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1 Introduction

The bispectral properties of the orthogonal polynomials of the Askey scheme [32] can be described
by algebras defined by quadratic relations [46]. When the Racah polynomial, which is at the top of
the Askey scheme, is considered, one obtains an algebra, called the Racah algebra (of rank one). The
6j-symbols, which are the overlap coefficients between bases with different recoupling of three su(2)
representations, can be expressed in terms of Racah polynomials [43, 44]. The Racah algebra provides
an algebraic explanation of this connection [35 20, 16]. Indeed, the elements of the centralizer of
the diagonal action of su(2) in three copies of su(2) satisfy the Racah algebra. Therefore, the 6j-
symbols are intimately connected to the representation theory of the Racah algebra. This justifies
the mathematical study of its representations [26 25]. This algebra also appears in several other
contexts. The connection between this algebra and the centralizer has been investigated in detail in
[6] where some quotient of the Racah algebra has been identified as the Temperley—Lieb or Brauer
algebras. It can be embedded in different other algebras: U(su(2)) [21, B3] 2], [7], additive DAHA
of type (CY,C1) [25] or Bannai-Ito algebra [17]. The Racah algebra, as the algebras associated to
the other polynomials of the Askey scheme, allows one to characterize the Leonard pair and plays an
important role in algebraic combinatorics [40), [14]. Finally, in the context of superintegrable models,
some Hamiltonians on the 2-sphere possess the Racah algebra as a symmetry [37, 31, 15].

The symmetry of the Hamiltonian of superintegrable models on d-sphere (d > 2) leads to identify
the structure of the Racah algebra for higher rank. In [30], the model on the 3-sphere was examined
and the Tratnik bivariate Racah polynomials [42] have been identified as the bases of the symmetry
algebra. The generalization to a d-sphere has been made in [9] where relations for the higher rank
Racah algebra have been computed (see also [34]). The rank two Racah algebra also showed up in
the recoupling problem of four copies of su(1,1) algebra in [38]. Then, the centralizer of the diagonal
action on n copies has been studied in [I0]. The exact isomorphism between this centralizer and a
quotient of the higher rank Racah algebra, called special Racah algebra, has been proven in [5]. The
connection with multivariate orthogonal polynomials [I8] has been also initiated in [11].

In this paper, we consider the rank two Racah algebra R(4), which is the first generalization of
the usual Racah algebra R(3). Their definitions are recalled in details in section 21l We study a
specific quotient of R(4), called special Racah algebra sR(4) defined in [5], obtained by setting to zero
certain Casimir elements of R(4). An automorphism group of sR(4) is identified in section 23] which
is isomorphic to the permutation group of five elements &5. It is also identified with the symmetry
group of the folded icosidodecahedron, when its vertices are identified with abelian subalgebras of
sR(4), see figure[ll

We study representations of sR(4) in section Bl We focus on representations such that one of the
abelian subalgebras acts diagonally. The vectors of the corresponding representation space are labeled
by two integers, and we show that the other generators of sR(4) act tridiagonally on these vectors,
in the sense that the actions of these generators on a vector shift only by 41 these two labels. This
representation depends on the values of the central elements of sR(4). A finite-dimensional represen-
tation can be extracted by imposing a constraint on these values. We show that this representation is
irreducible and can be chosen real symmetric when the parameters satisfy a set of inequalities.

In section Ml the automorphisms of sR(4) allow us to build a representation associated to each
element of the permutation group &5. We demonstrate that choosing accurately their parameters,
these representations become in fact equivalent. The transition matrices between these equivalent
representations are computed and their entries are identified with Racah polynomials. This identifi-
cation together with relations among automorphisms of sR(4) allow us to obtain some relations on
monovariate Racah polynomials, which turn out to be equivalent to the Racah and Biedenharn—Elliott
relations (section ).

Finally, in section [6] the transition matrices associated to paths on the folded icosidodecahedron
are computed. For length two paths, the transition matrix entries are expressed as the product of two
monovariate Racah polynomials, which is identified with the bivariate Tratnik polynomials. As a by-



product, our construction of sR(4) representations allows us to recover the unitarity, recurrence and
difference identities obeyed by these objects. Similarly, for length three paths, the transition matrix
entries can be computed and appear to be a sum of products of three monovariate Racah polynomials.
This provides a generalization of the bivariate Tratnik polynomials, which has not been studied yet.
Once again, our construction provides unitarity, recurrence and difference identities obeyed by these
objects. We conclude the paper with various open problems in section [ and gather some technical
formulas in appendices.

2 Special Racah algebra sR(4)

2.1 Definitions and Casimir elements of the R(4) algebra

The Racah algebra R(4) is generated by the elements C7 with I C {1,2,3,4}. Let us emphasize that
the order in the subset I is irrelevant and, for example, C12 = Ca; (to lighten the notations, we write
only the elements of the subsets instead of the subset itself. For example, C1o stands for C{LQ}). By
convention Cj = 0 and for two disjoint subsets I, J, one sets Cr; = Cjuy. The defining relations of
the Racah algebra R(4) are

[C1,Cy]=0 for INJ=0 or ICJ, (2.1)
1
CI:§ZCij_(|I|_2)ZCi’ (2.2)
el iel

for three nonempty disjoint subsets I, J, K C {1,2,3,4},

[C15,Cyk]| = [Cyk,Crk] = [Crk, Cri], (2.3)
[Cir,[Crs,Cik]] = 2C1kCix — 2C 1k Cry + 2(Cy — Ck)(Cryx — Cr)

—
v
e

and, for i, j,k, ¢ € {1,2,3,4} pairwise distinct,

1
3 [Cke, [Cij, Cik]] = CiCie — CiCit, + (Cs + Co)Cl + (Cj + C)Cie
—(Cj + Cg)cik — (Ci + Ck)ng + (Ci - Cj)(Cg — Ck) , (2.5)
1
3 [[Cij, Cikl, [Ciks Crel] = —([Cij, Cjal + [Ci, Cre] ) (Cie — Cj — Ch) - (2.6)

The above presentation of R(4) is not unique and different other possibilities exist in the literature.
Instead of Cj;, another set of generators P;; = Cj; — C; — C; (for i # j) and Py = 2C; has been used
previously to define the Racah algebra R(4) [9, 10, [5]. In this paper, we prefer to define the R(4)
algebra using all the elements C7 with I C {1,2,3,4} since it simplifies the computations.

One can show that the relations (Z6]) can be replaced by (for pairwise distinct indices i, 5, k, £ €
{1,2,3,4}):

2C; [Cik, Cre) +(Ci5— C3—=C5)[Cre, Cii] +(Cie— C;—Cy) [Cik, Cie] — (Cj,— C = Cy)[Cij, Cje) = 0. (2.7)

Such types of relations, expressed in the Pj; basis, appeared already in [5]. Note that thanks to (23]),
relation (27)) is invariant under any permutation of the indices (i, k, £), one gets only 4 such relations.

Using relations (2.2)) (see also (A.Il)), we can define the algebra R(4) using only the elements C},
j=1,2,3,4, Cia34, Ci2, Cos, C34, Ci23 and Cs34. For completeness, we provide the equivalent set of
relations of R(4) using only these elements in appendix [Al They will be used for the construction of
representations.



From relations (2.1) satisfied in the Racah algebra R(4), one can show that C; (i € {1,2,3,4})
and Ci934 are central. There exist other central elements given by

1 2 1 1
WLIK =g ([CIJa CJK]) - 5{0%1, Cik}— §{CIJ, O3} +C2 4+ Cop +{C1s,Cyk}

1
+§(CI +Cr+Ck +Crjx){Crs,Cyk} — 2C15 — 2C k)

—(Cr = Cryr)(C; = Ck)Cry — (Cr = C1)(Crix — Ck)Cik
+(C1Cx — CryxCy)(Crsxk — Cr+C; —Ck) + (Cr + Cr)(Crix + Cy), (2.8)

where I,J, K C {1,2,3,4} are three nonempty disjoint subsets and {.,.} is the anticommutator. It
should be mentioned that the element wj 23 is essentially the known Casimir element of the Racah
algebra R(3) given in [20] [I6]. It is quite a surprise that this element is still a central element in the
Racah algebra R(4). For example, it is not trivial that it commutes with the generator Cs4 [5]. We
can show that wr j g is symmetric under the exchange of the sets I, J and K. In addition, one gets

221234 = W12,3,4 — W1 34 — W234 = W1234 — W1 24 — W1 34 = W1234 — W1 23— W24 - (2.9)

Therefore, there are only 5 independent Casimir elements w; 2 3, w124, w134, W23 4 and x1234. These
5 elements have been identified in [5].
The special Racah algebra sR(4) is the quotient of the Racah algebra R(4) by the relations

wio3 =0, wio4 =0, w134 =0, wa34 =0, T1234 = 0. (2.10)

The terminology “special” comes from [4], where a similar quotient of the Askey—Wilson algebra has
been defined and denoted as the “special Askey—Wilson algebra” (this was inspired by the nomencla-
ture of Lie groups).

For any three distinct subsets I, J, K C {1,2,3,4}, the subalgebras of sR(4) generated by Cr, C},
Ck, Crj, Crx, Cji and Cryx are isomorphic and describe the so-called special Racah algebra sR(3).

2.2 A web of abelian subalgebras

To study the representations of the special Racah algebra, it is useful to consider its abelian subalge-
bras. It is easy to see that couples of the form (Cjj;, Cyji) or (Cyj, Cre) (for 4,7, k, £ pairwise distinct)
are abelian subalgebras of sR(4). Hence, both elements of these abelian subalgebras are simultane-
ously diagonalizable, which fixes a basis of the representation in the case where their joint spectrum is
nondegenerate. We are then interested in computing the connection coefficients between two different
bases. This study is highly facilitated by introducing the associated connection graph displayed in
figure[Mland corresponds to a folded icosidodecahedron, which is the quotient of the icosidodecahedron
by its central symmetry (i.e. the vertices and the edges related by the symmetry with respect to the
center of the icosidodecahedron are identified). The vertices of this graph are given by the abelian
subalgebras and the edges link two abelian algebras differing by only one generator. The web of the
abelian subalgebras given in figure [Il generalizes the result of [9, [I0] where only the subalgebras of the
type (Cij, Ciji) have been considered. In this latter case, the connection graph reduces to a truncated
tetrahedron.

The labels inside a chosen triangle correspond to the noncentral generators of a subalgebra sR(3).
The labels of its three vertices that are outside the triangle are the central elements of this sR(3)
subalgebra. The labels in the pentagons correspond to the central elements C; (with 0 associated to
C1234). They are written in such a way that they allow to fully reconstruct isomorphisms of sR(4),
see section 23] below.

2.3 Symmetries of the icosidodecahedron and isomorphisms of algebra

An important point to remark is that the previous graph is a regular graph, meaning that all vertices
are equivalent. Indeed, each vertex is surrounded by two triangles and two pentagons. In addition, we
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Figure 1: The connection graph for sR(4) and the icosidodecahedron. The graph is a folded icosido-
decahedron, which is the quotient of the icosidodecahedron by its central symmetry, i.e. the vertices
and the edges which are related by the central symmetry are identified. The labels of the same vertex
and displayed inside the triangle correspond to the indices of the generators belonging to the same
abelian subalgebras. For clarity, we draw the labels in the backside of the picture in gray, with dotted
arrows. Moreover, most of them are not displayed: they can be deduced using the central symmetry.
The labels inside the pentagonal faces correspond to central elements.



remark that the automorphism group of this graph is the permutation group of five elements &5 (it
has been verified using a formal mathematical software). This rises the question of the link between
symmetries of the connection graph and isomorphisms of sR(4).

Proposition 2.1. The linear maps given by:

s: C12,013,C14,023,C24,C34 = Ci23,C124,Ci34,C34, Coa, Ca3 (2.11)
C123,C124, C134, Ca34 = Ci2,C13,Cl4,Co34
01502)03)045C1234 = 01234,04,C3,02,Cl 3
t: C2,C13,C14,023,C04,C34 = C13,093,C34,C12,Cla,Coy (2.12)
C123,C124, C134, Ca34 = Ch23, C134, C234, Cr24
C1,02,C3,04,Cr234 = C3,01,02,C4,Cla34
i: C12,013,C14,C23,094,C34 = Cia,C13,C234, Ca3,C134, Clo4 (2.13)
Ch23, C124, Ci34, Co34 = Cha3,C34,Co4,Cry
C1,C4,C5,Cy, Cr234 = C1,C9,C3,C1234,Cy
are isomorphisms of sR(4). They obey the relations
52:e, t3:e, i2:e, (2.14)
(st)>=¢, (si)i=e, (sti)l=¢, ti=it, (ists)?=e, '

where ¢ is the identity map. They generate the symmetric group Ss. In addition, t and s generate the
alternating group As.

