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REPRESENTATIONS OF THREAD QUIVERS

CARL FREDRIK BERG AND ADAM-CHRISTIAAN VAN ROOSMALEN

Abstract. We introduce thread quivers as an (infinite) generalization of quivers, and show
that every k-linear (k algebraically closed) hereditary category with Serre duality and enough
projectives is equivalent to the category of finitely presented representations of a thread quiver.
In this way, we obtain an explicit construction of a new class of hereditary categories with Serre
duality.
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1. Introduction

We will assume all categories are k-linear for an algebraically closed field k. In representation
theory, one often considers the category of finite-dimensional k-representations of a finite acyclic
quiver. The category of representations is then an Ext-finite hereditary category with Serre duality
and enough projectives.

One possible generalization is to replace the ‘finite quiver’ with a ‘strongly locally finite quiver’,
i.e. a quiver such that all the indecomposable projective and injective representations have finite
k-dimension. Again, the category of finite-dimensional k-representations of a strongly locally finite
quiver is an Ext-finite hereditary category with Serre duality and enough projectives.

In this paper, we provide a further generalization by replacing the strongly locally finite quiver
with a strongly locally finite thread quiver. Roughly speaking, a strongly locally finite thread
quiver can be thought of as a strongly locally finite quiver where some arrows have been replaced
with locally discrete linearly ordered sets (thus combining quivers with the posets considered in
[23]). We will give a more precise definition of a thread quiver further in this introduction.

The following theorem is our main result (it will be proven in Section 8).

Theorem 1. (1) The category of finitely presented representations of a strongly locally finite
thread quiver is a hereditary Ext-finite category with Serre duality and enough projectives.

(2) A hereditary Ext-finite category with Serre duality and enough projectives is equivalent to
the category of finitely presented representations of a strongly locally finite thread quiver.

Our interest in thread quivers comes from a project to understand and classify hereditary
category satisfying some additional homological properties. Highlights of this project include
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Happel’s classification of hereditary categories having a tilting object ([14]) and Reiten-Van den
Bergh’s classification of noetherian hereditary categories with Serre duality ([20]).

In the latter, a new type of hereditary category with Serre duality was encountered, which
is generated by preprojectives but does not have enough projectives; these categories were con-
structed by formally inverting a right Serre functor of a related category (we refer to [20] for
details). In [24], Ringel gave an alternative construction using ray quivers. In [6], it was shown
that every noetherian category generated by preprojective objects is derived equivalent to the
category of finite-dimensional representations of a strongly locally finite quiver.

When considering hereditary categories which have Serre duality, but which are not necessarily
noetherian, Reiten suggests in [21] to consider categories generated by preprojective objects as
a possible first step. Generalizing the techniques from [6], we have shown in [7] that every such
category is derived equivalent to a hereditary category with Serre duality and enough projectives.
Theorem 1 classifies these categories by thread quivers, completing the project proposed in [21]
up to derived equivalence.

Thread quivers will be used to classify a certain kind of additive categories, and the modules
over those categories will be the representations of the thread quiver. To make this more precise,
we recall some definitions.

A finite k-variety is a Hom-finite additive category a where idempotents split. The functors
a(−, A) and a(A,−)∗ from a to mod k will be called standard projective modules and standard
injective modules, respectively. We will write mod a for the category of contravariant functors
a→ mod k which are finitely presentable by standard projectives.

We will say that a finite k-variety a is dualizing if and only if (Proposition 4.1) a has pseu-
dokernels and pseudocokernels (thus mod a and mod a◦ are abelian, where a◦ is the dual category
of a), every standard projective object is cofinitely generated by standard injectives, and every
standard injective object is finitely generated by standard projectives.

The following theorem will be proven in Section 4.

Theorem 2. Let a be a finite k-variety. The following are equivalent:

(1) mod a is abelian and has Serre duality,
(2) a is a dualizing k-variety and every object of mod a has finite projective and finite injective

dimension.

A finite k-variety a is called semi-hereditary if and only if the category mod a is abelian and
hereditary. It has been shown ([3, 26], see Proposition 3.1) that a is semi-hereditary if and only if
every full (preadditive) subcategory with finitely many elements is semi-hereditary.

Intuitively, a semi-hereditary dualizing k-variety can be seen as the free k-linear path category
kQ of a strongly locally finite quiver k without relations, but where some arrows are replaced with
infinite locally discrete (= without accumulation points) linearly ordered posets. To accommodate
this extra information, we will introduce thread quivers.

A thread quiver consists of the following information:

• A quiver Q = (Q0, Q1) where Q0 is the set of vertices and Q1 is the set of arrows.
• A decomposition Q1 = Qs

∐

Qt. Arrows in Qs will be called standard arrows, while arrows
in Qt will be referred to as thread arrows.
• For every thread arrow t, there is an associated linearly ordered set Pt, possibly empty.

With every thread arrow t : x
Pt //y in Q we associate a locally discrete (= there are no

accumulation points) linearly ordered poset Lt with a minimal and a maximal element: namely

Lt = N · (Pt

→
× Z) · −N, where A ·B means “first A, then B” and Pt

→
× Z is the poset Pt ×Z with

the lexicographical ordering (see Figure 1).
The poset Lt is interpreted as a category in the usual sense, and kLt will denote the associated

k-linear additive category.
To recuperate the semi-hereditary dualizing k-variety from the thread quiver Q, we need to

replace the thread arrows with the corresponding linearly ordered posets. Since it is cumbersome
–albeit possible– to do this “by hand”, we will prefer a more global approach: a 2-pushout.
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N · Pt

→
× Z · −N

0→ 1→ 2→ · · · · · · · · · → (p,−1)→ (p, 0)→ (p, 1)→ · · · · · · · · · → −2→ −1→ −0

Figure 1. The poset Lt

For a thread quiver Q, denote by Qu the underlying “regular” quiver, thus where all the thread
arrows are regular (and unlabeled) arrows. By kQu we will denote the normal k-linear additive
path category of Qu.

For every thread arrow t : xt
Pt //yt of Q, there are associated functors k(xt → yt) → kQu

and k(xt → yt) −→ kLt where Lt = N · (Pt

→
× Z) · −N as above. The semi-hereditary dualizing

k-variety kQ is then defined as a 2-pushout of

⊕

t∈Qt
k(· → ·)

f //

g

��

kQu

⊕

t∈Qt
kLt

effectively replacing the thread arrows in Q with the required linearly ordered posets. It will be
shown in Theorem 7.21 that every semi-hereditary dualizing k-variety is obtained in this way.

An added advantage of the construction of kQ as a 2-pushout is that we gain the following
description of the category repk Q = mod kQ: the objects of the category repQ are given by the
following data

(1) a finitely presented representation N(−) : kQu → mod k of kQu,
(2) for every thread t, a finitely presented representation Lt(−) : Lt → mod k, and
(3) a natural equivalence α : ⊕tLt(g−)⇒ N(f−).

The morphisms are given by the modifications, thus given the data (N, {Lt}t, α) and (N ′, {L′
t}t, α

′)
of two representations, a morphism is given by

(1) a natural transformation β : N ⇒ N ′,
(2) a natural transformation γ : ⊕tLt ⇒ ⊕tL

′
t

such that the following diagram commutes:

⊕tLt(g−)
α //

γ•1g

��

N(f−)

β•1f

��
⊕tL

′
t(g−)

α′

// N ′(f−)
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2. Preliminaries

2.1. Notations and conventions. Throughout, let k be an algebraically closed field. All consid-
ered categories will be assumed to be k-linear unless explicitly mentioned. When V is a k-vector
space, then V ∗ denotes the dual vector space, thus V ∗ = Homk(V, k).
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When P1,≤1 and P2,≤2 are posets, we will denote by P1 · P2,≤ the poset with underlying set
P1

∐

P2 and with a partial ordering ≤ given by

a ≤ b⇔







a, b ∈ P1 and a ≤1 b
a, b ∈ P2 and a ≤2 b
a ∈ P1 and b ∈ P2

If P1,≤1 and P2,≤2 are posets, then we will write P1

→
× P2,≤ for the partially ordered set with

underlying set P1 × P2 endowed with the lexicographical ordering.
When writing a poset we will usually suppress the partial ordering, thus writing P instead of

P ,≤. We will always interpret a poset as a small category in the usual way, thus P(a, b) consists
of a single element if and only if a ≤ b. Note that the category P is thus not k-linear. We will
write kP for the k-linear additive category generated by P (see also Section 2.4), thus the objects
of kP are finite direct sums of objects in P and kP(a, b) ∼= k when a, b ∈ P and a ≤ b.

Let C be a Krull–Schmidt category. By ind C we will denote a set of chosen representatives of
isomorphism classes of indecomposable objects of C. If C′ is a Krull–Schmidt subcategory of C,
then we will assume ind C′ ⊆ ind C.

For X,Y ∈ ind C, we will denote [X,Y ] for the full replete (= closed under isomorphisms)
additive subcategory of C such that for all Z ∈ ind C, we have Z ∈ ind[X,Y ] ⇔ C(X,Z) 6= 0 and
C(Z, Y ) 6= 0. The subcategories [X,Y [, ]X,Y ] and ]X,Y [ are defined in a straightforward manner.

2.2. Serre duality. Let C be a Hom-finite triangulated k-linear category. A Serre functor [8] on C
is an additive auto-equivalence S : C → C such that for every X,Y ∈ ObC there are isomorphisms

Hom(X,Y ) ∼= Hom(Y, SX)∗

natural in X and Y , and where (−)∗ is the vector-space dual.
We will say that C has Serre duality if C admits a Serre functor. An abelian category A is said

to satisfy Serre duality if the bounded derived category DbA has Serre duality.

2.3. Quivers and free categories. A quiver Q is a pair (Q0, Q1) consisting of a small set Q0 of
vertices and a small set Q1 of arrows between the vertices such that between two elements of Q0,
the set of arrows is a small set. Note that we allow multiple arrows and loops. A map f : Q→ Q′

between quivers consists of a map f0 : Q0 → Q′
0 of objects and a map f1 : Q1 → Q′

1 of arrows
such that f1(A→ B) is an arrow from f0(A) to f0(B).

We will say a quiver is finite if both Q0 and Q1 are finite. A quiver Q is locally finite if every
vertex is incident to only a finite number of arrows and Q is said to be strongly locally finite if it
is locally finite and has no infinite paths of the form • → • → · · · or · · · → • → •. In particular,
a strongly locally finite quiver has no oriented cycles (and hence no loops).

Equivalently, a quiver is strongly locally finite if and only if all indecomposable projective and
injective representations have finite length.

A commutativity condition on a quiver is a pair of oriented paths, both starting in the same
vertex and ending in the same vertex. We write CondQuiver for the category whose objects
are given by quivers with a set of commutativity conditions and whose morphisms are given by
morphisms of quivers Q → Q′ mapping a commutativity condition of Q to a commutativity
condition of Q′. Note that the category of quivers is a full subcategory of CondQuiver.

Let Cat be the 1-category of small categories and functors. There is an obvious (faithful)
forgetful functor Cat → CondQuiver admitting a left adjoint Free : CondQuiver → Cat (see [9,
Proposition 5.1.6]). For a quiver Q, the category FreeQ is called the free category or the path
category of Q. Note that the free category of a quiver is not k-linear.

2.4. 2-categories and 2-colimits. We will give a brief overview of the notation and terminology
of 2-categories we will use. Our main references are [9, 28]. Let Cat be the 1-category of all small
categories, thus the objects are given by small categories and the morphisms by functors.

A (strict) 2-category, also called a Cat-category (see [10, 16]), is a category enriched over Cat.
Our main example will be k-Var, the 2-category of all small k-linear additive categories with split
idempotents:
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X

F

##
✤✤ ✤✤
�� α

;;

H

✤✤ ✤✤
�� β
G //Y X

F1

))

F2

55
✤✤ ✤✤
�� α Y

G1

))

G2

55
✤✤ ✤✤
�� β Z

Figure 2. The left diagram illustrates the vertical composition β ◦ α : F ⇒ H
and the right diagram illustrates the horizontal composition β • α : G1 ◦ F1 ⇒
G2 ◦ F2.

• the 0-cells are given by small k-linear additive categories with split idempotents,
• the 1-cells are the k-linear functors,
• the 2-cells are natural transformations.

Definition 2.1. A small k-linear additive category with split idempotents will also be called a
k-variety (following [1, 2]). We refer to Section 4 for more information.

