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The interfacial order parameter profile near the critical point is studied using the renor-
malization group method. The equation for the order parameter profile is derived up to
frst order in e=4—d where d is the spatial dimensionality of the system. This equation
consists of two parts. One is related to the equation of state with a slight modification.
The other comes from the spatial inhomogeneity of the order parameter. Our result is
compared with that of Fisk and Widom in which the form of the equation of state has been
postulated. An explicit solution of the equation which describes the order parameter profile
is obtained. The universal amplitude of the surface tension is also evaluated using the e&-

expansion technique.

§1. Introduction

Several years ago Fisk and Widom'™ generalized the theory of Cahn and
Hilliard® for the structure and free energy of the interface between fluid phases by
using the equation of state which is based on the scaling hypothesis. Although
the main features of the interface have been clarified by their theory, the deter-
mination of the order parameter profile requires the explicit form of the free
energy density in the nonuniform fluid. In their theory the profile and the associ-
ated quantities, such as the surface tension, have been obtained by assuming a
simple form of the equation of state. The theory was then criticized by Widom
himself.™ The main issues besides the fundamental question of the proper defini-
tion of the profile are: (1) What is the proper equation of state or the free
energy to use for homogeneous states with the values of the order parameter
lying between those of the coexisting phases below the critical point 7,7 In
particular, can one use the free energy analytically continued from that of the
coexisting phases? (2) Is the square gradient form of the local free energy ade-
quate? Although indirect evidences support affirmative answers to these questions,
the situation clearly leaves a plenty of room for further theoretical study.

2.9 t¢ investigate the

In this paper we apply the renormalization group theory
structure of the interface. The order parameter profile through the interface is
derived by the technique of the e(=4—d) expansion, d being the dimensionality
of space. In §2 the free energy functional for given spatially nonuniform average
order parameter A (x) is formally obtained in terms of the Ginzburg-Landau-Wilson

(G-L-W) Hamiltonian for the local order parameter S(x). For simplicity we
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468 T. Ohta and K. Kawasak:i

regard the interface as flat. (Suppose a sufficiently large droplet.) In §3 the
equilibrium state of the system is found by the extremal condition on the free
energy functional. After eliminating the divergent integrals characteristic of the
G-L W Hamiltonian we obtain the equation for the order parameter profile, which
is correct up to first order in &. This equation is compared with that of Fisk
and Widom and is solved exactly in §4. The surface tension is also evaluated
up to first order in ¢ and is compared with the experiments. The final section
is devoted to a short summary and discussion.

§ 2. Local free energy in the nonuniform fluid

The earlier theories of the interface between two coexisting phases have made
use of the properly chosen local Helmholtz free energy in the inhomogeneous
system. Cahn and Hilliard used the classical Van der Waals free energy in their
theory of interfaces.” Fisk and Widom have extended the theory of Cahn and
Hilliard by assuming a non-classical free energy.”

Here we derive the free energy functional in the two-phase region starting
with the G-L-W Hamiltonian for the renormalized local order parameter S{x):*?

] . e J1 s 1 s, 1 2, 0 1 .
j[(S) = Jd x{EZ(VS(x)) —{—ELZQS(x) +—2-6T5(x) +4—!Z4S(x>}, (2-1)

where Z, Z,, Z, and 0t are the renormalization constants. Here ¢ is chosen to
be negative and ¢ is the renormalized coupling constant.* The local order param-
eter is chosen so that it vanishes at the critical point. For example, for a simple

fluid,
S(x) =po(x) — 0., (2-2)

where 0(x) and o, are the local density and its critical value, respectively. The
formalism we use is the field theoretical formulation due to Brezin et al.?*® where
we start with the free energy functional W{A} in the presence of an arbitrary

external field 2 (x) defined by (we choose a normalization slightly different than
that of Ref. 4)

W {h} =1In jd{S}- exp[—ﬂ({S} + jS(xﬂz(x) a’x}- (2-3)

The vertex functional I"{m} is defined through the following Legendre transfor-
mation:

