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ABSTRACT

A growing number of school districts use centralized assignment mechanisms to allocate school seats
in a manner that reflects student preferences and school priorities. Many of these assignment schemes
use lotteries to ration seats when schools are oversubscribed. The resulting random assignment opens
the door to credible quasi-experimental research designs for the evaluation of school effectiveness.
Yet the question of how best to separate the lottery-generated variation integral to such designs from
non-random preferences and priorities remains open. This paper develops easily-implemented empirical
strategies that fully exploit the random assignment embedded in the widely-used deferred acceptance
mechanism and its variants. We use these methods to evaluate charter schools in Denver, one of a
growing number of districts that integrate charter and traditional public schools in a unified assignment
system. The resulting estimates show large achievement gains from charter school attendance. Our
approach expands the scope for impact evaluation by maximizing the number of students and schools
that can be studied using random assignment. We also show how to use DA to identify causal effects
in models with multiple school sectors.

Atila Abdulkadiroglu
Duke University
Department of Economics
Durham, NC 27708
atila.abdulkadiroglu@duke.edu

Joshua D. Angrist
Department of Economics, E17-226
MIT
77 Massachusetts Avenue
Cambridge, MA  02139
and NBER
angrist@mit.edu

Yusuke Narita
Department of Economics, MIT
77 Massachusetts Avenue
Cambridge, MA 02139  
narita@mit.edu

Parag A. Pathak
Department of Economics, E17-240
MIT
77 Massachusetts Avenue
Cambridge, MA 02139
and NBER
ppathak@mit.edu

A data appendix is available at:
http://www.nber.org/data-appendix/w21705



✶ ■♥tr♦❞✉❝t✐♦♥

❋❛♠✐❧✐❡s ✐♥ ♠❛♥② ❧❛r❣❡ ✉r❜❛♥ ❞✐str✐❝ts ❝❛♥ ♥♦✇ ❛♣♣❧② ❢♦r s❡❛ts ❛t ❛♥② ♣✉❜❧✐❝ s❝❤♦♦❧ ✐♥ t❤❡✐r

❞✐str✐❝t✳ ❚❤❡ ❢❛❝t t❤❛t s♦♠❡ s❝❤♦♦❧s ❛r❡ ♠♦r❡ ♣♦♣✉❧❛r t❤❛♥ ♦t❤❡rs ❛♥❞ t❤❡ ♥❡❡❞ t♦ ❞✐st✐♥❣✉✐s❤
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■♥tr♦❞✉❝❡❞ ❜② ●❛❧❡ ❛♥❞ ❙❤❛♣❧❡② ✭✶✾✻✷✮ ❛♥❞ ❙❤❛♣❧❡② ❛♥❞ ❙❝❛r❢ ✭✶✾✼✹✮✱ ♠❛t❝❤♠❛❦✐♥❣ ✈✐❛ ♠❛r❦❡t

❞❡s✐❣♥ ❛❧❧♦❝❛t❡s s❝❛r❝❡ r❡s♦✉r❝❡s✱ s✉❝❤ ❛s s❡❛ts ✐♥ ♣✉❜❧✐❝ s❝❤♦♦❧s✱ ✐♥ ♠❛r❦❡ts ✇❤❡r❡ ♣r✐❝❡s ❝❛♥♥♦t

❜❡ ❝❛❧❧❡❞ ✉♣♦♥ t♦ ♣❡r❢♦r♠ t❤✐s ❢✉♥❝t✐♦♥✳ ❚❤❡ ♠❛r❦❡t✲❞❡s✐❣♥ ❛♣♣r♦❛❝❤ t♦ s❝❤♦♦❧ ❝❤♦✐❝❡✱ ♣✐♦♥❡❡r❡❞

❜② ❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❛♥❞ ❙ö♥♠❡③ ✭✷✵✵✸✮✱ ✐s ✉s❡❞ ✐♥ ❛ ❧♦♥❣ ❛♥❞ ❣r♦✇✐♥❣ ❧✐st ♦❢ ♣✉❜❧✐❝ s❝❤♦♦❧ ❞✐str✐❝ts

✐♥ ❆♠❡r✐❝❛✱ ❊✉r♦♣❡✱ ❛♥❞ ❆s✐❛✳ ▼♦st ♦❢ t❤❡s❡ ❝✐t✐❡s ♠❛t❝❤ st✉❞❡♥ts t♦ s❝❤♦♦❧s ✉s✐♥❣ ❛ ♠❡❝❤❛♥✐s♠

❦♥♦✇♥ ❛s ❞❡❢❡rr❡❞ ❛❝❝❡♣t❛♥❝❡ ✭❉❆✮✳

❚✇♦ ❜❡♥❡✜ts ♦❢ ♠❛t❝❤♠❛❦✐♥❣ s❝❤❡♠❡s ❧✐❦❡ ❉❆ ❛r❡ ❡✣❝✐❡♥❝② ❛♥❞ ❢❛✐r♥❡ss✿ t❤❡ r❡s✉❧t✐♥❣

♠❛t❝❤ ✐♠♣r♦✈❡s ✇❡❧❢❛r❡ ❛♥❞ tr❛♥s♣❛r❡♥❝② r❡❧❛t✐✈❡ t♦ ❛❞ ❤♦❝ ❛❧t❡r♥❛t✐✈❡s✱ ✇❤✐❧❡ ❧♦tt❡r✐❡s ❡♥s✉r❡

t❤❛t st✉❞❡♥ts ✇✐t❤ t❤❡ s❛♠❡ ♣r❡❢❡r❡♥❝❡s ❛♥❞ ♣r✐♦r✐t✐❡s ❤❛✈❡ t❤❡ s❛♠❡ ❝❤❛♥❝❡ ♦❢ ♦❜t❛✐♥✐♥❣ ❤✐❣❤❧②✲

s♦✉❣❤t✲❛❢t❡r s❡❛ts✳ ❉❆ ❛♥❞ r❡❧❛t❡❞ ❛❧❣♦r✐t❤♠s ❛❧s♦ ❤❛✈❡ t❤❡ ✈✐rt✉❡ ♦❢ ♥❛rr♦✇✐♥❣ t❤❡ s❝♦♣❡ ❢♦r

str❛t❡❣✐❝ ❜❡❤❛✈✐♦r t❤❛t ✇♦✉❧❞ ♦t❤❡r✇✐s❡ ❣✐✈❡ s♦♣❤✐st✐❝❛t❡❞ ❢❛♠✐❧✐❡s t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ♠❛♥✐♣✉❧❛t❡

❛♥ ❛ss✐❣♥♠❡♥t s②st❡♠ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ❧❡ss✲s♦♣❤✐st✐❝❛t❡❞ ♣❛rt✐❝✐♣❛♥ts ✭❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳✱

✷✵✵✻❀ P❛t❤❛❦ ❛♥❞ ❙ö♥♠❡③✱ ✷✵✵✽✮✳ ◆♦ ❧❡ss ✐♠♣♦rt❛♥t t❤❛♥ t❤❡s❡ ❡❝♦♥♦♠✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s ✐s t❤❡

❢❛❝t t❤❛t ❝❡♥tr❛❧✐③❡❞ ❛ss✐❣♥♠❡♥t ❣❡♥❡r❛t❡s ✈❛❧✉❛❜❧❡ ❞❛t❛ ❢♦r ❡♠♣✐r✐❝❛❧ r❡s❡❛r❝❤ ♦♥ s❝❤♦♦❧s✳ ■♥

♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ s❝❤♦♦❧s ❛r❡ ♦✈❡rs✉❜s❝r✐❜❡❞✱ ❧♦tt❡r②✲❜❛s❡❞ r❛t✐♦♥✐♥❣ ❣❡♥❡r❛t❡s q✉❛s✐✲❡①♣❡r✐♠❡♥t❛❧

✈❛r✐❛t✐♦♥ ✐♥ s❝❤♦♦❧ ❛ss✐❣♥♠❡♥t t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❝r❡❞✐❜❧❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ s❝❤♦♦❧s ❛♥❞

♦❢ s❝❤♦♦❧ r❡❢♦r♠ ♠♦❞❡❧s ❧✐❦❡ ❝❤❛rt❡rs✳

Pr❡✈✐♦✉s r❡s❡❛r❝❤ ❡①♣❧♦✐t✐♥❣ t❤❡ ❧♦tt❡r✐❡s ❡♠❜❡❞❞❡❞ ✐♥ ❉❆ ✐♥❝❧✉❞❡ st✉❞✐❡s ♦❢ s❝❤♦♦❧s ✐♥

❈❤❛r❧♦tt❡✲▼❡❝❦❧❡♥❜✉r❣ ✭❍❛st✐♥❣s ❡t ❛❧✳✱ ✷✵✵✾❀ ❉❡♠✐♥❣✱ ✷✵✶✶❀ ❉❡♠✐♥❣ ❡t ❛❧✳✱ ✷✵✶✹✮ ❛♥❞ ◆❡✇

❨♦r❦ ✭❇❧♦♦♠ ❛♥❞ ❯♥t❡r♠❛♥✱ ✷✵✶✹❀ ❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳✱ ✷✵✶✸✮✳ ❈❛✉s❛❧ ❡✛❡❝ts ✐♥ t❤❡s❡ st✉❞✐❡s

❛r❡ ✐❞❡♥t✐✜❡❞ ❜② ❝♦♠♣❡❧❧✐♥❣ q✉❛s✐✲❡①♣❡r✐♠❡♥t❛❧ ✈❛r✐❛t✐♦♥✱ ❜✉t t❤❡ r❡s❡❛r❝❤ ❞❡s✐❣♥s ❞❡♣❧♦②❡❞ ✐♥

t❤✐s ✇♦r❦ ❢❛✐❧ t♦ ❡①♣❧♦✐t t❤❡ ❢✉❧❧ ♣♦✇❡r ♦❢ t❤❡ r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t ❡♠❜❡❞❞❡❞ ✐♥ ❝❡♥tr❛❧✐③❡❞ ❛ss✐❣♥✲

♠❡♥t s❝❤❡♠❡s✳ ❆ ♠❛❥♦r st✉♠❜❧✐♥❣ ❜❧♦❝❦ ✐♥ t❤✐s ❝♦♥t❡①t ✐s t❤❡ ❡❧❛❜♦r❛t❡ ♠✉❧t✐✲st❛❣❡ ♥❛t✉r❡ ♦❢

♠❛r❦❡t✲❞❡s✐❣♥ ♠❛t❝❤✐♥❣✳ ▼❛r❦❡t ❞❡s✐❣♥ ✇❡❛✈❡s r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t ✐♥t♦ ❛♥ ❡❧❛❜♦r❛t❡ t❛♣❡str② ♦❢

✐♥❢♦r♠❛t✐♦♥ ♦♥ st✉❞❡♥t ♣r❡❢❡r❡♥❝❡s ❛♥❞ s❝❤♦♦❧ ♣r✐♦r✐t✐❡s✳ ■♥ ♣r✐♥❝✐♣❧❡✱ ❛❧❧ ❢❡❛t✉r❡s ♦❢ st✉❞❡♥t ♣r❡❢✲

❡r❡♥❝❡s ❛♥❞ s❝❤♦♦❧ ♣r✐♦r✐t✐❡s ❝❛♥ s❤❛♣❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ss✐❣♥♠❡♥t t♦ ❡❛❝❤ s❝❤♦♦❧✳ Pr❡❢❡r❡♥❝❡s

❛♥❞ ♣r✐♦r✐t✐❡s ❛r❡ ❢❛r ❢r♦♠ r❛♥❞♦♠❧② ❛ss✐❣♥❡❞✱ ♦❢ ❝♦✉rs❡✳ ❋❛♠✐❧✐❡s t❡♥❞ t♦ ♣r❡❢❡r s❝❤♦♦❧s ❧♦❝❛t❡❞

✐♥ t❤❡✐r ♥❡✐❣❤❜♦r❤♦♦❞s✱ ❢♦r ❡①❛♠♣❧❡✱ ✇❤✐❧❡ s❝❤♦♦❧s ♠❛② ❣r❛♥t ♣r✐♦r✐t② t♦ ❝❤✐❧❞r❡♥ ♣♦♦r ❡♥♦✉❣❤ t♦

q✉❛❧✐❢② ❢♦r ❛ s✉❜s✐❞✐③❡❞ ❧✉♥❝❤✳ ■t✬s ♦♥❧② ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♣r❡❢❡r❡♥❝❡s ❛♥❞ ♣r✐♦r✐t✐❡s✱ t❤❡r❡❢♦r❡✱ t❤❛t

❉❆✲❣❡♥❡r❛t❡❞ ❛ss✐❣♥♠❡♥ts ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✳

❚♦ ❡❧✐♠✐♥❛t❡ t❤❡ s❡❧❡❝t✐♦♥ ❜✐❛s t❤❛t ❛r✐s❡s ❢r♦♠ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❛ss✐❣♥♠❡♥ts ♦♥ ♣r❡❢❡r❡♥❝❡s

❛♥❞ ♣r✐♦r✐t✐❡s✱ r❡s❡❛r❝❤ ❡①♣❧♦✐t✐♥❣ ❝❡♥tr❛❧✐③❡❞ ❛ss✐❣♥♠❡♥t ❤❛s ❢♦❝✉s❡❞ ❡✐t❤❡r ♦♥ ♦✛❡rs ♦❢ s❡❛ts

❛t st✉❞❡♥ts✬ ✜rst ❝❤♦✐❝❡ s❝❤♦♦❧s✱ ♦r r❡❧✐❡❞ ♦♥ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s ✭■❱s✮ ✐♥❞✐❝❛t✐♥❣ ✇❤❡t❤❡r ❛

st✉❞❡♥t✬s ❧♦tt❡r② ♥✉♠❜❡r ❢❛❧❧s ❜❡❧♦✇ t❤❡ ❤✐❣❤❡st ♥✉♠❜❡r ♦✛❡r❡❞ ❛ s❡❛t ❛t ❛❧❧ s❝❤♦♦❧s ❤❡✬s r❛♥❦❡❞

