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Replica symmetry breaking and the nature of the spin glass phase

M. Mézard, G. Parisi (*), N. Sourlas, G. Toulouse (*) and M. Virasoro (* *) )

Laboratoire de Physique Théorique de 'Ecole Normale Supérieure (**)

(*) Universita di Roma II, Tor Vergata, Italy

(*) Laboratoire de Physique de ’Ecole Normale Supérieure, Paris, France

(Regu le 15 décembre 1983, accepté le 25 janvier 1984)

Résumé. — Récemment, I'un d’entre nous a proposé, comme paramétre d’ordre pour les verres de spin, une dis-
tribution de probabilité. Nous montrons que cette probabilité dépend de la réalisation particuliére des couplages,
méme 4 la limite thermodynamique, et nous étudions sa distribution. Nous montrons aussi que I’espace des états

est muni d’une topologie ultramétrique.

Abstract. — A probability distribution has been proposed recently by one of us as an order parameter for spin
glasses. We show that this probability depends on the particular realization of the couplings even in the thermo-
dynamic limit, and we study its distribution. We also show that the space of states has an ultrametric topology.

1. Introduction.

The usual approach to investigate the different phases
of a physical system starts with the mean field approxi-
mation. In the case of spin glasses, even this first
step has required a lot of effort [1-5].

The mean field approximation has been formu-
lated by using the infinite range model [2}. The parti-
tion function is given by :

Z(ﬁ, J, h) = Z e_pH(-’,h,a‘) (1)
{o}
H(,h o) = -3 Jy0,0;—h} o @
i,

i

where the g; i = 1,..., N are Ising spins, the sum )
i,J
runs over all pairs of spins, and J;; are random
couplings obeying a given probability distribution,
which we suppose to be symmetric, with variance
14/N.
In order to study the Hamiltonian (2), four main
approaches have been used. The replica approach [1-2,
4-5] in which one considers n copies of the same

(**) Laboratoire Propre du Centre National de la Recher-
che Scientifique, associé a 'Ecole Normale Supérieure et a
I'Université de Paris Sud. Postal Address : 24, rue Lhomond,
75231 Paris Cedex 05, France.

(**) Permanent address : Departimento di Fisica, Uni-
versita di Roma I, La Sapienza, Italy.

system, averages over the coupling distribution,
and at the end takes the limit n — 0. In this way one
computes the averages O,(J) of the physical obser-
vables O;(J) (free energy, magnetic susceptibility,
correlation functions, etc.) over the coupling distri-
bution. (In this paper we shall always denote the
thermal averages by { ) and the averages over the
coupling distribution by .) The other three
approaches are the self-consistent field approach [3, 6],
the dynamical approach [7] and the numerical simu-
lations [2, 8].

The picture which has emerged from the four
above approaches is that the spin glass phase is
characterized by the existence of a large number
(infinite when N — o0) of equilibrium states a=1,2, ..,
almost degenerate (free energy valleys separated by
free energy barriers becoming infinitely high in the
thermodynamic limit).

In a recent paper [10] (to be referred to later as [I}),
one of us has proposed an order parameter for the
spin glass phase and has shown its connection and
interpretation in terms of the many valley picture.
In the present paper we further continue this investi-
gation. A short version of the present work has been
published elsewhere [11}. The Boltzmann-Gibbs mea-
sure is :

{Z} 0(o) exp[ — BH(0)]
0 — io
(0> T expl— PH()]

€)

Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphys:01984004505084300



http://www.edpsciences.org
http://dx.doi.org/10.1051/jphys:01984004505084300

844

which can be decomposed as a sum over the pure
equilibrium (clustering) states :

<.">=Zpa<'“>a’ ZP1=1' (4)

We may characterize a pure state a of a spin glass
by the magnetization m! = { g; >, at each point i
of the system. Following [I] we define the overlap ¢*#
of the two pure states « and f§ :

1

— * mb

M=

7 =

1
(¢ is the familiar Edwards-Anderson order para-
meter ¢, , = —lﬁz { o )3> and the probability P,(q)

for a pair of states («, ) to have an overlap ¢ :

Pyg) = ZﬁPa Py o(a - q%). (6)

We shall denote by P(q) the average of P,(q) over the
coupling distribution :

P(q) = Pyq). ¢))

Let us call g, and gy, the maximum and the
minimum possible overlaps between two states at a
given temperature T and magnetic field H. Obviously
— 1 € @umin € Gyax < 1. As in [I] we define

x(q) = f dq' P(q) ®)

and g(x) the inverse function of x(q). Because of (6)
and (8) : x(qma) = ! and x(gy;n) = 0.
Let us also define :

Y@ = 1 — x(g) = f WP O

q

which is the probability of two pure states to have
an overlap larger than gq.

