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1 Introduction

Investigation of the existence and uniqueness of fixed points of certain mappings in the
framework of metric spaces is one of the centers of interests in nonlinear functional anal-
ysis. The Banach contraction mapping principle [1] is the limelight result in this direction:
A self mapping T on a complete metric space (X, d) has a unique fixed point if there exists
0 < k <1 such that d(Tx, Ty) = kd(x, y) for all x,y € X. Fixed point theory has a wide ap-
plication in almost all fields of quantitative sciences such as economics, biology, physics,
chemistry, computer science and many branches of engineering. It is quite natural to con-
sider various generalizations of metric spaces in order to address the needs of these quan-
titative sciences. In this respect quasi-metric spaces, ultra-metric spaces, uniform spaces,
fuzzy metric spaces, partial metric spaces, cone metric spaces and b-metric spaces can be
listed as well-known examples (see e.g. [2—6]). Consequently, the concept of a G-metric
space was introduced by Mustafa and Sims [7] in 2004. The authors discussed the topo-
logical properties of this space and proved the analog of the Banach contraction mapping
principle in the context of G-metric spaces (see e.g. [8—15]).

On the other hand, Ran and Reuring [16] proved the existence and uniqueness of a fixed
point of a contraction mapping in partially ordered complete metric spaces. Following this
initial work, a number of authors have investigated fixed points of various mappings and
their applications in the theory of differential equations (see, e.g., [17-35]). Afterwords,
Gnana-Bhaskar and Lakshmikantham [22] proved the existence and uniqueness of a cou-
pled fixed point (defined by Guo and Laksmikantham [36]) in the context of partially or-
dered metric spaces by introducing the notion of mixed monotone property. In this re-
markable paper, Gnana-Bhaskar and Lakshmikantham [22] also gave some applications
related to the existence and uniqueness of a solution of periodic boundary value prob-
lems. Following this trend, many authors have studied the (common) coupled fixed points
(see, e.g, [17-28, 31, 37-47]).
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In this paper, we show that, unexpectedly, most of the coupled fixed point theorems
in the context of (ordered) G-metric spaces are in fact immediate consequences of well-
known fixed point theorems in the literature.

2 Preliminaries

We start with basic definitions and a detailed overview of the essential results developed in
the interesting works mentioned above. Throughout this paper, N is the set of nonnegative
integers, and N’ is the set of positive integers.

Definition 2.1 (See [7]) Let X be a nonempty set and G: X x X x X — R* be a function
satisfying the following properties:

(Gl) G(x,9,2)=0ifx=y=¢,

(G2) 0<G(x,x,y) forall x,y € X withx #y,

(G3) G(x,x,9) < G(x,9,2) for all x,y,z € X with y # z,

(G4) G,9,2) = G(x,2,y) = G(y,2,%) = - -+ (symmetry in all three variables),

(G5) G(x,9,2) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X (rectangle inequality).
Then the function G is called a generalized metric or, more specially, a G-metric on X,
and the pair (X, G) is called a G-metric space.

Every G-metric on X defines a metric dg on X by
dg(x,y) = Gx,9,9) + G, x,x), forallx,yeX. (1)

Example 2.1 Let (X, d) be a metric space. The function G : X x X x X — [0, +00), defined
as

G(x,9,2) = max{d(x,y),d(y, z),d(z,x)}
or

G(x,9,2) =dx,y) +d(y,z) + d(z,x)
for all x,7,z € X, is a G-metric on X.

Definition 2.2 (See [7]) Let (X,G) be a G-metric space, and let {x,} be a sequence of
points of X. We say that {x,} is G-convergent to x € X if

lim G(x,%,,%,) =0,
n,m—>+00
that is, for any ¢ > 0, there exists N € N such that G(x, x,,, x,,) < & for all n,m > N. We call

x the limit of the sequence and write x,, — x or lim,,_, ,, %, = x.

Proposition 2.1 (See [7]) Let (X, G) be a G-metric space. The following are equivalent:
(1) {xn} is G-convergent to x,
(2) G(x,%,%) — 0asn— +00,
(3) G(x,,x,%) — 0 as n — +00,
(4) G(xy,%,x) = 0 as n,m — +00.
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Definition 2.3 (See [7]) Let (X, G) be a G-metric space. A sequence {x,} is called a G-
Cauchy sequence if, for any ¢ > 0, there is N € N such that G(x,,,x,,,x;) < ¢ for all m, n,[ >

N, that is, G(x,,, x,,,, %) — 0 as n,m, [ — +00.

Proposition 2.2 (See [7]) Let (X, G) be a G-metric space. Then the following are equiva-
lent:

(1) the sequence {x,} is G-Cauchy,

(2) forany ¢ >0, there exists N € N such that G(xy,, X, Xm) < € for all m,n > N.

Definition 2.4 (See [7]) A G-metric space (X, G) is called G-complete if every G-Cauchy

sequence is G-convergent in (X, G).

We will use the following result which can be easily derived from the definition of G-

metric space (see, e.g., [7]).

Lemma 2.1 Let (X, G) be a G-metric space. Then

G(x,x,9) <2G(x,y,y) forallx,yecX.

Definition 2.5 (See [7]) Let (X, G) be a G-metric space. A mapping 7 : X — X is said to be
G-continuous if {T'(x,)} is G-convergent to T'(x) where {x,} is any G-convergent sequence

converging to x.

We characterize this definition for a mapping F : X x X — X. Amapping F: X x X — X
is said to be continuous if {F(x,,y,)} is G-convergent to F(x,y) where {x,} and {y,} are any

two G-convergent sequences converging to x and y, respectively.

Definition 2.6 Let (X, <) be a partially ordered set, (X, G) be a G-metric space and g :
X — X be a mapping. A partially ordered G-metric space, (X, G, <), is called g-ordered

complete if for each convergent sequence {x,}:°, C X, the following conditions hold:

(OCy) if {x,} is a nonincreasing sequence in X such that x, — x*, then gx* < g, Vu € N,

(OCy) if {y,} is a nondecreasing sequence in X such that y,, — y*, then gy* > gy, Vn e N.

In particular, a partially ordered G-metric space, (X, G, <), is called ordered complete
when g is equal to an identity mapping in (OC;) and (OC,).
In [48], Mustafa characterized the well-known Banach contraction principle mapping

in the context of G-metric spaces in the following ways.

Theorem 2.1 (See [48]) Let (X, G) be a complete G-metric space and T : X — X be a
mapping satisfying the following condition for all x,y,z € X:

G(Tx, Ty, Tz) < kG(x,y,2), (2)

where k € [0,1). Then T has a unique fixed point.
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Theorem 2.2 (See [48]) Let (X, G) be a complete G-metric space and T : X — X be a
mapping satisfying the following condition for all x,y € X:

G(Tx, Ty, Ty) < kG(x,3,), 3)
where k € [0,1). Then T has a unique fixed point.

Remark 2.1 The condition (2) implies the condition (3). The converse is true only if k €
[0, %). For details, see [48].

In 1987, Guo and Lakshmikantham [36] introduced the notion of coupled fixed point.
The concept of coupled fixed point was reconsidered by Gnana-Bhaskar and Lakshmikan-
tham [22] in 2006. In this paper, they proved the existence and uniqueness of a coupled
fixed point of an operator F : X x X — X on a partially ordered metric space under a
condition called the mixed monotone property.

Definition 2.7 ([22]) Let (X, <) bea partially ordered setand F : X x X — X. The mapping

F is said to have the mixed monotone property if F(x,y) is monotone nondecreasing in x

and monotone nonincreasing in y; that is, for any &,y € X,
i €X, x =% = Flx,y) 2 Fx,)

and
w2 €X, n=y: =  Fly)=Fx )

Definition 2.8 ([22]) An element (x,y) € X x X is called a coupled fixed point of the map-
ping F: X x X — X if

x=F(xy) and y=F(y,x).

The results in [22] were extended by Ciri¢ and Lakshmikantham in [23] by defining the

mixed g-monotone property.

Definition 2.9 Let (X, <) be a partially ordered set, F: X x X - X and g: X — X.
The function F is said to have the mixed g-monotone property if F(x,y) is monotone g-
nondecreasing in x and is monotone g-nonincreasing in y; that is, for any x,y € X,

g(xl) = g(xZ) = F(xlﬁy) = F(ery)) for X1,%) € Xr (4)
and

gn) xgn) =  Fxy) <Fxy), fory,y, eX. (5)

It is clear that Definition 2.9 reduces to Definition 2.7 when g is the identity.
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Definition 2.10 An element (x,y) € X x X is called a coupled coincidence point of map-
pings F: X x X > Xand g: X — X if

F(x,y) = gx), F(y,%) = g(y),

and is called a coupled common fixed point of F and g if

F(x,y) = g(x) =, F(y,x)=g(y) =y.

The mappings F and g are said to commute if

¢(F(x,9)) = F(gx),g()
forall x,y € X.

3 Auxiliary results
We first state the following theorem about the existence and uniqueness of a common

fixed point which can be considered as a generalization of Theorem 2.1.