✭✇❡ ❝❛❧❧ t❤✐s ❛ q✉❛❧✐✜❝❛t✐♦♥ ✐♥str✉♠❡♥t✮✳ ❚❤❡ ✜rst ❝❤♦✐❝❡ str❛t❡❣② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✐❞❡♥t✐t② ♦❢

t❤❡ s❝❤♦♦❧ r❛♥❦❡❞ ✜rst✱ ✇❤✐❧❡ q✉❛❧✐✜❝❛t✐♦♥ ✐♥str✉♠❡♥ts ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ s❡t ♦❢ s❝❤♦♦❧s r❛♥❦❡❞✳

❚❤❡s❡ ■❱ str❛t❡❣✐❡s ❛r❡ ❧✐❦❡❧② t♦ ♣r♦❞✉❝❡ ❡st✐♠❛t❡s ❢r❡❡ ♦❢ ♦♠✐tt❡❞ ✈❛r✐❛❜❧❡s ❜✐❛s✳ ❆t t❤❡ s❛♠❡



t✐♠❡✱ ❜♦t❤ ✜rst✲❝❤♦✐❝❡ ❛♥❞ q✉❛❧✐✜❝❛t✐♦♥ ✐♥str✉♠❡♥ts ❞✐s❝❛r❞ ♠✉❝❤ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥❞✉❝❡❞ ❜②

❉❆✳

❚❤✐s ♣❛♣❡r ❡①♣❧❛✐♥s ❤♦✇ t♦ r❡❝♦✈❡r t❤❡ ❢✉❧❧ r❛♥❣❡ ♦❢ q✉❛s✐✲❡①♣❡r✐♠❡♥t❛❧ ✈❛r✐❛t✐♦♥ ❡♠❜❡❞❞❡❞

✐♥ ❝❡♥tr❛❧✐③❡❞ ❛ss✐❣♥♠❡♥t✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ s❤♦✇ ❤♦✇ ❉❆ ♠❛♣s ✐♥❢♦r♠❛t✐♦♥ ♦♥ ♣r❡❢❡r❡♥❝❡s✱ ♣r✐♦r✲

✐t✐❡s✱ ❛♥❞ s❝❤♦♦❧ ❝❛♣❛❝✐t✐❡s ✐♥t♦ ❛ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t✱ ♦❢t❡♥ r❡❢❡rr❡❞ t♦

❛s t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡✳ ❆s ✐♥ ♦t❤❡r str❛t✐✜❡❞ r❛♥❞♦♠✐③❡❞ r❡s❡❛r❝❤ ❞❡s✐❣♥s✱ ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ t❤❡

♣r♦♣❡♥s✐t② s❝♦r❡ ❡❧✐♠✐♥❛t❡s s❡❧❡❝t✐♦♥ ❜✐❛s ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❛ss♦❝✐❛t✐♦♥ ❜❡t✇❡❡♥ ❛❧❧ ❝♦♥❞✐t✐♦♥✐♥❣

✈❛r✐❛❜❧❡s ❛♥❞ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ✭❘♦s❡♥❜❛✉♠ ❛♥❞ ❘✉❜✐♥✱ ✶✾✽✸✮✳ ❚❤❡ ♣❛②♦✛ t♦ ♣r♦♣❡♥s✐t②✲s❝♦r❡

❝♦♥❞✐t✐♦♥✐♥❣ t✉r♥s ♦✉t t♦ ❜❡ s✉❜st❛♥t✐❛❧ ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥✿ ❢✉❧❧ str❛t✐✜❝❛t✐♦♥ ♦♥ ♣r❡❢❡r❡♥❝❡s

❛♥❞ ♣r✐♦r✐t✐❡s r❡❞✉❝❡s ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♠❛r❦❡❞❧②✱ ❡❧✐♠✐♥❛t✐♥❣ ♠❛♥② s❝❤♦♦❧s ❛♥❞ st✉❞❡♥ts ❢r♦♠

❝♦♥s✐❞❡r❛t✐♦♥✱ ✇❤✐❧❡ s❝♦r❡✲❜❛s❡❞ str❛t✐✜❝❛t✐♦♥ ❧❡❛✈❡s ♦✉r r❡s❡❛r❝❤ s❛♠♣❧❡ ❧❛r❣❡❧② ✐♥t❛❝t✳ ❚❤❡

♣r♦♣❡♥s✐t② s❝♦r❡ ❞♦❡s ♠♦r❡ ❢♦r ✉s t❤❛♥ r❡❞✉❝❡ ❞✐♠❡♥s✐♦♥❛❧✐t②✱ ❤♦✇❡✈❡r✳ ❇❡❝❛✉s❡ ❛❧❧ ❛♣♣❧✐❝❛♥ts

✇✐t❤ s❝♦r❡ ✈❛❧✉❡s str✐❝t❧② ❜❡t✇❡❡♥ ③❡r♦ ❛♥❞ ♦♥❡ ❝♦♥tr✐❜✉t❡ ✈❛r✐❛t✐♦♥ t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❡✈❛❧✉❛✲

t✐♦♥✱ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ✐❞❡♥t✐✜❡s t❤❡ ♠❛①✐♠❛❧ s❡t ♦❢ ❛♣♣❧✐❝❛♥ts ❢♦r ✇❤♦♠ ✇❡ ❤❛✈❡ ❛ r❛♥❞♦♠✐③❡❞

s❝❤♦♦❧✲❛ss✐❣♥♠❡♥t ❡①♣❡r✐♠❡♥t✳

❚❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ❣❡♥❡r❛t❡❞ ❜② ❉❆✲t②♣❡ ♠❡❝❤❛♥✐s♠s ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❣❡♥❡r❛❧ ❝❧♦s❡❞ ❢♦r♠

s♦❧✉t✐♦♥✳ ❖✉r t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ t❤❡r❡❢♦r❡ r❡✈♦❧✈❡s ❛r♦✉♥❞ ❛♥ ❛s②♠♣t♦t✐❝ ✏❧❛r❣❡ ♠❛r❦❡t✑

❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ✜♥✐t❡✲♠❛r❦❡t s❝♦r❡✳ ❚❤✐s ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛ ❢❡✇ ❡❛s✐❧②✲

❝♦♠♣✉t❡❞ s❛♠♣❧❡ st❛t✐st✐❝s✳ ❲❡ ❛❧s♦ ❝♦♥str✉❝t ♣r♦♣❡♥s✐t② s❝♦r❡ ❡st✐♠❛t❡s ✉s✐♥❣ s✐♠✉❧❛t✐♦♥✱ t❤❛t

✐s✱ ❜② ❞r❛✇✐♥❣ ❧♦tt❡r② ♥✉♠❜❡rs ♠❛♥② t✐♠❡s ❛♥❞ ❝♦♠♣✉t✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❛✈❡r❛❣❡ ❛ss✐❣♥♠❡♥t

r❛t❡s ❛❝r♦ss ❞r❛✇s✳ ❇♦t❤ t❤❡ s✐♠✉❧❛t❡❞ ❛♥❞ ❉❆ ✭❛♥❛❧②t✐❝✮ ♣r♦♣❡♥s✐t② s❝♦r❡s ✇♦r❦ ✇❡❧❧ ❛s ❢❛r ❛s

❝♦✈❛r✐❛t❡ ❜❛❧❛♥❝❡ ❣♦❡s✱ ❜✉t t❤❡ ❛♣♣r♦①✐♠❛t❡ ❢♦r♠✉❧❛ ✐s✱ ♦❢ ❝♦✉rs❡✱ ♠✉❝❤ ♠♦r❡ q✉✐❝❦❧② ❝♦♠♣✉t❡❞✱

❛♥❞ ❤✐❣❤❧✐❣❤ts s♣❡❝✐✜❝ s♦✉r❝❡s ♦❢ r❛♥❞♦♠♥❡ss ❛♥❞ ❝♦♥❢♦✉♥❞✐♥❣ ✐♥ ❉❆✲❜❛s❡❞ ❛ss✐❣♥♠❡♥t s❝❤❡♠❡s✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ r❡✈❡❛❧s t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ str❛t✐✜❡❞ ❡①♣❡r✐♠❡♥t❛❧ ❞❡s✐❣♥

❡♠❜❡❞❞❡❞ ✐♥ ❛ ♣❛rt✐❝✉❧❛r ♠❛t❝❤✳

❖✉r t❡st ❜❡❞ ❢♦r t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ✐s ❛♥ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❝❤❛rt❡r s❝❤♦♦❧ ❡✛❡❝ts ✐♥

t❤❡ ❉❡♥✈❡r P✉❜❧✐❝ ❙❝❤♦♦❧ ✭❉P❙✮ ❞✐str✐❝t✱ ❛ ♥❡✇ ❛♥❞ ✐♥t❡r❡st✐♥❣ s❡tt✐♥❣ ❢♦r ❝❤❛rt❡r s❝❤♦♦❧ ✐♠♣❛❝t

❡✈❛❧✉❛t✐♦♥✳✶ ❇❡❝❛✉s❡ ❉P❙ ❛ss✐❣♥s s❡❛ts ❛t tr❛❞✐t✐♦♥❛❧ ❛♥❞ ❝❤❛rt❡r s❝❤♦♦❧s ✐♥ ❛ ✉♥✐✜❡❞ ♠❛t❝❤✱ t❤❡

♣♦♣✉❧❛t✐♦♥ ❛tt❡♥❞✐♥❣ ❉P❙ ❝❤❛rt❡rs ✐s ❧❡ss ♣♦s✐t✐✈❡❧② s❡❧❡❝t❡❞ t❤❛♥ ✐♥ ❧❛r❣❡ ✉r❜❛♥ ❞✐str✐❝ts ✇✐t❤

❞❡❝❡♥tr❛❧✐③❡❞ ❝❤❛rt❡r ❧♦tt❡r✐❡s✳ ❚❤✐s ❝♦♥t❡①t ♠❛❦❡s ❉P❙ ❝❤❛rt❡r ❡✛❡❝ts r❡❧❡✈❛♥t ❢♦r t❤❡ ♦♥❣♦✐♥❣

❞❡❜❛t❡ ♦✈❡r ❝❤❛rt❡r ❡①♣❛♥s✐♦♥✳ ❆s ❢❛r ❛s ✇❡ ❦♥♦✇✱ ♦✉rs ✐s t❤❡ ✜rst ❝❤❛rt❡r ❡✈❛❧✉❛t✐♦♥ t♦ ❡①♣❧♦✐t

❛♥ ❛ss✐❣♥♠❡♥t s❝❤❡♠❡ t❤❛t s✐♠✉❧t❛♥❡♦✉s❧② ❛❧❧♦❝❛t❡s s❡❛ts ✐♥ ❜♦t❤ t❤❡ ❝❤❛rt❡r ❛♥❞ tr❛❞✐t✐♦♥❛❧

♣✉❜❧✐❝ s❝❤♦♦❧ s❡❝t♦rs✳

❚❤❡ ♥❡①t s❡❝t✐♦♥ ✉s❡s s✐♠♣❧❡ ♠❛r❦❡t ❞❡s✐❣♥ ❡①❛♠♣❧❡s t♦ ❡①♣❧❛✐♥ t❤❡ ♣r♦❜❧❡♠ ❛t ❤❛♥❞✳ ❋♦❧✲

❧♦✇✐♥❣ t❤✐s ❡①♣❧❛♥❛t✐♦♥✱ ❙❡❝t✐♦♥ ✸ ✉s❡s t❤❡ t❤❡♦r② ♦❢ ♠❛r❦❡t ❞❡s✐❣♥ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♣r♦♣❡♥s✐t②

✶❈❤❛rt❡r s❝❤♦♦❧s ♦♣❡r❛t❡ ✇✐t❤ ❝♦♥s✐❞❡r❛❜❧② ♠♦r❡ ✐♥❞❡♣❡♥❞❡♥❝❡ t❤❛♥ tr❛❞✐t✐♦♥❛❧ ♣✉❜❧✐❝ s❝❤♦♦❧s✳ ❆♠♦♥❣ ♦t❤❡r
❞✐✛❡r❡♥❝❡s✱ ♠❛♥② ❝❤❛rt❡rs ✜t ♠♦r❡ ✐♥str✉❝t✐♦♥❛❧ ❤♦✉rs ✐♥t♦ ❛ ②❡❛r ❜② r✉♥♥✐♥❣ ❧♦♥❣❡r s❝❤♦♦❧ ❞❛②s ❛♥❞ ♣r♦✈✐❞✐♥❣
✐♥str✉❝t✐♦♥ ♦♥ ✇❡❡❦❡♥❞s ❛♥❞ ❞✉r✐♥❣ t❤❡ s✉♠♠❡r✳ ❇❡❝❛✉s❡ ❢❡✇ ❝❤❛rt❡r s❝❤♦♦❧s ❛r❡ ✉♥✐♦♥✐③❡❞✱ t❤❡② ❤✐r❡ ❛♥❞ ✜r❡
t❡❛❝❤❡rs ❛♥❞ ❛❞♠✐♥✐str❛t✐✈❡ st❛✛ ✇✐t❤♦✉t r❡❣❛r❞ t♦ t❤❡ ❝♦❧❧❡❝t✐✈❡❧② ❜❛r❣❛✐♥❡❞ s❡♥✐♦r✐t② ❛♥❞ t❡♥✉r❡ ♣r♦✈✐s✐♦♥s t❤❛t
❝♦♥str❛✐♥ s✉❝❤ ❞❡❝✐s✐♦♥s ✐♥ ♠❛♥② ♣✉❜❧✐❝ s❝❤♦♦❧s✳ ❆❜♦✉t ❤❛❧❢ ♦❢ ❉❡♥✈❡r ❝❤❛rt❡rs ✐♠♣❧❡♠❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ ◆♦

❊①❝✉s❡s ♠♦❞❡❧ ♦❢ ✉r❜❛♥ ❡❞✉❝❛t✐♦♥✳ ◆♦ ❊①❝✉s❡s ❝❤❛rt❡rs r✉♥ ❛ ❧♦♥❣ s❝❤♦♦❧ ❞❛② ❛♥❞ ②❡❛r✱ ❡♠♣❤❛s✐③❡ ❞✐s❝✐♣❧✐♥❡ ❛♥❞
❝♦♠♣♦rt♠❡♥t ❛♥❞ tr❛❞✐t✐♦♥❛❧ r❡❛❞✐♥❣ ❛♥❞ ♠❛t❤ s❦✐❧❧s✱ ❛♥❞ r❡❧② ❤❡❛✈✐❧② ♦♥ ❞❛t❛ ❛♥❞ t❡❛❝❤❡r ❢❡❡❞❜❛❝❦ t♦ ✐♠♣r♦✈❡
✐♥str✉❝t✐♦♥✳ ❋♦r ♠♦r❡ ❜❛❝❦❣r♦✉♥❞ ♦♥ t❤❡ ❝❤❛rt❡r s❡❝t♦r✱ s❡❡ ❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳ ✭✷✵✶✶✮ ❛♥❞ ❆♥❣r✐st ❡t ❛❧✳ ✭✷✵✶✸✮✳