In the replica approach the order parameter is a
n x n matrix Q,,. In the limit » —» 0 (if we follow
the Parisi pattern of replica symmetry breaking)
the matrix Q is characterized by a function Q(x)
where 0 < x < 1. It was shown in [I] that g(x) (the
inverse function of x(g) defined in (8)), is identical
to Q(x), thus giving a physical interpretation to the
replica symmetry breaking.

In the familiar case of an homogeneous ferro-
magnetic system (i.e. in the absence of any disorder),
if we start from the high temperature phase and
cool down below the Curie temperature, the proba-
bilities P, and P_ of arriving to a state of magne-
tization + m(T) or — m(T), are well known to
depend on the boundary conditions we have imposed
on the system. So, even in this simple case, P, and
therefore also P,(q) are not « good, extensive quanti-
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ties ». This trivial observation makes one strongly
suspect that the same is true in the more complicated
spin glass case. This suspicion will become a cer-
tainty in chapter 2, since we shall show that P,(q)
depends on the realization of the couplings, even
in the thermodynamic limit : it is not a «self
averaging » quantity, in the sense that, as far as
P,(g) is concerned, an increasing size of the sample
does not imply an average over all disorder configu-
rations.
The same properties are true for

Y,(g) =f TP, YD =20,

(10)

We show that the probability distribution of Y,(q)
is calculable in the framework of the replica scheme.
We find that this distribution is such that the most
probable value of Y is 1, and therefore differs from
its mean value y.

The possibility of such a behaviour for disordered
systems has been suspected before [12], but it is the
first time, to our knowledge, that this is demonstrated
in the context of the S.K. model. The order para-
meter, far from being a parameter, was shown to be
a function, interpreted as a probability law. And
now, on top of that, there appears a probability law
for this function, ie. a probability law for a proba-
bility law.

In chapter 2 we show another remarkable pro-
perty of the spin glasses which is the ultrametric
topology of the space of states. Taking any three
pure spin glass states o, 8, y and computing the three
overlaps q*, ¢, g’*, we find that at least two of them
are equal. Spaces with such a property are called
ultrametric spaces [13]. From this property we show
that for any value of g, by grouping together all the
states with an overlap bigger than g, we separate
the space of states into disjoint clusters. Each such
cluster is again divided into smaller clusters, by
grouping together the states with an overlap bigger
than ¢’ > ¢q. This procedure can be repeated indefi-
nitely. So we prove that the space of pure states has
a hierarchical structure. This hierarchical structure
is a characteristic property of ultrametric spaces.

In chapter 4 we compute the cluster distribution.
In particular we show that for any value of y in the
spin-glass phase (this means for T < T,), the number
of clusters is infinite.

Another remarkable property of all the proba-
bility distributions we consider is their universality :
they depend on the different parameters of the problem
(temperature, magnetic field, the particular value
of g we are considering) only through the mean
value y of Y ,(g).

We should emphasize that all our results are
obtained in the framework of the replica symmetry
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breaking scheme of reference [5], that is in purely
static terms.

Our paper is organized as follows. In chapter 2
we recall the replica symmetry breaking mechanism
from which we then derive the ultrametric structure
of the space of the pure spin glass states. We also
show that P,(g) is not self-averaging in the thermo-
dynamic limit.

In chapter 3 we compute the probability distri-
bution of Y (g). In chapter 4 we study the distri-
bution properties of the clusters in the space of the
spin glass states.

2. Hierarchical organization of the spin glass states.

We first recall the replica symmetry breaking (R.S.B.)
mechanism because in the following we will make
an explicit use of it.

