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REPRESENTATIONS AND ISOMORPHISM IDENTITIES FOR
INFINITELY DIVISIBLE PROCESSES

BY JAN ROSINSKI!
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We propose isomorphism-type identities for nonlinear functionals of
general infinitely divisible processes. Such identities can be viewed as an
analogy of the Cameron—Martin formula for Poissonian infinitely divisible
processes but with random translations. The applicability of such tools relies
on precise understanding of Lévy measures of infinitely divisible processes
and their representations, which are studied here in full generality. We illus-
trate this approach on examples of squared Bessel processes, Feller diffu-
sions, permanental processes, as well as Lévy processes.

1. Introduction. Let G = (G;);c7 be a centered Gaussian process over an ar-
bitrary set 7. The Cameron—Martin formula says that for every random variable &
in the L?-closure of the subspace spanned by G and for any measurable functional
F:RT—»R

(1.1) E[F((G/ +¢®),cp)] = E[F((Grer)ef 7],

where ¢ (#) = E(§G;). This formula has many applications, including SDEs and
SPDEs driven by Gaussian random fields. It can also be viewed as an isomorphism
identity between functionals of a translated Gaussian process and the correspond-
ing functionals of the untranslated process, under the changed probability measure.

It is well known that (1.1) does not extend to the Poissonian case. Indeed, it is
easy to show that if ¥ = (¥;):¢(0,1] is a Poisson process, then there is no function
¥ [0, 1] = R, ¢ #£ 0, such that

E[F((Y: +¥(®),0.1)] = E[F ((¥D)rero,1)n]

for all measurable functionals F : RI®!l /> R and some random variable n > 0
with En = 1.

In this paper, we propose isomorphism identities based on random translations
as follows. Let X = (X;)re7 be an infinitely divisible process over a general set
T (i.e., a process whose finite dimensional distributions are infinitely divisible).
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Then, for every process Z = (Z;);er independent of X, whose distribution is ab-
solutely continuous with respect to Lévy measure of X, there exists a measurable
function g : R > R such that for any measurable functional F : R = R

(1.2) E[F((X: + Z)ier)| = E[F((X)rer)g(X)].

Relation (1.2) was inspired by Dynkin’s isomorphism theorem [5], where Z =
(Zy)xeE 1s the total accumulated local time at a state x of a strongly symmetric
transient Markov process with the state space E and X = (X )xcf is the squared
associated Gaussian process; see Marcus and Rosen [15], Chapter 8. Since the pro-
cess X is infinitely divisible by results of Eisenbaum [6] and Eisenbaum and Kaspi
[8], and Z (over T = E) satisfies assumptions of (1.2), Dynkin’s isomorphism the-
orem holds as a special case of (1.2). See Example 4.5 for details. Actually, we
present this example in a more general setting of permanental processes, follow-
ing the work of Eisenbaum and Kaspi [9].

There are two basic directions of applying identity (1.2). The first one is to start
with a process Z = (Z;);cr of interest, associate with it (possibly) easier to handle
the infinitely divisible process X = (X;);er whose Lévy measure dominates the
law of Z, and transfer path properties of X to Z via isomorphism (1.2). Using
Dynkin’s isomorphism theorem, Marcus and Rosen derived many results for local
times of Markov processes, including Lévy processes; see, for example, [14], [15].
Another direction of applications of (1.2) is much harder, to derive information
about X by utilizing Z. One way to approach it is to consider the “converse”
version of (1.2) which expresses X as the process X 4+ Z with changed measure.
Proposition 4.13 is proven in this spirit. In Sections 4 and 5, we present direct and
converse versions of (1.2).

In Section 5, we link isomorphism identity (1.2) with series representations of
infinitely divisible processes. This yields more insight into the structure of the ad-
missible translation Z, which could be viewed as the zero-term in the series expan-
sion of X; see Theorem 5.6. Such representations have proven useful in the study
of path regularities of infinitely divisible processes; see, for example, Talagrand
[26], Chapter 11.

Successful implementation of isomorphism identities requires precise under-
standing of Lévy measures of processes, which are defined on path spaces with the
usual cylindrical o-algebras (as opposed to o-rings in [12] and [16]). Section 2
contains systematic development of Lévy measures and spectral representations
based on lecture notes [23]. We view Lévy measures as “laws of processes” de-
fined on possibly infinite measure spaces and call such “processes” representations
of Lévy measures. Properties of Lévy measures are defined by properties of their
representations. Transfer of regularity property (Theorem 3.4) puts the Lévy mea-
sure on the same Borel function space where paths of the corresponding infinitely
divisible processes belong. This allows to relate path properties of processes and
representations of their Lévy measures.
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Throughout this paper, we illustrate general concepts by selected examples of
infinitely divisible processes. For this purpose, we have chosen Lévy processes,
squared Bessel processes, Feller diffusions, general compound Poisson processes
and permanental processes. Some of these processes are presented in their simplest
forms in order to not obscure ideas by technical complications. This list of exam-
ples can be extended by many processes of interest, including cylindrical Lévy
processes in Banach spaces of [1], which can be considered as infinitely divisible
processes defined on T =R x E’, where E is a Banach space, self-decomposable
fields [2] and multidimensional infinitely divisible processes, which become one-
dimensional after enlarging the index set.

The paper is organized as follows. Section 2 presents a detailed study of Lévy
measures on path spaces. Theorem 2.8 shows existence and uniqueness of such
measures for every Poissonian infinitely divisible processes. Theorem 2.12 char-
acterizes the o -finiteness of Lévy measures and Theorem 2.14 characterizes Pois-
sonian infinitely divisible process having not o -finite Lévy measures. The concept
of representations of Lévy measures is introduced and discusses examples in the
final part of Section 2. Section 3 gives a Lévy-It6 representation for general in-
finitely divisible processes (see Theorem 3.2) and Theorem 3.4 states the above
mentioned transfer of regularity property. In Section 4, isomorphism identities are
given in Theorems 4.1, 4.3 and 4.4. The Dynkin isomorphism theorem for perma-
nental processes is discussed in Example 4.5. Proposition 4.7 characterizes pro-
cesses satisfying an abstract form of Dynkin’s isomorphism, first considered in [7],
Lemma 3.1. In the final part of this section, applications of isomorphism identities
for Lévy processes are given. Section 5 relates representations of Lévy measures of
Section 2 to series representations of Poissonian infinitely divisible processes. As
examples, we give series representations of Feller diffusions and squared Bessel
processes. Then we connect such representations with isomorphism identities in
Theorem 5.6. Section 6 contains the proofs of results from Sections 2-5.

Recall that a stochastic process X = (X¢):;er, With an arbitrary index set T,
is said to be Poissonian infinitely divisible if its all finite dimensional marginal
distributions are infinitely divisible without a Gaussian part.

Throughout this paper, an identity as (1.2) reads: if one side exists, then the
other does and they are equal.

2. Lévy measures on path spaces.

2.1. Definitions and preliminaries. Lévy measures of probability laws on RY
are usually defined either on R? \ {0} or on R, in the second case under the as-
sumption that Lévy measures do not charge the origin. Identifying R? with R”
where T = {1, ..., d}, we have two natural ways to define Lévy measures for in-
finitely divisible processes over any set 7. The first way is to define a Lévy measure
on the o -ring generated by cylindrical subsets of R” \ {0}, as proposed by Lee [12]
and Maruyama [16]. This approach, however, leads to substantial conceptual and
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technical difficulties when T is uncountable. Therefore, we have chosen the second
way, to consider Lévy measures on the canonical path space (R”, 27), on which
the laws of stochastic processes over T are defined. This approach, in particular,
allows us to talk about Lévy measures as “laws of stochastic processes.”

Let R be the space of all functions x : T +— R, and let AT denote its cylindri-
cal (product) o-algebra. The law of a stochastic process X = (X;);er is a proba-
bility measure u on (R”, #7) given by

wA) =Plo: (X;(®),., €A}, AeHB’,
and we write .Z(X) = u. Forany S C T, X := (X;);es is the restriction of the
process X to the index set S. Similarly, for any x € R”, xg denotes the restriction

of function x to S C 7. Finally, Og stands for the origin of RS, which will be
viewed as a point or the one-point set, depending on the context.

DEFINITION 2.1. A measure v on (R”, #7) is said to be a Lévy measure if
the following two conditions hold:

(L1) foreveryt €T [pr |x(t)|2 A lv(dx) < o0,
(L2) forevery A € BT V(A) = v (A \ Or), where v, is the inner measure.

The first condition is a technical one, needed for the integral in the Lévy—
Khintchine formula (2.8) to be well defined. The second condition gives the mean-
ing to “v does not charge the origin.” If T is countable, then 07 € %7 and (L2)
is equivalent to v(07) = 0, which is the usual condition for Lévy measure. If T is
uncountable, then O7 ¢ AT, so that v(07) is undefined. However, (L2) still makes
sense. We will show that every infinitely divisible process has a unique measure
satisfying this definition.

REMARK 2.2. The following condition implies (L2) and is often easier to
check: there exists a countable set 7y C T such that
(2.1) v{x eR? : x7, =0} =0.
Indeed, from (2.1) we get for any A € A7

V(A) 2 v(A\ 07) = v(A\ {x 1 x7, = 0}) = v(A),

which shows (L2).

Throughout this paper, T will denote the family of all finite nonempty subsets
of the index set T',

T={IcCT:0<Card(l) < o0},

so that for any [ € T, R! can be identified with the Euclidean space RCd() Wwe
also set

T.:.={JCT:Jis nonempty countable}.
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Let w5 : RT > RS is the projection from RT onto RS, g(x) := xs. Finally,
By =|BeB5:05 ¢ B).

The next lemma sheds more light on condition (L2).

LEMMA 2.3. Let v be an arbitrary measure on (RT, 7). Then for every
AeA’

(2.2) v4(A\O7) = sup v(A\ nJ_I(OJ)).
JeT

Consequently,

V0(A) := v (A\ O7), AeB’
is a measure satisfying (L2) and
(2.3) 0= on %’g.

Therefore, if v satisfies (L1) then v° is a Lévy measure.
Below we give some equivalent conditions to (L2) that can be easier to verify.

LEMMA 2.4. Let v be a measure on (R, 7). The following conditions are
equivalent to (L2):
(a) forevery Ty € f"c there exists Ty € fc such that Ty C Ty and
v{x eRT 1xpy =0} =v{x e R :x7, =0, x1, #0}.
(b) for every Ty € f"c with v{x e RT :x1, =0} > O thereis t ¢ Ty such that

(2.4) v{x eRT 1 x7, =0, x(r) #0} > 0;

(c) either (2.1) is satisfied for some Ty € f"c or for every Ty € YA"C thereist ¢ Ty
such that (2.4) holds.

REMARK 2.5. Condition (a) was the original condition for a Lévy measure
in Rosinski [23]. Condition (b) was communicated to us as equivalent to (a) by
Gennady Samorodnitsky. Notice a subtle difference between (b) and the second
alternative condition in (c).
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2.2. Lévy-Khintchine and canonical spectral representations. Let X =
(Xt)ter be an infinitely divisible process, so that for every I € 7 the random
vector X is infinitely divisible in R! (which is considered as R“24(/) with the in-
ner product (-, -) and the norm | - |). By the Lévy—Khintchine representation [24],
Theorem 8.1, there exists a unique triplet (Xj, vy, by) such that for every a € R/

Eexpi{a, X1)
(2.5)

=exp{—%<a, Zia) +iabi+ [ (0 1 = ifa. L) vi@n |

where X; is a nonnegative definite / x [-matrix, by € R’ and v; a Lévy measure,
that is, v is a Borel measure on R satisfying

/1|x1|2A1v1(dx)<oo and v;(0;) =0.
R

Here, [[-]] is a fixed truncation function defined as follows. Let x : R+ R be a
bounded measurable function such that x (v) =14 o(Jv]) as v — 0 and x (v) =
O(lv|™Y as |v| = oo. We will call x a cutoff function. For example, functions
1y<ny, (1V |v|)_1, (1+ |v|2)_1, and the usual cutoff function in a neighborhood
of 0 satisfy these conditions. The truncation of v = (v1, ..., v,) € R" is defined by

[l = (vix(Jvil), - .-, vax (Jval)).

