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The conditional quantum mutual information I(A; B|C) of a tripartite state papc is
an information quantity which lies at the center of many problems in quantum
information theory. Three of its main properties are that it is non-negative for any
tripartite state, that it decreases under local operations applied to systems A and B,
and that it obeys the duality relation I(A; B|C) = I(A; B|D) for a four-party pure
state on systems ABCD. The conditional mutual information also underlies the
squashed entanglement, an entanglement measure that satisfies all of the axioms
desired for an entanglement measure. As such, it has been an open question to find
Rényi generalizations of the conditional mutual information, that would allow for
a deeper understanding of the original quantity and find applications beyond the
traditional memoryless setting of quantum information theory. The present paper
addresses this question, by defining different @-Rényi generalizations /,(A; B|C) of
the conditional mutual information, some of which we can prove converge to the
conditional mutual information in the limit @ — 1. Furthermore, we prove that many
of these generalizations satisfy non-negativity, duality, and monotonicity with respect
to local operations on one of the systems A or B (with it being left as an open question
to prove that monotonicity holds with respect to local operations on both systems).
The quantities defined here should find applications in quantum information theory
and perhaps even in other areas of physics, but we leave this for future work. We
also state a conjecture regarding the monotonicity of the Rényi conditional mutual
informations defined here with respect to the Rényi parameter . We prove that
this conjecture is true in some special cases and when « is in a neighborhood of
one. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4908102]

. INTRODUCTION

How much correlation do two parties have from the perspective of a third? This kind of corre-
lation is what the conditional quantum mutual information (CQMI) quantifies. Indeed, let pspc be a
density operator corresponding to a quantum state shared between three parties, say, Alice, Bob, and
Charlie. Then the conditional quantum mutual information is defined as

I(A; B|C), = H(AC), + H(BC), — H(C), — H(ABC),), (1.1)

where H(F), = —Tr{orlogor} is the von Neumann entropy of a state o on system F and
we unambiguously let pc = Trap{papc} denote the reduced density operator on system C, for
example. Refs. 19 and 74 provided a compelling operational interpretation of the conditional quan-
tum mutual information in terms of the quantum state redistribution protocol: given many inde-
pendent copies of a four-party pure state ¥ 4ppc, With a sender possessing the D and B systems,
a receiver possessing the C systems, and the sender and receiver sharing noiseless entanglement
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before communication begins, the optimal rate of quantum communication necessary to transfer the
B systems to the receiver is given by %I (A; B|C)y.

It is a nontrivial fact, known as strong subadditivity of quantum entropy,**® that the condi-
tional quantum mutual information of any tripartite quantum state is non-negative. This can be
viewed as a general constraint imposed on the marginal entropy values of arbitrary tripartite quan-
tum states. Strong subadditivity also implies that the conditional mutual information can never
increase under local quantum operations performed on the systems A and B, so that I(A4; B|C),, is
a sensible measure of the correlations present between systems A and B, from the perspective of C.
That is, the following inequality holds

1(A; B|C), 2 I(A”; B|C)o, (1.2)

where warpc = (Nasar ® Mp_p) (papc) with Na_,4» and Mp_, g arbitrary local quantum opera-
tions performed on the input systems A and B, leading to output systems A’ and B’, respectively.
Inequalities like these are extremely useful in applications, with nearly all coding theorems in
quantum information theory invoking the strong subadditivity inequality in their proofs.

One of the most fruitful avenues of research in quantum information theory has been the
program of generalizing entropies beyond those that are linear combinations of the von Neumann
entropy.>>3417:62.71,50.72.20 Not only is this interesting from a theoretical perspective but more impor-
tantly, these generalizations have found application in operational settings in which there is no
assumption of many independent and identically distributed (i.i.d.) systems, so that the law of large
numbers does not come into play. In particular, the family of Rényi entropies has proved to possess
a wide variety of applications in these non-i.i.d. settings. More recently, researchers have shown that
nearly all of the known information quantities being employed in the non-i.i.d. setting are special
cases of a Rényi family of quantum entropies.’">

However, in spite of this aforementioned progress, it has been a vexing open question to deter-
mine a Rényi generalization of the conditional quantum mutual information that can be useful in
applications. On the one hand, a potential Rényi generalization of the conditional mutual informa-
tion of a tripartite state pspc consists of simply taking a linear combination of Rényi entropies.
For example, in analogy with the definition in (1.1), one could define a Rényi generalization of the
conditional mutual information as follows:

I(A; B|C), = Ho(AC), + Ho(BC), — Ho(C)p, — Ho(ABC),, (1.3)

where Hy(F)o = [1 — ] ' log Tr{o-}} is the Rényi entropy of a state o on system F, with param-
eter @ € (0,1) U (1,00) (with the Rényi entropy being defined for @ € {0,1,00} in the limit as «
approaches 0, 1, and oo, respectively). Although this quantity is non-negative in some very special
cases,” in general, I/,(A; B|C ), can be negative, and in fact there are some simple examples of states
for which this occurs. Furthermore, the results of Ref. 47 imply that there are generally no linear
inequality constraints on the marginal Rényi entropies of a multiparty quantum state other than
non-negativity when a € (0,1) U (1, 00). This implies that monotonicity under local quantum oper-
ations generally does not hold for I/,(A; B|C),, and Ref. 47 provides many examples of four-party
states papcp such that I)(A; BD|C), < I/(A; B|C),. For these reasons, we feel that formulas like
that in (1.3) should not be considered as Rényi generalizations of the conditional quantum mutual
information, given that non-negativity and monotonicity under local operations are two of the
basic properties of the conditional quantum mutual information, which are consistently employed
in applications. However, one could certainly argue that the case @ = 2 is useful for the class of
Gaussian quantum states, as done in Ref. 2.

On the other hand, the standard approach for generalizing information quantities such as en-
tropy, conditional entropy, and mutual information beyond the von Neumann setting begins with the
realization that these quantities can be written in terms of the Umegaki relative entropy D(p||c)"®

H(A)p, = =D(pallla), (1.4)
H(AIB), = H(AB), = H(B), = =min D(pllls ® o), (L.5)

I(A;B), = H(A), + H(B), - H(AB),, = min D(pasllpa® op), (1.6)
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where

[Tr{p}]”' [Tr{plog p} — Tr{plogo}] if supp(p) C supp (o)

. (1.7)
+00 otherwise

D(pllo) = {

Note that the unique optimum o g in (1.5) and (1.6) turns out to be the reduced density operator pp.
The Rényi relative entropy of order a € [0,1) U (1,00) is defined as>>

ﬁ log Tr {[Tr {p}]_lp"al_"} if supp (p) C supp (o) or (@ € [0,1) and p L o)

+00 otherwise

Do(pllor) =

(1.8)

with the support conditions established in Ref. 65. Using this quantity, one can easily define Rényi
generalizations of entropy, conditional entropy, and mutual information in analogy with the above
formulations

Hw(A)p = _Drr(pA”IA)v (1.9)
H(A|B), = _I})_lLHDa(pAB“IA ® o), (1.10)
I,(A; B), EI}TliBH Do(pasllpa ® op). (1.11)

Since the Rényi relative entropy obeys monotonicity under quantum operations for « € [0,1) U
(1,2],°% in the sense that D,(p||o) = Do(N (p) |IN (o)) for a quantum operation N, the above
generalizations have proven useful in several applications (see Refs. 41, 48, and 62 and references
therein).

Il. OVERVIEW OF RESULTS

The main purpose of the present paper is to develop Rényi generalizations of the conditional
quantum mutual information that satisfy the aforementioned properties of non-negativity, mono-
tonicity under local quantum operations, and duality. We come close to achieving this goal by
showing that non-negativity, duality, and monotonicity under local operations on one of the systems
A or B hold for many of our Rényi generalizations. Numerical evidence has not falsified monoto-
nicity under local operations holding for both systems A and B, but it remains an open question
to determine if this holds for both systems A and B. Nevertheless, we think the quantities defined
here should be useful in applications in quantum information theory, and they might even find use in
other areas of physics.3%-%:29:36.39.27.38

After establishing some notation and recalling definitions in Sec. III, our starting point is in
Sec. IV, where we recall that the conditional quantum mutual information of a tripartite state papc
can be written in terms of the relative entropy as follows (see “Proof of (1.5)” in Ref. 46):

I(A; B|C), = D (pascllexp {log pac + log psc — log pc}) - (2.1)

We then recall the following generalized Lie-Trotter product formula from Ref. 60, with the partic-
ular form below being inspired from developments in Ref. 43

. 1-)/2 (a-1)/2 1- “1)/2 _(1-a)/211/(-a)
exp {log pac +1og pac ~log pe} = lim [l ™o e 2oL @)

where we assume that the operators psc, ppc, and pc are invertible. The relation above suggests a
number of Rényi generalizations of the relative entropy formulation in (2.1), one of which is

|[ (1-0)/2 (a=1)/2 1-a (a-1)/2 p(l—a>/2]1/<‘—“))

Da (pABC PAC pc PBC pC AC

1 1—a)/2 (a=1)/2 1- 12 (1-a)/2
= —logTr{pferic™*pe ™ Posc o e 23)

We prove that several of these Rényi conditional mutual informations are non-negative for a €
[0,1) U (1,2] and obey monotonicity under local quantum operations on one of the systems A or
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B in the same range of a (with the proof following from the Lieb concavity theorem* and the
Ando convexity theorem*). Our proof for monotonicity under local operations depends on operator
orderings in the particular Rényi generalization of the conditional mutual information. For example,
we can show that monotonicity under operations on the B system holds for the quantity defined in
(2.3), due to the fact that ppc is “placed in the middle.” We also consider several limiting cases,
the most important of which is the limit as @ — 1. We prove that some of the @-Rényi conditional
mutual informations converge to /(A; B|C),, in this limit. Note that classical and quantum quantities
related to these have been explored in prior work.%2!

The sandwiched Rényi relative entropy>*’? is another variant of the Rényi relative entropy which
has found a number of applications recently in the context of strong converse theorems.”>4%26:15:67 [t
is defined for @ € (0,1) U (1, 00) as follows:

if supp (p) C supp (o) or
(¢ e(0,1)and p L o)

+00 otherwise

1 - - a - a @
B () = =1 0 ([T tpH T { (o7 port e
2.4)

In Sec. VI, we use this sandwiched Rényi relative entropy to establish a number of sandwiched
Rényi generalizations of the conditional mutual information, one of which is

N 1-a)/2 -D/2a (1- “D2a (1-a)/2a1/(1-a)
D, (PABC“[PZCQ)/ “p(c“ )/ ”péc“)/“p(c“ ! apica)/ a] )

log Tr{( 1/2 (l—a)/Zap(a—1)/2arp(l—a/)/ap(a—1)/2¢rp(l—a/)/2(lp]/2 )a’} , (25)

o—1 PapcPac c BC c AC ABC

where the equality follows from the fact that

Tr {(0_(1—a)/2apo_(1—a)/2a)"} — Tr{(pl/zo_(l—a)/apl/z)“} . (2.6)

Although both Rényi generalizations of the conditional mutual information feature “operator sand-
wiches,” we give this particular generalization the epithet “sandwiched” because it is derived from
the sandwiched Rényi relative entropy. We prove that several of these sandwiched Rényi conditional
mutual informations are non-negative for all @ € [1/2,1) U (1,00) and that they are monotone under
local quantum operations on one of the systems A or B for the same range of « (with the proof
following from recent work in Refs. 31 and 24). We can prove that some of them converge to
I(A; B|C),, in the limit as @ — 1, and there are other interesting quantities to consider for @ = 1/2
or @ = oo, leading to a min- and max-version of conditional mutual information, respectively. There
are certainly other possible definitions for Rényi conditional mutual information that one could
consider and we discuss these in the conclusion.

One of the most curious non-classical properties of the conditional quantum mutual informa-
tion is that it obeys a duality relation.'®’* That is, for a four-party pure state ¥ 4pcp, the following
equality holds

I(A; B|C), = I(A; BID),. 2.7)

In Sec. VII, we prove that some variants of the Rényi conditional mutual information obey duality
relations analogous to the above one.

A well known property of both the traditional and the sandwiched Rényi relative entropies
is that they are monotone non-decreasing in «. That is, for 0 < @ < 8, we have the following
inequalities:>%

Do (pllo) < Dg(pllo),  Da(pllo) < Dg(pllor). (2.8)

Section VIII states an open conjecture, that the Rényi generalizations of the conditional mutual
information obey a similar monotonicity. We prove that this conjecture is true in some special cases,
we prove that it is true when « is in a neighborhood of one, and numerical evidence indicates that it
is true in general. We finally conclude in Sec. IX with a summary of our results and a discussion of
directions for future research.
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lll. NOTATION AND DEFINITIONS
A. Norms, states, channels, and measurements

Let 8 (H) denote the algebra of bounded linear operators acting on a Hilbert space H. We
restrict ourselves to finite-dimensional Hilbert spaces throughout this paper. For @ > 1, we define
the a-norm of an operator X as

I1XIl, = Te{(VXTX)*}/, 3.1

and we use the same notation even for the case @ € (0, 1), when it is not a norm. Let 8(H ), denote
the subset of positive semi-definite operators, and let B(H),, denote the subset of positive definite
operators. We also write X > 0 if X € B(H), and X > 0 if X € B(H),,. An operator p is in the
set S (H) of density operators (or states) if p € B(H), and Tr{p} = 1, and an operator p is in the
set S(H ). of strictly positive definite density operators if p € B(H),, and Tr{p} = 1. The tensor
product of two Hilbert spaces H, and Hp is denoted by Hp ® Hp or Hap. Given a multipartite
density operator pap € S(Hs ® Hp), we unambiguously write py = Trg {pap} for the reduced
density operator on system A. We use pap, 0 4B, TAB, WAB, €tC., to denote general density operators
in S(Hs ® Hp), while Yap, vap, dap, etc., denote rank-one density operators (pure states) in
S(Ha ® Hp) (with it implicit, clear from the context, and the above convention implying that i 4,
©a, o4 may be mixed if Yap, ap, pap are pure). In expressions like that in (2.3) and (2.5), an
identity operator is implicit when not written (and should be clear from the context), so that, for
example, the expression p}g‘cf’ in (2.3) should be interpreted as /4 ® p};c“.

The trace distance between two quantum states p,o € S (H) is equal to ||p — o||,. It has a
direct operational interpretation in terms of the distinguishability of these states. That is, if p or o
are prepared with equal probability and the task is to distinguish them via some quantum measure-
ment, then the optimal success probability in doing so is equal to (1 + ||p — o||,/2) /2. Throughout
the paper, for technical convenience and simplicity, some of our statements apply only to states
in S(H),,. This might seem restrictive, but in the following sense, it is physically reasonable.
Given any state w € S (H) \ S(H),,, there is a state w (&) = (1 — &) w + &1/ dim (H) for a con-
stant & > 0, so that w (¢) € S(H),, and |lw — w (&)||; < 2£. Thus, the bias in distinguishing w from
w (¢) is no more than £/2, so that w (£¢) can “mask” as w.

Throughout this paper, we take the usual convention that f (A) = >; f (a;) |i) {i| when given
a function f and a Hermitian operator A with spectral decomposition A = }}; a;|i) {i|. So this
means that A~! is interpreted as a generalized inverse, so that A™' = 3., .oa;'|i)(i], log(A) =
Yiwa;>0log (a;) i) (il, exp (A) = 3, exp (a;) i) (il, etc. Throughout the paper, we interpret log as the
natural logarithm. The above convention for f (A) leads to the convention that A° denotes the
projection onto the support of A, i.e., A°= Yi:a;0 1) (i]. We employ the shorthand supp(A) and
ker(A) to refer to the support and kernel of an operator A, respectively.

