fig. 42 and the equivalencies of the components in
Table 3.

Table 3. Energy components and their equivalence with the components of the single-
phase equivalent circuit for the 15 kW motor, as in Fig. 42.

Components Wmr and Wy from regions Wime and Whe from regions
Stator Fig. 33 Fig. 33
XhS, Rfe,hS Ey1, Ey2, Et1, Et2, Et3 Ey1, Ey2
XS, Rfe,0S Es1, Es2, Eg3 Et1, Et2, Et3, Es1, Eg2, Es3
Rotor Fig. 36 Fig. 36
X51Rs Rfe,01R Eg2, Eg3 Et2, Et3, Eg2, Eg3
Xo2R, Rfe,62R Es1 Et1, Es1
Air gap
Xhd Es E§
We from regions
Rotor Fig. 36
Ri1R Eg2, Eg3
RoRr Eg1
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The effect of saturation on the equivalent circuit components is studied by calculating
the air-gap torque, line current, starting impedance Zgiart, and starting reactance
Xstart from the reluctance network at different sinusoidal line voltages. The starting

impedance Zgtart and the starting reactance Xgiart are defined from the equations

U
Zstart = 7
, (154)
m0=7T
/Ystart = W
m

In the equation, U and I are the rms-values of the fundamental harmonics of the line-
to-neutral voltage and the line current, and Wy, is the total magnetic energy of the

reluctance network.

The characteristics of the starting torque and current reveal that the calculated values
exhibit a relatively good agreement with the measured values, as may be seen in
Fig 51. The error in the starting current is about 12% at the rated voltage. When
taking into account the effect of the missing end-winding reactance of the stator
(3.0%), the calculated starting-current characteristic comes closer to the measured
one. Because of the relatively constant difference between the starting-current

characteristics, the leakage reactance calculation is not accurate enough.
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00 T T 1 OO = T T 1
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
Voltage [p.u.] Voltage [p.u.]

—O— measured —@— calculated
a b

Fig. 51 The starting characteristics of the 15 kW motor.
a) The starting current and b) torque as function of supply voltage.
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The inaccuracy of the reluctance network model may be seen better from the
characteristics of the starting reactance, as in Fig 52b. The measured characteristic
has more gentle nature as function of voltage than the calculated one. The vertical
position between the curves is larger than the value of the excluded end-winding
reactance. At the lower voltages, the calculated characteristic does not represent the
unsaturated state well enough. To the rated voltage, the difference between the
characteristics decreases remarkably. The reason for this is that the measured
reactance saturates but the level of the saturation in the calculated reactance
increases more slowly. The difference between the characteristics is smaller than the
excluded end-winding reactance. At the rated voltage, the difference between the
characteristics 1s zero. This means that the saturation is not modelled accurately
enough. An additional error to the characteristic of the calculated starting impedance,
Fig. 52a, is caused by the resistive component and the temperature difference. The
measurement was made for the motor at a stator-winding temperature of
approximately 60°C, and the calculation temperature was 20°C. No temperature

corrections have been made in the calculations.

To study more closely the calculated characteristic of the starting reactance, the

characteristics of the significant components in the single-phase equivalent circuit, the

reactances (Xs8, Xhs, Xc;lR and X:;ZR) and the rotor resistances (H;R and ]?;R), are

presented in Fig. 53. All the characteristics are presented as per-unit values. The
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—O— measured —@— calculated
a b

Fig. 52 The starting characteristics of the 15 kW motor.
a) The starting impedance and b) reactance as function of supply voltage.
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Fig. 53 Components of the single-phase equivalent circuit, as in Fig. 42. (15 kW)

reactances of air gap Xhs and rotor slot opening X51R have saturating characteristics.
The stator leakage reactance Xgg has an unsaturated characteristic. Its influence in
the starting reactance is small. The slot opening reactances of rotor X51r and XsoR
have an opposite, compensating saturation-state.

The calculated winding currents, amplitudes and phase angles, are in Fig. 54.
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Fig. 54 Calculation results of winding currents. (15 kW)

a) The values of the fundamental harmonic of currents in ratio to the average current.
b) The difference of the phase-shift angles of the fundamental harmonic of currents
compared with the ideal 120° difference of the phases.
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9.4 37 kW motor

The reluctance and electric models used in the study are presented for the stator in
Fig. 46 and for the rotor in Fig. 50.