Theorem 3.1 Let (X, G) be a G-metric space. Let T : X — X and g : X — X be two map-
pings such that

G(Tx, Ty, Tz) < kG(gx, gy, gz) (6)
forall x,y, z. Assume that T and g satisfy the following conditions:
(Al) T(X) C gX),
(A2) g(X) is G-complete,
(A3) g is G-continuous and commutes with T.
Ifk € [0,1), then there is a unique x € X such that gx = Tx = x.
Proof Letxo € X. By assumption (Al), there exists x; € X such that Txo = gx;. By the same

arguments, there exists xy € X such that Tx; = gxy. Inductively, we define a sequence {x,}

in the following way:
¥ = Tx,, mnelN. (7)
Due to (6), we have

G(gxn+27gxn+21gxn+l) = G(Txn+1¢ Txn+1¢ Txn)

< kG(gan ’ ngHl’gx’l)

by taking x = y = x,,,; and z = x,,. Thus, for each natural number 7, we have

G(gxn+27gxn+21gxn+l) = /(n+1G(gx17gxl’gx0)~ (8)
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We will show that {gx,} is a Cauchy sequence. By the rectangle inequality, we have for
m>n
G(g%m> G%m> &%n) < G115 Xns158%n) + G(G%n+2,&Xns+25Z¥ns1)
+ oo+ G(@Xm—1, 8%m—1,88m-2) + G(ZX1> G > SXm—1)
< k" G(gxy,gx1, gxo) + K" Glgxy, gx1, gxo)
+ o+ K2 Ggry, gxy, gxo) + K" G, gx1, 8%0)

m-1
= (Z ki) G(gx1,gx1,8%0). )

i=n

Letting 1, m — 00 in (9), we get that G(gx,,, g%, gx,) — 0. Hence, {gx,} is a G-Cauchy se-
quence in g(X). Since (g(X), G) is G-complete, then there exists z € X such that {gx,} — z.
Since g is G-continuous, we have {ggx,,} is G-convergent to gz. On the other hand, we have
g9%u41 = gTx, = Tgx, since g and T commute. Thus,

G(gxy1, 1z, Tz) = G(Tgxy,, Tz, Tz)
< kG(ggx,, gz, g2).

Letting n — 00 and using the fact that the metric G is continuous, we get that
Glgz, Tz, Tz) < kG(gz, gz, g2).

Hence gz = Tz. The sequence {gx,.1} is G-convergent to z since {gx,,1} is a subsequence
of {gx,}. So, we have

G(gxni1,82,82) = G(gxn, 1z, Tz)
= G(Tx,, Tz, Tz)

< kG(gxy, 2, 2).
Letting n — oo and using the fact that G is continuous, we obtain that
Glz,g2,92) < kG(z,2,2z) = 0.

Hence we have z = gz = Tz. We will show that z is the unique common fixed point of T
and g. Suppose that, contrary to our claim, there exists another common fixed point w € X
with w # z. From (6) we have

Gw,w,z) = G(Tw, Tw, Tz) < kG(w, w, z),
which is a contradiction since k < 1. Hence, the common fixed point of 7" and g is unique. O

Theorem 3.2 Let (X, G) be a G-metric space. Let T : X — X and g : X — X be two map-
pings such that

G(Tx, Ty, Ty) < kG(gx, g, 8Y) (10)
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forall x,y. Assume that T and g satisfy the following conditions:
(A1) T(X) C g(x),
(A2) g(X) is G-complete,
(A3) g is G-continuous and commutes with T.

Ifk € [0,1), then there is a unique x € X such that gx = Tx = x.

Proof Following the lines of the proof of Theorem 3.1 by taking y = z, one can easily get
the result. O

In [16], Ran and Reurings established the following fixed point theorem that extends the
Banach contraction principle to the setting of ordered metric spaces.

Theorem 3.3 (Ran and Reurings [16]) Let (X, <) be an ordered set endowed with a metric
dand T : X — X be a given mapping. Suppose that the following conditions hold:
(i) (X,d) is complete;
(i) T is continuous and nondecreasing (with respect to <);
(iii) there exists xo € X such that xo < Txo;
(iv) there exists a constant k € (0,1) such that for all x,y € X with x > y,

d(Tx, Ty) < kd(x,y).

Then T has a fixed point. Moreover, if for all (x,y) € X x X there exists z € X such that
x <z and y < z, we obtain uniqueness of the fixed point.

The result of Ran and Reurings [16] can be also proved in the framework of a G-metric

space.

Theorem 3.4 Let (X, <) be an ordered set endowed with a G-metricand T : X — X be a
given mapping. Suppose that the following conditions hold:
(i) (X, G) is G-complete;
(i) T is G-continuous and nondecreasing (with respect to <);
(iii) there exists xo € X such that xo < Txo;
(iv) there exists a constant k € (0,1) such that for all x,y,z € X withx =y > z,

G(Tx, Ty, Tz) < kG(x,y,2). (11)

Then T has a fixed point. Moreover, if for all (x,y) € X x X there exists w € X such that
x < wandy < w, we obtain uniqueness of the fixed point.

Proof Let xy € X be a point satisfying (iii), that is, xo < Tx¢. We define a sequence {x,} in
X as follows:

X = Tx,1 forn>1. (12)

Regarding that T is a nondecreasing mapping together with (12), we have xy < Tx = x;
implies x; = Txo < Tx; = x,. Inductively, we obtain

R X1 DXy R X1 X000 (13)
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Assume that there exists 7 such that x,, = %,,.1. Since x,,;, = %1 = Tx,,, then x,,, is the
fixed point of T, which completes the existence part of the proof. Suppose that x,, # %11
for all n € N. Thus, by (13) we have

Ko <X <Xp <o <Ky ] <Xy <Xpp1 <-"". (14)

Putx =y =x, and z = x,,_; in (11). Then

0 =< G(Txn; Txn: Txn—l) = G(xn+1;xn+1:xn) =< kG(xm xnrxl’l—l)

IA

'S G(Xy—1,%u—1,%n—2)

< k"G(x1,x1,%0). (15)

Then we have

0 < G(Xns1, %41, %n) < K" Glx1, %1, %0),
which, upon letting n — oo, implies

Jim G(Xp41, %1, %) = 0. (16)
On the other hand, by Lemma 2.1 we have

G, y,x) < G(y,x,%) + G(x,y,x) = 2G(y, %, x). 17)
The inequality (17) with x = x,, and y = x,,_; becomes

G(%n-1,%n-1,%n) = G, %51, %-1) < 2G(X-1, % Xr). (18)
Letting n — oo in (18), we get

nlgn;o G (% X1, %5-1) = 0. (19)

We will show that the sequence {x,} is a Cauchy sequence in the metric space (X, dg)

where dg is given in (1). For n > [ we have

dG(xn’xl) =< dG(xnrxn—l) + dG(xn—lixn—Z) L dG(le:xl)
= G(xn,xn—l: xn—l) + G(xn—l’xn;xn)
+ G(xn—ly Xn-25 xn—2) + G(xn—Z: Xn-1, xn—l) +--

+ G(wr1, %% + G(X1 X141, %041)

n

= Z [G(xir %1, %im1) + Glxioy, %, %) ] (20)

i=l+1
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and making use of (15) and (18), we obtain

n
0 < dg(@nx) < ) 3k G, 21, %0)
i=l+1

n !
< 3G(x1,x1,x0) |:Z ki_l - Zki_1:| . (21)

i=0 i=0

Hence,
dg(xu,x;) — 0 asn,l— oo, 22)

that is, the sequence {x,} is Cauchy in (X, dg) and hence {x,} is G-Cauchy in (X, G) (see
Proposition 9 in [7]). Since the space (X, G) is G-complete, then (X, dg) is complete (see
Proposition 10 in [7]). Thus, {x,} is G-convergent to a number, say u € X, that is,

lim G(x,,%,,u) = lim G(x,,u,u) = 0. (23)
n—0oQ n— 00
We show now that u# € X is a fixed point of T, that is, u = Tu. By the G-continuity of T,

the sequence {Tx,} = {x,,1} converges to Tu, that is,

lim G(Tx,, Tx,, Tu) = lim G(Tx,, Tu, Tu) = 0. (24)

n—00 n—00

The rectangle inequality on the other hand gives

G(M; Tu, TL{) =< G(M: xn+1’xn+1) + G(xn+lr Tu, TM)

= G(M; xn+17xn+1) + G(Txm Tbt, Tu) (25)

Passing to limit as # — oo in (25), we conclude that G(u, Tu, Tu) = 0. Hence, u = Tu, that
is, u € is a fixed point of T.

To prove the uniqueness, we assume that v € X is another fixed point of T such that
v # u. We examine two cases. For the first case, assume that either v < u or u < v. Then we
substitute x = u and y = z = v in (11) which yields G(Tv, Tu, Tu) < kG(u, v,v). This is true
only for k =1, but k € (0,1) by definition. Thus, the fixed point of T is unique.

