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1. Introduetlan"

lde coneLdet the

(PSVP for btevfty)

flrsgt snd e*coetd ordet perlodf'c bound*ry veLue Problems

ut * ftenu), u(s) - r.r(3t), (1" 1)

end

-u*o * f (*r*) u r:(*) * u{?n}, ut (0} ' 6r {?n} g tt, E)

end obtai.n the afL*tenee of extremal aetut{stt6 Es J"fmfte *f manstane lteratee"

In [?] *nd [31, the arpnotane mcthcd we* empl-ayed for the problernr {1.1} eud

(t,2, shen the cgrfefpsnd{ng Lcwer end upper esltrtfoae c{t}r6(t) eetiafy

dt0)

rs' {o}

fsr csnvenlencc:
t(A0) etg € c'[fsozn],r1ra{t} .: s{t}

f(t,ul) - f{t,uz} : *Ft(ur-un}, t

a(t] ( u* { un { $(t} end l*{ >
E* l*

(A1)(rl af : f(t,*), I € (s'?uJ snd

at2rr), S{0} e $(2tt} '
et(lrr), &$(0) -J S'(?n)'

:

1

{ 1.3}

(1"4)

ln addl"tlen ts other eondigLons. Futther*:orc* tohen f i-e lnereeafngr tt

ls ehown [?r3] tbtet, f;he condft{nnc {:,}."3} end {1.4} ere t,antaffiount to eesumlng

the exlntence of e per{odfe sulutfan. Accarcllnglyn the preblern of, prov{ng

bhe eltloterte* nf per{r:dic eei^utf.*$s shen the *cnslft!.one {3"3} and (1.c{} are

vtclated becs*rea fmp*rter*t *nd fhj"s Euedeies* has been opefi" tlur msln cbJee-

tlve ln thls p*per {.s tu inverfil.gete thla *pen prob}e*1"

.9,. flr-qt.jqgel-8gq{qdlq 8r}*$4eq#--v-e!,qe-Frahleq" ,

Conslder the PBVF {f"t}, *rh*re f € C[{CuUn1 x Rrfi.}. We llrt the followlng

6ssunptlons trelat{,ve t* the louer enc{ upper *clutlsns eiti and F(t}}

&n [S,3nJ aqd

€ fCIrln], for

*i

s(0) I a{2tr};

eny ulr*t euch thet



(11) &' I f{t,F}* r € (0,?nJ and s{B} :_ $tar}i

(AZ)(f) o' j f (t,cs) * llrur i e (0r2rl snd n(s) > s(Zt), whete
Ztin

rn - [a{s} - u(?n)l *," , ,
e*i

(J.f] Ft I f (trFl + $tUr g € {fir2rrl sa* g(S} < S{2r}, where
Zbt*

rB - [s{3*} - s{o}; ft; t
s-i

tAj) {fu} (1} end {&r} trt} holdi

(A,) (A")(i{) end (A-}(r} hetd.
4IE

the folloulng lemte is useful f,or our further dleeuealatt"

leqe 2. L. Let m e crt [0r tr! ,R] . suppace t]rxt

{f} et(t} { -ilrntt}, t € tS,?rJ *nd ra{O} S mi?n}'

or

(ff) mt(e) " -!b(e) - Hr, t-€ {*'?nl end rEt{CI} > ci(2t}, where
?t$r

" - [nr(g) - m(2n]l ft: ,
E-I

holda. then, ln cLther esec' n{t} : A cfi l0'3*J.

Pr qf,, If the eencluslcn ie felse, t?iere exlste e tO € {0n2ni aad au

e>0 euchthat

m{tO} - e snd *r(t} :_ * affi [Or?nJ.

Let t* € {Orznj. fhcn sr'{Lfr} " *. t{he* elth*r {t} sr {t*.} trclde, {t

follorse that

0 _1 *tt{tn) : -}4a{ts} - *l{s { C

r*hlch le e eclrtradlctfar, If tC * S end tl) helda, thea m{?n} I nr{O} ' e

andhence 0:rt{fni: *$tn{!r} J -i.le < 0 whlch ls e contredlctlon, on

the other hend, tf t0 = 0 and (iL) halda, the lntegrstlon of the lnequel{ty

t'{r }tE(mt+ltnle"- < -tlre -



frotn 0 ta 2x Ytetr"ds the estfmate
I

,a | ?Mn ?i{Tr
fi\clrte < n(f]) + r(l--e-"' )'

Ualng the velue

l.€.1 m(CI) 5 CI

prcved.