Composition of 1-cells is denoted by ◦. Following [18, 28] we will write ◦ for vertical composition
of 2-cells and • for horizontal composition, as illustrated in Figure 2. We have the following
equation

(1) (γ • δ) ◦ (α • β) = (γ ◦ α) • (δ ◦ β)

We proceed to define a 2-colimit over a 2-functor.

Definition 2.2. Let I be a small 1-category. A 2-functor (with strict identity) a : I → k-Var is
given by the following data:

(1) a 0-cell a(i) of k-Var for every i ∈ Ob I,
(2) a 1-cell a(s) : a(i)→ a(j) of k-Var for every morphism s : i→ j in I and a(1i) = 1a(i) for

all i ∈ Ob I, and
(3) a natural equivalence Φ(s, t) : a(t◦s)

∼
→ a(t)◦a(s) for all composable morphisms s, t ∈ Ob I,

satisfying the following condition: for three composable morphisms u, t, s ∈ MorI, we have the
following commutative diagram

a(u ◦ t ◦ s)
Φ(t◦s,u) //

Φ(s,u◦t)

��

a(u)a(t ◦ s)

1a(u)•Φ(s,t)

��
a(u ◦ t)a(s)

Φ(t,u)•1a(s) // a(u)a(t)a(s)

Example 2.3. For every object C of k-Var, there is a 2-functor C : I → k-Var sending every
object of I to C and sending every morphism of C to the identity on C.

Definition 2.4. Let a, b : I → k-Var be two 2-functors. A 2-natural transformation f : a → b
consists of the following data:

(1) a 1-cell fi : a(i)→ b(i) of k-Var for every i ∈ Ob I, and
(2) a natural equivalence θfs : b(s) ◦ fi → fj ◦ a(s) for every morphism s : i→ j in I.
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such that for any two composable morphisms s : i → j, t : j → k in I, we have the following
commutative diagram

b(t ◦ s) ◦ fi
Φb(s,t)•1fi //

θ
f
t◦s

��

b(t) ◦ b(s) ◦ fi

1b(t)•θ
f
s

��
b(t) ◦ fi ◦ a(s)

θ
f
t•1a(s)

��
fk ◦ a(t ◦ s)

fk•Φ
a(s,t) // fk ◦ a(t) ◦ a(s)

Definition 2.5. Let a, b : I → k-Var be 2-functors and f, g : a→ b be 2-natural transformations.
A modification Λ : f → g consists of a 2-cell Λi : fi → gi for all objects i ∈ I such that for all
s : i→ j in I the following diagram commutes

b(s) ◦ fi
θf
s //

1b(s)•Λi

��

fj ◦ a(s)

Λj•1a(s)

��
b(s) ◦ gi

θg
s // gj ◦ a(s)

Definition 2.6. The 2-functors, 2-natural transformations, and modifications form a (strict) 2-
category called 2F(I, k-Var).

We can now give the definition of a 2-colimit.

Definition 2.7. Let a : I → k-Var be a 2-functor. We say a admits a 2-colimit if and only if
there exist

(1) a k-linear additive category with split idempotents 2 colim a, and
(2) a 2-natural transformation σ : a→ 2 colim a,

such that for every category C the functor

(− ◦ σ) : Homk-Var(2 colim a, C)→ Hom2F (a, C)

is an equivalence of categories.

Remark 2.8. The fact that (− ◦ σ) is fully faithful can be restated as follows: Let f, g : a → C be
2-natural transformations and let Λ : f → g be a modification. Let f, g : 2 colim a → C be two
functors corresponding to f and g, respectively. Then there is a unique natural transformation
α : f → g such that the following diagram commutes:

fi
Λi //

��

gi

��
f ◦ σi

α•1σi

// g ◦ σi

Remark 2.9. Although the universal property of a 2-colimit is stated for covariant functors, it also
holds for contravariant functors.

We have the following result ([28, Theorem A.3.4]).

Theorem 2.10. Denote by CAT the 2-category of all small categories. Let I be a small 1-category,
and a : I → CAT a 2-functor. Then a admits a 2-colimit.

One may construct this 2-colimit as follows ([28]). We start by constructing a category
∫

I
a.

We set

Ob

∫

I

a = {(i,X) | i ∈ Ob I, X ∈ Ob a(i)} =
∐

i∈I

Ob a(i).
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and

Hom((i,X), (j, Y )) = {(s, f) | s ∈ I(i, j), f ∈ Homa(j)(a(s)(X), Y )}.

The composition is defined as (t, g) ◦ (s, f) = (t ◦ s, g ◦ a(t)(f)). Note that for every i ∈ Ob I there
is a natural functor a(i)→

∫

I
a.

We consider the set S of morphisms of
∫

I
a given by

S = {(s, f) : (i,X)→ (j, Y ) | f : a(s)(X)→ Y is an isomorphism}.

It is then shown that
(∫

I
a
)

[S−1] together with the canonical functors a(i)→
(∫

I
a
)

[S−1] is a
2-colimit of a.

We will be interested in 2-colimits in the 2-category k-Var of k-varieties. In general, 2-colimits
taken in CAT of k-varieties need not be k-varieties. In this paper, we will follow the outline below.

Let kCAT be the 2-category of all small k-linear categories. The forgetful 2-functor U : kCAT→
CAT (called a morphism of bicategories in [5, 25]) has a left adjoint CAT→ kCAT which associates
to every Hom-set a vector space generated by that Hom-set (see [10, Proposition 6.4.7] or [16,
Section 2.5]).

Likewise, the embedding 2-functor k-Var → kCAT from the 2-category of small k-linear cat-
egories to the 2-category of k-varieties also has a left adjoint kCAT → k-Var as given in [1,
Proposition 2.3 and Corollary 2.4].

Combining these two statements shows that the forgetful 2-functor F : k-Var → CAT has a
left adjoint k : CAT → k-Var. Thus for each small category C and each k-variety D, there is an
equivalence HomCAT(C, FD) ∼= Homk-Var(kC,D) natural in both components.

In particular, the functor k : CAT → k-Var commutes with 2-colimits (see [25]). Thus if
a : I → CAT is a 2-functor (as defined in Definition 2.2), then k(2 colim a) ∼= 2 colim(k ◦ a), where
the first 2-colimit is taken in CAT and the second 2-colimit is taken in k-Var. All 2-colimits we
will consider in this article will be of this form.

Example 2.11. Consider the quivers

A2 : x // y

A4 : a // b // c // d

1
((PP

PPP
P 5

Q : 3 // 4

77♥♥♥♥♥♥

''PP
PPP

P

2

66♥♥♥♥♥♥
6

and consider the fully faithful functors given by

FreeA2 → FreeA4

x 7→ a

y 7→ d

FreeA2 → FreeQ

x 7→ 3

y 7→ 4.

The 2-colimit in CAT of the 2-functor a : I → CAT whose image is given by

A2
//

��

Q

A4
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can be described as follows. The category
∫

I
a is the free category generated by the quiver

a // b // c // d

x

OO

��

// y

��

OO

1
((PP

PPP
P 5

3 // 4

66♥♥♥♥♥♥

((PP
PPP

P

2

66♥♥♥♥♥♥
6

with the extra conditions that the two rectangles commute. The category (
∫

I
a)[S−1] is given by

formally inverting the vertical arrows. In this way, one obtains a category equivalent to the free
category of the quiver Q′ given by

·
((◗◗

◗◗◗
◗ ·

· // · // · // ·

66♠♠♠♠♠♠

((◗◗
◗◗◗

◗

·

66♠♠♠♠♠♠ ·

When replacing the free categories associated to A2, A4, and Q by the categories kA2, kA4, and
kQ, the 2-colimit taken in k-Var is the category kQ′.

3. Preadditive semi-hereditary categories

Let a be a small preadditive category. A right a-module is a contravariant functor from a to
Mod k, the category of all vector spaces. The category of all right a-modules is denoted by Mod a.

If f : a→ b is a functor between small preadditive categories then there is an obvious restriction
functor

(−)a : Mod(b)→ Mod(a)

which sends N to N ◦ f . This restriction functor has a left adjoint

−⊗a b : Mod(a)→ Mod(b)

which is the right exact functor which sends the projective generators a(−, A) in Mod(a) to
b(−, f(A)) in Mod(b). As usual if f is fully faithful we have (N ⊗a b)a = N .

Let M be in Mod(a). We will say that M is finitely generated if M is a quotient object of a
finitely generated projective. We say that M is finitely presented if M has a presentation

P → Q→M → 0

where P,Q are finitely generated projectives. It is easy to see that these notions coincides with the
ordinary categorical ones. The full subcategory Mod a spanned by the finitely presented modules
will be denoted by mod a. If mod a is an abelian category, we will say that a is coherent.

Dually we will say that M is cofinitely generated if it is contained in a cofinitely generated
injective. Cofinitely presented is defined in a similar way.

The categorical interpretation of the latter notions is somewhat less clear. However if a is Hom-
finite then both finitely and cofinitely presented representations correspond to each other under
duality (exchanging a and a◦).

It is well known that a is coherent if and only if it has pseudokernels, i.e. if for every morphism
A→ B in a there is a morphism K → A such that

a(−,K)→ a(−, A)→ a(−, B)

is exact. Pseudocokernels are defined in a dual way.
With every object A of a, we may associate a standard projective a(−, A) and a standard

injective a(A,−)∗. It is clear that every finitely generated projective is a direct summand of a
finite direct sum of standard projectives. If a has finite direct sums and idempotents split in a,
then every finitely generated projective is isomorphic to a standard projective. Dual notions hold
for injective objects.
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A morphism A→ B in a is a radical morphism if there are no maps X → A and B → X such
that the composition

X → A→ B → X

is an isomorphism, where X is not zero. The set of all radical morphisms in a(A,B) is denoted
by rad(A,B); it is a subspace of a(A,B). With an indecomposable object A ∈ ind a, we may
associate in a straightforward way the standard simple object SA as a(−, A)/ rad(−, A).

We say that a small preadditive category a is semi-hereditary if the finitely presented objects
mod(a) in Mod(a) form an abelian and hereditary category. The following proposition ([26], see
also [3, Theorem 1.6]) makes it easy to recognize semi-hereditary categories in examples.

Proposition 3.1. Let a be a small preadditive category, then a is semi-hereditary if and only if
any full subcategory of a with a finite number of objects is semi-hereditary.

Lemma 3.2. Let b → c be a full embedding of preadditive categories. Then − ⊗b c : mod(b) →
mod(c) is fully faithful.

Proof. This may be checked on objects of the form b(−, B) where it is clear. �

Since (− ⊗b c, (−)b) is an adjoint pair, if follows from this lemma that (− ⊗b c)b is naturally
isomorphic to the identity functor on mod(b).

The following result is a slight generalization of [3, Proposition 2.2].

Proposition 3.3. Let b → c be a full embedding of semi-hereditary categories. Then the (fully
faithful) functor −⊗b c : mod(b)→ mod(c) is exact.

Proof. Let M ∈ mod(b) and consider a projective resolution 0→ P1
θ
−→ P0 → M → 0 in mod(b).

Then P1 is a direct summand of some ⊕n
i=1b(−, Bi). Put K = ker(θ ⊗b c). Then K is a direct

summand of P1 ⊗b c (since c is semi-hereditary) and Kb = 0 (since θ is injective).
Assume that K is non-zero. Since K is a direct summand of P1 ⊗b c we obtain a non-zero

map P1 ⊗b c → K and hence a non-zero map ⊕n
i=1c(−, Bi) → K and thus ultimately a non-zero

element of some K(Bi), contradicting the fact that Kb = 0.

Thus K = 0. If we denote the left satellites of − ⊗b c by Torbi (c,−) then we have just shown

that Torbi (c,−) = 0 for i > 0. Hence −⊗b c is exact. �

4. Dualizing k-varieties

We recall some definitions from [1, 2]. A Hom-finite additive k-linear category where idempo-
tents split is called a finite k-variety. Such a finite k-variety is always Krull–Schmidt.

Denote by Modlfd a the abelian category of locally finite-dimensional right a-modules, thus the
full subcategory of Mod a spanned by all contravariant functors from a to mod k. Note that an
additive k-linear category where idempotents split is a finite k-variety if and only if every standard
projective and standard injective lies in Modlfd a.

Let a be a finite k-variety. There is a duality D : Modlfd a → Modlfd a
◦ given by sending a

module M ∈ ObModlfd a to the dual D(M) where D(M)(x) = Homk(M(x), k) for all x ∈ a. If
this functor induces a duality D : mod a→ mod a◦ by restricting to the finitely presented objects,
then we will say that a is a dualizing k-variety.