Proof. To prove that i, s and t are algebra homomorphisms, one first checks by direct computations
that their action leave the relations of sR(4) unchanged. In addition, they verify the relations (ZI4]).
The first row of these relations show that they are invertible, so that they are bijections. They show
that t and s generate the alternating group As since 52 = ¢ ,t2 = ¢ and (st)® = ¢ are the usual defining
relations of As. To prove that we have the symmetric group &5, we introduce

by =sis, by =sist, hy3=1ists, bhyg=1, (2.15)
which can be inverted as

i=by, t=bhiba, 5= (habihabha)’haby. (2.16)

It is easy to see using relations (2.I4]) that b;, j = 1,2, 3,4 obey the defining relations of &s:

bibrb; =brbibr, [i—kl=1,

2.17
bibe =byb;, |j—Fkl#1. (2.17)

hi=e, j=1,2,3,4 and {

We checked that the group generated by the generators i, t and s has dimension at least 120. This
proves that it is indeed Gs. O

The actions of s and t (2.I1)) and (ZI2)) on the generators C;; and Cjj, can be obtained directly
from figure It the map s corresponds to the reflection with respect to the plane containing the
center of the icosidodecahedron and the vertices (Cia,Ci23), (Cao4,C234); the map t is the rotation
of 27r/3 around the axis passing through the center of the icosidodecahedron and the center of the
triangle (Ci2,Ci23), (C13,Ch23), (Cas, C123). Thanks to this identification, we can obtain the previous
isomorphisms generating As directly from the symmetries of the figure [l Acting with a symmetry
on figure [l and reading how the labels are transformed, one gets an isomorphism of sR(4). For
example, the rotation of the figure with an angle 27/5 around the axis passing through the center of

7



the icosidodecahedron and the center of the pentagon (Cia, Ci23), (C23, C123), (Ca34, Ca3), (C34, Cazq),
(C12,C34) is a symmetry corresponding to the isomorphism

vt: C12,C13,C14,C03,C2,C34 = Cs4,C24,C13, Cl23, Cra, Coza (2.18)
C123,C124, C134, Ca34 = Ch2,C134,C24, Ca3
C1,05,C3,C4,Cra34 = C3,C04,C1234,C1,Cs .

The map i is much harder to visualize using the icosidodecahedron image: for example, it sends
the pentagon (Ci2, Ci23), (C13,C123), (C13,C24), (Ci24,C34), (Ci2,Ci24) to the pentagon (Ciz,Ci23),
(C13,C123), (C134,C13), (Ci34,Cs4), (C12,Cs4), which is indeed a pentagon of the folded icosidodeca-
hedron (but not of the icosidodecahedron). The map is illustrated in the following figure:

/(é\ i /{é\
Nyl — (D
I ‘%91'

3 Representation theory of sR(4)

In this section, the representations of the rank 2 special Racah algebra sR(4) are computed. We focus
on the ones in which the central elements C;, i = 1,2,3,4 (resp. Cia34) take the values ,u(’) (resp.

M(O)), and such that Cis and Cio3 are both diagonal with nondegenerate joint spectrum u,(qm) and
u,(,m), n,p € Z. In the following, it will be convenient to set

Iu(l) — j(l) (](’L) 4 1) , i = O, 17 o ’4’ Mng) — j7(112) (]7(7’12) + 1) and /1/1(7123) _ ;)123) (j](7123) 4 1) (31)

The basis vectors will be denoted as |n, p), where n,p € Z. The generators C;, i = 1,2, 3,4, C1234,
C12 and C193 act as
Cl' |nap> = M(l)|nap> ) 01234 |n7p> = M(0)|n7p> ) (32)
Cizln,p) = ul? In,p),  Crasln,p) = 11 [n,p) .

We suppose that the basis is orthonormal and we denote the components of an element X € sR(4) as

follows

(X]7 0 = (n,plX|m,q). (3.4)

3.1 Special Racah algebra sR(3)

As explained previously the subalgebra of sR(4) generated by Cr with I C {1,2,3} is the special
Racah algebra sR(3). The representation theory of sR(3) has been studied previously in [15] [26].
These results are reproduced here for completeness.

Proposition 3.1. The diagonal entries of Ci2 are given by BI) with
i =n+an, (3.5)

where n € Z and a2 s a free parameter. The generator Cas takes the following tridiagonal form

Casln, p) = Py In+1,p) + 00 |n, p) + ¥, 9n —1,p) (3.6)



where

Yo Ynp = Q82 Qp(—4), (3.7)

and

0,5 = IV HIE+I0 45D 4 DO 4 e - -y 1) g
P 22(22 — 1) o

Its diagonal entries are given by

12 ) ) . ‘ .

0 = = Qulini)) = Q(=iP) + (1P =¥ + (P — 5. (3.9)

Proof. We use the presentation of appendix [Al The commutator [Cag, C123] = 0 leads to the relation
(MI()123) - /I/((1123))[023]7:g = 0, from which it follows that [023]7;?;1) = 0 if p # ¢. Then, we can set

p = q when considering equations (A.3) and (A.4]).
Projecting (A.3), one gets

(11 — (22 (03] "2 = (w1 + (12 [Cos) 7 (3.10)

np np

(D)2 = (D oy @ 290D (O D) (D (129 )

DO =

This last equation reduces to l(,u,(F) - H(12))2[C23]:r:z = (,ugzw) + M(12))[C23]T:z if n # m. There

exists at least an index p for which [023] p # 0. Hence, there are only two distinct values of m

(123) , the ,u( 25 are all distinct by

hypothesis, one can choose these two values as m = n 4+ 1. The entries [Cas] nf)

(12)

for fixed n that satisfy the equation. Since for a given value of p,

with [n —m| > 1

are then vanishing. The recurrence formula obeyed by pu;, ~ is obtained by considering m = n+ 1 in
: 1
12 12
9 (/‘92) lu’il-i-)l) (/‘92) + Mgl-f—)l) : (3.11)
Moreover, the projection (n + 2, p|(A.4])|n, p) gives
12 12
b — 2l + D =2, (3.12)

which, together with ([B.I1), is easily solved and provides the form of the diagonal entries of C1o given
in the proposition.
Coming back to (3.I0) with n = m, we get

o0 _ (b 4 p® — p ) — @) — 1)

n7p -
2@12)

+u® 4+ u® (3.13)

which can be written as (3.9]) using (3.8]).
The projection (n, p|(A.d)|n,p) leads to:

(8P = D) = 1) Y1 — (3 = 1 +1) Y, =
2
(2%)" + 2ul? — ™ — ) — B — 280y 00 () — (128 (18 — 2y

where Y, = ;19 4,9, One can check that the other components of (A3) and (A4) do not give any
further information.

(3.14)



In the special Racah algebra, wia3 = 0. The evaluation of this equation on (n,p| and |n,p) leads

to:
(12)  (12))2 (12)  (12)
<(Mn 4Mn+1) + M,(f?) _ 1) Y1y + ((Mn 4,%—1) 4 Iu(12) 1) Yop
= (1= ) (0 — Y = @ — 1 — {2 0 — ()P 00, + Cia P + a3 0, + o,
(3.15)
where
12 = (O — u@) (D — (29, (3.16)
€o3 = (u) — p®)(u® — p1#9)) (3.17)
o= (M p® — p@ (29 (G2 — O 4 @ — By 4 (& 4 Gy (u® + 12y - (3.18)

Equations ([3.14) and (3.15) form a system of two equations with unknowns Y;, ,, and Y},1 1, which is
solved by (3.7). O

3.2 Special Racah sR(4)

We now go to the representation of the sR(4) algebra. For the sake of simplicity, we first present the
following lemma which provides constraints for Cg4 and C{og3.

Lemma 3.2. The diagonal entries of Cia3 are given by (B.1]) with
j;()123) =p+a123, (3.19)

where p € Z, and ay23 is a free parameter. The generator Csy must have the following tridiagonal form

Caaln,p) = pot 1|n,p+ 1) + p00 In, p) + phpln.p — 1), (3.20)
where
Pt Py = On (1) O (—51*) | (3.21)
with
5, () — (2 — 7O + 5D (2 + O + 5@ 1) (2 — ;O 4+ Iz — jO — ;2 1) | (5.2)
2z (22 —1)

Its diagonal entries are given by

S o(123)y A . . . .
P, = —0n(oiD)) = Cn(—i8#)) + (1@ — j@ - 1)(i® - ;D). (3.23)
Proof. Same proof as in Proposition 3.1 using now relations (A.9), (A.I0) and [C12, C34] = 0. O

Up to now, the computations were very similar to the ones done in sR(3). Indeed, in the same way
the elements Ci2, Cog, C13 with central generators Cy, Cy, C3 and C1a3 generate a sR(3) subalgebra,
the elements Ciag, C34, C124 generate another sR(3) subalgebra containing as central generators the
elements Ci9, C3, C4 and Chaog4. The first embedding allowed us to get proposition Bl while the
second one led to lemma The remaining calculations are more involved as shown in the following
proposition.

10



Proposition 3.3. The entries of Cag and Csy are related as follows

0 ‘ ‘
w’tp_l Py — (n—p+ a1z — arzs + § + 1)(n — p + a1 — a123 — j¥) (3.24)
o p?LtLp (n—p+aiz — a3 +73)(n —p+ap —as — ;7B —1)

The generator Casyq takes the following form

0234’n7p> = 902—:__1,1;4_1’” + 17p + 1> +(p91-;)+1’n7p + 1> +g07:;;—+1‘n - 17p + 1>
+¢f0 In+1,p) +onoIn, p) +onoln —1,p) (3.25)
totnp+Lp=1) +@) lnp—1)  +p,,ln—1p-1).

Its diagonal entries are

(12 0 _ @
P+ Iz 1
Py = =1 Py = —qrzy (1D = ) = u® — fON (D 4 O () — @) (3.26)
2y, 2
while the remaining entries read
123 12
40 _ g — p® + @ 0+ _ i ? 4 p® — @ (3.27)
Prp = (123) np Prp = (12) Prp :
2pp 2pn
and
_ 0F
++ n,p Fn—1p
_ : 3.28
np (n—p+ a2 —a123 + j3)(n — p+ a1z — araz — §O) - 1) (3.28)
_¢:l:0 pOZF
Oy = TP TP — (3.29)
P (ntptatas+ S +1)(n+p+aig +as — @)

Proof. Equation (AI2]) projected on (n,p| and |m, q), gives

1 2 m m m
5(MI()123) - Iu((1123)) [0234] n;}) _ (%}123) + M((les))[CZM] n; _ (MI()123) _ ,U(4) + /L(O))[ng] nz 53
(2 = D = = @) 0D~y O)) s g (3.30)
This expression for p # ¢ shows that [(3’234]7:; = 0 when |p — ¢q| > 1, for all values of m and n.

