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1 Introduction

Studying difference equations and systems which are not closely related to differential ones
is a topic of recent interest (see, [1-41]). Solvable difference equations attract attention of
mathematicians for a long time. Some classical classes of solvable difference equations and
methods for solving them can be found, for example, in [14]. Recently, there has been an
increasing interest in the topic (see, for example, [1-4, 6-8,17,20,21,23-41] and the related
references therein). Some of the recent papers give formulas for solutions to some very special
difference equations or systems of difference equations and prove them by using only the
method of induction (quite frequently the proofs of some statements are even omitted or
incomplete). However, the formulas are not justified by some theoretical explanations.

In paper [20] we gave a theoretical explanation for the formula of solutions of the following

difference equation
Xn—1

———, n €Ny, 1.1
T 0 (1.1)

Xn+1 =

given in [7] (in fact, a generalization of equation (1.1) was treated in [20]). Paper [20] attracted
some attention among the experts in difference equations and trigged off a new interest in
the area. For some results regarding solutions of various types of extensions of equation (1.1),
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see, for example, [1,17,24,25,27,37]. Papers [3] and [4] consider also an extension of equation
(1.1), but do not use formulas for their solutions. Some other explanations for the formulas
of some special difference equations or systems of difference equations appearing in recent
literature, can be found, for example, in papers [23], [28], [36] and [38].

Recent paper [40] is also one of those which give some formulas and prove them by the
induction, but does not use any other mathematical technique in explaining the formulas.

Namely, the authors of [40] represented the general solution of the following difference
equation

Xpi1 = , n € Ny, (1.2)

1+ x,
in terms of the initial value x¢ and the Fibonacci sequence, that is, the sequence defined as
follows

fos1=fu+ fu1, neEN, (1.3)

fo =0, fi = 1. More precisely, it was proved by induction that every well-defined solution of
equation (1.2) can be written in the following form

X, = X fn-1+ fn
Xofn + fnt1
However, the authors of [40] did not explain how they come up with the formula and did not
support it by any mathematical theory.
They also proved that every well-defined solution of the equation

, neN. (1.4)

= 1.
xi’H—l _1 + xnr ne NO/ ( 5)
can be written in the following form
X0l _(n_1y+ =
= 0f~(n-1) f”, €N, (1.6)
xOf—" + ff(n+1)
where the terms of the Fibonacci sequence with negative indices are calculated by the formula
fon=fnt2=fnp1, nEN, (1.7)

and where, of course, is assumed that fy = 0 and f; = 1 (recurrence relation (1.7) is obtained
from (1.3) when we replace n by —n + 1).

As in the case of equation (1.2), they also did not explain how they come up with formula
(1.6) nor gave any theoretical explanation for it.

The other results in [40] are folklore, that is, follow easily from well-known ones. Formulas
(1.4) and (1.6) could be also known, but we are not able to find some specific references
for them at the moment. Nevertheless, in our opinion, these two formulas are interesting
and motivated us to explain them theoretically. Actually, our aim is to obtain, in a natural
way, similar representation for a more general difference equation which includes into itself
equations (1.2) and (1.5). As some applications of our main results we give explanations of
some results in [8], and also obtain related results for a two-dimensional system of bilinear
difference equations.

2 Preliminaries and some basic solvable difference equations

In this section we present some known difference equations and results related to them, and
also introduce some notions which will be used in the proofs of our main results.
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2.1 Linear first-order difference equation

Probably, the most known difference equation which can be solved is the linear first-order
difference equation, i.e.

Xu41 = Pn¥n +qn, 1 € No, (2.1)
where (py)neN, and (g, )ren, are arbitrary real (or complex) sequences and xg € R (or xg € C).
Equation (2.1) can be solved in closed form in many ways, and its general solution is

n—1 n—1 n—1
wm=x]]pi+ ) a I v (2.2)
j=0 =0 j=it+1
For example, if p,, # 0, n € INy, by dividing both sides of (2.1) by ]_[}1:0 pj, we obtain
Xn+1 Xn n

n - n— + 7 7
[Ti=o P I_[j:()l pi  1li=op;

n € No. (2.3)

Summing equalities in (2.3) from 0 to n — 1, we get
Xy n—1 gi
SR . [
o b i=o [Ti—o Pj

from which formula (2.2) easily follows.