The following proposition gives a different characterization of dualizing k-varieties (compare
with [2, Theorem 2.4]).

Proposition 4.1. Let a be a finite k-variety, then a is a dualizing k-variety if and only if

(1) a has pseudokernels and pseudocokernels, and
(2) every standard projective is cofinitely presented and every standard injective is finitely

presented.

Proof. Assume that a is a dualizing k-variety, so that there is a duality D : mod a → mod a◦.
Since mod a◦ ⊆ Modlfd a

◦ is closed under taking cokernels, we know that mod a ⊆ Modlfd a is
closed under taking kernels, and hence a has pseudokernels. Likewise, one shows that a◦ has
pseudokernels or, dually, that a has pseudocokernels.
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Let I be a standard injective in Modlfd a, so that DI is a standard projective in Modlfd a
◦. We

then know that DI ∈ Obmod a◦ and thus by duality I ∈ Obmod a so that I is finitely presented.
Let P be a standard projective in mod a. Since D induces a duality between mod a and mod a◦,

we know that DP is an object in mod a◦, hence finitely presented. Taking the vector space dual
of a projective resolution in mod a◦ yields an injective resolution in mod a. We obtain that P is
cofinitely presented.

For the other direction, let X ∈ mod a◦. Since X is finitely presented, the dual DX ∈Modlfd a
is cofinitely presented, thus there is an exact sequence

0→ DX → I
f
→ J

in Modlfd a. By assumption a has pseudokernels such that mod a is an exact subcategory of
Modlfd a. It now follows that DX ∈ mod a so that the functor D : Modlfd a

◦ → Modlfd a restricts
to a functor D : mod a◦ → mod a.

Similarly, one shows that there is a functor D : mod a → mod a◦ and since D2 ∼= 1, these are
equivalences. This shows that a is a dualizing k-variety. �

Remark 4.2. It follows from Proposition 4.1 that every object in the abelian category mod a has
a projective resolution and an injective resolution. These resolutions need not to be finite.

Remark 4.3. If a is a dualizing k-variety, then both mod a and mod a◦ are abelian.

Example 4.4. Let P be the poset given by P = {a, b, c} with a ≤ c and b ≤ c, and let Q be the
poset N · P , thus we may think of Q as

a

��❄
❄❄

❄❄
❄❄

❄

0 // 1 // 2 //

@@✁✁✁✁✁✁✁✁

��❀
❀❀

❀❀
❀❀

❀ c

b

@@✁✁✁✁✁✁✁✁

Denote a = kQ. All the standard projective representations of a are cofinitely presented and all
the standard injective representations are finitely presented, but a does not have pseudokernels.
Indeed, the kernel of the obvious map a(−, a⊕ b)→ a(−, c) is not finitely generated. We conclude
that a is not a dualizing k-variety.

Observation 4.5. (1) If Q is a strongly locally finite quiver (i.e. all the indecomposable
projective and injective representations have finite dimension as k-vector space) then the
k-linear additive path category kQ of Q is a semi-hereditary dualizing k-variety.

(2) Let a be a dualizing k-variety, then mod a is also a dualizing k-variety ([2, Proposition
2.6]).

(3) Let a be a triangulated finite k-variety with Serre duality, then a is a dualizing k-variety.
The pseudokernels and pseudocokernels are given by the cones, and Serre duality shows
that the subcategory of standard injectives and the subcategory of standard projectives
coincide. (Moreover, a triangulated finite k-variety is a dualizing k-variety if and only if
it satisfies Serre duality [15, Proposition 2.11])

(4) It follows from [4] that any functorially finite full subcategory b of a dualizing k-variety a
is again dualizing. This is the case when, for example, the full embedding b → a admits
a left and a right adjoint (cf. Proposition 5.1).

Example 4.6. Let A2 be the quiver · → ·, then the categories kA2, mod kA2, and Db mod kA2

are dualizing k-varieties.

Example 4.7. The category cohP1 is not a dualizing k-variety since the standard projective
module Hom(−,OP1) ∈ mod(cohP1) is not cofinitely generated. However, Db cohP1 has Serre
duality and is thus a dualizing k-variety.
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When a is a dualizing k-variety, then mod a does not necessarily satisfy Serre duality (see
Example 4.13). The following theorem gives necessary and sufficient conditions (compare with
[11, Theorem 3.5]).

Theorem 2. Let a be a finite k-variety. The following are equivalent:

(1) mod a is abelian and has Serre duality,
(2) a is a dualizing k-variety and every object of mod a has finite projective and finite injective

dimension.

Proof. We denote by P and I the full additive subcategories of Mod a generated by the standard
projectives and standard injectives, respectively.

First, assume that a is a dualizing k-variety and that every object of mod a has finite projective
and finite injective dimension. In this case, the canonical embeddings KbP → Db Modlfd a and
KbI → Db Modlfd a induce equivalences of KbP and KbI with Db mod a. Let N : KbP → KbI be
the equivalence induced by the Nakayama functor P → I given by sending a(−, A) to a(A,−)∗.
We define an autoequivalence S : Db mod a→ Db mod a by

S : Db mod a ∼= KbP
N
→ KbI ∼= Db mod a.

Every X,Y ∈ Db mod a correspond to bounded complexes of projectives in KbP and in order to
show S is a Serre functor we may reduce to the case where X ∼= a(−, A) and Y ∼= a(−, B). The
required isomorphism

Hom(a(−, A), a(−, B)) ∼= Hom(a(−, B), a(A,−)∗)∗

follows from the Yoneda lemma.
For the other direction, we assume that mod a is abelian and has Serre duality. For A,B ∈

Obmod a, we have Extimod a(A,B) ∼= HomDb moda(A,B[i]) ∼= HomDb moda(B[i], SA)∗, where S is
a Serre functor on Db mod a, such that Exti(A,−) can only be nonzero for finitely many i’s. This
shows that every object has finite projective dimension. Likewise one shows every object has finite
injective dimension.

Since every object of mod a has a finite projective resolution, the natural embedding KbP →
Db mod a is an equivalence. There is an equivalence i : KbI → Db mod a given by the composition

KbI
N−1

−→ KbP ∼= Db mod a
S
−→ Db mod a.

We want to show that a(A,−)∗ ∈ Modlfd a is isomorphic to ia(A,−)∗ ∈ Db mod a. Consider the
isomorphisms

a(A,−)∗(B) = a(A,B)∗ ∼= HomDb mod a(a(−, A), a(−, B))∗

∼= HomDb mod a(N
−1a(A,−)∗, a(−, B))∗

∼= HomDb mod a(a(−, B), (S ◦N−1)a(A,−)∗)
∼= HomDb mod a(a(−, B), ia(A,−)∗)
∼= (ia(A,−)∗)(B)

where the first and the last isomorphisms are given by the Yoneda Lemma. Since the above
isomorphisms are natural in A and B, these isomorphisms give a natural equivalence between
a(A,−)∗ ∈ Modlfd a and ia(A,−)∗ ∈ Db mod a as required. Hence i : KbI → Db mod a ⊆
Db Modlfd a is naturally equivalent to the canonical embedding KbI → Db Modlfd a, implying that
every object of Db mod a has a finite resolution by standard injectives and that every standard
injective is finitely presented.

Since mod a is abelian, a has pseudokernels. Since every standard injective is finitely presented,
the full subcategory I ⊆ Modlfd a lies in mod a. Moreover, every M ∈ mod a is cofinitely presented
and hence mod(a◦) ∼= (mod a)◦. Hence mod(a◦) is abelian and a has pseudocokernels. Proposition
4.1 yields that a is a dualizing k-variety. �

Remark 4.8. The main ingredient in the above proof is to lift the Nakayama functor P → I to
obtain an equivalence N : KbP → KbI. This is a common way to construct a Serre functor and
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has been applied in [11, 13, 19, 20], for example. In particular, one may obtain Theorem 2 as a
consequence of [11, Theorem 3.5].

Corollary 4.9. Let a be a finite k-variety. The category mod a is abelian, hereditary, and has
Serre duality if and only if a is a semi-hereditary dualizing k-variety.

Proof. That mod a is abelian and hereditary if and only if a is semi-hereditary is the definition of
semi-heredity.

Assume that a semi-hereditary dualizing k-variety. In this case, mod a is hereditary and hence
the projective and injective dimensions of every object are bounded above by one. We may then
apply Theorem 2 to see that mod a has Serre duality.

For the other direction, assume that mod a is abelian, hereditary, and has Serre duality. In this
case, Theorem 2 yields that a is a dualizing k-variety. �

Remark 4.10. The following example shows that there are dualizing k-varieties a such that mod a
has infinite global dimension but mod a still has Serre duality.

Example 4.11. Let Q be an A∞ quiver with zig-zag orientation where every zig has one more
arrow than the preceding zag, labeled as in Figure 3. We define a relation on Q by requiring the
composition of any two arrows to be zero. The associated additive category b is a dualizing k-
variety by Proposition 4.1. Since every object of mod b has finite projective dimension, Theorem
2 yields that mod b has Serre duality. However, denoting by S(v) the simple representation
associated with the vertex v ∈ Q, we see that the projective dimension of S(aii) is i so that the
global dimension of mod b is infinite.

a10

##❍❍
❍❍❍

b10 = a20

xxqqq
qq

##❍❍
❍❍

❍
b20 = a30

{{✈✈✈
✈✈

##❍❍
❍❍

❍

a11 = b11 a21

##❍❍
❍❍❍

b21

{{✈✈✈
✈✈

a31

��❃
❃❃

a22 = b22 a32

##❍❍
❍❍❍

a33 = b33

Figure 3.

Remark 4.12. The category mod b is piecewise hereditary. Indeed, let a = kQ (thus disregarding
the conditions on the composition in Example 4.11) then one may define a fully faithful functor
by

i : a◦ → Db mod b

aij 7→ S(aij)[−j]

bij 7→ S(bij)[−j]

The essential image of i forms a partial tilting set ([26]) in Db mod b and hence lifts to a fully
faithful and exact functor i : Db mod a◦ → Db mod b. Since a◦ generatesDb mod b as a triangulated
category, i will be an equivalence of triangulated categories.

Example 4.13. Let Q be an A∞
∞ quiver with linear orientation where the vertices are labeled by

integers, as in

−2

!!❈
❈❈

❈❈
❈❈

❈ 0

��❂
❂❂

❂❂
❂❂

❂ 2

��❂
❂❂

❂❂
❂❂

❂

−3

==④④④④④④④④
−1

>>⑦⑦⑦⑦⑦⑦⑦⑦
1

@@✁✁✁✁✁✁✁✁
3
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Let b be the associated finite k-variety one obtains by requiring that the composition of any two
arrows is zero. Then b is a dualizing k-variety (it is equivalent to the category Db mod kA2 from
Example 4.6).

Since all indecomposables of mod b are either projective–injective or isomorphic to a standard
simple, it is easy to check that mod b has left and right almost split sequences, but Theorem 2
shows that Db mod b has no Serre functor since every standard simple module of b has infinite
projective dimension.

Remark 4.14. As in Remark 4.12, one shows that the category mod b from the previous example
is piecewise hereditary. Denote by a the k-linear path category kQ (without relations). There is
an equivalence F : Db mod a◦ → Db mod b induced by

i : a◦ → Db mod b

n 7→ S(n)[−n]

where S(n) is the standard simple associated with the indecomposable n ∈ Ob b. Note that mod a◦

has nonzero projectives but no nonzero injectives, hence it does not satisfy Serre duality (see [20,
Theorem A]).

Remark 4.15. Since the category of projectivesP and the category of injectives I in mod b coincide,
we may lift the Nakayama functor N : P → I to a Serre functor on the category of perfect
complexes (see for example [11, 19]).

The category of perfect complexes corresponds under the functor F : Db mod a◦ → Db mod b
to the subcategory Db modfd a

◦ of Db mod a◦, where modfd a
◦ is the category of finite dimensional

modules of a◦. It has been shown in [23] that modfd a
◦ does indeed satisfy Serre duality.

Let a be a finite k-variety and A an indecomposable object in a. A map f : A → M is called
left almost split if every nonsplit map A → B factors through f . Dually, a map g : N → A is
called right almost split if every nonsplit map B → A factors through g.

We will say a finite k-variety a is locally finite and locally discrete if every indecomposable
object A of a admits a left almost split map A→M and a right almost split map N → A.

Example 4.16. Let Q be a finite quiver. The path category kQ is locally discrete and locally
finite.