The layout of the stator model is the same as for the 15 kW motor.

In the rotor, the reduction was carried out in the lower bar of the slot (farthest from
the air gap) and its parallel section in the tooth. Near the air gap, the rotor model has
reluctance elements of the upper bar, the iron bridge between the slot and the air gap,
and their parallel sections in the tooth. To model the current distribution inside the
lower bar, the single bar division is not enough. To model the current distribution
inside the upper bar, the number of bar divisions is low. The number of divisions is a
compromise between the accuracy and the size of the model. The reduction has a small

influence to the leakage flux modelling.

The energy distribution of the reluctance network is transferred to the components of
the single-phase equivalent circuit, as in Fig. 42. The definition of components is
based on Chapter 7. The equivalence of the energy component and the component in

the single-phase equivalent circuit is presented in Table 4.

Table 4. Energy components and their equivalence with the components of the single-
phase equivalent circuit for the 37 kW motor, as in Fig. 42.

Components Wmr and Wy from regions Wmg and Whe from regions
Stator Fig. 33 Fig. 33
XS, Rfe,cS Es1, Eg2, Eg3 Et1, Et2, Et3, Es1, Eg2, Eg3
Rotor Fig. 37 Fig. 37

X51R» Rfe,c1R

Et5’ E827 E83

Et27 Et37 Et47 Et57 ES2’ ESS

X52R, Rfe,02R Es1 Et1, Es1
Air gap
Xhs Ey Es
We from regions
Rotor Fig. 37
RIR ES2’ ESB
RoR Es1
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The characteristics of the starting torque and current are presented in Figs. 55a and
55b. When taking into account the effect of the excluded end-winding reactance of the
stator (3.2%) and assuming the balanced phase currents, the error in the
characteristics of starting current is about 14% at the rated voltage. The inaccuracy of
the calculation model may be seen from the characteristics of the starting reactance,
Fig. 55d. At the lower voltages, the calculated starting reactance has higher values
than measured. At the rated voltage, the characteristic approaches the measured one
when taking into account the excluded end-winding reactance. In comparison with the

15 kW motor, the calculated characteristic of starting reactance has higher values in
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Fig. 55 The starting characteristics of the 37 kW motor.
a) The starting current, b) torque, c¢) impedance, and d) reactance as function of

supply voltage.
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comparison with the measured characteristic. The saturation is modelled better in the
37 W motor, but the saturation is too steep. The calculated characteristic of starting
impedance, Fig. 53c, has an additional error caused by the resistive component and
the temperature difference. The measurement was made for the motor at a
temperature of approximately 70°C and the calculation temperature was 20°C. No

temperature corrections have been made.

The calculated winding currents, amplitudes and phase angles, are in Fig. 56. The
currents differ from each other by amplitude and phase-shift angle. The comparison
with the 15 kW motor shows that the difference is very large. It seems that only two
phases give almost all the energy to the motor model. The reason for the big difference
may be that the saturation directs the flux to a differently saturated flux path near to
one of the phases. The reason from the modelling point-of-view may be that the
"saturation" is caused by a wrong iteration value of time step or in the initial state
calculation. A wrong magnetic nodal potential would direct the calculation to saturate
the region. The initial state was calculated using the sinusoidal approximation for the
model quantities. The unbalance of the currents was already there. No other proof of

the unbalance has been found. In the measurement, there was no unbalance.

The characteristics of the significant components in the single-phase equivalent

circuit, the reactances (Xgs, Xhs, X; IR and X; 2R) and the resistances (Hlk R and sz R),
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Fig. 56 Calculation results of winding currents. (37 kW)

a) The values of the fundamental harmonic of currents in ratio to the average current.
b) The difference of the phase-shift angles of the fundamental harmonic of the
currents compared with the ideal 120° difference of the phases.
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are presented in Fig. 57:

- The characteristics of the resistances R1R and RoR are decreasing as a function of
voltage. The characteristics of the reactance XyR is on the level 0.76 p.u. without
any saturation. The resistance RoR of the lower bar should be equal as a function
of current with the reactance X,R. That is satisfied.

- The resistance RiR of the upper bar is the image of the serial connection of
reactance Xgor and the parallel Xyg and Ror. The decreasing of the resistance
R1iR satisfies the considerable saturation of the reactance Xg2R because the
parallel connection is about constant. That is satisfied.