Similarly, if y € RS then [[y]] € RS is given by [y]I(s) = y(s)x (¥(s)), s € S.
From the uniqueness of the triplet @3 I,Vr1,br) in (2.5), the following consis-
tency conditions hold: forevery I, J € T with I C J,

(cl) Xy restricted to I x [ equals Xy,
(c2) by restricted to I equals by,
(c3) vy oer_J1 =v; on B,

where 777 : R/ = R’ denotes the natural projection from R’ onto R’. By the
Kolmogorov extension theorem, there exist mutually independent centered Gaus-
sian process G = (G;);er and a Poissonian infinitely divisible process Y = (¥;)ser
such that

XLG+v,
where for every [ € f”, G;~N(,X) and

Eexpi{a,Y;) = exp{i(a, b;) —I—/Rl (e<“’y> —1—ifa, [[y]]))w(dy)},

(2.6)
acR!.

The covariance function X of G restricted to I € T, equals X;; similarly, by (c2)
there is a path b : T — R whose restrictions to / coincide with b;.
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DEFINITION 2.6. We say that a family {v; : [ € T} of finite dimensional Lévy
measures is consistent when it satisfies condition (c3).

It should be noted that a consistent family of finite dimensional Lévy measures
is not necessarily a projective system.

EXAMPLE 2.7. LetT =N andlet X = {X,,},en be an i.i.d. sequence of Pois-
son random variables with mean 1. The Lévy measure of X1, = (X1,..., X,)
is given by

,,,,,

k=1
Therefore, if I ={1,...,n}and J ={1,...,r}withI C J,
vy on,_Jl =v; + (r —n)dy,,

which shows that {v; : I € f"} is not a projective system of measures.

This fact makes “glueing together” v;’s more complicated than it would be for
projective systems. Nevertheless, we have the following.

THEOREM 2.8. Let Y = (Y;);eT be a Poissonian infinitely divisible process
as in (2.6). Then there exist a unique LAévy measure v on (RT, BT and a shift
function b € RT such that for every I € T and a € R!

Eexpi Y a;Y; = eXP{fRT(e““’X” —1—ila, [x/1)v(dx) +i{a, b,)}.
tel

Therefore, for any consistent system of Lévy measures {vy : I € f} there exists a
unique Lévy measure v on (RT |, BT such that

2.7) voj't'l_1 =y on 936,1 ef.

Furthermore, if p is a measure such that p o 71;1 =v; on ,%’6 forall I € T, then
v=p"<p.(cf Lemma 2.3.)

COROLLARY 2.9 (Lévy—Khintchine representation). Let X = (X;);eT be an
infinitely divisible process. Then there exists a unique triplet (X, v, b) consisting
of a nonnegative definite function ¥ on T x T, a Lévy measure v on (RT, 287)
and a function b € RT such that for every I € T and a € R!

EexpiZa,Xt
(2.8) tel 1
=CXP{—§(G, Ya) +fRT(€i<a’x’> — 1 —i(a, [x710) v(dx) +i(a, bz)},
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where Xy is the restriction of X to I x 1. (X, v, b) is called the generating triplet
of X. Conversely, given a generating triplet (X, v, b) as above, there exists an
infinitely divisible process X = (X;);er satisfying (2.8).

Let Y = (Y;)rer be a Poissonian infinitely divisible process with Lévy mea-
sure v. Let N be a Poisson random measure on (R”, #7) having intensity mea-
sure v. The existence of such N follows from Kolmogorov’s extension theorem.
We will work with a stochastic integral of the form

(2.9) v = [, PN = ()],

where yx is a cutoff function defined at the beginning of this section. Since v is not
necessarily o -finite, we take an extra care in handling this integral.

At the outset, notice that the present development works for a Poisson random
measure on any measure space (S, .7, n). For the sake of concreteness, we take
here (RT, 27 ,v) and x(v) = 1y<1y. Let f = Z;?:lalej, where a; € R and
A are disjoint with v(A ;) < co. We have

IN(f)= Y aj[N(Aj) —v(Ap]+ > ajN(Aj)=So+ S,
jedy JEJ
where Jo={j <n:laj| <1}and J; ={j <n:|a;| > 1}. Hence
E(|In () A1) <E(1Sol A1) +E(181] A1) < (ElSol?)

1/2
< (Z afv(Aj)) + Z E(jajN(Aj)| A1)

J€Jo JEN

+E(ISi1| A1)

< (/ Lf1? A 1dv>l/2 + Y E[(la;1* A1)N(A))]

JEN

< ([|f|2/\ldv)l/z—l—/lflz/\ldv.

Since E(|In(f)| A 1) <1, we infer that

E(|IN(f)|/\1)52(/|f|2/\1dv)1/2.

A change of the cut-off function x will result in a change of constant 2 to an-
other universal constant. Therefore, the integral in (2.9) is well defined for any
measurable f : R” > R such that [ |f|> A 1dv < oo by the standard approxima-
tion procedure. Iy (f) is a Poissonian infinitely divisible random variable with the
characteristic function

(2.10)  Eexp(ifIn(f)) = exp(/RT (97 — 1 — i9f(x)x(f(x)))v(dx)>.
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PROPOSITION 2.10. Let Y = (Y;):eT be a Poissonian infinitely divisible pro-
cess with Lévy measure v and a shift function b. Let N be a Poisson random
measure on (RT, B7) having intensity measure v. Then the process Y = (Y¢)reT
given by

(2.11) Y, = ,/RT x(D[N(dx) — x (x(0))v(dx)] + b(2), teT

has the same distribution as Y. Y will be called a canonical spectral representation
of Y.

2.3. Sigma-finiteness of Lévy measures. The o-finiteness of measures is an
important property but not every Lévy measure is o-finite. This is shown in the
following simple example.

EXAMPLE 2.11. Let X = (X;)rer be un uncountable family of independent
Poisson random variables with parameter 1. Then, forevery I € T, a € R,

Eexpi ) a;X; = exp[Z(ei“’ — l):| = exp[%l.y (e l@xn) — l)v(dx):|,

tel tel
where v is the counting measure of a set E given by

E=e € R :seT,e;t)=1ift =s and es(r) =0 otherwise}.

We have [pr lx ()] A 1v(dx) = |e; (t)]* = 1 for everyt € T. For Tj € YA”C choose
t ¢ To, and consider A = {x : xg, = 0, x () # 0}. Since A N E = {¢;}, we have
V(A) =1 > 0, so that v is Lévy measure of X by Lemma 2.4(c). However, v is not
o -finite as the counting measure of an uncountable set.

The next theorem gives criteria when a Lévy measure is o -finite. Notice a subtle
difference between (L2) and (ii).

THEOREM 2.12. Let v be a Lévy measure on (RT, BT). The following are
equivalent:
(1) v is o-finite;
(i) v*(0r) =0, where v* is the outer measure;
(ii1) v{x € RT :x1y =0} =0 for some Ty € T¢ [i.e., (2.1) holds].

COROLLARY 2.13. A Lévy measure is not o-finite if and only if for every
Tp € T, there exists t & Ty such that v{x : xg, =0, x(t) #0} > 0.

PROOF. Condition (c) of Lemma 2.4 divides the Lévy measure into two cat-
egories: those which satisfy (2.1), which are o-finite by Theorem 2.12, and the
others which satisfy the condition of this corollary. [J

We may ask what Poissonian processes do not have o-finite Lévy measures.
The next theorem characterizes them.
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THEOREM 2.14. Let Y = (Y;):eT be a Poissonian infinitely divisible process
with Lévy measure v. Then v is not o -finite if and only if T is uncountable and
there is a version ¥ = (Yt)teT of the process Y such that for every Ty € T, there
exist t; ¢ To and independent random variables & and n such that:

(@) Yy =&+n;
(b) (Y;,§,n:1 € To) are jointly Poissonian infinitely divisible;
(c) n is nondegenerate and independent of (Y;,& : t € Tp).

REMARK 2.15. Intuitively, a Poissonian infinitely divisible process has a o -
finite Lévy measure if and only if there exists Ty € T, such that outside of the index
set Tp the process has no nontrivial independent components.

PROPOSITION 2.16. Let Y = (Y;);eT be a Poissonian infinitely divisible pro-
cess such that there exists a countable Ty C T such that every Y; is measurable
with respect to 6 (Y1) p, the P-completion of o (Y; :t € Ty). Then Y has a o -finite
Lévy measure.

PROOF. From the assumption, for every ¢ € T there exists a Borel measurable
function @, : R70 — R such that ¥, = ®;(Yr,) a.s. Suppose to the contrary that v

is not o -finite, so by Theorf:m 2.14 tllere exist a version Y and t1 ¢ Tp such that
(a)—(c) hold. We also have Y;, = &, (Y7,) a.s. Hence, for any u € R

eiu(é—l—n) — E[eiu(f—&—n)}?To’ %-] — eiuSE[eiu”?TO’ g_.] — eiuéE[eiun]’

which gives [E[¢'“7]| = 1, so that 7 is deterministic. A contradiction. [

DEFINITION 2.17. A stochastiAc process Y = (¥;);e7 is said to be separable
in probability if there exists Ty € T, such that for any ¢ € T there is a sequence

{sn} C Ty such that Y, £ Y;.
From Proposition 2.16, we get the following.

COROLLARY 2.18. A separable in probability Poissonian infinitely divisible
process Y has a o -finite Lévy measure.

The fact stated in Corollary 2.18 was also proved by Kabluchko and Stoev [10]
by different methods.

REMARK 2.19. Comparing Theorem 2.12(iii) and Corollary 2.18, it seem
that the o -finiteness of a Lévy measure and the separability in probability of the
corresponding Poissonian process are close. However, the separability in prob-
ability is a stronger condition. Indeed, let V = {V;};¢[0,1] be a family of i.i.d.
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Rademacher random variables, P(V; = +1) = 1/2, and let v be the probability dis-
tribution of V in (RI%1, 21011y "y trivially satisfies (2.1), so it is a Lévy measure.
Let Y = {Y:}s¢(0,1] be the corresponding compound Poisson process; see Exam-
ple 2.26. Since P(|Y; — Y| > 1) > 1/(2e) for any s # ¢, Y has finite Lévy measure
but is not separable in probability.

2.4. Representations and examples of Lévy measures of processes. A natu-
ral way to describe Lévy measures on path spaces is to view them as “laws of
processes” defined on possibly infinite measure spaces. Below we formalize this
approach.

DEFINITION 2.20. Let {v;: 1[I € f"} be a consistent family of finite dimen-
sional Lévy measures, which extends uniquely to a Lévy measure v by Theo-
rem 2.8. A collection of measurable functions V = (V;);er defined on a measure
space (S, ., n) is said to be a representation of v if for every I € T:

n({s: Vi(s) € B}) =vi(B) for every B € .

A representation V is called exact if n o V™! = v or, equivalently, if n o V™!
satisfies (L2). Here, V is viewed as a function from S into R given by V(s)(:) =

Viy(s).

Representations of Lévy measures are useful for stochastic integral and series
representations of the corresponding infinitely divisible processes while exact rep-
resentations give precise forms of Lévy measures. The difference between these
two representations is a technical one, as it is shown below.

LEMMA 2.21. Any representation of a Lévy measure, defined on a o -finite
measure space, can be modified to an exact representation by restricting it to a
smaller domain.