Example 4.17. Let P be the poset N · {+∞}. We may draw the Auslander–Reiten quiver of kP
as

0 // 1 // 2 // 3 +∞

It is clear that kP is not locally discrete since there is no right almost split map N → (+∞). Note
that +∞ is an accumulation point of P .

We now give an equivalent formulation of these properties.

Proposition 4.18. A finite k-variety is locally finite and locally discrete if and only if all standard
simples of a are finitely presented and cofinitely presented. Furthermore, every dualizing k-variety
is locally finite and locally discrete.

Proof. Assume that a is locally finite and locally discrete. For an indecomposable A ∈ ind a, let
N → A be a right almost split map which gives rise to a map in mod a

a(−, N) −→ a(−, A).

of which the cokernel is the standard simple SA. Dually, one shows all standard simples are
cofinitely presented.

Next, assume that all standard simples are finitely and cofinitely presented. We prove that
every indecomposable A ∈ ind a admits a left almost split map N → A, for a certain object
N ∈ Ob a. Consider a presentation of SA

Q −→ a(−, A) −→ SA −→ 0.

We may write the projective Q as a(−, N) and, since SA
∼= a(−, A)/ rada(−, A), the induced map

N → A is right almost split. Dually, one proves a A admits a left almost split map A→M .
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For the last part, let a be a dualizing k-variety and let A ∈ Ob a be an indecomposable object.
Denote by SA ∈ ObModlfd a the associated standard simple representation. We know there is an
epimorphism a(−, A) → SA in Modlfd a and, since DSA is a simple object in Modlfd a, there is
an epimorphism a(A,−)→ DSA in Modlfd a

◦. Applying D yields that SA is the image of a map
f : a(−, A)→ a(A,−)∗. Proposition 4.1 yields that ker f ∈ mod a.

There is now a short exact sequence 0 → ker f → a(−, A) → SA → 0 which shows SA ∈
Obmod a. �

Remark 4.19. It has already been shown in [2, Proposition 3.2] that all standard simple represen-
tations of a dualizing k-variety are finitely presented.

5. (Co)reflective subvarieties

Recall that a full replete (= closed under isomorphisms) subcategory of a category is called
reflective or coreflective if the embedding has a left or a right adjoint, respectively.

In this section we will consider such reflective and coreflective subcategories of finite k-varieties.
These subcategories occur often in the semi-hereditary case (Proposition 5.2) and the following
proposition show they preserve the properties we are interested in.

Proposition 5.1. Let a be a dualizing k-variety, b a finite k-variety, and i : b → a a full
embedding admitting a left adjoint iL and a right adjoint iR. Then b is also a dualizing k-variety.
Furthermore, if (the abelian category) mod a satisfies Serre duality, then so does mod b.

Proof. Let B1 → B2 be a map in b. Let K,C ∈ Ob a be a pseudokernel and pseudocokernel of
the map iB1 → iB2 in a, respectively. Then iRK is a pseudokernel and iLC is a pseudocokernel
of B1 → B2.

Let B ∈ Ob b and let a(−, A1) → a(−, A0) → a(iB,−)∗ → 0 be a projective resolution in
mod a, then b(−, iRA1) → b(−, iRA0) → b(B,−)∗ → 0 is a projective resolution in mod b. This
shows that every standard injective in mod b is finitely presented. Likewise, one shows that every
(standard) projective in b is cofinitely presented. Proposition 4.1 yields that b is a dualizing
k-variety.

Assume now furthermore that mod a satisfies Serre duality. By Theorem 2, it suffices to show
that every object of mod b has finite projective and finite injective dimension. Thus consider an
M ∈ mod b and assume a projective resolution of M ⊗b a is given by

0→ a(−, An)→ · · · → a(−, A1)→ a(−, A0)→M ⊗b a→ 0.

Restricting this to b and using that (− ⊗b a)b is equivalent to the identity functor on mod b, we
find

0→ b(−, iRAn)→ · · · → b(−, iRA1)→ b(−, iRA0)→M → 0

such that M has finite projective dimension. Analogously, one shows that every object in mod b
has a finite resolution by standard injectives. �

The following proposition gives some examples of reflective and/or coreflective subvarieties.

Proposition 5.2. Let a be a semi-hereditary finite k-variety.

(1) LetM be a set of objects of mod a such that
∑

M∈M dimM(A) <∞ for all A ∈ Ob a and

Ext1(M1,M2) = 0 for all M1,M2 ∈ M. Define a full subcategory a⊥M of a given by

B ∈ a⊥M ⇐⇒ ∀M ∈M : M(B) = 0.

The embedding i : a⊥M → a has a left and right adjoint.
(2) Let Y ∈ ind a, then the embedding supp a(−, Y )→ a has a left adjoint.
(3) Let X,Y ∈ ind a. If a is a dualizing k-variety, then the embedding [X,Y ] → a has a left

and a right adjoint.
(4) Let X,Y ∈ ind a and let b be the full subcategory of a such that no object in b has a direct

summand in [X,Y ]. Then the embedding b→ a has a left and a right adjoint.
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Proof. (1) We start by defining the right adjoint iR : a→ a⊥M. Let A1 → A2 be a map in a
and consider the following commutative diagram with exact rows

0 // a(−, A′
1) //

��✤
✤
✤

a(−, A1) //

��

⊕

M∈M Hom(a(−, A1),M)∗ ⊗k M

��
0 // a(−, A′

2) // a(−, A2) // ⊕
M∈M Hom(a(−, A2),M)∗ ⊗k M

Note that both
⊕

M∈M Hom(a(−, A1),M)∗ ⊗k M and
⊕

M∈M Hom(a(−, A2),M)∗ ⊗k M
lie in mod a (since

∑

M∈M dimM(A) <∞ for all A ∈ Ob a) and thatM(A′
1) = M(A′

2) = 0

for all M ∈M (since Ext1(M1,M2) = 0 for all M1,M2 ∈M) so that A′
1, A

′
2 ∈ Ob a⊥M.

Since the kernel, the Yoneda embedding, and the tensor product are functorial, it is
easy to see that the correspondence from A1 → A2 to A′

1 → A′
2 is functorial. It is readily

checked that this functor is right adjoint to the embedding.
The left adjoint is defined in a dual way.

(2) For every object A ∈ Ob a, consider the canonical map fA : a(−, A) → Hom(A, Y )∗ ⊗
a(−, Y ). Since mod a is hereditary, the image im fA is a representable functor. Choose an
object A′ ∈ Ob a such that im fA ∼= a(−, A′). Note that A′ is a maximal direct summand
of A lying in supp a(−, Y ).

Let A→ B be a map in a. The following commutative diagram

a(−, A)
f //

%%❑❑
❑❑❑

❑❑❑
❑❑

��

Hom(A, Y )∗ ⊗ a(−, Y )

��

a(−, A′)

66❧❧❧❧❧❧❧❧❧❧❧❧❧

��✤
✤
✤

a(−, B′)

((❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘

a(−, B)
g //

99ssssssssss
Hom(B, Y )∗ ⊗ a(−, Y )

gives a map a(−, A′) → a(−, B′). The objects A′ and B′ lie in supp a(−, Y ) and the
correspondence A → B to A′ → B′ is functorial. It is readily checked that this defines a
left adjoint iL : a→ supp a(−, Y ) to the functor i.

(3) We will only prove that the embedding has a left adjoint; the right adjoint is dual. Let
a(−, Z) be a kernel of the canonical map a(−, Y ) → a(X,Y ) ⊗ a(X,−)∗. We show that
for any A ∈ supp a(−, Y ) we have A ∈ supp a(X,−)∗ if and only if a(A,Z) = 0. Note that
by applying the exact functor Hom(−, a(X,−)∗) to the exact sequence

0→ a(−, Z)→ a(−, Y )→ a(X,Y )⊗ a(X,−)∗

we see that Hom(a(−, Z), a(−, X)∗) ∼= a(X,Z)∗ = 0. Since a is semi-hereditary, a(A,Z) 6=
0 implies A 6∈ supp a(X,−)∗.

For the other direction: if a(A,Z) = 0, then evaluating the exact sequence 0 →
a(−, Z)→ a(−, Y )→ a(X,Y )⊗ a(X,−)∗ in A shows that A ∈ supp a(X,−)∗.

By applying the first part of this proposition with M = {a(−, Z)}, we know that
[X,Y ] → supp a(−, Y ) has a left adjoint. The second part of the proposition implies
supp a(−, Y )→ a has a left adjoint.

(4) Consider the canonical map f : a(X,Y )∗⊗ a(−, Y )→ a(X,−)∗. Explicitly, there is a map

fZ : a(X,Y )∗ ⊗ a(Z, Y ) → a(X,Z)∗

ϕ⊗ g 7→ ϕ(g ◦ −)

for each Z ∈ a. Let M ∼= im f ; since M is the image of a map in mod a, we know that M
also lies in mod a. Moreover, it follows from the above description that M(Z) = 0 if and
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only if there are no maps in a(X,Y ) which factor through Z, thus M(Z) = 0 if and only
if Z ∈ b.

Next, we show that Ext(M,M) = 0. Let 0 → M → a(X,−)∗ → J → 0 be an
injective resolution of M . However, Ext(M,M) is a quotient group of Hom(M,J) which
is a subgroup of Hom(a(X,Y )∗ ⊗ a(−, Y ), J). Using the universal property of f , we can
show that every map a(−, Y ) → a(X,−)∗ factors through f and hence through Z. This
shows that Hom(a(−, Y ), J) = 0 and thus also that Ext(M,M) = 0.

We can now apply the first part of the proposition to obtain the required property.
�

The following example shows that the conditions in the first statement of Proposition 5.2 are
necessary.

Example 5.3. Let L = N · −N. By choosingM = {Mi}i∈N where either

(1) Mi = kL(−, i), or
(2) Mi = Si, where Si is the simple representation associated with i ∈ N ⊂ Ob kL

we find an associated subcategory b = kL⊥M such that the natural embedding b → kL does not
have a left adjoint. Here the subcategory b is generated by −N.

Propositions 5.1 and 5.2 will be used in the next section to deduce properties of semi-hereditary
dualizing k-varieties. We will give two examples to illustrate their use; a rigorous treatment follows
in Proposition 6.2.

Example 5.4. Let P be the poset given by the following diagram

// // //
// X // X1

//

// Y1
// Y //

and let a be the semi-hereditary finite k-variety kP . By removing ]X,Y [= [X1, Y1] as in Proposition
5.2, we get a semi-hereditary finite k-variety b which is of the form kP ′ where P ′ is given by

// // //
// // X

,,❩❩❩❩❩❩❩
❩❩❩❩❩❩❩

❩❩❩❩

Y // //

It is clear that b is not locally finite and locally discrete as there is no left almost split map
X →M . We conclude that, although a is a finite k-variety, it is not a dualizing k-variety.

Example 5.5. Let P be the semi-hereditary finite k-variety given by

X //

��

X1
//

��

//

��

// // Y1
// Y

· · ·

and let a be kP . Again we remove ]X,Y [= [X1, Y1] as in the Proposition 5.2 and obtain a
semi-hereditary finite k-variety b of the form kP ′ where P ′ is given by

X

��

//

!!❈
❈❈

❈❈
❈❈

((PP
PPP

PPP
PPP

P

**❯❯❯
❯❯❯❯

❯❯❯❯
❯❯❯❯

❯❯❯ Y

· · ·

Here b is not locally finite and locally discrete. Indeed there is no left almost split map X →M .
Again we conclude a is not a dualizing k-variety.
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6. Threads

Let a be a semi-hereditary dualizing k-variety. Recall from Proposition 4.18 that every inde-
composable object A ∈ Ob a admits a left almost split map A → M and a right almost split
map N → A. Examples 5.4 and 5.5 suggest that most indecomposables lying in a convex sub-
category should be—in some sense—nicely behaved. To make this rigorous, we introduce threads
and thread objects (see also [7, Definition 6.7]). The discussion in this section is similar to the
discussion in [7, Section 6].

Definition 6.1. If a is a semi-hereditary dualizing k-variety, an indecomposable object X ∈ ind a
will be called a thread object if X has a unique direct predecessor and a unique direct successor,
or equivalently, there is a left almost split map X → M and a right almost split map N → X
where M and N are indecomposable. In this case, we will denote the representatives of M and N
in ind a by X+ and X−, respectively.

For X,Y ∈ ind a, the subcategory [X,Y ] will be called a thread if every indecomposable object
in [X,Y ] is a thread object in a. A thread is called maximal if it is not a proper subset of another
thread. It is called infinite if it contains infinitely many nonisomorphic indecomposables.

An indecomposable object which is not a thread object is called a nonthread object.