The n x n matrix Q,, is constructed through the
following recursive algorithm of successive R.S.B.

a) No symmetry breaking : Q%) = Q, for a # b,
0,.=0.

b) First R.S.B. : The n x n matrix Q'© is broken

into = x 2 blocks (submatrices) Q4+81, 4,, B, =1,
me m

n .
o o where the Q4B are m; x m, matrices. For the

1
non-diagonal submatrices 4, # B;, 04" = Q, and
QA4 =0, QA4 =Q,, a# b for the diagonal
submatrices. This completes the construction of the
matrix Q).
¢) Second R.S.B. The same procedure of R.S.B.
is repeated with the diagonal submatrices Q414

. my m, .
They are broken into — x — submatrices Q4252

m, m,

m
A4,, B, =1, m—: and QA8 — Q, for 4, # B,,
Q4 = Q, fora # b, Q242 = (.

1

g(}’)=;(n——_"1—)z X

a=1b=1
a*b

1
e¥Qab 0, J dx e7e®)
n—
0
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Step 1:
0y |Qo|--[Qo|
0= Qq, _QMf%l] i),
! %
Qo]-- [Qo]0:
— ™
n 1
Step 2:
020 [
0, Q2 '
& Al
% ]--[ 0.
\—*—/ N——
my m2
Fig. 1. — Iterative procedure for the construction of the
matrix Q,,.

d) The same procedure is repeated indefinitely.
The whole process is illustrated in figure 1.

By construction n 2 m; = - = my, = 1. In the
n — 0limit this becomes 1 > m, > - > m, > 0,and _
in the limit M — oo, the ms become a continuous
variable m; > x, 0 < x <1, m,, - x + dx. The
Q.’s become the well-known function Q(x).

It was shown in [I] that the characteristic function

9(»)
a(y) = qu Pg e = qu P(pem (11)

can be computed in the replica framework and is
given by

(12)

where the sum is over all pairs of distinct replica indices [14].

Let us now consider any three pure states o, a,, &; and P,(q,, q,, 4;) the probability for them to have
overlaps q, = ¢**, q, = ¢***, q; = ¢***, respectively. P,(q,, 4,, 4;) is obviously symmetric under permu-
tations of its arguments. In order to compute P,(q,, q,, 45) in the R.S.B. scheme, following [I], we consider

the generalized Laplace transform

3
95(¥1, Y2, ¥3) = jdql dq, dq, eXP< Y 4 yi) P4y, 92, 93)
i=1

(13)

and we take three identical copies of the systems, with spins ¢,, ¢,, 6, and Hamiltonian H,(o,, 0,, 0;) =

H(o,) + H(o,) + H(g,). Then

i

9501, ¥2, ¥3) = <exp[%2 (1 020) 030) + y; 03() 0,() + y5 0,() az(i))] >
3

(14)
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where { ), means that the expectation value is taken with respect to the Hamiltonian H,. It is then possible
to compute the average over the J’s

91 Y2, ¥3) = 9,31, Y2, V3) - 15)

By introducing n replicas and letting n — 0

1 n n n
— ¥1Qab o¥2Qbc @¥3Qca
g(yl, Yas y3) - n(n _ 1) (n _ 2) z Z z € e’ e¥? - (16)

a=1b=1c¢=1
a#b b#c
a¥c

As in [I] the sum in (16) must run over all replica indices because of the presence of R.S.B. (In this context see
also [14)) Using the R.S.B. algorithm one constructs the matrices A,,(y) = e’2* for a # b and A4,(y) = 0.
Then

901 72 33) = i o Te [A () A(r) )] an

As usual, in the n — 0 limit one has to replace m; - x and Q; — Q(x). Thus, after some algebra, we get :

(P4y, 42, 95) = P(41, 42, 9))

P(qy, 42, 95) = 5 P(q,) x(q,) 6(q; — q,) 0(q; — q5) +
+ 3 { P(a,) P(q,) 0(q, — 4,) 6(q, — q5) + permutations }.  (18)

This formula is quite interesting. It means that if we take any three states, at least two pairs of them will have
the same overlap with probability one. This property is reminiscent of ultrametric spaces [13] (*).

Let’s now consider two states y and y’ such that ¢* > q, ¢ > q. It follows from (18) that if ¢ = ¢*’
then ¢ > g and if ¢ # ¢* then ¢ = ¢*’ or @' = q*'.