It is interesting how many applications this relatively simple difference equation has. Even
many recent results are essentially connected to the equation (see, for example, [6,17,20, 21,
23-26,29-31,33,38,39]).

2.2 Generalized Fibonacci sequence
Here we define an extension of the Fibonacci sequence in the following way
Spr1 = asy +bs,_1, neN, (2.4)

50 = 0, 51 = 1, (25)

and we will call it the generalized Fibonacci sequence (note that for a = b = 1 is obtained the
Fibonacci sequence). We assume that b # 0, otherwise, equation (2.5) becomes a special case
of the linear first-order difference equation (2.1).

Note that the characteristic polynomial associated to equation (2.4) is

A2 —agA—b=0,

so that the characteristic roots are

a++vaZz+4b

Mp = >
and if a? + 4b # 0, then the solution of equation (2.4) satisfying conditions (2.5) is
_ M
Sn (a/b) - )\1 _ )\2 (26)
_ 1 <<a+\/a2+4b>”_<a—\/a2+4b>”> @7
Va2 +4b 2 2 ' '

The main motivation for introducing the generalized Fibonacci sequence are representa-
tions (1.4) and (1.6) of solutions of equations (1.2) and (1.5).
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2.3 Linear second order difference equation with constant coefficients.
As is well-known, the equation
Xpi2 — AXpp1 —bx, =0, 1 € Ny, (2.8)

(the homogeneous linear second order difference equation with constant coefficients), where
a,x0,%x1 € R, and b € R\ {0}, is usually solved by using the characteristic roots A; and A
of the characteristic polynomial A2 —aA —b = 0. This standard method along with some
calculations easily gives formulas for its general solution (see formulas (2.11) and (2.12)). To
demonstrate the importance of equation (2.1), for the completeness and the benefit of the
reader, recall, that the formulas can be also obtained by using formula (2.2). Namely, since
a= A1+ Ay and b = —Aq Ay, we have that

Xni2 — MXpp1 — A2(Xpq1 — A1xn) =0, 1 € No. (2.9)
Using the change of variables v, = x, — A1x,_1, n € IN, equation (2.9) becomes
Yn+2 = /\Zyn-i-l; ne NO/

which is equation (2.1) with p, = Ay and g, = 0, n € N, so its solution is y,, = yl)\g_l, n €N,
that is

Xp = Mxp_1+ (v — A1x0)/\§’1, n € IN. (2.10)
Equation (2.10) is also equation (2.1), but with p, = A and g, = (x1 — A1x9)A}, n € Ny. So,
by formula (2.2) is obtained that the general solution of equation (2.8) is

n—1
Xy = XO/\? + (x1 — Ale) 2 /\?7171)\12,
i=0

from which for the case A1 # A, is easily obtained

)\Z.XQ — X1 4, X1 — Ale n
== — A5 2.11
e TREA Bl v wall (2.11)

while if A; = A, is obtained
xXp = (x11m 4+ Axo(1 —n)) A", (2.12)

Formulas (2.11) and (2.12) are well-known, but what is interesting to note is the fact that
solution (2.11) can be written in the following form

Xy = x184(a,b) + bxgs,_1(a,b), n €N, (2.13)
and that the same formula also holds for the case A; = A,, with
Sy = n)\;’_l.
Remark 2.1. Note that representation (2.13) holds also for n = 0, if we assume that
bs_1 =81 —asyp =1,
thatis,if s_1 = 1/b.

Now, we have all the ingredients for formulating and proving the main results in this
paper.
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3 Extensions of formulas (1.4) and (1.6) and their consequences

A natural extension of equations (1.2) and (1.5) is the bilinear difference equation

_OCZn+,B

_ Y TP No, 3.1
Zn+1 YZn Ny nec 0 ( )

where parameters «, 3, v, and initial value z( are real numbers.

We will assume that 7y # 0, since for ¢y = 0 equation (3.1) is reduced to a special case of
equation (2.1). Beside this, we will also assume that aé # B+, since otherwise is obtained the
trivial equation

Zp+1 = const., 1 € Ny,

(case v = 0 = 0 is excluded by the first assumption). For some recent applications of equation
(3.1), see, for example, [6] and [34].