Proposition 6.2. Let a be a semi-hereditary dualizing k-variety, and X,Y, Z ∈ ind a, then

(1) supp a(X,−)∗ and supp a(−, X) have only finitely many nonthread objects,
(2) if [X,Y ] is a thread, then dim a(X,Y ) = 1,
(3) if [X,Y ] and [X,Z] are threads, then either [X,Y ] ⊆ [X,Z] or [X,Z] ⊆ [X,Y ].

Proof. (1) It follows from Proposition 4.1 that a(−, X) is cofinitely presented; let

0→ a(−, X)→ a(I,−)∗ → a(J,−)∗ → 0

be an injective resolution in mod a. Assuming that supp a(−, X) has finitely many non-
thread objects, one can use that a is semi-hereditary to show that either I or J has
infinitely many direct summands.

Alternatively, note that for every nonthread object Y ∈ ind supp a(−, X), there is a
indecomposable direct summand Ii of I such that Y ∈ [Ii, X ]. One can embed a into
Db mod a and apply [7, Lemma 6.17(1)] to see that [Ii, X ] has only finitely many nonthread
objects.

(2) Write V = a(X,Y )∗ and consider the canonical map a(−, Y )⊗ V → a(X,−)∗ with image
F ∈ mod a. We have the following short exact sequences

(2) 0 //a(−, A) //a(−, Y )⊗ V //F //0

(3) 0 //F //a(X,−)∗ //a(B,−)∗ //0

It is clear that every direct summand of A maps nonzero to Y . Furthermore, from the
second short exact sequence we obtain dimF (X) = 1 so that dim V > 1 would imply
dim a(X,A) 6= 0. Thus at least one indecomposable direct summand A1 of A lies in
[X,Y [, hence A1 is a thread object with direct successor A+

1 ∈ ind]X,Y ] ⊂ ind a. It
follows from the first short exact sequence that dimF (A1) < dimF (A+

1 ).
However, applying Hom(a(−, Y ),−) to the sequence (3) yields a(B, Y ) = 0. In particu-

lar, since a is semi-hereditary, we have for every Z ∈ [X,Y ] that dim a(B,Z) = 0 and thus
dimF (Z) = dim a(X,Z). We find dim a(X,A1) < dim a(X,A+

1 ), a contradiction since a
is semi-hereditary.

(3) Let i : [X,Y ] → a be the natural embedding. By Proposition 5.2 we know that the
embedding has a right adjoint iR : a → [X,Y ]. Let A be an indecomposable direct
summand of iR(Z).

If A ∼= Y , then a(Y, Z) 6= 0 so that [X,Y ] ⊆ [X,Z].
Therefore, we will assume that A 6∼= Y and show that iA ∼= Z. In this case, we

have A+ ∈ ind[X,Y ]. Since A → A+ is left and right almost split, we know that
dim a(iA, Z) = dim a(iA+, Z) if Z 6∼= iA. Using adjointness, we find dimHom(A, iRZ) =
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dimHom(A+, iRZ). This last statement is impossible since A is a direct summand of iRZ.
We find that iA ∼= Z and thus a(Z, Y ) 6= 0. We conclude that [X,Z] ⊆ [X,Y ]

�

Corollary 6.3. Let a be a semi-hereditary dualizing k-variety. Every thread [X,Y ] is equivalent
to kL for a linearly ordered locally discrete poset L with a maximal and a minimal element.

Proof. Write b = [X,Y ] and let L = ind[X,Y ]. We define a poset structure on L by

A ≤ B ⇐⇒ a(A,B) 6= 0.

It follows from Proposition 6.2 that L,≤ is a linearly ordered locally discrete poset with unique
minimal and maximal element. We will define a functor kL → b as follows. For every A ∈ b,
choose a nonzero element bX,A ∈ a(X,A).

For every A,B ∈ ind b with b(A,B) 6= 0, this gives a unique element bA,B ∈ b(A,B) with
bX,B = bX,A ◦ bA,B.

The functor kL → b, which is the identity on objects and sending the element (A ≤ B) ∈
kL(A,B) to bA,B ∈ b(A,B), is fully faithful and essentially surjective, and hence an equivalence.

�

Corollary 6.4. Let a be a semi-hereditary dualizing k-variety, and let [X,Y ] be an thread. If
Z ∈ ind a does not lie on [X,Y ], then every map f : X → Z factors through a nonzero map
X → Y +.

Proof. Let b be the full subcategory of a generated by objects not supported on [X,Y ]. By
Proposition 5.2, the embedding i : b→ a has a left adjoint iL : a→ b.

Using Proposition 6.2, it is straightforward to check that iLX ∼= Y + and dimHom(X,Y +) = 1.
For a Z ∈ b, every morphism in Hom(X,Z) factors through η(1X) ∈ Hom(i ◦ iLX,X) where

η : 1→ i ◦ iL is the unit of the adjunction (iL, i). �

In the next proof, we will use the notions of sinks and sources. An indecomposable object
S ∈ ind a is called a sink if S → 0 is a left almost split morphism. Dually, S ∈ ind a is called a
source if 0 → S is a right almost split morphism. Note that sinks and sources are never thread
objects.

Lemma 6.5. For any nonzero Y ∈ a, the subcategory supp a(−, Y ) contains a source and the
subcategory supp a(Y,−)∗ contains a sink.

Proof. We will only show that supp a(−, Y ) contains a source; the other statement is dual.
Proposition 4.1 yields that a(−, Y ) is cofinitely presented. Let a(−, Y ) → a(I,−)∗ be an in-
jective envelope. We show that any indecomposable direct summand S of I is a source. Let
M → S be a minimal right almost split morphism. Seeking a contradiction, assume that M 6= 0.
Since a is semi-hereditary, we know (by Proposition 3.1) that M → S induces a monomorphism
a(S,−)→ a(M,−) or thus an epimorphism a(M,−)∗ → a(S,−)∗.

Let I ′ be the object I after replacing S by M . There is an obvious epimorphism a(I ′,−)∗ →
a(I,−)∗ and using the projectivity of a(−, Y ), we find the following commutative diagram

a(−, Y ) // a(I ′,−)∗

��
a(−, Y ) // a(I,−)∗

From the minimality of a(−, Y ) → a(I,−)∗ follows that the epimorphism a(I ′,−)∗ → a(I,−)∗

splits and hence that M → S splits. A contradiction. We conclude that S ∈ ind a is a source. �

Corollary 6.6. Every thread in a semi-hereditary dualizing k-variety lies inside a maximal thread.

Proof. Let [X,Y ] be a thread in a semi-hereditary dualizing k-variety a. By Proposition 6.2 there
are only finitely many nonthread objects in supp a(−, Y ) and by Lemma 6.5 we know that there is
at least one nonthread object in supp a(−, Y ). Proposition 3.1 implies that there are no cycles in
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a, so that there is a nonthread object Z ∈ supp a(−, Y ) such that Z is the only nonthread object
in [Z, Y ]. Let Z →M be a minimal left almost split morphism. Since Z ∈ supp a(−, Y ), we know
that there is at least one direct summand X ′ of M which lies in [Z, Y ]. Since [X ′, Y ] ⊂ [Z, Y ], we
know that [X ′, Y ] is a thread, and it follows from the dual of Proposition 6.2 that [X,Y ] ⊆ [X ′, Y ].

Dually, one finds a thread object Y ′ such that [X ′, Y ′] is a thread containing [X ′, Y ] and such

that Y ′+ is a nonthread object. The thread [X ′, Y ′] is the required maximal thread. �

Proposition 6.7. Let a be a semi-hereditary dualizing k-variety and let {[Xj, Yj ]}j∈J be a set of

threads such that X−
j 6∈ [Xl, Yl] and Y +

j 6∈ [Xl, Yl], for all j, l ∈ J . Let b be the full subcategory
of a consisting of all objects without direct summands in one of these threads. Then b is a semi-
hereditary dualizing k-variety and the embedding i : b→ a has both a left and a right adjoint.

Proof. By Propositions 3.1 and 5.1 it suffices to show i has both a left and a right adjoint. We
will show that i has a right adjoint, the proof for the left adjoint is similar.

To show that i has a right adjoint, we will show that, for each A ∈ ind a, the functor a(i−, A)|b :
b→ mod k is representable. If A ∈ b, then a(i−, A)|b ∼= b(−, A).

We may thus assume that A 6∈ b or, equivalently, that there is a j ∈ J such that A ∈ [Xj , Yj ].
Let bj be the full subcategory of a consisting of objects with no nonzero direct summands lying
in [Xj , Yj ]. It follows from Proposition 5.2 that bj → a has a right adjoint Rj : a → bj . Since

[Xj , A] is a thread, the dual of Corollary 6.4 shows that Rj(A) ∼= X−
j . Since X−

l 6∈ [Xj, Yj ] for all

l ∈ J , we know that X−
j ∈ b. It is now easy to see that a(i−, A) ∼= b(−, X−

j ).
We conclude that b→ a has a right adjoint. �

Corollary 6.8. Let a be a semi-hereditary dualizing k-variety and let {[Xj , Yj ]}j∈J be a set of
maximal threads. Let b be the full subcategory of a consisting of all objects without direct summands
in one of these threads. Then b is a semi-hereditary dualizing k-variety and the embedding i : b→ a
has both a left and a right adjoint.

Proof. If [Xj , Yj ] is a maximal thread, then neither X−
j nor Y +

j are thread objects. Hence the
conditions in Proposition 6.7 are satisfied and the conclusion follows. �

7. Classification by thread quivers

In this section, we will classify semi-hereditary dualizing k-varieties by means of thread quivers
(defined below). We start with a special case.

Proposition 7.1. Let a be a semi-hereditary dualizing k-variety without infinite threads. Write
Q for the Auslander–Reiten quiver of a, then a is equivalent to kQ. Moreover, Q is a strongly
locally finite quiver.

Proof. For any two indecomposables A,B ∈ ind a, fix a basis for Irr(A,B) ∼= rad(A,B)/ rad2(A,B)
and choose a corresponding set of irreducible maps A → B. This gives a map f : Q1 → Mor a,
mapping the arrows in Q to the chosen irreducible maps in a. This induces an essentially surjective
functor F : kQ→ a; we will show that this maps lifts to an equivalence kQ→ a.

Since a is semi-hereditary, the functor F is faithful (this follows from Proposition 3.1). Conse-
quently, since a is Hom-finite, the quiver Q has no cycles.

Seeking a contradiction, assume that F is not full. Let X,Y ∈ ind kQ and f ∈ a(FX,XY )
such that f does not lie in F (kQ(X,Y )). By construction of F , we know that a right almost split
morphism M → Y in kQ will be mapped to a right almost split morphism FM → FY in a. If the
map f : FX → FY is not an isomorphism, then f factors through FM → FY and hence there is
an indecomposable direct summand Y1 of M such that the map kQ(X,Y1)→ a(FX,FY1) is not
surjective.

Continuing this procedure, we obtain a sequence of irreducible · · · → Yn → Yn−1 → · · · →
Y1 → Y such that kQ(X,Yn)→ a(FX,FYn) is not surjective, for each n. We have the following
possibilities.

Either Yn
∼= X for some n ∈ N (and the above procedure does not create an infinite path).

In this case, we know that kQ(X,Yn) → a(FX,FYn) is an isomorphism. Indeed, it follows from
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• //

��❅
❅❅

❅❅
❅❅

•

��
Z

��

•
3oo // •

•

• //

��❅
❅❅

❅❅
❅❅

•

�� ��

•oo // •

•

Figure 4. An example of a thread quiver Q (left) and the corresponding under-
lying quiver Qu (right)

Proposition 3.1) that both kQ(X,Yn) and a(FX,FYn) are finite–dimensional local hereditary
rings, thus kQ(X,Yn) ∼= a(FX,FYn) ∼= k. Since the map kQ(X,Yn) → a(FX,FYn) is nonzero,
we know it is an isomorphism and in particular surjective.

The second possibility is that the above construction gives an infinite sequence · · · → Yn →
Yn−1 → · · · → Y1 → Y . Since a does not have infinite threads (by assumption) and [FX,FY ]
has only finitely many nonthread objects (Proposition 6.2), we know that there is a cycle in this
sequence, thus Yn

∼= Ym for some m,n ∈ N. By Proposition 3.1 we know that the indecomposable
objects on this cycle form a semi-hereditary category, and such a category cannot be Hom-finite.
We have found a contradiction.