It follows from this property that the states are organized in non overlapping clusters.

Let o and B be two pure states of our system, 1,(q) the set of states y which have an overlap with « bigger
or equal to g (g* > q for every y) and similarly for I(q) (6 € I;(q) = ¢** > q). It follows from the previous
remark that for any pair of states y, y’ belonging to I,(q) (or to I(q)), q"" > q. It is a consequence of (18) that
two sets 7,(q) and I,(q) are always either identical or disjoint because if there existed a pure state y, belonging to
both I,(g) and I,(q), ie. ¢ > qand ¢’ > g, then by equation (18) one would get ¢* > g.

The following hierarchical structure of the states of the spin glass phase emerges from the previous remarks.
For any q, guin < g < gumax the states are organized into disjoint clusters, such that any pair (a, f8) of states
inside the same cluster has an overlap ¢** > gq. Now one can again divide each of the previous clusters into
disjoint smaller clusters by choosing a ¢, ¢ < ¢’ < q,, and grouping together the states with overlap bigger
than ¢'. This procedure can be repeated indefinitely. We have proved that the space of pure states has a hierar-
chical structure (characteristic of ultrametric spaces).

In order to see whether the probabilities P,(q) approach a definite limit or fluctuate when the number N
of spins becomes infinite, we will now compute P,(q,) P,(q,) — P(q,) P(q,). One way of computing P(q,) P;(q,)
is to consider four pure states «,, a,, o5, ,, compute the averaged over J probability P(q,, g,) to have g"* =gq,,
q™* = q,. The computation of P(g,, ¢,) is similar to the computation of P(q,, ¢,, q;) : we consider the gene-
ralized Laplace transform g(y,, y,) of P(q,, q,) and use again the replica trick.

We finally get

G 93) = f dg, da, @70 P(g,, ;)

= qul dq2 et +y2q2 PJ(‘h) PJ(Q2)

(1) The definition of an ultrametric space requires the definition of a distance. A natural choice is
1
d(w ) = Lot - m?.
As g¢* = qg 5 for almost all states a (see (47)), one has simply d(«, B) = 2(gg .. — ¢*%). The characteristic property of ultra-

metric spaces is that if one takes any three points of the space, they form an isosceles triangle, with the two equal angles
larger than or equal to the third one.
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1 i i i i e?1Qab *+y2Qca (19)

- nn— D —2)@m - 3) 2,5 = &S

where the sum is restricted to ensembles of replicas a, b, ¢, d which are all different.
Taking the n — 0 limit we get :

P@) PA;) = 5 Pay) 6(a; — 4) + 5 Play) Plasy). (20)

Formula (20) is a direct and manifest proof that P,(q) (and therefore x,(g)) fluctuates with J even after the ther-
modynamic limit is taken.

In the next section we will compute the probability distribution of Y ,(q).

We should emphasize that all our results have been obtained within the framework of the replica symmetry
breaking scheme of reference [5].

3. Reconstruction of the probability distribution.

As the structure of the ensemble of pure states depends on the realization of the couplings, the function P,(q)
fluctuates and one would like to know the probability distribution of this function. This could, in principle,
be studied from the moments P,(q,) P,(q,) ... P;(q,), but it turns out that the direct computation of these
moments with the method we have sketched before is a difficult task, as soon as k gets larger than 3 or 4.

We shall see in the following that it is much easier to calculate the moments Y ;(g)* (all the Y ,(g) taken at
the same value of q). The second moment is already contained in equation (20)

Y@ = f " dg, f " dg, PG P@) = £ () + 2 ¥a) . )
‘ q

We have computed similarly
3 1
Y@ =57 1) + T¥@" + 579 22

The remarkable property of these two equations is that the #'th moment of Y (q) (n = 1, 2, 3) is expressed in
terms only of its mean value y(q) (it is in fact a n’th degree polynomial in y). In particular there is no coupling
between different values of g. Those properties are true for any n in the R.S.B. scheme of reference [5] and are due
to the ultrametric topology of the replica space itself, whose signature has been seen in other properties [18].