REMARK 2.22. Any Lévy measure v has an exact representation. Indeed, the
evaluation process V;(x) = x(¢), x € RT, ¢t € T is an exact representation of v
on (S,.7,n) = [RT, BT v). However, such representation does not give much of
information about the Lévy measure because it is too general. Therefore, we are
seeking more specific representations on richer structures, such as standard Borel
spaces (Borel subsets of Polish spaces; see [11], Chapter 1).

EXAMPLE 2.23 (Léyy processes). LetY = (Y;);>0 be a Poissonian—Lévy pro-
cess determined by Ee'*Y' = /K where K is the cumulant function given by

K(u)=/R(ei“ — 1 —iullx])p(dx) + iuc.
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For every I = {t1,...,t,}, with0 <t <--- <t,,and a = (a1, ..., a,) € RI(=
R™) we have

n n
Eexpi Y ar¥y, = exp:Z K(uk)Atk},

k=1 k=1

where Aty =t — th—1, U = Z;?:k aj, and 19 = 0. Therefore, the Lévy measure v;
of X is given by

(2.12) vy (B) = Z/ng(vxk)p(dv)Atk, Be %",
k=1

where x; e R*, x;, =(0,...,0,1,...,1),k=1,...,n. Define V = (V;);er on the
—_——

k—1 times

half-plane R x R equipped with a measure A ® p given by
(2.13) Vir.v) =1yzrv,  (nv) Ry xR,

where A denotes the Lebesgue measure. We first verify that V' is a representation of
the Lévy measure v of Y. Let I be a finite set of indices as above. For any B € %/,
we have

GopvieBy = [ [ 1a(Vitv)drpv
_/Xn:/tkl(l 1y2v) drp(dv)
= R =S B W=}V, ..., Le=nyV) drpav

=f > 15(0,....0,v,...,v)p(dv) Aty = v (B),
Rz —

k—1 times

as in (2.12). To check that V is exact, it is enough to verify (2.1). Indeed, for
Ty = N we have

A @ p){(r,v): 1p>pv=0Vn e N} =0.
Thus V in (2.13) is an exact representation of v.
EXAMPLE 2.24 (Squared Bessel processes). Let Y = (¥;);>0 denote a
squared Bessel process of dimension 8 > 0O starting from 0. If 8 € N, then

Y; := || B;||*, where B is a B-dimensional standard Brownian motion. In general,
Y is defined as the unique solution of the stochastic differential equation

dy, =2JY, dW, + Bdt, Yy =0,

where W is a one-dimensional standard Brownian motion. Shiga and Watanabe
[25] showed that squared Bessel processes are infinitely divisible and Pitman and
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Yor [17] described their Lévy measures on C (R,.). We will adapt that characteri-
zation to our setting.
Let

Utp:={ueCRy):u0)=0,uj0.4) >0, u|[1.00) = 0 for some 7y > 0}.

U4 is a Borel subset of C(R), on which we consider the Itd measure n4 of the
Brownian positive excursions; see Revuz and Yor [19], Chapter XII. Let L (u)
denote the total accumulated local time of an excursion u € U4 at a > 0. Symbol-
ically,

o0

L‘;o(u)zfo Salu(®))dt.

Set LE (1) =0 when a < 0. Define V = (V;);>0 on a Borel space R x U, with
a measure SA ® ny by

(2.14) Vi(r,u) = L5 (u), r>0,uelUs;.

To check that V is an exact representation of the Lévy measure v of ¥, we invoke
an equation given after Theorem 3.2 in Mansuy and Yor [13] which states that

_ o L\t
/U+ v(du)F(u)—,B/UJr M(du)/0 drF(u((-—r)"))

)1 .
for any measurable functional F : Uy — Ry, where M =n4 o L((X)J . This equa-
tion says that (BA®n;)o V! =v.

EXAMPLE 2.25 (Feller diffusion). We consider a Feller diffusion Z = (Z;);>0
without the drift term, which satisfies the stochastic differential equation
dZ;ZO'\/thW[, Z()=Cl>0,

where W is a one-dimensional standard Brownian motion. By change of time,
Y; = Z,,-2, we have

dy, =2Y,dw], Yo=a >0,

where W’ is another standard Brownian motion. Therefore, Y is a 0-dimensional
squared Bessel process whose Lévy measure vy given in the above cited [13], The-

-1
orem 3.2. Namely, in the notation of Example 2.24, vop = an4 o L(o'c), . Therefore,
V = (Vi)r=0 given by

(2.15) Vi) =LY w), ueU,

is a representation of the Lévy measure of Z = (Z;);>0 on (U4, Z(U4),an).

The next example provides a simple illustration for the method of Lemma 2.21.
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EXAMPLE 2.26 (General compound Poisson processes). Let V = {V;}er
be a stochastic process and let ¢ a Poisson random variable with mean 6. Let
{(V™}, o be a sequence of independent copies of V and independent of ¢. Then

¢
v,=>v",  rer

n=1

is a Poissonian infinitely divisible process such that for every I T,acR!,

Eexpi ZatY, = exp{@E(ei LreraVi _ 1)} = exp{/l(ei(“’y) — l)vl(dy)}.
R
tel
Thus V = {V; };cr is a representation the Lévy measure v of Y on (2, %, 6P). By
the proof of Lemma 2.21, the restriction Vjy of V to Qo := {w : V3 (w) # 0} is an

exact representation of v, where Ty € f"c is such that

P(Vz, =0) = inf P{w: V;(w) = 0}.
JeT

3. Lévy-Ito representations and transfer of regularity for Lévy measures.
The following proposition is a direct extension of Proposition 2.10 with a similar
proof. Thus its proof will be omitted.

PROPOSITION 3.1. Let X = (X;)ier be an infinitely divisible process with
the generating triplet (X, v, b). Suppose V = (V;)ier is a representation of v on
(S,.7,n). Let G = (Gy)ier be a centered Gaussian process with covariance %
and let N be a Poisson random measure on (S,.¥) with intensity n such that G
and N are independent. Then the process X' = (X})ier given by

3.1 X, =G, + /S Vi(s)(N(ds) — x (Vi(s))n(ds)) + b(2), teT,
is a version of the process X .

The next theorem shows that, under some regularity assumptions, spectral rep-
resentations hold almost surely. Recall Definition 2.17 (separability in probability).

THEOREM 3.2 (Generalized Lévy-Itd representation). Let X = (X;);eT be
a separable in probability infinitely divisible process with a separant Ty and the
generating triplet (X, v, b). Assume that the probability space is rich enough to
support independent of X standard uniform random variable. Then, given a repre-
sentation V.= (Vy)ser of v defined on a o -finite measure space (S, .7, n), where
< is countably generated (modulo n), there exist a centered Gaussian process
G = (Gy)seT With covariance ¥ and independent of G Poisson random measure
N on (S, .) with intensity measure n, such that for everyt € T

(3.2) X =G+ fs Vi()(N(ds) — x (Vi(s))n(ds)) + b(t) a.s.
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We illustrate this representation on four examples of infinitely divisible pro-
cesses.

COROLLARY 3.3. (a) Lévy processes. Let Y = (¥;);>0 be a Poissonian—Lévy
process as in Example 2.23, with x = 1{|v| < 1}. Formula (3.2) applied to V in
(2.13) yields the usual Lévy—Ito representation: with probability 1 for all t > 0,

Y; :/R A;l{tzr}v(N(dr,dv) — x(Ay=nv) drp(dv)) + ct
+

! t
B /0 f|vsl v(N(dr, dv) = drp(dv)) + /0 /|v|>1 vN(dr,dv) +ct,

where N is s Poisson random measure on Ry x R with intensity A Q p.

(b) Squared Bessel processes. Let Y = (Y;);>0 be a squared Bessel process of
dimension B > 0 starting from 0, as in Example 2.24. Formula (3.2) applied to V
in (2.14) yields: with probability 1 for all t > 0,

t
Y,:// LI (u)N(dr, du),
0 Ju,

where N is s Poisson random measure on R x U, with intensity BA @ n. There-
fore, a squared Bessel process Y is a mixed stochastic convolution.

(c) Feller diffusion. Let Z = (Z;);>0 be a Feller diffusion starting from a > 0,
as in Example 2.25. Formula (3.2) applied to V in (2.15) yields: with probability
1 forallt >0,

Z =fU LEL(u)N (du),

where k =02 /4 and N is s Poisson random measure on U.. with intensity an ..

(d) Compound Poisson process. Let Y = (Y;)ier be a compound Poisson pro-
cess generated by a stochastic process V.= (V;)ier and 6 > 0, as in Example 2.26.
Suppose that V is separable in probability. Then (3.2) applied to V yields: with
probability 1 forallt € T

Y, = fQ V,(@)N (dw),

where N is s Poisson random measure on 2 with intensity OP.

Next, we consider the transfer of regularity for Lévy measures. In short, this
property says that path regularities of infinitely divisible processes are inherited by
representations of their Lévy measures. A precise statement follows.

THEOREM 3.4 (Transfer of regularity). Let X = (X;):eT be an infinitely di-
visible process with a o -finite Lévy measure v. Assume that paths of X lie in a set
U that is a standard Borel space for the o -algebra % = %' NU and also that U
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is an algebraic subgroup of RT under addition. Then v is concentrated on U in the
sense that v,(RT \ U) = 0. Therefore, v is well defined on % and the evaluation
process on (U, % , v) is an exact representation of v and has paths in U.

Moreover, any representation V = (V;)ieT of v, given on a GN—ﬁnite measure
space (S, S, n), can be modified to an exact representation V = (Vy)ier of v with
paths in U and such that n{s : V;(s) # Vi(s)} =0 foreveryt € T.

Let T =[O0, 1], for concreteness. Examples of U satistying the above theorem
include such “obvious” spaces as C[0, 1] and D[O0, 1] (the latter one under the
Skorohod topology), but they also include nonseparable Banach spaces such as
the space of Lipschitz-continuous functions Cc%170, 1] and the space of cadlag
functions of finite variation BV;[0, 1] (which are Borel subsets of C[0, 1] and
DIO0, 1], resp.).

As an application, consider a cadag Poissonian infinitely divisible process ¥ =
(Y1)teq0,17- Since Y is right continuous, it is separable in probability, so its Lévy
measure v is o-finite. By Theorem 3.4, v is concentrated on D0, 1]. Using Basse
and Rosinski [3], Lemma 3.5, we get v{||x|lco > r} < oo for any r > 0. Therefore,
the Lévy—Khintchine representation of Theorem 2.8 can be refined to

n
Eexpi Zan,j

j=1
. n n
—exp / ! Zi=1 4 ) 1 i 3 ax (e 1jo,17(I1x o) ) v (dx)
DI[0,1] =
n
+i Zajb(tj)},
j=1
where b € D[0, 1] and || - |0 is the supremum norm.

4. Isomorphism identities and spectral representations. We begin with
some identities for expectations of functionals of stochastic processes. We present
them under different degrees of generality of the assumptions, which is more suit-
able for applications. For any two o -finite measures x and v, we write © < v when
W is absolutely continuous with respect to v, and u ~ v when these measures are
equivalent. We will also write E[£; n] for E[£n] and E[£; A] :=[E[£14], and use
the convention 0 - co = 0.

THEOREM 4.1. Let X = (X;):er be an infinitely divisible process having a
o -finite Lévy measure v. Let Z = (Z;)rer be a process independent of X such
that L(Z) K v. Then L (X + Z) K« ZL(X). Hence, there exists a measurable
functional g : RT — R such that for any measurable functional F : RT — R

“4.1) EF((X: + Z)ier) =E[F((X)ier); g(X)].
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Theorem 4.1 is a consequence of Theorem 4.3, which itself is deduced from
Theorem 4.4.

REMARK 4.2. (a) From (4.1), it follows that the linear spaces of functionals
F (X + Z) of the process X + Z and F(X) of X are isometric under various norms,
such as the L”-norms, but with respect to possibly different probability measures.
This may explain the name “isomorphism theorems” or “isomorphism identities”
for results of this kind of formulas.