For the second case, we suppose that neither v < & nor # < v holds. Then by assump-
tion (iv), there exists w € X such that # < w and v < w. Substitutingx =y =wand z = u
in (11), we get that G(Tw, Tw, Tu) = G(Tw, Tw,u) < kG(w,w, u). Since T is nondecreas-
ing, Tu < Tw. Substitute now x = y = Tw and z = Tu, which implies G(T?w, T*w, T?u) <
kG(Tw, Tw, Tu) < k>G(w,w,u). Continuing in this way, we conclude G(T"w, T"w,u) <

k" G(w, w, u). Passing to limit as n — 0o, we get

lim G(T"w, T"w, u) =0. (26)

n—00

Similarly, if we take x =y = w and z = v in (11), then we obtain

lim G(T"w, T"w,v) = 0. (27)

n—00

Page 9 of 33
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From (26) and (27), we deduce {T"w} — u and {T"w} — v. The uniqueness of the limit

implies that u = v. Hence, the fixed point of T is unique. g

Corollary 3.1 Let (X, X) be an ordered set endowed with a G-metricand T : X — X be a
given mapping. Suppose that the following conditions hold:
(i) (X,QG) is G-complete;
(i) T is G-continuous and nondecreasing (with respect to <);
(iii) there exists xo € X such that xo < Txo;
(iv) there exists a constant k € (0,1) such that for all x,y € X with x > y,

G(Tx, Ty, Ty) < kG(x,9,Y). (28)

Then T has a fixed point. Moreover, if for all (x,y) € X x X there exists w € X such that
x < wandy < w, we obtain uniqueness of the fixed point.

Proof 1t is sufficient to take z = y in the proof of Theorem 3.4. g

Nieto and Lépez [49] extended the result of Ran and Reurings [16] for a mapping T not
necessarily continuous by assuming an additional hypothesis on (X, <,d).

Theorem 3.5 (Nieto and Lépez [49]) Let (X, X) be an ordered set endowed with a metric
dand T : X — X be a given mapping. Suppose that the following conditions hold:
(i) (X,d) is complete;
(i) X is ordered complete;
(ili) T is nondecreasing;
(iv) there exists xy € X such that xo < Txo;
(v) there exists a constant k € (0,1) such that for all x,y € X with x > y,

d(Tx, Ty) < kd(x, y).

Then T has a fixed point. Moreover, if for all (x,y) € X x X there exists w € X such that

x 2w andy < w, we obtain uniqueness of the fixed point.

The result of Nieto and Lopez [49] can also be proved in the framework of G-metric

space.

Theorem 3.6 Let (X, <) be an ordered set endowed with a G-metricand T : X — X be a
given mapping. Suppose that the following conditions hold:
(i) (X,QG) is G-complete;
(ii) X is ordered complete;
(iti) T is nondecreasing;
(iv) there exists xg € X such that xy < Txo;
(v) there exists a constant k € (0,1) such that for all x,y,z € X withx = y > z,

G(Tx, Ty, Tz) < kG(x,y,2). (29)

Then T has a fixed point. Moreover, if for all (x,y) € X x X there exists w € X such that
x < wandy < w, we obtain uniqueness of the fixed point.
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Proof Following the lines in the proof of Theorem 3.4, we have a sequence {x,} which is
G-convergent to u € X. Due to (ii), we have x,, < u for all n. We will show that u is a fixed

point of T. Suppose on the contrary that u # Ty, that is, dg(u, Tu) > 0. Regarding (1) and
(29) with x = x,,, y = z = Tu, we have

0 < dg(x,, Tu) = G(x,, Tu, Tu) + G(Tu, x,,, x,)
= G(Tx,-1, Tu, Tu) + G(Tu, Tx,_1, Tx,-1)

< k[G(%por, t, 1) + Gty X1, %1 |- (30)

Passing to limit as n — oo, we get dg(u, Tu) = 0, which is a contradiction. Hence, Tu = u.
Uniqueness of u can be observed as in the proof of Theorem 3.4. O

Corollary 3.2 Let (X, <) be an ordered set endowed with a G-metricand T : X — X be a
given mapping. Suppose that the following conditions hold:
(i) (X, G) is G-complete;
(ii) X is ordered complete;
(ili) T is nondecreasing;
(iv) there exists xy € X such that xo < Txo;
(v) there exists a constant k € (0,1) such that for all x,y € X with x > y,

G(Tx, Ty, Ty) < kG(x,9,). (31)

Then T has a fixed point. Moreover, if for all (x,y) € X x X there exists w € X such that
x X wand y < w, we obtain uniqueness of the fixed point.

Proof 1t is sufficient to take z = y in the proof of Theorem 3.6. O

Denote by W the set of functions ¥ : [0,00) — [0, 00) satisfying the following condi-

tions:

(Wo) ¥'(fo)) =0,
(W1) y(t)<tforallt>0;
(\Ij2) 1imr~>t* W(V) <t

Following the work of Ciri¢ et al. [50], we generalize the above-mentioned results by
means of introducing a function g. More specifically, we modify the definitions and theo-
rems according to the presence of the function g.

Definition 3.1 (See [50]) Let (X, <) be an ordered setand 7': X — X and g: X — X be
given mappings. The mapping T is called g-nondecreasing if for every x,y € X,

gx <gy implies Tx <Ty.

Theorem 3.7 Let (X, <X) be an ordered set endowed with a G-metricand T : X — X and
g: X — X be given mappings. Suppose that the following conditions hold:

(i) (X,Q) is G-complete;

(ii) T is G-continuous;
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(ili) T is g-nondecreasing;
(iv) there exists xo € X such that gxy < Txo;
(v) T(X) C g(X) and g is G-continuous and commutes with T;
(vi) there exists a function ¢ € V such that for all x,y,z € X with gx = gy > gz,
G(Tx, Ty, Tz) < ¢(G(gx, gy, 82)).- (32)

Then T and g have a coincidence point, that is, there exists w € X such that gw = Tw.

Proof Let xy € X such that gxy < Txo. Since T(X) C g(X), we can choose x; such that
gx; = Txg. Again, by T(X) C g(X), we can choose x; such that gx, = Tx;. By repeating the
same argument, we construct the sequence {gx,} in the following way:

gxy = Ix,, forallm=0,1,2,.... (33)
Regarding that 7 is a g-nondecreasing mapping together with (33), we observe that

gxg X Txog =gx; implies gx; = Txog < Tx; = gxy.
Inductively, we obtain

gxo X gx1 S gxy X+ X @1 X G X Gp X (34)
If there exists g such that gx,,, = gx,,,+1, then gw,, = g%,.1 = Tx,,, thatis, T and g have a
coincidence point which completes the proof. Assume that gx,, # gx,,,1 for all n € N.

Regarding (34), we set x =y = x,,,1 and z = x,, in (32). Then we get

G(Txn+1; Txn+1; Txn) = (p(G(gxn+l;gxn+1:gxn)),

which is equivalent to

G(gxn+2rgxn+2rgxn+l) E QD(G(gxnﬂ’gxnﬂ:gxn)) < G(gxn+l;gxn+lrgxn) (35)

since ¢(t) < tforallt > 0. Let £, = G(g%y+1,8%n+1,8%4)- Then {£,} is a positive nonincreasing
sequence. Thus, there exists L > 0 such that

lim ¢, = L*. (36)

n—00

We will show that L = 0. Suppose that contrary to our claim, L > 0. Letting # — oo in (35),

we get
L= lim t,,; < lim ¢(£,) = lim ¢(¢) < L,
n— 00 Hn—> 00 t—L*
which is a contradiction. Hence, we have

lim G(gx,1,8%,:1,8%,) = lim t, = 0. (37)
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We will show that {gx,} is a G-Cauchy sequence. Suppose on the contrary that the se-
quence {gx,} is not G-Cauchy. Then there exists ¢ > 0 and sequences of natural numbers
{m(k)}, {{(k)} such that for each natural number k,

m(k) > I(k) > k,
and we have

¢k = G(@Xmk)» Sm(k)» EXik)) = €. (38)

Corresponding to I/(k), the number m(k) is chosen to be the smallest number for which
(38) holds. Hence, we have

G(@Xm(k)-1> 8Xm(k)-1, &Xi(k)) < E. (39)

By using (G5), we obtain that

& < G(gXm(k)» GXm(k)» XiGk))
< G(@%m(k)> §Xmik)» &Xm(k)-1) + G(EXrmi)1, 8Xm(k)-1> EX1(k))
= b1 + G(@Xm(k)—1, EXm(k)-1> EXi(k))

< bn(k)-1 + €-
Regarding (37) and letting n — oo in the previous inequality, we deduce
klggo c=¢". (40)
Again by the rectangle inequality (G5), together with (G4) and Lemma 2.1, we get that