Our aim is to obtain an extension of formula (1.4), for the solutions of difference equation
(3.1), in terms of the initial value and a sequence of type in (2.4) satisfying the conditions in
(2.5). We also want to obtain an extension of formula (1.6) for the solutions of equation (3.1).

Note that equation (3.1) can be written in the form

x 1By—ad
z = — 4+ = , n € Ny,
i Y * Y vzZn +9 0
from which it follows that
By —ad
p— . -2
YZpa1 + 0 “+5+'yzn+5’ n € Ny (3.2)

Since we are interested in well-defined solutions of equation (3.1) we may assume that
’)/Zn+(57£0, n € Np.

Hence we can use the change of variables

n € Ny, (3.3)

by

B Yzn + 6’

in (3.2) and obtain
1
a+06+ (By—ad)by

If we use the following change of variables

, n € Ny. (3.4)

bn+l =

by = -, ne N, (3.5)
Cn+1

in (3.4), we get
Cor1 — (& +8)cy + (@6 — By)cu1 =0, neN. (3.6)

Now note that equation (3.6) is nothing but equation (2.4) with
a=a+6 and b= Py—ad.

Hence, by using representation (2.13) we see that the general solution of equation (3.6) in
terms of the sequence s, := s, (« + 6, By — ad), and initial values ¢y and ¢; is

Cn = €15n + co(By — ad)s,—1, n € No. (3.7)
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By using (3.7) in (3.3) we get

1 cisuy1 +co(By — ad)sn
by c1sutco(By —ab)sy_q
(720 + 0)sus+1 + (By — ad)sn
= (120 + 8)su + (By —a)sn 1’

Hence, by using (3.6) it follows that

Zy =

1 ( (720 + 0)(Sn+1 — Osu) + (By — ad)(sn — 5511—1))

% (720 + 0)su + (By — @d)sp—1

1 < (vzo +6)(asy + (By — ad)sy—1) + (By — ad)(sn — 5sn_1)>
0% Y20Sn + Osn + (By — ad)sp—1

_ (azo+ B)sn +zo(By — ad)su—1

B (720 — &)$y + Spt1 '

From all above mentioned we see that the following theorem holds.

Theorem 3.1. Consider equation (3.1), with v # 0 and aé # Bry. Then every well-defined solution of
the equation can be written in the following form

20(By — ad)sy—1 + (azo + B)sn

Zn —
" (')’ZO - D‘)Sn + Sn+1

, neNN, (3.8)

where (sn)neN, s the sequence satisfying difference equation (3.6) with the initial conditions so = 0
and s; = 1.

If « = 0, then from (3.8) we get

YZ05n—1 + sy

. (3.9)
YZ0Sn + Sn+1

Hence, for § = v = 6 = 1 we have that s, = f,, n € INp, and consequently we get formula
(1.4), giving a natural explanation for it.

Corollary 3.2. Consider equation (3.1), with By # 0 and a = 0. Then for every well-defined solution
of the equation the following formula holds

ﬁzj _ (3.10)

j=0 YZ0Sn + Sn+1

where (sn)neN, is the sequence satisfying difference equation (3.6) with the initial conditions sy = 0
and s; = 1.

Proof. We have

Yz0Sj—1 + S| Z0So + S1
o=l el Y = Tt
YZ0Sj + Sjt1 Y20Sn + Sn+1

from which (3.10) follows. O
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Difference equation (2.4) can be naturally extended for negative indices by using the fol-
lowing recurrence relation

S—n = (S_(n—2) = A5_(4—1))/b, (3.11)

where sp = 0 and s; = 1.
It is known that its solution is

AN
S—?’l - /\1 _ AZ 7 n il 7
from which it follows that
1 Al — A3

ST (AMA)" A — Ay

Hence, for the case of difference equation (3.6), we have that

Sn

(a0 — py)"’

Sy = — n € Ny,

that is,
Sp = —S_n(ad — By)", n € No. (3.12)

Using (3.12) into (3.8) we get

—208_(y—1) + (@20 + B)s—n

, n € Ny, 3.13
(vz0 —a)s—p + (a0 — .B')’) (n+1) ‘ ( )

Zy =

which is a representation of well-defined solutions of equation (3.1) in terms of the generalized
Fibonacci sequence with negative indices. Hence we have that the following theorem holds.