A linear map Na_p : B (Ha) — B (Hp) is positive if Na_p(04) € B(Hp), whenever o4 €
B(Ha),. A linear map Na_,p: B(Ha) = B (Hp) is strictly positive if Na_,g(0a) € B(Hp).,
whenever o4 € B(Ha),,. Let ids denote the identity map acting on a system A. A linear map
Na_p is completely positive if the map idg ® N4, is positive for a reference system R of
arbitrary size. A linear map Ny p is trace-preserving if Tr{Na_p(74)} = Tr{74} for all input
operators 74 € B (H,). If a linear map is completely positive and trace-preserving (CPTP), we say
that it is a quantum channel or quantum operation. A positive operator-valued measure (POVM) is a
set { A"} of positive semi-definite operators such that ), A™ = I.

B. Relative entropies

We defined the relative entropy D(P||Q) between P,Q € B(H), in (1.7), with P # 0. The
definition is consistent with the following limit, so that

lim [Tr {P}]"'Tr {P[log P —log (Q + £N)]} = D(P||Q). (3:2)
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where [ is the identity operator acting on H . The statement in (3.2) follows because the quantity
lim Tr {Plo + &1 33
lim Tr {Plog (0 +¢1)} (3.3)

is finite and equal to Tr{Plog Q} if supp(P) C supp (Q). Otherwise, (3.3) is infinite. The relative
entropy D(P||Q) is non-negative if Tr{P} > Tr {Q}, a result known as Klein’s inequality.*> Thus,
for density operators p and o, the relative entropy is non-negative, and furthermore, it is equal to
zero if and only if p = 0.

We defined the Rényi relative entropy in (1.8). This definition is consistent with the following
limit, so that for @ € [0,1) U (1,00)

. 1 -1 pa 1-a| _

lim ——log Tr {[Tr {P}]"'P*(Q +£1)'""} = Da(PIIQ), (3.4)
as can be checked by a proof similar to Ref. 50, Lemma 13. The quantity obeys the following
monotonicity inequality for all @ € [0,1) U (1,2]:

Dy (PIIQ) 2 Do (N (P) IN (Q)) (3.5)

where P,Q € B(H), and N is a CPTP map.’? Thus, by applying this, we find that D, (P||Q) is
non-negative for all @ € [0,1) U (1,2] whenever Tr{P} > Tr{Q}, so that it is always non-negative
for density operators p and o-. Furthermore, it is equal to zero if and only if p = 0.

We also defined the sandwiched Rényi relative entropy in (2.4). Similar to the above quantities,
the definition is consistent with the following limit, so that

; 1 - —a)/2a -a)/2a]% 3
lim ——— log [T (P} 'Tr {[(@ + £DPP(Q + £ |7} | = Da(PlIQ). (3.6)

as proved in Ref. 50, Lemma 13. Whenever supp(P) C supp (Q) or (@ € (0,1) and P L Q), it admits
the following alternate forms:

1

Do (PIQ) = —— log [[Tr {P}]"'Tr {(@" /2 PQ=2) "} ] (37
= —— log[|Q! =2 PQU-|| — —— log Tr {P} (3.8)
= a‘i - log P12t epti| - - i [log Tr {P}. (3.9)

It obeys the following monotonicity inequality for all @ € [1/2,1) U (1,00):

Do (P|Q) = Doy (N (P)IN (Q)), (3.10)

where P,Q € B(H), and N is a CPTP map®* (see also Refs. 7, 49, 72, and 50 for other proofs of
this for more limited ranges of «). Thus, by applying this, we find that D, (P||Q) is non-negative
for all @ € [1/2,1) U (1,00) whenever Tr{ P} > Tr {Q}, so that it is always non-negative for density
operators p and o. Furthermore, it is equal to zero if and only if p = 0.

IV. CONDITIONAL QUANTUM MUTUAL INFORMATION BASED ON VON NEUMANN
ENTROPY

In this section, we prove that the conditional quantum mutual information has many seemingly
different representations in terms of a relative-entropy-like quantity (however all of them being
equal). This paves the way for designing different Rényi generalizations of the conditional quan-
tum mutual information. Furthermore, we give a conceptually different proof of the fact that the
conditional quantum mutual information 7 (A; B|C) is monotone under local quantum operations
on systems A and B. This alternate proof will be the basis for similar proofs when we consider
Rényi generalizations in Secs. V and VI. Finally, we discuss how representing I (A; B|C) as we do
in Proposition 2 allows for a straightforward comparison of it with the minimum relative entropy
“distance” to quantum Markov states, a quantity originally considered in Ref. 32.
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A. Various formulations of the conditional quantum mutual information

One of the core quantities that we consider in this paper is the following function of four
density operators papc € S (Hagc), Tac € S (Hac), Opc € S (Hpe), and we € S (He):
A(papc, Tac, Opc,wc) = Tr{ papc [10g pagc — 1og Tac — log Opc + logwcl} 4.1
where logarithms of density operators are understood in the usual sense described in Sec. III.
Let I4pc denote the identity operator acting on Hypc. A sufficient condition for
élfi{I(l)A (PaBc, Tac + €lapc,Oc + Elapc,we + Elapc) (4.2)
to be finite and equal to (4.1) is that
supp (pasc) € supp (Tac) , supp (Osc) , supp (wc) (4.3)

for the same reason given after (3.2). When comparing with supp(papc), it is implicit through-
out this paper that supp(7ac) = supp (Iz ® Tac), supp(@sc) = supp (Ia ® 0p¢), and supp(wc) = supp
(Iag ® wc). The condition in (4.3) is equivalent to supp(papc) being in the intersection of the
supports of 74¢, Opc, and we. Note that there are more general support conditions which lead to a
finite value for (4.2), but for simplicity, we focus exclusively on the above support condition. If the
support condition in (4.3) holds, then by inspection we can write

A (pac,Tac,Osc.we) = D (pagcll exp {log 1ac + log 6pc — logwc}) . 4.4)
Furthermore, observe that

éi{‘r(l) A (pagc, pac + EIxpe, ppe + Elupe, pe + E1apc) 4.5)

is finite and equal to (4.1) because the support condition in (4.3) holds when choosing 74¢, 0p¢, and
wc as the marginals of pspc (see, e.g., Ref. 54, Lemma B.4.1).

Lemma 1. Let papc € S (Hapc), Tac € S (Hac), 0pc € S (Hpe), and wce € S (Hc) and sup-
pose that the support condition in (4.3) holds. Then

A(pagcstac,Opc,wc) = 1(A; BIC),, + D (paclltac) + D (pacllésc) — D (pcllwc) . (4.6)

Proof. This follows simply by adding to and subtracting from A (pagc,Tac,0sc,wc) each
of Tr{papclog pac}t, Tr{pasclog pac}, and Tr{papclog pc}. We then apply the definitions of
I(A; B|C),,, D (paclltac)s D (pacllfsc), and D (pcllwc). u

For the mutual information, there are four seemingly different ways of writing it as a relative
entropy.'* However, for the conditional mutual information, there are many ways of doing so, as
summarized in the following proposition. The significance of Proposition 2 is that it paves the way
for designing many different Rényi generalizations of the conditional mutual information.

Proposition 2. Let papc € S (Hapc). Then

I(A; BIC),, = A(pasc, pac, pcs Pc) = lﬂ‘ﬁA (PABC, TaCs PBCS PC) 4.7

= inf A (pascs pac,Osc, pc) = sup A(pagc, pac, pac,wc) (4.8)
Opc wc

= inf A (pagc, Tac, PBc, Tc) = inf sup A (papc, Tac, pac, W) 4.9)
TAC TAC we

= inf A (pasc, pac»Opc,0c) = inf sup A (papc, pac, Osc,we) (4.10)
Opc Oc wcCe

= inf A(pagc,0ac,0sc,pc) = inf  A(papc,Tac,0scs pc) (4.11)
TABC TACOBC

= inf A(papc,Tac,0pc,0¢c) = inf  A(pape, Tac,Opc, Tc) (4.12)
TABC TACOBC

= inf A(pasc:Tac0pc.0c) = inf sup A(papc,Tac, Ope,wc) (4.13)
7ac-98C OABC we

= inf supA(papc,Tac,Osc,wc) , (4.14)

TAC9BC we
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where the optimizations are over states on the indicated Hilbert spaces obeying the support condi-
tion in (4.3) and over o apc for which supp (papc) C supp (Tapc). The infima and suprema can be
interchanged in all of the above cases, are achieved by the marginals of papc, and can thus be
replaced by minima and maxima.

Proof. We only prove two of these relations, noting that the rest follow from similar ideas. We
first prove (4.14). Invoking Lemma 1, we have that

inf sup A (papc,Tac.0pc,wc) = 1(A; B|C),,

TAG9BC we
+ inf D (paclltac) + inf D (ppcll@pc) — inf D (pcllwc) . (4.15)
TAC Oc wc
Invoking the fact that the relative entropy is minimized and equal to zero when its first argument is
equal to its second, we see that the right hand side is equal to I(A; B|C),,.

We now prove the first equality in (4.12). Let o4pc denote some tripartite state for which
supp (pagc) C supp (0apc)- By Lemma 1, we have that

A(papc,oac,opc:0c) = 1(A; BIC),, + D (paclloac) + D (pacllose) = D (pclloc) . (4.16)
But it is known that the relative entropy is monotone under a partial trace, so that
D (paclloac) =z D (pclloc) - (4.17)
Thus, we have that
D (paclloac) + D (pscllose) — D (pclloc) = 0. (4.18)
This implies that
Uiilgfc A(pasc,oac,oc,0c) = 1(A; B|C), + Uiilgfc [D (paclloac) + D (pacllosc) = D (pclloc)] .
(4.19)

The three rightmost terms are non-negative (as shown above), so that we can minimize them (to
their absolute minimum of zero) by picking a state o 4p¢ such that

oac = pac, logopc—logoc =log ppc —log pc, (4.20)
or by symmetry, one such that
opc = ppc,  logoac —logoc = log pac —log pc. 4.21)

One clear choice satisfying this is c4pc = papc, but there could be others. [ ]

Remark 3. A priori, we require infima and suprema in the above proposition because the
sets over which the optimizations occur are not compact. More explicitly, suppose that papc =
wap ® O¢c for wap € S (Hap) and ¢ € S (Hc). Then the sequence of states,

1 Wyg +( _l) Inp = wyp
nTr{a)OAB} n Tr{IAB—(A)O

s 4.22)
iy
is such that supp (papc) S supp (wag (n)) for all n > 1, but supp (papc) € supp (wap (0)).

wap(n) =

Corollary 4. Let papc € S (Hapc). Then there is a Pinsker-like lower bound on the conditional
mutual information 1(A; B|C),

I(A; BIC),, > 1 llpasc — exp {log pac + log ppc — log pcHI7 - (4.23)

Proof. The corollary results from the following chain of inequalities:

D (pascll exp {log pac + log ppc — log pc})
> D12 (pascll exp {log pac + log ppc — log pc}) (4.24)

= —2log Tr {\/pABC\/exp {log pac + log ppc — log pc}} (4.25)
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2
> ~2log (1 — 1 ||VPasc — Vexp {log pac + log psc — log PC}Hz) (4.26)
2
2 ”VPABC — Vexp {log pac + log psc — log PC}‘H2 (4.27)
> 1|l papc — exp {log pac + log psc — log pc}Hi7 - (4.28)

The first step follows from monotonicity of the Rényi relative entropy with respect to the Rényi
parameter (see (2.8)). The rest are from a line of reasoning similar to that in the proofs of Ref. 75,
Theorem 2.1 and Corollary 2.2, which in turn follows from some of the development in Ref. 11. =

B. Monotonicity of the conditional quantum mutual information under local quantum
operations

In this section, we show that the A quantity in (4.1) obeys monotonicity under tensor-product
quantum operations acting on the systems A and B, thus establishing it as a fundamental infor-
mation measure upon which the conditional mutual information is based. Later, we also establish
a Rényi generalization of this quantity, which is the core quantity underlying our various Rényi
generalizations of conditional mutual information.

Lemma 5. Let PABC € S (WABC)y TAC € S (WAC)) Opc € S (Wgc), and wc¢ € S (Wc) and sup-
pose that the support condition in (4.3) holds. Let Na_,a» and Mp_, g be CPTP maps acting on the
systems A and B, respectively. Then the following monotonicity inequality holds

A (pase Tac,Osc,we) = A(Nasar ® Mpopr) (pasc) s Nasar (Tac) . Mpop (0pc) . we) - (4.29)

Proof. We first prove the inequality
A (pagc,Tac:0pc,we) = A(Nasar(pasc) s Nasar (Tac) ,0sc, wc) - (4.30)
To prove this, we simply expand out the terms
A(pagcstac,Opc,wc) = D (pagclltac ® Ip) — Tr{ppclog Opc} + Tr{pclogwc}. (4.31)
Noting that supp (Na—a(pasc)) € supp (Na—a’ (tac)) if supp (papc) S supp (7ac) (see, e.g., Ref. 54,

Lemma B.4.2), we similarly have that

A(Nasar(pasc) s Nasar (Tac) »0sc,we) = D (Nasar (pase) INasar (Tac) ® Ip)
= Tr{ppclogpc} + Tr{pclogwc}. (4.32)

Then the inequality in (4.30) follows from the ordinary monotonicity of relative entropy

D (pagclltac ® 1) = D (Na-ar(pac) INa—ar (Tac) ® Ip) - (4.33)

An essentially identical approach gives us the following inequality:
A(pasc,Tac,Opc,we) =2 A(Mp—p (pasc) s tac, M- (0sc) ,wc) - (4.34)
Combining this one with (4.30) gives us the inequality in the statement of the lemma. |

One of the crucial properties of the conditional quantum mutual information is that it is mono-
tone under CPTP maps acting on the systems A and B, respectively. That is,

I(A; B|C), > I(A; B'|C)g, (4.35)

where Exprc = (Namar @ Mp_,p) (papc). From the statement of Lemma 5, we can conclude with
a conceptually different proof (other than directly making use of strong subadditivity as done
in Ref. 13, Proposition 3) that the conditional mutual information is monotone under tensor-product
maps acting on systems A and B. The following theorem is a straightforward consequence of
Lemma 5 and the fact that I(A; B|C)p = A (paBc, PAC, PBC, PC)-
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Theorem 6 (Ref. 13, Proposition 3). Let pagc € S (Hapc), Na—ar and Mp_.gr be CPTP maps
acting on the systems A and B, respectively, and &apic = (Nasa ® Mp_p) (papc). Then the
following inequality holds

I(A; B|C), > I(A’; B'|C).. (4.36)

C. Comparison with the minimum relative entropy to quantum Markov states

In classical information theory, a tripartite probability distribution pa g c (a,b,c) has condi-
tional mutual information 7 (A; B|C) equal to zero if and only if it can be written as a Markov
distribution pc (c) pajc (alc) pgic (blc). Equivalently, it is equal to zero if and only if the distribution
pa.s.c (a,b,c) is recoverable after marginalizing over the random variable A, that is, if there exists
a classical channel ¢ (a|c) such that pa p.c (a,b,c) = g (a|c) ps.c (b,c). Furthermore, the classical
conditional mutual information of p4 g ¢ can be written as the relative entropy distance between
pa..c and the nearest Markov distribution [Ref. 32, Sec. II].