✷



s❝♦r❡ ❢♦r ❉❆ ♦✛❡rs ✐♥ ❧❛r❣❡ ♠❛r❦❡ts✳ ❙❡❝t✐♦♥ ✹ ❛♣♣❧✐❡s t❤❡s❡ r❡s✉❧ts t♦ ❡st✐♠❛t❡ ❝❤❛rt❡r ❡✛❡❝ts✳

❖✉r ❡♠♣✐r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ str❛t❡❣② ✉s❡s ❛♥ ✐♥❞✐❝❛t♦r ❢♦r ❉❆✲❣❡♥❡r❛t❡❞ ❝❤❛rt❡r ♦✛❡rs ❛s ❛♥ ✐♥✲

str✉♠❡♥t ❢♦r ❝❤❛rt❡r s❝❤♦♦❧ ❛tt❡♥❞❛♥❝❡ ✐♥ ❛ t✇♦✲st❛❣❡ ❧❡❛st sq✉❛r❡s ✭✷❙▲❙✮ s❡t✉♣✳ ❚❤✐s ✷❙▲❙

♣r♦❝❡❞✉r❡ ❡❧✐♠✐♥❛t❡s ❜✐❛s ❢r♦♠ ♥♦♥✲r❛♥❞♦♠ ✈❛r✐❛t✐♦♥ ✐♥ ♣r❡❢❡r❡♥❝❡s ❛♥❞ ♣r✐♦r✐t✐❡s ❜② ❝♦♥tr♦❧❧✐♥❣

❢♦r t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡✳ ❚❤✐s s❡❝t✐♦♥ ❛❧s♦ s❤♦✇s ❤♦✇ t♦ ❡st✐♠❛t❡ ❡✛❡❝ts ❢♦r ♠✉❧t✐♣❧❡ s❡❝✲

t♦rs✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❧♦♦❦ ❛t ❉P❙ ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧s✱ ❛ ♣♦♣✉❧❛r ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❝❤❛rt❡r ♠♦❞❡❧✳

❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✺ s✉♠♠❛r✐③❡s ♦✉r t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s ❛♥❞ ♦✉t❧✐♥❡s ❛♥ ❛❣❡♥❞❛

❢♦r ❢✉rt❤❡r ✇♦r❦✳ ❆ t❤❡♦r❡t✐❝❛❧ ❛♣♣❡♥❞✐① ❞❡r✐✈❡s ♣r♦♣❡♥s✐t② s❝♦r❡s ❢♦r t❤❡ ❇♦st♦♥ ✭■♠♠❡❞✐❛t❡

❆❝❝❡♣t❛♥❝❡✮ ♠❡❝❤❛♥✐s♠ ❛♥❞ ❢♦r ❉❆ ✇✐t❤ ♠✉❧t✐♣❧❡ t✐❡✲❜r❡❛❦✐♥❣✳

✷ ❯♥❞❡rst❛♥❞✐♥❣ t❤❡ ❉❆ Pr♦♣❡♥s✐t② ❙❝♦r❡

❲❡ ❜❡❣✐♥ ❜② r❡✈✐❡✇✐♥❣ t❤❡ ❜❛s✐❝ ❉❆ s❡t✉♣ ❢♦r s❝❤♦♦❧ ❝❤♦✐❝❡✱ s❤♦✇✐♥❣ ❤♦✇ ❉❆ ❣❡♥❡r❛t❡s ♣r♦❜❛✲

❜✐❧✐t✐❡s ♦❢ s❝❤♦♦❧ ❛ss✐❣♥♠❡♥t t❤❛t ❞❡♣❡♥❞ ♦♥ ♣r❡❢❡r❡♥❝❡s✱ ♣r✐♦r✐t✐❡s✱ ❛♥❞ ❝❛♣❛❝✐t✐❡s✳

❆ t♦t❛❧ ♦❢ n st✉❞❡♥ts ❛r❡ t♦ ❜❡ ❛ss✐❣♥❡❞ s❡❛ts ❛t s❝❤♦♦❧s ♦❢ ✈❛r②✐♥❣ ❝❛♣❛❝✐t✐❡s✳ ❙t✉❞❡♥ts

r❡♣♦rt t❤❡✐r ♣r❡❢❡r❡♥❝❡s ❜② r❛♥❦✐♥❣ s❝❤♦♦❧s ♦♥ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ❢♦r♠ ♦r ✇❡❜s✐t❡✱ ✇❤✐❧❡ s❝❤♦♦❧s r❛♥❦

st✉❞❡♥ts ❜② ♣❧❛❝✐♥❣ t❤❡♠ ✐♥ ♣r✐♦r✐t② ❣r♦✉♣s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ s❝❤♦♦❧ ♠❛② ❣✐✈❡ t❤❡ ❤✐❣❤❡st ♣r✐♦r✐t②

t♦ st✉❞❡♥ts ✇✐t❤ ❛❧r❡❛❞②✲❡♥r♦❧❧❡❞ s✐❜❧✐♥❣s✱ s❡❝♦♥❞ ❤✐❣❤❡st ♣r✐♦r✐t② t♦ t❤♦s❡ ✇❤♦ ❧✐✈❡ ♥❡❛r❜②✱ ✇✐t❤

t❤❡ r❡st ✐♥ ❛ t❤✐r❞ ♣r✐♦r✐t② ❣r♦✉♣ ❜❡❧♦✇ t❤❡s❡ t✇♦✳ ❊❛❝❤ st✉❞❡♥t ✐s ❛❧s♦ r❛♥❞♦♠❧② ❛ss✐❣♥❡❞ ❛

❧♦tt❡r② ♥✉♠❜❡r t❤❛t ❞✐st✐♥❣✉✐s❤❡s ❜❡t✇❡❡♥ t❤♦s❡ ✇✐t❤ t❤❡ s❛♠❡ ♣r❡❢❡r❡♥❝❡s ❛♥❞ ♣r✐♦r✐t✐❡s✳ ❉❆

❛ss✐❣♥s st✉❞❡♥ts t♦ s❝❤♦♦❧s ❧✐❦❡ t❤✐s✿

❊❛❝❤ st✉❞❡♥t ❛♣♣❧✐❡s t♦ ❤✐s ♠♦st ♣r❡❢❡rr❡❞ s❝❤♦♦❧✳ ❊❛❝❤ s❝❤♦♦❧ r❛♥❦s ❛❧❧ ✐ts ❛♣♣❧✐❝❛♥ts

✜rst ❜② ♣r✐♦r✐t② t❤❡♥ ❜② r❛♥❞♦♠ ♥✉♠❜❡r ✇✐t❤✐♥ ♣r✐♦r✐t② ❣r♦✉♣s ❛♥❞ t❡♥t❛t✐✈❡❧② ❛❞♠✐ts

t❤❡ ❤✐❣❤❡st✲r❛♥❦❡❞ ❛♣♣❧✐❝❛♥ts ✐♥ t❤✐s ♦r❞❡r ✉♣ t♦ ✐ts ❝❛♣❛❝✐t②✳ ❖t❤❡r ❛♣♣❧✐❝❛♥ts ❛r❡

r❡❥❡❝t❡❞✳

❊❛❝❤ r❡❥❡❝t❡❞ st✉❞❡♥t ❛♣♣❧✐❡s t♦ ❤✐s ♥❡①t ♠♦st ♣r❡❢❡rr❡❞ s❝❤♦♦❧✳ ❊❛❝❤ s❝❤♦♦❧ r❛♥❦s

t❤❡s❡ ♥❡✇ ❛♣♣❧✐❝❛♥ts t♦❣❡t❤❡r ✇✐t❤ ❛♣♣❧✐❝❛♥ts t❤❛t ✐t ❛❞♠✐tt❡❞ t❡♥t❛t✐✈❡❧② ✐♥ t❤❡ ♣r❡✈✐✲

♦✉s r♦✉♥❞✱ ✜rst ❜② ♣r✐♦r✐t② ❛♥❞ t❤❡♥ ❜② r❛♥❞♦♠ ♥✉♠❜❡r✳ ❋r♦♠ t❤✐s ♣♦♦❧✱ t❤❡ s❝❤♦♦❧

t❡♥t❛t✐✈❡❧② ❛❞♠✐ts t❤♦s❡ ✐t r❛♥❦s ❤✐❣❤❡st ✉♣ t♦ ❝❛♣❛❝✐t②✱ r❡❥❡❝t✐♥❣ t❤❡ r❡st✳

❚❤✐s ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s ✇❤❡♥ t❤❡r❡ ❛r❡ ♥♦ ♥❡✇ ❛♣♣❧✐❝❛t✐♦♥s ✭s♦♠❡ st✉❞❡♥ts ♠❛② r❡♠❛✐♥ ✉♥❛s✲

s✐❣♥❡❞✮✳

❉❆ ♣r♦❞✉❝❡s ❛ st❛❜❧❡ ❛❧❧♦❝❛t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ❛♥② st✉❞❡♥t ✇❤♦ ♣r❡❢❡rs ❛♥♦t❤❡r s❝❤♦♦❧

t♦ t❤❡ ♦♥❡ ❤❡ ❤❛s ❜❡❡♥ ❛ss✐❣♥❡❞ ♠✉st ❜❡ ♦✉tr❛♥❦❡❞ ❛t t❤❛t s❝❤♦♦❧✱ ❡✐t❤❡r ❜❡❝❛✉s❡ ❡✈❡r②♦♥❡

❛ss✐❣♥❡❞ t❤❡r❡ ❤❛s ❤✐❣❤❡r ♣r✐♦r✐t②✱ ♦r ❜❡❝❛✉s❡ t❤♦s❡ ✇❤♦ s❤❛r❡ t❤❡ st✉❞❡♥t✬s ♣r✐♦r✐t② ❛t t❤❛t

s❝❤♦♦❧ ❤❛✈❡ ❤✐❣❤❡r ❧♦tt❡r② ♥✉♠❜❡rs✳ ❉❆ ✐s ❛❧s♦ str❛t❡❣②✲♣r♦♦❢✱ ♠❡❛♥✐♥❣ t❤❛t ❢❛♠✐❧✐❡s ❞♦ ❛s ✇❡❧❧

❛s ♣♦ss✐❜❧❡ ❜② s✉❜♠✐tt✐♥❣ ❛ tr✉t❤❢✉❧ ♣r❡❢❡r❡♥❝❡ ❧✐st ✭❢♦r ❡①❛♠♣❧❡✱ t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ ❜❡ ❣❛✐♥❡❞

❜② r❛♥❦✐♥❣ ✉♥❞❡r✲s✉❜s❝r✐❜❡❞ s❝❤♦♦❧s ❤✐❣❤❧② ❥✉st ❜❡❝❛✉s❡ t❤❡② ❛r❡ ❧✐❦❡❧② t♦ ②✐❡❧❞ s❡❛ts✮✳ ❙❡❡ ❘♦t❤

❛♥❞ ❙♦t♦♠❛②♦r ✭✶✾✾✵✮ ❢♦r ❛ r❡✈✐❡✇ ♦❢ t❤❡s❡ ❛♥❞ r❡❧❛t❡❞ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts✳

✸



✷✳✶ Pr♦♣❡♥s✐t② ❙❝♦r❡ P♦♦❧✐♥❣

❲✐t❤✐♥ ❛ ❣✐✈❡♥ ♠❛r❦❡t str✉❝t✉r❡ ✭❞❡✜♥❡❞ ❜② t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛♥ts ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢

s❡❛ts t♦ ❜❡ ✜❧❧❡❞ ❛t ❡❛❝❤ s❝❤♦♦❧✮✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❉❆ ❛ss✐❣♥s st✉❞❡♥t i ❛ s❡❛t ❛t s❝❤♦♦❧ s

❞❡♣❡♥❞s ♦♥ st✉❞❡♥t i✬s ♣r❡❢❡r❡♥❝❡s ❛♥❞ ♣r✐♦r✐t② st❛t✉s ❛t s ❛♥❞ ❡❧s❡✇❤❡r❡✳ ❲❡ r❡❢❡r t♦ ❛ st✉❞❡♥t✬s

♣r❡❢❡r❡♥❝❡s ❛♥❞ ♣r✐♦r✐t✐❡s ❛s st✉❞❡♥t t②♣❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ st✉❞❡♥t ♦❢ ♦♥❡ t②♣❡ ♠✐❣❤t r❛♥❦ s❝❤♦♦❧

b ✜rst✱ s❝❤♦♦❧ a s❡❝♦♥❞✱ ❛♥❞ ❤❛✈❡ s✐❜❧✐♥❣ ♣r✐♦r✐t② ❛t b✳

❙✉♣♣♦s❡ ✇❡✬❞ ❧✐❦❡ t♦ ❡st✐♠❛t❡ t❤❡ ❝❛✉s❛❧ ❡✛❡❝t ♦❢ ❛tt❡♥❞✐♥❣ ❛ ♣❛rt✐❝✉❧❛r s❝❤♦♦❧ r❡❧❛t✐✈❡ t♦

♦t❤❡r s❝❤♦♦❧s t❤❛t st✉❞❡♥ts ✇❤♦ r❛♥❦ t❤✐s s❝❤♦♦❧ ♠✐❣❤t ❛tt❡♥❞ ✭♦✉r ❡♠♣✐r✐❝❛❧ ✇♦r❦ ❢♦❝✉s❡s ♦♥ t❤❡

❝❛✉s❛❧ ❡✛❡❝t ♦❢ ❛tt❡♥❞❛♥❝❡ ❛t ❣r♦✉♣s ♦❢ s❝❤♦♦❧s✱ ❜✉t t❤❡ ❧♦❣✐❝ ❜❡❤✐♥❞ s✉❝❤ ❝♦♠♣❛r✐s♦♥s ✐s s✐♠✐❧❛r✮✳