I im) = de m (%) b (x) — W {A} (2-4)

with

® Here in fact g is the dimensionless renormalized coupling constant where the reference
wavenumber was chosen to be unity. See below.
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Interfacial Order Parameter Profile near the Critical Point 469

m(x) =0W{h} /Oh(x). (2-5)
Consequently, we also have
hx) =0 {m}/0m(x). (2-6)

In the absence of an external field, the order parameter profile M (x) is determined

by
O {M} /6M (x) =0 (2:7)
and the free energy ¥ by
¥ =T {M}. (2-8)

Let us now expand A in powers of ¢(x) =S(x) —m(x) as
ISy =1 fdxl"‘ f‘zxn %W’ (o, @) p (o) (), (209)

where
oI {Sy
0S (1) -+ 0S (x) 181 =tmr

IO gy, oo, xy) = (2-10)

Explicitly the H™'s are given by

I jdx {%Z(Vm () + %I‘Zﬂ?l () + %ﬁrm () -+ %Zm (x)4} (21D

HM = —ZPm (x) +dvm (x) + %Zmz (x)+cZym (x), (2-12)
I (xy, a5) = {—~Zl’12 +0r+ 4+ %—Zﬂn (x1>z} O (x;— ), (2-13)
ete, e

The vertex functional I'{m} is calculated in the loop expansion.” It should
be noted that the equation KM (x) =h(x) with Z=Z,=Z,=1 and dv=0is nothing
but the equation for the classical order parameter profile in the presence of a field
h(x). Hence the contributions from H(™ to the vertex functional I'{m} are at
most of second order in g. Note that gm®(x) should be taken to be of the order
unity in general. By taking these into account, the vertex functional is given in

the one loop approximation by

= 1 mle“mxzi xz—g— x)
T(ﬁl)—jdx{EZ(V () + oe ()+2ZZm()+4!Z4m()}

+é_ Tr In 9, (2-14)

where 9™ is an operator with matrix elements H™(x;, x,) in the coordinate

220z 1snbny 0z uo 3senb Aq 8829981 /.9%/2/85/9101e/did/wod dnoojwspese//:sdiy woy papeojumoq



470 T. Ohta and K. Kawasaki

representation, and we have used the operator formula:
Det A=exp(Trln A). (2-15)
The explicit form of the last term in (2-14) will be derived in the next section
where divergences will be also eliminated.
§ 3. Equation for the order parameter profile

Minimization of the free energy functional with respect to {M} gives the
equilibrium value for M (). By (2-7) and (2-14) we obtain the equation

2
Z%M@ —2ZM () + 5 M) + %Z4M(7-)3
r

1

d—1

+

Tr {[«,4[[2]]_16 (7‘ - 5) }s:rg]‘1<r> ) (3 : 1)

where 7 is the coordinate in the direction perpendicular to the interface and
x=(x,7), (3-2)

X being the d—1 dimensional vector, and V, ,=[d" 'x. The equation (3-1) is
to be solved under the following boundary condition:
M, >0 for r—oo

M(r) = 3-3
) — M, for r->—co (3-3)

>

where M, is the finite uniform solution of (3-1), that is, the equilibrium value

of the order parameter in one of the coexisting phases. The renormalization con-

stants have been evaluated as”

Z=1+0(p), pe=—2 {2,
2 Ja g
2:1+-g—J—:O<gZ>, ZA:1+§QJ+O<¢>, (3-4)
where
d
-2 f
q 27
and
1 S, e
J= | 2 =t (1m0 (3-6)
«(F+DF e 2
with
d/2
= 2ml__1 (3-7)

@) 2ot
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Interfacial Order Parameter Profile near the Critical Point 471

In (3-4) the reference wavenumber in the normalization conditions for the Z’s

has been equated to unity.
The method of the spectral decomposition can be used in order to evaluate

the last term in (3-1) explicitly. Namely, let us consider the Schrodinger

equation

a ., .9 2 = :
(—L e LMY 5 =25, 3-8

s
where M (s) is the lowest order solution of (3-1), i.e., the classical order parameter

profile given by
M(s) = (6]r]/¢)*tanh (£5/2) (3-9)
with
£=+v27|. (3-10)