The generalization of these ideas to quantum information theory is not so straightforward, and
we briefly review what is known from Refs. 28 and 32. Our main aim in doing so is to set the
stage for establishing a Rényi generalization of conditional mutual information and the subsequent
discussion in Sec. VIII D.

An important class of quantum states is the quantum Markov states, introduced in Ref. 1 and
studied for finite-dimensional tripartite states in Ref. 28. Following Ref. 28, we define a state pspc
to be a quantum Markov state if /(A; B|C),, = 0. Let M4_c-p denote this class of states. The main
result of Ref. 28 is that such a state has the following explicit form:

pasc =D 4 (DT act ® ocry, (4.37)
J
for some probability distribution g (;), density operators {0 4,0 R}, and a decomposition of the
J J
Hilbert space for C as He = ) Hor ® Hr. We also know that a state papc is a quantum Markov
Jj J J
state if any of the following conditions hold:>*%

2 172
pasc = pAC pc *ppcpg i, (4.38)
2 1/2
pasc = Pyepe ! pacore pye. (4.39)
pagc = exp {log pac + log ppc —log pc} - (4.40)
Interestingly, if pc is positive definite, then the map () — pix/cz pcl/ 2( ) pcl/ 2:0/14/3 is a quantum chan-

nel from system C to AC, as one can verify by observing that it is completely positive and trace
preserving. Otherwise, the map is trace non-increasing. These same statements also obviously apply
to the map (-) — p;/cz 0 Cl/ 20) P Cl/ zpllg/g See Refs. 33 and 34 for more conditions for a tripartite state
to be a quantum Markov state.

Let M (papc) denote the relative entropy “distance” to quantum Markov states>>

M (papc) = inf D (pasclloasc) s (4.41)
oaBcEMa-c-B

where M4_c_p is the set of quantum Markov states defined above. Clearly, it suffices to restrict the

above infimum to the set of Markov states o4 for which supp (papc) € supp (0 apc). We can now

easily compare I (A; B|C) with M (papc), as done in Ref. 32. First, since every quantum Markov

state satisfies the condition o 4pc = exp {log oac + log ogc —log o}, we see that this formula is

equivalent to

M (pasc) = inf D (pascllexp {log oac + logopc —logoc}), (4.42)

oapceEMa-c-B

from which we obtain the following inequality:
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M (papc) = inf D (pagc|| exp {log wac + log wpe — log wc}) (4.43)
WABC

= J?BfCA (paBc, WAC, WBC,WC) (4.44)

= I(A; B|C),, (4.45)

where the infimum is over all states wypc satisfying supp (papc) € supp (wapc). The above inequality
was already stated in Ref. 32, Theorem 4 (and with the simpler proof along the lines above given by
JenCova at the end of Ref. 32), but one of the main contributions of Ref. 32 was to show that there are
tripartite states wapc for which there is a strict inequality M (wagc) > I(A; B|C),,, and in fact Ref. 32,
Sec. VI showed that the gap can be arbitrarily large.

Thus, from the results in Ref. 32, we can already conclude that taking the Rényi relative
entropy distance to quantum Markov states will not lead to a useful Rényi generalization of condi-
tional mutual information as one might hope. After the completion of the present paper, we were
informed that this matter was pursued independently in Ref. 22.

V. RENYI CONDITIONAL MUTUAL INFORMATION

In this section, we establish many Rényi generalizations of the conditional mutual information
that bear some properties similar to its properties. Furthermore, we can prove that some of these
generalizations converge to it in the limit as the Rényi parameter @« — 1. We are motivated to
define a Rényi conditional mutual information by considering the generalized Lie-Trotter product
formula®

1/(1-c
exp {log Tac + log Opc — logwc} = lim [folc @2, (” Di2gloa s (1 a/)/2] /! ”, (5.1)
where the equality holds when 7ac € S(Hac), -+ O8c € S(Hpc).,,, and wce € S(Hc), .. By plugging
the RHS above (before the limit is taken) into the Rényi relative entropy formula defined in (1.8),
we obtain the following expression:

IOgTr{pABC (1-a)/2 (Ca 1)/291 —a (a 1)/2 (lca)/Z} (5.2)
We can evaluate the above expression even in the case when tac € S (Hac), 0pc € S (Hpc), and
wc € S (Hc) (considering instead the generalized inverse mentioned in Sec. III). With this, we
consider the formula in (5.2) to be a Rényi generalization of the formula in (4.4).

The development above motivates some other core quantities that we consider in this paper.
Let PABC € S (WABC)’ TaC € S (WAC)’ Opc € S (Wgc), and wc € S (WC) We define the following
quantities for @ € [0,1) U (1, 00):

Qo (paBc,Tac,we,0pc) = Tr {pABCT/(\IC a)/zw(ca 1)/2911351 (g WzTSc ar)/Z} ) (5.3)
1
Ao (paBc, Tacswe,0c) = =1 log Qo (paBc, Tac,we,05c) - (5.4)

We stress that the formula in (5.4) is to be interpreted in the sense of generalized inverse, so that it is
always finite if

pABC-/— ‘Tf(;lc a)/Zw(ar 1)/29(1 cr)/2 . (55)

The non-orthogonality condition in (5.5) is satisfied, e.g., if the support condition in (4.3) holds,
so that (5.5) is satisfied when 74c = pac, we = pc, and Opc = ppe. It remains largely open to
determine support conditions under which

y{% Ao (pagesTac + Elape,we + Elape, Opc + E1apC) (5.6)

is finite and equal to (5.4), with complications being due to the fact that (5.3) features the multi-
plication of several non-commuting operators which can interact in non-trivial ways. We can also
consider five other different operator orderings for the last three arguments of Q,, i.e.,

1-a)/2 -1)/2_1- -1)/2 )(1-a)/2
Qa (panc.Osc.wcTac) = Tr { pipeblpc ol ™ it 2 (5.7)
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1/2_(1-a)/2 1-a)/2 1)/2
(O (pABCawC’TAC,HBC)ETI' {,0 % B (Of )/ ( -a)/ ezlgca/(; -a)/ ((Z )/ } (5.8)
Qa (Panc: e, Opc,Tac) = Tr { pfpew “’ ”/29“ e o “’ e (5.9)
Qo (0aBC, Tac,O8c,we) = Tr {pA CT,glc (l)/2 (1 a)/2 a/ 19(1 oz)/2 (1 a)/2} (5.10)

1 2 (I-a)/2 1-a)/2 (1 2
Qu (PaBc,9pc, Tac,we) = Tr {PABCGE;CQ)/ T/ic i we” 1T/§c i Q(CQ)/ } . (5.11)

In the above, we are abusing notation by always having the power (@ — 1) /2 associated with w¢ and
the power (1 — @) /2 associated with 14¢ and 6p¢, but we take the convention that the different Q,
quantities are uniquely identified by the operator ordering of its last three arguments. These different
Q. functions lead to different A, quantities, again uniquely identified by the operator ordering of
the last three arguments.

We can then use the above observations, the observation in Proposition 2, and the definition
of the Rényi relative entropy to define Rényi generalizations of the conditional mutual information.
There are many definitions that we could take for a Rényi conditional mutual information by using
the different optimizations summarized in Proposition 2 and the different orderings of operators as
suggested above.

In spite of the many possibilities suggested above, we choose to define the Rényi conditional
mutual information as the following quantity because it obeys some additional properties (beyond
those satisfied by many of the above generalizations) which we would expect to hold for a Rényi
generalization of the conditional mutual information.

Definition 7. Let pagc € S (Hapc). The Rényi conditional mutual information of papc is defined
for a € 10,1) U (1,00) as

1,(A; BIC), = (lrfllgg Ao (pagc, pac, pc,TBC) » (5.12)
where the optimization is over density operators o gc such that supp (papc) S supp (0 pc).

Note that unlike the conditional mutual information, this definition is not symmetric with
respect to A and B. Thus one might also call it the Rényi information that B has about A from the
perspective of C. Note also that, for trivial C, the definition reduces to the usual definition of Rényi
mutual information in (1.11).

One advantage of the above definition is that we can identify an explicit form for the minimiz-
ing opc and thus for 1,(A; B|C),,, as captured by the following proposition:

Proposition 8. Let papc € S (Hapc). The Rényi conditional mutual information of papc has the
Sollowing explicit form for a € (0,1) U (1, 00):

a a-1)/2 )2 a o2 (a—1)2\ @
1 1OgTr{('O(C VT {pixlc g PscPuc”” }p(c v ) } (5.13)

This follows because the infimum in (5.12) can be replaced by a minimum and the minimum ogc is
unique with an explicit form.

A proof of Proposition 8 appears in Appendix A.

A. Limit of the Rényi conditional mutual informationas a — 1

In this section, we consider the limit of the A, quantity as the Rényi parameter & — 1. This
allows us to prove that some variations of the Rényi conditional mutual information converge to the
conditional mutual information in the limit as @ — 1.

Theorem 9. Let PABC € S (WAgc), TAC € S (WAC); 93C eS (Wgc), and wce € S (Wc) and sup-
pose that the support condition in (4.3) holds. Then

Cl,ilﬂ Aq (paBe, Tac,we,0sc) = A(pasc, Tac, we, 05c) - (5.14)

The same limiting relation holds for the other A, quantities defined from (5.7) to (5.11).
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Proof. We will consider L’Hdpital’s rule in order to evaluate the limit of A, as @ — 1, due to
the presence of the denominator term @ — 1 in A,. To this end, we compute the following derivative
with respect to «

dd Qq (pasc, Tac, wc,0pc) = Tr{(IngABC) PLaeTs 1= fl>/2w<a Di2gl-ag, @D <1 a)/Z}
;Tr{pABC(logTAC) (1-e)/2, (a 1)/291 @, (a /2 (lc a/)/2}
N %Tr {57 (logwe) we VPl e VP20
Tl g ) gl
e L (e P ol og wc) ol 2
— %Tr {pABCTf(xlC /2, (a 1)/291—Caw(crx—1)/2(logT ot (1- (1)/2}. (5.15)

Thus, the function Q,, (pagc, Tac, W, Opc) is differentiable for a € (0, 00). Applying L’Hopital’s rule,
we consider

1 d
hm Ao (PaBC, Tac, we, 0pc) = lim — Qo (pages Tac, we, O5c) - (5.16)
a—1 Qg (Pac, Tac, e, 0pc) da

We can evaluate the limits separately to find that

(13211 Qo (paBc, Tacs e, O5c) = Tr{papcty w8y wetic} (5.17)
d
im d—Qa (pascs Tacswes 05c) = Tr{(10g pasc) PapcTH WSO WEThe
1 1
- =Tr {pABc (log Tac) TXCwOCQngCTAC} + Tr {pABCTAC (log we) wcegcwocrgc

2

1
5Tr {pABCTACwCGgC (logwc) ‘*)CTAC}

= Tr{papcticwd (log Opc) O witoc} + 5

1
- 5Tr{,o,,BCTngOCagcwoc (log Tac) o0} . (5.18)

Since by assumption supp(pABc) is contained in each of supp(TAc) supp(a)c) and supp(HBc) we

exploit the relations pspc = pABCpABCpABC’ pABCT/(\)C pABC’ pABCOBC pABC’ pABc‘”C pABC and
their Hermitian conjugates to find that

(111211 Qo (page,Tac-we,0pc) =1, (5.19)
d
ll_ffll Ta Qo (paBc, Tac,wes0pc) = A(pasc, Tac,we»05c) » (5.20)
which when combined with (5.16) leads to (5.14). Essentially the same proof establishes the limit-
ing relation for the other A, quantities defined from (5.7) to (5.11). [ ]

Corollary 10. Let papc € S (Hapc). Then the following limiting relation holds
(111211 Ao (PaBC, pac, pcs PaC) = 1(A; BIC),,. (5.21)

Proof. This follows from the fact that supp(papc) S supp (pac), supp(pc), supp(psc) (see, e.g.,
Ref. 54, Lemma B.4.1), from the above theorem, and by recalling that A (pagc, pac, Pcs PBC) =
I(A; B|C),. n

Theorem 11. Let papc € S(Hapc),,. Then the Rényi conditional mutual information con-
verges to the conditional mutual information in the limit as @ — 1

lim 1,(A; BIC), = I(A: B|C),. (5.22)
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The idea behind the proof of Theorem 11 is the same as that behind the proof of Theorem 9.
However, we have the explicit form for /,(A; B|C),, from Proposition 8, which allows us to evaluate
the limit without the need for uniform convergence of A, (pagc, Tac, We,Opc) in Tac, we, and Opc as
a — 1. A proof of Theorem 11 appears in Appendix B.

Remark 12. Let papc € S (Hapc), Tac € S (Hac), 0sc € S (Hpe), and we € S (Hc) and sup-
pose that the support condition in (4.3) holds. If Ay (pagc,Tac,we,0pc) converges uniformly in Tac,
wc, and Ogc to A(papc,Tac,we,0pc) as @ — 1, then we could conclude that all Rényi generaliza-
tions of the conditional mutual information (as proposed at the beginning of Sec. V) converge to it in
the limitas @ — 1.

B. Monotonicity with respect to local quantum operations on one system

The following lemma is the critical one which will allow us to conclude that the Rényi condi-
tional mutual information is monotone non-increasing with respect to local quantum operations
acting on one system for @ € [0,1) U (1,2].

Lemma 13. Let PABC € S (WAgc), TAC € S (WAC): Opc € S (Wgc), and wc € S (Wc) and sup-
pose that the non-orthogonality condition in (5.5) holds. Let Na_,a» and Mp_,p' denote quantum
operations acting on systems A and B, respectively. Then the following monotonicity inequalities

hold for a € [0,1) U (1,2]:

Aq (PaBe: Tac,we»0pc) 2 Ao (Mp_pr(Pasc) » Tac-we, Mpp (0c)) » (5.23)
Ao (paBc,We,Tac08c) 2 Ao (Mpop/ (pasc) »we,Tac, M- s (05c)) » (5.24)
Aq (PaBc,we,0c,Tac) 2 Ao (Nasar(pasc) »we,0scs Nawar (Tac)) » (5.25)
Aq (Pasc,Opc,we,Tac) 2 Ao (Nasar(pasc) 08, wes Na—ar (Tac)) - (5.26)

Proof. We begin by proving (5.23). Consider that Q,, (papc, Tac,wc,0pc) is jointly concave in
pagc and Opc when a € [0, 1). This is a result of Lieb’s concavity theorem,** a special case of which
is the statement that the function

(S.R) € B(H), x B(H), > Tr {S'XR'™X} (5.27)

is jointly concave in S and R when A € [0,1]. (We apply the theorem by choosing S = pagc,
R =0pc, and X = ‘rf(‘lc )2 (Ca bi2 .) Furthermore, by an application of Ando’s convexity theorem,*
we know that Q, (pagc, Tac, We, Opc) is jointly convex in papc and 8¢ when @ € (1,2].