❋❛♠✐❧✐❡s ❡①❤✐❜✐t ❛ str♦♥❣ ♣r❡❢❡r❡♥❝❡ ❢♦r s❝❤♦♦❧s ✐♥ t❤❡✐r ♥❡✐❣❤❜♦r❤♦♦❞✱ s♦ ♦✛❡r r❛t❡s ❛r❡ ❤✐❣❤ ❢♦r

♥❡❛r❜② s❝❤♦♦❧s✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡r❡ ❛r❡ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡s ✐♥ ❛✈❡r❛❣❡ ❛❝❤✐❡✈❡♠❡♥t ❛❝r♦ss

❉❡♥✈❡r ♥❡✐❣❤❜♦r❤♦♦❞s✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢❛♠✐❧✐❡s ✇❤♦ ❧✐✈❡ ✐♥ ❧♦✇❡r✲✐♥❝♦♠❡ ♥❡✐❣❤❜♦r❤♦♦❞s ❛r❡ ♠♦r❡

❧✐❦❡❧② t♦ ❜❡ ♦✛❡r❡❞ s❡❛ts ✐♥ s❝❤♦♦❧s ❛tt❡♥❞❡❞ ❜② ❧♦✇ ❛❝❤✐❡✈❡rs ❢♦r r❡❛s♦♥s ✉♥r❡❧❛t❡❞ t♦ t❤❡ ❝❛✉s❛❧

❡✛❡❝ts ♦❢ s❝❤♦♦❧ ❛tt❡♥❞❛♥❝❡✳ ❚❤✐s ✐s ✐♠♣♦rt❛♥t ✐♥ ♦✉r ❝♦♥t❡①t ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ♠♦r❡ ❝❤❛rt❡rs

✐♥ ♣♦♦r ❛r❡❛s✳ ▲✐❦❡✇✐s❡✱ s❡❧❡❝t✐♦♥ ❜✐❛s ❝❛♥ ❛r✐s❡ ❢r♦♠ ❢❛✐❧✉r❡ t♦ ❝♦♥tr♦❧ ❢♦r ♣r✐♦r✐t✐❡s✿ ✐♥ s♦♠❡

❞✐str✐❝ts✱ ❢♦r ❡①❛♠♣❧❡✱ st✉❞❡♥ts ♣♦♦r ❡♥♦✉❣❤ t♦ q✉❛❧✐❢② ❢♦r ❛ s✉❜s✐❞✐③❡❞ ❧✉♥❝❤ ❛r❡ ❣r❛♥t❡❞ ♣r✐♦r✐t②

❢♦r s❡❛ts ❛t s❝❤♦♦❧s ♦❢ ♦♥❡ s♦rt ♦r ❛♥♦t❤❡r✳

❉❆ tr❡❛ts st✉❞❡♥ts ♦❢ t❤❡ s❛♠❡ t②♣❡ s②♠♠❡tr✐❝❛❧❧② ✐♥ t❤❛t ❡✈❡r②♦♥❡ ♦❢ ❛ ❣✐✈❡♥ t②♣❡ ❢❛❝❡s

t❤❡ s❛♠❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ss✐❣♥♠❡♥t t♦ ❡❛❝❤ s❝❤♦♦❧✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t②♣❡✱ ❛❧❧ t❤❛t

r❡♠❛✐♥s t♦ ❞❡t❡r♠✐♥❡ s❝❤♦♦❧ ❛ss✐❣♥♠❡♥t ✐s ❛ r❛♥❞♦♠ ♥✉♠❜❡r t❤❛t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ st✉❞❡♥t

❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ✭t❤✐s ✐♥t✉✐t✐✈❡ ❝❧❛✐♠ ✐s ♣r♦✈❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✮✳ ❲❡

❝❛♥ t❤❡r❡❢♦r❡ ❡❧✐♠✐♥❛t❡ s❡❧❡❝t✐♦♥ ❜✐❛s ✐♥ ❝♦♠♣❛r✐s♦♥s ♦❢ t❤♦s❡ ✇❤♦ ❛r❡ ❛♥❞ ❛r❡♥✬t ♦✛❡r❡❞ s❡❛ts ❛t

♣❛rt✐❝✉❧❛r s❝❤♦♦❧s s✐♠♣❧② ❜② ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ t②♣❡✳ ❆s ❛ ♣r❛❝t✐❝❛❧ ♠❛tt❡r✱ ❤♦✇❡✈❡r✱ ✇❡✬❞ ❧✐❦❡ t♦

❛✈♦✐❞ ❢✉❧❧ t②♣❡ ❝♦♥❞✐t✐♦♥✐♥❣✱ s✐♥❝❡ t❤✐s ♣r♦❞✉❝❡s ♠❛♥② s♠❛❧❧ ❛♥❞ ❡✈❡♥ s✐♥❣❧❡t♦♥ ♦r ❡♠♣t② ❝❡❧❧s✱

r❡❞✉❝✐♥❣ t❤❡ s❛♠♣❧❡ ❛✈❛✐❧❛❜❧❡ ❢♦r ✐♠♣❛❝t ❛♥❛❧②s✐s ❞r❛♠❛t✐❝❛❧❧②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ❡①❛♠♣❧❡

✐❧❧✉str❛t❡s t❤✐s ♣♦✐♥t✳

❊①❛♠♣❧❡ ✶✳ ❋✐✈❡ st✉❞❡♥ts {1, 2, 3, 4, 5} ❛♣♣❧② t♦ t❤r❡❡ s❝❤♦♦❧s {a, b, c}, ❡❛❝❤ ✇✐t❤ ♦♥❡ s❡❛t✳

❙t✉❞❡♥t 5 ❤❛s t❤❡ ❤✐❣❤❡st ♣r✐♦r✐t② ❛t c ❛♥❞ st✉❞❡♥t 2 ❤❛s t❤❡ ❤✐❣❤❡st ♣r✐♦r✐t② ❛t b, ♦t❤❡r✇✐s❡ t❤❡

st✉❞❡♥ts ❤❛✈❡ t❤❡ s❛♠❡ ♣r✐♦r✐t② ❛t ❛❧❧ s❝❤♦♦❧s✳ ❲❡✬r❡ ✐♥t❡r❡st❡❞ ✐♥ ♠❡❛s✉r✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ❛♥

♦✛❡r ❛t s❝❤♦♦❧ a✳ ❙t✉❞❡♥t ♣r❡❢❡r❡♥❝❡s ❛r❡

1 : a ≻ b,

2 : a ≻ b,

3 : a,

4 : c ≻ a,

5 : c,

✇❤❡r❡ a ≻ b ♠❡❛♥s t❤❛t a ✐s ♣r❡❢❡rr❡❞ t♦ b✳ ❙t✉❞❡♥ts 3 ❛♥❞ 5 ✜♥❞ ♦♥❧② ❛ s✐♥❣❧❡ s❝❤♦♦❧ ❛❝❝❡♣t❛❜❧❡✳

◆♦t❡ t❤❛t ♥♦ t✇♦ st✉❞❡♥ts ❤❡r❡ ❤❛✈❡ t❤❡ s❛♠❡ ♣r❡❢❡r❡♥❝❡s ❛♥❞ ♣r✐♦r✐t✐❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢✉❧❧✲

t②♣❡ str❛t✐✜❝❛t✐♦♥ ♣✉ts ❡❛❝❤ st✉❞❡♥t ✐♥t♦ ❛ ❞✐✛❡r❡♥t str❛t✉♠✳ ❚❤✐s r✉❧❡s ♦✉t r❡s❡❛r❝❤ str❛t❡❣✐❡s

t❤❛t r❡❧② ♦♥ ❢✉❧❧ t②♣❡ ❝♦♥❞✐t✐♦♥✐♥❣ t♦ ❡❧✐♠✐♥❛t❡ s❡❧❡❝t✐♦♥ ❜✐❛s✳ ❇✉t ❢✉❧❧ t②♣❡ ❝♦♥❞✐t✐♦♥✐♥❣ ✐s

✉♥♥❡❝❡ss❛r② ✐♥ t❤✐s ❝❛s❡ ❜❡❝❛✉s❡ ❉❆ ❛ss✐❣♥s st✉❞❡♥ts ✶✱ ✷✱ ✸✱ ❛♥❞ ✹ t♦ s❝❤♦♦❧ a ❡❛❝❤ ✇✐t❤

✹



♣r♦❜❛❜✐❧✐t② ✵✳✷✺✳ ❚❤✐s ❝❛❧❝✉❧❛t✐♦♥ r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t ✺ ❜❡❛ts 4 ❛t c ❜② ✈✐rt✉❡ ♦❢ ❤✐s ♣r✐♦r✐t②

t❤❡r❡✱ ❧❡❛✈✐♥❣ ✶✱ ✷✱ ✸✱ ❛♥❞ ✹ ❛❧❧ ❛♣♣❧②✐♥❣ t♦ a ✐♥ t❤❡ s❡❝♦♥❞ r♦✉♥❞ ❛♥❞ ♥♦ ♦♥❡ ❛❞✈❛♥t❛❣❡❞ t❤❡r❡✳

❚❤❡ ✐♠♣❛❝t ♦❢ ❛ss✐❣♥♠❡♥t t♦ a ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❛♥❛❧②③❡❞ ✐♥ ❛ s✐♥❣❧❡ str❛t✉♠ ❝♦♥t❛✐♥✐♥❣ ❢♦✉r

st✉❞❡♥ts✳ ❆s ✇❡ s❤♦✇ ❢♦r♠❛❧❧② ✐♥ ❙❡❝t✐♦♥ ✸✱ t❤✐s str❛t✐✜❝❛t✐♦♥ s❝❤❡♠❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡

♣r♦♣❡♥s✐t② s❝♦r❡✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t t♦ a✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❝❛♥ ✉s❡

❛ ❞✉♠♠② ✐♥❞✐❝❛t✐♥❣ ♦✛❡rs ❛t a ❛s ❛♥ ✐♥str✉♠❡♥t ❢♦r ❛tt❡♥❞❛♥❝❡ ❛t a ✐♥ ❛ s❛♠♣❧❡ t❤❛t ✐♥❝❧✉❞❡s

t②♣❡s ✶✲✹✿ ♦✛❡rs ❛♠♦♥❣ t❤❡s❡ t②♣❡s ♦❝❝✉r ✇✐t❤ ❡q✉❛❧ ❢r❡q✉❡♥❝② ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢

♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ❛♥❞ st✉❞❡♥t ❝❤❛r❛❝t❡r✐st✐❝s✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ❢❛❝t t❤❛t ♦✛❡rs ♦❢ s❡❛ts

❛t s❝❤♦♦❧ a ❜♦♦st ❡♥r♦❧❧♠❡♥t t❤❡r❡ ❣❡♥❡r❛t❡s t❤❡ r❡❧❡✈❛♥t ✜rst st❛❣❡✳

✷✳✷ ❋✉rt❤❡r P♦♦❧✐♥❣ ✐♥ ▲❛r❣❡ ▼❛r❦❡ts

❯♥❞❡r ❉❆✱ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ❢♦r ❛ss✐❣♥♠❡♥t t♦ s❝❤♦♦❧ a ✐s ❞❡t❡r♠✐♥❡❞ ❜♦t❤ ❜② ❛ st✉❞❡♥t✬s

❢❛✐❧✉r❡ t♦ ✇✐♥ ❛ s❡❛t ❛t s❝❤♦♦❧s ❤❡ r❛♥❦s ♠♦r❡ ❤✐❣❤❧② t❤❛♥ a ❛♥❞ ❜② t❤❡ ♦❞❞s ❤❡ ✇✐♥s ❛ s❡❛t ❛t

a ✐♥ ❝♦♠♣❡t✐t✐♦♥ ✇✐t❤ t❤♦s❡ ✇❤♦ ❤❛✈❡ ❛❧s♦ r❛♥❦❡❞ a ❛♥❞ s✐♠✐❧❛r❧② ❢❛✐❧❡❞ t♦ ✜♥❞ s❡❛ts ❛t s❝❤♦♦❧s

t❤❡②✬✈❡ r❛♥❦❡❞ ♠♦r❡ ❤✐❣❤❧②✳ ❚❤✐s t✇♦✲♣❛rt str✉❝t✉r❡ ❧❡❛❞s t♦ ❛ ❧❛r❣❡✲♠❛r❦❡t ❛♣♣r♦①✐♠❛t✐♦♥ t❤❛t

❣❡♥❡r❛t❡s ♣♦♦❧✐♥❣ ❜❡②♦♥❞ t❤❛t ♣r♦✈✐❞❡❞ ❜② t❤❡ ✜♥✐t❡✲♠❛r❦❡t ♣r♦♣❡♥s✐t② s❝♦r❡✳ ❲❡ ✐❧❧✉str❛t❡ t❤✐s

♣♦✐♥t ✈✐❛ ❛ s❡❝♦♥❞ s✐♠♣❧❡ ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✷✳ ❋♦✉r st✉❞❡♥ts {1, 2, 3, 4} ❛♣♣❧② t♦ t❤r❡❡ s❝❤♦♦❧s {a, b, c}, ❡❛❝❤ ✇✐t❤ ♦♥❡ s❡❛t✳ ❚❤❡r❡

❛r❡ ♥♦ s❝❤♦♦❧ ♣r✐♦r✐t✐❡s ❛♥❞ st✉❞❡♥t ♣r❡❢❡r❡♥❝❡s ❛r❡

1 : c,

2 : c ≻ b ≻ a,

3 : b ≻ a,

4 : a.