¢k = G(g%m) &Xmik)» &¥ik))
< G(Xm(t) Xm(10) 8Xm(ky+1) + G(GXm(k)+1, §Xm(ky+1, GX1(ky+1) + G(Gitk) 41, Gitk) 41, G1tk)
= i) + G(@Xm(k) &¥m(k)» §Em(0+1) + G(&Xm(i 1, §¥m()+1> &Fi(k)+1)
< iy + 2G(@Xm(kr1), GEm(k)+1, §Xm(k)) + G(&Xomk) 11 &Xom(k) 1, 8¥ik) 1)

< tigy + 2tm) + G(@Xm(k)+15 8Xm(k)+1> XI(K)+1)- (41)

Setting x = y = %,,,) and z = xy(), the inequality (32) implies

G(gXmi)+1 8Xm()+1, &¥1)+1) = G(Tom(iys Tk Tuk))

< 0(G(@Xmt)> Em)» 8Xik)))

Combining the inequalities (41) and (42), we find

Ck < by + 2Emp) + (ck)- (43)
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Taking (37) and (40) into account and letting k — oo in (43), we obtain that
e < lim ¢(ck) = lim ¢(¢) <&,
k—o00 t—et

which is a contradiction. Hence, {gx,} is a G-Cauchy sequence in the G-metric space
(X, G). Since (X, G) is G-complete, there exists w € X such that {gx, } is G-convergent to w.
By Proposition 2.1, we have

lim G(gx,,gx,,w)= lim G(gx,,w,w)=0. (44)

The G-continuity of g implies that the sequence {ggx,} is G-convergent to gw, that is,
lim G(ggx,, ggxn, gw) = lim Glgg,,, gw,gw) = 0. (45)
On the other hand, due to the commutativity of T and g, we can write
88%n1 = gTxy = Tgxy, (46)

and the G-continuity of T implies that the sequence {Tgx,} = {ggx,.1} G-converges to Tw
so that

lim G(Tgx,, 1gx,, Tw) = lim G(TIgx,, Tw, Tw) = 0. (47)
n—00 n—00

By the uniqueness of the limit, the expressions (45) and (47) yield that gw = Tw. Indeed,
from the rectangle inequality, we get

G(gw, Tw, Tw) < G(gz, g8%n+1,88%n+1) + G(gg¥ns1, Tw, Tw)

= Glgw, ggxn+1,88%n1) + G(Tgxn, Tw, Tw), (48)
which implies G(gw, Tw, Tw) = 0 upon letting » — oo. Hence, gw = Tw. d

In the next theorem, G-continuity of T is no longer required. However, we require the
g-ordered completeness of X.

Theorem 3.8 Let (X, <) be an ordered set endowed with a G-metric and T : X — X and
g: X — X be given mappings. Suppose that the following conditions hold:
(i) (X,G) is G-complete;

(i) X is g-ordered complete;

(iii) T is g-nondecreasing (with respect to <);

(iv) there exists xo € X such that gxy < Txo;

(v) T(X) C g(X) and g is G-continuous and commutes with T;

(vi) there exists a function ¢ € V such that for all x,y,z € X with gx = gy > gz,

G(Tx, Ty, Tz) < ¢(G(gx, g9, 82)). (49)

Then T and g have a coincidence point, that is, there exists w € X such that gw = Tw.
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Proof Following the lines of the proof of Theorem 3.7, we define a sequence {gx,} and
conclude that it is a G-Cauchy sequence in the G-complete, G-metric space (X, G). Thus,
there exists w € X such that gx,, is G-convergent to gw. Since {gx,} is nondecreasing and
X is g-ordered complete, we have gx,, < gw. If gw = gx,, for some natural number #, then T
and g have a coincidence point. Indeed, gw = gx,, < gx,,;1 = Tx, < gw and hence gx, = Tx,,.
Suppose that gw # gx,,. By the rectangle inequality together with the inequality (49) and
the property (V;), we have

G(Tw, gw,gw) < G(Tw, gx41,8%n+1) + G(gXps1, W, W)
< G(Tw, Txy, Tx,) + G(gx,11, 2w, gw)
< go(G(gw,gxn,gx,,)) + G(gxi1,gw, gw)
< Glgw, gxy, gxn) + G(gxy41, W, gW).

Letting n — oo in the inequality above, we get that G(Tw, gw,gw) = 0. Hence, Tw = gw. [J

If we take ¢(t) = kt, where k € [0,1) in Theorem 3.7 and Theorem 3.8, we deduce the
following corollaries, respectively.

Corollary 3.3 Let (X, <) be an ordered set endowed with a G-metricand T : X — X and
g: X — X be given mappings. Suppose that the following conditions hold:
(i) (X,QG) is G-complete;

(ii) T is G-continuous;

(ili) T is g-nondecreasing (with respect to <);

(iv) there exists xo € X such that gxy < Txo;

(v) T(X) C g(X) and g is G-continuous and commutes with T;

(vi) there exists k € [0,1) such that for all x,y,z € X with gx > gy > gz,

G(Tx, Ty, Tz) < kG(gx, gy, g2). (50)
Then T and g have a coincidence point, that is, there exists w € X such that gw = Tw.

Corollary 3.4 Let (X, X) be an ordered set endowed with a G-metricand T : X — X and
g: X — X be given mappings. Suppose that the following conditions hold:
(i) (X, G) is G-complete;

(i) X is g-ordered complete;

(iii) T is g-nondecreasing (with respect to <);

(iv) there exists xo € X such that gxy < Txo;

(v) T(X) C g(X) and g is G-continuous and commutes with T;

(vi) there exists k € [0,1) such that for all x,y,z € X with gx = gy > gz,

G(Tx, Ty, Tz) < kG(gx, gy, gz). (51)
Then T and g have a coincidence point, that is, there exists w € X such that gw = Tw.

If we take z = y in Theorem 3.7 and Theorem 3.8, we obtain the following particular
cases.
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Corollary 3.5 Let (X, <X) be an ordered set endowed with a G-metricand T : X — X and
g: X — X be given mappings. Suppose that the following conditions hold:
(i) (X, G) is G-complete;

(ii) T is G-continuous;

(ili) T is g-nondecreasing;

(iv) there exists xg € X such that gxy < Txo;

(v) T(X) C g(X) and g is G-continuous and commutes with T;

(vi) there exists a function ¢ € V such that for all x,y € X with gx > gy,

G(Tx, Ty, Ty) < ¢ (G(gx, gy, 2y))- (52)
Then T and g have a coincidence point, that is, there exists w € X such that gw = Tw.

Corollary 3.6 Let (X, <) be an ordered set endowed with a G-metric and T : X — X and
g: X — X be given mappings. Suppose that the following conditions hold.:
(i) (X,QG) is G-complete;

(i) X is g-ordered complete;

(i) T is g-nondecreasing;

(iv) there exists xo € X such that gxy < Txo;

(v) T(X) C g(X) and g is G-continuous and commutes with T;

(vi) there exists a function ¢ € V such that for all x,y € X with gx > gy,

G(Tx, Ty, Ty) < ¢(Glgx.£9.29))- (53)
Then T and g have a coincidence point, that is, there exists w € X such that gw = Tw.

Finally, we let g = idx in the Theorem 3.7 and Theorem 3.8 and conclude the following

theorems.

Theorem 3.9 Let (X, <) be an ordered set endowed with a G-metricand T : X — X be a
given mapping. Suppose that the following conditions hold:
(i) (X,QG) is G-complete;
(ii) T is G-continuous;
(i) T is nondecreasing (with respect to <);
(iv) there exists xy € X such that xo < Txo;
(v) there exists a function ¢ € V such that for all x,y,z € X withx = y > z,

G(Tx, Ty, Tz) < ¢(G(x,,2)). (54)

Then T has a fixed point.

Theorem 3.10 Let (X, <) be an ordered set endowed with a G-metricand T : X — X bea
given mapping. Suppose that the following conditions hold:

(i) (X, G) is G-complete;

(ii) X is ordered complete;

)
(ili) T is nondecreasing;
(iv) there exists xo € X such that xy < Txo;
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(v) there exists a function ¢ € V such that for all x,y,z € X withx > y > z,
G(Tx, Ty, Tz) < ¢(G(x, 7, 2)). (55)

Then T has a fixed point.

We next consider some equivalence conditions and their implementation on G-metric
spaces. Let S denote the set of functions g : [0,00) — [0, 1) satisfying the condition

B(t,) — 1 implies t, — 0.

In 2007, Jachymski and J6zwik [51] proved that the classes S and W are equivalent. Re-
garding this result, we state the following fixed point theorems on G-metric spaces.

Theorem 3.11 Let (X, <) be an ordered set endowed with a G-metricand T : X — X bea
given mapping. Suppose that the following conditions hold:
(i) (X,G) is G-complete;
(ii) T is G-continuous;
(iii) T is nondecreasing (with respect to <);
(iv) there exists xy € X such that xo < Txo;
(v) there exists a function B € S such that for all x,y,z € X withx > y = z,

G(Tx, Ty, Tz) < B(G(x,7,2)) G(x,, 2). (56)

Then T has a fixed point.