Moreover, taking p = ¢ and m # n, it proves the first expression of (3:27]).
In a similar way, Eq. (A7) leads to

1 2 m m n m
S = ul2) [Cosal T8 = (8P + u(?) [Cosal T 2 — () + M) — @) [Caa 7 2 6,

>
(1 = D = u® — 01D 4 O (D = @) g0 (3.31)

Following the same lines as above, one gets [Ca34] ZLZ = 0if [n —m| > 1 and the second expression of
B217), as well as the diagonal entries (3.26]). We have thus shown that [Ca34] szq) is tridiagonal both

in (n,m) and in (p, q).
It remains to determine the explicit expressions of [Cos4] TZZZ form =n=+1and ¢ =p=£1. To this

aim, we consider ([A.3]) projected on (n,p| and |m,¢), in the case q # p,

q nq

1 S m m S S m n S m
3 Z <[Cz3]n£ [Ca3]"y 3 [Caal s —2(Co3] 0 [Caal ) [Cos]y o +[Cad]y ) [Cosl, g [Cas]y )

= [Ca3] " D [Caal @+ [Caal 8 [Cos] " 8 = "[Cosal @ [Cos) w8 + (1™ — ) [Cosa] 7 0. (3.32)
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The equation obtained for m =n — 2 and ¢ = p — 1 allows to get:

1
+0,,4+0 0+ +0 0+ . +0 0+,,+0 1 +0 _ Attt
9 <¢n,pwn—17ppn—27p o 2¢n,ppn—1,pwn—17p—1 + pn,pwnm—lzpn—l,p—l) =~ ¥n, wn—lvp—l

— O
= YnpPn-1p-

(3.33)

The second equality in the above relations is obtained starting from (A.5) where Co34C23 = Co3C534
is used. Similarly, for m =n + 2 and ¢ = p — 1 in (3.32)), one gets:

1
-0 -0 0+ -0 0+ -0 0+ -0 -0 _ -+ ;=0
9 <¢n—1,pwn7ppn,p o 2¢n—1,ppn—1,p np—1 T Pn_2p n—lvp—lwn,p—l) =7 Pn-1pVnp-1

R R—
- n—l,p@n,p :

(3.34)

Relations ([B.33]) provide two different expressions for go,i';. Comparing them, one gets the following
constraint

+0 0+
Ynp-1 Prp

++ ++ ot ++ gttt . ++ _
V=324 4320 2 - 25 ZEE 2 =0, with  Zh = el (3.35)
n,p pnfl,p
Similarly, from (B:34]), one gets the following constraint
+ + + + + 7=+ + YrpPrp
V=32, 432 It = 2t 2 2, =0, with  Zh= P (3.36)
nvpflpnflvp
From relation ([3.71), one gets
_ 0 . ‘
1%,?; _ T/J:qu (n+p+ a2+ ais — 3(3))(n —p+a — aps — j® — 1)
w;,?,_l np (4 p+az+aias — 0 —1)(n—p+aiz — ajs — j)
(n—p+az—aws+i®)(n+p+an+an+i®+1)
(3.37)

(n—p+aiz — a3+ 7O +1)(n+p+aiz + ara3 + jO)

Then, we can express Z, + in terms of Z!+ and relations (3.35) and (3.36]) can be solved to get an

++
Zn+1,p

gets two relations between Z:{jl , and Z;; ;‘ . Solving these relations, we find that

expression of and of Z;le , in terms of Zﬂl‘, ;. Replacing in the first relation n by n — 1, one

g+ — (n—p+ai2—aios + % + D)(n— p+ a1z — arzg — j@)
P (TL _p+ a2 — a123 +](3))(n —p+ a12 — a123 —](3) — 1) '

(3.38)

This proves relation (3.24]). Taking into account this relation, one gets from (B:33]) the expression
B.28) for ¢} 5. The values [B.28)-B.29) of v, 1 .1, 30:,;+1, QDZLJ, are computed similarly. O

Let us remark that, from relations ([3.7)) and (3.21]), relation ([B.24]) leads to the following relations

U1 Paip _ (ntptantas+t i)+ p+ a1+ aro3 = — 1) (3.39)

i pnp  (ntptantans+ O +1)(n+p+an+ans - i)’ .
(U s _(nt+ptantas+ JY + D+ p+arp + as —jP) (3.40)

Ut ey, (nEptatas+iO)(n+ptan+as - 1) '
o Py _ (n—prap—a+ D) (n—p+ap —ap—j% 1) (3.41)

T;Z);,(Ii*I Pop (n—p+ a2 — a3+ 7O +1)(n —p+ a1 — a1o3 — j®)) .

Note also that ([3.24)) can be solved as
p
zp:{’?, =n—p+a2— a3 +j(3)) H Un,p—j >

j=—o0 (3.42)

;09:;; = —p+az—ais — j(g)) H Un—k,p »

12



where u,, are arbitrary nonzero numbers. It can be checked that these numbers can be absorbed
through a conjugation by a diagonal matrix. Note however that they play a nontrivial role when one
considers particular bases for the finite-dimensional representations (see Section [B.3]).

Up to now, we obtained necessary conditions to get a representation. The following theorem
ensures that they are also sufficient.

Theorem 3.1. The diagonal matrices

Ciz2ln,p) = (n + a12)(n + a12 + 1)|n,p) Ciasln,p) = (p+ a123)(p + a3 + 1)|n,p),  (3.43)

the tridiagonal matrices

Cosln,p) = iy JIn+1,p) + ¢0pln, p) + ¢ pln — 1,p) (3.44)

and the matriz

Cozaln,p) = f1 paln + Lp+1) +@)t lnp+1) +e, b n—1,p+1)
+otdy n+1,p) +enpln, p) +ppln —1.p) (3.46)
tonmpn L =1 Heplnp—1)  tengln—1,p-1),

provide a representation of sR(4) if ¥ and p verify B1), B9), B2I), B23), B24) and ¢ satisfies
B.26)-B.29).

Hence we get representations of sR(4) labeled by the multiplet {j(l),j(z),j(3),j(4),j(0), a12,a123}.

Proof. All the defining relations of sR(4) displayed in appendix [Al are verified by direct computation.
In addition, one can check that the represented generators indeed obey (2.10]). O

3.3 Finite-dimensional symmetric irreducible representations

In the previous section, we computed infinite-dimensional representations of sR(4), labeled by pa-
rameters aio, ajog and j(i) (¢ =0,1,...4). In this subsection, we provide constraints between these
parameters to get finite-dimensional representations.

From now on, we suppose that the parameters j are real and, without any loss of generality, we
can choose them nonnegative (j @) > 0), since we have the invariance j @) 5 50 1,

Finite-dimensional representations. To get finite-dimensional representations, one has to impose
that two nondiagonal entries of the tridiagonal generators vanish.

On the one hand, it is done by fixing the value of the parameters a2 and a23. Different choices of
the parameters a12 and a1o3 lead to equivalent representations since they simply correspond to some
shifts of n or p. One chooses

ajg = —jM — i@ 1, gy = —j@® — O _ 1 (3.47)
and one gets j£l12) =n—4j0 —5® 1 and j;(;ms) =p—jW—;0 -1
On the other hand, let us define
N =i 4@ _ 6 4 4 4 0 (3.48)

13



In this case, the nondiagonal entries of Cog and Csy4, given by (B.1) and ([B.21I]), become

n(2iM +1-n)(25® +1 —n) (2§ + 2§ 42 —n)(N —n —p +2j®) +2)

erO wa —
P TP (25D 4252 4+ 2 — 2n)2(25(V) + 252 41 — 2n)
CNAl-n—p)n—p-— 2jM — 2@ 4256 L N)(p—n — N +2;() +2;2) +1)
(25D + 252 +3 —2n) ’
(3.49)
or o _ P +1-p)2 0 +1-p)(2W +2/0 +2-p)(N —n—p+2i® +2)
Prp Prp = (270 1 2@ 12— 2p)2(2j© 1 25@ 11— 2p)
CWNAl-n-—p)p—n-— 250 — 2@ 4256 L N)(n —p— N+ 25O + 259 1)
(250 + 254 + 3 — 2p) '
(3.50)
If we suppose that N is a positive integer (N > 0), we deduce that
-1 0 N — 1 N —
[Cos) o b [Cos] 12 =0 and  [Chs] ™ P00 [Cos] 010 =0, (3.51)
(Caa] ' [Caa” % =0 and  [Cad 2V I Cs) VS =0 (3.52)

Similar relations hold for the other generators of sR(4). We deduce that the space spanned by the
following vectors

Fn =spang {|n,p) | n,p >0, n+p<N }, (3.53)

provides a finite-dimensional representation of sR(4). The dimension of this representation is given
by
. N +2
dim(Fn) :< - > .

) (3.54)

Real symmetric representations. To get a symmetric representation, we demand that 1/12; 2 = %7,(;])
and p%:; = p%;, for n,p > 0 and n+p < N. Then to obtain a real representation, it is necessary that
the r.h.s. of (349) and ([B50) be positive. These constraints are satisfied for example if the following
inequalities for 7 hold:

jW =% =@ O >0 0 >0, i=01,..,4

)

FB 4 5@ 450 4 5@ > 6 > M) 4 52) 4 50) _ (4

)

(3.55)

From now on, we assume that these conditions are satisfied. A discussion about the other possibilities
is postponed to the conclusion of this paper. Let us emphasize that each factor in the rational functions
B:49) and (B.50) are positive with the above constraints ([3.55]). Then, we can take
0 -0 _. 0+ _ 0— __.
Ip = T;Z)n,p = ¢n,p, an,g) = Pnp = Pnp> (356)
where 1y, , and py, , are the positive square roots of the r.h.s. of (8.49) and (3.50) respectively. We can
check by direct computation that relation ([B:24]) is satisfied in this case. This solution corresponds to

a particular choice of the coefficients w, , in (3.42)). It follows that Cas4 is also symmetric and that its
entries satisfy:

++ _— o —. D +- _ ot . A o+ _ 0- _. V +0 _ -0 _. H
Qpn,p - (pn,p - (pn,pa Qpn,p - gpn,p _' QOmp, (pn,p - gpn,p — gpn,p? (pn,p - (pn,p — (pn,p' (357)

Since the explicit expressions of the different functions vy, p, ppp, ¢np are rather cumbersome, we
postpone them in the Appendix [Bl It follows that all the other generators in this representation are
also symmetric.

14



Irreducible representation. The representation is irreducible. Indeed, as the spectrum of the
abelian subalgebra (C12, C123) is nondegenerate, one can construct projectors on any |n,p) € Fy. By
acting with these projectors on any nonvanishing vector v € Fy, one can get a given vector |n,p).
Then with the action of Cs3 and C34 (by remarking that ), , and p, , do not vanish for n,p > 0 and
n+p < N if the conditions ([8.53]) are fulfilled), a linear combination of |n,p) and |n 4+ 1,p £ 1) with
nonvanishing coefficients is obtained. By acting again with the projectors, each vector [n+1,p+1) can
be reached. All the vectors of Fy can be obtained by iterating this procedure. Therefore the whole
space Fy is generated by action of the matrices of the representation on any nonvanishing vector,
which proves the irreducibility of the representation.

Summary of the results. The previous results and discussions lead to the following theorem:

Theorem 3.2. Let the vectors |n,p) belong to the vector space Fn given in (3.53). The generators of
sR(4) acting on these vectors as

Craln,p) = (n = jV = j& = 1)(n — i = j& + D)jn, p), (3.58)
Cuaaln,p) = (p = j0 = i) = j0 = i + 1)[n, p) (3.59)
Cos|n, p) = hni1pln + 1,p) + Uopln, p) + Ynpln — 1,p) (3.60)
Csaln, p) = pop1ln,p+1) + ppyln, p) + pupln,p — 1), (3.61)
and
Cosaln,p) =i 1 praln + L, p+ 1) +op ,lnp+1) +¢n,nln—1Lp+1)
+onipln + 1,p) +ehpln, p) +onpln = 1,p) (3.62)
‘o n+Lp—1) 4ol lnp—1) el In—1,p—1),
provide a finite-dimensional real symmetric irreducible representation of sR(4) with v, p and ¢ given in

appendiz [B. This representation is labeled by the multiplet of real parameters {j(l),j@),j(g),j(‘l),j(o)}
subject to the constraint N = jM) 4§ — @) 4 54 4 50) ¢ 7 and inequalities (3.55).

4 Equivalent representations and Racah polynomials

The objective of this section is to compute different finite-dimensional representations labeled by
elements g € G5 and to show that they are equivalent. The overlap coefficients (i.e. the entries of the
transition matrix between two such representations) are computed exactly and are expressed in terms
of the Racah polynomials.

4.1 Construction of other representations

The section B was devoted in constructing one finite-dimensional representation of sR(4) labeled
by the multiplet { §0 5@ 56 @) j(o)}. The isomorphisms of sR(4) proved in proposition 2.1]
composed with this representation, allows us to construct new representations. To define these new
representations, let us introduce the notation

d(X)  for X €sR(4), J=(jWV,;@ ;O ;@ 50 (4.1)
for the finite representation given in theorem B2l with the constraints given in section B3l It is indexed
by the identity element ¢ of the symmetric group &5 and J associated to the eigenvalues of the central
elements (C,Cy,Cs,Cy,Cla34). The positive integer N, see ([8:47), characterizing the dimension of
the finite representation, is denoted N(J). Let us also define the map 5, t and i on any quintuplet

'With a slight abuse of notation, we use the same notation for these functions and for the isomorphisms (211]), 212,
(2I3) to which they correspond.
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1 (Zla 22,23, %4, ZO) - (ZO, 24, %3, 22, Zl) 5
t(z1, 29,23, 24,20) = (22, —23 — 1, —21 — 1, 24, 20) , (4.2)
i (21,22, 23, 24, 20) = (21,22, 23, 20, 24) -

The maps are extended by morphism, and it can be checked that it leads to a representation of Gs.
For a given element g € &5, one defines a new representation of sR(4) as follows

my (X) = 7¢7 (a(X)). (4.3)

By direct calculation, one can show that for J = (j @, 7 @), ] @), J ), J (0)), we have

i(2) i3 _1 (1)1 54) ;(0) .
7l (Cp) = x0TI ) = @) (4.4)

By abuse of notation, we do not indicate in the r.h.s. of the previous relation the identity matrix.
Similar relations hold for 7J(C;) and 7157 (C;). Therefore, by morphism we get for any g € &5

nd (Co) = u® (45)

This relation shows that the representation of the central element C; is the same in any such repre-
sentation. The key point to get this property is the choice of the functions (£.2]).