(b) The processes Z can be viewed as a random translation (or perturbation)
of X, so that Theorem 4.1 gives a sufficient condition when such translation (per-
turbation) is “admissible.”

The function g in (4.1) has a closed form only in certain cases. Therefore, we
will give below another, easier to handle term in place of g(X). We can also impose
a slightly weaker condition on the process Z in part (b), than the one in the previous
theorem.

THEOREM 4.3. Let X = (X;):eT be an infinitely divisible process of the form
X =G +Y,where G = (Gy)ser is a centered Gaussian process independent of a
Poissonian process Y = (Y;);eT having a o -finite Lévy measure v and given by its
canonical spectral representation

4.2) Y, = /ﬂ;T x (D[N (dx) — x (x(0))v(dx)] + b(1), teT.

Here, N is a Poisson random measure with intensity v (see Proposition 2.10). Let
Z = (Zy)ieT be an arbitrary process independent of N .
(a) Suppose that £ (Z) < v and let q := d"i;‘(jz ) be the Radon—Nikodym deriva-

tive of £ (Z) with respect to v. Then for any measurable functional F : RT > R
(4.3) EF((Xz + Zz)teT) = E[F((Xt)zeT)Q N(CI)],

where

N@ = [ a@N@).
IRT
Conversely, for any F as above,

(4.4) E[F((X)rer): N(g) > 0] = E[F((X: + Z)rer) (N (9) +q(2)) '],

where q(Z) = q((Z;)seT). Moreover, if vix : g(x) > 0} = o0, then L (Y + Z) and
ZL(Y) are equivalent.
(b) Suppose that £ (Z) K v + 6o, and let q :=

able functional F : RT — R,

4.5) EF((X: + Zier) = E[F((X0rer); N(g) +q(07)].

dZ(Z)
a0+,

Then for any measur-
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Conversely, for any F as above,
E[F((Xt)teT)§ N(g)+qOr) > 0]

=E[F((X: + Z)ier) (N (@) +9(Z) + ¢O0r)1ye(2)) '],

where q(Z) = q((Z;)ier) and U € BT is such that Or € U € BT and v(U) = 0.
Furthermore, L (Y + Z) and £ (Y) are equivalent if g(07) > 0 or v{x : q(x) >
0} = o0.

(4.6)

The previous two theorems will be proved as special cases of the next result.
THEOREM 4.4. Let X = (X;)ter be an infinitely divisible process given by
Xi=G+ /S Vi)[N@s) — x (Vi(s))n(ds)] + b(®),

where V = (Vy)ser is a representation of the Lévy measure of X defined on a o -
finite measure space (S,.%,n), N is a Poisson random measure on (S, ) with
intensity n, G = (Gy):et is a centered Gaussian process independent of N and b
is a shift function. Choose an arbitrary measurable function q : S — R such that
[sq(s)n(ds) = 1. Then for any measurable functional F : RT » R

@.7) /S EF((X, + Vi(9)),op)a($)nds) = E[F((X)rer): N(@)].
where
N(g) = / ()N (ds).
S

Conversely, for any F as above,

E[F((X:)ier); N(g) > 0]
(4.8)

= [ EIF (X + Vi)ser): (V@) + 40) " TatsIn(as).
Ifn{s € S:q(s) > 0} = o0, then

4.9) E[F((Xo)rer)] =jSE[F((Xz+ Vi(s))er): (N (@) + ()™ g(s)n(ds).

Now we will discuss how Dynkin’s isomorphism fits into the pattern of Theo-
rems 4.1 and 4.3.

EXAMPLE 4.5 (Dynkin isomorphism for permanental processes).

A positive real-valued stochastic process Y = (Y;)xcf over a set E is called a
a-permanental process with kernel (u(x, y) : x, y € E) if for every x1,...,x, € E
and sy,...,5, >0

(4.10) Eexp{—ZSjij}:|I+US|_a,
j=1
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where U = (u(x;,xj) : 1 <i, j <n) and § = diag(sy, ..., s,) are n X n-matrices,
and « > 0.

Hence, Y, ’s are gamma distributed with shape parameter o and mean ou(x, x)
and jointly they have a multivariate multivariate gamma distribution, as defined
by (4.10). A prototype of a permanental process is a squared Gaussian processes,
where u(x, y) is the Gaussian covariance multiplied by 2 and o = 1/2.

For a fixed kernel (u(x,y):x,y € E), let Y@ = (Y)ga))er denote the corre-
sponding «-permanental process, if it exists. It is easy to see from (4.10) that if
Y@ exists and is infinitely divisible for some o = ag > 0, then it does exist for
every a. Conversely, the existence of ¥ (@ for every o > 0 implies that all Y are
Poissonian infinitely divisible.

The importance of permanental processes comes also from their connection to
Markov processes, as established by Eisenbaum and Kaspi [9]. They showed in [9],
Theorem 3.1, that if X = (X;);>0 is a transient Markov process with a state space
E and O-potential density (u(x, y) : x, y € E) with respect to some reference mea-
sure, then for every o > 0 there exists a «-permanental process Y @ — (v )50’)) Y€E
with kernel u(x, y). Since Y@ = (¥!*),cr must be infinitely divisible and one-
dimensional marginals are nonnegative without drift, from Theorem 2.8 there is a
Lévy measure v on (Rf, ZF) such that

n
4.11) ]Eexp{— ZSJ-Y)E?‘)} = exp[fRE (e_z-iZISJy(xf) — l)oev(dy)},
i=1

+

for all x(,...,x, € E, s1,...,8, >0, and n > 1. v is the Lévy measure of the
1-permanental process. Under some weak assumptions on Y@, such as its separa-
bility in probability, v is also o-finite; see Corollary 2.18. The canonical spectral
representation of ¥ (@) is of the form

(4.12) Y@ :fE y(xX)N@(dy), x€E,
R+

where N is a Poisson random measure with intensity orv.

To formulate the Dynkin isomorphism theorem, we need more ingredients.
Recall, a transient Markov process X = (X;);>0 specified above. Assume that
X admits the local time (L; : x € E,t > 0), which is normalized to satisfy
E, (L) =u(x, ). Fix a € E with u(a, a) > 0, and let P, be the probability un-
der which the process X starts at a and is killed at its last visit to a. Then, for any
measurable functional F : RE > R,

|
4.13) EE,[F((Y +L%),cx)] = E[F((Y)ﬁ“))xeg); m}

This identity is a version of the Dynkin isomorphism theorem due to Eisenbaum
and Kaspi [9], Theorem 3.2. Here, we assume that the processes Y @ —(y. )S“))xe E
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and Lo, = (L%,)xer depend on different coordinates of the product probability
space under the product measure P ® If”a, so that Y@ and L, are independent.

To show that (4.13) fits the framework of Theorem 4.1, we will check that
Z (L) < av. Indeed, by [15], Lemma 2.6.2, and direct computations as in [9],
we have for every x; =a, x2,...,x, € Eand sy,...,s, >0,

n
(4.14) E, expi—Zsj ﬁg} =
j=1

Combining (4.10), (4.11) and (4.14) we get
1

3
exp{ Zsj }_ ——log|I + US|

—l I1+US
u(a,a) dsg og|l + :

au(a,a) dsy

1 0 nev(xs
2L ]

aul(a,a) 0sy

1 sy
= e E= I y@yu(dy).
u(a,a) JRE

which implies .Z (L) < av. Now we will deduce (4.13) from Theorem 4.3(a).
By the above,
L), . v

d
90) = d(av) ) = au(a,a)’

E
yeRY

and from (4.12),

()
N (g) = / )y gy = T
R

£ au(a,a) aula,a)
Therefore, (4.3) gives (4.13). Moreover, since cha) > 0, by (4.4) we also get
E[F((Y{),cp)] = aula, B E[F(Y* + LL), p) (YL + L&) ']

X
Finally, notice that, while .Z'(L,) is absolutely continuous with respect to v,
it is not equivalent to v. Indeed, the set B = {y € Rf : y(a) = 0} is a null set

xekE

for .2 (Loo) under Py, but it is not a null set for v, even in the case when E is a
two-point set. Indeed, from Vere-Jones [27] we know that the Lévy measure of a
two-dimensional permanental vector has singular components on the axes, except
for the trivial totally correlated case, so that v(B) > 0 in general. Nevertheless,
path regularities of a permanental process transfer to v by the transfer of regularity
for Lévy measures (Theorem 3.4), and by the absolute continuity, they transfer to

Loo = (L)éo)er-

In Example 4.5, we have started with an infinitely divisible permanental process
and showed that Dynkin’s isomorphism (4.13) is a special case of Theorem 4.1.
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N. Eisenbaum [7], Lemma 3.1, made a surprising observation that any isomor-
phism of the type (4.13) implies the infinite divisibility of the process. We will
reproduce this result in more detail and establish the form of Lévy measure in a
general setting. We begin with random vectors.

LEMMA 4.6. LetY = (Yy,...,Y,) be a nonnegative random vector with 6; =
E(Y;) € (0, 00). The following are equivalent:

(i) Y is infinitely divisible;
(ii) Forevery k < n, there exists a vector of nonnegative random variables zZk =

(zk, ..., Z,lg) independent of Y such that for any bounded measurable functional
F:R"— R:
(4.15) EF(Y 4+ ZY) =E[F(Y); 6; ' Yi].
Moreover, if (ii) holds, then Y has the Lévy measure v on R’} of the form
n

(4.16) v(dy) =Y 0da, (i L(Z")@dy),

k=1
where A ={y € R : y1 =---=y—1=0, yr > O}. The drift of Y equals
(4.17) c=(61P(Z} =0),...,60,P(Z" =0)).
Furthermore, the law of each 7k is determined the law of Y,k=1,...,n.

Now we characterize processes satisfying the abstract version of Dynkin’s iso-
morphism.

PROPOSITION 4.7. Let Y = (Y;)ieT be a nonnegative process with 6(t) =
EY; < oo for every t € T. Suppose that for every s € T having 0(s) > 0, there
exists a stochastic process Z° = (Z});ct independent of Y such that for any mea-
surable functional F : RT — R:

(4.18) E[F((Y: + Z?),c1)] = E[F(()ser); 0(s) ™' Ys].

Then the process Y is infinitely divisible. If, in addition, Y is separable in proba-
bility with a separant Ty = (Si)k>1, then the Lévy measure v of Y is of the form

(4.19) v="> 1a,u,
k>1

where Ay = {y € RJTF 1 y(s;) =0Vi <k, y(sx) > 0} are disjoint and vy are Lévy
measures given by

ve(dy) = 0(s)y(s) "' L(Z%)dy).,  k=12,....
The drift of Y is given by c = (0(t)P(Z! =0) :t € T).
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Moreover, any nonnegative finite mean infinitely divisible process Y = (Y;)teT
satisfies (4.18) with Z* = (Z?),er determined by

(4.20) 2(2°)dy) = %SOT (dy) + %v(dy),

where c and v are the drift and Lévy measure of Y, respectively, and 6 (s) = EY; >
0.

REMARK 4.8. Consider a separable in probability process Y of Proposi-
tion 4.7 with Lévy measure v given by (4.19). Let a € T and 6(a) > 0. We can
always include a in Tp and assume that s1 = a. If Z§ > 0 a.s., then £ (Z9) <
V1 K v, so that Theorem 4.3(a) gives (4.18). If P(Z4 =0) > 0, then £ (Z%) K v
but £ (Z%) < v + 8o, , so that Theorem 4.3(b) gives (4.18) in this case.

REMARK 4.9. If Y = (Y1, Y») satisfies (4.15), then Lévy measure of Y has
the form

V(dy) = 011{y,20.,=0y¥] L (ZN)(dy) + 0211y,0.y,0)¥; L (Z%)(dy)
+911{y1>o,y2>0}y1_1$(zl)(dy)-

This formula may shed some light on the form of Lévy measure of a 2-dimensional
permanental vector in Vere-Jones [27], which has positive masses on the axes.