Theorem 3.12 Let (X, <) be an ordered set endowed with a G-metricand T : X — X bea
given mapping. Suppose that the following conditions hold:
(i) (X,QG) is G-complete;
(ii) X is ordered complete;
(iii) T is nondecreasing (with respect to <);
(iv) there exists xo € X such that xy < Txo;
(v) there exists a function 8 € S such that for all x,y,z € X withx > y > z,

G(Tx, Ty, Tz) < ,B(G(x,y, z))G(x,y, 2). (57)

Then T has a fixed point.

The two corollaries below are immediate consequences of Theorem 3.11 and Theo-
rem 3.12.

Corollary 3.7 Let (X, <) be an ordered set endowed with a G-metricand T : X — X be a
given mapping. Suppose that the following conditions hold:
(i) (X,G) is G-complete;
(ii) T is G-continuous;
(iii) T is nondecreasing (with respect to <);
(iv) there exists xo € X such that xy < Txo;
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(v) there exists a function B € S such that for all x,y € X with x > y,
G(Tx, Ty, Ty) < B(G(x,,9)) G(x.9,9). (58)
Then T has a fixed point.

Corollary 3.8 Let (X, <) be an ordered set endowed with a G-metricand T : X — X be a
given mapping. Suppose that the following conditions hold:
(i) (X, G) is G-complete;
(i) X is ordered complete;
(i) T is nondecreasing (with respect to <);
(iv) there exists xy € X such that xo < Txo;
(v) there exists a function B € S such that for all x,y € X with x > y,

G(Tx, Ty, Ty) < B(G(%,9,7)) G(%,,9). (59)
Then T has a fixed point.

Denote by ® the set of functions ¢ : [0,00) — [0, 00) satisfying the conditions (¥;)
and (W,). Jachymski [52] proved the equivalence of the so-called distance functions (see
Lemma 1 in [52]). Inspired by this result, we can state the following theorem.

Theorem 3.13 Let (X, <X) be an ordered set endowed with a G-metric and T be a self-
map on a G-complete partially ordered G-metric space (X, G). The following statements
are equivalent:

(i) there exist functions ,n € ® such that

v (G(Tx, Ty, T2)) < ¥ (G(x,9,2)) — n(G(%,y,2)), (60)
(ii) there exist a € [0,1) and a function € ® such that
v (G(Tx, Ty, T2)) < ayr (G(x,9,2)), (61)

(ili) there exists a continuous and nondecreasing function o : [0,00) — [0, 00) such that
a(t) <tforallt >0 such that

G(Tx, Ty, T2) < a(G(x,,2)), (62)

(iv) there exist a function ¥ € ® and a nondecreasing function n : [0,00) — [0, 00) with
n~10) = 0 such that

v (G(Tx, Ty, T2)) < ¥ (G(x,9,2)) — n(G(%,7,2)), (63)

(iv) there exist a function € ® and a lower semi-continuous function
n:[0,00) = [0, 00) with n™(0) = 0 and liminf,_, » n(¢) > 0 such that

v (G(Tx, Ty, T2)) < ¥ (G(x,9,2)) — n(G(%,y,2)), (64)

forany x,y,z€ X withx >y > z.
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As a consequence of Theorem 3.13, we state the next corollary.

Corollary 3.9 Let (X, <) be an ordered set endowed with a G-metric and T be a self-map
on a G-complete partially ordered G-metric space (X,G). The following statements are
equivalent:

(i) there exist functions ¥,n € ® such that

v (G(Tx, Ty, ) < ¥ (G(x,9,9) - n(G(x,2,9)), (65)

(ii) there exist o € [0,1) and a function W € ® such that

¥ (G(Tx, Ty, Ty) < ayr (G(x,,9)), (66)

(ili) there exists a continuous and nondecreasing function o : [0,00) — [0, 00) such that
a(t) <tforallt >0 such that

G(Tx, Ty, Ty) < a(G(x,5,)), (67)

(iv) there exist a function € ® and a nondecreasing function n : [0,00) — [0, 00) with
n~10) = 0 such that

v (G(Tx, Ty, Ty)) < ¥ (G(x,%,9)) - n(G(x,%,%)), (68)

(iv) there exist a function ¥ € ® and a lower semi-continuous function
1 :[0,00) = [0, 00) with n~(0) = 0 and liminf,_, » n(¢) > 0 such that

¥(G(Tx, Ty, ) < ¥ (Gx.3,9)) - n(G(x.2.9), (69)
forany x,y € X withx < y.

4 Remarks on coupled fixed point theorems in G-metric spaces
In this section, we prove that most of the coupled fixed point theorems on a G-metric
space X can be derived from the well-known fixed point theorems on G-metric spaces in
the literature provided that (X, G) is a symmetric G-metric space. In the rest this paper,
we shall assume that (X, G) represents a symmetric G-metric space.

Let (X, <) be a partially ordered set endowed with a metric G and F: X x X — X and
g:X — X be given mappings. We define a partial order <, on the product set X x X as
follows:

x9), ) eX xX, Wy)=2W@v) < x=3uy Y=

Definition 4.1 F is said to have the mixed g-monotone property if F(x,y) is monotone

nondecreasing in x and is monotone nonincreasing in y; that is, for any x,y € X,

x,% €X, gx1Xgxs = F(x1,9) < F(x,);

Y2 €X, gn>=gy = Floy) X Flx ).
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If g is an identity mapping, then F is said to have the mixed monotone property, that is,
x,€X, x = = Fl(x1,9) < Fx2,9);

yuy€X, yx=y2 = Fxyn) X Flxm).

Let Y = X x X. It is easy to show that the mappings A,A:Y X Y x Y — [0, 00) defined
by

A((x%,9), W, v), (z,w)) = Glx, u,2) + G(y, v, W), (70)

A((x,y), (u,v), (2, w)) = max{ Gx,u,z),G(y,v, w)} (71)

for all (x,y), (&, v), (z,w) € Y, are G-metrics on Y.
Now, define the mapping 7: Y — Y by

T(x,y) = (F(x,9),F(y,%)), forall (x,y) €Y. (72)
The following lemma is obvious.

Lemma 4.1 The following properties hold.:

(@) If (X, G) is G-complete, then (Y, A) and (Y, A) are A-complete and A-complete,
respectively;

(b) F has the mixed (g-mixed) monotone property if and only if T is monotone
nondecreasing (g-nondecreasing) with respect to <y;

() (x,9) € X x X is a coupled fixed point of F if and only if (x,y) is a fixed point of T’

(d) (%) € X x X is a coupled coincidence point of F and g if and only if (x,y) is a
coupled coincidence point of T and g.

4.1 Shatanawi’s coupled fixed point results in a G-metric space

In [31], Shatanawi proved the following theorems.

Theorem 4.1 (cf [31]) Let (X, G) be a G-complete G-metric space. Let F : X x X — X be
a mapping such that

G(F(x,y),F(u, v), F(w, z)) < g(G(x, u, w) + G(y, v, z)) (73)
forall x,y,u,v,z,w € X. If k € [0,1), then there exists a unique x € X such that F(x,x) = x.
In what follows, we prove the following theorem.
Theorem 4.2 Theorem 4.1 follows from Theorem 2.1.

Proof From (73), for all (x,y), (u,v),(z,w) € Y withx > u > zand y < v < w, we have

N X

G(F(x,y),F(u, v),F(z, w)) < [G(x, u,z) + Gy, v, w)]
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and

G(F(y,%), F(v,u), F(w,2)) <

Do | X

[G(x,u,2) + Gy, v, w)],

which implies that

G(F(x,9), F(u,v),F(z,w)) + G(F(y, %), F(v,u), F(w,2)) < k[G(x, u,z) + G(y,v, w)],

that is,

A(T(x,9), T(u,v), T(z,w)) < kA((x,9), (,), (2, W)

for all (x,), (&, v), (z,w) € Y, where A is defined in (70). From Lemma 4.1, since (X, G) is
G-complete, (Y, A) is A-complete. In this case, regarding Theorem 2.1, we conclude that
T has a fixed point, which due to Lemma 4.1 implies that F has a coupled fixed point.

Analogously, Theorem 4.3 is obtained from Theorem 2.2. O

The following theorem can be derived easily from Theorem 4.1.

Theorem 4.3 Let (X, G) be a G-complete G-metric space. Let F : X x X — X be a mapping
such that

G(F(x,y), F(u,v), F(u,v)) <

N A

(G(x, u,u) + Gy, v, v)) forall x,y,u,veX. (74)

Ifk € [0,1), then there is a unique x € X such that F(x,x) = x.
We note that Theorem 4.3 above is not stated in [31].

Theorem 4.4 Theorem 4.3 follows from Theorem 2.2.