By a standard (well known) argument due to Uhlmann,% the monotonicity inequality in (5.23)
holds. For completeness, we detail this standard argument here for the case when a € [0, 1). Note
that it suffices to prove the following monotonicity under partial trace:

Oa (PABIBZC,TAC,MC,GBlBZC) < Qa (pABlc,TAC,wc,HBlc), (5.28)

because the Q, quantity is clearly invariant under isometries acting on system B and the Stinespring
representation theorem>” states that any quantum channel can be modeled as an isometry followed

d%, -1
by a partial trace. To this end, let {U : } Ii) 2 denote the set of Heisenberg-Weyl operators acting on
the system B, with d g, the dimension of system Bj. Then

QCX (pABlec’TAC»wC’HBle(:)

d,~1
= dl Z Qa( Up,pas,s.c(Uk 2)IaTAC,wCsUIi;ZGB]BZC(Uéz)')- (5.29)
By i=0

We can then invoke the Lieb concavity theorem to conclude that
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Qu (paB,B,C- TaC:WC, 0B, B,C)

1 i i T 1 i N
< Qo (dT Z UBZPAB]BZC(UBZ) » TAC, WCs 7 Z UBzeBlec(UBz) ) (5.30)
By i By i
= Qo (paB,c ® Tp, Tacswe.05,c ® Tg,) (5.31)
= Q4 (paB,c:Tac,we.0B,c) s (5.32)

where 7 is the maximally mixed state. After taking logarithms and dividing by @ — 1, we can
conclude the monotonicity for @ € [0,1). A similar development with Ando’s convexity theorem
gets the monotonicity for a € (1,2]. The inequalities in (5.24)-(5.26) follow from a similar line of
reasoning. u

Remark 14. Let PABC € S (WAgc), TAC € S (WAC)’ Opc € S (WBc), and wc¢ € S (7‘(0) and sup-
pose that the non-orthogonality condition in (5.5) holds. It is an open question to determine whether
the A, quantities defined from (5.3), (5.7)-(5.11) are monotone non-increasing with respect to
quantum operations acting on either systems A or B for a € [0,1)U (1,2]. In particular, it is
an open question to determine whether Ay (papc, pac, Pc, ppc) and infg,. A (pasc, pac, Pc,0sc)

are monotone non-increasing with respect to quantum operations acting on system A for a €
[0,1) U (1,2].

Corollary 15. Let papc € S (Hapc), Tac € S (Hac), 0pc € S (Hpe), and wce € S (He). All
Rényi generalizations of the conditional mutual information derived from

Ao (PaBe, Tac,we,08c), Ao (PaBc, Wes Tac, O5c) (5.33)

are monotone non-increasing with respect to quantum operations acting on system B, for a €
[0,1) U (1,2]. All Rényi generalizations of the conditional mutual information derived from

Aq (papc-we,08c,Tac), Ao (Pasc,O8c, Wes TaC) (5.34)

are monotone non-increasing with respect to quantum operations acting on system A, for a €
[0,1) U (1,2]. The derived Rényi generalizations are optimized with respect to Tac, wc, and Opc
satisfying the support condition in (4.3) (which implies the non-orthogonality condition in (5.5)).

Proof. We prove that a variation derived from (4.14) obeys the monotonicity (with the others
mentioned above following from similar ideas). Beginning with the inequality in Lemma 13, we
find that

sup Aq (Pasc, Tac, We,0pc) = sup Ag (Mpo g (PasC) » Tac, we, Mp— s (05c)) (5.35)

wc wc
> inf sup Ay (Mps(pasc) » Ther @, Opc) - (5.36)
Tac-¥pc wc

Since this inequality holds for all 74¢ and 03¢, it holds in particular for the infimum of the first
line over all such states, establishing monotonicity for the Rényi generalization of the conditional
mutual information derived from (4.14). [ ]

Corollary 16. We can employ the monotonicity inequalities from Lemma 13 to conclude that
some Rényi generalizations of the conditional mutual information derived from (5.33) and (5.34)
and Proposition 2 are non-negative for all « € [0,1) U (1,2]. This includes Ay (pagc, PaC, PC»> PBC)
and the one from Definition 7.

Proof. Let papc € S (Hagc), Tac € S (Hac), Opc € S (Hpc), and we € S (He) and suppose
that the support condition in (4.3) holds. A common proof technique applies to reach the conclu-
sions stated above. We illustrate with an example for

inf sup A, (pasc, pac,we,9sc) - (5.37)

98C we
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We apply Lemma 13, choosing the local map on system B to be a trace-out map, to conclude that

A (paBC Pac,wc,0pc) 2= A (Pacs Pacswe,Oc) - (5.38)
Then, we can conclude that
sup Ag (pagc, pac,we0pc) = sup Aq (pac, pac,wc,0c) (5.39)
we wce
> Aq (pacs pac,0c,0c) (5.40)

1 1-0)/2 j(@=1)/2 1 -a pla-1)/2_(1-a)/2
— log Tr {pfeplic P08 P0g 0T pic ) (54D

1
— log Tr { pact-} (5.42)
=0, (5.43)

with the last inequality following from the support condition supp(ppc) € supp (6pc) implying the
support condition supp(ac) C supp (0¢c) [Ref. 54, Lemma B.4.2]. Since the inequality holds for all
Opc satisfying the support condition, we can conclude that the quantity in (5.37) is non-negative. A
similar technique can be used to conclude that other Rényi generalizations of the conditional mutual
information are non-negative (including the one in Definition 7). |

Remark 17. If the system C is classical, then the Rényi conditional mutual information given
in Definition 7 is monotone with respect to local operations on both A and B. This is because the
optimizing state is classical on system C and then we have the commutation

1-a)/2 -1)/2 /2 (1 2 1 2 (a-1)/2 /2 (1 2
pica)/ pgl )/ lcap(c(}/ )/ picﬂ’)/ 0-1(3(:([)/ p(cl )/ p;(;ﬂp(c(‘l )/ (Ca/)/ (544)

Remark 18. It is an open question to determine whether all Rényi generalizations of the
conditional mutual information designed from the different optimizations in Proposition 2 and the
different orderings in (5.3), (5.7)-(5.11) are non-negative for a € [0,1) U (1,2].

VI. SANDWICHED RENYI CONDITIONAL MUTUAL INFORMATION

As in Sec. V, there are many ways in which we can define a sandwiched Rényi conditional
mutual information. Let papc € S (Hapc), Tac € S (Hac), 0c € S (Hpc), and wce € S (He). We
define the following core quantities for & € (0,1) U (1, 00):

~ 2 _(l-a))2 1)/2a (1= “1)/2a_(1-a)/2a 12
Qo (paBcsTac,we,0pc) = TT{(P,:{L;CTQC o/ aw(ca i ”G(C“)/"w(c" / “ch ol QPL/BC) } , (6.1)

Ao (PaBCTac 0, Op0) = o log Qo (PaBC: Tac W O5¢) - (6.2)

We stress again that the formula above is to be interpreted in terms of generalized inverses. By
employing (3.1) and (6.1), we can write

Qa (paBc,Tac,we,OBc) = HP},?C ,ilc af2a (Ca 1)/2(19(1 (Y)/ZQHZ, (6.3)
and we see that Q(, (paBc,Tac,wce,0pc) = 0if and only if
etin Rl gl e - g, (6.4)
S0 Qo (pasc, Tacswe, Opc) > 0 if
pl‘gcj_ (1-a)/2a (Cft 1)/209(1 a)/2a (6.5)

The non-orthogonality condition in (6.5) is satisfied, e.g., if the support condition in (4.3) holds, so
that (6.5) is satisfied when T4¢ = pac, wc = pc, and Opc = ppc. It remains largely open to deter-
mine support conditions under which

y\l% Ao (paBe>Tac + ELaserwe + Elnpe,Opc + ELxpc) (6.6)
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is finite and equal to (6.2), with complications being due to the fact that (6.1) features the multi-
plication of several non-commuting operators which can interact in non-trivial ways. As before,
we define five other different Q, quantities, again uniquely identified by the order of the last three
arguments

~ 1-a)/2 D/2e_(1-a)/2a||?@

Qo (pasc,Oc: e Tac) = | pipetlye w20 (6.7)
2 /2 _(1-a)/2a 5(1-a)/2a||>2

Qo (paBc:wC, Tacs Opc) = “pl/cw(ca L v (6.8)
—1)/2a o(1-a)/2a _(1-a)/2a||>Y

Qo (Pasc:we 5 Tac) = “pl/zcw(ca o o’ (6.9)
172 _(1-a)/2a y(1-a)/2 D/2a||2¥

Qu (pacs Tacs Opc, wc) = “pAgC-r/iC @) “0< @i ”w(g 2a 2 (6.10)

= 2 (1-a)/2a_(1-a)/2 /2
Qo (paBc,9pc, Tac,we) = (|p;gce( )2 ;C @)/2a (a ) “H 6.11)

These then lead to different A, quantities. We call the quantities above “sandwiched” because
they can be viewed as having their root in the sandwiched Rényi relative entropy, i.e., for papc €
S(Hapc)++> Tac € S(Hac)++, Osc € S(Hpc)++, and we € S(Hc)++

X = 1-a)/2 1)/2a (1 D/2a_(1-a)/22]%/(1-@)
Aq (paBe: Tac,we»0pc) = Dg (pABc [;C a)/2e (C" gl @i, (Ca el a] ) (6.12)

Although there are many different possible sandwiched Rényi generalizations of the condi-
tional mutual information, found by combining the different A, quantities discussed above with the
different optimizations summarized in Proposition 2, we choose the definition given below because
it obeys many of the properties that the conditional mutual information does.

Definition 19. Let papc € S (Hapc). The sandwiched Rényi conditional mutual information is
defined as

I(A;B|C), = in£ SUp Aq (PABC, PACWCs TBC) » (6.13)
O B wce

where the optimizations are over states obeying the support conditions in (4.3).

Again, unlike the conditional mutual information, this definition is not symmetric with respect
to A and B. Thus one might also call it the sandwiched Rényi information that B has about A from
the perspective of C. Also, for trivial C, the definition reduces to the usual definition of sandwiched
Rényi mutual information (see, e.g., Refs. 72, 26, and 15).

A. Limit of the sandwiched Rényi conditional mutual informationas a — 1

This section considers the limit of the Z(, quantities as @ — 1. For technical reasons, we restrict
the development to positive definite density operators. It remains open to determine whether the
following theorems hold under less restrictive conditions.

Theorem 20. Let PABC € S(WABC)++: TAC € S(WAC)-H-: Opc € S(Wgc)_H_, and wc € S(ﬂc)_H_.
Then

cl,iir} Ao (PaBE> Tacs 0 08¢) = A (pases Tacs e, 05c) - (6.14)

The same limiting relation holds for the other Ay quantities defined from (6.7) to (6.11).

The proof of Theorem 20 is very similar to the proof of Theorem 9 and is presented in
Appendix C.

Corollary 21. Let papc € S(Hapc).,, The following limiting relation holds

lim A, (pasc: pac. pe. pic) = 1(A: BIC),, (6.15)
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Proof. This follows from the fact that supp(papc) S supp (pac), supp(pc), supp(psc) (see,
e.g., Ref. 54, Lemma B.4.1), Theorem 20, and by recalling that A (pasc. pacs pc, psc) = 1(A; B|C),.
[

_ Remark 22. Let PABC € S(?{Agc)++, TAC € S(WAC)-H-: GBC € S('}{BC)++: and wce € S(Wc)_H_. If
Ao (PaBc> Tac, e, Opc) converges uniformly in Tac, wc, Opc 10 A(papc, Tac,we,0pc) as @ — 1, then
we could conclude that all sandwiched Rényi generalizations of the conditional mutual information
(as proposed at the beginning of Sec. VI) converge to it in the limit as o — 1. In particular, uniform
convergence implies that Io(A; B|C),, converges to I(A; B|C), as @ — 1.

B. Monotonicity under local quantum operations on one system

This section considers monotonicity of the Za quantities under local quantum operations. For
technical reasons, we restrict the development to positive definite density operators. It remains open
to determine whether the following theorems hold under less restrictive conditions.

Lemma 23. Let papc € S(Hapc)++ Tac € S(Hac)++ Oc € S(Hpc)++, and we € S(Hc) 4. Let
Nasar and Mp_ g denote quantum operations acting on systems A and B, respectively. Then the
following monotonicity inequalities hold for all @ € [1/2,1) U (1,00):

A (PaBesTacs e, 05¢) > Aq (Mpo (pasc) s Tacs wes Mo s (B5c)) (6.16)
A (PaBc:wCs Tac,05¢) 2 Ao (Mpopr (pasc) . wc, Tac Mp—pr (B5c)) (6.17)
A (PaBC:wC, 080, Tac) 2 Ao Nass a7 (Pasc) ;0. pc, Nasar (Tac)) (6.18)
A (PaBc:Opcwe.Tac) 2 Ao (Nasar (Pasc) 080, wc, Nasar (Tac)) - (6.19)

Proof. We first focus on establishing the inequality in (6.16) for « € [1/2,1). From part (1)
of Ref. 31, Theorem 1.1, we know that the following function is jointly concave in S and T":

(S.T) € BOH) s X B(H)r - Tr {[@(S7) 29 (T9) 0(57) 2]} (6.20)

for strictly positive maps @ (-) and ¥ (-), 0 < p,g < 1, and 1/2 < s < 1/(p + q). We can then see
that Q, (,OABC, Tac, W, Opc) 1s of this form, with

W= (1 w)/2a (a D/2a ( ) (a D/2a /(‘lc zz)/2a’ 6.21)
q= 1;, (6.22)

a
@ () = id, (6.23)
p=1, (6.24)
s =a. (6.25)

For the range € [1/2,1), we have that p € (0,1] and 1/ (p + g) = @, so that the conditions of part
(1) of Ref. 31, Theorem 1.1 are satisfied. We conclude that Q,, (0ac, Tac, wc,0pc¢) is jointly concave
in Opc and papc. From this, we can conclude the monotonicity in (6.16) for @ € [1/2,1). A similar
proof establishes the inequalities in (6.17)-(6.19) for @ € [1/2,1).

The proof of (6.16) for @ € (1,00) is a straightforward generalization of the technique used for
Ref. 24, Proposition 3. To prove (6.16), it suffices to prove that the following function

(Pasc-050) € S(Hapc)ee X S(Hapc)er = Tr { [l (@) pipc] ) (6.26)
is jointly convex for @ € (1,00), where

K(a)— (1 -a)/2a (él 1)/2tt9(1 a)la (éy 1)/2a /(‘lca)/Za (6.27)

To this end, consider that we can write the trace function in (6.26) as

, (6.28)

@ a/(a-1)
Tr{[pigcl( () pflgc } = zli%aTr {Hpapc} — (@ — 1)Tr{[H1/2L (@) Hl/z] }



022205-19 Berta, Seshadreesan, and Wilde J. Math. Phys. 56, 022205 (2015)

where
L ((I) = Tli(é—1)/Zng—a)/ZagglC—1)/(1/w(c{—(l)/2(11_/§(é—1)/2a’ (629)
so that [L (@)]™" = K (@). From the fact that the following map
S e B(H), > Tr {[T*SPT]” ”} (6.30)

is concave in S for a fixed T € B(H) and for —1 < p < 1 [Ref. 24, Lemma 5] and the representation
formula given in (6.28), we can then conclude that the function in (6.26) is jointly convex in pagc
and Ogc for @ € (1,00).