We conclude that the functor F : kQ → a is fully faithful and essentially surjective, thus an
equivalence. Since a is a dualizing k-variety, we know that Q is strongly locally finite. �

The previous proposition does not hold if a has infinite threads. However, in the case of
dualizing k-varieties, these categories are nicely behaved (Proposition 6.2) such that an analog of
Proposition 7.1 may be proven when a does contain infinite threads, by replacing the quiver Q by
a thread quiver.

A thread quiver Q consists of the following information:

• A quiver Qu = (Q0, Q1) where Q0 is the set of vertices and Q1 is the set of arrows.
• A decomposition Q1 = Qs

∐

Qt. Arrows in Qs will be called standard arrows, while arrows
in Qt will be referred to as thread arrows.
• For every thread arrow α ∈ Qt, there is an associated linearly ordered set Tα, possibly
empty.

In drawing a thread quiver (cf. Figure 4), standard arrows will be represented by • //• ,
while thread arrows will be drawn as • //• labeled by the corresponding ordered set T . If
T = {1, 2, 3, . . . , n} with the normal ordering, then we will only write n as a label; if T = ∅, then
no label will be written.

Every thread quiver Q has an underlying quiver where there is no distinction between the
standard and the thread arrows, and where all arrows are unlabeled. To avoid confusion, we will
refer to this underlying quiver by Qu.

The following proposition will be useful in Construction 7.3.

Proposition 7.2. Let a be a semi-hereditary dualizing k-variety. Let {[Xj, Yj ]}j∈J be the set of all
maximal infinite threads in a. Let b be the subcategory of a consisting of all objects without direct
summands in

⋃

j∈J ind[Xj , Yj ]. Then b is a semi-hereditary dualizing k-variety without infinite
threads.

Proof. It follows from Corollary 6.8 that b is a semi-hereditary dualizing k-variety. If we show
that b has no infinite threads, then the statement follows from Proposition 7.1.

Let X,Y ∈ ind b such that [X,Y ] ⊆ b is an infinite thread. Since X,Y ∈ b, we know that
[iX, iY ] ⊆ a is not an infinite thread, where i : b → a is the natural embedding. Thus [iX, iY ]
contains a nonthread object Z ∈ ind a. By the definition of b, we know that Z ∈ b; we will show
that Z ∈ b is a nonthread object.

Consider a minimal right almost split morphism M → Z in a. Without loss of generality,
assume that M is not indecomposable. Let iL : a→ b be a left adjoint to i : b→ a. We will now
show that iLM → iLZ ∼= Z is a minimal right almost split morphism. That it is a right almost
split morphism follows from the properties of a left adjoint. To see that iLM → Z is minimal, let
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M ′ → iLM be a split monomorphism such that the composition M ′ → iLM → Z is zero. Since a
is semi-hereditary, we know that ilM → Z is a monomorphism (here we use Proposition 3.1 and
that M → Z is minimal). It then follows that M ′ = 0 and hence iLM → Z is minimal. Finally,
iLM is not indecomposable if M is not indecomposable. Indeed, let Mj be a direct summand of
M . If Mj does not lie on a maximal infinite thread, then iLMj

∼= Mj, and if Mj ∈ [Xj , Yj ] for

some maximal infinite thread [Xj, Yj ], then X−
j → Mj factors through iLMj → Mj such that

iLMj 6= 0.
Thus Z ∈ b is a nonthread object lying in [X,Y ] ⊆ b, and thus [X,Y ] is not an infinite

thread. �

Starting from a semi-hereditary dualizing k-variety, we will associate a thread quiver in the
following way.

Construction 7.3. Let a be a semi-hereditary dualizing k-variety. Let b be as in Proposition
7.2. Proposition 7.1 yields that b ∼= kQu for a strongly locally finite quiver Qu.

According to Corollary 6.3, every maximal infinite thread [Xi, Yi] ⊂ ind a corresponds to a

poset of the form N · (T
→
× Z) · −N where T is a linearly ordered set. We will replace one arrow

from X− //Y + in Qu by X− T //Y + .

Example 7.4. Let L = N · (T
→
× Z) · −N, then the thread quiver associated with kL is

·
T // ·

Given a thread quiver Q, we will construct an associated semi-hereditary finite k-variety as
follows.

Construction 7.5. Let Q be a thread quiver with underlying strongly locally finite quiver Qu.
With every thread t ∈ Qt, we denote by f t : k(· → ·) −→ kQu the functor associated with the
obvious embedding (· → ·) −→ Qu. We define the functor

f :
⊕

t∈Qt

k(· → ·) −→ kQu.

With every thread t, there is an associated linearly ordered set Tt. We will write Lt = N · (Tt
→
×

Z) · −N and denote by
gt : k(· → ·) −→ kLt

the k-linear functor induced by mapping the extremal points of · → · to the minimal and maximal
objects of L, respectively. We will write

g :
⊕

t∈Qt

k(· → ·) −→
⊕

t∈Qt

kLt.

We define the category kQ as a 2-pushout in k-Var of the following diagram.

⊕

t∈Qt
k(· → ·)

f //

g

��

kQu

i

��✤
✤
✤

⊕

t∈Qt
kLt

j
//❴❴❴❴ kQ

Remark 7.6. The construction above is similar to the procedure outlined in Example 2.11, where
the category A4 is replaced by an infinite linearly ordered set.

Remark 7.7. Given a thread quiver Q, Construction 7.5 will define kQ only up to equivalence.

Example 7.8. Let Q be the thread quiver given by

·
T // ·

as in Example 7.4. The associated finite k-variety is equivalent to k(N · T
→
× Z · −N).
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Remark 7.9. Different thread quivers Q,Q′ may give rise to equivalent categories kQ and kQ′ as
shown in the following example.

Example 7.10. The following three thread quivers give rise to equivalent categories.

·
1 // · · // · // · ·

1 // · // ·

Observation 7.11. For each thread t ∈ Qt, the functor f
t has a left adjoint (denoted by f t

L) and
a right adjoint (denoted by f t

R). The induced functors

fL, fR : kQu −→
⊕

t∈Qt

k(· → ·)

are left and right adjoints for f , respectively. Note that f t will always be faithful, but in general
not full. Its adjoints f t

L and f t
R are in general not full nor faithful.

Similarly, for each thread t ∈ Qt, the functor gt has a left adjoint (denoted by gtL) and a right
adjoint (denoted by gtR), giving rise to the functors

gL, gR :
⊕

t∈Qt

kLt −→
⊕

t∈Qt

k(· → ·)

which are then left and right adjoints for g, respectively. The functor g is fully faithful and its
adjoints gL and gR are faithful.

Example 7.12. The functor f t is not full when Q is given by the following thread quiver.

· // // ·

In what follows it will be convenient to assume the functors f t are fully faithful. For this we
will use the following lemma.

Lemma 7.13. Let Q be a thread quiver. There is a thread quiver Q′ such that

(1) kQ ∼= kQ′, and

(2) the functors f ′t : k(· → ·) −→ kQ′
u from Construction 7.5 are fully faithful.

Proof. Define a thread quiver Q′ by replacing all thread arrows x
T // y in the thread quiver

Q by x // ·
T // · // y . Since the associated functors f ′t : k(· → ·) −→ kQ′

u are fully

faithful by Proposition 6.2, we need only to prove kQ ∼= kQ′.
We start by defining a 2-pushout

⊕

t∈Q′

t
k(at → bt → ct → dt)

f1 //

g1

��

kQ′
u

��✤
✤
✤

⊕

t∈Q′
t
kLt //❴❴❴❴❴❴❴ p

in k-Var where the maps are given by the following descriptions. The functor f1
t, for each thread

t : xt
T // yt in Q′, is given as a faithful functor which maps bt and ct to xt and yt respectively,

and at and dt to the direct predecessor of xt and the direct successor of yt, respectively.
The functor gt1 is a fully faithful functor given by

at 7→ 0t

bt 7→ 1t

ct 7→ −1t

dt 7→ −0t

where 0t and −0t are the minimal and maximal element of Lt respectively, 1t is the direct successor
of 0t, and −1t is the direct predecessor of −0t.
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Define a functor

H1 :
⊕

t∈Qt

k(xt → yt) −→
⊕

t∈Qt

k(at → bt → ct → dt)

by mapping xt to at, yt to dt, and the generator xt → yt to the composition at → bt → ct → dt.
We also consider the natural embedding of categories F : kQu −→ kQ′

u.
Consider the following diagram where we write A2 and A4 for (· → ·) and (· → · → · → ·)

respectively:

⊕

t kA2
f //

H1

��

kQu

F

��
i

}}

⊕

t kA4
f1 //

g1

��

kQ′
u

⊕

t kLt j
// kQ

where the outer diagram is a 2-pushout. It is readily verified that the upper square is also a
2-pushout. The 2-natural transformation given by

i : kQu → kQ and j ◦ g1 :
⊕

t kA4 →
⊕

t∈Qt
kLt → kQ

induces a functor i′ : kQ′
u → kQ. Using the universal property, it is now straightforward to check

that the lower square is also a 2-pushout. This shows that p ∼= kQ.
To show that p ∼= kQ′, consider the 2-pushout

⊕

t∈Q′
t
k(x′

t → y′t)
f ′

//

g′

��

kQ′
u

i′

��✤
✤
✤

⊕

t∈Q′

t
kL′t

j′ //❴❴❴❴❴❴❴❴ kQ′

where L′t = N0 · (Tt
→
× Z) · −N0 and N0 = N \ {0}. Note that L′t

∼= Lt.
We define a functor

H2 :
⊕

t∈Q′

t

k(x′
t → y′t) −→

⊕

t∈Q′

t

k(at → bt → ct → dt)

by mapping x′
t to bt and y′t to ct. We also consider the natural embedding of categories G :

⊕

t∈Q′

t
kL′t −→

⊕

t∈Q′

t
kLt.

As before, one obtains a diagram

⊕

t kA2
H2 //

g′

��

⊕

t kA4

g1

��

f1 // kQ′
u

i

��
⊕

t kL
′
t

G //

j′

77
⊕

t kLt kQ′

where the left square and the outer diagram are 2-pushouts. Again, one finds a morphism
⊕

t kLt → kQ′ making the right square a 2-pushout. This shows that p ∼= kQ′ and thus
kQ ∼= kQ′. �
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Example 7.14. Let Q be the quiver of Example 7.12. The quiver Q′ constructed in the proof of
Lemma 7.13 is given by

· // ·
((PP

PPP
P

· //
66♥♥♥♥♥♥ ·

Remark 7.15. The thread quiver Q′ will be strongly locally finite if and only if Q is.

Proposition 7.16. The functor i from Construction 7.5 is fully faithful and has both a left and a
right adjoint. If f s is fully faithful for a thread arrow s ∈ Qt, then the functor js is fully faithful
and has both a left and a right adjoint.

Proof. Since g is fully faithful and has a left and a right adjoint, Theorem A.1 shows the same
properties hold for i.

Let s ∈ Qt be a thread arrow such that fs : k(· → ·) −→ kQu is fully faithful. We will construct
the left adjoint of js : kLs → kQ. First, consider the 2-pushouts

k(· → ·)
fs

//

gs

��

✞✞✞✞
?Gα

kQu

G

��✤
✤
✤
✤

kLs
F s

//❴❴❴❴❴ p

⊕

t6=s k(· → ·)
(G◦ft)t //

(gt)t

��

✠✠✠✠
@Hβ

p

i′

��✤
✤
✤
✤

⊕

t6=s kLt
//❴❴❴❴❴ p′

Using the universal property, it is straightforward to proof that p′ ∼= kQ and that js = i′ ◦ F s.
Since both f s and (gt)t6=s are fully faithful and have a left and a right adjoint, Theorem A.1 yields
that the same properties hold for F s and i′, and hence also for js. �

Lemma 7.17. Let Q is a thread quiver with a strongly locally finite underlying quiver Qu. If f s

is fully faithful for every thread arrow s ∈ Qt, then the functor j :
⊕

t∈Qt
kLt → kQ has a left and

a right adjoint.

Proof. It follows from Proposition 7.16 that each functor jt : kLt → kQ has a left adjoint functor
jtL and a right adjoint functor jtR. We want to show that the functor jR : kQ→

⊕

t∈Qt
kLt given

by jR(A) = ⊕tj
t
R(A) is a right adjoint. To show this, it suffices to show that for every A ∈ kQ we

have jtR(A) = 0 for all but finitely many thread arrows t ∈ Qt.
By the Yoneda lemma, we know that jtR(A) 6= 0 if and only if kLt(−, jtR(A)) 6= 0 and thus if

and only if kL(0t, jtR(A)) 6= 0, where 0t ∈ Lt is the unique minimal element. Let xt ∈ k(· → ·)
such that gt(xt) ∼= 0t (this object exists by the definition of gt as given in Construction 7.4).