- The reason for the high saturation of the starting reactance is the high
saturation of the reactance Xgor. A question is why the reactance XgoRr 1is
saturating more than X51R. If the modelling will be correct it shouldn't. To study
the characteristics more closely, the distribution of magnetic energy in the rotor

is presented for the rotor reactances in Fig. 58.
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Fig. 57 Components of the single-phase equivalent circuit, as in Fig. 42. (37 kW)
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The magnetic energy of the rotor is associated with the reactances X51r and X5oR, as
in Fig. 58. The reactance XnR has about 10 to 15% of the energy.

- The energy distribution associated with the reactance XnR is presented in Fig. 59.
The proportion of energy in region Et; (the tooth parallel to lower bar) grows to
level 86% of the total energy of reactance X,R. The energy associated to the yoke
1s minimal, as expected. This proves that either the yoke saturates or the flux
goes through the lower bar.

- The energy in reactance XgoR 1s totally associated in the lower bar and is not

presented here.
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Fig. 58 The distribution of magnetic energy in the rotor. (37 kW)
Proportions of the magnetic energy included in the components expressed as percentages.
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Fig. 59 The distribution of magnetic energy in the rotor. (37 kW)
Proportions of the magnetic energy in the flux-path regions connected to the reactance
XhR expressed as percentage.
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The energy distribution associated to the reactance X51R 1s presented in Fig. 60.
The proportion of the energy associated in the region Et5 (bridge between the air
gap and slot) is not presented because it is in range of 1 to 3%. The energy of the
reactance is totally associated to the upper bar and about 70% of the bar energy
to the element nearest the air gap. The flux does not flow through the region Eis

as it should. The flux flow near the air gap does not satisfy the experience.

It seems that the flux flow in the rotor is going along the tooth and dividing to cross
both the bars. The damping of the upper cage does not direct the flux to the iron
bridge near the air gap. The reason for the big difference between the stator currents
cannot be that the saturation directs the flux to a differently saturated flux path near
to one of the phases. The analysis of energy distribution means that the flux goes
either saturating the yoke or saturating the tooth when crossing the slot. The energy
distribution of the reactances X51Rr and X5or do not satisfy the tooth saturation. The
flux has to flow along the yoke. The flux does not short-circuit the magnetic circuit
near the stator. The reason for the unbalance may be the different air-gap reluctance
for the winding phases, caused by the slotting, or the saturation model used in the

reluctance elements together with some wrong potential value during the iteration.
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Fig. 60 The distribution of magnetic energy in the rotor. (37 kW)
Proportions of the magnetic energy in the flux-path regions connected to the reactance
Xo1R expressed as percentage.
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9.5 Conclusion

In this chapter, the reluctance network analysis was carried out for two demonstrator
motors, one with a single-cage rotor and the other with a double-cage rotor. The
developed computer program package of a universal reluctance network was used in
the calculation. The effect of saturation was studied in both of the motors. The single-
phase equivalent circuit was defined from the reluctance network results at different
supply voltages. In the slotting region, the stator and rotor models of both of the
motors were reduced combining the flux-path regions near the yoke. That decreased
the number of tooth and slot regions used in the analysis. The accuracy near the air

gap was not affected.

In the study of the 15 kW motor, the calculated torque and current showed a
reasonable agreement with the measured values. The error in the starting current
was about 12% at the rated voltage without taking into account the effect of the
missing end-winding reactance of the stator. At the lower voltages, the calculated
starting reactance was smaller than the measured reactance. The difference between
the characteristics was smaller than the excluded end-winding reactance. At the rated
voltage, the calculated value did not saturate enough and the difference between the
characteristics disappeared. The difference was equal the end-winding reactance. The

saturation was not modelled accurately enough.

In the study of the 37 kW motor, the calculated torque and current showed an error of
14% in the starting current at the rated voltage when the end-winding reactance of
the stator (3.2%) was included and by assumption of balanced phase currents. At the
lower voltages, the calculated starting reactance had higher values than the measured
reactance. At the rated voltage, the characteristic approached the measured one when
the end-winding reactance was included. In comparison with the 15 kW motor, the
calculated characteristic of starting reactance had higher values in comparison with
the measured characteristic. The saturation was modelled better in the 37 kW motor,

but the saturation was too steep.