So it remains to prove the representation formula in (6.28). Recall from the alternative proof
of Ref. 24, Lemma 4 that for positive semi-definite operators X and Y and 1 < p,q < oo with
1/p + 1/q = 1, the following inequality holds

Tr{XY} < ;—)Tr{X”}+ éTr{Y"}, (6.31)
with equality holding if X” = Y. To apply the inequality in (6.31), we set
X = K@) papcK (@), (6.32)
Y = L(e)'*HL(2)"?, (6.33)
p=a, (6.34)
g = % (6.35)

Applying (6.31), we find that
-1

Tr {Hpuch < - Tr{ o}k @ pl] '} +

which can be rewritten as

Tr {[HWL (@) H'?" “””} . (636)

aTr{Hpapc} — (@ —1)Tr {[HI/ZL (@) Hl/z]a/(a_l)} <Tr { [pigcl( (@) pifc] (l} . (6.37)

From the equality condition X” = Y?, we can see that the optimal H attaining equality is

L(@) " *[K(@)'"? pasc K(@)'?]" L) (638)

This proves the representation formula in (6.28). A proof similar to the above one demonstrates
(6.17)-(6.19) for @ € (1,00). [ ]

Remark 24. It is open to determine whether Lemma 23 applies to papc € S (Hapc), Tac €
S (Hac), Opc € S (Hpe), and we € S (Hc). That is, it is not clear to us whether Lemma 23 can
be extended by a straightforward continuity argument as was the case in Ref. 24, Proposition 3,
due to the fact that A, features many non-commutative matrix multiplications which can interact in
non-trivial ways.

Remark 25. Let PABC € S('}{ABC)-H-: TAC € S(%C)++’ 93C <€ S(q‘{Bc)_H_, and wce € S(q‘{c)_H_.
It is an open question to determine whether the A, quantities defined from (6.1), (6.7)-(6.11)
are monotone non-increasing with respect to quantum operations acting on either systems A
or B for a € [1/2,1)U (1,00). It is also an open question to determine whether L(A;B|C)p is
monotone non-increasing with respect to local quantum operations acting on the system A for
a €[1/2,1)U(1,00).

C0rallary 26. Let PABC € S(?‘[A3c)++, TAC € S(ﬂAc)++, Opc € S(Wgc)hu and w¢ € S(q’{c)JrJr.
All sandwiched Rényi generalizations of the conditional mutual information derived from

Ao (PaBCTac 0, 080) s Aa (PaBC WE Tac, OC) (6.39)
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are monotone non-increasing with respect to quantum operations on system B, for a € [1/2,1) U
(1,00). All sandwiched Rényi generalizations of the conditional mutual information derived from

Ao (paBcswc,08c,Tac) s Aa (PaBC, OBC,WC, TaC) (6.40)
are monotone non-increasing with respect to quantum operations on system A, for a € [1/2,1) U
(1,00).

Proof. The argument is exactly the same as that in the proof of Corollary 15. |

Corollary 27. We can employ the monotonicity inequalities from Lemma 13 to conclude that
some Rényi generalizations of the conditional mutual information derived from (6.39) and (6.40)
and Proposition 2 are non-negative for all a € [1/2,1) U (1,00). This includes Ao(pasc, pac, PC»
pac) and the one from (6.13).

Proof. The argument proceeds similarly to that in the proof of Corollary 16. [ ]

Remark 28. It is an open question to determine whether all sandwiched Rényi generalizations
of the conditional mutual information designed from the different optimizations in Proposition 2 and
the different orderings in (6.1), (6.7)-(6.11) are non-negative for a € [1/2,1) U (1,00).

C. Max- and min-conditional mutual information

Let PABC € S(?‘(Agc)JrJr, TAC € S(ﬂAc)JrJr, GBC (S S(?‘{Bc)JﬁL, and wce € S(Wc)++. In this section,
we define a max- and min-conditional mutual information from the following two core quantities:

Amax (PaBc, Tac, we,Opc) = log Hpjg/;(j Acl/zwlc/z‘gslc lc/2 f;cl/z lng”oo (6.41)
= inf {7\ : pac < exp (L) TAC wcl/zég El /ZTAléz} (6.42)
Amin (PABCs Tac e 08c) = A1 2 (pases Tacs wes Opc) (6.43)
= —log ‘W \/TAC w0 wg”zrjéz (6.44)

i
=—logF (pAgc,TAé wcl/29 wél/zdg) (6.45)

Also, the fidelity between P € B(H), and Q € B(H), is defined as F (P,Q) = ||[VPVOQ||> These
quantities are inspired by the max-relative entropy from Ref. 17, defined as

Diax (pllo) = inf {L: p <exp(M) o}, (6.46)
when supp (p) € supp (o) and +oo otherwise, and the min-relative entropy from Ref. 40, defined as
Din(pllr) = D12 (pllor) = ~log F (p.07). (6:47)

We first state a generalization of the result that limg e Dy (p]|0) = Dimax (pllo) [Ref. 50, Theo-
rem 5]:

Proposition 29. Let papc € S(Hapc)++ Tac € S(Hac)++ 0pc € S(Hpc)+v, and we € S(He) 4.
Then

C}l_ILlo Ao (P4BC> Tacs 0C086) = Amax (PABC Tacs W, 05¢) - (6.48)

The idea for the proof is the same as that for the proof of Ref. 50, Theorem 5, and we provide it
in Appendix D. Next, we turn to monotonicity of Ap.x under local quantum operations:

Propositlbn 30. Let PABC € S(?’(Agc)++, TAC € S(WAC)++, HBC € S(WBC)++: andwc € S(q’{c)++.
Let No 4 and Mp_, g denote local quantum operations acting on systems A and B, respectively.
Then the following monotonicity inequalities hold:

Amax (PaBC Tac, W, 08c) = Amax (Mp—p (Pac) , Tacwe, M- (08c)) (6.49)
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Amax (PABC, We, Tac O8c) = Amax (Mpop (PaC) ,we, Tac, M (080)) (6.50)
Amax (PaBc, Wc, 080, Tac) = Amax Nasar (pase) »we, 080, Nasar (Tac)) (6.51)
Amax (PABC,OBC, W TAC) 2 Amax (Nasar (pac) 08 we Nasar (Tac)) - (6.52)

Proof. We begin by establishing (6.49). Let A* = Apax (0aBc> Tac, e 0pc), so that

1/2 1/29 wcl/z 1/2 (6.53)

PABC < exXp ()\*) TaC -

For any CPTP map Mp_, 5/, the inequality in (6.53) implies the following operator inequality:

Mg (pasc) < exp (W) 1, 0l *Mp_p (0p0) w1, (6.54)

From the definition of A,,x, we can conclude that
A" > Amax (M- (Pasc)  Tacs we, Mp—p (0pc)) , (6.55)
which is equivalent to (6.49). The inequalities in (6.50)-(6.52) follow from a similar line of reason-
ing. [ ]

We define a max-conditional mutual information as follows:

Inax(A; B|C) ), = Amax (PaBCs PAC, PC- PBC) - (6.56)

This generalizes the max-mutual information, defined in Ref. 8, and its variations.'* We define
min-conditional mutual information as follows:

Inin(A; B|C) 1, = Amin (PaBC: PAC: PCs PBC) - (6.57)

The forms given above seem quite natural, as the operators p Acpcl/ 2pge pC 2p! AC appear in our

review of quantum Markov states in Sec. III (however, note again that this operator is not a Markov
state unless papc = p A/C pcl/ ngcpg/ 2p}{/cz) Note that other min- and max-conditional mutual infor-
mation quantities are possible by considering the other orderings and optimizations for the last three

arguments to Ap,x and App, but it is our impression that the above choice is natural.

Vil. DUALITY

A fundamental property of the conditional mutual information is a duality relation: For a
four-party pure state 4p¢p, the following equality holds

I(A; B[C), = I(A; BID),. (7.1)

This can easily be verified by considering Schmidt decompositions of ¥ pcp for the different
possible bipartite cuts of ABCD (see Refs. 19 and 74 for an operational interpretation of this duality
in terms of the state redistribution protocol). Furthermore, since the conditional mutual information
is symmetric under the exchange of A and B, we have the following equalities:

1(B; A|C),, = I(A; BIC),, = I(A; B|D),, = 1(B; A|D),,. (7.2)

In this section, we prove that the Rényi conditional mutual information in Definition 7 and the
sandwiched quantity in Definition 19 obey a duality relation of the above form. However, note that
other (but not all) variations satisfy duality as well. In order to prove these results, we make use of
the following standard lemma:

Lemma 31. For any bipartite pure state W ap, any Hermitian operator Ms acting on system
A, and the maximally entangled vector |T') s = 3 |j)ali) g (With {1j) 4} and {|j)p} orthonormal
bases), we have that

(MA®Ip) D) ap = (14 ® ML) |T) g, (7.3)
YalY)ap =¥BlY) aps (7.4)
WIMa ® IglY) o = (WIa ® MEIY) A, (1.5)

where the transpose is with respect to the Schmidt basis.
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Theorem 32. The following duality relation holds for all a € (0,1) U (1,00) for a pure four-
party state Y apcp:

1o(A; BIC),, = 1o(B; A|D),,. (7.6)

Proof. Our proof exploits ideas used in the proof of Ref. 65, Lemma 6 and Ref. 64, Theorem 2.
We know from Proposition 8 that

1logTr{( {W(a 1)/2w(a 1)/2110ABC¢(G 1)/2¢(a 1)/2}) }7 (7.7

- a— a— a— l/a
©rog T (o {020 ot 55 ) 0

Thus, we will have proved the theorem if we can show that the eigenvalues of

{w(a’ 1)/2w((’ 1)/ZWABCW(Q 1)/2w(“ 1)/2} (79)

[07
Io(A: BIC)y = ——

Io(B; A|D), = 5

and
Tr { (@-1)/2 (‘Y 1)/2110ABD'1[/(Q D/2 (fY 1)/2} (710)

are the same. To show this, consider that

1)/2 1)/2 1)/2 1)/2
{d/(a )/ l,b(a )/ WABcw(a )/ w(a’ )/}
=Tr {lﬁ(a 1)/2w(af 1)/2wgaécl)/2wABCw‘(4(g_Cl)/zw(a’ l)/zw((’_l)/z} (711)
le 2 2 -1)/2 2 2 2
=Trap {w(l D/ l//(fl D/ wXZCI)/ ‘l’ABCDwX;CI)/ w(d D/ w((l D/ } (7.12)

The eigenvalues of the operator in the last line are the same as those of the operator in the first line
of what follows (from the Schmidt decomposition):

Trae (W uie

(a-1)/2, (@=1)/2, (@-1)/2 (a-1)/2

- - (a=1)/2 , (@=1)/2
Upe Vascobspe ue PV

= Trae {l//(" 1)/21!/(0 /2 (ri 1)/21!/ ABC (ri 1)/2w(w 1)/2 (rr 1)/2} (7.13)
= Trp { (a- 1)/2 (tt 1)/2W(a 1)/2w W(a WZW(G /2 ((l 1)/2} (7.14)
= Try {w(d 1)/21/,((Y n/2 gl/Dl)/zlybAB (w 1)/2w(ri /2 (rY 1)/2} (7.15)
= Trp { (a-1)/2 (d WZW(H 1)/2';0 W(a /2 (w 1)/2 (a 1)/2} (7.16)
= Try {w(w 1)/2w(<¥ 1)/21#1(;;[1))/21#ABCD$1(;;[1))/2 (tY 1)/2 (tt l)/2} (7.17)
= Trp { (-1)/2 (cr 1)/2¢(XI;B/2w BDl//(:l;g/le(a 1)/2 (0 1)/2} (7.18)
=Trg { (@-1)/2 ((l 1)/2wABDw(w /2 ((l 1)/2} (7.19)
In the above, we have applied (7.4) several times. [ ]

Theorem 33. The following duality relation holds for all a € (0,1) U (1,00) for a pure four-
party state Y spcp:

1o(A; BIC), = 1o(B: AID),. (7.20)
Proof. Our proof uses ideas similar to those in the proof of Ref. 50, Theorem 10. We start by

considering the case @ > 1. We recall that it is possible to express the @-norm with its dual norm
(see, e.g., Ref. 50, Lemma 12)

1/2 , (1 (1)/2(1/ (a-1)/2a _(1-a)/a (a 1)/2(1 (1 —-a)/2a ,1/2
1nf sup H'J’ABC We Opc ABC”
inf sup sup Tr {w:‘gzcd’(l a)/2a gi D/2a l(glcar)/a/ (a— 1)/20w(1 (1)/2(11#3‘22(: f(;;cl)/a} ) (721)

9BC wc TapC
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So it suffices to prove the following relation:

inf sup sup Tr {

1/2 (l a)/Z(tw(a—l)/Z(r (1- a)/(rw(a l)/ZQw(l -a)/2a ,1/2 T(a—l)/(t} —
9BC wc TaBC

ABC c Opc ABCYABC

inf sup sup Tr{

1/2 (1-a)/2a (ar 1)/20/0_(1 a)/a/ (a 1)/20w(1 a)2a ,1/2 w(a/—l)/a/}’ (722)
TAD TD WABD

ABDY BD ) AD ABD™ABD

because
FI;(B§A|D)¢,
. 1/2 1-ar)/2 1)/2c¢ 1-a)/c 1)/2 1 2 1/2 1
_ (Tmf sup sup — log Tr {wA/BDw( v)/2a (a )/ rO_(ADr)/t (a-1)/ aw( -a)/2a A/BDwngD)/a}'
AD Tp WABD
(7.23)

Indeed, we will prove that

1/2 , (1- (1)/2(1/ (a-1)/2a (1 a)/a (a D/ 2a, (1-a)2a ,1/2 _(a-1)/a
Tr {‘/’ABC‘/’ We Opc Yac Y aBcTapc }

_ 172, (-a)2a/_1\(@-D/2a, T \(1-a)/a, 7\(@-1)/2a (1 a)2a ,1/2 T (@-1)/a
=Tr {(!/ABD(!/ 2 D) (Tap) (tp) ' al/’ABD( ABD) } )
(7.24)

from which one can conclude (7.22), which has the optimizations.
Proceeding, we observe that

Tr {w},ﬁcw“ a)/2a (Ca—l)/Zaa.](glca)/a (a— 1)/20[!/(1 a)/ZGWAg%T/(écl)/w}

— (FWZ;ZC (1-a)/2a (él 1)/200_gca)/a (a- 1)/20w(1 0)/2%&/1‘226‘ ,L(\(;Cl)/alr>ABC|D (7.25)
= (Tl VR e e Ry Ry B ) D ppep (7.26)
_ WW(I ~@)/2a (a 1)/2a<TLT))(a /2a (1 a)/a( )(a 1/2a (a 1)/2a¢(1 a)/2a|w>ABCD 7127)
_ (Lﬁlw(l ~)/2a (a 1)/2a(TlT))(a /2a (1 a)/a(T )(a 1/2a (ar 1)/2a g;a)/2a|¢'>ABCD (7.28)
= (Yl (1 (a2 a1 (1 ~a)a(; )<a 1)/2a g;ﬂ)/Zawgt—l)/Za| Doasen (129)
= (U™ (o )Iﬁf;lffﬁfc'a(n?)‘3 325 O D e (7.30)
= <F|w(ca_1)/za i\/zzm 11325 (1) = O—BC (Tg)%l o 'vbla/;D (g 1)/2(Y|F>ABDIC (7.31)
:<r|(w£BD)(§;l /IA%D 11321(; (TIT)> ‘TBC (Tg) g 5D i\/zgn(wgfm) ;I|F>ABDIC’ (7.32)

where we used standard transpose trick (7.3) for the maximally entangled vector |T') 4 g p|c and the
first identity from Lemma 31. For the vector

_ .1T\(@=D2a  (1-a)2a ,1/2 T (@-1)/2a
l©)asen = () 50 WAsp(@asD) IT)aDIC> (7.33)

we get from the second identity in Lemma 31 that

-1

(Il (szD)%lpl&/;DlpBD (TD) o O-BC (Tg) 5 20 wX;D«”ABD)( * D) agpic

= (¢l v;?“ l¥)apcp (7.34)
= (¢ (O—XD)I:TQ|90>ABCD (7.35)
=(T (wgBD)% lA/];D zl;z?) (tp) ™ K (O'AD) & (1p) K ‘p XéD(“’ZxBD) = Y aBDIC (7.36)
=Tr {(“’ABD) & ix/éD ;Zg (1p) = (O'Zw)(l a)/a( )%‘ﬁ wL/EZ;D(wgBD) 2;1} (1.37)

1-a)/2 (a=1)/2 (1-a)/ (a—1)/2 1-a)/2 (@-1)/
= Te{ulg ol (e) ™ ko) ) T P G when) T 038)

For the case a € (0,1) the proof is similar, where we also use Ref. 50, Lemma 12. We omit the
details for this case. [ ]
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VIIl. MONOTONICITY IN o

From numerical evidence and proofs for some special cases, we think it is natural to put
forward the following conjecture:

Conjecture 34. Let papc € S(Hapc)++ Tac € S(Hac)++ Opc € S(Hpc)++, and we € S(He) 4.
Then all of the Rényi core quantities A, and A, derived from (5.3), (5.7)-(5.11) and (6.1),
(6.7)-(6.11), respectively, are monotone non-decreasing in «. That is, for 0 < a < 3, the following
inequalities hold

Ao (paBcs Tac,we,0pc) < A (pascs Tac,we0pc) » (8.1)
Ao (PaBC Tacs W, 08¢) < Z,B (paBc> Tac,we,0c) (8.2)
and similar inequalities hold for all orderings of the last three arguments of A, and Za.