The solution of (3-8) is easily obtained. The normalized eigenfunctions Jo(s)
and fi(s) for the two bound states with the eigenvalues =0 and 4, =3c|/2,

respectively, are given by
Fo(s) = (3k/8) *sech?(£s/2) (3-11)
and
£ (s) = (3r/4) sech (ks/2) tanh (£5/2) . (3-12)
The eigenfunction with the continuum spectrum
L=p+2[t], (—oco<p<{o0) (3-13).

is given by

fp(s) = -}e“’s {2p*+ |7| —3|r|tanh® (£s/2) 4+ 3kpi tanh (£s/2) }, (3-14)
i

where
0,2 =2(p*+21t]) (2p° + ). (3-15)

The normalization of (3-14) has been chosen as
1 oo
" ash@rr@ =00, (316)

Expression (3-14) is essentially equivalent to the one derived by Rajaraman.®
By the use of these eigenfunctions the delta function can be expressed as

P@=9) =LA @0+ o [dpft @F,). (3:17)

Thus the last term of (3-1) becomes
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PR T I 0 r— 9= MO (@ Lo L) o))

291\42@)”6; I?EZ;'Z L,pgzlf;z(?;fl}, (3-18)

where the integration on ¢ is performed in the d—1=3—¢ dimensional vector
space parallel to the interface. = Substitution of (3-4) and (3-18) into (3-1) yields
d*M(r)

=M () %M@s + %M@ <f + %M(r)z> J+ %M(r) O, (3-19)

where Q(7) is a function free of divergences for d<(4 and is given by
Aal fu (D]
o =-2 | 1 = ol
& 4 ¢*(a"+2[7]) a; 7@+ 2w

(2[NS =1
ar g @+ +2|c))

(3-20)

In deriving (3-20) we have again used the identity (3-17). After performing
the integrations which will be described in Appendix A, Q(») is given for small
¢ by

Q) = @Iz )" =t {12 3]z tank’ (r/2))

+ —g]r[& sech®(kr/2) —%h‘] sech? (k#/2) tanh®(kr/2). (3-21)
T

From (3-19) and (3-21) we have

d&*M(r)

— 2 7)3 i lf g }"2 n -
MO = b () + LMy + EM0) (4 LMEY) (n @l 1)

—~STM() {3—1—[(3+ SID M@ 4T 7z<6! I) M(r)} (3-22)
T
where we have used the fixed point value of ¢:*

gS4_a=§e+O<ez). (3-23)

In (3-22) we have used (3:9) in terms of O(¢), which is allowed in the spirit
of the ¢-expansion.

The equation (3-22) without the term in curly bracket™ should be compared
with the equation of state with the uniform external field H:*

_ I & I\ h g 2>—1}. 3.24
H z‘M+6M+6M<f+2M>{n<r+2M ( )

# Note that the quantity in the curly bracket vanishes for M()->+M, with M,=(6|c|/g)/?
in the lowest order. Hence this term arises from the spatial inhomogeneity of M(»).
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Interfacial Order Parameter Profile near the Critical Point 473

Of course (3-24) cannot be applicable in the unstable region inside the mean field
spinodal curve where v+ (¢/2)M?® becomes negative. It should be noted that
(3-22) is free from this difficulty.®

§4. Order parameter profile and surface free energy

Before solving Eq. (3-22) we compare it with the work of Fisk and Widom.™
First, let us introduce the scaled quantity by

_ (9N M) .
1()e <6> =0 . “4-1)
Then (3-22) is written as

PUE) P M) {14 2G5 (143265 (n 2-1)

2 @=Bu (P VTRV Brn ()], (4-2)
where
1 =
=1+2 40, f=——24+0(. 4-3
7 5 (e P (&9 (4-3)
Next we normalize #(r) by**
u(r)t=cz(r)* (4-4)

so that the right-hand side of (4:2) vanishes for =z(+)*=1. The constant ¢ is
then given by

05:1+%s(1—1n2)+0(52). (4.5)

Thus Eq. (4-2) takes the following scaling form postulated by Fisk and Widom:?

a*M(r) =—jDlc'M&E) A—=2(@ i) .
Tt = IOIIME) A2 T (4-6)
where, however,
(1—2)j(2) /i (1) = 12‘8“ (1—2") (1+az) 4-7)
1 g : -
~siea) (1—2*) (1+ az*) -7

* Since we have used the solution of the Schrddinger equation (3-8) with (3-9), Eq. (3-22)
does not reduce to the equation of state even in the spatially uniform limit.