The phase currents had a big difference from each other by amplitude and phase-shift
in the 37 kW motor in comparison with the 15 kW motor. In the measurement, there
was no unbalance. The initial state for the time-stepping method was calculated using
the sinusoidal approximation for the model quantities. The unbalance of the currents

was already there.
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The distribution of magnetic energy was studied for the rotor reactances in the 37 kW
motor. The magnetic energy of the rotor was associated with the leakage reactances
X51R and X5or. The energy of the reactance was totally associated to the bars and
about equally between the upper and lower bars. About 70% of the upper bar energy
was associated to the bar element nearest the air gap. The flux did not flow through
the iron bridge between the air gap and slot because its portion of the energy was in
the range of 1 to 3%. As a conclusion, the reason for the current unbalance in stator
might be the different air-gap reluctance for the winding phases, caused by the
slotting, or e.g. the saturation (the derivative of the reluctivity curve) used in the

reluctance elements together with some wrong potential value during the iteration.
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10 SUMMARY OF CONCLUSIONS

In the study, a universal reluctance network was defined to analyse an electrical
machine. The components, construction rules, and equations of the reluctance network
were specified. The equations were presented to form the components of a single-phase
electric equivalent circuit from the results of the reluctance network. A computer
program package was developed to solve the two-dimensional reluctance network. As
a demonstration, the flux and current distributions were calculated for two cage
induction motors, one with a single-cage and the other with a double-cage rotor. From
the analysis results, a single-phase equivalent circuit was defined to calculate the
locked-rotor current in the steady-state period after the inrush current, at the moment

when the rotor starts to rotate.

This study consists of ten chapters. In Chapter 1, a brief introduction about methods
of modelling magnetic fields, problems of single-phase equivalent circuits and a
summary of previous studies to connect special demands to the single-phase

equivalent circuit was given.

In Chapter 2, the rules for the construction and the components of the universal
reluctance network were specified. The basic elements of the network, the reluctance

element and the electric element, were introduced.

The machine cross-section was divided to slot pitch sectors. The reluctance model for
the slot pitch was constructed using the reluctance and electric elements representing
the flux-path regions. The slot-pitch reluctance models of the stator and rotor, and the
air-gap model form the reluctance model of the machine. The electric elements of the
flux-path regions form the electric models of the windings. Together, the reluctance
model and the electric models are the reluctance network of the electrical machine.
The MMF sources of the reluctance model and the EMF sources of the electric model

provide the energy transfer between the models.

In Chapter 3, the system equations of the universal reluctance network were specified.
The system equations of the universal reluctance network were related to the electric

model of the windings and the reluctance model of the machine.

For the stator winding, the voltage equations were presented connecting the electric
model of the distributed winding to the electric supply. For the rotor winding, the
voltage equations were presented connecting the electric elements in the cage

winding.
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For the reluctance model, the flux-balance equations were presented for the magnetic
scalar potentials of the nodes in the reluctance element. The magnetic energy stored
in the reluctance element, the flux density and air-gap torque basing on the magnetic

energy, and the equations of the iron losses were presented.

In Chapter 4, the magnetic properties of the universal reluctance network were
introduced. The reluctivity function using the material BH-characteristic and the
reluctivity functions for the sinusoidal (phasor) magnetic quantities were introduced.
The methods used to determine the influence of the flux-path geometry was developed
for the variable width of the tooth, the uneven flux distribution of yoke, and the

saturated tooth tip on the slot opening.

In Chapter 5, the magnetic capacitance for the universal reluctance network was
specified. The magnetic capacitance was used as an equivalent for the eddy-current
losses. The magnetic capacitance was additionally defined for the eddy-current losses

in the core. The instructions for the use of magnetic capacitances were given.

In Chapter 6, the system equations for time-stepping and sinusoidal-approximation
analysis were collected, and the method for matrix calculation was introduced. The
reluctance model (MEC) and the finite element method (FEM) were compared
according to how they solve the iterative calculation process. A discussion was

presented about the sparsity of the matrix and the iteration speed.