*f r3 the sbove lneqr,lel"f"Sy reduecr to $

etld thls *:o*tradf.ees sr(S) * E > S' The

?lf,tt
< m(0i (1-e-""')

;- ls thetefore

l.Ie are fiow Ln posltton to pr*1re t'he fs1trot+ing"

beer-em lGn Let (A*) hold. Then' any dne

lmpller th*t there exlet ffionotsxts s€qu€ne{ts

oo - *, S0. S eu*h that 
l*."Ut) 

- P(t)'

fionotofilcally cn [0r?n] end thct Frr 6r€

of PSYP (1-1) resPecttvetrY"

Y;$f , l{etre, we *ttdl"eeba the proof for the

hal"d" The pto*fs ef, otl'ler twar csses can be

Far eny n € [srs] - tn € fl[lorlxi*nJc

conaldet the PBVF

Rewrltlng (2'?'3 ln

o(r) = f(t,n(t)) +

af the cgnd{tlons (Ar}-(A*}

i*o(t)), {En{t}} t*t'th

lfun 6*(t) - r(t) unlfornlY and

tl-tn
nrlnl*el. atrd rnex{mel eclutlong

case Hfuen {irn} *nd {Ar} or (At)

f#rnrlr3"ated $tt stntlar ltnee'

cs{t} 1 n{r} 1 s{t}, t€ {o'ltl}'

c{*}effida,

so3.ut{one of t2,2} follotle bY

dtsti.nct estur{sne cf (2.3), then

ui o f{t,n{t}} * tt(u*n{t}}' c{S} * u(?rt) , t7,2,

the fonn 6r * F&l * o{t}, u(t}} ' u{?t}, t'rhere

ffn(t), lt le ea*Y ts see fhst

,r{t} *,r($}e*Ht + ft u<slu-t-l(t-e}u"
,r0

and

s(fi) -

eetluf lee ttre FEVF {,3,2},

Lerms 2.1. In f,ae"tn if

' l3rrl
u(2n) * -=gi* |&r'r* . l-e -I 'tj

The uttfqueneee of

rr *nd rr etr€ twe



E€ttl"ttg F - lt - vr tc€ get

p' - _FtF, p(0) _ p(l*),

whlch lrnpll*e p(t) a 0. Hencee for any n € [a,BJr tre deflne a mapplng

A by An - u, ehete u ls the unlque e.rlutlon of (2.2). l{e aha3.1 ahotr

thst

(f) o<Acrg>AS,

and (t1) A le nonotone ncndecreaelng on [arS1.

To prove (1) t lre aet F - o - sl $here a, o Ac. l,le then heve, ln caee

of (A- ),I

p' 1 -tlp, pt0) 1 p{Zr),

endn ln caee of {Aoi r

p' : *l{p - itro, pt0} > F(Zn},

Hence Leanra ?.1 fuupllee p{t} ,.- $ on [0r2n] provlng a : Au. A elnllar

proof holds for S i A$.

3o prove {tt}, let fil,E' € [a,Si sueb that nl:_ n?. Let Anl. u1

rnd An? - u2. settlng p o u1 - nz atrd uef-ng (Anlr ne abteln

F' .- -HF, p{0} - p(Zn},

trh{ch lnpltee by Leums 2.1 thet p(t} < 0. Thle rneans th6t A ls ncnotone

on [at 6l .

It therefore follor*s that $e cen deflne the sequencee {cn}, {gn}

r*lth c0 - c, S0 . F such that

, cfl - Arn_l, B' o ABrr_1
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* useful es$Fsrison lenara in thl"s c,antext le the foLlowtag:

.1

Len$rie _3.1" Let m € C" I i$, ?n] ,R j . $uppoee that ur{$} * m{?s} anel one

of the fcllawlng condlt{sns le setfsf*.ed;
E

(r) -mt'(t) j'-H'i*{t}, i € tO*rr} srrd rnt{*} >- *i'{2t'}:

or {{ti -81,,{t} " -*t?n{t} - Hzr, r € t*r|nl end ffi'{fi} < nr{2n}, r+treta

?r.{n

, - Iq" L?r) Jq:-!-g)-lIe:: tl; .

zlt{*?ffn-ii

?hen m{t} : 0 sn [0'9n.l.

lqqqf. $uppoae the eaecl*sis* ls cxit tfue, Then there exlats a tn e [0r2nJ

anden e>0 euehthet

m{to} * c snd sr{e} . e, g € {*'Znl'

tet to € ({ir?n}" Tkrecl r,rt{to} * s end m"{to} 1s, It then follsrds thet,

shen elther {l} sr tti} ltclds'

* -: -*'*{ao} -" -xzrnir,i} = *b{?: * o

trhJ.ch ia e eontradfeilcn. I'et t0 * * Gr 2n end {t} h*ld. fhe*,

n(Zn) * $(0) * s and a.l{r} 1€ €i1 fGrgni. This lmpliea that rE'{O} < 0

aad mt (2n) > S. Uelng the bcuudary e*tr{!-t{cn rn'{0} I at {2n} r *8 arrlve

st m'(CI) * ftr (ztt) * 0, ll*nee, f *t I o Cr?n,

*ftri{l} j. *l't3n{t} o -Mze * *.