Isomorphism identities can also be useful for Lévy processes. We begin with a
corollary to Theorem 4.4.

COROLLARY 4.10. Let X = (X;);>0 be a Lévy process such that EeiuXi =
e KW swhere

(4.21) K(u):—%ozuz-l—/;&(ei“x — 1 —iullx])p(dx) +icu.

Letq : Ry xR +— Ry be a measurable function such that fR+ «r 4, v)drp(dv) =
1. Then for any measurable functional F : RI%) > R

E e R F((X: + 1<nv)i20)q (r, v) drp(dv) = E[F((X/)1=0); (X)],

where g(X) = Z{,>0:Axr#0}q(r, AX,)and AX, =X, — X,_. Conversely,
E[F((X1)i=0); 8(X) > 0]

= | E[F(X 4+ 1pzgv)izo)s (800 +40 ) g (r,v)drp(dv).

Moreover, g(X) > 0 a.s. lffRerR 1{g(r,v) > 0}drp(dv) = cc.
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PROOF. This is a direct application of Theorem 4.4. Indeed, has the Lévy-Ito
decomposition

X;=G[+/ l{rft}v(N(dradv)_X(v)drp(dv))+Ct’
R+XR
where N =} 1, A x, -0y 8-, aX,)- Hence
N@=[  atoNdndy= 3 q0aX)=gX),
R+ xR (r>0:AX, 0}
as desired. [

The next example specifies a set of admissible random translations for a Poisson
process.

EXAMPLE 4.11. Let Y = {Y;};>0 be a Poisson process with rate A > 0 and
let Z; = 1[;,00)(t), t = 0, where ¢ > 0 is a random variable with density / and
independent of Y. Then Z (Y 4+ Z) <« £ (Y) and

E[F((Yt + Zt)tzo)] = E[F((Yt)tzo)§ g(Y)],
where g(Y) =171 [$°hdY. Conversely,

E[F((Y)i=0): (¥) > 0] =E[F((¥; + Z)=0): (8(¥) + A~ "h(£))'].
Moreover, g(Y) > 0 a.s. if fR+ 1{h(r) > 0}dr = 00, in which case .Z (Y + Z) and
Z(Y) are equivalent.

PROOF. It follows from Corollary 4.10 for g (r, v) = A7 Vh(r) and p = A8).
O

In the previous example, function g depended only on time variable. Now we
consider the case when g depends only on the space variable.

EXAMPLE 4.12. Let X = (X;);>0 be a Lévy process as in Corollary 4.10. Let
g1 : R+~ Ry besuch that [ ¢1(v)p(dv) = 1. Consider a fixed time horizon & > 0,
so that 7 = [0, h] and let

X, =G, +/ L <nv(N(dr,dv) — x(v)drp(dv)) +ct, 1 €[0,h].
[0,A]xR

To apply Theorem 4.4, take g (r, v) = h_lql (v), so that f[o,h]xR q(r,v)drp(dv) =
1, and compute

N(g) = / 4(r, V)N (dr, dv) = h~! / g1 N (dr, dv) i= ='Wy,
[0,A]xR [0,h]xR
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where W = (W},),>0 1s a subordinator with Lévy measure p; given by p;(x, o0) =
,o(ql_l(x, 00)), x > 0. Then, for every measurable F : RO/ R,

E /R F((X, + L= 0)reton)d1 @)p(dv) = h"E[F((XDreio.n): Wa
and

E[F((XOref0,m); Wh > 0]
(4.22)

—h /R E[F((X; + 1y<icion): (Wa + 1)~ a1 @)p(dv).

To illustrate usefulness of these formulas, in the next corollary we give an al-
ternative proof to a known fact on the behavior of the distributions of the Lévy
process at the origin. Actually, we prove a more general version of this fact (see,
e.g., [24], Corollary 8.9), and the last statement of the corollary seems to be new.

PROPOSITION 4.13.  Let X = (X;)s>0 be a Lévy process and let p be the Lévy
measure of X1. Let f : R+ R be a bounded function continuous on a set of full
p-measure such that f(x) = o(x?) as x — 0 [or f(x) = O(x?) when X has no
Gaussian component). Then

4.23) Jim b E£ () = [ F@po.

If X is a subordinator, then the assumption of continuity can be weakened to the
right-continuity.

COROLLARY 4.14.  If X is a Lévy process then for any p-continuity set B with
0 ¢ B, we have limy_, h~'"P(X}, € B) = v(B). If in addition X is a subordinator,
then for every r > 0 we have limy,_, ¢ h=P(X}, € [r, 00)) = v([r, 00)).

PROOF. In the first part of the corollary, we take f(x) = 1p(x) and in the
second part we take f(x) = 1[r, o0)(x), and apply the above. [J

5. Series representations and isomorphism identities. Here, we will show
how representations of Lévy measures lead to series representations of Poissonian
infinitely divisible processes. This method of constructing series representations
was initiated in [20] and further developed in [22].

THEOREM 5.1. Let Y = (Yy)ieT be a Poissonian infinitely divisible process
with the generating triplet (0, v, b). Let V = (V;):eT be a representation of v on
a o -finite measure space (S,.7, n). Consider a probability measure 'V equiva-
lent to n, so that n‘V(ds) = g(s)n(ds) for some g > 0 n-a.e. Let (§;) jen be an
i.i.d. sequence of random elements in S with the common distribution n'V and
let (I'j) jen be a sequence of partial sums of i.i.d. mean-one exponential random
variables independent of the sequence (&§;) jen. Then:
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(i) Foreveryt €T, the series

(5.1) 5 = i ViEp{gE) <T; ")
converges a.s. if and only if the ;i;n]it

(5.2) c(t) := jlgrgo ]S Vi) (jg(s) An(ds)  exists.
If (5.2) holds, then

(5.3) (Y)rer £ (5 +b(1) —c(t)),er-

In particular, if Y; > 0, or more generally, if [pr |x(t)] A 1v(dx) < oo, then (5.2)
holds.
(ii) Foreveryt € T, the centered series

(5.4) Sii= Y [ViEpeE) <T; '} = ;)]
j=1

converges a.s. and

(5.5) (Yorer £ (St + (1), e+

where
cj(t) = /S [V:{(jgs) A1) = (( = Dg(s) A1) }n(ds).
Under (5.2), Y32 ¢j (1) = c(t), so that §; = S° — c(t).

PROOF. This proof is a routine application of Theorem 4.1 [22], and thus it is
omitted. [J

REMARK 5.2. (a) If Y is separable in probability and defined on a rich enough
probability space (see Theorem 3.2), then proceeding as in [22], we can choose
V;,T'; on the same probability space as Y such that (5.3) and (5.5) hold not only
in distribution but also almost surely.

(b) If sample paths of ¥ belong to a separable Banach space, then the pointwise
convergent series (5.1) and (5.4) converge a.s. in the norm of that Banach space.
Such conclusion is generally false when sample paths of Y belong to a nonsepara-
ble Banach space. An exception is the Skorohod space under the uniform topology,
which is not separable. However, in such space the series converge uniformly a.s.;
see [3].

(c) There is some analogy between series expansions of Poissonian infinitely di-
visible process, such as in Theorem 5.1, and Karhunen—Lo¢ve series representation
of Gaussian processes. Exploring this analogy, one has the corresponding results
for the oscillation and zero-one laws of Poissonian infinitely divisible process; see
[4] and [21].
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EXAMPLE 5.3 (Feller diffusions). Let Z = (Z;);er be a Feller diffusion, as in
Example 2.25. Recall that V; = LX., t > 0 is a representation of the Lévy measure
of Z on (S, n) = (Uy, any). We will now give a probability measure n(!) equiva-
lent to an4. Let R(u) denote the length of an excursion u € U.. It is well known
that

1

x~12.
N2
see, for example, [19], Chapter 12, Proposition 2.8. Let f : Ry — R be such that
f(x) =0 only for x =0 and

1 =12 g
mfo S eoxdx =1
Put nV(du) := f(R(u))n(du). Then

/U+ F(Rw))n4(du) = /OOO fleonp{u: Rw) > xtdx =1,

npfu:Ru) > x} =

so that nV) is a probability measure such that g(u) := d“(’Z—:lli)(u) = a_lf(R(u)).
Now we will apply Theorem 5.1(a). Let (§;) jen be an 1.i.d. sequence of random
elements in U, with the common distribution f(R)dn, and let (I';) en be a
sequence of partial sums of i.i.d. mean-one exponential random variables indepen-
dent of the sequence (§;) jen. Then

o0

Z £ LEEDUF(RED) <al'T'). 120

j=1
in the sense of equality of finite dimensional distributions. By Remark 5.2(b), the
convergence holds also a.s. uniformly in ¢ on finite intervals. Let us take f(x) =
\/g (x A 1) for concreteness. Then the above formula becomes

o0
d _
Z =Y LEEHRE) AL < (Z/n)l/zaFj 1, t>0.

j=1
This formula says that a Feller diffusion is the series of randomly trimmed total
accumulated local times taken at the level «¢, + > 0 from an infinite sample of
Brownian excursions. This sample is taken according to the density (77/2)/?(R A
1) with respect to ny .

Along similar lines, we obtain series representations of squared Bessel process.

EXAMPLE 5.4 (Squared Bessel processes). Let Y = (Y;);er be a squared S-
dimensional Bessel process starting from 0 and 8 > 0, as in Example 2.24. Recall

that V; = Lg('), t > 0 is a representation of the Lévy measure of ¥ on (S, n) =
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(Rt x Ugt, BA ® ny). Recall that LE (u) =0 when a < 0. Let f and R be as in
Example 5.3. Put

nDdr, du) = (,Be_ﬁr dr) ® f(Ru))ny(du), r>0,uel,.

nD is a probability measure equivalent to A ® n.. Let {1, } be an i.i.d. sequence
of exponential random variables with parameter 8, let (§;) en be an i.i.d. se-
quence of random elements in Uy with the common distribution f(R)dn and
let (I'";) jen be a sequence of partial sums of i.i.d. mean-one exponential random
variables. Assume that these sequences are independent of each other. We compute

dn®
g(r’ M) = W(d’”, du) = €_ﬂrf(R(M))

By Theorem 5.1(i) and Remark 5.2(b),

@]
d t—n; —Bn; _
Y, &Y Lo EPUe PUF(RED) <TT), 120
Jj=1
in the sense of equality of finite dimensional distributions and the series converges
uniformly a.s. Again, choosing a specific f, as at the end of Example 5.3, may
give more insight into this representation.

Series representations of Lévy processes have been considered in many places,
so we will only sketch representations resulting from Theorem 5.1.

EXAMPLE 5.5 (Lévy process). Let Y = (¥;);>0 be a Poissonian—-Lévy pro-
cess, as in Example 2.23. Then V;(r, v) = 1j,<;v is a representation of the Lévy
measure on (R; x R, A ® p). Choose an arbitrary probability measure ‘") on
R, xR thatis equivalent to A ® p and put g(r, v) = d(x®p) (r,v).Let&§; = (nj, vj),
j € Nbei.i.d. random variables with the common density g with respect to A ® p.
Then by Theorem 5.1(ii) and Remark 5.2(b),

o
d — .
Y, = Z[l{njft}vjl{g(nj, vj) < Fj 1} - Ct(])] + b,
Jj=1
in the sense of equality of finite dimensional distributions and the series converges
uniformly almost surely.