❆s ✐♥ ❊①❛♠♣❧❡ ✶✱ ❡❛❝❤ st✉❞❡♥t ✐s ♦❢ ❛ ❞✐✛❡r❡♥t t②♣❡✳

▲❡t pa(i) ❢♦r i = 1, 2, 3, 4 ❞❡♥♦t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t②♣❡ i ✐s ❛ss✐❣♥❡❞ s❝❤♦♦❧ a✳ ❲✐t❤ ❢♦✉r

st✉❞❡♥ts✱ pa(i) ❝♦♠❡s ❢r♦♠ 4! = 24 ♣♦ss✐❜❧❡ ❧♦tt❡r② ❞r❛✇s✱ ❛❧❧ ❡q✉❛❧❧② ❧✐❦❡❧②✳ ●✐✈❡♥ t❤✐s ♠♦❞❡st

♥✉♠❜❡r ♦❢ ♣♦ss✐❜✐❧✐t✐❡s✱ pa(i) ✐s ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞ ❜② ❡♥✉♠❡r❛t✐♦♥✿

• ◆♦t ❤❛✈✐♥❣ r❛♥❦❡❞ a✱ t②♣❡ ✶ ✐s ♥❡✈❡r ❛ss✐❣♥❡❞ t❤❡r❡✱ s♦ pa(1) = 0✳

• ❚②♣❡ ✷ ✐s s❡❛t❡❞ ❛t a ✇❤❡♥ s❝❤♦♦❧s ❤❡✬s r❛♥❦❡❞ ❛❤❡❛❞ ♦❢ a✱ s❝❤♦♦❧s b ❛♥❞ c✱ ❛r❡ ✜❧❧❡❞ ❜②

♦t❤❡rs✱ ❛♥❞ ✇❤❡♥ ❤❡ ❛❧s♦ ❜❡❛ts t②♣❡ ✹ ✐♥ ❝♦♠♣❡t✐t✐♦♥ ❢♦r ❛ s❡❛t ❛t a✳ ❚❤✐s ♦❝❝✉rs ❢♦r t❤❡

t✇♦ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ (s, t, 2, 4) ❢♦r s, t = 1, 3✳ ❚❤❡r❡❢♦r❡✱ pa(2) = 2/24 = 1/12✳

• ❚②♣❡ ✸ ✐s s❡❛t❡❞ ❛t a ✇❤❡♥ t❤❡ s❝❤♦♦❧s ❤❡✬s r❛♥❦❡❞ ❛❤❡❛❞ ♦❢ a✕✐♥ t❤✐s ❝❛s❡✱ ♦♥❧② b✕❛r❡ ✜❧❧❡❞

❜② ♦t❤❡rs✱ ✇❤✐❧❡ ❤❡ ❛❧s♦ ❜❡❛ts t②♣❡ ✹ ✐♥ ❝♦♠♣❡t✐t✐♦♥ ❢♦r ❛ s❡❛t ❛t a✳ b ❝❛♥ ❜❡ ✜❧❧❡❞ ❜② t②♣❡

✷ ♦♥❧② ✇❤❡♥ ✷ ❧♦s❡s t♦ ✶ ✐♥ t❤❡ ❧♦tt❡r② ❛t c✳ ❈♦♥s❡q✉❡♥t❧②✱ t②♣❡ ✸ ✐s s❡❛t❡❞ ❛t a ♦♥❧② ✐♥ ❛

s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦r♠ (1, 2, 3, 4)✱ ✇❤✐❝❤ ♦❝❝✉rs ♦♥❧② ♦♥❝❡✳ ❚❤❡r❡❢♦r❡✱ pa(3) = 1/24✳

• ❋✐♥❛❧❧②✱ s✐♥❝❡ t②♣❡ ✹ ❣❡ts t❤❡ s❡❛t ❛t a ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ s❡❛t ❞♦❡s ♥♦t ❣♦ t♦ t②♣❡ ✷ ♦r t②♣❡

✸✱ pa(4) = 21/24.

✺



■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ❞✐✛❡rs ❢♦r ❡❛❝❤ st✉❞❡♥t✳ ❇✉t ✐♥ ❧❛r❣❡r ♠❛r❦❡ts ✇✐t❤ t❤❡

s❛♠❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t②♣❡s✱ t❤❡ s❝♦r❡ ✐s s♠♦♦t❤❡r✳ ❚♦ s❡❡ t❤✐s✱ ❝♦♥s✐❞❡r ❛ ❧❛r❣❡ ♠❛r❦❡t t❤❛t

r❡♣❧✐❝❛t❡s t❤❡ str✉❝t✉r❡ ♦❢ t❤✐s ❡①❛♠♣❧❡ n t✐♠❡s✱ s♦ t❤❛t n st✉❞❡♥ts ♦❢ ❡❛❝❤ t②♣❡ ❛♣♣❧② t♦ ✸

s❝❤♦♦❧s✱ ❡❛❝❤ ✇✐t❤ n s❡❛ts✳✷ ❲✐t❤ ❧❛r❣❡ n✱ ❡♥✉♠❡r❛t✐♦♥ ♦❢ ❛ss✐❣♥♠❡♥t ♣♦ss✐❜✐❧✐t✐❡s ✐s ❛ ❝❤♦r❡✳ ❲❡

❝❛♥✱ ❤♦✇❡✈❡r✱ s✐♠✉❧❛t❡ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ❜② r❡♣❡❛t❡❞❧② ❞r❛✇✐♥❣ ❧♦tt❡r② ♥✉♠❜❡rs✳

❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ s✐♠✉❧❛t❡❞ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ❛ss✐❣♥♠❡♥t ❛♥❞ ♠❛r❦❡t s✐③❡ ❢♦r ❊①❛♠♣❧❡

✷✱ ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✶✱ r❡✈❡❛❧s t❤❛t ❛s t❤❡ ♠❛r❦❡t ❣r♦✇s✱ t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t②♣❡s ✷ ❛♥❞ ✸

❞✐s❛♣♣❡❛rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❋✐❣✉r❡ ✶ s❤♦✇s t❤❛t ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ n✱

pa(2) = pa(3) = 1/12; pa(1) = 0; pa(4) = 10/12 = 5/6,

✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ss✐❣♥♠❡♥t ❛t a ❢♦r t②♣❡s ✷ ❛♥❞ ✸ ❝♦♥✈❡r❣✐♥❣ q✉✐❝❦❧②✳ ❚❤✐s ❝♦♥✈❡r❣❡♥❝❡

✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ r❡s✉❧t ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ❧❛r❣❡✲♠❛r❦❡t

♣r♦❜❛❜✐❧✐t✐❡s t❤❛t t②♣❡s ❛♥❞ ✷ ❛♥❞ ✸ ❛r❡ s❡❛t❡❞ ❛t a ❛r❡ ❜♦t❤ ❞❡t❡r♠✐♥❡❞ ❜② ❢❛✐❧✉r❡ t♦ ✇✐♥ ❛ s❡❛t

❛t b✳ ❚❤❡ ❢❛❝t t❤❛t st✉❞❡♥t ✸ r❛♥❦s c ❛❤❡❛❞ ♦❢ b ✐s ✐rr❡❧❡✈❛♥t✳

❆ ♣❛t✐❡♥t ❛♥❛❧②st ❝❛♥ ❛❧✇❛②s ❛♣♣r♦①✐♠❛t❡ ❛ ✜♥✐t❡ ♠❛r❦❡t s❝♦r❡ ❜② s✐♠✉❧❛t✐♦♥✱ ❜✉t ♦✉r ❧❛r❣❡✲

♠❛r❦❡t r❡s✉❧ts r❡✈❡❛❧ ✇❤② s♦♠❡ s❝❤♦♦❧s ❛♥❞ ❛♣♣❧✐❝❛♥t t②♣❡s ❛r❡ s✉❜❥❡❝t t♦ r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t

✭❡✈❡♥ ❛t s❝❤♦♦❧s t❤❛t ❛r❡ ✉♥❞❡r✲s✉❜s❝r✐❜❡❞✮✱ ✇❤② ❛♣♣❧✐❝❛♥ts ♦❢ ❞✐✛❡r❡♥t t②♣❡s s❤❛r❡ t❤❡ s❛♠❡

r✐s❦✱ ❛♥❞ ✇❤② ❢♦r s♦♠❡ ❛♣♣❧✐❝❛♥ts✱ ❛ss✐❣♥♠❡♥t r✐s❦ ✐s ❞❡❣❡♥❡r❛t❡ ✭❡✈❡♥ ❛t s❝❤♦♦❧s t❤❛t ❛r❡ ♦✈❡r✲

s✉❜s❝r✐❜❡❞✮✳ ❆ s✐❣♥❛❧ ❢❡❛t✉r❡ ♦❢ t❤❡ ❧❛r❣❡ ♠❛r❦❡t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐s t❤❡ r♦❧❡ ♣❧❛②❡❞ ❜② ❧♦tt❡r②

q✉❛❧✐✜❝❛t✐♦♥ ❝✉t♦✛s ❛t s❝❤♦♦❧s r❛♥❦❡❞ ❛❤❡❛❞ ♦❢ s❝❤♦♦❧ a ✐♥ ❞❡t❡r♠✐♥✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ❛ss✐❣♥♠❡♥t

❛t a✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ❜② ❊①❛♠♣❧❡ ✷✱ ✇❤✐❝❤ s❤♦✇s t❤❛t✱ ✐♥ t❤❡ ❧❛r❣❡✲♠❛r❦❡t ❧✐♠✐t✱ ❛♠♦♥❣ s❝❤♦♦❧s

t❤❛t ❛♥ ❛♣♣❧✐❝❛♥t ♣r❡❢❡rs t♦ a✱ ✇❡ ♥❡❡❞ ♦♥❧② ❜❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ✇❤❛t ❤❛♣♣❡♥s ❛t t❤❡ s❝❤♦♦❧ ❛t

✇❤✐❝❤ ✐t✬s ❡❛s✐❡st t♦ q✉❛❧✐❢②✳ ■♥ ❣❡♥❡r❛❧✱ t❤✐s ♠♦st ✐♥❢♦r♠❛t✐✈❡ ❞✐sq✉❛❧✐✜❝❛t✐♦♥ ✭▼■❉✮ ❞❡t❡r♠✐♥❡s

❤♦✇ ❞✐str✐❜✉t✐♦♥s ♦❢ ❧♦tt❡r② ♥✉♠❜❡rs ❢♦r ❛♣♣❧✐❝❛♥ts ♦❢ ❞✐✛❡r✐♥❣ t②♣❡s ❛r❡ ❡✛❡❝t✐✈❡❧② tr✉♥❝❛t❡❞

❜❡❢♦r❡ ❡♥t❡r✐♥❣ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❢♦r s❡❛ts ❛t a✳ ❆s ✇❡ s❤♦✇ ❜❡❧♦✇✱ t❤❡ ❢❛❝t t❤❛t t❤❡ ❧❛r❣❡ ♠❛r❦❡t

s❝♦r❡ ❞❡♣❡♥❞s ♦♥ t②♣❡ ♦♥❧② t❤r♦✉❣❤ ❛ s❡t ♦❢ ❝♦♥str✉❝ts ❧✐❦❡ ▼■❉ ❛❧❧♦✇s ✉s t♦ r❡♣❧❛❝❡ ❢✉❧❧ t②♣❡

❝♦♥❞✐t✐♦♥✐♥❣ ✇✐t❤ s♦♠❡t❤✐♥❣ ♠✉❝❤ s♠♦♦t❤❡r✳

✸ ❙❝♦r❡ ❚❤❡♦r②

✸✳✶ ❙❡t✉♣

❆ ❣❡♥❡r❛❧ s❝❤♦♦❧ ❝❤♦✐❝❡ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✇❡ r❡❢❡r t♦ ❛s ❛♥ ❡❝♦♥♦♠②✱ ✐s ❞❡✜♥❡❞ ❜② ❛ s❡t ♦❢ st✉❞❡♥ts✱

s❝❤♦♦❧s✱ s❝❤♦♦❧ ❝❛♣❛❝✐t✐❡s✱ st✉❞❡♥t ♣r❡❢❡r❡♥❝❡s ♦✈❡r s❝❤♦♦❧s✱ ❛♥❞ st✉❞❡♥t ♣r✐♦r✐t✐❡s ❛t s❝❤♦♦❧s✳ ▲❡t

I ❞❡♥♦t❡ ❛ s❡t ♦❢ st✉❞❡♥ts✱ ✐♥❞❡①❡❞ ❜② i✱ ❛♥❞ ❧❡t s = 1, ..., S ✐♥❞❡① s❝❤♦♦❧s✳ ❲❡ ❝♦♥s✐❞❡r ♠❛r❦❡ts

✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ s❝❤♦♦❧s✱ ❜✉t ✇✐t❤ ❡✐t❤❡r ✜♥✐t❡ ✭n✮ ♦r ✐♥✜♥✐t❡❧② ♠❛♥② st✉❞❡♥ts✳ ❆s ✐♥

❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳ ✭✷✵✶✺✮ ❛♥❞ ❆③❡✈❡❞♦ ❛♥❞ ▲❡s❤♥♦ ✭✷✵✶✹✮✱ t❤❡ ❧❛tt❡r s❡tt✐♥❣ ✐s r❡❢❡rr❡❞ t♦ ❛s

❛ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✳ ■♥ ❛ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✱ I = [0, 1] ❛♥❞ s❝❤♦♦❧ ❝❛♣❛❝✐t✐❡s ❛r❡ ❞❡✜♥❡❞ ❛s

t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉✉♠ t❤❛t ❝❛♥ ❜❡ s❡❛t❡❞ ❛t ❡❛❝❤ s❝❤♦♦❧✳

✷▼❛♥② ♠❛r❦❡t✲❞❡s✐❣♥ ❛♥❛❧②sts ❤❛✈❡ ❢♦✉♥❞ t❤✐s s♦rt ♦❢ ❧❛r❣❡✲♠❛r❦❡t ❛♣♣r♦①✐♠❛t✐♦♥ ✉s❡❢✉❧✳ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡
❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳ ✭✷✵✶✺✮❀ ❆③❡✈❡❞♦ ❛♥❞ ▲❡s❤♥♦ ✭✷✵✶✹✮❀ ❇✉❞✐s❤ ✭✷✵✶✶✮❀ ❈❤❡ ❛♥❞ ❑♦❥✐♠❛ ✭✷✵✶✵✮❀ ❑❡st❡♥ ❛♥❞
Ü♥✈❡r ✭✷✵✶✺✮✳

✻



❙t✉❞❡♥t i✬s ♣r❡❢❡r❡♥❝❡s ♦✈❡r s❝❤♦♦❧s ❝♦♥st✐t✉t❡ ❛ ♣❛rt✐❛❧ ♦r❞❡r✐♥❣ ♦❢ s❝❤♦♦❧s✱ ≻i✱ ✇❤❡r❡ a ≻i b

♠❡❛♥s t❤❛t i ♣r❡❢❡rs s❝❤♦♦❧ a t♦ s❝❤♦♦❧ b✳ ❊❛❝❤ st✉❞❡♥t ✐s ❛❧s♦ ❣r❛♥t❡❞ ❛ ♣r✐♦r✐t② ❛t ❡✈❡r② s❝❤♦♦❧✳