*#) The variable 2z is equal to (Te—7(p))/(T.—T) of Fisk and Widom,!* and to ® of Sarkies
and Frankel.”
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with

a:¢63mxo.91 for e=1. (4.8)

The value j(1) is given by
j(1)/3:2+%(¢?n—4+1n2)+O(52). (4-9)

Furthermore, j7(2) is positive for 0=X2=<<1 and ;' (1) /(1) = (1+2a)8—1/2 which
is also finite. Thus our function j satisfies the requirements of Fisk and Widom”
(see Appendix B also).

Expression (4-7) should be compared with that adopted by Fisk and Widom™

A—2) i) /i) = % (121, (4-10)

If we put a=1 and §=1/3 in (4-7") it coincides with (4-10). On the other
hand, the choice a=1 in (4-7") yields

A=2)j /i) =12 /48, (4-10)

which is the form used by Sarkies and Frankel.” It should be noted, however,
that the 2* term in (4.7) originated from the nonuniformity of the order parameter,
which does not exist in the equation of state in the one phase region.® In Appen-
dix B we discuss the properties of the function j(2) and the function A(z) which
corresponds to the equation of state (3-24). In particular, we will see that j(1)
and A(1) differ by a small amount contradicting the continuity assumption of Fisk
and Widom” up to O(e).

Following Fisk and Widom," we obtain the solution of Eq. (4-6) in the form

[M(r)|=All*[0(I7]/L)]%, (4-11)

where
A=(6/g)"c"", (4-12)
L=(8l<|7/i (1)), (4-13)

0(s) is defined through
a(s)

szﬁ A w (&) e, (4-14)

where
w (t) =2 f (1—2)j@)/i()dz . (4-15)

Substitution of (4-7) into (4-15) yields

# See the footnote after Eq. (3:23).
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Interfacial Order Parameter Profile near the Critical Point 475

_ 1 _ N 428 i l .
W@ =ge(l—a) 147 <z +2a+2>. (4-16)

From (4-11), (4-14) and (4-16) we easily obtain the following result for the
order parameter profile:

M@)=Alelp . tohG/@eL) (4-17)

If we take the limit ¢—>0 (d—4) in (4-17), it reduces to the classical order
parameter profile:

M) = (6/9)|c]|"* tanh (V|z|r/v 2). (4-18)

Next we evaluate the surface free energy density ¢. In our nonlocal theory
we must start with the definition of 0:

o= jdr (MG —T{M)). (4-19)

By the procedure similar to that in § 3 (see Appendix C) we obtain
6=C,(2A[c|?/L, (4-20)

where the universal constant Cy,[ =% of Ref. 1a)] is found to be given by
Co:l{1+e<i—i3—n>+o<62)}. (4.21)%
6 2 9

In (4-20) the constant A of Fisk and Widom'™ (which should not be confused
with our A) has been equated to unity up to O(g). The surface tension critical

Table I. The universal constant C, of the surface tension.

Classical theory 0.167 (Ref. 2))
Fisk and Widom 0.142 (Ref. 1a))
First order e-expansion 0.149

SF, | 0.093:40. 011 (Ref. 8))

! 0.110 (Ref. 8),91)»
Experimental values COq; 0.123 (Ref. 10))®
0.146 (Ref. 10))»
Xe ! 0.100+0. 012 (Ref. 11))#

a) The original values quoted in these references are 0.115, 0.129 and 0.153 for CO: and 0.105
#0.012 for Xe, which are obtained by equating L with &, the correlation range of critical fluctuations
deduced from light scattering. However, in view of (B-7) we should have L/&=[;j(1)/h(1)]2.
Hence the values of C, obtained in these references ought to be multiplied by [7(1)/2(1)]¥*~1
—0.047¢, although the corrections appear to be very small.