Using that jt ◦ gt ∼= i ◦ f t, we find that jtR(A) 6= 0 if and only if kQ(jt ◦ gt(xt), A) ∼=
kQ(i◦f t(xt), A) 6= 0. Since Qu is strongly locally finite, we know there are only finitely many inde-
composables X ∈ ind kQu such that kQ(i(X), A) ∼= kQu(X, iRA) 6= 0. From this then follows that
jtR(A) 6= 0 for only finitely many thread arrows t ∈ Qt, and we conclude that j :

⊕

t∈Qt
kLt → kQ

has a right adjoint.
The proof that j admits a left adjoint is similar. �

Example 7.18. Let Q be the thread quiver given by · · · // // // // // · · · , thus
the underlying quiver is a linearly orientated A∞-quiver and the arrows are alternatingly standard
arrows and thread arrows. In this case, the underlying quiver Qu is not strongly locally finite and
the functor j does not admit a right adjoint.

Proposition 7.19. Let Q is a thread quiver with a strongly locally finite underlying quiver Qu,
and assume that f s is fully faithful for every thread arrow s ∈ Qt. Let η : M → N be a morphism
in Mod kQ. Then

(1) η : M → N is an epimorphism (monomorphism) if and only if both η • 1i : M ◦ i→ N ◦ i
and η • 1j : M ◦ j → N ◦ j are epimorphisms (monomorphisms),
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(2) a representation M ∈ ModkQ is finitely generated if and only if the restrictions M ◦ i and
M ◦ j are finitely generated, and

(3) a representation M ∈Mod kQ is finitely presented if and only if the restrictions M ◦ i and
M ◦ j are finitely presented.

Proof. First, if η : M → N is an epimorphism then so are η • 1i and η • 1j since restriction is an
exact functor. For the other direction, let µ : N → C be a cokernel of F . Then (µ ◦ η) • 1i =
(µ • 1i) ◦ (η • 1i) = 0 and hence µ • 1i = 0 since η • 1i is an epimorphism. Similarly, we show
that µ • 1j = 0, and hence µ : N → C is the zero map. We conclude that η : M → N is an
epimorphism.

Next, let M ∈ Mod kQ be finitely generated, thus there is an epimorphism kQ(−, X) → M .
Since restriction is an exact functor, there is an epimorphism kQ(i−, X) → M ◦ i, and hence
kQ(−, iRX)→M ◦ i. This shows that M ◦ i is finitely generated. Similarly, one shows that M ◦ j
is finitely generated.

For the other direction, assume that both M ◦ i and M ◦ j are finitely generated, thus there are
epimorphisms kQu(−, A)→M ◦ i and kL(−, B)→M ◦ j, for some A ∈ kQu and B ∈ kL. Using
the first part, one checks that the natural map kQ(−, iA)⊕ kQ(−, jB)→M is an epimorphism.
This shows that M is finitely generated.

For the last statement, the proof that when M is finitely presented, then so are M ◦ i and
M ◦ j is similar as in the finitely generated case. Thus assume that both M ◦ i and M ◦ j are
finitely presented. We already know that M is finitely generated, thus there is an epimorphism
kQ(−, X)→ M . Let K be the kernel. Using again that restriction is exact, we know that K ◦ i
is the kernel of kQ(i−, X)→M ◦ i and that K ◦ j is the kernel of kQ(j−, X)→M ◦ j, and thus
both K ◦ i and K ◦ j are finitely generated. We conclude that K is finitely generated and hence
M is finitely presented.

�

The following proposition gives sufficient conditions for Construction 7.5 to give a semi-hereditary
dualizing k-variety.

Proposition 7.20. If Q is a thread quiver with a strongly locally finite underlying quiver Qu,
then kQ is a semi-hereditary dualizing k-variety.

Proof. We will assume that the quiver Q satisfies the property of Lemma 7.13. It follows from
Proposition 7.16 that i has a left adjoint iL and a right adjoint iR, and it follows from Lemma
7.17 that j has a left adjoint jL and a right adjoint jR. A finitely generated projective module
kQ(−, A) ∈Mod kQ thus corresponds to a diagram

⊕

t k(· → ·)
f //

g

��
☛☛☛☛
AIα

kQu

i

��
kQu(−,iRA)



✉✉✉✉v~ γkL
j

//

L(−,jRA)
33

✕✕✕✕
FN

β

kQ

kQ(−,A)
❍

❍

$$❍
❍

Mod k

where we have written kL =
⊕

t kLt. Using that the restriction functors are exact, this shows
that the natural embedding Mod kQ→ Mod kQu ⊕Mod kL induces a faithful functor mod kQ→
mod kQu ⊕mod kL. Since the latter category is Hom-finite, so is the former, and hence kQ is a
finite k-variety.

To show that kQ is semi-hereditary (thus that mod kQ is abelian and hereditary), we will use
Proposition 3.1. Thus let X ∈ kQ be any object. We will show that there is a semi-hereditary
full subcategory of kQ which contains X .

For each thread arrow t ∈ Qt, let L′t be the (finite) subposet of Lt containing the minimum
and the maximum of Lt, together with the elements corresponding to the indecomposable direct
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summands of jtR(X). The inclusion L′t ⊂ Lt induces a fully faithful functor kL′t → kLt and jtR(X)
lies in the essential image of that functor. Also note that kL′t

∼= kAnt
for some nt ≥ 2. We define

kQ′ as the 2-pushout of the diagram

⊕

t k(· → ·)
//

��

kQu

⊕

t kL
′
t

Using the universal property of the 2-pushout, the functors kL′t → kLt → kQ and kQu
∼
→ kQu →

kQ induce a functor kQ′ → kQ. Moreover, one easily checks that kQ′ is the k-linear additive
path category of the quiver Q′ given by replacing the thread arrow t ∈ Q by the corresponding
Ant

-quiver (this can be done using the universal property of the 2-pushout, or using the explicit
construction as was done in Example 2.11)

To check that kQ′ → kQ is fully faithful, it suffices to check that the induced functor −⊗kQ′kQ :
Mod kQ′ → Mod kQ is fully faithful on projectives; it then follows from Lemma 3.2 that the
functor kQ′ → kQ is fully faithful. The verification is straightforward, using that − ⊗kL′

t
kLt is

fully faithful for each t ∈ Qt.
Note that an object M ∈ Mod kQ lies in the essential image of − ⊗kQ′ kQ if and only if

M ◦ jt ∈ mod kLt lies in the essential image of −⊗kL′

t
kLt for each t ∈ Qt. Hence kQ(−, X) lies

in the essential image of −⊗kQ′ kQ and thus X lies in the essential image of kQ′ → kQ. We have
shown that X lies in a semi-hereditary full subcategory of kQ, and hence it follows that kQ is
semi-hereditary.

To show that kQ is a dualizing k-variety, it suffices to show that standard projectives are
cofinitely presented and standard injectives are finitely presented (see Proposition 4.1). Let X ∈
kQ and let kQ(X,−)∗ be a standard injective. Since the functors i : kQu → kQ and j : kL →
kQ admit left adjoints, the restrictions kQ(X, i−)∗ and kQ(X, j−)∗ of kQ(X,−)∗ are standard
injectives as well. Since kQu and kL are dualizing k-varieties, these objects are finitely presented
and thus, by Proposition 7.19, so is kQ(X,−)∗. Dually, one can show that the standard projectives
are cofinitely presented. We conclude that kQ is a dualizing k-variety.

�

We are now ready to complete the classification of semi-hereditary dualizing k-varieties by
thread quivers.

Theorem 7.21. Let a be a semi-hereditary dualizing k-variety, then a may be obtained by Con-
struction 7.5 from a thread quiver Q where Q is strongly locally finite.

Proof. It has been established in Proposition 7.20 that kQ is indeed a semi-hereditary dualizing
k-variety, so that we need only to show that every semi-hereditary dualizing k-variety arises in
this way (up to equivalence).

Let a be a semi-hereditary dualizing k-variety and let Q be the corresponding thread quiver as
in Construction 7.3. We will work with the thread quiver constructed in Lemma 7.13, so that we
can apply Proposition 7.16 and Lemma 7.17. We will show that a ∼= kQ.

There are obvious embeddings ia : kQu → a and jt,a : kLt → a giving the following diagram

⊕

t k(· → ·)
f //

g

��
☛☛☛☛
AIα

kQu

i

��
ia





qqqqt|⊕tkLt
j

//

ja
44

✔✔✔✔
FN
kQ

F
!!❈

❈
❈

❈

a



REPRESENTATIONS OF THREAD QUIVERS 27

We want to show that the functor F : kQ → a is an equivalence. Since the induced functor
kQu ⊕ kL → a is essentially surjective, so is the functor F . We will continue by showing F is
also fully faithful. First note that ia : kQu → a has a right adoint iaR and a left adjoint iaL by

Proposition 6.7, and that ja,t : kLt → a has a right adoint ja,tR and a left adjoint ja,tL by Proposition
5.2.

Since ia ∼= F ◦ i and both i and ia are fully faithful, F induces a bijection kQ(iX, iY ) →
a(FiX, F iY ), for each X,Y ∈ kQu.

Likewise, for each t ∈ Qt, the functors jt and ja,t are fully faithful, and hence F induces a
bijection kQ(jtX, jtY )→ a(FjtX,FjtY ), for each X,Y ∈ kLt.

We will first show that F : kQ → a is faithful. Let h ∈ kQ(X,Y ) for any X,Y ∈ ind kQ;
it suffices to show that Fh 6= 0. Since kQ is semi-hereditary (Proposition 7.20), we may invoke
Proposition 3.1 to see that h is a monomorphism when h 6= 0. Let ǫ : i ◦ iR → 1kQ be the counit
of the adjunction. To show that h ◦ ǫX : i ◦ iR(X) → X → Y is nonzero, it thus suffices to show
that ǫX : i ◦ iR(X)→ X is nonzero.

Since X is nonzero, so is kQ(−, X) and by the universal property of the 2-pushout, the functors
kQ(i−, X) ∼= kQ(−, iRX) and kQ(jt−, X) ∼= kQ(−, jtRX) are not all zero (ranging over all t ∈ Qt).
If iRX 6∼= 0, then neither is ǫX : i ◦ iR(X)→ X since i is fully faithful. Thus assume that iRX ∼= 0
and thus there is a t ∈ Qt such that jtRX 6

∼= 0 and hence gtR ◦ j
t
RX 6

∼= 0. We then find that
gR ◦ jR 6∼= 0 and since both fR ◦ iR and gR ◦ jR are right adjoint to j ◦ g ∼= i ◦ f , we find that
iRX 6∼= 0. Contradiction.

We may thus conclude that h ◦ ǫX 6= 0. Using that Y is indecomposable, and hence h ◦ ǫX is
an epimorphism, we may similarly prove that ηY ◦ h ◦ ǫX : i ◦ iRX → i ◦ iLY is nonzero, where
η : 1kQ → i ◦ iL is the unit of the adjunction.

Since i : kQu → kQ is fully faithful, there is a map h′ : iRX → iLY such that ηY ◦h◦ǫX = i(h′).
Since ia(h′) 6= 0, we may conclude that F (ηY ◦ h ◦ ǫX) = F (ηY ) ◦ F (h) ◦ F (ǫX) 6= 0 and hence
F (h) 6= 0. Hence F is faithful.

We will now show that F is full. Let X,Y ∈ kQ and h ∈ a(FX,FY ). We want to show that
there is a map h′ ∈ kQ(X,Y ) such that F (h′) = h. If X,Y both lie in the essential image of either
i or jt, for some t ∈ Qt, then the statement follows easily from i or jt being full, respectively.

We will consider the case where X lies in the essential image of jt (for some t ∈ Qt) and Y
lies in the essential image of i. The other cases are handled in a similar way. Without loss of
generality, we may assume that there is an X ′ ∈ kLt and a Y ′ ∈ kQu such that jt(X ′) = X and
i(Y ′) = Y .

By Corollary 6.4, we know that there is an indecomposable object A ∈ a, lying in the essential
image of both ia and ja,t, such that the map h : FX → FY factors as FX → A→ FY . Moreover,
we can write h = h2 ◦ ξ ◦ h1 where h1 : FX → ja,tA1, h2 : iaA2 → FY , and ξ : ja,tA1

∼
→ iaA2.