From the definitions [@2) of s, t and i, and the explicit form B47) of N(J), we see that
N(gJ) = N(J). Therefore, the representations Wg have all the same dimension for g € &5. Let
us also mention that the r.h.s. of ([B:49]) and (50) with J replaced by gJ, for any g € S5, remains
positive so that ¢, ,(gJ) and p, ,(gJ) are also square roots of positive quantities.

The next subsections are devoted to prove that these representations are in fact equivalent i.e. for
g,bh € &5 there exists an invertible matrix Ty 4(J), called transition matrix, such that

Tyo(J) 73 (X) = 7] (X) Tyg(J),  for any X € sR(4). (4.6)
As the representations are symmetric, the transition matrix Ty § can be chosen orthogonal:
Tya(d) - Thg(d) = 1. (4.7)

+2

N +2 N
The transition matrices Ty g are ( ;_ > X < 9

) matrices with the entries denoted [T} 4]ny with
n,p,m,q>0and n+p,m-+qg<N.

4.2 Transition matrix between 77 and 7

Let us start by computing the transition matrix T, ¢ = T; ¢(J). The equation (&) for X = C93 leads
to

Tox 7 (Cha3) = ) (C23) To, (4.8)

that is
(422 (&) = p§* (D)) [T = 0. (4.9)

np
. (123) _ (123)
Since pg " (tJ) = pg 7 (J), one gets [Te dnp = Opg [Tedlng - We get then for X = Caz in (L6):
Tet 7T (012) = 7T (023) et (410)
i.e. inserting the representation (B.6]),

P ) [Ty = niapl ) [Ty +005(0) T + D) [Tli2ae (411)
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where ,uT(%Q) (tJ) = (m —§P 4+ 53 4 1)(m — j@ + @), Now, @B8) for X = C15 leads to

~ Vi 1p(W) [Tedipy™ P = U p(0T) [Tedlry P

+ () 4O @ B 0200 Y ([T P = (D (T[T e (4.12)

Given the expressions (33) and (B.)) of the coefficients 1, the equations ({I1)) and ({I2]) become the
recurrence and difference equations of the Racah polynomials, see (C.29) and (C.30). Therefore, the
transition matrix can be expressed in terms of a function P, (m) proportional to the Racah polynomial,

see (C.28]), as follows

[T P = (=1)™ o(J;p) Pu(m; =2 — 1,250 —1,p— N — 1, N —p -2 + 2 1 1), (4.13)

where o¢(J;p) is an overall coefficient which is determined below.
Consider now the case X = Ca34 in (E.G):

Te,t WEJ(C124) = W;I(C234) Te,t . (414)

The component (n, p|([&6])|m, q) for ¢ = p — 1 leads to
— P (t) [Tedm? = ity () [Te i, v (D Lol + 0P () [Tedi 4.15
Pm,p( )[ ?,t]np - Son—l—Lp( ) [ 27f]n+1,p71 +g0n,p( )[ ?,t]n,pfl +90n,p( )[ 97f]n71,p71? ( : )

where we have used relation (A to express Cjaq in terms of Cs4. Inserting the expression (AI3]),
taking into account (C4)—(CI4]) and the explicit expressions of ¢ and p (see equation ([3.26) and
appendix [B]), the previous equation leads to o((J;p) = —o(J;p — 1). Hence, one gets o((J;p) =
(—1)P o¢(J;0). The orthogonality relation of the transition matrix with relation (C.31]) then implies
oi(J;0) = £1. The component (n,p|(@6)|m,q) for ¢ = p + 1 leads to the same result, using now
(CI11) instead of (CIIl), while for ¢ = p, one recovers the recurrence relation (IT]).

The component (n, p|([0)|m, ¢) with p = ¢ — 1 for X = C34 leads to

A +1,q-1 v g1 D ~1,g-1
Som—i—l,q(t']) [Teyt]nm,qflq + (meg - pmyQ) (tJ) [Teyt]:zn;qqfl + Som,q(t‘j) [Teyt]:zn;qflq = pny(I(']) [Teyt]nmqq .
(4.16)
Using now (C.20) and (C.24)), it is checked that no new constraint shows up. Finally, the relations
associated to the remaining values of X are equivalent to (4I5]) or (4I6]). In conclusion, the two
representations are equivalent and the transition matrix 7T ¢ takes the following form:

[Te (D]~ G (—1)™ P Py (5 —2j@ —1,—2jM — 1 p—N—1,N —p—2j& 1254 1 1), (4.17)

where ~ stands for equal up to a global sign.

Remark 4.1. The formula (£I7)) can be generalized for an arbitrary J' = gJ where g € &5 (generated
by i, t and s, see (£2))). Indeed, following the lines of the previous proof, the point which requires
special attention is the derivation of the relation between o((J’;p) and o((J';p — 1) (which give at
most a sign). In fact one gets

o(J';p) = no(J;p—1) (4.18)

where
n = —sgn(Jy) sgn(N + 2J5 — 2J5 +2) (4.19)

(J% denotes the ith component of the quintuplet J'). Hence, one obtains
[Tet( Tt ~ Opg (=1)" 0P Pr(m; =205 =1, =201 = 1,p—= N =1, N —p—2J5 +2J5+1). (4.20)

For example, one gets 1 = +1 for J' = tJ and t*J, n = —1 for J' = J, J, ¢J, 3J and t*J. A
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4.3 Transition matrix between 77 and 7/

We now turn to the calculation of the transition matrix T; s = T¢ s(J ), where the dependence w.r.t. J
is dropped in this subsection. Taking equation ([A6]) with h =e¢, g =s and X = Cj2, Cla3, we get two
equations

(62 () = ul12 () [Tl =0,

b b (4.21)
(13 (F) = 1§12 (J) ) [Tl = 0.
We have used the definitions
[WE](CH)]ZL Z = Onm Opq :“%2) (J) and [7721(0123)]7: ; (J) = bnm dpq N};mg) (J) ) (4.22)
and the properties
ik (sJ) = p{123) (J) and p{123) (sJ) = k2 (J). (4.23)
Constraints (4.21]) lead to
[Tw]nmpq = 0p,m Ogm 0s(J;1, D), (4.24)

where o4(J;n,p) is a coefficient to be determined.
Performing the same type of calculation with X = Cy3 and X = (34, we obtain

os(J;n,p) = 04(J;q,p) for In—q| <1 and o4(J;n,p)=0s(J;n,m) for|p—m|<1. (4.25)

This proves that the coefficient og(J;n,p) = os(J) does not depend on n and p. Furthermore,

demanding that the orthogonality relation (47) is satisfied imposes that o4(J)? = 1. Then, we

checked that the other constraints (£.0]) are automatically satisfied for any X € sR(4). This shows
that the transition matrix is the permutation operator up to a sign:

Tes ~ P (4.26)

with [Plny = 8pm Ogn-

4.4 Transition matrix between 77 and 7/

The calculation of the transition matrix T,; = T¢i(J) follows the same lines. Taking equation (4.6
with h =e¢, g =1 and X = Ci2,Ci23 implies that T;;(J) is diagonal:

[Te,i]mq = [Te,i]np 5n,m 5p,q . (4.27)

np np

The equations for X = Ca3, C13 are then trivially satisfied. Eq. (4.0]) leads for the remaining generators
(those containing an index 4) to the following relations

[Te,i]Zitg = [Te,i]% and [Te,i]ZZ,’iﬁ = _[Te,i]%- (4.28)
Therefore, one gets
[Tey"]% = Ui(J) (_1)p 6n,m 5p,q . (4.29)

Finally, demanding that T ; is an orthogonal matrix, we get

[Tty ~ (=1)F 6 Op g - (4.30)
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4.5 Equivalence of the representations and transition matrix

In this section, we shall show that the previous computations are enough to determine the transition
matrix Ty for any b, g € &5. If the transition matrices Ty exist, they satisfy the properties given in
the following proposition.

Proposition 4.2. For any g,h,u € G5, one gets
Ty (J) ~ Tou(J)Tup(J), Typ(J) ~ Tye(J) and Tip,gn(J) ~ Tug(hJ) - (4.31)
We recall that ~ stands for “equal up to a global sign”.
Proof. From the definition of the transition matrices, one gets for any X € sR(4),
Ty (I) ™ Tou(I) T (T)m” (6X) = 7 (0X) Ty () Ty (F) Ty () (4.32)

Since the representation 77 is irreducible, Ty g (J) ' Tyu(J) T (J) is proportional to the identity by

4
the Schur lemma. The orthogonality relation of the transition matrices implies that the factor of

proportionality is a sign, which proves the first relation of the proposition. Both other relations are
proven by similar arguments. O

Up to now, we have proved the existence of the transition matrices Ty(J), with g = ¢ and
h =t, s, isolely. Then, at this point, the above proposition can be applied only for these matrices.
The following proposition ensures the existence (and thus the validity of proposition 2] for all
transition matrices Ty (J), with g, h € Gs.

Proposition 4.3. All the representations ﬂg, g € S5, defined by (L3) are equivalent.

Proof. The equivalence between ﬂg and 7ThJ is proven by showing that there exists a transition matrix
Ty Relations ([8]) for Ty ¢ (J) (for h € &5 and X € sR(4)) reads

Tya(J) 77 (t0(X)) = 707 (H(X)) Ty0(J) (4.33)
whereas the one for T, ((hJ) (with X replaced by h(X)) is recast as
Tea(0) 7 (t5(X)) = 77 (h(X)) Tea(hT) (4.34)

We deduce that Ty ¢ (J) and T¢ ¢(hJ) satisfy the same set of relations. In section 4.2 we proved that
this set has a unique (up to a global sign) solution given by (£I7]). Therefore one gets, for any h € &,

Ty,i5(J) ~ Ten(hJ) - (4.35)
The following relations are proven similarly
Thﬁh(‘]) ~ Tes(hJ), Th,ib(J) ~ Te,i(hJ) : (4.36)

Finally for any g € G5, one knows that g can be written as a product of s, t and i. Therefore, any
Ty can be expressed as a product of T¢ ¢, T, s and T;; by using the first relation in (4.31I]), hence the
proposition. ]

From the previous proof, one gets a way to compute all the transition matrices in terms of T, ,
T.s and T ;. For example, one gets

Te75t5(J) ~ Te7t5(J)Tt575t5(J) ~ Te,s(J)ﬂ,ts(J)Tw,sw(J) ~ Te75(J)Te7{(5J)Te75(f5J) . (437)
Using the third relation in (Z31]) with u = ¢ and h = g~ !, and the second one, we deduce that

Tog-1(J) ~ Teglg™ ' J)". (4.38)
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4.6 Overlap coefficients and the icosidodecahedron
This subsection provides a geometrical description of the transition matrices.

For a given isomorphism g € &5 of sR(4) defined in proposition [Z], the matrices ﬂg (971 (C12))
and ﬂg (571 (C123)) are diagonal. Indeed one gets

T3 (g7 (Cr2)) =78 (Cra), 7] (87" (Cia3)) = 787 (Chas), (4.39)

which are diagonal. We associate the map g € &5 with the vertex (g7!(Ci2),g !(Ci23)) of the
icosidodecahedron, as illustrated in figure @l Let us notice that different elements of &5 can be
associated to the same vertex.

Figure 2: The labels of the vertices of the icosidodecahedron in terms of elements of G5. We recall

that t and v are defined by (ZI2]) and (2I8]).

The transition matrix Ty 4 corresponds to the change of basis from the one where h~1(C12) and
b1 (Ciz3) are diagonal to the one where g~!(Ci2) and g1 (Cio3) are diagonal. A path on the icosido-
decahedron between the vertices labeled by h and g can then be associated to this transition matrix
Thg- Indeed, let us choose a path between the vertices h = go to g = gy, given by the sequence of ver-
tices labeled go, g1,...,9¢—1 and g¢. Finally, using (£31), the transition matrix T
as follows

0,g¢ Can be written

Too.00 ~ Too,01 Lo1,00 - - Loy 1,00 - (4.40)

Let us emphasize that the value (£40) of T}, 4, does not depend on the chosen path.
Each transition matrix Ty, g,., in the r.h.s. of ([#40) corresponds just to one edge of the icosido-
decahedron and can be rewritten as, using (431,

Toigin (J) ~ T, g1 (80 T) - (4.41)

The transition matrix on the r.h.s. of the previous relation corresponds to one of the four edges
connected to the vertex ¢ and can be expressed in terms of monovariate Racah polynomials. Therefore
expression ([£40) allows one to give an expression of any transition matrix in terms of monovariate
Racah polynomials.