If Conjecture 34 is true, we could conclude that all non-sandwiched and sandwiched Rényi
generalizations of the conditional mutual information are monotone non-decreasing in « for posi-
tive definite operators. Another implication of monotonicity in @ > 1/2 for A, (pasc, Pac, PC»> PBC)
would be that a tripartite quantum state pspc is a quantum Markov state if and only if

Ao (PaBCs PaC PO PBE) = 0 (8.3)

(with @ > 1/2). This would generalize the results from Ref. 28 to the case @ # 1.
Note that this conjecture does not follow straightforwardly from the following monotonicity

Dq (pllo) < Dg(pllor), (8.4)
D, (pllo) < Dg (pllo), (8.5)

which holds for 0 < a < ﬁ.ff*so However, for classical states pspc, the conjecture is clearly true for

Ay (paBC: Pac; P> pBc) and A, (pasce, pacs pc» pae) by appealing to the above known inequalities.
Observe that some of the conjectured inequalities are redundant. For example, if

Ag (paBe,Tac,Opc,wc) < Ag(pageTac,Opc,we) (8.6)

holds for all papc € S(Hapc)++» Tac € S(Hac)++, 0c € S(Hpc)++, and we € S(Hc)+4, then the
following monotonicity holds as well

A (paBc, e, Tacswe) < Ag(pagc,Oc, Tac, wc) , (8.7

due to a symmetry under the exchange of systems A and B. Similar statements apply to other pairs
of inequalities, so that it suffices to prove only six of the 12 monotonicities discussed above in
order to establish the other six. However, as we will see below, a single proof of the monotonicity
for each kind of Rényi conditional mutual information (non-sandwiched and sandwiched) should
suffice because we think one could easily generalize such a proof to the other cases.

A. Approaches for proving the conjecture

We briefly outline some approaches for proving the conjecture. One idea is to follow a proof tech-
nique from Ref. 65, Lemma 3 and Ref. 50, Theorem 7. If the derivative of A, (paBc> Tac, we,0pc) and
Aq (PaBc, Tac, we,0pc) with respect to « is non-negative, then we can conclude that these functions
are monotone increasing with . It is possible to prove that the derivatives are non-negative when
a is in a neighborhood of one, by computing Taylor expansions of these functions. We explore this
approach further in Appendix E.

B. Numerical evidence

To test the conjecture in (8.1) and its variations, we conducted several numerical experiments.
First, we selected states papc, Tac, wWe, Opc at random,'® with the dimensions of the local systems
never exceeding six. We then computed the numerator in (E6) for values of y ranging from —0.99
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to 10 with a step size of 0.05 (so that @ =y + 1 goes from 0.01 to 11). For each value of v,
we conducted 1000 numerical experiments. The result was that the numerator in (E6) was always
non-negative. We then conducted the same set of experiments for the various operator orderings and
always found the numerator to be non-negative.

To test the conjecture in (8.2) and its variations, we conducted similar numerical experiments.
First, we selected states papc, Tac, We, e, Hape at random, !¢ with the dimensions of the local
systems never exceeding six. We then computed the numerator in (E15) for values of y ranging from
—10 to 0.99 with a step size of 0.05 (so that @ = 1/ (1 — ) goes from ~0.091 to = 100). For each
value of y, we conducted 1000 numerical experiments. The result was that the numerator in (E15)
was always non-negative. We then conducted the same set of experiments for the various operator
orderings and always found the numerator to be non-negative.

C. Special cases of the conjecture

We can prove that the conjecture is true in a number of cases, due to the special form that the
Rényi conditional mutual information takes in these cases. Let papc € S(Hapc)++. We define the
following quantities, which are the same as (2.3) and (2.5), respectively:

1 1 2 1)/2 1)/2 (1 2
Io(A: BIC),p = ——log Tr {pipeic” 08 o pd ™ plic ™} (8.8)
T 1 2 1)/2 1 1)/2 l 2
](Y(A;B|C)p|p = I IOg”pigcp,(Aca)/ (tp(ca )/ (rp(BC(l)/(tp(ca )2 ( -a)/2a igcn (8.9)
so that

1/2 2
Io(A: B|C),,, = = log Tt { o8 s pc P pacpc oy} - (8.10)

1/2 1/2 2
I(A; B|C),,), = log Tr {pigc(pA/cpc pscpcPoir) } (8.11)

Recall that the following inequality holds for all & € (0,1) U (1,00):'®

Dy (pllor) < Dy (pllor) - (8.12)
Using the monotonicity given in (8.5) and the above inequality, we can conclude that
Io(A; B|C),), < I(A; BIC), s (8.13)
Inin(A; B|C) ) < Imax(A; B|C) (8.14)
Inin(A; B|C) ), < D(A; BIC) s (8.15)

where Inax(A; B|C),|, and Inin(A; B|C),|, are defined in (6.56) and (6.57), respectively. However,
we cannot relate to the (von Neumann entropy based) conditional mutual information because its
representation in terms of the relative entropy does not feature the operator pfll/c pcl/ 2p pEl/ 2 1/ 2
as its second argument but instead has exp {log ppc + log pac — log pc}-

Let papc € S(Hapc)++» Tac € S(Hac)++» wc € S(Hc)+4, and 0pc € S(Hpc)++. Tomamichel
has informed us that the inequality in (8.2) and its variations are true for 0 < @ < § and such that

1/a + 1/B = 2.5 This is because in such a case, we have that /(1 — @) = = (1 — f8), so that

(1-a)/2a (@~ 1)/2(10(1 a)/a, (a-1)/2a_(1-a)/2a a/(1-a)
[ Tac We We Tac ]

= [LUB28 B0 BB, B-DI% <1—ﬁ>/2ﬁ]ﬁ/“ ) (8.16)

and similar equalities hold for the five other operator orderings. Since this is the case, the
monotonicity follows directly from the ordinary monotonicity of the sandwiched Rényi relative
entropy. By a similar line of reasoning, the inequality in (8.1) and its variations are true for
0 < @ < B and such that @ + 8 = 2. Similarly, in such a case, we have that 1 —a = — (1 — 8), so
that

(1-a)/2 (r /2,1~ (r D/2_(1-a)/2]V/(1=a) 1-p)/2, (B-D/2p1-B, (B-1)/2_(1-p)/2]/1-F)
[AC( . Opc W Tac ] [TAC We Opc @ Tac ] . (8.17)
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and similar equalities hold for the five other operator orderings. Then the monotonicity again follows
from the ordinary monotonicity of the Rényi relative entropy. The observations in (8.13) and (8.14)
are then special cases of the above observations.

D. Implications for tripartite states with small conditional mutual information

It has been an open question since the work in Ref. 28 to characterize tripartite quantum states
papc with small conditional mutual information /(A; B|C),,. That is, given that the various quantum
Markov state conditions in (4.37) and (4.38)-(4.40) are equivalent to I(A; B|C), being equal to
zero, we would like to understand what happens when we perturb these various conditions. In this
section, we pursue this direction and explicitly show how Conjecture 34 could be used to address
this important question.

Several researchers have already considered what happens when perturbing the quantum Markov
state condition in (4.37), but we include a discussion here for completeness. To begin with, we know
that if there exists a quantum Markov state pspc € Ma-c-p such that

llpasc — pascll; < € (8.18)
then
I(A; B|C), =0, (8.19)
I(A; B|C),, < 8elogmin{da,dp} + 4hy(¢), (8.20)
where
hy (x) = —xlogx — (1 — x)log (1 — x) (8.21)
is the binary entropy, which obeys
li{r(l) hy(g) =0. (8.22)

The first line is by definition and the second follows from an application of the Alicki-Fannes
inequality.® However, the example in Ref. 12 and the subsequent development in Ref. 22 exclude a
particular converse of the above bound. That is, by Ref. 12, Lemma 6, there exists a sequence of
states pz pc such that

I(A; B|C),a = 2log ((d +2) /d), (8.23)

which goes to zero as d — co. However, for this same sequence of states, the following constant
lower bound is known:

min Dy (ijc ||,UABc) > log \/m, (8.24)
HABCEMA-C-B
by Ref. 22, Theorem 1. By employing monotonicity of the Rényi relative entropy with respect to the
Rényi parameter, so that Dy, > Dy, and the well-known relation 1 — ||w — 7|;/2 < Tr{y/w+/7} for
w,7 € S(H) (see, e.g., Ref. 10, Eq. (22)), we can readily translate the bound in (8.24) to a constant
lower bound on the trace distance of pj ¢ to the set of quantum Markov states

lodse = Macsl, = min  |lpfse— pascll, 2 2 (1- 3/4)"*) ~0.139.  (8.25)
HABCEMA-C-B

So(8.23) and (8.25) imply that a Pinsker-like bound of the form /(A; B|C),, > K || papc — MA_C_BH%

cannot hold in general, with K a dimension-independent constant.

We now focus on a perturbation of the conditions in (4.38) and (4.39). It appears that these
cases will be promising for applications if Conjecture 34 is true. The following proposition states
that the conditional mutual information is small if it is possible to recover the system A from
system C alone (or by symmetry, if one can get B from C alone). We note that (8.28) was proven
independently in Ref. 23, Eq. (8).



022205-27 Berta, Seshadreesan, and Wilde J. Math. Phys. 56, 022205 (2015)

Proposition 35. Let papc € S (Hapc), Rc—ac be a CPTP “recovery” map, and € € [0,1].
Suppose that it is possible to recover the system A from system C alone, in the following sense:

lpaBc — wagcll; < &, (8.26)
where
wapc = Re-ac (Po) - (8.27)
Then the conditional mutual informations 1(A; B|C),, and 1(A; B|C),, obey the following bounds:
I(A; B|C), < 4elogdp +2hy(e), (8.28)
I(A; B|C),, < 4elogdp +2hy(g), (8.29)

where dp is the dimension of the B system and h; (g) is defined in (8.21). By symmetry, a related
bound holds if one can recover system B from system C alone.

Proof. Consider that

I(A; B|C), = H(B|C), — H(BIAC), (8.30)
< H(B|AC),, — H(BJAC), (8.31)
< H(B|AC),, — H(B|AC),, + 4glogdg + 2hy (¢) (8.32)
= delogdy + 2hs (g). (8.33)

The first inequality follows because the conditional entropy is monotone increasing under quantum
operations on the conditioning system (the map R¢c_,ac is applied to the system C of state papc
to produce wypc and the conditional entropy only increases under such processing). The second
inequality is a result of (8.26) and the Alicki-Fannes inequality® (continuity of conditional entropy).
Similarly, consider that

1(A; BIC),, = H(B|C),, — H(B|AC),, (8.34)
< H(B|C), - H(B|AC),, + 4 log dg + 2h; (&) (8.35)
< H(B|AC),, — H(B|AC),, + 4clog dg + 2h; () (8.36)
= delogdp + 2hs (s). (8.37)

The first inequality is from the fact that (8.26) implies that
llose — wacll, < € (8.38)

and the Alicki-Fannes’ inequality. The second is again from monotonicity of conditional entropy. m

The implications of Conjecture 34 are nontrivial. For example, if it were true, then we could
conclude a converse of Proposition 35, that if the conditional mutual information is small, then it is
possible to recover the system A from system C alone (or by symmetry, that one can get B from C
alone). That is, the following relation would hold for papc € S(Hapc)++:

I(A9B|C)p > Imin (A7B|C)p|p (839)

= —1og F (pasc: pyp o > pscpd P pir) (8.40)

= —log F (pasc:Ré ac (P5C)) (8.41)

1 2
> —log |l - (EHPABC_'RgHAC (pBC)||1) } (8.42)
1 2
2 1 ||PABC - Rlc)_,Ac (PBC)l 1 (8.43)
where Rg_) Ac is Petz’s transpose map discussed in Ref. 28

RE-act) = pacre "Opc pic (8:44)

In the above, the first inequality would follow from Conjecture 34, the second is a result of well
known relations between trace distance and fidelity,”> and the last is a consequence of the inequality



022205-28 Berta, Seshadreesan, and Wilde J. Math. Phys. 56, 022205 (2015)

—log (1 — x) > x, valid for x < 1. Thus, the truth of Conjecture 34 would establish the truth of an
open conjecture from Ref. 37 (up to a constant). As pointed out in Ref. 37, this would then imply
that for tripartite states pspc with conditional mutual information /(A; B|C), small (i.e., states that
fulfill strong subadditivity with near equality), Petz’s transpose map for the partial trace over A is
good for recovering papc from ppc. Hence, even though pape does not have to be close to a quan-
tum Markov state if 7(A; B|C), is small (as discussed above), A would still be nearly independent
of B from the perspective of C in the sense that pspc could be approximately recovered from ppc
alone. This would give an operationally useful characterization of states that fulfill strong subad-
ditivity with near equality and would be helpful for answering some open questions concerning
squashed entanglement, as discussed in Ref. 73.

For the quantum Markov state condition in (4.40), for simplicity, we consider instead the
“relative entropy distance” between papc and ¢apc, Where

sapc = exp {log pac + log ppc —log pc} . (8.45)
Soif
D (pascllsasc) < &, (8.46)
then we can conclude that
1(A; B|C),, = D (pascllsasc) < . (8.47)

If desired, one can also obtain an &-dependent upper bound on /(A; B|C), where ¢} = apc/
Tr {¢apc}, which vanishes in the limit as £ goes to zero. This can be accomplished by employing the
bound in Corollary 4 and by bounding Tr{¢spc} from below by 1 — ||pasc — sascll;- The bound in
Corollary 4 also serves as a converse of these bounds: if the conditional mutual information is small,
then the trace distance between papc and ¢apc is small. However, it is not clear that a perturbation
of the quantum Markov state condition in (4.40) will be as useful in applications as a perturbation
of (4.38) and (4.39) would be, mainly because the map papc — exp {log pac + log pgc —log pc} is
non-linear (as discussed in Ref. 35).