Since ia ∼= F ◦ i and ja,t ∼= F ◦ jt, we may assume that both ja,tA1 and iaA2 lie in the image of
F . Since each of these maps then lies in the image of F , so does the composition. This implies
that F is full, and concludes the proof.

�

8. Representations of thread quivers

Let Q be a thread quiver. We define the categories Repk Q and repk Q to be Mod kQ and
mod kQ, respectively. We have the following result.

Theorem 1. (1) The category of finitely presented representations of a strongly locally finite
thread quiver is a hereditary Ext-finite category with Serre duality and enough projectives.

(2) A hereditary Ext-finite category with Serre duality and enough projectives is equivalent to
the category of finitely presented representations of a strongly locally finite thread quiver.

Proof. For the first statement, recall from Proposition 7.20 that kQ is a semi-hereditary dualizing
k-variety. The statement then follows from Corollary 4.9.

We now turn to the second statement. Let a be the category of projectives of A, thus a is a
finite k-variety. The embedding a → A lifts to a fully faithful right exact functor mod a → A,
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which is an equivalence since A has enough projectives. By definition a is semi-hereditary and
Theorem 2 yields that a is a dualizing k-variety. The result now follows from Theorem 7.21. �

With a thread quiver Q, there is thus an associated 2-functor a : Free(· ← · → ·) −→ k-Var
given by

⊕

t∈Qt
k(· → ·)

f //

g

��

kQu

⊕

t∈Qt
kLt

The category Repk Q is equivalent to Hom2F (a,Modk). Thus the objects of the category Repk Q
are given by

(1) an object N(−) : kQu → Modk of Mod kQu,
(2) for every thread t, an object Lt(−) : Lt → Mod k of Mod kLt, and
(3) a natural equivalence α : ⊕tLt(g−)⇒ N(f−).

The morphisms are given by the modifications, thus given the data (N, {Lt}t, α) and (N ′, {L′
t}t, α

′)
of two representations in Repk Q, a morphism is given by

(1) a natural transformation β : N ⇒ N ′,
(2) a natural transformation γ : ⊕tLt ⇒ ⊕tL

′
t

such that the following diagram commutes.

⊕tLt(g−)
α //

γ•1g

��

N(f−)

β•1f

��
⊕tL

′
t(g−)

α′

// N ′(f−)

As in the proof of Proposition 7.20, the category repk Q has a similar description obtained by
requiring N and Lt to be finitely presented representations. If Q is a strongly locally finite quiver,
then repk Q has Serre duality.

Note that even when mod kQu and mod (⊕t∈Qt
kLt) are well-understood, the last commutative

diagram that is required can make the category repk Q contain a wild hereditary category.

Example 8.1. The category of finitely generated representations of the thread quiver

·

· // · // · //

OO

·

contains the representations of a wild quiver as a full and exact subcategory (see Proposition 3.3).

As another way to describe the category of representations of thread quivers, we give the
following proposition.

Proposition 8.2. Let a be a finite k-variety. Let {ai}i be the filtered system of all subcategories
of a such that ind ai is finite. Let {mod ai}i be the filtered system where the maps are given by
aj ⊗ai

− : mod ai → mod aj whenever ai ⊆ aj ⊆ a. There is an equivalence

2 lim
→

i

mod ai ∼= mod a

induced by −⊗ai
a : mod ai → mod a.

When a is semi-hereditary, these functors −⊗ai
a are exact.

Proof. It follows from Lemma 3.2 that the functors − ⊗ai
a are fully faithful, hence the functor

2 lim
→

mod ai → mod a is fully faithful as well. It is easy to see that the functor is essentially

surjective, hence it is an equivalence.
If a is semi-hereditary, then Proposition 3.3 yields that the functors −⊗ai

a are exact. �
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Remark 8.3. The above proposition also holds when the 2-colimit is taken in the 2-category Cat
of all small categories (see [28, Proposition A.5.5]).

Example 8.4. Let Q be either

(1) a Dynkin quiver, or

(2) a thread quiver of the form ·
P // · or · // ·

P // ·

·

OO ,

where P is a linearly ordered poset, then repQ is a directed hereditary category with Serre duality.
It has been shown in [26] that all directed hereditary categories with Serre duality are, up to derived
equivalence, of this form.

Example 8.5. Let Q be the thread quiver given by

x //// y

The category repQ has been discussed in [27], where it is shown that repQ contains a so-called
big tube (defined in [27]).

By replacing the thread arrow // by a linearly ordered An quiver (where n ≥ 2), we
obtain a quiver Q′ whose path algebra kQ′ is a hereditary canonical algebra (as defined in [22])
and the category of finite dimensional modules over this quiver can be interpreted (up to derived
equivalence) as the category of coherent sheaves on a weighted projective line of weight type
(n − 2) (see [12], see also [17] for a more recent account of weighted projective lines). Similarly,
the category repk Q can then be thought of as being derived equivalent to the category of coherent
sheaves on a weighted projective line of weight type (∞).

Appendix A. 2-Pushouts

Let I be the 1-category Free(2
s
← 1

t
→ 3) and a : I → k-Var a 2-functor. The 2-colimit of a is

called a 2-pushout.
To specify a 2-natural transformation from a to C ∈ k-Var, one needs three functors (fi :

a(i)→ C, i=1,2,3) and two natural equivalences (f1
∼
⇒ f2 ◦a(s) and f1

∼
⇒ f3 ◦a(t)). Up to invertible

modification, we may assume that f1 = f2 ◦ a(s) so that it suffices to give only the functors f2 and

f3, and a natural equivalence f2 ◦ a(s)
∼
⇒ f3 ◦ a(t).

The following theorem shows a connection between 2-pushouts and adjoints.

Theorem A.1. Consider the 2-pushout

a
f //

g

��
⑥⑥⑥⑥
:Bα

b

i

��✤
✤
✤

c
j

//❴❴❴ p

in any strict 2-category. If g is fully faithful and has a left (right) adjoint, then i is fully faithful
and has a left (right) adjoint.

Proof. Consider the first diagram in Figure 5, where the natural transformation is given by

1f • ǫg : f ◦ gL ◦ g
∼
⇒ f,

and where ǫg : gL ◦ g ⇒ 1 is the counit of the adjunction (gL, g). We can complete this diagram
as shown in Figure 5. This gives the following identity

(4) (γ−1 • 1f ) ◦ (1iL • α) ◦ (β • 1g) = 1f • ǫg.

We claim iL : p→ b is left adjoint to i. To prove this, we shall define a unit η : 1p ⇒ i ◦ iL and
a counit ǫ : iL ◦ i⇒ 1b and show that

(1 • ǫ) ◦ (η • 1) = 1 and (ǫ • 1) ◦ (1 • η) = 1.
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a
f //

g

��
⑧⑧⑧⑧
;C

b

c

f◦gL 22 b

a
f //

g

��

⑦⑦⑦⑦
;Cα

b

i

��
♥♥♥♥s{
γ

c
j

//

f◦gL 11

✍✍✍✍
CK

β

p

iL

��❃
❃

❃
❃

❃
❃

❃

b

Figure 5. Construction of iL

a
f //

g

��

⑦⑦⑦⑦
;Cα

b

i

��✤
✤
✤
✤
✤

i

��

♥♥♥♥c
j

//❴❴❴❴❴

j 11

✍✍ ✍✍

p

❃❃
❃❃

❃❃
❃❃

❃❃
❃❃

❃

❃❃
❃❃

❃❃
❃❃

❃❃
❃❃

❃

p

a
f //

g

��

⑦⑦⑦⑦
;Cα

b

i

��✤
✤
✤
✤
✤

i

��

♥♥♥♥s{
1•γ

c
j

//❴❴❴❴❴

j◦g◦gL 11

✍✍✍✍
CK

δ

p

i◦iL

��❃
❃

❃
❃

❃
❃

❃

p

Figure 6. Construction of unit

We define ǫ = γ−1 : iL ◦ i
∼
⇒ 1b with γ as in the second diagram in Figure 5. For the definition

of η, consider the diagrams in Figure 6, where the natural transformations on the right-hand side
are given by

1i • γ : i ◦ 1b ⇒ i ◦ iL ◦ i

δ = (1i • β) ◦ (α • 1gL) : j ◦ g ◦ gL ⇒ i ◦ f ◦ gL ⇒ i ◦ iL ◦ j

There is a modification, going from the 2-natural transformation on the left-hand side of Figure 7
to the one on the right-hand side, given by

1i : i⇒ i

1j • ηg : j ◦ 1c ⇒ j ◦ g ◦ gL

where ηg : 1 ⇒ g ◦ gL is the unit of the adjunction (gL, g). This modification corresponds to a
natural transformation η : 1p ⇒ i◦ iL, satisfying the following commutative diagrams (see Remark
2.8)

i i

1•γ

��

j
1•ηg +3 j ◦ g ◦ gL

δ

��
i

η•1
+3 i ◦ iL ◦ i j

η•1j
+3 i ◦ iL ◦ j

From the first commutative diagram, we obtain

(1 • ǫ) ◦ (η • 1) = (1 • γ)−1 ◦ (η • 1) = 1.
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a
f //

g

��

⑦⑦⑦⑦
;Cα

b

i

��✤
✤
✤
✤
✤

iL◦i

��

tttt

c
j

//❴❴❴❴❴
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Figure 7. Diagrams occurring in the definition of the modification Λ
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Figure 8. Diagrams occurring in the definition of the modification Ω

To show the other equation, and establish the adjointness of i and iL, we add the functor
iL : p→ b to the diagrams in Figure 6 (see Figure 7). The natural transformations of the second
diagram of Figure 7 are given by

1iL • δ : iL ◦ j ◦ g ◦ gL ⇒ iL ◦ i ◦ iL ◦ j

1iL • 1i • γ : iL ◦ i⇒ iL ◦ i ◦ iL ◦ i

The modification going from the diagram on the left to the diagram on the right in Figure 6
induces a modification Λ given by

1iL • 1j • ηg : iL ◦ j ⇒ iL ◦ j ◦ g ◦ gL

1 : iL ◦ i⇒ iL ◦ i

which corresponds to the natural transformation 1 • η : iL ⇒ iL ◦ i ◦ iL.
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Figure 9. Construction of iR

Likewise, there is a modification Ω (going from the 2-natural transformation on the left–hand
side of Figure 8 to the 2-natural transformation on the right–hand side) given by

(ǫ • 1) ◦ (1 • δ) : iL ◦ j ◦ g ◦ gL ⇒ iL ◦ j

1 : iL ◦ i⇒ iL ◦ i

which induces the following commutative diagrams

iL ◦ i
γ•1iL•1i +3 iL ◦ i ◦ iL ◦ i

ǫ•1iL•1i

��

iL ◦ j ◦ g ◦ gL
1iL•δ

+3

(ǫ•1iL•1j)◦(1iL•δ)

��

iL ◦ i ◦ iL ◦ j

ǫ•1iL•1j

��
iL ◦ i i ◦ iL iL ◦ j iL ◦ j

such that Ω corresponds to the natural transformation ǫ • 1iL : iL ◦ i ◦ iL → iL.
We claim that Ω ◦ Λ = 1. The only nontrivial fact to check is that Ω ◦ Λ induces the identity

on iL ◦ j : c→ b. This follows from

(ǫ • 1iL • 1j) ◦ (1iL • δ) ◦ (1iL • 1j • ηg)

= (ǫ • 1iL • 1j) ◦ (1iL • ((1i • β) ◦ (α • 1gL))) ◦ (1iL • 1j • ηg)

= (ǫ • 1iL • 1j) ◦ (1iL • 1i • β) ◦ (1iL • α • 1gL) ◦ (1iL • 1j • ηg)

= (ǫ • β) ◦ (1iL • α • 1gL) ◦ (1iL • 1j • ηg)

= β ◦ (ǫ • 1f • 1gL) ◦ (1iL • α • 1gL) ◦ (1iL • 1j • ηg)

= β ◦ (1f • ǫg • 1gL) ◦ (β
−1 • 1g • 1gL) ◦ (1iL • 1j • ηg)

= β ◦ (1f • ǫg • 1gL) ◦ (1f • 1gL • ηg) ◦ β
−1

= β ◦ (1f • 1gL) ◦ β
−1

= 1iL • 1j

where we have used equations (1) and (4). Since Ω ◦ Λ = 1, we find that (ǫ • 1) ◦ (1 • η) = 1 and
hence we may conclude that iL is indeed left adjoint to i. Since ǫ is invertible, the functor i is
fully faithful.

Similarly, one verifies that the functor iR, defined in Figure 9, is right adjoint to i.
�
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