The different expressions of Ty 4 depending on the choice of the path provide relation between the
monovariate Racah polynomial. We exploit this result in the next section to give new proof of known
relations.

5 Properties of the monovariate Racah polynomials

In this section, we study the relations satisfied by the monovariate Racah polynomials, as explained
in Section [£.6] for cycles on the icosidodecahedron. The basic examples are given by the triangle and
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the pentagon faces of the icosidodecahedron, which correspond to the identities t3 = ¢ and t> = ¢ (see
relation (ZI8))), respectively. These two cycles can be illustrated in red on the following figures:

45 45

As we will see, they are intimately related to the Racah relation and the Biedenharn—Eliott relation.
Other cycles can be considered, such as a cycle involving a triangle and a pentagon together. However,
it can be deduced by gluing together the basic ones and using unitarity: we illustrate this on a relation
involving six Racah polynomials, see section .3l

5.1 Racah relation

We look at the interpretation of the relation t3 = ¢. Using the results of section F5], we deduce that
T, 3(J) ~ Tef(J)Ten(tT) et(t J), (5.1)

that is

Z Z klzl [ e,t(fJ)]Q?% [Tev"(tQ‘I)]Z;%Q ~ On,m Op,q - (5.2)

k1,00>0  ko,€5>0
k1+€1<N ko+ly<N

It corresponds to the cycle around the triangle (Ci2,Ci23), (Ci3,Cia3) and (Cas, Ci23). Then using
expression ([@I7) for T;¢(J) and the action ([@2) of t on J, for parameters m,n,p > 0 such that
m+p < N and n+ p < N, this expression becomes

N—p
D (DR (k=2 1, -2 1 p— N = 1N = p—2j® +2j) 41)
k1,k2=0
X P (k2:2§® +1, -2 —1,p— N —1,N —p—271 425 4 1) (5.3)
X Pry(m;—2jM — 1,248 41, p - N —1,N —p—2j() — 2, _1)
~ 5n,m .

When the parameters j*) are nonnegative half-integers, we showed that this last equation is a conse-
quence of the Racah and orthogonality relations for the 6j-symbols [36] .

5.2 Biedenharn—Elliot relation

We recall that the element t of &5 corresponds to the rotation of the icosidodecahedron with an angle
27 /5 around the axis passing through its center and the center of the pentagon (C12, C123), (Ca3, C123),
(Ca34, C23), (C34,Ca34), (Cr2,C34). It satisfies t° = ¢ and one defines a function t on J as

o = (W, 5O, =V —1,5%, % ). (54)

We now turn to the calculation of the transition matrix Tt .(J), before investigating the Biedenharn—
Elliot relation.
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Transition matrix T;.(J). The computation of T, (J) follows the same lines as the computation
of T, ¢(J). The equation (6] for X = C23 leads to

(L2 () = 1PN (D) [T (D] =0, (5:5)

np

hence [Teo(J)]np = mp [Te,e(J)]np-

Considering X = Cs3 and X = Cj2 in (440), and using the relations py 4(tJ) = 1, ,(tJ) and
Py (eJ) = (MI(,HB) + ) 4 42 4 3 — ,u,(lm — 09 (tJ), one finds that (—1)7 [T, .Jn} satisfies the same
recurrence and difference equations than [Tt ¢|rp, see (I1]) and ([EI2).

Equation (6] for X = Cy34 leads to, for the component (n, p|@8l)|m,q) with m =p — 1:

-1 -1 -1
1/}10 q(tJ) [ ] (pn-l-l,p(J) [T%f]z—l—lg)—l + (Pr‘{,p(J) [Te,t]z,pil + (pr?,p(‘]) [T%f]z—l:‘]];—l : (56)

A similar relation is obtained for m = p + 1. Using the relation ), 4(tJ) = pgp(tJ) shows that
(—1)PHe[T, J0% also satisfies the equation (EIH) obeyed by [Ti 4 (together with a similar one as-
sociated to m = p + 1). The case m = p is treated along the same lines, using now woo (vJ) =
(1§ + p®) 4 plD 4+ p© — 29— 00) (1),

In the same way, equation ([L6]) for X = C34 shows that (— 1)p+q [T, «|hp satisfies the equation (1G]
obeyed by [Tt J#), using now the relations ol (vJ) = P (tJ), g0p7q(tJ) = goqm(tJ) and @l (vJ) =

(pq,p - gpq7p)(t'])
The other generators do not lead to new conditions. It follows that (—1)P*4[T, |h?, can be identified

with [T (75, that is the transition matrix T (J) takes the following form:
(TIN5~ Omp Pl =27 =1, =20 =1 p = N = LN —p—-2j® +2/¥ +1).  (57)

Remark 5.1. In the same way, formula (5.7 can be generalized for a generic quintuplet J' = gJ and
one gets

(Ta( TS ~ D)™ P —2T, — 1,20, —Lp— N~ LN —p— 275+ 275 41),  (58)
where 7 is given by (@I9]). A

5

Biedenharn—Elliot relation. Now the relation t° = ¢ leads to the following equation:

6n7m6p7q = [T37t5 (tJ):I:Z)q

~ Y [T DI [T (622 [T (PTG [Tee (P [T (D, (5.9)
k1,ko,k3,kyq
£1,09,03,0y

where the sum is performed on integers k;,£; > 0 such that k; + ¢; < N. Using (B.7) and the action
of v on J, see (5.4]), one finally obtains

Snmlpg ~ > (1) Ppla;—2j® —1,-2j") —1,p— N = 1,N — p— 2j®) + 25 4 1)

a,b,c
Ppb; =250 —1,-2j® — 1,4 = N —1,N —a — 250 —2;() _1)
Pa(c; 2P +1, 23(2)—1,b—N—1,N—b—2j<4)+2j(3)+1)

X Pb(m, —23(1 ,—2j0 —1,¢e—N—-1,N —c—2j® — 25U _1)
Pelq; —25* 1,2j<3> +1,m—N—1N—m-2j -2 —1),

(5.10)

where now a,b,c¢ > 0 satisfy a < N —p, a4+b < N, c+b < N, ¢c <N —m. This last equation is
similar to the Biedenharn—Elliott relation for the 6j-symbols when the parameters j*) are nonnegative
half-integers [, 13].
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5.3 Additional relations for the Racah polynomials

Other relations of the same type can be obtained using the algebra &5. For instance, defining u =
stst?s, we have again u? = e. This leads to the relation

I~ T2 (J) ~ Teu(J) Teu(ud), (5.11)

where I is the identity matrix. The transition matrix 7, ,(J) is computed using (£31)), (4.26) and the
expression u = stst?s:
Teu(J) ~ PT,e(sJ) P T, (st’s) P (5.12)

where P is the permutation matrix introduced in (£26]). From (IIBID, we also get

Tee(J) ~ Te(J) Te(tT). (5.13)
Gathering (5.12)) and (5.13)), we obtain
Ten(J) ~ PToi(sJ) Tep(tsJ) P T, y(58sJ) P (5.14)
Then, (B.I1]) can be rewritten as
T ~ PT.(sJ) Tei(tsJ) P T, ((5sT) Tp ((suJ) T, (tsud ) P T, ((st*suJ) P (5.15)

Relation (B.15]), once expressed in terms of Racah polynomials using expression (£I13]), leads to an
identity implying the product of 6 Racah polynomials. As mentioned at the beginning of the section,
this relation can be deduced from the unitarity, Racah and Biedenharn—Elliott relations. Indeed, we
can rewrite the r.h.s of relation (5.15) as

PTi(sJ) Teq(tsJ) P (M(J’) T, (tJ) et(@J’))PTet(tzﬁJ)P

(5.16)
~ PTo(sJ)Toi(tsJ) P> T, ((sJ) P ~ PT(sJ)Toi(tsJ) Teq(P’sJ) P ~ P? ~ T,

where J’ = st?sJ and we used twice the Racah relation (5.2)) to get the second line.

6 Bivariate Racah polynomials

In the previous section, we have shown how the cycles on the icosidodecahedron allow us to obtain
properties of monovariate Racah polynomials. Here, we study paths on the icosidodecahedron with
different lengths 0. We will consider the paths illustrated in red in figure [3l

45 45 45

Monovariate Racah polynomial TratmkfRacah po]ynormal Gr1ﬁithszacah po]ynormal

Figure 3: Paths of different length on the folded icosidodecahedron.

We shall show that the different transition matrices associated to these paths (see section [4.6]) for
0 =2 and 0 = 3 are associated to multivariate polynomials of Racah type.
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The path of length one is associated to the usual monovariate Racah polynomial. Indeed, gathering
the computations done in sections @ and [ the properties of the monovariate Racah polynomials can
be recast in the following way. Equation ([4.6]) for h =e¢, g = v and X = C13 or Cy3 becomes

Te,t(J)TI't(Cbg) = 7Te(023)Te,t(J) 5 Te7t(J)7Tt(012) = We(CIQ)Te,t(J) . (61)

These relations correspond to the recurrence and difference relations of the monovariate Racah poly-
nomials as used previously. The orthogonality relation of the transition matrix

T (J)Tee(J) =1 (6.2)

is associated to the unitarity relation of the monovariate Racah polynomials.

6.1 Tratnik polynomials
Let us define the function, for ni,ns,mi,ms >0, n1 +n9s < N, my +mo < N and no + m1; < N,

Tz (musma) = Py (ma; 2§ =1, =250 — 1y = N = 1,N —ny — 2j 4 2§ + 1)
X Pry(ma; =25 —1, -2 —1,my — N =1, N —m; —25© —2;(M 1) (6.3)

where T, n, (1, m2) stands for Tp, n, (1, ma; N3 J). We recall that J = (1), 525G 54 50)) and
N = ;O 4 5@ — 56 4 5@ 4 5O We recall that the function P, defined in (C.28)), is proportional
to the Racah polynomial. The rest of this section is devoted to provide different properties of this
function as its recurrence and difference relations as well as its connection with a transition matrix.
We recover the results on Tratnik polynomials [42] 18], 1], [10].

Link with the transition matrix 7 2(J). Let us focus on the transition matrix associated to the
path of length 0 = 2, as shown on figure 3l As explained in section [£6], it corresponds to the change
of basis between the representations where (Cig,Ci23) or (Cag, Ca3q) are diagonal. Using expression
(ZIR) of the automorphism t, one remarks that (v72(Ciz),t=2(C123)) = (Ca3,C534). Therefore this
path corresponds to the transition matrix T .2(J). Then, using expression (£31]) and (4.40), one gets

T, 2(J) ~ Toe(J)Tox(t ) . (6.4)

Finally, using the explicit expression of T, . given in (5.7]) and of tJ given in (5.4)), one obtains
[Te7t2 (J)]M1M2 ~ 7;11,712 (mh m2) @(nZ +m < N)v (6'5)

nin2

where © is the test function which is equal to one if the condition in its argument is true and vanishes
otherwise.