IX. DISCUSSION

This paper has defined several Rényi generalizations of the CQMI quantities that satisfy
properties that should find use in applications. Namely, we showed that these generalizations are
non-negative and are monotone under local quantum operations on one of the systems A or B.
An important open question is to prove that they are monotone under local quantum operations
on both systems. Some of the Rényi generalizations satisfy a generalization of the duality relation
I(A; B|C) = I(A; B|D), which holds for a four-party pure state ¥apcp. We conjecture that these
Rényi generalizations of the CQMI are monotone non-decreasing in the Rényi parameter «, and
we have proved that this conjecture is true when « is in a neighborhood of one and in some other
special cases. The truth of this conjecture in general would have implications in condensed matter
physics, as detailed in Ref. 37, and quantum communication complexity, as mentioned in Ref. 68.

Based on the fact that the conditional mutual information can be written as

I(A; B|C),, = D (pascllexp {log pac + log ppc — log pc}) .1

one could consider another Rényi generalization of the conditional mutual information, such as

D, (pascllexp {log pac + log ppc —log pc}), 9.2)

or with the sandwiched variant. However, it is unclear to us whether (9.2) is monotone under local
operations, which we have argued is an important property for a Rényi generalization of conditional
mutual information.

There are many directions to consider going forward from this paper. First, one could improve
many of the results here on a technical level. It would be interesting to understand in depth the limits
in (4.5), (5.6), and (6.6) in order to establish the most general support conditions for the A, A,,
and A, quantities, respectively, as has been done for the quantum and Rényi relative entropies, as
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recalled in (3.2), (3.4), and (3.6). Next, if one could establish uniform convergence of the A, and Za
quantities as @ goes to one, then we could conclude that the optimized versions of these quantities
converge to the conditional mutual information in this limit. One might also attempt to extend
Theorem 11, Theorem 20, and Lemma 23 to hold for positive semi-definite density operators.

As far as applications are concerned, one could explore a Rényi squashed entanglement and
determine if several properties hold which are analogous to the squashed entanglement.'> Such a
quantity might be helpful in strengthening Ref. 13, Proposition 10, so that the squashed entan-
glement could be interpreted as a strong converse upper bound on distillable entanglement. More
generally, it might be helpful in strengthening the main result of Ref. 61, so that the upper bound
established on the two-way assisted quantum capacity could be interpreted as a strong converse
rate. The quantities defined here might be useful in the context of one-shot information theory,
for example, to establish a one-shot state redistribution protocol as an extension of the main result
of Ref. 19. Preliminary results on Rényi squashed entanglement and discord are discussed in our
follow-up paper.’® One could also explore applications of the Rényi conditional mutual informa-
tions in the context of condensed matter physics or high energy physics, as the Rényi entropy has
been employed extensively in these contexts.’

Finally, these potential applications in information theory and physics should help in singling
out some of our many possible definitions for Rényi conditional mutual information.
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APPENDIX A: SIBSON IDENTITY FOR THE RENYI CONDITIONAL
MUTUAL INFORMATION

The Rényi conditional mutual information in Definition 7 has an explicit form, much like other
Rényi information quantities.*!72%%* We prove this in two steps, first by proving the following
Sibson identity.?®

Lemma 36. The following quantum Sibson identity holds when supp (papc) C supp (ogc) and
Sfor a € (0,1) U (1,00):

Aa (PaBC: PAC, PC>TBC) = Do (PaBC: PAC, PO T ) + Da (03cllose) (A1)

with the state oy having the form

(TI‘A {p(g_l)/z (1-a)/2 o (1—a)/2p(a_1)/2})1/(1

P Pl pep
The = (11—1)/2Afl—a)/2ABC A(Cl—a)/zc(a—l)/z Va) " (A2)
Tr {(TrA {pc Pac ' PiscPac  Pc }) }

Proof. The relation for o implies that

« “1)/2 _(1-a)/2 1-a)/2 (a-1)/2)\ 72\ ]"
[UBCTF{(TrA {P(g / cha)/ pXBCpEACa)/ ,O(g ! }) }]

a-1)/2 (1-a)/2 1-a)/2 (a-1)/2
= Tra {pd 2o piaeric” oE T (A3)

Then consider that
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A (PaBC, PACs PC> T BC)

1 1—)/2_(a-1)/2_1-a (a-1)/2 (1-a)/2
= o e T {Phacrsc A sl ) (A%)
1 “D/2 (1-a)/2 1—a)/2 (a-1)/2 _1-
= —logTr{pc "ol pipcrisc ™ *pE i) (AS)
1 - - - - -
- — log Tr {TrA {p(ca l)/2P,(Lx1ca)/ZPXBCPSc(Y)/ZP(ca 1)/2} O-}QCH} (A6)
y - a -2 (1-a)/2 _« 1-)/2 (a-1)/2\ /@
= log Tr{[opc| opc™} + ) log Tr{(TrA {p(g 0 papeplic o }) }
(A7)
Now consider expanding the following:
A (pasc, pac, pc, T 5c)
1 “D/2 (1-a)/2 1—)/2_(@-1)/2[ _« 11—
T a_1 log Tr {p(ca g pi\ca)/ pXBcpixca)/ p(ca P op] a} (A8)
1 -2 (1-a)/2 1=)/2 (a=)/2\ [« 11~
= —log Te{Tra {2 plic™ piipcpisc™ ™} ol ™) (A9)
1 _ _ - _ /a
N e WS L S
~1)/2 (1-a)/2 1-@)/2 (a-1)/2]\1/@
g Tr{ (Tea {0l piacrlic™ o)) ") (A1)
a —1)/2 (1-a)/2 1-@)/2 (a-1)/2)\1/@
= _llogTr{<TrA {p(g M pi‘ca)/ pXBCpZC“)/ p(g Y }) } (A12)
Putting everything together, we can conclude the statement of the lemma. u

Corollary 37. The Rényi conditional mutual information has the following explicit form for
a € (0,1)U(1,00):

a -1)/2 1-a)/2 1-a)/2 —1/2\ /e
IQ(A;B|C),,=mlogTr{(p(g P ol pteric ) P8 TP) } (A13)

The infimum in 1,(A; B|C), is achieved uniquely by the state in (A2), so that it can be replaced by a
minimum.

Proof. This follows from the previous lemma:

1o(A; B|C), = (ITILE Ae (PaBC, PAC, PC> T BC) (Al4)
= Inf [Aa (PaBcs pacs P, T3c) + Da (0 3cllosc)] (A15)
= Ao (PaBC: PaC: PO T ) (A16)
= - 7 logTr {(TrA (P20 ppepic™ 2o )) ””} RNONT))

| |

Other Sibson identities hold for other variations of the Rényi conditional mutual information
(whenever the innermost operator is optimized over and the others are the marginals of papc). The
proof for this is the same as given above.

APPENDIX B: CONVERGENCE OF THE RENYI CONDITIONAL MUTUAL INFORMATION

Before giving a proof of Theorem 11, we first establish the following lemma, which is a slight
extension of Ref. 50, Proposition 15.

Lemma 38. Let Z (a) € B(H),, be an operator-valued function and let f (@) be a function,
both continuously differentiable in « for all @ € (0,00). Then the derivative d%Tr{Z(a/)f @ exists
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and is equal to

%Tr{z(a)f <a>} = (% f(a)) Tr{Z(a)f (“)logZ(a/)} + f(a)Tr{Z(a)f W*%zm)}. (B1)

Proof. We proceed as in Ref. 51, Theorem 2.7 or Ref. 50, Proposition 15. Consider that
Z(a + by ™ — (@)@
1
d ! Ny
= / ds— [Z(a + h)éf(th)Z(a)(l—S)f(a)] (B2)
0 ds
1
= / ds Z(a + h)*T@+m [log Z(a + b)Y @M _1og Z(a/)f(")] Z(a) 7@, (B3)
0

Taking the trace, we get

Tr {Z(a' " h)f(tr+h)} Ty {Z(a/)f(a)}

1
= f(a+h) /0 ds Tr {Z(a)(l_s)f @Z(a + h) M log Z (@ + h) - log Z (a)]}

1
(f(@+h) - f(a) /0 ds Tr {Z(a)"™V OZ(a + )" P log Z (@)} . (B4)

Dividing by £ and taking the limit as 4 — 0, we find

lim % [Tr{Z(a + Y @™} - Tr {Z(a) )}

1
= f (@) / ds Tr {Z(a)(l_s)f @7 (@)@ lim ! [log Z(a+h)—logZ (a)]}

+li OM/ ds Tr Z(oz)(1 v)f(“)Z(Cl)wa)logZ(a’)} (BS)

which is equal to

f(a)Tr {Z(a)f(”) d [log Z (a)]} (i f (a)) Tr {Z(@) ' log Z ()} . (B6)
da da

Carrying out the same arguments as in Ref. 51, Theorem 2.7 or Ref. 50, Proposition 15 in order to
compute % [log Z («)], we recover the formula in the statement of the lemma. [ |

We now provide a proof of Theorem 11. The idea is similar to that in the proof of Theorem 9.
To this end, we again invoke L"Hopital’s rule. We begin by defining

—1)/2 1 2 1 2 -1)/2
G (a) = p&™"Tra {3 ptacplic ™"} P&, (B)

which implies that

1
1o(A; B|C), = P log Tr {G(a)l/a} . (BS)

a

Applying Lemma 38 to G («) and the function 1/a, we find that

d (e 1 (e 1 —-@)/a d
aTr{G(a)'/ }:—;Tr{G(a)l/ logG(a)}+;Tr{G(a)(l ) aG(a’)}. (B9)
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Also, we have that

d 1)/2 1 2 a 1-a)/2 1)/2
G((Y) I:p(g / TI' {p(ACQ)/ pAB( p(z\( / } e ]
1)/2 1 2 1 2 a-1)/2
(log p ) p((l )/ lI‘ {p( :,(l)/ pa”g[‘p( :(l)/ } ( )/
1 -1)/2 2 1- 2 a 1)/2
1 2T l-a 1-a)/2 1)/2
p(a )/ Ia { ( )/ (log pABC) pABC,O( )/ } (a )/

1-a)/2 -1/2
(1-a)/ }p(a )/

1
p(ﬂ l)/ZTI. { (1-a)/2 _a .

e Pac ' Papc(10g pac) Py

1 /2 1-a)/2 1-a)/2 /2
508 el ol pipcplic "} Glog po) o7 (B10)

Applying L’Hopital’s rule gives
~Tr {G(a)""10g G (a)} + aTr {G(@)"™ """ £.G ()}

(llil)nl 1o(A; BIC), = (lliir} o {G(a)l/“} (B11)

Consider that
tim G(@)" ™" = [o0Tea {Sepancric) 2 (B12)
= P (B13)

Evaluating the limits above one at a time and using that supp(pagc) C supp (pac) C supp (pc) (see,
e.g., Ref. 54, Lemma B.4.1), we find that

. 1 1
a0 Tr {G(a)” "} T {0 Tra{ o coanchlc} P} B1D
-1 (B15)
lim —Tr {G(@)"""10g G (@)} = ~Tr{[p%-Tra {p) cpancrict PL]10g [pETra{phcpanchlc} PE1}
(B16)
= —Tr{ppclog ppc}, (B17)

. d 1 1
lim EG (a) = 3 (log pc) PETra{phcpascrict P — EP%TTA {(log pac) pAcpacPyct PE

1
+ peTra {p)c (log panc) pascPict P — = PETra{phcpasc (10g pac) Pct P&

2
+ %p%TrA {Phcpascryct log pe) p. (BI8)
Putting all of this together, we can see that the limit in (B11) evaluates to
(lliinl 1o(A; BIC),, = A(pagc, pacs pcs PBC) (B19)
= I(A; B|C),,. (B20)

APPENDIX C: CONVERGENCE OF THE A, QUANTITIES

This section presents a proof of Theorem 20. We will consider L’Hopital’s rule in order to evaluate
the limit of A, as @ — 1, due to the presence of the denominator term @ — 1 in A,. Consider that

Qa (pasc:Tac:we.05c) = Tr {[Zapc ()]}, (1)
where
ZABC(Q') p:‘i/;c Iilc a)/2a (g l)/2(19(l a)/a (g /2« f(‘lc Mﬂaﬁiﬁc (C2)
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We begin by computing

d L)1 1-a)/2 /2 5(1- )/2a_(1-a)/2
%ZABC(Q):( )[2pABC(lOgTAC) (1-a)/2a (g )/ 019( -a)/a (g ) 2a (Ca)/ ap%;c

;pi\gcff(\lc @)/2a (log we )w(a 1)/2(19(1 d)/aw(g 1)/20,9(‘10 a)/Zttpi‘gC

+p/1£C /glc a)/2<tw(w D/2a (logG )9(1 a)la (Ca D/2a /glc a)/2api22c

;pl\gcn(‘lc a)/Zttw(Ca 1)/20 (1 -a)/a (log wc )(I.)(d 1)/201_9(‘1C a)/2dpllxgc
+ ;Pfl@c f(xlc a)/2a <Ca 1)/2a9<1 @a, (a D2 (o6 74 )7t (1- a)/zap:&] (3)

Applying Lemma 38 to Zsp¢ (@) and the function «, we find that

e {[Zune @) = T [ Zase @)1 log Zusc (@)} + oTr {[ZABC@]‘H 2 Zune (a)} ()

and

1/2 _0 0 1/2
[PABCTACWCQ CwCTACpABC] (C5)

= [Zapc (D], (Co)

clri_lfll @[ Zape ()]
we find that
>1

.od ~
1 T — Q0o (PaBe> Tac: 0 050)

— 1/2 0 0o 00 1/2 1/2 _0 0 1/2
=Tr {pABCTACwCH WcTacP apcl0g pABcTAc‘%‘ch“)cTAcPABC}

1
- §Tr {[ZABC (1)]0p/]1§c (log 7ac) Tgcwocggc“’cTAcp/lxgc}

{ Zapce (1)] OPMQZCTAC (logwc) wcggc‘”cTAcplec}

0172 1/2
-Tr {[ZABC (D] PABCTACCUC (log 6pc) HBC‘UCTACPABC}
+ Tr{ Zapce (1)] PAch/?c“’c sc (log wC)‘”cTACP/l;gc}

1
- ETY {[ZABc(l)]Opigchcwcegcwc (log 7ac) TACPA } (C7)

Since we assume that supp(papc) is contained in each of supp(tac), supp(wc), and supp(6pc), we
can see that

d ~
ll_ffll o Ou (PaBe; Tacs W 08¢) = A (pase, Tacswe» Oc) (C8)
iiinl Qo (Pase; Tacwes08c) = 1, (&%)

by applying the relations pasc = P} cPancPlpcr PhpcTac = Pape: Panclae = Panc Pance = Phc:
[Zasc(D]° = o ' pc» and their Hermitian conjugates. Applying L"Hopital’s rule, we find that

L0, (pasc, Tac, wc, 0pc)

lim A (pac, Tac. e, Opc) = lim 4% (C10)
@l =l 0, (pasc, Tac, e, 0Bc)
= A(pagc»Tac,we,0pc) - (C11)