In fact we can interpret Q,, as the overlap between replicas a and b :

— With the first symmetry breaking, the n replicas are organized in n/m, clusters of size m,. The overlap
between two replicas within the same cluster is Q, while the overlap between two replicas belonging to different
clusters is Q,. As Q(x) is a monotonous function, Q, is larger than @, and hence the overlap of the replicas within
a cluster is larger than the overlap between replicas in different clusters, as it should be.

— Performing the second breaking, one sees that the replicas inside one cluster of size m, are themselves
grouped in subclusters of size m,, etc.

The structure of replica space can be pictorially described as in figure 2. It is an ultrametric space where
the sizes of all the clusters at a given scale Q, are the same and are equal to m, @)

Now let us suppose that we want to compute a quantity such as Y,(q)” which involves only one scale of
distances g between pure states. As was shown in the previous section, this quantity can be obtained by using
the replica formalism : in the precise case of Y,(q)?, one must choose p pairs of replicas such that

— all the replicas be distinct
— the overlap between the two replicas of a pair be larger than q.

From the ultrametric topology of replica space, the choice of a scale of distances g naturally induces a
partition of the » replicas into n/m disjoint clusters of size m, such that the overlap of replicas inside the same
cluster be larger than g, while replicas in different clusters have an overlap smaller than g. So if we are interested
in only one scale g, we can forget about all the other structures of the replica space. This means that we can

compute Y,(g)? by applying only one replica symmetry breaking (i.e. from the matrix Q( constructed in the

(® As Q,, is taken equal to zero, the ultrametric structure is true, strictly speaking, only if one doesn’t consider the
self overlap of a replica.

JOURNAL DE PHYSIQUE. — T. 45, N° 5, Ma1 1984 56
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Fig. 2. — Representation of the ultrametric structure of
replica space.

previous chapter) provided Q, < g < @,. With full R.S.B,, it is known that the numbers m,, in the limit n — 0,
are equal to the value of x for which g(x) = g,. So the right value of m for this single R.S.B. ism = x(q) =1 - y(q).

With a single breaking of the replica symmetry, the moments can be computed much more easily. Let us for
instance compute in detail the second one, defined as :

Y, (9 = 32.6 P, P, 0(q® — q) P, P, 6(q” — q). (23)
L2V H

a, B, 7, 6 label the pure states, and 0 is the usual step function. As explained in section 2, one obtains, with the
replica formalism :

1 ’
m— D@ -2 -3 ,,Zd 0(Qu — 9 0(Qe — 9)

Y.I(q)2 = .

where the symbol Z' means that the four replica indices a, b, ¢, d, must be different.
At the scale g, the replicas are grouped into clusters of size m, and one has two possibilities :

— Either the two pairs of replicas are in the same cluster, which we describe as :

858

nm— 1) (m — 2)(m — 3)
nn—1Dm—-2)(1n—3)
— Or the two pairs are in different clusters :

which gives,asn - 0,m —» 1 — y(q) : ;Ty(l +¥)Q2+y).

This contribution to the sum is

m m m
—— ———
\. 4*; /

n

nm—Dm—m@m-—1) _L
nn—1Dm—-2)(n—3 3!
omit the explicit reference to the scale q) :

¥2(1 — ). So the final result for Y,(q)? is (we now

which gives a contribution :

Y; =20+ 2y).

U] -
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One can write down the rules which give the general moment T’,’ :

849

— One must take p pairs of replicas and distribute them in all the possible distinct ways between the clusters.

The diagram obtained :
m m m
——— ————
p1 pairs p2 pairs p, pairs
A\ 4*‘ /
n
gives a contribution
plk—1!

TR =2 A + 2+ ]G + @+ )™
where

— k = N, is the number of clusters containing at least one pair
— N, is the number of clusters containing at least r pairs
— S is the symmetry factor of the diagram, given by :

1

S = .
P
H (Nr - Nr+1) !
r=1

With these rules we have computed the first seven moments :

Y_3=§1—[3y+7y + 5%

4 1 4

Y5 =715y + 3957 + 375 + 14y%]

if_;=9—1-[105y+296y + 326 % + 176 y* + 42 %]
Y_f=T1'—'[945y+2838y2+3458y3+2228y4+794y5+132y6]

—

3N

(®) We have noticed that, up to the 7th moment, the following formulas are true :

1

LR s o= & y=0
VK 2K K
Yi~®sDp1’ y - o
o (__l)K
Yi=gx-pn Y=-!
Sx 23K 1 K
YVi=%x-pm r=-1%

We have also shown that, up to K = 3, the polynomials Rg(y) which give '}732 :

TE _ 1
Yy =(2K ) ”RK(y)

Y7 = —[10395 y + 32859 3% + 43 191 y* + 31235 % + 1355395 + 34735 + 42971 ().