In Chapter 7, the method was presented to construct a single-phase equivalent circuit
from the results of the analysis using reluctance network. The energy distribution was
specified using the time-stepping analysis of the reluctance network. The heat energy
dissipated in the rotor winding was calculated from the resistive losses in the electric
elements of the winding model. The iron losses were calculated using the Fourier-
series of the flux-density variation in the reluctance elements. The magnetic energy
distribution was calculated from the magnetic energy stored in the reluctance
elements. The energy distribution of the whole reluctance model was collected in the
reference slot-pitch. The components of the single-phase equivalent circuit were
specified using the energy components of the reference slot-pitch. The position in
which an equivalent circuit component was substituted in the single-phase equivalent
circuit was dependent on the flux-path region in the reference slot-pitch where the
energy was collected. Every region might have an own resistance and reactance

component in the single-phase equivalent circuit.
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In Chapter 8, the developed computer program package of the universal reluctance
network was introduced. The input data was in three input files. The details of the
stator and rotor construction were in the stator and rotor files. The operating
instructions were in the third file. The program constructed the reluctance network
and solved the system equations. The output of the program was saved in the files and
controlled by the user. According to operating instructions, the results for the initial
state, for the last time step, and for the time-stepping were saved to their own files.
The list of the optional output files was given.

In Chapter 9, the reluctance network analysis was carried out for two demonstrator
motors, one with a single-cage rotor and the other with a double-cage rotor. The
developed computer program package of a universal reluctance network was used in
the calculation. The effect of saturation was studied in both of the motors. The single-
phase equivalent circuit was defined from the reluctance network results at different
supply voltages. In the slotting region, the stator and rotor models of both the motors
were reduced combining the flux-path regions near the yoke. That decreased the
number of tooth and slot regions used in the analysis. The accuracy near the air gap
was not affected.

In this study, the reluctance network was limited so as to model only two-dimensional
flux distributions. The three-dimensional leakage-flux paths of the end-windings were
outside the scope of this study. The reactances of these paths might be included as

extra leakage inductances to the single-phase equivalent circuit.

In the study of the 15 kW motor, the calculated torque and current showed a
reasonable agreement with the measured values. The error in the starting current
was about 12% at the rated voltage without taking into account the effect of the
missing end-winding reactance of the stator. At the lower voltages, the calculated
starting reactance was smaller than the measured reactance. The difference between
the characteristics was smaller than the excluded end-winding reactance. At the rated
voltage, the calculated value did not saturate enough and the difference between the
characteristics disappeared. The was equal the end-winding reactance. The saturation
was not modelled accurately enough.

In the study of the 37 kW motor, when the excluded end-winding reactance of the
stator (3.2%) was included, there was an error of 14% in the starting current at the
rated voltage. At the lower voltages, the calculated starting reactance had higher
values than the measured reactance. At the rated voltage, the characteristic

approached the measured one when the end-winding reactance was included. In
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comparison with the 15 kW motor, the calculated characteristic of starting reactance
had higher values in comparison with the measured characteristic. The saturation

was modelled better in the 37 kW motor, but the saturation was too steep.

The phase currents had a big difference from each other by amplitude and phase-shift
in the 37 kW motor in comparison with the 15 kW motor. In the measurement, there
was no unbalance. The initial state for the time-stepping method was calculated using
the sinusoidal approximation for the model quantities. The unbalance of the currents

was already there.

The distribution of magnetic energy was studied for the rotor reactances in the 37 kW
motor. The magnetic energy of the rotor was associated with the leakage reactances of
rotor. The energy of the reactance was totally associated to the bars and about equally
between the upper and lower bars. About 70% of the upper bar energy was associated
to the bar element nearest the air gap. The flux did not flow through the iron bridge
between the air gap and slot because its portion of the energy was in the range of 1 to
3%. As a conclusion, the reason for the current unbalance in stator might be the
different air-gap reluctance for the winding phases, caused by the slotting, or e.g. the
saturation (the derivative of the reluctivity curve) used in the reluctance elements

together with some wrong potential value during the iteration.

The reluctance network represents the geometry of the machine cross-section. It saves
the information of geometry into the reluctances. The reluctances can be connected in
parallel or in series to make a block having only one common reluctance. Nevertheless,
the information of the geometry remains. The reluctance network may have a future
as an analysing tool in research, particularly in the operational simulation of an
electrical machine. A simple network can solve accurately enough the simulation more

quickly than a small model using FEM.

In spite of that the results in the analysis were not satisfactory in the saturation
modelling, the analysis indicated the possibilities of the reluctance network in the

analysis of cage induction motors.
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