Example 4.1 Let X = R. Define G: X x X x X — [0, +00) by

G(x;y;Z) = |x_y| + |x_Z| + |J’—Z|

for all x,y,z € X. Then (X, G) is a G-metric space. Defineamap F: X x X — X by F(x,y) =
%x - éy for all x,y € X. Then, for all x,y,u,v,w,z € X with y = v = z, we have

—w-—z
5 575

3 1 3 1 3 1
G(F(x,9), F(u,v), F(w,2)) = G(—x— ShUm W )

3
= g[|x—u| +|x—w|+ |u—w|]

and
G, u,w) + GO, v, 2) =[x —u| + |x — w| + lu—w|.
Then it is easy to see that there is no k € [0,1) such that

G(F(x,y),F(M, v), F(w, z)) <

NS

[G(x, u,w) + G(y,v, z)]
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for all x,y,1,v,z,w € X. Indeed, the inequality above holds for k > £. Thus, Theorem 4.1

does not apply to this example. However, it is easy to see that 0 is the unique point such
that F(0,0) = 0.

On the other hand, Theorem 2.1 yields the existence of the fixed point. Indeed,

A(T(x,), T(u,v), T(w, 2))

= G(F(%,9), F(u,v), F(w,2)) + G(F(y, %), F(v,u), F(z, w))

3 1.3 1 3 1 3 1 3 1 3 1
—X— =y, -Uu—=V,=w-—=2z|+G| =y——x,-v-—-u,-z—--w
5 575 55 5 5 55 55 5

Il
@

4
= g[(lx—u|+|x—w|+|u—w|) +(|y—v| + |y—z|+|v—z|)]

where k € [2,1). Thus, all conditions of Theorem 3.1 are satisfied, which guarantees the
existence of the fixed point F(0,0) = 0.

4.2 Choudhury and Maity’s coupled fixed point results in a G-metric space
Choudhury and Maity [53] proved the following coupled fixed point theorems on ordered
G-metric spaces.

Theorem 4.5 Let (X, X) be a partially ordered set and G be a G-metric on X such that
(X, G) is a complete G-metric space. Let F : X x X — X be a G-continuous mapping having
the mixed monotone property on X. Suppose that there exists a k € [0,1) such that

G(F(x,9), F(u,v), F(w,2)) < g[G(x, u,w) + G(y,v, z)] (75)

forall x,y,u,v,w,z € X withx > u>wand y < v < z, where either u # w or v # z. If there

exist xo,yo0 € X such that xy < F(x9,0) and F(yo,%0) < yo, then F has a coupled fixed point,
that is, there exists (x,y) € X x X such that x = F(x,y) and y = F(y,x).

Theorem 4.6 If in the above theorem, instead of G-continuity of F, we assume that X is
ordered complete, then F has a coupled fixed point.

We will prove the following result.

Theorem 4.7 Theorem 4.5 and Theorem 4.6 follow from Theorems 3.4 and 3.6, respec-
tively.

Proof From (75), for all (x,y), (u,v),(w,z) € X x X withx > u > wand y < v <z, we have

G(F(x,9), F(u,v), F(w,2)) < =[G(x,u,w) + G(y,v,2)]

N X

and

G(F(y,x), F(v,u), F(z,w)) <

NS

[G(x, u,w) + G(y,v, z)].
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This implies that for all (x,y), (i1, v), (W, 2) € X x X withx > u>wandy <v <z,
G(F(x,9), F(u,v), F(w,2)) + G(E(y, %), F(v,u), F(z,w)) < k[G(x, u,w) + G(3,v,2)],
that is,
A(T(x,9), T(u,v), T(w,2)) < kA((x,), (u, v), (w, 2))

for all (x,y), (i, v), (w,z) € Y with (x,y) >, (u,v) =3 (w,z), where A is defined in (70).

It follows from Lemma 4.1 that since (X, G) is G-complete, then (Y, A) is A-complete.
Since F has the mixed monotone property, T is a nondecreasing mapping with respect to
=<,. The assumption that there exist xg, Yo € X such that xy < F(xo,y0) and F(yo,%0) < yo
becomes (x9,%0) <2 T(x0,y0) in terms of the order <,. Now, if F is G-continuous, then T
is A-continuous. In this case, applying Theorem 3.4, we get that T has a fixed point, which
due to Lemma 4.1 implies that F has a coupled fixed point. If X is ordered complete, then
Y satisfies the following property: if a nondecreasing (with respect to <;) sequence {u,}
in Y converges to some point « € Y, then u,, <, u for all n. Applying Theorem 3.6, we get
that T has a fixed point, that is, F has a coupled fixed point. O

Remark 4.1 (Uniqueness) If, in addition, we suppose that for all (x,y), (&, v) € X x X, there
exists (z1,z2) € X x X such that (x,y) < (21,22) and (&, v) <3 (21,23), from the last part of
Theorems 3.4 and 3.6, we obtain the uniqueness of the fixed point of T, which implies the
uniqueness of the coupled fixed point of F. Now, let (x',y") € X x X be the unique coupled
fixed point of F. Since (y',x) is also a coupled fixed point of F, we getx =y’

4.3 Coupled fixed point results of Aydi et al. in a G-metric space
We consider the following fixed point theorems established by Aydi et al. [23]. The fol-

lowing lemma is trivial.
Lemma 4.2 (See [23]) Let ¢ € V. For all t > 0, we have lim,_, o, ¢"(£) = 0.
Aydi et al. [17] proved the following fixed point theorems.
Theorem 4.8 Let (X, <) be a partially ordered set and G be a G-metric on X such that

(X, G) is a G-complete G-metric space. Suppose that there exist p e W and F: X x X — X
such that

(76)

G(F(x,9), Fu,v), F(w,2)) < ¢ ( Gl w) + GOy, Z))

2

forall x,y,u,v,w,z € X withx = u>wandy <v < z. Suppose also that F is G-continuous
and has the mixed monotone property. If there exist x,yo € X such that xy < F(xo,yo) and
F(yo0,%0) < yo, then F has a coupled fixed point, that is, there exists (x,y) € X x X such that
x=F(x,y) and y = F(y,x).

Replacing the G-continuity of F by ordered completeness of X yields the next theorem.
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Theorem 4.9 Let (X, <) be a partially ordered set and G be a G-metric on X such that
(X, G, xX) is G-complete. Suppose that there exist ¢ € V and F : X x X — X such that

(77)

G(F(x%,9), F(u,v), E(w,2)) < ¢<G(x’ %)+ GO, V’Z))

2

for all x,y,u,v,w,z € X with x > u > w and y < v < z. Suppose also that F has the
mixed monotone property and X is ordered complete. If there exist xo,yo € X such that
x0 < F(x0,y0) and F(y9,%x0) < Yo, then F has a coupled fixed point, that is, there exists
(%,9) € X x X such that x = F(x,y) and y = F(y,x).

We will prove the following result.

Theorem 4.10 Theorem 4.8 and Theorem 4.9 follow from Theorems 3.9 and 3.10, respec-
tively.

Proof From (76), for all (x, %), (u,v),(w,z) € X x X with x > u > wand y < v < z, we have

G(F (), F(u 1), F(w,2)) < ¢>(G("’ % w) + GO, Z))

2

and

G(E(, %), E(v, 1), E(z,w)) < ¢ ( Gl w) + Gl w,2) >

2

This implies that for all (x,y), (i1, v),(W,z) € X x X withx > u>wandy <v <z,

G(F(x,y), F(u,v), F(w,2)) + G(F(y,x), F(v,u), F(z,w)) <4 < G(x,u,w) + G(y,v, z)>
2 - 2

holds. Rewrite the above inequality as

A/(T(x!y)r T(M, V)’ T(W: Z)) = <P(A,((x»)’): (M, V)’ (Wr Z)))

for all (x,y), (u,v), (w,z) € Y with (x,y) > (&, V) =2 (W,z). Here, A’: Y X Y X Y — [0,00) is
the G-metric on Y defined by
_ Axy), w,v), (w,2))

A’((x,y), (u,v), (w, z)) 5 , forall (x,9),(u,v),(w,z) €Y,

where A is given in (70). Thus, the mapping T satisfies the conditions of Theorem 3.9
(resp. Theorem 3.10). Therefore, T has a fixed point, which implies that F has a coupled
fixed point. O

4.4 On coupled fixed point results of Abbas et al. in a G-metric space
Let © be the set of functions 6 : [0,00)? — [0,1) which satisfy the condition

O(sy,t,) — 1 implies t,,s, — O.

The following theorems have been given by Abbas et al. [37].


http://www.fixedpointtheoryandapplications.com/content/2013/1/0

Agarwal and Karapinar Fixed Point Theory and Applications 2013, 2013:0 Page 25 of 33
http://www.fixedpointtheoryandapplications.com/content/2013/1/0

Theorem 4.11 Let (X, <) be a partially ordered set and G be a G-metric on X. Assume
that there is an altering distance function 0 € © and a map F : X x X — X such that

G(F(x,9), F(u,v), F(w,2)) + G(E(y, %), F(v,u), F(z,w))
<0 (G(x, u,w), G(y,v, z)) [G(x, u,w) + G(y,v, z)] (78)

for all x,y,u,v,w,z € X with x = u > w and y < v < z. Suppose that F is G-continuous
and has the mixed monotone property. If there exist xg,yo € X such that xy < F(xo,yo) and
F(yo0,%0) < yo, then F has a coupled fixed point, that is, there exists (x,y) € X X X such that
x=F(x,y) and y = F(y,x).