Link with the Tratnik polynomials. Given the expression (C.28)) of the functions P, the function
T reads

Tovna(mi,ma) = A rg, (mi; =2 —1,-2j0 —1ny = N = 1, N —ny = 2j® + 2 4 1)
X Ty (mg; =25 —1, =25 — 1, my — N —1,N —my — 250 —2;(V — 1) (6.6)

where A is a normalization factor given by

A= (=172 i1 (T) @iy s (8 ) @y (67) @y (52 (6.7)
and
(2n1 — zj(l) - 2j(2) —1) (_Qj(l) + M) N-ny—ny
(_2j(1) - 2.7(2) -1+ nl)anlfnngl
(=2, (N =y = 2§ = 2§®) + 2§ 1+ 1),,, (2 = N),y
nl!(N—n2—2j(1) —2j(2))n1 (ng—N—2j(3) _1)n1 ’

Wni,ng (J) =

X

24



We recall that stJ = (—j©&) —1,5@) —j® —1 50 @) v g = ;W 0 ;0 _1 5@ _56) _1) and
st2J = (j(l)’j(o), —j@W —1, -6 — 1’3'(2)),

Relation (6.6]) shows that, up to a global normalization, Ty, n,(m1,m2) defines a polynomial in m;
and msy. To recognize the usual definition of the Tratnik polynomials, let us relabel ny, my,ns, ms as
x1, k1, N —x9, N — k1 — ko. With this relabeling, the inequalities satisfied by n and m read:

nglngSNa k17k2207 k1+k2§N (69)

Then, using (C9) to transform the first function r and (CI0), (C3) followed by (CI0Q) to transform

the second one, relation (6.6]) can be rewritten as follows

Tor N-wg (b, N — by — ko) = A rp (21, =27 —1,25®) 41, —2p — 1,29 — 251 — 25 — 1)

X1, (g — k13 2k — 25 + 253 41, -25@) —1 k) — N — 1,k + N — 250 — 252 1 256) 1 q)
(6.10)

with

i (= N+2j0 + Dy_ay (-2 Nay (k1 + 2 — N + D)k, (2k1 — 2P + 2§ +2)

A= 2 A

(N = k1 = 2jO =250 — 2§ — 1)y g, (=25O) Ny (k1 = N + 2O + 1), (=250
(6.11)
Note that in order to get (G.10), we have used the relation N = j(1) 4+ ;) — &) 4 54 4 50) " Finally,

by setting j() = —3(8y + 1), 1@ = (8o — B1), 1® = (B2 — B1 — 2), j@ = (B2 — B3), the above
expression becomes

TorN-as(k1, N —ky — ko) = A vy, (z1; 81 — Bo — 1,82 — B1 — 1, —x9 — 1,29 + f1)
X Ty (22 — 132k + P2 — Bo — 1,83 — B2 — L,k1 =N — Lky + N + 32).  (6.12)

In this last expression, we recognize the expression Ry of the Tratnik polynomials [42] [I8], 11 [10] (see
for instance relatior3 (3.10) with p = 2 in [42]):

Ter,N-za(k1, N — k1 — ko) = (=1)NT17%2 /Wy, 00) K(ky, ko) Ro(ky, ko; 21, 2) (6.13)
with
(2x; — 251 — 252 —1)(229 — 25D — 2@ 4 254) 4 1)
.%'1! (.%'2 — 1‘1)! (N — .%'2)!
U250 +1 —21) D(2/D +2§@ + 1 — 2y — 29) T'(22 — 21 + 25 +2)
X
T(2§® +1—a1) D25 +2§@ +2 — a4)
D(zy + 22 — 2§ —2§@ + 25 + 1) D (2 — N +250 +1)
X )
T(N + 29 — 2§ — 2§® 4+ 2§6) + 2) T (29 — N + 254 + 1)
(N =k — ko)
Ktkr, ko) = key! ko
Dk —25® + 25 +1)T(2j@ + 1 — k) T(2j® + 1 — ky)
X
L (ki + 2§ +2) T (ky + ko + 2/ — N+ 1) T(ky + ko + 250 — N + 1)
y T(2ky + ky — 25 + 25 — 254 4 1)
D(2k1 + ko — 2§@) + 2§06 +2) D(ky + ko + 2/ + 250 — N +1)

W(ml,mg) =

(6.14)

(2k1 — 25P +25® + 1) (2ky + 2k — 25@ + 25 — 25 4 1)

(6.15)

The functions W and K are written in such a way that all individual factors are well-defined when
the parameters j*) are positive half-integers.

?Beware that our definition for r differs from the one of [42] by a normalization factor.

25



Unitarity relations. Since our approach relies on orthogonal transition matrices, the unitarity
relations are immediate. Indeed, the entries of the relation T, .2 (J)T, 2(J)" = I provide the following
relations

Z 7;117712 (m17 m2) 7;1’1,71’2 (mh m2) = 5n1,n’1 5n2,n’2 ) (6'16)

myq,mg2>0
mi1+mo<N

which is interpreted as the unitarity relation for 7. In the same way, starting from T, .2 (J)'T, 2(J) =1,
we obtain

Z 7;11,712 (mh mZ) 7;117n2 (mlla ml2) = 5m1,m’1 5m2,m/2 . (6'17)

ny1,m9>0
n1+ng <N

This relation can be recast as

Z W1, 22) Ry(kn, ko 21, @) Ro(ky, ky; w1, m2) = K (1, k) ™" Oy ot Oy iy, - (6.18)
0<z1<z2<N
One recognizes in W the weight computed in [42] (up to the use of the identity I'(2)I'(1 — z) = Sin?m)
which is valid when z is not an integer).
Difference relations. Equation (@8] for h = ¢, g = t> and X = Cj5 or O3 becomes
Toer (D)m 7 (Coa) = 70 (Cro)Te2(J), Tea(I)wE 7 (Caa) = m (Chos) T2 () (6.19)

where we have used that t?(Cla) = Cazq and v?(Cpa3) = C34. We recall that the representation 7, is
given in theorem Then, the previous relations read

Comn a1 () Ty (M1, m2 + 1) + @0 1y (T) Ty g (M1, ma — 1)
+ O 1y (PT) Ty o (ma + 1,ma) + oht L (PT) Ty iy (ma — 1,m)
+<p£1+1 m2+1(t2J) Tnime(mi +1,mo +1) + apml’ 2(t J) Toime(mi —1,mg — 1)
+ g0m1+1 o (T 2J) Tnime(m1 +1,mg — 1) + goml m2+1(t2.]) Tnime(m1 — 1,mg + 1)
+ 0% (T Ty ny (ma,ma) = (nq — jV — §@ —1)(ng — jO — YT, (ma,ma) (620
and
Pmamat 1 (V) Ty o (M1, m2 + 1) + ppoy iy (V2 T) Ty o (M, ma — 1)
oy () Ty mg (ma,ma) = (ng = §0 = j = 1)(ng — jO = ) Ty (ma,ma) . (6.:21)

These two equations can be interpreted as difference equations for Ty, p,(m1, ma).

Recurrence relations. Equation (Z6) for h = ¢, g = v? and X = Ca3 or Co34 becomes
T (D)7 (Cra) = 7l (Co) o (J), Topa(I)mt 7 (Cras) = ) (Casa) T2 (), (6.22)

where we have used t2(C3) = O and t?(Cazq) = Cio3. Using the representation ., the previous
relations lead to

(m1 = 3@ + 5 (m1 = P + O + DTy 0y (ma,ma) = 00, (T) Tay ny (ma, mo) (6.23)
+ Uni+1,00 (J) Trnt1,00 (M1, M2) + Vg o (J) Try —1,m0 (M1, m2),
and
(ma — @ — 5 — 1)(my — j© - '(1))7?“,112 (m1,ma) = @0, (J) Tay ny (M1, mo) (6.24)
+ O a1 () Ty mg 1 (ma, ma) + sﬁm na (J) Ty ng—1(ma, ma)
+ O 10 () T 1m0 (M, ma) + 0f ng(J) Tn1—1,n5 (M1, M2)
+ o 11 () Tag s 1o 41 (ma, ma) + %1 P
(

A
+ 0 1 () Tar 4 1na—1 (M1, ma) + @i oty

J) Tny—1,ns—1(m1,m2)

J) Toy—1,np41(m1,m2).
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6.2 Griffiths-like polynomials
Let us now define the function, for ni,ng,m1,me >0, n1 +ny < N and m1 + mo < N,

M
Gy (M1, ma) = D (1) P, (a;—27®) — 1, -2 —1,ny = N = 1, N —np — 2j® + 2 + 1)
a=0

X Py (ma; =270 —1, -2 —1,a = N —1,N —a — 20 —2;(H _1)

X Py (a; =27 — 1, -2 —1,my — N =1, N —mg — 2@ + 2560 4 1),

(6.25)

where M = min(N — ng, N — mg) and Gy, n,(m1, msa) stands for Gy, n,(m1,mg; N, J). We have used

(63) to get the last equality in ([€.25). As in the previous section, we provide different properties

of this function as its recurrence and difference relations as well as its connection with a transition

matrix. These relations, which derive directly from our construction, are obtained for the first time,
to the best of our knowledge.

Expression in term of Tratnik polynomials. We can rewrite the above expression as

Gnyna (M1, ma) =
M
D (=02 Ty (a,m2) Py (a5 =252 = 1, =25 — 1mg = N = 1, N —my — 2 + 2@ 4 1).
a=0
(6.26)
In the same way, using the duality relation (C.3]) on P,,(mz), we also have

Gnyno (M, ma) =

M
DD Py (-2 — 1,250 — Ly — N =1, N =0y = 2§ 42§ +1) (597
a=0

X Tml,mQ (a’ n2) ) & @) :
Remark that equations (6.27)) and (6.26) show that Gy, ,(m1, mg) is invariant under the transformation
iV & i@ and my < ng, k=1,2.

Link with the transition matrix 7, 2.2(J). Let us focus on the transition matrix associated to
the path of length @ = 3, as shown on figure[8l As explained in section[4.6] it corresponds to the change
of basis between the representations where (Ci2,Ci23) or (Cag, Ca34) are diagonal. Using expressions
ZI2) and (ZI8) of the automorphisms t and t, one finds (v72t"2(C12), v 2t72(C123)) = (C24, Ca34).
Therefore this path corresponds to the transition matrix 7, ¢.2(J). Then, using expression ([A.31]) and

([#£40]), one gets

T, 2e2(J) ~ Teo(I)Ten(v) Ty 2 () (6.28)

From (4.38]), one has
T2 (J) ~ To-1(J) ~ Teg(tHT)E (6.29)

Finally, using the explicit expression of T, and T given in (£I7)) and (&.7)), one obtains
[Te ez (I)]nns” ~ Gnyng (M1, M2). (6.30)

ning

As in the previous case, using the definition of the function P, one obtains in terms of the Racah
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polynomials 7,:

M
gnl,ng(mlam2) = Z(—l)a B(nl,ng,ml,mQ,a)
a=0
X 1y (a5 =2 = 1,250 — 1,09 = N = 1,N —ny — 2@ +25®) 4 1) (6.31)

X Ty (ma; =250 — 1,25 — 1,4 = N =1, N —a — 2@ — 25U —1)
X 7y (a; =253 —1,-2jW — 1, my — N — 1, N —mg — 2§ 4250 4 1),

where we recall that M = min(N — ny, N — mg) and B is a normalization factor given by

B= (— 1)t f () @ (50T) @y 0 (6F) Wi (582T) @ony ans (P02 iy (51202
(6.32)
with €127 = (j, @, 5@ 50, jO) and st J = (=) - 1,j@), —j® —1,;0,5©),
Using the results obtained for the Tratnik polynomials, the above expression can be recast as

M
Gz1 N—zo(mi,ma) = Z \/W(xl, z2) K(a, N — a — ma) Wy my (202T) wg m, (stt202J) (6.33)
a=0 .

x (—1)NTom—zztmitmeta po (g N — g — ma; o1, 22) T, (@),
where 7y,, (a) stands for r,, (a; —27® —1,-2® —1,my — N — 1,N —my — 2§ +26) 4 1) and
now M = min(xzy, N — mgy). Expression (6.33]) shows that, up to a global normalization /W(z1,z2),

Gz1 N—zy(m1,mg) is a polynomial in z; and z3. We now show that this polynomial is orthogonal and
obeys recurrence and difference relations.

Unitarity relations. Once again, the entries of the relation T, 2.2 (J)T, ¢2.2(J)" = T provide the
unitarity relation for G

E Gnino (M, m2) Gy e (M1, ma) = 6y 0 iyt - (6.34)
m1,mg>0
mi+mo<N

In the same way, starting from T, ,2(J)'T, ,2(J) = I, we obtain

Z G ns (ma1, mo) Gnina (mlla ml2) = 5m1,m/1 6m2,m/2 . (6.35)

ni,ng2>0
n1+ng<N

Difference relations. Equation (6] for h = ¢, g = t*t> and X = C12 or C123 becomes

Te,tQtQ(J)W:2t2J(Cl34) =71 (C12)T, 22(J), Te,t%?(J)WftQJ(CM) = 1 (C123) T, 22(J), (6.36)

where the relations t?t?(C1a) = C134 and t2t?(C1a3) = C14 have been used. Let us recall that t*t2J =
(@, 5@ 56 5 1)) and that the representation 7, is given in theorem Then, the previous
relations read

= B a1 (CT2T) Gy iy (ma,ma + 1) = &Y, (CFT) Gy iy (M, my — 1)
- @g1+1,m2 (t2t2J) Gnyno (M1 + 1,ma) — @gl,mg (t2t2J) Gy iy (M1 — 1,ma)
— cpﬁlH,mﬁl(tthJ) Gnimo(mi+1,mg+1) — ¢£17m2(t2t2J) Gnina(mi —1,mg — 1)
— Oy 1y (CPT) Gy (M + 1,ma — 1) — o (P22T) Gy g (1 — 1,ma + 1)

- 90971617712 (tZtQJ) gm,nz (mla m2) = (’I’L1 - ](1) - ](2) - 1)(n1 - ](1) - ](2)) gm,nz (mla m2) 3 (6'37)
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and

- SD,ZLl,m2+1(f2t2J) Gnymo(ma,ma+1) — @%hmg (t2t2J) Gni1 o (my,mg — 1)

- (Zgﬁrl,mg (t2t2J) Gnyno (M1 + 1,ma) — &gl,mg (t2t2J) Gy na (M1 — 1,ma)

— cpﬁlH,mQH(tZtQJ) Gnimo(mi+1,mg+1) — @ﬁth(tQtzJ) Gnino(mi —1,mg — 1)

— Oy 1y (CPT) Gy (M + 1,ma — 1) — o (P22T) Gy g (1 — 1,ma + 1)

— @00y (B¥2T) Gy g (m1,ma) = (ng — 5O — 5@ — 1) (ng — jO — j) G,y (ma,ma),  (6.38)

where the explicit expressions of ¢ can be found in appendix[Bl These two equations can be interpreted
as difference equations for Gy, n,(m1, ma).