Essentially the same proof establishes the limiting relation for the other A quantities defined from
(6.7) to (6.11).
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APPENDIX D: CONVERGENCE TO Apax

This section gives a proof of Proposition 29. Let pagc € S(Hapc),r» Tac € S(Hac) .4 O5c €
S(Hpc), ., and wc € S(Hc), .. We prove that

(}Lnio Ao (04BC> Tacs 0C086) = Amax (PABC Tac W, 05¢) - (D1)

The method of proof is the same as that for Ref. 50, Theorem 5. By the reverse triangle inequality
for the @ norm, we have that

1 Iz—a (r—l l-a (2—1 lz—n 1 i -1l |4 7%
(ed (Y [ed 104 o -
‘ PapcTac W Opt WET Tad pABC‘ PipcTac WctpeweTyc pABC‘ '
1 1-a aéfl lfar aéfl - ] 1 1 1 1
2 @ a a 2a 2 2
< ‘pABCTAC W Opt WET Ty Pape = pABcTAC“’Ce C“’c AC PaBc N (D2)
Then
lim A, (pasc, Tac,we,0pc)
a—00
lz—ar %71 l-a a=-1 l-a 1
H a @ a 2
(}LH(L a—1 log pABCTAC W™ Opt W& Ty¢ pABC‘ (D3)
3 555
limg—eo CTACw GBCa) Tyé Pagc a+
< log I e al la al Lo | TR (D4)
3 a
liMo—sool|03pcTac W Op¢ WA T Page — PancTac WP C‘” TAC pABC
by g b
llma_m‘ PapcTac WeOBcWETAE Pipe l+d1m (Hapc) X
< log 1 Lo ool la ol la | q 11 -1 (D5)
1 @ a a @ @
11ma—>°°| pABCTAC “’C Opt W Ty Pape ~ pABCTACwCGBCwCTACpABC”
; 4 4
= log CTACw 9 Cw TAC pABC (D6)
= Amax (PaBC: TaC, WC, OBC) (D7)
and
lim A, (pasc, Tac,we,0pc)
a—00
12(1/ c;fl lfar aé 1 l{(}’ 1
e @ @ @
JLH(L o—1 log pABCTAC we" Ot W TAC pABC‘ (D8)
ST
llmfH°°| pABCTAC “’c Bc‘”c AC Pasc o
> log I Lo gl la gl La | T 1 (DY)
1 2a
iMool 03pcTac” @¢ 93c WA T Pape — PapcTac O QBC“) TAC pABC
4 4
llma_wo‘ pABCTAC wce CwCTAC Papcll — dim (Hapc) X
> log 1 l-o gzl l-a gzl Lo | 1 11 (D10)
1 e 2a a @
11ma—>°<’| pABCTAC WE Opt WET Tyl Pape = pABCTACwCHBCwCTAC pABC”o0
; .
= log w OBCw Ty pABC D11)
= Amax (paBc: Tac, we, Opc) - (D12)

APPENDIX E: APPROACHES FOR PROVING CONJECTURE 34 AND PROOF
FOR A SPECIAL CASE

This section gives more details regarding the approach outlined in Sec. VIII A for proving
Conjecture 34. Let papc € S(Hapc).+» Tac € S(Hac),4» 08¢ € S(Hpc) 4, and we € S(He),,.. We
begin by introducing a variable

y=a-1, (El)
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and with
Y () = phr Ll wlinl (E2)
Y) = PapcTac PcVpc?cTac
it follows that A, (pagc, Tac, wce,Opc) is equal to
1 Lo el e Ly ]
llogTr{pABCTg W Ol wE T,k }: ;logTr{Y(y)}. (E3)

Since dy/da =1,

l-a  a-1 a-1 l-«a

d] 1 Lo e
Ta [ a—1 log Tr {pXBCTAC% e Opwe” Ty

}] - di [llogTr{Y(y)}] . (E4)
yly

We can then explicitly compute the derivative

d 1 1 Tr {LY ()}
ay [; log Tr {Y (7)}] = logTr{Y ()} + ST )} (ES)
YTe{ £y ()} - Tr{Y ()} og Tr{¥ ()}
= (E6)

Y2Tr{Y (y)}
So

Y

d _
VEY (y) = log plipcY () + P/l;?c [log TAg/ ] TAC w HBCwCTAC

[10g GBC] Bc“’c TA

NN
)

7/2]

2
+ pABCTAC [logw w gBCwCTAC + pABCTAC

+ p/l{;%TAC GBCwC [logw ]TAC +Y (y)logT, 7/ . (ED

If it is true that the numerator in (E6) is non-negative for all pspc, then we can conclude the
monotonicity in a.

A potential path for proving the conjecture for the sandwiched version is to follow a similar
approach developed by Tomamichel et al. (see the proof of Ref. 50, Theorem 7). Since we can write

A (paBcs Tac,we, Opc) = Iynax 5(1 (o:7,0,0,7), (EB)
ABC
where
= @ 12 _( 2 1D/2a 1 D/2a_(1 20 1/2 1
Dy (p,7,w,0, 1) = o log Tr {pAgCTf‘C e amDRag(-ala amDRag (el apAfgcﬂ%C)/a} ;

(E9)

it suffices to prove that 5(, (p,1T,w,0,u) is monotone in a. For this purpose, the idea is similar to the
above (i.e., try to show that the derivative of D, (p,7,w,0, i) with respect to « is non-negative). To
this end, now let

-1
Y= = > (E10)
a
and with
Z(y)= 12 03 ) E 2 3 2 (E11)
Y) = PapcTac Y Bc‘”c AT pABc/‘ABc’
it follows that (E9) is equal to
- 1
Da (p7T7w90’1u) = ;IOgTr{Z(V)} (Elz)

Then since dy/da = 1/a?,

d = 1 d |1
% [D(I (,DaT"U,g’ﬂ)] = _2d_ [—IOng{Z()’)}] (E13)
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Computing the derivative then results in

a1 R Tr {2 (7))
YT { L Z ()} = Tr{Z (7))} log Tr {Z ()}
= (E15)
Y’ Tr{Z ()}

The calculation of the derivative yTr {%Z (y)} is very similar to what we have shown above. So,
in order to prove the conjecture, it suffices to prove that the numerator of the last line above is
non-negative.

If the above approach is successful, one could take essentially the same approach to prove all of
the other conjectured monotonicities detailed in Conjecture 34.

1. Proof of Conjecture 34 for a in a neighborhood of one

We can prove that the numerator of (E6) is non-negative for y in a neighborhood of zero. To
this end, consider a Taylor expansion of ¥ (y) in (E2) around y equal to zero (so around « equal to
one). Indeed, consider that

2
X' = X +yXlog X + %Xlog2X+0(73), (E16)
2
X" =I+ylogX+7?log2X+0(y3). (E17)
For our case, we make the following substitutions into Tr{Y (y)}:
2

P,ld}yc = papc + ¥ papclog papc + %pABC log” pasc + O (%), (E18)

7 Y v
HB% =]- §]0g93C+ E]ng Ogc+ 0(73), (E19)

y 2
w2 =1+ %logwc + %logz we +0 (¥, (E20)

v
T =1-vylogtac+ 710g2 Tac+ 0 (yY). (E21)

After a rather tedious calculation, we find that

2
Y
Te{Y (1)} = Tr {pasc} + YA (p.7.0.0) + - [V (p.1w.0) + [A(p.rw. 0| +0(r).  (E22)
where V (p, 7,w, ) is a quantity for which it seems natural to call the tripartite information variance
V(p,T,w,0) = Tr {pABc[log pagc — log tac — log Opc + log we — A (p, T,u),@)]z} . (E23)

A special case of this is a quantity which we can call the conditional mutual information variance of
PABC

2
V(A;B|C),=Tr {pABC[IOg pagc — 1og pac —log ppc + log pc — I(A; B|C)p] } . (E24)

The mutual information variance defined in Ref. 66 is a special case of the above quantity when C is
trivial. For any Hermitian operator H, we have that

(H?) = (H),, > 0. (E25)

So taking H = log papc — log Tac — log Op¢ + log wc, we conclude that V (p,7,w,80) > 0, an obser-
vation central to our development here. We will make the abbreviations A = A (p,7,w,0) and
V =V (p,1,w,0) from here forward, so that

2
Te{Y (y)} = 1 +yA + 77 [V +22+0(y). (E26)
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So this implies that
d _ 2 2 3
vTr de(’y) =yA+y*[V+A]+0(y), (E27)
b b
Tr{Y (y)}log Tr{Y (y)} = [1 + yA + = [V + A%+ 0(73)] log [1+yA + = [V +A%+0()|.
(E28)
Then for small y, we have the following Taylor expansion for the logarithm:
2 2 202
log |1+ A + % [V + A% +O(y3)] = yA+ 77 V+a-L= 410067 (B2
_ Y 3
—yA+?V+O(y), (E30)

which gives

Tr{Y (y)} log Tr {Y (y)} = [1 +yA + 7; [V + A% + 0(73)] YA + V;V +0 (73)]

2
=7A+7?V+72A2+0(y3). (E31)

Finally, we can say that

2

yTr {%Y(y)} —Tr{Y ()} og Te {Y (7)} = yA+y2[V + A2] - |yA + %v +92A%| + 0 (v?)

e
=SV 0(y’). (E32)
If V > 0, we can conclude that as long as y is very near to zero, all terms O (y?) are negligible

in comparison to Y;V, and the monotonicity holds in such a regime. A development similar to the
above, one establishes the other variations of (8.1) for y in a neighborhood of zero. (Note that this
argument does not work if V = 0.)

A similar kind of development shows that the conjecture in (8.2) and its variations hold for
v in a neighborhood of zero. We only sketch the main idea since it is similar to the previous
development. We first observe that we can rewrite Tr{Z (y)} in the following way:

— F Sy 3 F p T Y
Tr{Z (1)} = (¢l 1,¢ 0Ol Tye Pape @ (Harprer) 19) (E33)
where A’B’C’ are some systems isomorphic to ABC and

12
|P)apc,apcr = .OA%C ® lapc|\U) apc, arprcs (E34)

with |I') the maximally entangled vector. Then a Taylor expansion about y = 0 (another tedious
calculation) gives that

Tr{Z (y)} = Tr{pasc} + v (¢l Hapc. a5’ @) + 732 (el Hype arprer l9) + 0 (¥)),  (E35)
where
Hapc,apcr = logwe — log tac — log Opc + log ply prcre (E36)
Then we know that

2
(@l Hxpearprer €)= [(@l Hape.asrer @) = 0. (E37)

From here, we can show that the numerator of (E15) is non-negative for small y by following the
same development as in (E26)-(E32) (substitute (¢| Hapc, a’s'c’ |¢) for A and the LHS in (E37) for
V). The development for the other variations of (8.2) is similar.
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APPENDIX F: DIMENSION BOUNDS AND OTHER INEQUALITIES

For the bounds in this appendix, we make the following definitions:

1;(A; B|C) = iilfCAa (PaBC,TaC:TC,TBC) 5 (F1)
T AB

Z;’(A;B|C)p = iilfc Ao (PABCTAC,TC,TBC) » (F2)
TAB

where the optimizations are over o-4p¢ such that supp(papc) S supp (0 agc)-

Proposition 39. Let papc € S (Hapc). The following dimension bound holds for a € [0,1) U
(1,2]:

1;/(A; B|C),, < 2min {logda,logdp} , (F3)
and the following one holds for « € (1/2,1) U (1,00):

E’(A; B|C), < 2min{logdy,logdp} . (F4)

Proof. We first prove that the following dimension bounds hold

17(A; B|C),, < logda — Ha(A|BC),, (F5)
I2/(A; BIC), < log dp — Ho(BIAC),, (F6)
I(A; BIC), < logda — Ho(A|BC),, (F7)
I(A; BIC), < logdp — Ho(BJAC),,. (F8)
The inequality in (F6) follows from
I)(A;BIC), = rri?}afc — ! 1 log Tr {pABCO'SCa)/ZO'(“ b2 (o vlops -/ ilc G)/z} (F9)

< (131; — log Tr {pABCO-SC(I)/Z (- 1)/2(7TB ® UC)I—QQ_(éI-l)/Zg_{(qEQ)Q} (F10)
1
= inf log Tr{pSpcmy i (F11)
caca—1
1
=logdp — (— min log Tr {05 g ac™ ) (F12)
oac @ — 1
= logdg — Ho(B|AC),, (F13)

where np = Ip/dp and Ha(B|AC), = —inf,,. Do(papcllp ® oac) as in (1.10). The bound in (F5)
follows similarly by choosing o apc = m4 ® 0 gc. The proofs for the sandwiched Rényi CMIs follow
similarly, except we end up with the sandwiched Rényi conditional entropy in the upper bound.

To prove (F3), we use the duality relation proved in Ref. 65, Lemma 6. From (F5), we know
that

1
IJ(A; B|C), < logda + inf ~— log Tr {0%5co 5™} (F14)
<logdyx + = log Tr {05 5c0pc" (F15)
=logda — a(AlBC)mp (F16)
= log da+ H[f(AlD)pV) F17)
<logda + Hg(A), (F18)
< 2logda, (F19)

where Ho(A|BC),, = -
Ref. 65, Lemma 6, i.e.,

Do (pagcllia ® ppc). The second equality follows from the duality from

H,(A|BC),,, = —Hg(A|D) (F20)

plp plp>
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where papcp is a purification of papc and B is chosen so that @ + 8 = 2. The third inequality
follows from data processing and the last from a dimension bound on the Rényi entropy.

The inequality (F4) follows from the duality of the sandwiched conditional Rényi entropy
Ref. 50, Theorem 10:

Ho(AIBC), = —Hg(A|D),,, (F21)
where ﬁa(A|BC)p = —infyp. 5a(pABC||IA ® 0pc), Pagcp is a purification of papc and B is chosen
sothat L + é = 2. So this means that

IJ(A; BIC), < logda — Hy(A|BC), (F22)
=logda + Hp(A|D),, (F23)
<logda + Hg(A), (F24)
< 2logda, (F25)

where the second inequality follows from data processing and the last is a universal bound on the
Rényi entropy. [ ]

Proposition 40. Let papc € S (Hapc). The following bounds hold for a € [0,1) U (1,00):

1(A; B|C), < 14(A; BO),, (F26)
I(A; B|C), < 14(B; AC),,, (F27)
and the following hold for a € (0,1) U (1,00):
IJ/(A; BIC), < I,(A; BC),,, (F28)
I/(A; BIC), < T(B; AC),,. (F29)
Proof. A proof for the first inequality follows from
17(A; BIC), = <fi£1£c — log Tr {Pﬁgcﬁfxlc_“)/szgl_1)/201132“0?_1)/202150)/2} (F30)
1 a— - a— —a
< (lrrzlafc — log Tr {p(A’BC(PA ® o‘c)('_")/ZO'(C’ ')/zo-}gc"cr(cl V2(ps @ o) 2)/2}
(F31)
1 l a - -
= inf log Tr {pipc (04 ® o)} (F32)
opca —1
= I,(A; BC) (F33)

P’
as defined in (1.11). A proof for the second inequality follows similarly by choosing oapc =
pB ® 0ac. Proofs for the last two inequalities are similar, except the sandwiched Rényi mutual
information is defined for a bipartite state p4p as

- 1 o e
1,(A; B), = inf 1 logTr{[(pA ® 0p) T paB(pa ® o) 5 ] } . (F34)
o @ —
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