* If we used the expression Co=(8*/2)[4¢* " (w(#))'*dt which is derived under the square
gradient approximation of the free energy density,!» we would obtain Co=(1/6)(1—(2v3/45)ne + O (&%),
which gives, Co=0.126 in three dimensions.
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exponent #*=28+7/2 is equal to y+28—v by the scaling law.” Incidentally,
note that the first order value of the surface tension critical exponent g*=1.5
—e/4=1.25 for e=1 is close to the experimental values 1.28~1.29." TFrom
(4:21) we have C;=0.149 in three dimensions. This value is a bit smaller than
the classical value C,=0.167 and is comparable to Fisk and Widom’s value C,
=0.142. In Table I we summarize the values C, obtained by various theories

and experiments. ¥

Our first order result definitely improves agreement with
experiments over the classical value, but is not better than that of Fisk and
Widom. It seems that the second order calculation is necessary for further im-

provement.

§5. Summary and discussion

In the preceding sections we have obtained the order parameter profile in
equilibrium (4:17) by the & expansion technique without any ad hoc assumptions.
The equation for e=1 which describes the order parameter profile in three dimen-
sions is found to be very close numerically to that found by Fisk and Widom.™
It should be noted, however, that the equation (3-22) cannot be obtained by
continuing the equation of state (3-24) into the thermodynamically metastable
or unstable regions. In particular, the compressibility (or the susceptibility) on
the two sides of the coexistence curve differ by a small amount.™®

A typical difference with the classical order parameter profile is found in the
maximum value of the gradient 4A7= (dM/dr)p.; in the interface, which is given
from (4.-17) by

Y

4M= (1—- 6)14[7}3/(2L). (5-1)

The ratio of this with its classical one (4M),= (3/g)"*|c] is given by
(AM) ] (M), = 2|~ {1 ~ S (6+3In2- fs‘n)}

= (1—0.073¢) |z| . (5-2)

The surface tenslon has been also calculated and compared with the experi-
ments.
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Appendix A
Here the derivation of (3:21) is described. The first term of (3:20) is

*) See note added (1).
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easily integrated to give
1 . —&/2 Sd—s 2
=2l o= 20| @) (14 O (ED) . (A1)
1 ¢"(¢"+2]<|) e
By the use of the discrete eigenvalues with their associated eigenfunctions obtained

in §3 the second term of (3-20) is obtained after carrying out three-dimensional
integration

[ BAGP T » |
L; T = el el (6r/2) tank er/2). (A-2)

In order to evaluate the third term of (3-20) we note the following formulae:

j_ ﬁl . =a‘5/253_al dex x~¢ jwdy - 1,27,
2» @ (7" + 1+ @) r Jo o T 24yl

_ oens, D (/DT(1/2=¢/2)
4r1/2)

e ) ()

—amrs, 2 <1+%+0(SZ>) (A-3)
and

1 a _IS 1 R 1
R N NPT N <*> v | dw ) dy - T
or @@+ +a) (20 +(a/2) \2 T o (@ Fy D) (Y1)
= <i> V3 (A-4)
2/ 36xn
for a>>0. With (3-14) the third term of (3-20) is written as
J @42l (- P-1)

v g (@ +p 2]

:%]r[ sech®(kr/2) L:P

1
7@+ +20))
1
@ @@ +p 2@+ )
Using the formulae (A-3) and (A-4) we obtain

+ % |21 sech? (kr/2) tanh? (57/2) (A-5)

(A-5) =3[2]S, 2|1 <1+—;~+0<e2>)sech2 (67/2)
s N

J

-J- _S—Ifl sech®(£7/2) tanh® (£7/2). (A-6)
74

Putting together (A-1), (A-2) and (A-6) we find (3-21).
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Appendix B