24

(29

(26)

are simply related to the number of diagrams of different types (planar or non planar) of a free field matrix theory : considering

a free field theory for N x N real symmetric matrices M, with the constraint that the diagonal elements M,

finds that, upto K = 3 :
1

N(N - 1)<TI-UMZK)> = Ry(y), where y =N —1.

= 0, one
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We have not been able to obtain a general formula for the coefficients of the polynomial giving Y. Instead we
have numerically reconstructed the probability distribution of the variable Y at a given g : I1(Y) (the index y
is here to remind us that this distribution depends on y(g) only).

In order to compute IT(Y) from its moments, it would be useful to control eventual singularities. In parti-
cular, the behaviour of IT(Y) around Y = 1 is reflected by the large p behaviour of the moments u, = Y} (if
n(y)~QaQq-ye then U, ~ P ~1%2) From the seven first moments we tentatively conclude to a smgulanty
of the type I1 (Y) ~ (1 — Y)Y (We will give a different argument for this smgularlty in the next section.) We have
inverted the moments u, by developing IT (Y) on the basis of the Jacobi polynomials which are orthogonal on
the interval [0, 1] with respect to the integration measure (1 — Y)~?. This amounts to factorizing the (1 — )™~
singularity into the integration measure and developing a smoother function on the polynomials. A good test
of the method was its rapid convergence. We have also tried the maximum entropy method with similar results
(see Fig. 3) [17].

n,m

(d

Fig. 3. — (a) Probability distribution of the variable Y,
for the average value y = 0.7, reconstructed by projecting
II(Y) on the Jacobi polynomials. The dashed curve is the
probability obtained by inverting the first 6 moments while
the full line is obtained from the first 7 moments.

(b) Probability distribution of the variable Y, for the
average value y = 0.9, reconstructed by projecting II(Y)
on the Jacobi polynomials. The dashed curve is the pro-
bability obtained by inverting the first 6 moments while
the full line is obtained from the first 7 moments.

(c) Probability distribution of the variable Y, for the
average value y = 0.7, reconstructed from the maximum
entropy method. The dashed curve is the probability
obtained by inverting the first 6 moments while the full line
is obtained from the first 7 moments.

(d) Probability distribution of the variable Y, for the average
value y = 0.9, reconstructed from the maximum entropy
method. The dashed curve is the probability obtained by
inverting the first 6 moments while the full line is obtained
from the first 7 moments.
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The I, we have obtained are plotted in figure 3 for various values of y. It is interesting to notice that the
average value y of Y is very different from its most probable value y, , , which is in general equal to 1. In this
case if one keeps to the most probable value, one gets a curve yy p(q) = 1 for every g, which is a replica symmetric
behaviour, while the average value y(g) obtained with the replica symmetry breaking is very different from yy .
It has been emphasized many times that this kind of behaviour often appears in disordered systems [12].

On the other hand the most important property of this probability distribution of Y at a given q is the fact
that it does not depend on anything else than y(g). This explains why the integrated probability y (or equivalently
x) is so interesting : in terms of this variable, there exists a universal behaviour of the glassy phase in the following
sense : for a given value of the parameters (temperature and magnetic field) T,, H,, and a given scale of overlap
q,, the probability distribution of Y is entirely determined by y. If one changes the parameters to values T,, H,,
there exists a change of scale of overlaps g, — ¢, such that the probability distribution of Y(g,) in this second
system be exactly identical to the probability distribution of Y(gq,) in the first system ; the rescaling in overlaps
is given by : yr, 4 (4;) = yr,4,(4;). The universality comes from the fact that the whole dependence on H
and T is through the function y; 4(g). But in order to compute the dependence of y on g, T, H, we must minimize
the free energy and for this the entire sequence of R.S.B.’s is required.