Theorem 4.12 Let (X, X) be a partially ordered set and G be a G-metric on X. Assume
that there is an altering distance function 0 € © and a mapping F : X x X — X such that

G(F(x,9), F(u,v), F(w,2)) + G(F(y,%), F(v, u), F(z, w))
<0(Gx, u,w), G(5,v,2))[Glx, u, w) + G(y,v,72)] (79)

forall x,y,u,v,w,z € X withx > u>wandy <v < z. Suppose that F has the mixed mono-

tone property and X is ordered complete. If there exist xy,y0 € X such that xy < F(x9,o)
and F(yo,x0) X yo, then F has a coupled fixed point, that is, there exists (x,y) € X x X such
that x = F(x,y) and y = F(y, x).

We will prove the following result.

Theorem 4.13 Theorem 4.11 and Theorem 4.12 follow from Theorem 3.11 and Theo-
rem 3.12.

Proof From (78), for all (x,y), (u,v),(w,z) € X x X withx > u > wand y <v <z, we have

G(F(x,9), F(u,v), F(w,2)) + G(F(y, %), F(v,u), F(z,w))
<6 (G(x, u,w), Gy, v, z)) [G(x, u,w) + G(y,v, z)]. (80)

This is equivalent to

A(T(x9), T, ), T(w,2)) < B(A(®2), (1), (,2))) A (9, (1,1), (w, 2))

for all (x,y), (u,v),(z,w) € Y with (x,9) =3 (u,v) =3 (W,2), where 6(t,s) = B(£ + s), which
clearly implies that 8 € S.

From Lemma 4.1, since (X, G) is G-complete, (¥, A) is A-complete. Since F has the
mixed monotone property, T is a nondecreasing mapping with respect to <,. According to
the assumption of Theorem 4.11, we have (x9,¥0) <2 T(x0,¥0). Now, if F is G-continuous,
then T is A-continuous. In this case, applying Theorem 3.11, we get that T has a fixed
point, which implies from Lemma 4.1 that F has a coupled fixed point. If X is ordered
complete, then Y satisfies the following property: if a nondecreasing (with respect to <)
then the sequence {u,} in Y converges to some point « € Y, then u, <, u for all n. Ap-
plying Theorem 3.12, we get that T has a fixed point, which implies that F has a coupled
fixed point. O
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5 Remarks on common coupled fixed point theorems in G-metric spaces
In this last section, we investigate the similarity between most of the common coupled
fixed point theorems and ordinary fixed point theorems in the context of G-metric spaces

and we show that the former are immediate consequences of the latter.

5.1 Shatanawi’s common coupled fixed point results in a G-metric space
We start with two theorems by Shatanawi [31].

Theorem 5.1 (c¢f. [31]) Let (X, G) be a G-metric space. Let F: X X X - X and g: X - X
be two mappings such that

k
G(F(6,9), F(,v), F(w,2)) = 7 (Gl g gw) + G(gy,87,82)) (81)

forall x,y,u,v,z,w € X. Assume that F and g satisfy the following conditions:
(1) F(X % X) C g(X),
(2) g(X) is G-complete,
(3) g is G-continuous and commutes with F.

Ifk € [0,1), then there is a unique x € X such that gx = F(x,x) = x.

Theorem 5.2 (¢f. [31]) Let (X, G) be a G-metric space. Let F: X x X —-> X and g: X - X
be two mappings such that

k
G(F(x,9), F(u,v), F(,v)) < 5 (Glgx, gu, gu) + G(gy, gv,gv)) (82)
forall x,y,u,v € X. Assume that F and g satisfy the following conditions:
1) F(X x X) C g(X),
(2) g(X) is G-complete,
(3) g is G-continuous and commutes with F.

Ifk €[0,1), then there is a unique x € X such that gx = F(x,x) = x.

Theorem 5.3 Theorem 5.1 and Theorem 5.2 follow from Theorem 3.1 and Theorem 3.2,

respectively.

Proof From (81), for all (x,%), (u,v),(w,z) € X x X, we have
k
G(F(x,9), F(w,v), Fw,2)) = [ Glex, g, gw) + G(gy,£v.82)],
and
k
G(F(y,x), F(v,u), F(z,w)) < 5 [G(gx, gu,gw) + G(gy,gv,g2)].
Therefore, for all (x,y), (1, v), (w,z) € X x X, we obtain

G(F(x,y),F(u, v), F(w, z)) + G(F(y, x), F(v,u), F(z, w))

< k[G(gx,gu,gw) + G(gy,gv,gz)],
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that is,
A(Tr(,9), Te(u,v), Te(w, 2)) < kA(T(x,y), Tg(1,v), Te(w, 2))

for all (x,), (u,v),(w,z) € Y, where Tf, T, : X> — X* are mappings such that Tr(a,b) =
(F(a,b),F(b,a)) and Ty(a,b) = (ga,gb) and A is defined in (70). From Lemma 4.1, since
(X, G) is G-complete, (Y, A) is A-complete. In this case, applying Theorem 3.1, we get
that Tr and T, have a common fixed point, which implies from Lemma 4.1 that F and g
have a common coupled fixed point.

Analogously, Theorem 5.2 is obtained from Theorem 3.2. O

Example 5.1 Let X = R. Define G: X x X x X — [0, +00) by
Gx,y,2) = lx =yl + [x -z + |y - 2|

for all x,y,z € X. Then (X, G) is a G-metric space. Defineamap F: X x X — X by F(x,y) =
%x - éy and g: X — X by g(x) = %’C for all x,y € X. Then, for all x,y,u,v,z,w € X with

y=v =z, we have

4 1 4 1 4 1
GF ] 1F ] )F f] =G —X—=Y,—-U—- =V, = — —
(E (), F(w,v), Ew, ) (8x P 82)

|

[l = | + v — w| + | —wl]

and

7x Tu 7w 7y 7v 7z
G(gx, gu, gz) + G(gy,gv,gw) = G(?’ 3 ?) + G(E' R E)
7
= g[lx—u| +x—w|+ |u—w|].

Then it is easy to see that there is no k € [0,1) such that

| X

G(F(x,9), F(u,v), F(w,2)) < =[Glgw, gu,gw) + G(gy, gv, g2)

for all x,y,u,v,z,w € X. Thus, Theorem 5.1 does not provide the existence of the common
fixed point for the maps on this example. However, it is easy to see that 0 is the unique
point x € X such that x = gx = F(x, x).

On the other hand, notice that Theorem 3.1 yields the fixed point. Indeed,

A (Tp(x,y), TF(M; V); TF(Wr Z))
= G(F(x,y), F(u,v), F(w,2)) + G(F(y,%), F(v, u), F(z,w))

(
4 1 4 1 4 1 4 1 4 1 4 1
=Gl -x——y,—u—-v,—w——z|+G| =y—-—-x,-v—-—-u,—z—--w
8 88 88 8 8 8 '8 8 8 8

5
< §[(|x_“| +lx—zl+lu—zl)+ (ly—vl+ly—wl +v-wl)],
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and also

7x Tu 7w 7y 7v 7z
) ) ) ) = PO Ry G PSR RPN R
G(gx, gu,gw) + G(gy, gv, gz) G(S 3 8)+ (8 3 8)

7
= g[lx—ul + |x —w| +|u—w|].

Then the condition (6) of Theorem 3.1 holds for k € [%, 1). Thus, all conditions of Theo-
rem 3.1 are satisfied, which provides the common coupled fixed point of F and g.

5.2 Nashine’s common coupled fixed point results in a G-metric space
Nashine [54] studied common coupled fixed points on ordered G-metric spaces and
proved the following theorems.

Theorem 5.4 Let (X, G, X) be a partially ordered G-metric space. Let F: X x X — X and
g: X — X be mappings such that F has the mixed g-monotone property. Suppose that there
exist xo,yo € X such that gxy < F(xo,y0) and F(yo,%0) < gyo. Suppose also that there exists
ke [0, %) such that

G(F(x,y),F(u, v), F(w, z)) < k[G(gx,gu,gw) + G(gy,gv,gz)] (83)

holds for all x,y,u, v, w,z € X satisfying gx > gu > gw and gy < gv < gz, where either gu # gz
or gv # gw. We assume the following hypotheses:
() F(X x X) € g(x),

(ii) F is G-continuous,

(iii) g(X) is G-complete,

(iv) g is G-continuous and commutes with F.
Then F and g have a coupled coincidence point, that is, there exists (x,y) € X x X such
that gx = F(x,y) and gy = F(y,x). If gu = gz and gv = gw, then F and g have a common fixed
point, that is, there exists x € X such that gx = F(x,x) = x.

Theorem 5.5 Ifin the above theorem we replace the G-continuity of F by the assumption
that X is g-ordered complete, then F and g have a coupled coincidence point.

Theorem 5.6 Theorem 5.4 and Theorem 5.5 follow from Corollary 3.3 and Corollary 3.4,

respectively.