THEOREM 5.6 (Series form of isomorphism).  Under notation of Theorem 5.1,
consider a Poissonian infinitely divisible process Y = (Y;)ieT having Lévy mea-
sure v and given by (5.4)

o0

Yo=Y [ViEp{e&) <T7 '} = cj0] +b(),

j=1
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where V. = (Vy)ier is a representation of v on (S,.,n) and g = % > 0.
Let &y be a random variable in S independent of (§;,T}) jen such that £ (&) <
Z(&1) and let g = %. Then for any measurable functional F : RT +— R
(5.6) E[F((Vi (%) + Yf)teT)] =E[F((Y)er); Q]
where

o

Q=7 qENt{gE)<T;'}
j=1

Conversely,

E[F((Y)er); Q > 0] =E/S[F Vi($) + Y1),e7): (@ + () g (s)n(ds).

Moreover, Q > 0 a.s. provided n{s : q(s) > 0} =
6. Proofs.

PROOF OF LEMMA 2.3. Clearly, the left-hand side is greater or equal than the
right-hand side in (2.2). To prove the reverse inequality, take A € %7 . Since

(A \ Or) =sup{v(D): D Cc A\Or,D e B},

there exists an Ao e BT w1th Ag C A\ O7 such that v(Ao) =1v4(A\O7). From the
structure of A7, Ag = Ty 1(B) for some set U € T and B € Y, with Oy ¢ B.

Let J, € T be such that J, 1 U. By the continuity of v from below,
v(A\07) = v(A0) = v(Ag \ 7 (0p) = lim v(4g\ 7}, (0,,))

< supv(A\7;'0,)),
Jef“

which establishes (2.2). A
Since the measures v(- \ n}l (0y)), J € T are increasing as J’s are increasing

and T is a directed set under the inclusion,

0 = sup v(- \n]l(OJ))
JeT

is ameasure. If 07 ¢ A € AT, then
v2(A) =1 (A\ 07) = v, (A) = v(A),
which gives (2.3). Using (2.2)—(2.3), we get for every A € AT

(vo)*(A \07) = sup vO(A \ nJ_I 0)) = sup v(A\ nJ_I 0)) = v0(A),
JeT JeT

which establishes (L2). Finally, if v satisfies (L1), then so does v°. [
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PROOF OF LEMMA 24. (L2) = (a). Let Ty € T.. By (L2) and (2.2), there
exists an increasing sequence J, € T such that

vix :xp, =0} =nlgrgov{x ix1, =0, xy, #0}.

Therefore, T = | J,, satisfies (a).

(a) = (b). Let J,, be as above. (a) implies that for some n, v{x :x7, =0, x,, #
0} > 0. Hence (2.4) holds for some ¢ € J,,.

(b) = (¢). If (2.1) and (2.4) do not hold, then we have a contradiction with (b).

(c) = (L2). Since by Remark 2.2, (2.1) implies (L2), we only need to consider
the second part of the alternative in (c); that is, we assume that (2.4) holds for
any set Tp € f}. Let A e #T.(L2) obviously holds when O7 ¢ A, so we consider
the case Or € A. Using (2.2), as in the first implication of this proof, we infer
that v, (A \ 07) =v(A\ {x : x7; = 0}) for some T € f"c. There is also a countable
set To O T; and B € A0 such that A = {x :x1, € B}. Let t ¢ Ty be such that
v{x :x7, =0,x() #0} =a > 0. Since v«(A\ Or) =v(A \ {x : xy; =0}) holds
also for any larger set in place of 77, we get

V(AN O7) = v(A\ {x : xgu) = 0})

V(A\{x :x, =0}) +v(AN{x:x =0} N {x:x(r) #0})
V(A\ {x :x, =0}) + v({x:x7, =0, x(r) #0})
=v(A\07) + 0,

where in the third equality we used that O7 € A. The above computation shows
that v, (A \ O7) = oo, in which case (L2) trivially holds. The proof is complete.
O

PROOF. Proof of Theorem 2.8 The proof of Theorem 2.8 is divided into four
steps.

Step 1. Let J € T and & > 0 be fixed. Set U = {y e R : max;cy |y/| > ¢} and
define a family of measures A}’g on (R!, #") by

(6.1) AP (B) = vk (mg)(B) N h(U)),  Be#,

where I € T and K = I U J. We will show that there exists a finite measure A”*¢
on (RT, #7) such that

(6.2) PRARS 711_1 = k{’g forall 7 eT.

First, observe that all measures )\{’8, I e f", have equal finite mass. Indeed, by
(c3) and the fact that v; is a Lévy measure on R/

AR = vg (g (U)) = vy (U) < 0.
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Next, we will show that {)L{’S IeT}isa projective system. Take I} C I € T and
put K1 =J U I, Ky =JUI. We have for every B € B,

At (B)) = vk, (k) (Y (B)) ) ()
= vk, () (BY Nyl ,(U)
= vk, () k(g B N (U))
= v, (mg] ,l(B)mr ,(U)) A7 (B).

In the fourth equality, we used (c3) as 4 (B) Ny (U ) does not contain the
origin of RX1. By Kolmogorov’s extensmn theorem, there exists a finite measure
A7€ on (RT, A7) satistying (6.2).

Step 2. Define

v(A) = sup AT€(A), Aec AT
JeT,e>0
Then v is a measure satisfying (2.7).

First, we observe from (6.1) that for every I € T, A7 whenever J; C
J> and €1 > g;. This implies, in conjunction with (6 2) that XJI fl(A) < AJ2e2 (A)
for every A from the algebra of cylinders, A € Y @B, 1€T. By the monotone
class argument, we obtain

Ji,e1 < )sz ,€2

(6.3) AJrEr < )6 when J; C J; and g1 > &5.

We will now check that v is a measure. For any pairwise disjoint sets A, € %7,
we have

o o n
v(U A,-) = sup )»J’E(U Ai> = sup supkj’g(U A,-)
i=1 r

JeT,e>0 i=1 JeT,e>0neN

n n
=sup sup kJ’S<UAi>=sup sup ZXJ’S(Ai)

neN jef ¢>0 = neN jef ¢>0i=1
o0
_supz sup 178 (A; )_Zv(Ai),
neN;j=1 jef,e>0 i=1

where the fifth equality uses (6.3). Now we will show that measure v satisfies (2.7).
Let I € T and B € Z(R!). We have

v N(B\0))) > sugkl’s(nl_l(B \ 07))

_supv,(B N {y eR’: max |y,| > g}) —v;(B),

e>0
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and, conversely,
vi(B)=v(B\0) > /\f’g(B \0y) =274 (1 (B\ Op)

for every J € T. Taking supremum over (J, &) shows (2.7), which completes
Step 2.

Step 3. v is a Lévy measure.

We need to show (L2). In view of (2.2), it is enough to show that

(6.4) v(A) =supv(A\ nJ_I 0))) for every A € A .
JeT

First, we will show that for any J € Tande >0

(6.5) sup A" (A\ ;' (0p)) =27 E(A)  forevery A e A'.

HeT
By an argument similar to the proof of countable additivity of v in the previous
step, we infer that A — sup,, _; AE(A \ ngl(OH)) is a finite measure on A7 .
Therefore, it is enough to show the equality in (6.5) on the algebra of cylinders.
Since “<” is obvious, we will prove the opposite inequality. Let A = nl_l(B),
where I € T and B e A andlet K = I U J. We have

sup A7C (AN 7! 0m) = A7 (A\ 7 (05)) = 27 (g (i (B) \ Ok))
HeT

= k" (i (B)\ Ok) = g (g (B))

=11 (g (g (B)) =12 (A).

The second and the fifth equations use (6.2), and the third one follows from the
definition of k{f and that Og € {y € RX : max;cy |y¢| < e}. This proves (6.5).
Taking supremum over (J, €) in (6.5) yields (6.4).

Step 4. v is the smallest measure satisfying (2.7), so is unique.

Suppose that p also satisfies (2.7). Let A = nl_l (B), where I € T and B € #'.
Using (L2) and Lemma 2.3, we get

v(A) = v(A\Or) = supv(A\7; ' (0)) = sup v(w; (7 (B)\0y))

JeT JeT,JDI
= sup p(m; (7, (B)\0y))
JeT il
= sup p(A\ 75 1(0)) = p«(A\ O7) = p°(A).
JeT

Thus v = p® < p on the algebra of cylinders. By the monotone class argument, the
same relation holds on %7 . The proof is complete. [
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PROOF OF PROPOSITION 2.10.  The integral in (2.11) is well defined by (L1).
Given J € T and a € R’, let f(x) :=Y,c; a;x(t). Then

Sa(¥i — b)) =D ay(x(1))

teJ teJ

—In()+ f S axO[x (1) = x (x(0)]v(dx).

teJ

Using (2.10), we get
logIEexp( Y al(Y; b(t))) /RT(eff@f) —1—if ()x(f(x))v(dx)

teJ

i / S axO[x (f () = x (x(0)]v(dx)

teJ

=, (eif O —1—i> ax(t) X(x(t)))v(dx)

teJ
— ila,xy) _ 1 _
= Jor (e 1 —i{a, [x;1)v(dx),
which gives (2.6). Therefore, Y isaversionof Y. O

PROOF OF THEOREM 2.12. (i) = (ii). Thereisaset A € 7 such that v(A) <
oo and Or € A. Then by (2.2)

v(A) = vi(A\Or) = sup v(A\ 7} (0,)) = sup(v(A) —v(A Ny ' (0))).
JeT JeT
Hence inf FV(ANT, (0])) =0andOr e ANm, (OJ) which gives (ii).

(i) = (111) Let A, € AT be such that 07 € A, and v(A,) < n~'. There exist
T, e T. and B, € %T" with Oz, € By, such that A, = {x : x7, € B,}. Let Tp =
Ups>1Tn and Ag = {x : x7, = 07, }. Since Ag C A, foreveryn > 1, we get v(Ap) =
0, which proves (iii).

(iii) = (). Let Ag := {x : x7, = 0}. By the assumption v(Ag) = 0, enumerate
To as To = {tx : k € N}. For every k,n € N set

A= {x x| = n_l},
V(Arn) =vix: x| A1=n"1) < nZ/T|x(tk)\2 A lv(dx) < oo.
R
Since Ao U Uy pen Ak, =R, (i) holds. O

PROOF OF THEOREM 2.14.  Assume that v is not o -finite. Let ¥ be the canon-
ical spectral representation of Y. That is,

Y; = /{x(t);ﬁo} x()[Ndx) — x(x(@))v(dx)] + b(2), teT,
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where N is a Poisson random measure on R” with intensity v. Let Ty € T.. By
Corollary 2.13, there is #1 ¢ Tp such that v(A) > 0, where

A={xe RT tx, =0, x(1) #0}.
Define

n= fo(n)[N(dx) — x(x(t1))v(dx)] and

£ = fB XD [N(x) — x (x(1)v(dx)] + b(1),

where B = {x e RT 1 x1, 7 0, x(t1) # 0}. Clearly, conditions (a)—(c) hold.