Finally let us emphasize the crucial role played by the ultrametric topology of the replica space : because
of this topology, a quantity which involves p scales of distances q,, ..., g, can be computed with p explicit break-
ings of the replica symmetry. This allowed us to compute the moments Y,(g)" to an arbitrarily large order,
with a single replica symmetry breaking.

4. Distribution properties of the clusters of spin glass states.

We have shown that the space of pure states has a hierarchical structure that consists of clusters contained in
clusters. In this section we will try to give more information on this structure, especially on the numbers and sizes
of the clusters.

As in the previous section, given a certain scale g, we group into clusters all the states that have an overlap
larger than ¢, defining in this way a partition of the ensemble of pure states into K clusters. Let us call W, the
weight of the I’th cluster :

w,=Y P, @n

ael

obviously YW,=1 (28)
I

We are interested in the distribution of the weights W,. (It is clear that the knowledge of all the W ’s for
every scale g completely characterizes the space of states.) In order to take advantage of the universality demon-
strated in the previous section we shall define the scale through the variable y = y(g).

Let f,(W, y) dW be the number of clusters that have weights W, between W and W + dW, for a given
distribution of couplings J :

fiW,p) =3 6(W — W), 29
I
1
The average function f,(W, y) can be computed in the following way : the moments M, = f Wk f(W, y)
(1]

are given by :

M,

2 Wi
I

ZI:(GZ -y P,l...Pak>. (30)

1€l arel

This is the total probability that k states are in the same cluster :

M, =YY P, .. P, 0@ — q)0(g= — q) ... 0(gm™ — q). 3D

In the same way as in the previous section, this quantity can be calculated by going to replica space, with one
R.S.B. at the scale g : M, is equal to the probability of choosing k different replicas, all belonging to the same
cluster (in replica space) :

1
M=~ D ks D™

m—1)..(m—k+ 1). (32
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In the limitn —» 0,m — 1 — y, we get :

_TI'tk+y-1)
M= Toy % T @
It turns out that these moments can be inverted, yielding :
. W= W
W,y = . 34
JAW. ) ryyra -y 39

A number of physical conclusions can be obtained from this expression :

1) The average multiplicity of clusters is infinite for any value of y :
1
J HW, »)dW = .
0o

2) The infinite number of clusters is concentrated around W = 0, and their overall weight is infinitesimal :
indeed, if one introduces a cut-off ¢ in the region of small weights, one gets an average number of clusters :

k.= [ rompaw i Cs) (9
8‘£ i T - »NTOTA - ») £1
which diverges as ¢ — 0, but their total weight
W AW ~ 1 i C<1 (36)
A G (R 4 () £1

goes to one. For each J, the total number of clusters having a weight larger than ¢ is an integer between 0 and 1/s.
But the average number K, is much smaller since it behaves like &~ 1.

3) yis precisely the average size of clusters : this is in fact nothing but the definition of y, and this result is
valid for each configuration of the couplings, since :

yJ=ZPa§Pﬂ9(q“”—q)
=ZPaWIaa=ZW?' (37)
a I

4) The average probability, when choosing a state at random, that it be in a cluster of weight W is
W f (W, y). When y — 1, this probability is strongly peaked around W = 1. (The integrated probability in the
interval [0, 1/2], and in any finite interval that does not contain 1, goes to zero when y — 1.) But for each J, there
can be at most one cluster in the interval ]1/2, 1] (since ), W, = 1), and therefore in the limit y — 1 there is, for
each J, one large isolated cluster that dominates. I

5) The same kind of argument explains the nature of the singularity at Y = 1 of the function I (Y) compu-
ted in chapter 3 : IT(Y) is defined as :

1,,(V) = 505@ = 7) = 5(; we - Y>. G39)

For Y near to 1, the configurations which contribute are those for which one cluster dominates :
I, (Y) = 6(Wy — 1), (Y->1 39
where W,, is the weight of the largest cluster. Thus from (34) :

»-1
r(y)ra -y

One can go further in this analysis by computing the fluctuations f;(W,, ) f,(W,, ») :

WLy [(Wy,p) = ZI:(S(WI - Wy ; oW, — W)

1Y) ~ 1-n7, (¥, (40)

=o0(W, = W,) (W, y) + Z oW, — W) o(Wy. — W,). 41)

I#I’
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We have to compute only the term in which I # I'. This can be done in the same way as before : one computes
all the moments (in W, and W) by going to replica space. The resultis :

A=y — W, —W,)(W, W, 2(1 - W, — W2)1'2”.