Recurrence relations. Equation ([46]) for h =e¢, g = 212 and X = Oy or Cy34 becomes
Ty (D)nS ™ (On) = ) (Co) T ee(J),  Toee(d)nl ™ (Cs) = 1l (Cs)Tee(J), (6.39)
where we used again t2t2(Cy4) = C12 and t?t?(Cas4) = C123. The first equation in (6.:39) leads to

(m1 —j® — 5@ = 1) (my = j@ — i) G, o (mi,ma) = @20 (T) Gy g (M1, m2) (6.40)
+ {57‘{1,m+1(=]) gn17n2+1(m17 m2) + &7‘{1,712 (J) gnhng—l(mla m2)
+ &nHlJrl,ng (J) gn1+1,n2 (mla m2) + &nHl,ng (J) gn1*17n2 (mla m2)
+ 8t 1mgi1 () Gt mar1 (ma,ma) + 08 () Gy~ 1,n0—1(ma, mo)

+ 0410 () Gyt Lina -1 (M1, m2) + 01, 41 (F) G~ 1,41 (1, m2),
with ¢% defined by (BI3). The second equation in (6.39) provides an equation similar to (G.24):
(ma = j =W = 1)(ma = = jV) Gy sy (m1,ma) = 00, (T) Gy iy (M, ma) (6.41)

+ a1 (I) Gy mor1(ma,m2) + 00y (I) Gy 1 (ma, mo)
+ o 1y () Gyt o (ma,ma) + @ (T) Gy —1,my (M, ma)
+ O 1o t1(T) Gyt 1ma 11 (M1, m2) + 08 o (T) Gy —1,m5—1(ma, o)
+ tpﬁlﬂ,ng(«f) Oni41,mo—1(m1,ma) + tp,’;‘l,nHl(J) Gni—1mo41(m1,ma).

By contrast to the Tratnik polynomials, we obtain here 9-point relations for both recurrence and
difference relations. In the case of the multivariate Krawtchouk polynomial, the generic Griffiths
polynomials has the same kind of complication for the recurrence and difference relations [23], 24].
This motivates the denomination of Griffiths function for Gy, n,(m1, m2).

7 Conclusion

In this paper, the algebra sR(4) and its representations are studied in detail. The knowledge of these
representations allows us to provide important relations for bivariate functions. Numerous general-
izations are possible and will provide important results in different contexts, such as representation
theory, super-integrable models and algebraic combinatorics. We detail some of them in the following.

Other regions. We have restricted ourselves to the case where the vectors |n,p) of the finite rep-
resentation studied in section B3] are such that n,p > 0 and n + p < N. This choice implies that the
functions defined by B.7) and ([B.2I]) remain positive. In figure [l we show schematically where these
functions vanish on dashed lines. Therefore, these lines define regions where these functions keep the
same sign. The grey region corresponds to the region studied in this paper. We see from this figure
that other regions are possible, which lead to some other constraints between n,p. A comprehensive
investigation of these different cases remains to be done. Let us remark that for the multivariate Hahn
polynomials, such a detailed study of the different possible regions has been investigated in [28] [29].
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Figure 4: Regions where the functions (3.7) and (3:21]) keep the same sign. The grey region corresponds
to the case studied in this paper.

Classification of the representations. In the present paper, we have focused on the case where
the joint spectrum of Ci5 and Cio3 is nondegenerate. It may be interesting to consider the cases when
this spectrum is degenerate and also the cases when Cio or Cio3 are nondiagonalizable. We expect
that a complete representation theory of sR(4) is possible as it has been done for R(3) in [25] 26].
We also remarked that the nondiagonal entries of the representation matrices factorize because of the
vanishing of the Casimir elements in the special Racah algebra sR(4). In the case of R(4) algebra, the
values of these Casimir elements provide additional parameters in the representation theory. It would
be also interesting to study this case in detail.

Higher rank Racah algebra. Up to now, we have focused on R(3) and R(4) algebras, but the
general case of R(N) algebras can be studied following the same lines. The definition of the special
Racah algebra sR(N) can be found in [5]. We have noticed in the present paper that the defining
relation (2.6) of R(4) [9] 10, 11l 5] can be replaced by relation (27]). This equivalence is valid in the
general case of a R(N) algebra (N > 4). For N > 5, supplementary relations are needed, and we believe
that they can be replaced by

(Coj — Cj — Cy) [Cik, Cre] + (Cai — C; — Co)[Cre, Cjie] + (Cae — Cp — Co)[Ciij, Cjig]

7.1
+ (Caty — Cr, — Ca)[Cig, Cje] = 0. (7.1)

This replacement should simplify the study of the representation theory of the sR(N) algebra.
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Automorphism group of R(N). We proved in this paper that the permutation group S5 is an
automorphism group of the sR(4) algebra. In the same way, we believe that the permutation group
Sny1 is an automorphism group for sR(N). It can be constructed in the following way. The permu-
tation group &3 acts naturally on the set {0,1,2,3,4}: for g € &5, we note gyiy the image of i. For
any subset I C {1,2,3,4} we define g; by iteration on the cardinality of the subset I as:

gr = (9gy Yangay) \ (9ry Nongy), YViel (7.2)
This definition is consistent with ggy, when identifying {0} with {1,2,3,4}. Then, the relation
Cy, = 9(C7) is compatible with the definition of the automorphisms g defined by proposition 211 Let
us remark that this construction also works for R(3), and leads to an automorphism group S4. Such
a procedure should be also possible in the general case of R(N) algebras, leading to an automorphism
group Sy for sR(N).

Connection graph for sR(N). We have shown that the connection graph between abelian sub-
algebras of sR(4) is associated to an icosidodecahedron, which belongs to the class of Archimedean
solids. The construction of a connection graph for sR(N) is also a point which is worth studying.
In particular, one can wonder whether it is also an Archimedean polyhedron in N — 1 dimensions.
It would give a geometrical interpretation of algebraic results. For instance, we have understood
the Racah and Biedenharn—Elliott relations as cycles around triangular and pentagonal faces of the
icosidodecahedron.

Multivariate Racah polynomials. Mimicking our approach to the sR(N) algebra, the study of
its representations should lead to multivariate Racah polynomials with N — 2 variables. Depending on
the precise structure of the connection graph, there will be different types of multivariate polynomials
associated to the inequivalent paths of this graph. Starting from equivalent symmetric representations,
the transition matrices should provide the orthogonal, recurrence and difference relations for these
polynomials.

g-deformation. One may think to a deformed version of the previous results. Indeed, a deformation
of the Racah algebra is obtained in different contexts, leading to the Askey—Wilson algebras AW (3)
[46, 22], see [4] for a recent review. Several works have been done to define higher rank algebras
AW (N) [39, [8, 12]. Recently, the defining relations of AW (4) have been introduced in [3], using the
Skein algebra and an approach based on the centralizer of four copies of Ug(su(2)).

The identification of an automorphism group for AW (N) algebras would simplify the study of their
algebraic structure, as done in [41], 4] for AW (3). We expect that it is associated with the braid group
on N + 1 strands. The representation theory of AW (4) may be done similarly to the construction
proposed in this paper. One can wonder whether the folded-icosidodecahedron plays also a role. In the
deformed case, the transition matrices will be associated to the Askey—Wilson polynomials and must
provide the recurrence and the difference relations for some multivariate Askey—Wilson polynomials,
which generalize the results given in [27, [19].
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A Presentation of the R(4) algebra

As mentioned in section [2], the algebra R(4) is generated by the elements Cj, j = 1,2,3,4, Cia34, C12,
(3, C34, Cro3 and Cozq. We will call this basis the contiguous basis. The remaining elements can be
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reconstructed using the relation (2.2)):

Ci3=—Cy3+ Ci23 —Cr2+C1 +C2 + C3

Coq = Co3q — Co3 — C34 + C2 + O3 + Oy,

Crq = Cr234 — Cr23 — Co34 + Co3 + C1 + Oy, (A.1)
Clra4 = Ci234 — Cr23 — C34 + C12 + C3 + Oy,

C134 = Cr234 — O34 — C12 + C34 + C1 + Cs.

Plugging these expressions in the relations (2.3))-(2.4]), we obtain different types of relations:

Commutativity relations (R(2)-type relations). In addition to the centrality of the generators
Cj, 5 =1,2,3,4, Cia34, we get 5 relations:

[Ci2, C34] =0, [Ci2,Cia3] =0, [Caz, Ci23] =0, [Cas, Coza] =0, [C34,Co34] =0. (A.2)

We call them R(2)-type relations because R(2) is abelian.

R(3)-type relations. We get 10 of them:

1

3 [C12, [Ch2, Cas]] = CF + {Cha, Cas} — (C1 + C + C5 + Chaz)Ciz — (C1 — C2)(C5 — Chas) (A.3)

1

3 [Ca3, [Cas, Cr2]] = C35 + {Cha, Cas} — (C1 + C + C5 + Claz)Caz — (C1 — Ci23)(C3 — Cs), (A.4)

1

3 [Cas, [Cas, Caa]] = C33 + {Cas, Csa} — (Co + Cs + Cy + Ca34)Caz — (Co — C3)(Cy — Caza),  (A.5)

1

3 [C34,[Cs4, Ca3]] = C34 + {C3, Csa} — (Cs + C3 + Cy + Co34)Ca — (Co — Ca34)(Ca — C3), (A.6)

1

3 [C12, [Ci2, Casa]] = Cy + {Ch2, Caza} — (C1 + Co + Cag + Ci234)Ci2 — (C1 — C2)(Csq — Chaga)
(A7)

1

3 [Ca34, [Ca34, C12]] = C334 + {Ch2, Caza} — (C1 + O + Csa + Ch234)Caza — (C1 — C1234)(Ca — Ca),
(A8)

1

3 [Cs4, [Cs4, Ch23]] = C34 + {C123,C34} — (Cr2 + C3 + Cy + Cr234)Ca — (Crz — Ch234)(Cy — C3)
(A.9)

1

3 [C123, [Cr23, C3a]] = Chag + {Chas, C34} — (Ch2 + C3 + Cy + Cr234)Chaz — (Cr2 — C3)(Cy — Chaza)

(A.10)
1
3 [C934, [C34, C123]] = Cizq + {Cha3, Casa} — (C1 + Cag + Cy + Ci234) O34 — (C — Chaza)(Cy — Cag)
(A.11)

1
3 [C1a3, [Cr23, Ca3a]] = Ctas + {C123, Casa} — (C1 + Cag + Cy + Ch234)Ciaz — (C1 — C23)(Cy — Chaga) -
(A.12)

This kind of relations already appears in the R(3) algebra.