Theorem 3.3. Consider equation (3.1), with v # 0 and ad # Bry. Then every well-defined solution of
the equation can be written in the following form

—205_(n—1) + (@20 + B)s—n

o =
T (20 — @)sn + (@0 — )5 (ni1)

, n €N, (3.14)

where (s, )n>_1 is the sequence satisfying recurrent relation (3.11) with the initial conditions sy = 0
and s; = 1.

If « = 0, then from (3.13) we get

Z0S_(n—1) — PS—n

Y —" n € No. (3.15)

Zy = —

Hence, for p = v = —1 and 6 = 1 we have that 5,41 —s, —s,_1 = 0, n € N, so that s, = f,,
n € INp. From this and since by (3.12) we have that (—1)”+1fn = f_n, n € Ny, we get
S_n = f—u, n € N, from which along with (3.15), formula (1.6) follows.

Corollary 3.4. Consider equation (3.1), with By # 0 and a« = 0. Then for every well-defined solution
of the equation the following formula holds

Hz] - %0 (3.16)

)" (205 — Bs_ n+1)

where (S_y)n>_1 is the sequence satisfying recurrent relation (3.11) with the initial conditions sp = 0
and s; = 1.
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Proof. We have

(i) — Bs_; 1 _
Hz] H< ,YZOS ({ 1) — Ps-j >: - Z0S1 ﬁsﬁso

j=0 (zos—j — Bs—(j+1)) 7" 2050 w1y’

from which (3.16) follows. O

4 Some applications

As some applications of our main results, in this section we give theoretical explanations for
the formulas presented in Theorems 4-6 in [8], and obtain some related results for a two-
dimensional system of bilinear difference equations. The author of [8] formulated, among
others, the following three results and proved them by induction. However, none theoretical
explanations are given therein and it was also not explained how the formulas for solutions
of the difference equations therein are obtained, especially since the forms of the solutions do
not look simple.

Theorem 4.1. Let (x,),>_1 be a solution of the following difference equation

2x2 + XXy 1
X =——, né€ Ny 4.1
n—+1 X, Xy 1 0 ( )

Then
n fajr1xo + f2x 1
=1 f2jx0 +f2j71x—1

Xy = Xo , n &€ Np. (4.2)

Theorem 4.2. Let (x,),>_1 be a solution of the following difference equation

2X2 — XpXy_1

Xp+1 = ;_—xl, ne NO. (4:3)
n n—
Then
X iX_

i=1 f]xo f] 2X_1

Theorem 4.3. Let (x,),>_1 be a solution of the following difference equation

XuXy—
Xpa1 = —2L e N (4.5)
Xn + Xp—1

Then
X0X_-1

—— n € Njy. 4.6
fnXo + fur1x1 0 (4.6)

Xp =

Now we give theoretical explanations for the formulas presented in Theorems 4.1-4.3,
based on our main results. Before this, note that the author of [8] under solutions seems tacitly
understands well-defined solutions. Hence, we will assume that the solutions we deal with
are of this type. For some results in the area, see, e.g. [29].
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4.1 Case of equation (4.1)

First note that we may assume that x,, # 0 for every n € IN. Otherwise, if there is an np € IN
such that x,, = 0, then if x,,,1 is defined, from (4.1) we would have x,,,,1 = 0, which would
imply that x;,,42 is not defined (since in this case x;, + x,,+1 = 0). We may also assume
that x_q # 0, for if x_1 = 0 and xp # 0, and solution (x,),>_1 is well-defined, then we can
consider equation (4.1) for n € IN, that is, to reduce the case to the previous one by scaling
indices backward for one.
Hence, we can use the change of variables
Xn—1

Yn = , n €Ny, (4.7)
Xn

and transform equation (4.1) into the following one

+1
Ynt1 = ::Zn_l_z, ne No, (48)
n

which is a special case of equation (3.1), witha = =y =1and § = 2.
Clearly, from (4.7) we have that

n
1
X, = xOH —, n € Np. 4.9)
=1 Yi

By using Theorem 3.1 we have that every well-defined solution of equation (4.8) can be
written in the form
_ —Yosn—1+ (Yo +1)sn
(yO - 1)511 + Sp41