Conversely, suppose (a)—(c) hold for some version Y of Y. Let T =Ty U {t}
and U = (U; : t € T1) be given by U; = f/; when t € Ty and U;; = §; define also
V=(V;:teT)by Vr, =0and V;; =n. Then YTI = U + V and processes U and
V are independent. Let V> VU and vy be Lévy measures on (RT1, 811y of YTI,
U and V, respectively. We have Vg, =V + vy. Moreover, vy is concentrated on
the #;-axis, that is, vy = o, ® vy with v, being a Lévy measure of . Hence

v{x e R txr, =0, x(11) # 0}
= (77, (Om x (R\ {0})))
=V, (07, x (R\ {0})) = vy (07, x (R\{0})) =v,(R) >0
since 7 is nondegenerate. By Corollary 2.13, v is not o -finite, which completes the

proof. [J

PROOF OF LEMMA 2.21. Let V be as in Definition 2.20. Let f : S+ (0, 00)
be a measurable function such that [ f(s)n(ds) < oo andletn(ds) := f(s)n(ds)
be a finite measure on S. Put

a=inf ni{s€S:V;(s)=0}.
JeT

Then « € [0, 00) and there is Ty € fe such that o =ni{s € S : Vg, (s) =0}.
LetBe Bl I € f, andlet Ty = To U 1. Since {V; € B} C {Vr, # 0} and by the
extremity of Tp, n1{Vg, =0, Vy; #0} =0 so that n{Vg, =0, V7, #0} =0, we get

vi(B) =n{V; € By=n{V; € B, V, #0}
=n{VieB,Vr,=0,Vr, #0} +n{V; € B, V1, #0, Vp, # 0}
:n{V1 €B, VT() #O}

Therefore, V restricted to So = {s € §: Vg, (s) # 0} is a representation of v and is
exact because it satisfies (2.1) [which implies (L2)]. U
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PROOF OF THEOREM 3.2. Consider on some probability space (2,.%7', )
mutually independent centered Gaussian process G’ over T with covariance ¥ and
a Poisson random measure N’ on (S, .#’) with intensity n. By Proposition 3.1 (with
G =G’ and N = N'), we have X Lx =¢G' + Y’, where Y’ is the Poissonian part
in (3.1). Now we restrict the index set to 7j and write (3.1) as

X < /To + Y%o = f( /To’ N«;WO)’

where N ;,0 is the restriction of N’ to a countable algebra . that generates .
modulo n. Indeed, since the stochastic integral with respect to N’ is a limit of
integrals of simple functions and N” on .¥ can be approximated by N’ on .#, the
right-hand side of (3.1) (restricted to Tp) can be represented as a Borel function f
of a random element (G’ 0 N{’%) taking values in a Polish space R0 x [0, co]”.
By [11], Corollary 6.11, there exists a random element ((G;)se1y, (N(A))ae.%)
on the original probability space of X such that

(6.6) X1y = f((Gierys (N(A)) yeypy) 2.

d . . .
and ((Go)rerys (N(A)) acn,) = (G/TO, ny,o). Since (N(A)) ey, is a Poisson ran-
dom measure on the algebra .#, independent of (G;);er, it extends uniquely to a
Poisson random measure N on (S, .7, n), which is also independent of (G;);e7,.
Therefore, (6.6) establishes (3.2) for r € Ty (see [18], Theorem 5.2, for more de-
tails).

Since X is separable in probability, for every ¢ € T there exists t, € Ty such that
X, —P> X;. By a symmetrization inequality, G, := lim,,_, o G+, €Xists in probabil-
ity and G = {G,};er is independent of N. Having G and N constructed, we use
Proposition 3.1 again to state that

X! = GH—/ Vi(dN — x(Vi)dn) +b(t), (€T
S

is a version of X. Since X; = X ;’ a.s. for each t € Ty, and T is a common separant
for both X and X", we get X; = X/ a.s. for all r € T. This establishes (3.2) and
completes the proof. [J

PROOF OF THEOREM 3.4. Let f:S+ (0,1] be a measurable function such
that [ f(s)n(ds) < oo. Consider a finite measure no(ds) := f(s)n(ds) on S. Let
& k— (5}‘),67 be an i.i.d. sequence of processes over 7" with the common distribu-
tion 0~ 1ngo V=1, where 6 = no(S), so that

noo V-1(B) =0P(e* € B), Be A,

Let Y; := ZZ:I Stk be a compound Poisson process, where 7 is a Poisson random

variable with mean 6 and independent of {§ kY. Put vy :=ng o V! and notice that
for every B € 7

VO(B)=/SIB(V(S))f(S)n(dX)S/SIB(V(S))n(dX)ZU(B)-
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Therefore, vg is equivalent to v and vy < v. Since v is o -finite, v satisfies condi-
tion (2.1), so does vg. Therefore, vy is a Lévy measure of Y (see Example 2.26).
Suppose that the process X has the generating triplet (X, v, b). Let Z = (Z;)ser
be an infinitely divisible process independent of {n, St" :t € T, k € N} and with the
generating triplet (X, v — vp, ¢), where c is a shift function such that

xLy4z

By Lemma 6.1 given below, there exists X with all paths in U such that X, =
Y; + Z; as. for each t € T. We will now check that Z satisfies (6.7). For every
ACRT\U, Ae A" we get

P(ZeA)=e"P(ZecA,n=0)=P(Y+ZcA,n=0)<P(X e A)=
Thus, there exists 7 with all paths in U such that Z; Z; as. foreacht e T.

Hence, by our assumption on U, Y := X — Z is a modification of ¥ with all paths
in U. Consider the representation V' as a stochastic process under the probability

measure 0~ ', so we have V 4 £!. For any set A as above, we have
0 ng(VeAd)=PE e A)=0"1PE e A, n=1)
=071 PY eA,n=1)=0.
By Lemma 6.1, there exists a process V = (V))ser with all paths in U such that
0 nols: Vi(s) £ Vi(s)} =0 forallreT.
Since the measures 7 and 0~ 'ng are equivalent, this proof is complete. [
LEMMA 6.1. Let X = (X¢)ter be a stochastic process and let U C RT. As-

sume that (U, %) is a Borel space for the o-algebra % = BT NU. Then there
exists a process X with all paths in U such that X; = X; a.s. for every t € T if and

only if
(6.7) P(XeA) =0 foral ACR'\U,AeA".
PROOF OF LEMMA 6.1. The necessity of (6.7) is obvious, so we will prove
its sufficiency. Define for every B € %
w(B):=P(Xe€A) whenANU=B,AecAB .

It is routine to check that under (6.7) u is a well-defined probability measure on
U, ). LetY;(u):=u(t),t € T,u e U.Then Y = (Y;),cr is a stochastic process
defined on (U, % , 1) with paths in U. For every A € AT

uYeAd)=uY eAnU)=P(X € A),

so that Y 4 X. By [11], Lemma 3.24, X has a modification X whose paths lie in
U such that X; = X; a.s. foreachtr e T. [
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As we have mentioned in Section 4, Theorem 4.1 is a consequence of The-
orem 4.3, which itself is deduced from Theorem 4.4. Therefore, we begin with
Theorem 4.4.

PROOF OF THEOREM 4.4. Notice that EN(¢) = [¢qdn=1.LetY =X — G
be the Poissonian part of X. It is enough to prove (4.7) for F of the form
F(x) =exp{i Z?:] ajx(tj)},whereai,...,a, €R,11,...,t, € T,n > 1. We have
F(X)=F(G)F(Y), where

F(Y)= exp{i Y a; US Vi, (dN — x(V;,)dn) + b(zj)” = H(N).
j=1

Here, N = (N(A))ac.»~ is viewed as a stochastic process and H : R > Risa
measurable functional. Using the independence and Mecke—Palm formula, we get

E[F(X)N(¢)] =E[F(G)H(N)N(q)] =E[F(G)]|E[H(N)N(q)]

—E[F(G)JE [ ¢ HW)N(s)
:E[F(G)]/SE[q(s)H(N+6s)]n(ds)
—E[F(G)] /S E[q(s)F(V (s))H(N)]n(ds)
—E[FG)E[H V)] [ F(V(©)a@n(ds)
=E[F (0] [ F(V©)a@ns)

_ /S EF (X + V(s))q(s)n(ds).

This establishes (4.7).

To prove (4.8), notice that X and N(gq) are jointly infinitely divisible. Let 6
be an isolated point of 7T and put Ty = T U {6#}. Consider an infinitely divisible
process X = (X )teT, given by

5 X; teT,
"TINg)  t=6.

The Lévy measure of X has a representation V on (S, ., n) of the form

V[ -

— V; teT,
q t=20.
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Let H : R > R be given by H(x) = F(xT)él(xg > 0), x € Ty, where F is as
above. Applying (4.7), we get

E[F((X1)ier): N(g) > 0]
= E[H((XI)IET@); N(q)]
_ /SIEH(()_(; +Vi(5))e7,)d (9)n(ds)

1(N(g) +q(s) >0)
N(g)+q(s)

= [ BLF(X 4 Vi) e s (V@) + 40) ™ Jasmds),

which shows (4.8).
The last formula (4.9) follows from the previous (4.8) since

= /L;IEF((X; + Vi (9)),er) q(s)n(ds)

P(N(g)>0) =1~ lim Ee™"N@ =1 —ullngoexp</ [e7d() — 1]n(ds)>
(6.8) S
=1 —exp(-n{g(s) > 0}).

The proof is complete. [

PROOF OF THEOREM 4.3. First, we will show that part (a) follows from part
(b) of this theorem. Indeed, suppose £ (Z) < v, so that £ (Z) < v + 8o, . Let

q= d2(Z)  gince v is o-finite, v{x : x7, = 0} = 0 for some Ty € f"c, so that
d(v+doy) 0
P(Z7, =0) =0. We have
0=P(Zn=0=[  gew(@) +qOn8({x: 1, =0]) =q(0r).
XZXTOZ

Hence, ¢(07) = 0, in which case (4.5) becomes (4.3) and (4.6) becomes (4.4).
Therefore, we only need to prove (b).

Let S =R” and .# = #7. Consider Ny = N + ndo,, where 5 is a Poisson
random variable with mean 1 independent of N and G. Nj is a Poisson random
measure on (S, .”’) with intensity n1 = v + §¢,. Notice that (4.2) still holds after
replacing N by N; and v by ny. Therefore, V;(x) = x(¢) is a representation of v
on (S,.%,ny). Using Theorem 4.4, we get

EF((X; + Z0)er) = /S EF((X, +x(1)),7)q (x)n(dx)

= E[F((Xt)teT)§ N (Q)] = E[F((Xt)teT)§ N(q) + UQ(OT)]
=E[F((X)ier): N(@)] +E[F((X))ier)]q07),
by the independence of N, G and n, and En = 1. This proves (4.5).
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: ._ : ._ d2(2)
Since £ (Z) <K n, := v +rdo, for every r > 0, we may consider g, := S

so that g1 = g. Because v and &y, are singular, g,(0r) = rilq(OT) and g, = ¢q
v-a.e. Therefore, we can take ¢, = glyc + r_lq(OT)IU as a version of g, where
U is any set such that 07 € U € 7 and v(U) = 0.

Let n, be a Poisson random variable with mean r, independent of N and G, and
let N, = N + 1,80, . By the same argument as above, with n| replaced by n, and
Nj replaced by N, we use (4.8) of Theorem 4.4 to get

E[F((X))rer): Nr(gr) > 0]
=E[F((X; + Z)rer) (N (gr) +4-(2)) '],
which can written as
E[F((X)rer); N(@) + 7~ "1, (0r) > 0]
=E[F((X: + Z)ier)(N(@) + r'0,q07) + q(Z)1ye(Z)
+r'q0n1y(2))7"].
Letting r — 0o, and using that =15, 5> 1, we get
E[F((X)ier)] =E[F((X)er): N(@) +q(07) > 0]
=E[F((X; + Z)ier) (N (@) + qO7) + ¢(Z)1ye(2)) ']
=E[F((X: + Z)ier)(N@) +q(Z) + q(O01)1ye(2)) ']

because ¢ (Z)1y(Z) = q(07)1y(Z) a.s.

Finally, Z(X + Z) « Z(X) follows from (4.3). Conversely, notice that N (q) +
q(07) > O as. if either g(07) > 0 or, by (6.8), v{x : g(x) > 0} = oco. In these cases,
(4.4) gives Z(X) < Z (X + Z). The proof is complete. []

PROOF OF THEOREM 4.1. Without loss of generality, we may assume that
X =G + Y, where G is s centered Gaussian process, Y is the Poissonian part of
X given by a canonical spectral representation (4.2) relative to a Poisson random
measure N, where G, N and Z are independent. By Theorem 4.3,

EF((X: + Z)ier) =E[F((Xi)ier); N(@)],
which implies
LX+2) L ZL(X).