?h{e contred{cte nl{*} * n(?tt} * s.

Nc$, let t0 . 0 of ?n and (*i.3 be eeLiefied" As before* we. get

m{0} - m{!n} * c and m(t) 1 € 6n [0u2rr] " ilansi.der tlre prabLem
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-utt * f (trn) - lt3(o-n), u(o) ' a(2rt), u'(o) - ur {?r}. (3.?)

WrJ.rlng f{t,n) + fqzn : o(t}r B€ can f{*d a solutlon u{t) af (3'2} glven by

l4t -Mt .Mt it -Ms - *-Ht ft -,-,-H,u(t) - aru*' * cre-"" - =iil j- ",e).-H"de 
* k Jo 

o,urut*d"' (3'3)

nhere a., - 
-#- fto oe *)*-il"du,

' ?t*{(e-""*1) J 0

end 
{ rz:r r}-

co - _--l-* l- ir(sle*Bda., ZtUnZHr*t) jg " \"'

I.le clalm thet this e*lut{on u{t} i* u*tque. If not, Let v(t} be another

aolutlon of (3.2). ?hen setttng p(t) - v{t} - u{t}' ree eee that

,
-p*, o -H'p, p{0} * p(?rs}, F, {0} - pr {?r} "

llence, by Lernnre 3.1, lt faX.lstde ttr"lat p{t} E S, whlch ahswe v{t) : u(t):

l.Ie ca* na* define a meppLng A by &R * u, far *ey n € [ar$], where

u la the unJ.que esluttcn of FFV? (3.21" l*e ehcw that {1} * 5 Aa' g I AF

and (tt} A ls *rsnotane nondecreaelng an taos]"

To prsve {l}u let F - G - s.r where e,.o - /Lc. Then, rrre have l"* case

of (Bl) *

-p" " -H'p, p{€}} - p{?rr}, F't0} I p'(?t},

and ln caee of (Bo) *

-p'u 1 -l42p - H?ro p{0} * p(?n}, Pt (fi} " p'{2n},

. ZHr+t)
shere s - [F'(2n] - p'(0]1 -*!9'-*- .

2H{e""'-l}

Henee, by Lerune 3.1, re get p{t} I g, trnp}ylng * -<- A*. $i.$rll.ar argumente

hcld fot F :" AS,



Tc

snd AnZ

Frove ttt), Let

- ila* settlng

r1rilg € [*r8] such that nl

p * utr - uZ end uring {Bg} r

i rtr " Let" Ant - ul
L*

we ti€t

{n }.n
such thst{a }

lt

oz j ... ioni $oi "' S S: i Er:80 - B'

F$rthermsre, tt ls eaally seen thet there exlnte a N > 0 r*hlch depends

only on $r fi such thet l*nll , l*il : n iln [0,?:r1" rt thett f uLlnwe bv

ennployfng seendard sf,gurnents g:hat t{.el *r*(t} * p{t}, i1l i3rt{t} * r{t}
f!-}{6 ft"+@

unlformly snd monotonlenlly on lfrr|r3' {t 1* e**y ts ahcw th*t r:{r}

end r(t) are *o:!.utlone sf psvF {1.2} ln vletx $f the fscc thet &fro F"

s6tlsfy

f(tra ,)
11- r

f(t, Sn_1)

&ema_r-k. UnfortunetelYo

(1.2) depends on u'.

-urr-l) , u*ifi)

-Br,_Ll , Sn{*)

ao{2n},0'{0} * ci{?n} '

#rr{2x},S;(o} * 6! (2n)

*dlr
n

-Bt'n

ttz{*
n

*2{Bn

and poeaegg the Integral repreeex1tetlon elftllflr gs) {3-3}' T't can be proved

by tnductlon argument thet fov any nolutlsn u of (1'2) wtth c 1 u 1 Sr

wehave ajon{u< tsnjt3 on [0r?n] andthleproveethat 0rb 6f,e

extrenal eoLutlons of PBVP (1.?). The pro*f {* therefare conpJ'ete'

our Freseilt ftethfrd does nat se*$ to rsork lf

At thla tlme, thst Frablem remalne 6pen'

-ptt: -bfZp, p(0) 'p{In}, Ft(0} - pr(2n}'

Heuce, by Lenrna 3-1, t*e have

sn Is, FJ.

and on [S'2n] '

ooo0jr61

It therefore fr:L1owg thst u€ cnn deftne n€queriees

o An ,. S - AS " 
tlJ,th

n-I' n n-r oo o n' $**F'

p(t) < 0 cnd tttls {mPl-lee rhet A ls monotone

Ln
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