Widom™ postulated the scaling form of the equation of state as™
H=—Mc[(1—2)h(z) (B-1)
with
z=[T.~T:(M)]/(T.=T) (B-2)
which coincides with 2z introduced through (4-1) and (4-4) near the critical
point where the coexistence curve is written as T=T,(M). Then, for the equation

of state (3:-24) we obtain using (4-3) and (4-5) the following which is correct
to O(e):

(1—-2)h(z) = — (ﬁ-%) (=1~ {37~ In(3z¥~1) —2In2}. (B-3)

From a general consideration Widom'™ assumed for 4 (z) the following properties:
(a) h(2)/2" " is regular in 1/z at zx=o0 (critical isotherm),
(b) (A—2)h(z) is regular in 2% at 2z=0 (critical isochore),
(¢) lim,,;(1—2)A'(2) =0 (coexistence curve).
The result (B-3) satisfies the properties (b) and (¢). On the other hand, for
large = (B-3) yields A(2) /2 '=(c*—(e/2))2*7(1+ (¢/2)In2) +O(®). Using
(4-3) we have 2*7(1+4 (¢/2)In 2) =2 **(1+ (¢/2)In 2) =2". TIence h(z) is ex-
pected to satisfy (a) as well. See also Ref. 4) in this regard.

One can also consider the properties (a’), (b’) and (c¢’) corresponding to
(a), (b) and (c), respectively, for the function j(z), for which we can write

by (4-7) as
(1—2)j(z) =B(1—2") (1+az*) (B-4)
with
B:j(1)/23(1+a):1—%e+%1n2+0(52). (B-5)

This function j(2) does satisfy (b") and (c’), but not (a’) which is not relevant
here.

On the other hand, we obtain from (B-3)

h(l)/3=2+—:§—(2+1n2). (B-6)

Thus, on the contrary to the assumption of Fisk and Widom,” j(1) and 2 (1) are
different to first order in &:

j(1)/h(1)=x_/x*=1+%<¢?z—6) ~1-0.093¢, (B-7)

® This function A(z) should not be confused with the external field A introduced in §2.
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Interfacial Order Parameter Profile near the Critical Point 479

where y- and g4 are the compressibilities (or the susceptibilities) on the coexistence
curve in the equilibrium and metastable states, respectively.

Appendix C

By making use of the spectral decomposition of § 3 the surface free energy
is written up to O(g) as

jd { 2 dm (?)) .;_7: (m () —m?) + % (m () — )

—i—%(m (Y —m) —I—%(Zz~l)f(m Y —me)
+%(Z4—1> (m (r)“~mf)} +90,+940,, (C-1)
where
mP=gM?,
97~ % | @) +In@ +3(s1/2)}, (C-2)
G
gdds:% j_ In(@" + p"+2(c)) jdf(lfp(f)lz—l)- (C-3)
q;P
After some manipulations we have
3/2
96, +g405,= —3v2)7lg | 1 3(2|TD/ j
aq’+ 27| (« +21 D?
— DS (C-4)
m(r) is given from (4-17) by
— At h(L) {1_1 h?(L)} :
m (r) an oL 3 sec o) (C-5)
where
A2 =6 (C-6)
Substitution of (C-5) into the first three terms in (C-1) yields
1, /dm({r) 24° 2
a5 2 (G i) '
2 )\ 3L\2 15 ©n
v ( 24> 2
Z N aron oy —mp =24 31 (1 _> :
5 | r{(m (s mr) = 3l l[z]11+ 9a (C-8)
1( 24 LA 1
fomon -2 EE0 L), ©
i r(m () —m") o 3 + 5(1 (C-9)
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The remaining terms in (C-1) are of first order in ¢. Hence we can use the
lowest order expressions for m(»), A and L. Thus we have

%E jdr(m () —m2 =3v2|clyg L }117 , (C-10)
L(z-1 jdr(m (P —m?) = % @), (C-11)
211_! (Zi—1) fdr (m () —m = —32]¢|)q] (C-12)

where J has been defined in (3-6). With (C-10)~(C-12) and (C-4) all the
divergences that emerge as ¢—>0 can be eliminated. Namely we have