▲❡t ρis ∈ {1, ...,K,∞} ❞❡♥♦t❡ st✉❞❡♥t i✬s ♣r✐♦r✐t② ❛t s❝❤♦♦❧ s✱ ✇❤❡r❡ ρis < ρjs ♠❡❛♥s s❝❤♦♦❧ s

♣r✐♦r✐t✐③❡s i ♦✈❡r j✳ ❋♦r ✐♥st❛♥❝❡✱ ρis = 1 ♠✐❣❤t ❡♥❝♦❞❡ t❤❡ ❢❛❝t t❤❛t st✉❞❡♥t s ❤❛s s✐❜❧✐♥❣ ♣r✐♦r✐t②

❛t s❝❤♦♦❧ s✱ ✇❤✐❧❡ ρis = 2 ❡♥❝♦❞❡s ♥❡✐❣❤❜♦r❤♦♦❞ ♣r✐♦r✐t②✱ ❛♥❞ ρis = 3 ❢♦r ❡✈❡r②♦♥❡ ❡❧s❡✳ ❲❡ ✉s❡

ρis = ∞ t♦ ✐♥❞✐❝❛t❡ t❤❛t i ✐s ✐♥❡❧✐❣✐❜❧❡ ❢♦r s❝❤♦♦❧ s. ▼❛♥② st✉❞❡♥ts s❤❛r❡ ♣r✐♦r✐t✐❡s ❛t ❛ ❣✐✈❡♥

s❝❤♦♦❧✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ρis = ρjs ❢♦r s♦♠❡ i 6= j✳ ▲❡t ρi = (ρi1, ..., ρiS) ❜❡ t❤❡ ✈❡❝t♦r ♦❢ st✉❞❡♥t

i✬s ♣r✐♦r✐t✐❡s ❢♦r ❡❛❝❤ s❝❤♦♦❧✳ ❙t✉❞❡♥t t②♣❡ ✐s ❞❡♥♦t❡❞ ❜② θi = (≻i,ρi)✳ ❲❡ s❛② t❤❛t ❛ st✉❞❡♥t ♦❢

t②♣❡ θ ❤❛s ♣r❡❢❡r❡♥❝❡s ≻θ ❛♥❞ ♣r✐♦r✐t✐❡s ρθ✳ Θ ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ t②♣❡s✳

❆♥ ❡❝♦♥♦♠② ✐s ❛❧s♦ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ♣❛rt ❜② ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❝❛♣❛❝✐t② ✈❡❝t♦r✱ q✱ ✇❤✐❝❤ ✐s

♥♦r♠❛❧✐③❡❞ ❜② t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ st✉❞❡♥ts✱ ♦r ❜② t❤❡✐r ♠❡❛s✉r❡ ✇❤❡♥ st✉❞❡♥ts ❛r❡ ✐♥❞❡①❡❞

❝♦♥t✐♥✉♦✉s❧②✳ ■♥ ❛ ✜♥✐t❡ ❡❝♦♥♦♠②✱ ✇❤❡r❡ t❤❡ s❡t I ❝♦♥t❛✐♥s n st✉❞❡♥ts ❛♥❞ ❡❛❝❤ s❝❤♦♦❧ s ❤❛s ks
s❡❛ts✱ ❝❛♣❛❝✐t② ✐s ❞❡✜♥❡❞ ❜② qs =

ks
n
✳ ■♥ ❛ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✱ qs ✐s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ s❡t I

t❤❛t ❝❛♥ ❜❡ s❡❛t❡❞ ❛t s❝❤♦♦❧ s✳

❚❤❡ ❛♥❛❧②s✐s ❤❡r❡ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ s❝❤♦♦❧ ❛ss✐❣♥♠❡♥t ♠❡❝❤❛♥✐s♠s t❤❛t ✉s❡ ❧♦tt❡r✐❡s t♦ ❞✐s✲

t✐♥❣✉✐s❤ ❜❡t✇❡❡♥ st✉❞❡♥ts ✇✐t❤ t❤❡ s❛♠❡ ♣r❡❢❡r❡♥❝❡s ❛♥❞ ♣r✐♦r✐t✐❡s✳ ❙t✉❞❡♥t i✬s ❧♦tt❡r② ♥✉♠❜❡r✱

ri✱ ✐s t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦♥ [0, 1]✱ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥✲

t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ❢♦r ❛❧❧ st✉❞❡♥ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❧♦tt❡r② ❞r❛✇s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t②♣❡✳ ■♥ ✇❤❛t

❢♦❧❧♦✇s✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❝❡♥tr❛❧✐③❡❞ ❛ss✐❣♥♠❡♥t s②st❡♠ r❡❧②✐♥❣ ♦♥ ❛ s✐♥❣❧❡ ❧♦tt❡r② ♥✉♠❜❡r ❢♦r ❡❛❝❤

st✉❞❡♥t✳ ❊①t❡♥s✐♦♥ t♦ t❤❡ ❧❡ss✲❝♦♠♠♦♥ ♠✉❧t✐♣❧❡ t✐❡✲❜r❡❛❦✐♥❣ ❝❛s❡✱ ✐♥ ✇❤✐❝❤ ❛ st✉❞❡♥t ♠❛② ❤❛✈❡

❞✐✛❡r❡♥t ❧♦tt❡r② ♥✉♠❜❡rs ❛t ❞✐✛❡r❡♥t s❝❤♦♦❧s✱ ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♣♣❡♥❞✐①✳

❋♦r ❛♥② s❡t ♦❢ st✉❞❡♥t t②♣❡s Θ0 ⊂ Θ ❛♥❞ ❢♦r ❛♥② ♥✉♠❜❡r r0 ∈ [0, 1]✱ ❞❡✜♥❡ t❤❡ s❡t ♦❢ st✉❞❡♥ts

✐♥ Θ0 ✇✐t❤ ❧♦tt❡r② ♥✉♠❜❡r ❧❡ss t❤❛♥ r0 t♦ ❜❡

I(Θ0, r0) = {i ∈ I | θi ∈ Θ0, ri ≤ r0}.

❲❡ ✉s❡ t❤❡ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥ I0 = I(Θ0, r0) ❢♦r s❡ts ♦❢ ❛♣♣❧✐❝❛♥ts ❞❡✜♥❡❞ ❜② t②♣❡ ❛♥❞ ❧♦tt❡r②

♥✉♠❜❡r✳ ❆❧s♦✱ ✇❤❡♥ r0 = 1✱ s♦ t❤❛t I0 ✐♥❝❧✉❞❡s ❛❧❧ ❧♦tt❡r② ♥✉♠❜❡rs✱ t❤❡ s❡❝♦♥❞ ❛r❣✉♠❡♥t ✐s

♦♠✐tt❡❞ ❛♥❞ I0 = {i ∈ I | θi ∈ Θ0} ❢♦r ✈❛r✐♦✉s ❝❤♦✐❝❡s ♦❢ Θ0✳

❲❤❡♥ ❞✐s❝✉ss✐♥❣ ❛ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✱ ✇❡ ❧❡t F (I0) ❞❡♥♦t❡ t❤❡ ❢r❛❝t✐♦♥ ♦❢ st✉❞❡♥ts ✐♥ I0✳

❙✐♥❝❡ ❧♦tt❡r② ♥✉♠❜❡rs ❛r❡ ✉♥✐❢♦r♠ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t②♣❡✱ t❤✐s ✐s ❣✐✈❡♥ ❜②

F (I0) = E[1{θi ∈ Θ0}]× r0,

✇❤❡r❡ E[1{θi ∈ Θ0}] ✐s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ t②♣❡s ✐♥ s❡t Θ0✳ ■♥ ❛ ✜♥✐t❡ ❡❝♦♥♦♠② ✇✐t❤ n st✉❞❡♥ts✱

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢r❛❝t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ❛s

F (I0) =
|I0|

n
.

❋♦r ❛ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✱ F (I0) ✐s ✜①❡❞✱ t❤❛t ✐s✱ ♥♦♥✲st♦❝❤❛st✐❝✳ ❇② ❝♦♥tr❛st✱ F (I0) ❢♦r ❛

✜♥✐t❡ ❡❝♦♥♦♠② ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❛❧✐③❡❞ ❧♦tt❡r② ❞r❛✇✳ ❊✐t❤❡r ✇❛②✱ t❤❡ st✉❞❡♥t s✐❞❡ ♦❢ ❛♥ ❡❝♦♥♦♠②

✐s ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t②♣❡s ❛♥❞ ❧♦tt❡r② ♥✉♠❜❡rs✱ ❢♦r ✇❤✐❝❤ ✇❡ s♦♠❡t✐♠❡s

✉s❡ t❤❡ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥✱ F ✳ ◆♦t❡ ❛❧s♦ t❤❛t ❡✈❡r② ✜♥✐t❡ ❡❝♦♥♦♠② ❤❛s ❛ ❝♦♥t✐♥✉✉♠ ❛♥❛❧♦❣✳

❚❤✐s ❛♥❛❧♦❣ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❜② r❡♣❧✐❝❛t✐♥❣ t❤❡ t②♣❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ s❡❛ts ✐♥

t❤❡ ✜♥✐t❡ ❡❝♦♥♦♠②✱ ✇❤✐❧❡ ✜①✐♥❣ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ s❡❛ts ❛t s❝❤♦♦❧ s t♦ ❜❡ qs✳

✼



❉❡✜♥✐♥❣ ❉❆

❲❡ ❞❡✜♥❡ ❉❆ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ♦✉t❧✐♥❡❞ ❛❜♦✈❡✱ ♥❡st✐♥❣ t❤❡ ✜♥✐t❡✲♠❛r❦❡t ❛♥❞ ❝♦♥t✐♥✉✉♠ ❝❛s❡s✳

❋✐rst✱ ❝♦♠❜✐♥❡ ♣r✐♦r✐t② st❛t✉s ❛♥❞ ❧♦tt❡r② r❡❛❧✐③❛t✐♦♥ ✐♥t♦ ❛ s✐♥❣❧❡ ♥✉♠❜❡r ❢♦r ❡❛❝❤ st✉❞❡♥t ❛♥❞

s❝❤♦♦❧✱ t❤❡ st✉❞❡♥t r❛♥❦ ✿

πis = ρis + ri.

❙✐♥❝❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❛♥② t✇♦ ♣r✐♦r✐t✐❡s ✐s ❛t ❧❡❛st ✶ ❛♥❞ r❛♥❞♦♠ ♥✉♠❜❡rs ❛r❡ ❜❡t✇❡❡♥ ✵

❛♥❞ ✶✱ st✉❞❡♥t r❛♥❦ ✐s ❧❡①✐❝♦❣r❛♣❤✐❝ ✐♥ ♣r✐♦r✐t② ❛♥❞ ❧♦tt❡r② ♥✉♠❜❡rs✳

❉❆ ♣r♦❝❡❡❞s ✐♥ ❛ s❡r✐❡s ♦❢ r♦✉♥❞s✳ ❉❡♥♦t❡ t❤❡ ❡✈♦❧✈✐♥❣ ✈❡❝t♦r ♦❢ ❛❞♠✐ss✐♦♥s ❝✉t♦✛s ✐♥ r♦✉♥❞

t ❜② ct = (ct1, ..., c
t
S)✳ ❚❤❡ ❞❡♠❛♥❞ ❢♦r s❡❛ts ❛t s❝❤♦♦❧ s ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ct ✐s ❞❡✜♥❡❞ ❛s

Qs(c
t) = {i ∈ I | πis ≤ cts ❛♥❞ s ≻i s̃ ❢♦r ❛❧❧ s̃ ∈ S s✉❝❤ t❤❛t πis̃ ≤ cts̃}.

■♥ ♦t❤❡r ✇♦r❞s✱ s❝❤♦♦❧ s ✐s ❞❡♠❛♥❞❡❞ ❜② st✉❞❡♥ts ✇✐t❤ r❛♥❦ ❜❡❧♦✇ t❤❡ s❝❤♦♦❧✲s ❝✉t♦✛✱ ✇❤♦ ♣r❡❢❡r

s❝❤♦♦❧ s t♦ ❛♥② ♦t❤❡r s❝❤♦♦❧ ❢♦r ✇❤✐❝❤ t❤❡② ❛r❡ ❛❧s♦ ❜❡❧♦✇ t❤❡ r❡❧❡✈❛♥t ❝✉t♦✛✳

❚❤❡ ❧❛r❣❡st ♣♦ss✐❜❧❡ ✈❛❧✉❡ ♦❢ ❛♥ ❡❧✐❣✐❜❧❡ st✉❞❡♥t✬s r❛♥❦ ✐sK+1✱ s♦ ✇❡ ❝❛♥ st❛rt ✇✐t❤ c1s = K+1

❢♦r ❛❧❧ s✳ ❈✉t♦✛s t❤❡♥ ❡✈♦❧✈❡ ❛s ❢♦❧❧♦✇s✿

ct+1
s =

{

K + 1 ✐❢ F (Qs(c
t)) < qs,

max
{

x ∈ [0,K + 1] | F ({i ∈ Qs(c
t) s✉❝❤ t❤❛t πis ≤ x}) ≤ qs

}

♦t❤❡r✇✐s❡❀

✇❤❡r❡✱ ❜❡❝❛✉s❡ t❤❡ ❛r❣✉♠❡♥t ❢♦r F ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ {i ∈ I | θi ∈ Θ0, ri ≤ r0}✱ t❤❡

❡①♣r❡ss✐♦♥ ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❚❤✐s ❢♦r♠❛❧✐③❡s t❤❡ ✐❞❡❛ t❤❛t ✇❤❡♥ t❤❡ ❞❡♠❛♥❞ ❢♦r s❡❛ts ❛t s ❢❛❧❧s

❜❡❧♦✇ ❝❛♣❛❝✐t② ❛t s✱ t❤❡ ❝✉t♦✛ ✐s K +1✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❝✉t♦✛ ❛t s ✐s t❤❡ ❧❛r❣❡st ✈❛❧✉❡ s✉❝❤ t❤❛t

❞❡♠❛♥❞ ❢♦r s❡❛ts ❛t s ✐s ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ ❝❛♣❛❝✐t② ❛t s✳

❚❤❡ ✜♥❛❧ ❛❞♠✐ss✐♦♥s ❝✉t♦✛s ❞❡t❡r♠✐♥❡❞ ❜② ❉❆ ❢♦r ❡❛❝❤ s❝❤♦♦❧ s ❛r❡ ❣✐✈❡♥ ❜②

cs = lim
t→∞

cts.