R(4)-type relations. These types of relations do not exist in the R(3) algebra. They correspond
to the relations (23] and ([Z7). In the contiguous basis, the set of relations (2.5 is equivalent to the
five following relations

[C12, Ca3] + [Ca3, Cs4] — [Cha3, C34] — [Cl2, Ca34] + [C123, Caz4] = 0, (A.13)
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1
3 [Ca4, [C12,Ca3]] = Ci2(Cas + Cgq — Cazy — C3) + Ca3(Cag — Chaza) — Cs4 Cs
+C123(Ca3s — C34 — Ca) — O34 C3 + (O + C3) Crazy + C2 O3, (A.14)
1
3 [Ca3, [C123,Ca4]] = Cra(— Caz + Cozy — Cy) + Caz(Craz — Cy) 4 Cs4(Caz — C1)
+C123(C34 — Cozq — C3) — Ca34 C3 + (C1 + C3) Cy + C1 C3,  (A.15)
1
3 [Casa, [Ca3,C12]] = Ci2(Casa — Cy) + Ca3(Cra — Cag + Caza — C1) — C34 C)
+C123(C34 — Cozq — C) — Ca34 Co + (C1 4+ C2) Cy + C1 Co,  (AL16)
1
3 [Cass, [Cr23, Ca4]] = Chra(— Caz + Cozs 4 Cy) + Cs4(Cag — Czz — Cozg + Chazy)

+Co3 Cla34 + Cr23( — Caza + C2) + Ca34 Cy
—(Co + C234) Cy — C3 C234 - (A.17)

In the contiguous basis, the four relations (2.7) read

(C12 + Ca34 — Cy — Chazs) [Cha, Cos] + (Crz — Co + C1) [Caz, Caa)

(A.18)
+ (Craz — Ca3 — Crz 4 C2) [Cl2, Casa] + (C12 — Oy — C1) [Cay, Cr23] = 0,

(= Caga + C34 4 C3) [Cha, Cas] + (Crz — C1 + C3) [Casz, Ca] (A.19)
+ (Ca3 — Cy — C3) [Cra, Caza] 4 2C5 [Cy, Cr23] = 0, .

(= C34 — O3+ Cy) [Cra, Cas] + (Cr23 — C12 — C3) [Ca3, Cz4 (A.20)
+ 205 [Cha, Caz4] + (Cag — Co — C) [Cs4, Cha3] = 0, '

(— Cs4 + C5 — Cy) [Cra, Cas] + ( — Crag — Ca4 + C + Clzss) [Cas, Ca] (A.21)

+ (Cs4 — Cy — C3) [Cha, Caga] + (Caza — Cag — Cs4 + C3) [Cq, C23) = 0.

Casimir elements. As mentioned in section [2 in addition to the central elements Cj, j = 1,2,3,4
and Ca34, one shows that the combinations wiag, w124, w134, wess and x1234, as given in (28] and
[29) (with the expressions (A1), are Casimir elements.

Other presentations. There exist different generating sets for the R(4) algebra. For instance,
using relation (2.2)), the elements with three or more indices (i.e. Cia3, Cia4, Cisa, Ca3q and Chaz4)
could be expressed only in terms of the elements of type C;; and C;, which would be an alternative

basis of R(4).

B Finite-dimensional real symmetric representation of sR(4)

In this appendix, we provide the explicit expressions of the matrix entries for the representation of
sR(4) in Theorem

o = [n(Qj(l) +1—n)(25® +1-n) (25D +2j@ + 2 —n)(N —n—p+2j® +2)(N —n—p+1)
P (25 4252 +2 —2n)2(25(D) 4252 + 1 —2n) (25D 4252 + 3 — 2n)
1
x(p—n—N+2j0 +2i@ 4 1)(n—p— N +2; + 2]'(4))} 2 (B.1)
o — {p@j(‘*) +1-p)2 0 +1-p)2iW + 2O +2-p)(N—n—-p+2/¥ + (N —n—p+1)
" (2/® +2j® 42 — 2p)2(2j©) + 2§ +1 - 2p)(2j® +2j® + 3 - 2p)
1
X (p—n = N+2jM +2j@)(n—p— N+2j0 42/ 11)|*, (B.2)
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{ n(2jM +1-n)(25® + 1 —n)(2jM +2j@ + 2 —n)
(27D 425 4+ 2 — 2n)2(25 (D + 253 +1 —2n) (25D + 23 + 3 — 2n)
p(2i™ +1— )(27 °)+1 p)(2i% + 2§ +2 —p)
(2J<0>+2J<4> +2—2p)2(25© + 254 +1 —2p)(25© +25(4) + 3 — 2p)

D _
Spn,p -

NI

X(N=n—p+2j® + (N -n—p+2j® +3)(N-n—p+1)(N—-n—p+2)
xsgn ((n—p—2j1 — 2o+ N +2j3)(p—n+2j1 +2jo — N +1)), (B.3)

4 _ [n(2j(1) +1-n)(27® +1-n)(25D +2/@ 12 —n)(n —p — 2D — 253 4 2;6) + N)
P (27 4+ 25@ 42 — 2n)2(25 (D) + 253 +1 —2n) (25D + 22 + 3 — 2n)
p(25W +1-p)(2j© +1—p)(25W + 2@ +2—p)(p— n — 2§ — 2j(¥ 4 2;6) 4 N)
(250 £ 25@ +2 = 2p)2(25) + 2 + 1 — 2p)(25© + 24 + 3 — 2p)

1
X (p—n—N+2iD +2i@ 4 1)(n—p— N +2© 4 2j& 4 1)] 2
xsgn(n+p— N —2j3 —2), (B.4)

o = =3 =50 D=3 — ) — UG 1) +5OG + 1)
“r 2(p —jW = O = 1(p — 5 - 5)
02/ +1-n)(2j® +1-n)(2jW + 2P +2 - n)(N —n—-p+2/® +2)(N —n—p+1)
(27 +25@ + 2 — 2n)2(2jD) 4 2j@) 4+ 1 — 2n)(2jD) 4 22 + 3 — 2n)

=

x (p—n—N+20+2j® +1)(n-p- N+2jO + 21‘(4’)] , (B.5)

v _ (=g —j® -1 - i) +OG0 +1) - PGP + 1)
oy 2(n — j0 = j@ = )(n — jO — j®)
x [p<2j<4> +1-p)2" +1-p)(2W +2/O+2-p)(N—n—p+2j® +2)(N —n—p+1)
(25O + 254 42 — 2p)2(25(© 4 254 +1 — 2p) (25 + 254 4 3 — 2p)

1
x (p—n—N+2j0 +2i)(n—p—N+2§® 4254 + 1)] ? (B.6)
where sgn is the sign function. One defines also
%p son,p Unp s (B.7)
Son,p - Spn,p — Pnp - (B8)
Let us recall that
o0 GOGED +1) = PG 4+ 1)) — ;OGO +1)

P = T R = @ = (- W — ) ()
N FOGO 1) +503063 +1) 4+ 50060 1) — (n— 5B — 5@ —1)(n — ;B — ;) + 90
2
_ GOGY+1) =G + D) — VG + 1) (B.10)

2(p _J(O)_J(4)_1)( GO — 5(4)
UG +1) + OGO +1) +7OGO +1) — (= jO — O — 1)(p — jO — j©) + 4

* 2
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We define

oo _ GDGD 1) = 5DGD + 1)l — OGO +1)

P = T = 0 — @~ 1)(n— 0 — @) (B
WGP D +PGP + 1) +7OG0 1) - (0 =Y -5 - D) - 5D - 5®) + o)
2 )
o _ GOG0+1) - 506N + D)W, VG + 1) (B.12)
P 2(p — 7O — 5@ —1)(p — 5O — j4)) ’
G D+ )+ OGO+ 1) - (05O =Y =1 — 50 =) + )
2 b
Pnp = P — Pop — Yo + 3PP +1) + OGP + 1) + 5O G + 1) (B.13)

C Racah polynomials

The Racah polynomials are defined through the following hypergeometric functions [32], for a given
positive integer N and 0 < n,m < N,

(s, B —N — 1,8) = 4 F [—n,n +aa++1’ﬁﬁ++1(;:—ni, 711./\;./\/'%- 5‘1] ’ (1)
which corresponds to the case v = —N — 1 in [32]. They satisfy the recurrence relation
A(m) rn(m) = An rap1(m) = (An + Cp) ra(m) + Cp rna(m) (C.2)
with A(m) = m(m — N 4 0), and the difference equation
nn+a+ B+ 1)r,(m) = By rn(m + 1) — (Bp + Di) rn(m) + Dy, 7 (m — 1), (C.3)

where 7,(m) stands for r,(m;«, 8, —N —1,§) and

4 (nta+l)n+B+0+1)n—-N)n+a+p+1) (C.4)
" 2n+a+B+1)2n+a+3+2) ’ '

_nnt+a+B+N+1)(n+a—06)(n+p5)
Cn = Cn+a+pB)(2n+a+B+1) ’ (G:5)

_(mta+)(m+B+5+1)(m=N)(m—-N+9)
Bm = 2m —N+6)2m —N+6+1) ’ (©6)
p, _Mm=N—1-a+8)(m-—N-1-F)(m+3) (C.7)

2m—-N —1+6)2m —N +9)

The parameters o, 8 and § are chosen in such a way that the previous coefficients satisfy 4,Cj, 11 > 0
and By, D1 > 0, for any 0 < n,m < N.

Using the invariance of the hypergeometric function w.r.t. the permutations of its parameters, one
can show that

ro(z;o, B8, -N —1,6) = rp(z; 8+, —0,-N —1,0) (C.8)
= ry(n;a,d —a—N—-1,-N—-1La+B8+N+1). (C.9)

The last equality provides the proof of the duality between x and n. There is also the Whipple relation
[45] for the 4F3 hypergeometric function, which reads as follows

(a=0+1Dp(B+1),
B4+ 1)pla+1),

ro(z; o, B, =N —1,0) = raN —z; 8,0, =N — 1,-0), (C.10)
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where (y), = y(y+1)...(y+n—1) is the Pochhammer symbol (by convention (y)o = 1). This previous
equality is the symmetry of the function 7, w.r.t. the transformation of the variable z — N — z.
The functions r satisfies also the following property

X(m) 1 (m) = By, Frp1(m) + Fy F(m) + Gy, o1 (m) (C.11)
where 7,(m) = rp(m;«, B, —N — 2,5 + 1) and

~ (m+14+0)N -m+1)(B+6+1)

A(m) = Nl , (C.12)
n+2+8+4 n—1+a—19
E,=—"""" "4, Gn = C, , C.13
n—N n+a+p+N+1 ( )
F,=—-E,—Gp+(6+1)(B+6+1). (C.14)

Relation (CII)) is proven for small n by direct computation. Assuming that it holds up to a given n,
we transform the Lh.s. of (C.II)) for n + 1 as follows

~ A(m)

M) raa(m) = S (Am) 4+ An + Ca) ram) = G s (m) (C.15)
— Ain <(>\(m) + Ap + C) (B, Trg1(m) + Fy To(m) + Gy Too1(m))  (C.16)

_Cn(En—l 7f:n(rn) + Fn—l Fn—l(m) + Gn—l 7f:n—Z(Tn))) .

We have used the recurrence relation (C.2)), then the recursion hypothesis. The terms A(m)7;(m)
(j = n+1,n,n — 1) are replaced thanks to the recurrence relation (C.2]) and, using the explicit
expressions of A, C,, E, and F,,, this expression reproduces the r.h.s. of (CII]) for n+ 1. It proves

(C.11)) for any n.

In the same way, introducing 7/, (m) = r,(m;a, 8,—N,§ — 1), one has the property

N(m) rp(m) = E, 7l (m) + F, 7h(m) + Gl 7l _1(m), (C.17)
where
<y Nm+B+6WN —m+p)
Am) = B+ ’ (C.18)
- BN ntod NG

The functions r satisfies also the following properties

p(n) ro(m) = Hy, T(m 4+ 1) + Iy, To(m) + Jp, 7r(m — 1), (C.20)
where
_ . (n+24a+B+N)N —n+1)(B+5+1)
fi(n) = Nl , (C.21)
 mA424848  m-N-B-1
Im=—Hp —Jn+ (a+B+2+N)(B+35+1), (C.23)
and
p'(n) ro(m)=H, 7 (m+1)+ 1, 7,(m)+J, 7. (m—1), (C.24)
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where

_N(n+5+5)(n+a—5+1)

i'(n) o ) (C.25)
,  N-m-1 , d+m—1
Hm_—m+ﬁ+5+1Bm’ gy, = N m+ﬁ+1Dm’ (C.26)
I,=-H,—J,+(a-86+1)N. (C.27)
Let us define
(@—6+Dn(B+ 1y o e
Pn = ; O ,_N—l,é, 028
e \/(oc—i-ﬁ-i-Q) (=0n 5 VAT z+11;[ VBjDj1 Palm; 0 : (C28)

where P, (m) stands for P,(m;«, 3, —N — 1,§). Let us emphasize that we do not simplify the nor-
malization coefficients in (C.28)) since we do not fix the sign of A; or B;. These polynomials satisfy
the recurrence relation

m(m — N +6) P = VA, Cpi1 Pryp1(m) — (An + Cp) Po(m) +/An_1Cp Pn_1(m), (C.29)
and the difference equation
n(n+a+B+1) Pu(m) = \/BmDmtt Pa(m+1) = (B +Du) Po(m)++/Bm—1Dm Pn(m—1). (C.30)
The orthogonality relation reads
N
> Pul(m) Pur(m) = - (C.31)
m=0
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