(C-4) +(C-10) + (C-11) + (C-12)
_ 24

1 1 V3 2
- {_Zln<21f1>+ ——h}+O(e). (C-13)

2 36
From (C-7)~(C-9) and (C-13) we finally obtain (4-20) with (4-21).
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’

Note added:

(1) The fact that (3-24) extrapolated within the coexistence region does not show any singu-
larity until the mean field spinodal curve ¢+ (g/2) M*=0 is reached seems to imply the continuity
of the cquation of state (3-24) into the metastable phase. We thus tend to ascribe the discrepancy
between j(1) and 2(1) found here to the nonlocal nature of the free energy functional I'{Af}.

In order to verify this let us replace (3-18) by its local form:

OM (o, d g > ,Mf( Y )1
p a<q d32+u75'1\4(7) o(r—ys) = y gt 2:\1(7)

since the differential operator has only plane wave eigenfunctions. Adding to this the counter term
involving d¢ this expression becomes R{M()) where

oM 1 Lyt (s Lo} p (e Lar)
HoIM( sy = a (e L),
RAD =7, L<q?+r+<g/’z>w pe 2 "2 R
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Here

1
F(@:L g g*+x) °

For small ¢=4—d, we can show that
F(x);%&_a [1~—;—1n1x1»{-0(e2)].

In this way we obtain the following equation for M(r) in the local approximation which replaces
(3-22):

a'M

art
The right-hand side also follows from the equation of state (3:24) by analytical continuation into
the unstable region. The change of the variable from M to z as given by (4-1), (4-4) and (4-5)
is still valid here with the right-hand side of the above equation vanishing at 2=1, and we finally
obtain

:fM»:—%M L 25 M( + ]\I)[ln z'+ M — ]

M
dr?

=—]cPMr) [1—=2()] 7 (=),
where

1—2)js(2) ~l-—cﬁz”3—%(32—l) [In[3z—1]—1] +O(e.
This yields

Jl<1)/3:2+ (;‘1‘111 ))—]1(1)/,8

?
Thus, as is anticipated, validity of the use of the analytically continued equation of state is verified
only in the local approximation up to O(¢). :

(2) 1f we extrapolate the calculation to three dimensions, €¢=1, we cncounter the following
infrared divergence in the first term of (3-18) associated with »=0:

where £, and £, are the lower and upper cutoffs, rexpu,tlvcly (the ultraviclet divergence at £, =co
cancels out with the counter terms and need not be considered). The interpretation that the eigen-
mode n=0 corresponds to a displacement of the interface as a whole suggests ihat the infraved
divergence in (1) is caused by capillary waves.” This can be studied by considering a model of
the interface with the rigid profile M,(r/) = (6lc]/¢)*tanh (+’/2L), but with fluctuating positions,
¥ =r—0r(Z). We take the actual profile to be the average M) ={M,(")> over the distribulion
of 8. We then obtain

d* M , — dM.

HIRD = el0) + 2l -0r @Vl ) + 5 M)+ i) [ P22 s, o
Using 0r(Z)% = 2ro) In(hkn/k) @ with 0=26%/¢ and (dMo/dr) /fo ) = (2/0)"*k** we indeed verily
that the last term of (2) coincides with (1) with M(r)=37;,(7). 1f we adopt the view that the
capillary wave contributions are not intrinsic to the properties of the interface and should be
excluded (see Ref. 1b) of the text), we should add the counter term

a1 Fom
— '—Z—I\Ja ()2 () ‘lnlz— 3

to the right-hand side of (3-19) or (3-22) where kn=a/L (we expect @ to be sufficiently smaller
than 1). The effects of the counter term are (i) @ of (4:8) is changed to a=(3/6)re—6a (i) Co
of the surface free cnergy (4-20) has a small temperature-dependent additional contribution
(4/9a’e(3—In{a/L)) which is, however, negligible for sufficiently small values of .

(1) E. P. Buff, R. A. Lovett and F. H. Stillinger, Phys. Rev. Letters 15 (1965), 621.
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