Therefore, EF((X; + Zier) = E[F((Xoier); g(X)], where g(x) =

%(}C),x eRT. O
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PROOF OF LEMMA 4.6. We follow, with some necessary modifications, argu-
ments from [7], Lemma 3.1. Assume (i). Then the Laplace transform of Y is of the
form

¢(ag,...,op) =]Eexp{—2aiY,-}
i=1
=exp{ Za,c,—f 1—e—2?—1“iyf)v<dy>},

where «;, ¢; > 0. We have
6.9) —¢(a1,.. ) = —dai, ... an)[ck+f L 1“'yfykv<dy>]

Hence, 6, = E(Yy) =c¢; + fR’i yrv(dy). Let Zk be a vector in R’ independent of
Y whose distribution is given by

Z(Z2"y) = —5(0 0)(dy)+Z—Zv(dy).

Using (6.9), we obtain

|:exp{ Zcx, ,},ek Yk} E[exp{—iai(Yi-i-Z,k)”,

i=1
which yields (ii).

Assume (ii). We will prove that Y is infinitely divisible with the Lévy measure
and drift given by (4.16)—(4.17). To this end, we first show that for any bounded
measurable functional F : R" +— R and j, k <n
(6.10) 0,E[F(27)z]] = o.E[F(Z")Z"].

It is enough to show (6.10) for F(y) = exp{— > i, &;y;}, where ; > 0. Using
(4.15) twice and independence, we get
E[F()Y;: Y] =OE[F (Y + Z*)(v; + Z})]
=OE[F(Y + Z"); Y;] + GE[F (¥ + Z") Z}]
= OE[F (Y): Y;]E[F(2*)] + B[ F (2") ZX]E[F (V)]
= 0,0 E[F(]E[F(2/)]E[F(2*)] + B[ F (2*) ZX]E[F (1)].

Since interchanging j and k does not change the first term in these equations,
equating the final terms after the interchange gives (6.10). Taking F(y) = 1{,=0)
in (6.10) yields

6,E[1

j k
{Z;:O}Z/{] = QkE[l{Zf:O}Zj] =0.
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This implies that for every j, k <n,
(6.11) {z]>0}c{z]>0} as

Applying (6.10) to F(y)(yjyk)_ll{yjyk>0} in the place of F, where F > 0, and
taking into account (6.11), we obtain

(6.12) ejE[F(zf)l{Z£>0}(z_§)‘1] - ekE[F(Zk)l{Z§>O}(Z’,§)_1].
Now we are ready to prove (i) together with (4.16)—(4.17). For n = 1, we get
from (4.15)
E[e_“YY] = Re Y2 — gRe~ Yo%,
which yields

d

— logE[e*Y] = —9Fe%%.

1o o8 [e7*"] e
Therefore,

«
E[e_ay] = eXp{—@E/(; (I{Z:O} + e_szl{z>0})ds}

= exp{—aGIP(Z =0)—960 Am(l —e MYy > O}y_l.i”(Z)(dy)},

which shows our claim.
We proceed by induction. Assuming (ii), suppose that (i) and (4.16)—(4.17) hold

......

n — 1 in the place of n, by the induction hypothesis Y is infinitely divisible with
the Laplace transform

n—1
~ - _yn=l v ~
¢>(0l1,--~,an—1)=exp{—zaici —/Rn_l(l — e =i a’y‘)v(dY)},
i=1 +
where ¢ = (6|P(Z] =0),...,6,P(Z"~| =0)) and

n—1

D(dy) =Y Okl =z =001V L (Z)(dy).
k=1

Let ¢ (a1, ..., o) =Eexp{—>_7_; o;Y;}. Proceeding as before, we get

n
logop(ai,...,ay) =—0,Eexp —Za,-Zf .
don i=1

Hence,

¢(at, ..., an)

(6.13) u
~ n—1 n n n
=¢(ay,..., an_l)exp{—QnE[e_zi—l @iz / e 5% ds“.
0
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Notice that Z!' = 0 a.s. on the set {Z;, = 0} by (6.11). Therefore, the exponent of
the last term on the right-hand side of (6.13) equals

n—1 __ —n _ n —
—0,E[oy1izn—0y + e~ Lz 4iZ; (1—e a"Z”)l{Z,’,’>0}(ZZ) 1]
=~y — by ZIE i (= e ey c024-0/(Z0) 7,

which, after applying (6.12) and noticing that the term Z’; > ( can be replaced by
Z,’g > 0, gives us

" -1
= ~nCn — ZQkE i aZi(1 - e a"Z")l{z’fzoz..:sz,=0,z’,§>0}(zllf) ]

= —0uCp
— 2] 7 10‘1)’1 iy 1 713 Zk d
Z k e € ] {y1="-=yk—1=0,yx>0} Vg ( )( y)

= —aucy + (] _ e—Z?;II aiyi)l)(dy) _/ (1 _ e—Z;-l:lai)’i)v(dy)'
R R

Substituting the above into (6.13) completes the proof. [J

PROOF OF PROPOSITION 4.7. The form of the drift follows from Lemma 4.6.
Letl ={t,...,t,} C T.We have

/T(l —e Zl 1@y () )v(dy) Z/ l_e Zl oy () )Vk(dy)
R k>1
(6.14)

—ZZf (1= e D=1 YNV e my 1) =0,y >0 Vi (),

k>1j=1

and by (6.12), for every j, k,
/RT (1= e 2= ) 1y mmy (1 1)=0, 010} VE ()
+

= 0(s0E[(1 — e~ T %%

—1
, ) , , ) , Sk
X I{Zgllc:...:z;l/;_l zo,zj’,; >0,Zj1k:...:zj;<_1 :o,z;]’_f >0} (Zsk) ]

n . ’f
= O(t)E[(1 — e~ Zi=19i%)

tiy—1
X 1 t; t; t; t; t; t; th. .
{Zs|==2Z5,_,=0,Z3,>0,Z,] =---=Z,§71 =o,z[j >0}( J ) ]
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Substituting this into (6.15) and summing over k gives

/R (1 _ e_z,r‘l:]ai)’(ti))v(dy)

T
+

n t:
— . o Zimi "‘izr,-j . ' . '
= ; 0@)E(l —e )1{2;107&0}1{2/ =0,... z,'jf 0.7, >0} (Z;

In view of Lemma 4.6, we now need to show that {ZIT’;) #0} = {Z,tjf > 0} a.s. To

this aim, we first notice that {ZIT"0 #0} C {ZZ > (0} a.s. by (6.11). Then, choose
(Sk,)n>1 C Tp such that Y, £> Y,].. Using (4.18) for F(y) = exp(—a(y(sk,) —

y(£))), a > 0 we get Zﬁj;n —P> Z,tj as n — oo. Hence,
t . . 1t I 1
P(Z;; > 0) <liminfP(Zg, > 0) <P(Z7 >0) <P(Z; > 0).

Since v determines all finite dimensional distributions of ¥ and clearly v{y : y5, =
0} =0, v is the Lévy measure of Y.

To complete the proof, consider a nonnegative infinitely divisible process
(Y;)ter with finite mean 6(t) = EY;. Let ¢ and v be the drift and Lévy measure of
Y, respectively. Similar to the proof of Lemma 4.6(i), we check that (4.20) satisfies
(4.18). The proof is complete. [

PROOF OF PROPOSITION 4.13.  Let X be determined by (4.21), where we take
[v]l = v1[—1,1;(v) for concreteness. Given h > 0, let F : RIO-21 5 R be defined by
F(x) = f(x(h)). By (4.22), we have

hE[£(Xp): Wy > 0] = /R E[f(Xp +v); (Wi +q1(0) g1 (0)p(dv).

Choose g1 = m ™15}, where § € (0, 1) is fixed and m := p{|v| > 8} > 0. Then
we have

hE[f (Xn)]

=hT'B[f(Xn): Wa=0]+ [ E[f(Xp+v): mW; + 1)~ ]p(dv).

lv|>8

Hence

B ] - [ @)
< ™ [E[£ (Xp); Wy = 0] + /|v|<8|f(v)|,o(dv)

B+ W+ D7 = f @)
{lv|>4}

= Ki(h,8) + K2(8) + K3(h, §).
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Notice that if W, =0, then X}, = Xfl, where X;Sl = Xp — 2 5<n AX1(|AX| > 8).
X 2 is a Lévy process with variance o2 of its Brownian motion component {G,},
Lévy measure p = pj(x|<s} and the shift A =c— f8<|x|§l xp(dx), so that EX;SL =
cSh. Put Y,‘f = Xfl — Gy, By the assumption, | f (x)]| < x2k(x), where 0 < k(x) < C
is a bounded function with lim,_,0k(x) = 0, or only a bounded function when
02 =0. We get

Ki(h,8) <h 'E(|X0*k(X2)) <20 "E(1G2k(X])) +2Ch~"E(|Y}?)
<2h N EIGHY P EIR(XD))H) ' + 20h (Var(Y)) + [EYS )
=230 2 (E|k(X))[*)"/* +2C Var(¥]) 4+ 2C|c®|*h

e ZC/ v2p(dv).
(o] <)

We see that when o2 = 0 we only need k to be bounded. Then K>(§) <
Cf{|v|§5} vz,o(dv) and K3(h,§) — 0 as h — 0 because X, W, — 0 a.s. and con-
tinuous on a set of full p-measure. Combining the above estimates, we get

limsup|h
h—0

TE[ ] - [ F e

<3C/ v p(dv).
{lv|<8}

Letting § — 0 gives (4.23).

Finally, notice that if X is a subordinator, then in the term K3(#,48), X; + v
approaches v from the right. Thus, if f is right-continuous on a set of full p-
measure we get also limj,_, ¢ K (&, §) = 0. This completes the proof. [

PROOF OF THEOREM 5.6. Recall that Y has the generating triplet (0, v, b)
and V is a representation of v on a o -finite measure space (S, ., n). (§;) jen is an
i.i.d. sequence of random elements in S with the common distribution g(s)n(ds),
where g > 0 n-a.e. Finally, (I";) jen is a sequence of partial sums of i.i.d. standard
exponential random variables independent of (§;) jen.

We will show the isomorphism identities by a reduction to the stochastic inte-
gral case. To this aim, consider S={(s,r) e S x Ry:0<r<g(s)” Y with the
measure n(ds,dr) := g(s)n(ds) dr and let Vi(s,r) := Vi(s). Then V is a repre-
sentation a representation of v. Indeed, for any A € RT

PR _ §®7! —noVv~! _
noV (A)_/S/O 1A(V(s))g(s)drn(ds)—n V7 (A) =v(A).

A Poisson random measure N := 372 8, r;) on S x Ry has the intensity mea-
sure g(s)n(ds) dr, so the restriction of N to S has the intensity 7. We have

Y, = /3 Vt(s)[N(ds, dr) — X(Vt(s))fl(ds, dr)] T b(1) s
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Therefore, using (4.8) of Theorem 4.4 we get

BLF((Vi60)+ 1), ep)| =B [[F(6) + ¥),e)la0In(ds)

gl
:E/S/o [F((Vi(s) + Y1),e7)]8()q (s) drn(ds)

- IE/S[F((V,(S) +Y),er)a)1{r < g(s)"}i(ds, dr)

= E[F((Yz)zeT)§ é(N)]’

where g(s,r) =q(s)1{r < g(s)_l} and
N@ = [ a@tse) =r " |Vds.dn = Y a@fs@) <1 = 0.
j=1

This proves (5.6).
Conversely, using (4.9) of Theorem 4.4 we get
E[F((Yt)zeT)§ 0> 0]
=E[F((Y1)ier): N(@) > 0]

= E/S[F((Vz(s) +Y0),er): (N@) +G(s.1) ' 1g(s. rin(ds, dr)

s [ [ F Ye),ep); MNgs)d d
B[ [ [P0+ ¥)ep): (@ +90) g (o) drg(on(ds)

=E fS[F((Vz(w +Y),07); (Q +q() g (s)n(ds).

The last statement of the theorem follows from the corresponding statement in
Theorem 4.4. [J
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