❚❤❡ s❡t ♦❢ st✉❞❡♥ts t❤❛t ❛r❡ ❛ss✐❣♥❡❞ s❝❤♦♦❧ s ✉♥❞❡r ❉❆ ✐s t❤❡ ❞❡♠❛♥❞ ❢♦r s❡❛ts ❛t t❤❡ ❧✐♠✐t✐♥❣

❝✉t♦✛s✿ {i ∈ Qs(c)} ✇❤❡r❡ c = (c1, ..., cS)✳ ❙✐♥❝❡ cs ≤ K + 1✱ ❛♥ ✐♥❡❧✐❣✐❜❧❡ st✉❞❡♥t ✐s ♥❡✈❡r

❛ss✐❣♥❡❞ t♦ s❝❤♦♦❧ s✳

❲❡ ✇r✐t❡ t❤❡ ✜♥❛❧ ❉❆ ❝✉t♦✛s ❛s ❛ ❧✐♠✐t✐♥❣ ♦✉t❝♦♠❡ t♦ ❛❝❝♦♠♠♦❞❛t❡ t❤❡ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②❀

✐♥ ✜♥✐t❡ ♠❛r❦❡ts✱ ❉❆ ❝♦♥✈❡r❣❡s ✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ r♦✉♥❞s✳ ❆♣♣❡♥❞✐① ❆✳✶ s❤♦✇s t❤❛t t❤✐s

❞❡s❝r✐♣t✐♦♥ ♦❢ ❉❆ ✐s ✈❛❧✐❞ ✐♥ t❤❡ s❡♥s❡ t❤❛t✿ ✭❛✮ t❤❡ ♥❡❝❡ss❛r② ❧✐♠✐ts ❡①✐st ❢♦r ❡✈❡r② ❡❝♦♥♦♠②✱

✜♥✐t❡ ♦r ❝♦♥t✐♥✉♦✉s❀ ✭❜✮ ❢♦r ❡✈❡r② ✜♥✐t❡ ❡❝♦♥♦♠②✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ ✉♣♦♥ ❝♦♥✈❡r❣❡♥❝❡ ♠❛t❝❤❡s t❤❛t

♣r♦❞✉❝❡❞ ❜② ❉❆ ❛s ✉s✉❛❧❧② ❞❡s❝r✐❜❡❞ ✭❢♦r ❡①❛♠♣❧❡✱ ❜② ●❛❧❡ ❛♥❞ ❙❤❛♣❧❡② ✭✶✾✻✷✮ ❛♥❞ t❤❡ ♠❛♥②

♠❛r❦❡t ❞❡s✐❣♥ st✉❞✐❡s ❜✉✐❧❞✐♥❣ ♦♥ t❤❡✐r ✇♦r❦✮✳

❉❡✜♥✐♥❣ t❤❡ Pr♦♣❡♥s✐t② ❙❝♦r❡

❉❆✲❣❡♥❡r❛t❡❞ ♦✛❡rs ❞❡♣❡♥❞ ♦♥ ♣r❡❢❡r❡♥❝❡s ❛♥❞ ♣r✐♦r✐t✐❡s ❛s ✇❡❧❧ ❛s ♦♥ ❧♦tt❡r② ♥✉♠❜❡rs✳ ❉❆

❝❛♥ t❤❡r❡❢♦r❡ ❜❡ s❡❡♥ ❛s ✐♥❞✉❝✐♥❣ ❛ str❛t✐✜❡❞ r❛♥❞♦♠✐③❡❞ tr✐❛❧✱ ✇❤❡r❡ t❤❡ ✏str❛t❛✑ ❛r❡ ❞❡✜♥❡❞

❜② t②♣❡✱ θ✳ ❇❡❝❛✉s❡ st✉❞❡♥ts ♦❢ ❞✐✛❡r❡♥t t②♣❡s ❛r❡ ❧✐❦❡❧② t♦ ❤❛✈❡ ❞✐✛❡r❡♥t ♦✉t❝♦♠❡s ❢♦r r❡❛s♦♥s

✉♥r❡❧❛t❡❞ t♦ t❤❡✐r ❉❆ ❛ss✐❣♥♠❡♥ts✱ ✇❡✬r❡ ✐♥t❡r❡st❡❞ ✐♥ ✐s♦❧❛t✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ ♦✛❡rs ❞❡t❡r♠✐♥❡❞

❜② ❧♦tt❡r② ♥✉♠❜❡rs ❛❧♦♥❡✳

✽



❆s ✐♥ ❘♦s❡♥❜❛✉♠ ❛♥❞ ❘✉❜✐♥ ✭✶✾✽✸✮✬s ❝❧❛ss✐❝ ❛♥❛❧②s✐s ♦❢ ❝♦✈❛r✐❛t❡ ❝♦♥❞✐t✐♦♥✐♥❣✱ ❛ ❦❡② ❝♦♠✲

♣♦♥❡♥t ♦❢ ♦✉r ❡✛♦rt t♦ ✐s♦❧❛t❡ r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t ✇✐t❤✐♥ str❛t❛ ✐s t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡✳ ❚❤❡

♣r♦♣❡♥s✐t② s❝♦r❡ ❢♦r ❛ ♠❛r❦❡t ♦❢ ❛♥② s✐③❡✱ ❞❡♥♦t❡❞ ps(θ)✱ ✐s t❤❡ s❝❛❧❛r ❢✉♥❝t✐♦♥ ♦❢ t②♣❡ ❞❡✜♥❡❞ ❜②

ps(θ) = Pr[Di(s) = 1|θi = θ],

✇❤❡r❡ Di(s) ✐♥❞✐❝❛t❡s ✇❤❡t❤❡r st✉❞❡♥t i ✐s ♦✛❡r❡❞ ❛ s❡❛t ❛t s❝❤♦♦❧ s✳ ❚❤✐s ❢✉♥❝t✐♦♥ ❤❛s ❞♦♠❛✐♥

❣✐✈❡♥ ❜② t❤❡ s❡t ♦❢ t②♣❡s ✇❤♦ r❛♥❦ s✳ ❲❡ t❤✐♥❦ ♦❢ t❤✐s ❛s t❤❡ ❣r♦✉♣ ♦❢ ❛♣♣❧✐❝❛♥ts t♦ s❀ ❢♦r t❤❡

♠♦♠❡♥t✱ t❤❡ ♥♦t❛t✐♦♥ ps(θ) ✐❣♥♦r❡s t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ❞❡♣❡♥❞s ♦♥ ♠❛r❦❡t s✐③❡✳

Pr♦♣❡♥s✐t② s❝♦r❡ ❝♦♥❞✐t✐♦♥✐♥❣ ✐s ♠♦t✐✈❛t❡❞ ❜② ❛ ♣❛✐r ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ r❡s✉❧ts✳

❲❡ ✜rst ❤❛✈❡ t❤❡ ❢❛❝t t❤❛t ❉❆ ♦✛❡rs ❛r❡ r❛♥❞♦♠❧② ❛ss✐❣♥❡❞ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ st✉❞❡♥t t②♣❡✳ ■♥

♦t❤❡r ✇♦r❞s✱ ❢♦r ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Wi t❤❛t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❧♦tt❡r② ♥✉♠❜❡rs ✭t❤✐s ❝❛♥ ❜❡

❛♥②t❤✐♥❣ t❤❛t ✐s ♥♦t ❛ ❢✉♥❝t✐♦♥ ♦❢ ❧♦tt❡r② ♥✉♠❜❡rs✱ ✐♥❝❧✉❞✐♥❣ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ❛♥❞ st✉❞❡♥t

❝❤❛r❛❝t❡r✐st✐❝s ❧✐❦❡ ❢r❡❡ ❧✉♥❝❤ st❛t✉s✮✱ t❤❡ ♦✛❡r ❞✐str✐❜✉t✐♦♥ s❛t✐s✜❡s

P [Di(s) = 1|Wi, θi = θ] = P [Di(s) = 1|θi = θ]. ✭✶✮

❆❧t❤♦✉❣❤ ✉♥s✉r♣r✐s✐♥❣✱ t❤✐s r❡s✉❧t ♣r♦✈✐❞❡s ❛ ♥❡❝❡ss❛r② ❢♦✉♥❞❛t✐♦♥ ❢♦r ❡✈❡r②t❤✐♥❣ t❤❛t ❢♦❧❧♦✇s❀

❆♣♣❡♥❞✐① ❆✳✷ t❤❡r❡❢♦r❡ ♣r❡s❡♥ts ❛ ❢♦r♠❛❧ ♣r♦♦❢✳

❚❤❡ ❡①❛♠♣❧❡s ✐♥ ❙❡❝t✐♦♥ ✷ s❤♦✇ t❤❛t ❢✉❧❧ t②♣❡ ❝♦♥❞✐t✐♦♥✐♥❣✱ t❤❛t ✐s✱ ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ ❡❛❝❤ ✈❛❧✉❡

♦❢ θ✱ r❡❞✉❝❡s t❤❡ s❛♠♣❧❡ ❛✈❛✐❧❛❜❧❡ ❢♦r ✐♠♣❛❝t ❡✈❛❧✉❛t✐♦♥ ❛♥❞ ❝❛♥ ❡❧✐♠✐♥❛t❡ s❝❤♦♦❧s ❛♥❞ st✉❞❡♥ts

❢r♦♠ ❛ ❝❛✉s❛❧ ❛♥❛❧②s✐s✳ ■t✬s ♥❛t✉r❛❧✱ t❤❡r❡❢♦r❡✱ t♦ ❝♦♥s✐❞❡r ❣r♦✉♣✐♥❣ ❛♥❞ s♠♦♦t❤✐♥❣ s❝❤❡♠❡s

t❤❛t ✐♠♣❧✐❝✐t❧② ♣♦♦❧ ✈❛❧✉❡s ♦❢ θ✳ ❚❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ t❤❡♦r❡♠ t❡❧❧s ✉s ❤♦✇ t❤✐s ♣♦♦❧✐♥❣ ❝❛♥ ❜❡

❛❝❝♦♠♣❧✐s❤❡❞ ✇❤✐❧❡ st✐❧❧ ❡♥s✉r✐♥❣ ❛❣❛✐♥st ♦♠✐tt❡❞ ✈❛r✐❛❜❧❡s ❜✐❛s ❢r♦♠ ❛♥② ❛ss♦❝✐❛t✐♦♥ ❜❡t✇❡❡♥

st✉❞❡♥t t②♣❡ ❛♥❞ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✳ ●✐✈❡♥ ✭✶✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❘♦s❡♥❜❛✉♠ ❛♥❞ ❘✉❜✐♥✬s ✭✶✾✽✸✮

♣r♦♣❡♥s✐t② s❝♦r❡ t❤❡♦r❡♠ ✭❛♥❞ ❢r♦♠ ♦✉r ♣r♦♦❢ ♦❢ ✭✶✮✮ t❤❛t ♣r♦♣❡♥s✐t② s❝♦r❡ ❝♦♥❞✐t✐♦♥✐♥❣ ✐s ❡♥♦✉❣❤

t♦ ❡♥s✉r❡ t❤❛t ♦✛❡rs ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ Wi✳ ■♥ ♦t❤❡r ✇♦r❞s✱

P [Di(s) = 1|Wi, ps(θi) = ps(θ)] = P [Di(s) = 1|ps(θi) = ps(θ)] = ps(θ). ✭✷✮

❊q✉❛t✐♦♥ ✭✷✮ ✐♠♣❧✐❡s t❤❛t ♣r♦♣❡♥s✐t② s❝♦r❡ ❝♦♥❞✐t✐♦♥✐♥❣ ❡❧✐♠✐♥❛t❡s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♦♠✐tt❡❞

✈❛r✐❛❜❧❡s ❜✐❛s ❞✉❡ t♦ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ♦✛❡rs ♦♥ t②♣❡✳✸

❆t ✜rst ❜❧✉s❤ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ♣r♦♣❡rt② ❞❡s❝r✐❜❡❞ ❜② ❊q✉❛t✐♦♥ ✭✷✮ ♠✐❣❤t s❡❡♠

t♦ ❜❡ ♦❢ ❧✐tt❧❡ ♣r❛❝t✐❝❛❧ ✈❛❧✉❡✿ ❦♥♦✇✐♥❣ ♥♦t❤✐♥❣ ❛❜♦✉t t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ ps(θ)✱ ✇❡ ❛r❡ ❧❡❢t

✇✐t❤ ❛s ♠❛♥② ♣♦ss✐❜❧❡ s❝♦r❡ ✈❛❧✉❡s ❛s t❤❡r❡ ❛r❡ t②♣❡s✳ ❖✉r ♥❡①t st❡♣✱ t❤❡r❡❢♦r❡✱ ✐s t♦ ❞❡r✐✈❡ ❛♥

❡①♣r❡ss✐♦♥ ❢♦r ps(θ) t❤❛t ❡①♣❧♦✐ts t❤❡ str✉❝t✉r❡ ♦❢ ❉❆✱ s❤♦✇✐♥❣ ❤♦✇ t❤❡ s❝♦r❡ ❣❡♥❡r❛t❡❞ ❜② ❉❆

✐♥❞❡❡❞ ♣♦♦❧s t②♣❡s✳

✸✳✷ ❈❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ❉❆ Pr♦♣❡♥s✐t② ❙❝♦r❡

❆ ❦❡② ❝♦♠♣♦♥❡♥t ✐♥ ♦✉r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ps(θ) ✐s t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ❣r♦✉♣ ❛t

s❝❤♦♦❧ s✳ ❚❤❡ ♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ❣r♦✉♣ ❝♦♥s✐sts ♦❢ ❛♣♣❧✐❝❛♥ts ❢♦r ✇❤♦♠ s❡❛ts ❛r❡ ❛❧❧♦❝❛t❡❞ ❜②