Yn neN, (4.10)
where (s,)qeN, is the sequence satisfying the difference equation

Spr1 — 35y +5,-.1 =0, neN, (4.11)

with the initial conditions s) = 0 and s; = 1.
Employing formula (2.6) or (2.7) we have

Sy = n € No. (4.12)

Now note that

Using this in (4.12) we obtain

7\[ Zn_ 5 2n
S0 = (27) S ( 5)2 — fon, 1 €Np. (4.13)
(1+2\/§> _ (172\/5)
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Using (4.13) into (4.10), recurrent relation (1.3), and (4.7) with n = 0, we have that

_ —Yofon—2+ (Yo +1)fon
In= (vo — 1) fan + fons2
~ —yo(fon — fon—-1) + (Yo + 1) fon
(Yo~ 1) fou + fans1 + fon
Yofon—1+ fon
© Yofon + fansa 19
_ X_1foan—1+ Xofon
C X_1fon + X0 fons1

neN. (4.15)

Employing relationship (4.15) into (4.9) and by some simple calculations formula (4.2) is ob-
tained.

4.2 Case of equation (4.3)

Note that we may also assume that x,, # 0 for every n € IN. Otherwise, if there is an n; € IN
such that x,, = 0, then if x,, 1 is defined, from (4.3) we would have x,, ;1 = 0, which would
imply that x;,, > is not defined (since in this case x,,41 — x5, = 0). We may also assume
that x_q # 0, for if x_1 = 0 and xy # 0, and solution (x,),>_1 is well-defined, then we can
consider equation (4.3) for n € N, that is, to reduce the case to the previous one by scaling
indices backward for one.

Hence, we can use the change of variables

Xn

Yn = , 1 €Ny, (4.16)

B Xn—1
and transform equation (4.3) into the following one

zyn_l
yn—17

Yni1 = n € Ny, (4.17)

which is a special case of equation (3.1), with p =6 = -1, y =1l and a = 2.
Clearly, from (4.16) we have that

n
Xy = Xo Hyj, n € No. (4.18)
j=1

By using Theorem 3.1 we have that every well-defined solution of equation (4.17) can be
written in the form
~ Yosn—1+ (2yo — 1)sy
(]/0 - 2)511 + Snt1

Yn nelN, (4.19)
where (s,)qcnN, is the sequence satisfying the difference equation

Sp+1 — Sn — Sp—1 = O/ nec N/

with the initial conditions sy = 0 and s; = 1. This means that (s,),cnN, is the Fibonacci
sequence.
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Using recurrent relation (1.3) in (4.19) and the change (4.16) with n = 0, we have that

_ Yofur+ yo—1)fu
(yO - 2)fn +fn+1
_ Yo(fusr — fu) + 2yo — 1) fu
(]/0 _z)fn +fn +fn71
_ Yofurr+ (o —1)fa
(o —1)fu+ fu
_ Yyolfur2a = fu) + (o —1)fa
o=V fu+ fu = fa2
_ Yofnt2 = fu
Yofn — fu—2
xofn+2 - xflfn

= ————— neN. 4.20
Xofn — X—1fn—2 (4.20)

Yn

Employing relationship (4.20) into (4.18) is obtained formula (4.4).

4.3 Case of equation (4.5)

As in the case of equation (4.1) it is shown that in this case we may also assume that x, # 0
for every n > —1. Hence, we can use the change of variables in (4.16), so that equation (4.5) is
transformed into the following equation

yﬂ+1 = ’ ne NO/

1+vy,

and we have that relation (4.18) holds.
By using Theorem 3.1 (or formula (1.4)) we have that

_Yofu1tfao _ Xofur X afu
Yofn + fus1  Xofn +X_1fup1

since equation (3.6) it this case becomes (1.3). Using (4.21) in (4.18), formula (4.6) easily
follows.