42)

Z 5(Wl - W1) 5(W1' - Wz) =

I+r

This result can be generalized :

5 T1ow, - wy = &= T0 4y
1

ro)rk — ky)

rop)r(»re -2y

k k y—2 k k—ky—1
-2 W:) (H W,> (1 -2 W,) 43)
=1 =1 =1

(The Z’ means that all the indices 1, ..., I, are different.)
One can deduce that the probability distribution of the number of clusters having a weight larger than ¢ is

not peaked :

R-K _(1=pra-p»

(44)

‘I‘(‘z

£

rQ -2y

<a<1>
y#1)

We have a rather clear picture of the structure of the ensemble of pure states : there is an infinity of states
in small clusters, carrying a total weight also small, and as soon as y goes near to one, there is one isolated cluster

that dominates.

5. Conclusions.

In the previous sections we have shown how the infor-
mation contained in Parisi's R.S.B. scheme can be
decoded to derive the structure of the space of states of
the system. We showed that the fluctuations with J
do not disappear even in the N — oo limit. Henceforth
we gave examples about how the distribution probabi-
lity for these fluctuations can be estimated by inverting
the moments.

Our calculations suggest a new set of numerical
simulations whereby this dependence would be expli-
citly checked. This would be a crucial test of our results.
It would be also interesting to see whether our pre-
dictions survive in a finite dimensional system with
short range forces.

We again stress the « universality » of the results
of our calculations. Through the change of variable

q—-y, y= r P(q) dq'. 45)
q

We were able to eliminate all references to the parti-
cular order parameter g(x), the stationary point of
Pari’s free energy. As a consequence the two following
probability distributions are equal :

(a) the probability distribution of the Boltzmann-
Gibbs factor of the pure states a(P,) at Ty < T,;
(b) the probability distribution of the W, of the
clusters at T, < T, defined through the equation :

W, =) P, where a,d’el if ¢ > qg,(T,).

ael

The additional information that the order para-
meter g(x) has a plateau, ie.

q(x, T) = qg o (T)

x = xo(T)

implies that, up to sets of zero probability, all states
must have

¢(T) < g (T).

On the other hand, the choice of scale ¢ = g¢ , (T)

induces a partition of the states into clusters. Each

cluster must contain at most one state «, and the only

states which contribute are those with ¢** > gg , (T).

But we have proven that, whatever the scale of the

partition into clusters I : ), W, = 1. Hence we obtain
I

forall «:
q* = qg,. (with probability one). (46)
Then from formula (37), one finds :
LP = lm yq. @7)

If the function g(x) has a plateau, as it is commonly
believed, the right hand side of this equation is nothing
but the length of this plateau. As P, < 1, one can then
conclude that a few states o dominate the sum ) P2.

Several questions remain open :

a) are there physical observables such that their
infinite volume limits do not fluctuate with J ?

b) what happens when one adds corrections to the
mean field approximation ? In this context we remark
that it has recently been proved [15] that the free
energy is self-averaging in the thermodynamic limit
for short range interactions. This has also been shown
in the S.K. model, and the finite volume corrections
have been computed [16].

The hierarchical structure (ultrametric topology)
of states was demonstrated for the J average but it
obviously applies for every realization of J. The
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equality of the probability distributions mentioned
above suggests the following picture : when heating
a spin glass from zero temperature up to T, we go
through a series of micro phase transitions charac-
terized by the melting of two or more states into one
state at the higher temperature. Furthermore we
should have
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where K is in dependent of «, and F, is the free energy
density of the state o.

Finally we point out that the ultrametric structure
allows the definition of a non ergodic Brownian
motion. Indeed, if in an ultrametric space a point
can jump up to a distance J in a single step, after N
steps it can arrive only at distance §. (This follows from
the well known fact that two overlapping spheres

— NF(T + ¢) — NF T — ¢) K coincide in an ultrametric space.) We think that this
kT =In ; exp kT + fact will have interesting consequences for the dynami-
@8) cal approach to equilibrium of the spin glass.
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