Proof From (83), for all (x,9), (u,v), (w,z) € X x X with gx > gu > gw and gy < gv < gz, we
have

N | X

G(F(x,y), F(u,v), F(w,2)) < ~[Glgx, gu, gw) + G(gy,gv,£2) |

and

G(F(y, x), F(v,u), F(z, w)) < [G(gx,gu,gw) + G(gy,gv,gz)].

N | X

This implies that for all (x,y), (i, v), (z, w) € X x X with gx > gu > gw and gy < gv < gz,

G(F(x,y),F(u, v), F(w, z)) + G(F(y, x), F(v,u), F(z, w)) < k[G(gx,gu,gw) + G(gy,gv,gz)],
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that is,
A(T (), T(u,v), T(w,2)) < kA((gx,gy), (gu,gv), (g2,.gw))

for all (x,9), (i, v), (z,w) € Y with (gx, gy) =2 (gu,gv) =2 (gw,g2).

From Lemma 4.1, since (X, G) is G-complete, (¥, A) is A-complete. Also, since F has the
mixed g-monotone property, T is a g-nondecreasing mapping with respect to <,. From
the assumption of Theorem 5.4, we have (gxo, gyo) <2 T (x0,y0). Now, if F is G-continuous,
then T is A-continuous. In this case, due to Corollary 3.3, we deduce that T and g have
a coincidence point, which from Lemma 4.1 implies that F and g have a coupled coinci-
dence point. If, on the other hand, X is g-ordered complete, then Y satisfies the following
property: if a nondecreasing (with respect to <) sequence {u,} in Y converges to a point
u € Y, then u, <, u forall n. According to Corollary 3.4, T and g have a coincidence point,
which from Lemma 4.1 implies that F and g have a coupled coincidence point. d

5.3 Common coupled fixed point results of Aydi et al. in a G-metric space
Recently, Aydi et al. [17] proved the following theorems on G-metric spaces.

Theorem 5.7 Let (X, <) be a partially ordered set and G be a G-metric on X such that
(X, G) is a G-complete G-metric space. Suppose that there exist maps ¢ € V and F : X X
X — Xand g: X — X such that

(84)

G(Fxr3), F(u ), Fw,2)) < ¢(G(gx,gu,gW)+G(gy,gv,gZ))

2

for all x,y,u,v,w,z € X with gx > gu > gw and gy < gv < gz. Suppose also that F is
G-continuous and has the mixed g-monotone property, F(X x X) C g(X), and g is G-
continuous and commutes with F. If there exist x,yo € X such that gxo < F(xo,y0) and
F(yo,%0) < gyo, then F and g have a coupled coincidence point, that is, there exists (x,y) €
X x X such that gx = F(x,y) and gy = F(y,x).

Theorem 5.8 Let (X, <X) be a partially ordered set and G be a G-metric on X such that
(X, G, xX) is G-complete. Suppose that there exist p € WV and F: X x X - X and g: X — X
such that

(85)

G(F(xr3), F(u ), Fw,2)) < (b(G(gx,gu,gW); G(gy,gv,gZ))

for all x,y,u,v,w,z € X with gx > gu > gw and gy < gv < gz. Suppose also that X is g-
ordered complete and F has the mixed g-monotone property, F(X x X) C g(X), and g is
G-continuous and commutes with F. If there exist xo,yo € X such that gxy < F(xo,y0) and
F(yo,%0) < gyo, then F and g have a coupled coincidence point, that is, there exists (x,y) €
X x X such that gx = F(x,y) and gy = F(y,x).

The following result can be also proved easily.

Theorem 5.9 Theorem 4.8 and Theorem 4.9 follow from Theorems 3.7 and 3.8.
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Proof We observe from (84) that for all (x,y), (u,v), (w,z) € X x X with gx > gu > gw and
gy < gv < gz, we have

G(F (), F(u 1), F(w,2)) < ¢(G(g"’g”’gw) + Gy ’gv’gz)),

2
and also
G(EG, %), Evr ), E(zyw) < 6 ( G(gx, gu, gw) 2+ G(gy,gv, &) )

Therefore, for all (x,y), (i, v), (w,2z) € X x X with gx > gu > gw and gy < gv < gz, the fol-
lowing inequality holds:

G(E(x,y), F(u,v), F(w,2)) + G(F(y,x), F(v, u), F(z,w))
2

<4 ( G(gx,gu,gW); G(gy,gv,g2)>’

that is,
N (Tex,p), Te(w,v), Tr(w, 2)) < (N (Te(x,9), To(u, v), To(w, 2)))

for all (x,),(u,v),(w,2) € Y with (x,y) =3 (4,v) >3 (W,2), where Tr, Ty : X% - X? are

mappings such that Tr(a,b) = (F(a,b),F(b,a)) and Tg(a,b) = (ga,gb). Note that here,
A:Y XY x Y — [0,00) is a G-metric on Y defined by

A, ), (u,v), (W, 2))
2

AN (x9), w,v),(w,2)) = for all (x,%), (u,v), (w,z) € Y.

Thus, we proved that the mappings Tr and T, satisfy the conditions of Theorem 3.7 (resp.
Theorem 3.8). Hence, Tr and T, have a coincidence point, which implies that F and g have
a coupled coincidence point. d

5.4 Common coupled fixed point results of Cho et al. in a G-metric space
Finally, we consider the results of Cho et al. [55]. We state their fixed point theorems below.

Theorem 5.10 Let (X, <) be a partially ordered set and G be a G-metric on X such that
(X, G) is a G-complete G-metric space. Let F: X x X — X and g : X — X be G-continuous
mappings such that F has the mixed g-monotone property and g commutes with F. Assume
that there exist altering distance functions ¢ and  such that

v (G(F(x,p), F(u,v), F(w,2))) < ¥ (max{ Glgx, gu,gw), G(gy, gv, gz) })
- ¢ (max{G(gx, gu, gw), G(gy,gv.g2)}) (86)

forall x,y,u,v,w,z € X with gx > gu > gw and gy < gv < gz. Suppose also that F(X x X) C
g(X). If there exist xy,yo € X such that gxy < F(xo,Y0) and F(yo,%0) < gyo, then F and g
have a coupled coincidence point, that is, there exists (x,y) € X x X such that gx = F(x,y)
and gy = F(y, x).
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Theorem 5.11 Let (X, <) be a partially ordered set and G be a G-metric on X and let
F:X XX — X and g: X — X be mappings. Assume that there exist altering distance
functions ¢ and  such that

v (G(F(x,), F(u,v), F(w,2))) < ¥ (max{Gl(gx, gu,gw), G(gy,gv,g2)})
- ¢ (max{G(gx, gu, gw), G(gy,gv.£2)}) (87)
for all x,y,u,v,w,z € X with gx > gu = gw and gy < gv < gz. Suppose that g(X) is G-
complete, the mapping F has the mixed g-monotone property and F(X x X) C g(X). If there

exist xo,y0 € X such that gxo < F(xo,y0) and F(yo,%0) < g0, then F and g have a coupled
coincidence point, that is, there exists (x,y) € X x X such that gx = F(x,y) and gy = F(y,x).

Theorem 5.12 Theorem 5.10 and Theorem 5.11 follow from Theorems 3.7 and 3.8.

Proof From the assumption, for all (x,7), (&, v), (z, w) € X x X with gx > gu > gw and gy <
gv > gz, we have
v (G(F(x,y), F(u,v), F(w, z))) <y (max{ G(gx, gu, gw), G(gy, gv, gz) })
- ¢(max{G(gx,gu,gw), G(gy,gv,gz)}) (88)

and

v (G(F(y,x), F(v,u), F(z,w))) < v (max{Gl(gx,gu,gw), G(gy,gv,g2)})
- ¢(max{G(gx,gu,gw), G(gy, gv,gz) }) (89)

This implies (since ¥ is nondecreasing) that for all (x,y), (u,v), (z,w) € X x X with gx >

gu > gw and gy < gv < gw, we have

¥ (max{G(F(x,y), F(u,v), F(W, 2)), G(F(y, %), F(v,u), F(z,w)) })

< ¥ (max{G(gx, gu, gw), G(gy,gv,g2)}) — ¢ (max{G(gx, gu, gw), G(gy, gv.82)}),

that is,

W(A(TF(%J’), TF(”: V)¢ TF(21 W))) =< W (A(Tg(x7y)t Tg(”¢ V): Tg(zr W)))

— (A (Ty(,9), Ty(w,v), Ty(z, w))) (90)

for all (x,), (u,v), (z,w) € Y with (gx,gy) =2 (gu,gv) =» (gz,gw), where Tr, T, : X* — X>
such that Tr(a,b) = (F(a, b), F(b,a)) and Ty(a, b) = (ga,gb) and A is a G-metric defined
in (71). Regarding Theorem 3.13, the conditions (90) and (32) of Theorem 3.7 are equiv-
alent. Therefore, the mappings Tr and T, satisfy the conditions of Theorem 3.7 (resp.
Theorem 3.8) and have a coincidence point. Hence, the maps F and g have a coupled co-
incidence point. d
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