Yn , n €Ny, (4.21)

4.4 On a bilinear system of difference equations
A natural system of difference equations related to equation (3.1) is the following

xw, + B - _azy+b
Yw, 4+ 6’ T

Zpi1 = n € Ny, (4.22)
where parameters «, 3,y,J,4,b, c and d, and initial values zp and wy are real numbers.
If we use the second recurrent relation in (4.22) into the first one, it is obtained

(ae + Bc)zy—1 + ab + Bd

(ay 4+ cé)zy_1+ by +dé’ n &N,

Zp+1 =

from which it follows that the sequences (z2,+i)neN,, i = 0,1, satisfy the following difference
equation

. (aa+Bc)z, +ab+ pd

= g )2 A byt o’ S o (423)
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Analogously, if we use the first recurrent relation in (4.22) into the second one, it is obtained

o (ae + by)wy_1 +ap + bo
" (ae + yd)w,_q + Bc+ dé”

n €N,

from which it follows that the sequences (wy;+i)nen,, i = 0,1, satisfy the following difference

equation

(ao +by)Wy—1 +aPp + bd

(e + yd)Wy—1 + Bc +dé’
A simple calculation shows that the associated equation (3.6) to both bilinear difference

equations (4.23) and (4.24) is

Sp+1 — (aa 4+ by + cB + dd)s, + (ad — be)(ad — By)sy—1 =0, n € Ny, (4.25)

W1 = n € Np. (4.24)

where sy = 0 and s; = 1.

Applying Theorem 3.1 for the case of equations (4.23) and (4.24), and using the relations
which are obtained from the equations in (4.22) with n = 0, after some calculation we obtain
the following result.

Theorem 4.4. Consider system of equations (4.22), with ad # bc, ay +cé # 0, ac + yd # 0 and
«d # By. Then for every well-defined solution of the system the following relations hold

_ zo(By — ad)(ad — bc)s,—1 + ((aa + Bc)zo + ab + Bd)s,
Zopn = ’
((ay +¢d)zo — an — Bc)sy + Sp41

S (awo + B)(By — ad)(ad — be)s,—1 + ((an + Be) (awp + B) + (ab + Bd) (ywo + J))sy

2l = ((a7y + ¢d) (awy + B) — (aa + Be) (ywo + 8) )sn + (Ywo + )41 ’
wo(By — wd)(ad — be)sy,—1 + ((aw + by)wo + ap + bd)s,

((ac + yd)wo — ax — by)sy + Syi1 ’
(azo +b)(By — ad)(ad — bc)sy—1 + ((aa + by)(azo + b) + (aB + bd)(czo + d))s,
((ac + yd)(azo + b) — (aa + by)(czo + d))sn + (c20 +d)sn 11

n € WNo, where (sn)nen, is the sequence satisfying difference equation (4.25) with the initial conditions
so =0ands; = 1.

Won =

Wrpn+1 =

4

The following system is a special case of system (4.22) and is a natural generalization of
equation (1.2).

Corollary 4.5. Consider the system of difference equations

1

—_—, n € Ny,
1+w, 0

Zp4+1 = Wn+1

T 14z,

where zo and wy are real numbers. Then for every well-defined solution of the system the following
relations hold

_ Z0fana + fon

Zop = , n €Ny, 4.26

an ZOon +f2n+1 0 ( )
fon+1 + Wo fon

z = , n € Ny, 4.27

2l fons+2 + Wofons1 0 (4.27)

wyy = LSt S (4.28)

wo fon + fant1’

Wons1 = far1 +20ofon o No. (4.29)

font2 + 20 fant1’
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Proof. Since the system is symmetric it is enough to prove only formulas (4.26) and (4.27)
(formulas (4.28) and (4.29) follow by replacing letters z and w only). Now note that in this
case the associate equation (4.25) is reduced to (4.11) and that the sequences (zz+i)neN,,
i = 0,1, satisty difference equation (4.8). Hence, employing formula (4.14) and equation (1.3),

we obtain
_ Z20fon-1+ fon

Zoy = , néeN,
" 20 fan + fania
and
S 21 fon—1+ fon _ fan—1+ (1 +wo) fon _ fon+1 + wo fon
T 2 font fonrr fan + (L F W) fansr fansa + Wofomit
as desired. O
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