✸❘♦s❡♥❜❛✉♠ ❛♥❞ ❘✉❜✐♥ ✭✶✾✽✸✮ ❛❧s♦ s❤♦✇ t❤❛t t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ✐s t❤❡ ❝♦❛rs❡st ❜❛❧❛♥❝✐♥❣ s❝♦r❡✱ ✇❤✐❝❤ ✐♥
t❤✐s ❝❛s❡ ♠❡❛♥s t❤❛t ♥♦ ❝♦❛rs❡r ❢✉♥❝t✐♦♥ ♦❢ t②♣❡ ❡♥s✉r❡s ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ Di(s) ❛♥❞ Wi✳ ❍❛❤♥ ✭✶✾✾✽✮✱
❍✐r❛♥♦ ❡t ❛❧✳ ✭✷✵✵✸✮✱ ❛♥❞ ❆♥❣r✐st ❛♥❞ ❍❛❤♥ ✭✷✵✵✹✮ ❞✐s❝✉ss t❤❡ ❡✣❝✐❡♥❝② ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ t❤❡ s❝♦r❡✳

✾



❧♦tt❡r② ✐❢ t❤❡ s❝❤♦♦❧ ✐s ♦✈❡r✲s✉❜s❝r✐❜❡❞✳ ❋♦r♠❛❧❧②✱ t❤❡ ♠❛r❣✐♥❛❧ ♣r✐♦r✐t②✱ ρs✱ ✐s t❤❡ ✐♥t❡❣❡r ♣❛rt

♦❢ t❤❡ ❝✉t♦✛✱ cs✳ ❈♦♥❞✐t✐♦♥❛❧ ♦♥ ❜❡✐♥❣ r❡❥❡❝t❡❞ ❜② ❛❧❧ ♠♦r❡ ♣r❡❢❡rr❡❞ s❝❤♦♦❧s ❛♥❞ ❛♣♣❧②✐♥❣ ❢♦r

s❝❤♦♦❧ s✱ ❛ st✉❞❡♥t ✐s ❛ss✐❣♥❡❞ s ✇✐t❤ ❝❡rt❛✐♥t② ✐❢ ❤✐s ρis < ρs✱ t❤❛t ✐s✱ ✐❢ ❤❡ ❝❧❡❛rs ♠❛r❣✐♥❛❧

♣r✐♦r✐t②✳ ❆♣♣❧✐❝❛♥ts ✇✐t❤ ρis > ρs ❤❛✈❡ ♥♦ ❝❤❛♥❝❡ ♦❢ ✜♥❞✐♥❣ ❛ s❡❛t ❛t s✳ ❆♣♣❧✐❝❛♥ts ❢♦r ✇❤♦♠

ρis = ρs ❛r❡ ♠❛r❣✐♥❛❧✿ t❤❡s❡ ❛♣♣❧✐❝❛♥ts ❛r❡ s❡❛t❡❞ ❛t s ✇❤❡♥ t❤❡✐r ❧♦tt❡r② ♥✉♠❜❡rs ❢❛❧❧ ❜❡❧♦✇ ❛

s❝❤♦♦❧✲s♣❡❝✐✜❝ ❧♦tt❡r② ❝✉t♦✛✳ ❚❤❡ ❧♦tt❡r② ❝✉t♦✛ ❛t s❝❤♦♦❧ s✱ ❞❡♥♦t❡❞ τs✱ ✐s t❤❡ ❞❡❝✐♠❛❧ ♣❛rt ♦❢

t❤❡ ❝✉t♦✛ ❛t s✱ t❤❛t ✐s✱ τs = cs − ρs✳

❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ♠♦t✐✈❛t❡ ❛ ♣❛rt✐t✐♦♥ ❞❡t❡r♠✐♥❡❞ ❜② ♠❛r❣✐♥❛❧ ♣r✐♦r✐t✐❡s ❛t s✳ ▲❡t Θs ❞❡♥♦t❡

t❤❡ s❡t ♦❢ st✉❞❡♥t t②♣❡s ✇❤♦ r❛♥❦ s ❛♥❞ ♣❛rt✐t✐♦♥ Θs ❛❝❝♦r❞✐♥❣ t♦

✐✮ Θn
s = {θ ∈ Θs | ρθs > ρs}✱ ✭♥❡✈❡r s❡❛t❡❞✮

✐✐✮ Θa
s = {θ ∈ Θs | ρθs < ρs}✱ ✭❛❧✇❛②s s❡❛t❡❞✮

✐✐✐✮ Θc
s = {θ ∈ Θs | ρθs = ρs}✳ ✭❝♦♥❞✐t✐♦♥❛❧❧② s❡❛t❡❞✮

❚❤❡ s❡t Θn
s ❝♦♥t❛✐♥s ❛♣♣❧✐❝❛♥t t②♣❡s ✇❤♦ ❤❛✈❡ ✇♦rs❡✲t❤❛♥✲♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ❛t s✳ ◆♦ ♦♥❡ ✐♥ t❤✐s

❣r♦✉♣ ✐s ❛ss✐❣♥❡❞ t♦ s✳ Θa
s ❝♦♥t❛✐♥s ❛♣♣❧✐❝❛♥t t②♣❡s t❤❛t ❝❧❡❛r ♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ❛t s✳ ❙♦♠❡ ♦❢

t❤❡s❡ ❛♣♣❧✐❝❛♥ts ♠❛② ❡♥❞ ✉♣ s❡❛t❡❞ ❛t ❛ s❝❤♦♦❧ t❤❡② ♣r❡❢❡r t♦ s✱ ❜✉t t❤❡②✬r❡ ❛ss✐❣♥❡❞ s ❢♦r s✉r❡ ✐❢

t❤❡② ❢❛✐❧ t♦ ✜♥❞ ❛ s❡❛t ❛t ❛♥② s❝❤♦♦❧ t❤❡②✬✈❡ r❛♥❦❡❞ ♠♦r❡ ❤✐❣❤❧②✳ ❋✐♥❛❧❧②✱ Θc
s ✐s t❤❡ s✉❜s❡t ♦❢ Θs

t❤❛t ✐s ♠❛r❣✐♥❛❧ ❛t s✳ ❚❤❡s❡ ❛♣♣❧✐❝❛♥ts ❛r❡ ❛ss✐❣♥❡❞ s ✇❤❡♥ t❤❡②✬r❡ ♥♦t ❛ss✐❣♥❡❞ ❛ ❤✐❣❤❡r ❝❤♦✐❝❡

❛♥❞ ❤❛✈❡ ❛ ❧♦tt❡r② ♥✉♠❜❡r t❤❛t ❝❧❡❛rs t❤❡ ❧♦tt❡r② ❝✉t♦✛ ❛t s✳

❆ s❡❝♦♥❞ ❦❡② ❝♦♠♣♦♥❡♥t ♦❢ ♦✉r s❝♦r❡ ❢♦r♠✉❧❛t✐♦♥ r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t ❢❛✐❧✉r❡ t♦ q✉❛❧✐❢② ❛t

s❝❤♦♦❧s ♦t❤❡r t❤❛♥ s ♠❛② tr✉♥❝❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❧♦tt❡r② ♥✉♠❜❡rs ✐♥ t❤❡ ♠❛r❣✐♥❛❧ ♣r✐♦r✐t②

❣r♦✉♣ ❢♦r s✳ ❚♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❧♦tt❡r② ♥✉♠❜❡rs ❛♠♦♥❣ t❤♦s❡ ❛t r✐s❦ ♦❢ ❛ss✐❣♥♠❡♥t

❛t s✱ ✇❡ ✜rst ❞❡✜♥❡ t❤❡ s❡t ♦❢ s❝❤♦♦❧s r❛♥❦❡❞ ❛❜♦✈❡ s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛♣♣❧✐❝❛♥ts ♦❢ t②♣❡ θ ✈✐❡✇ t❤❡

❢♦❧❧♦✇✐♥❣ s❡t ♦❢ s❝❤♦♦❧s ❛s ❜❡tt❡r t❤❛♥ s✿

Bθs = {s′ ∈ S | s′ ≻θ s}.

❆♥ ❛♣♣❧✐❝❛♥t✬s ♠♦st ✐♥❢♦r♠❛t✐✈❡ ❞✐sq✉❛❧✐✜❝❛t✐♦♥ ✭▼■❉✮ ❛t s ✐s ❞❡✜♥❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝✉t♦✛s

❛t s❝❤♦♦❧s ✐♥ Bθs

MIDθs ≡











0 ✐❢ ρθs̃ > ρs̃ ❢♦r ❛❧❧ s̃ ∈ Bθs,

1 ✐❢ ρθs̃ < ρs̃ ❢♦r s♦♠❡ s̃ ∈ Bθs

max{τs̃ | s̃ ∈ Bθs ❛♥❞ ρθs̃ = ρs̃} ✐❢ ρθs̃ = ρs̃ ❢♦r s♦♠❡ s̃ ∈ Bθs ❛♥❞ ρθs̃ > ρs̃ ♦t❤❡r✇✐s❡✳

MIDθs t❡❧❧s ✉s ❤♦✇ t❤❡ ❧♦tt❡r② ♥✉♠❜❡r ❞✐str✐❜✉t✐♦♥ ❛♠♦♥❣ ❛♣♣❧✐❝❛♥ts t♦ s ✐s tr✉♥❝❛t❡❞ ❜②

q✉❛❧✐✜❝❛t✐♦♥ ❛t s❝❤♦♦❧s t❤❡s❡ ❛♣♣❧✐❝❛♥ts ♣r❡❢❡r t♦ s✳ MIDθs ✐s ③❡r♦ ✇❤❡♥ t②♣❡ θ st✉❞❡♥ts ❤❛✈❡

✇♦rs❡✲t❤❛♥✲♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ❛t ❛❧❧ ❤✐❣❤❡r r❛♥❦❡❞ s❝❤♦♦❧s✿ ✇❤❡♥ ♥♦ s ❛♣♣❧✐❝❛♥ts ❝❛♥ ❜❡ s❡❛t❡❞ ❛t

❛ ♠♦r❡ ♣r❡❢❡rr❡❞ s❝❤♦♦❧✱ t❤❡r❡✬s ♥♦ ❧♦tt❡r② ♥✉♠❜❡r tr✉♥❝❛t✐♦♥ ❛♠♦♥❣ t❤♦s❡ ❛t r✐s❦ ♦❢ ❛ss✐❣♥♠❡♥t

t♦ s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ ❛t ❧❡❛st ♦♥❡ s❝❤♦♦❧ ✐♥ Bθs ✐s ✉♥❞❡r✲s✉❜s❝r✐❜❡❞✱ ♥♦ ♦♥❡ ♦❢ t②♣❡ θ

❝♦♠♣❡t❡s ❢♦r ❛ s❡❛t ❛t s✳ ❚r✉♥❝❛t✐♦♥ ✐s t❤❡r❡❢♦r❡ ❝♦♠♣❧❡t❡✱ ❛♥❞ MIDθs = 1✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ MIDθs ❛❧s♦ r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t✱ ❛♠♦♥❣ ❛♣♣❧✐❝❛♥ts ❢♦r ✇❤♦♠ ρθs̃ = ρs̃ ❢♦r

s♦♠❡ s̃ ∈ Bθs✱ ❛♥② st✉❞❡♥t ✇❤♦ ❢❛✐❧s t♦ ❝❧❡❛r τs̃ ✐s s✉r❡❧② ❞✐sq✉❛❧✐✜❡❞ ❛t s❝❤♦♦❧s ✇✐t❤ ❧♦✇❡r ❝✉t♦✛s✳

✶✵



❋♦r ❡①❛♠♣❧❡✱ ❛♣♣❧✐❝❛♥ts ✇❤♦ ❢❛✐❧ t♦ q✉❛❧✐❢② ❛t ❛ s❝❤♦♦❧ ✇✐t❤ ❛ ❝✉t♦✛ ♦❢ ✵✳✺ ❢❛✐❧ t♦ q✉❛❧✐❢② ❛t s❝❤♦♦❧s

✇✐t❤ ❝✉t♦✛s ❜❡❧♦✇ ✵✳✺✳ ❚❤❡r❡❢♦r❡✱ t♦ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ tr✉♥❝❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② ❞✐sq✉❛❧✐✜❝❛t✐♦♥ ❛t

❛❧❧ s❝❤♦♦❧s ❛♥ ❛♣♣❧✐❝❛♥t ♣r❡❢❡rs t♦ s✱ ✇❡ ♥❡❡❞ t♦ r❡❝♦r❞ ♦♥❧② t❤❡ ♠♦st ❢♦r❣✐✈✐♥❣ ❝✉t♦✛ t❤❛t ❛♥

❛♣♣❧✐❝❛♥t ❢❛✐❧s t♦ ❝❧❡❛r✳

■♥ ✜♥✐t❡ ♠❛r❦❡ts✱ MIDθs ✈❛r✐❡s ❢r♦♠ ♦♥❡ ❧♦tt❡r② ❞r❛✇ t♦ ❛♥♦t❤❡r✱ ❜✉t ✐♥ ❛ ❝♦♥t✐♥✉✉♠ ❡❝♦♥✲

♦♠②✱ MIDθs ✐s ✜①❡❞✳ ❈♦♥s✐❞❡r t❤❡ ❧❛r❣❡✲♠❛r❦❡t ❛♥❛❧♦❣ ♦❢ ❊①❛♠♣❧❡ ✷ ✐♥ ✇❤✐❝❤ n st✉❞❡♥ts ♦❢

❡❛❝❤ ♦❢ ❢♦✉r t②♣❡s ❝♦♠♣❡t❡ ❢♦r t❤❡ n s❡❛ts ❛t ❡❛❝❤ ♦❢ t❤r❡❡ s❝❤♦♦❧s✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡r❡✬s

❛ s✐♥❣❧❡ ♣r✐♦r✐t② ❣r♦✉♣✱ s♦ ❡✈❡r②♦♥❡ ✐s ♠❛r❣✐♥❛❧✳ ❋♦r ❧❛r❣❡ n✱ ✇❡ ❝❛♥ t❤✐♥❦ ♦❢ r❡❛❧✐③❡❞ ❧♦tt❡r②

♥✉♠❜❡rs ❛s ❜❡✐♥❣ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝♦♥t✐♥✉♦✉s ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦✈❡r [0, 1]✳ ❚②♣❡s ✷

❛♥❞ ✸ r❛♥❦ ❞✐✛❡r❡♥t s❝❤♦♦❧s ❛❤❡❛❞ ♦❢ a✱ ✐✳❡✳✱ B3a = {b} ✇❤✐❧❡ B2a = {b, c}✳ ◆❡✈❡rt❤❡❧❡ss✱ ❜❡❝❛✉s❡

τc = 0.5 < 0.75 = τb, ✇❡ ❤❛✈❡ t❤❛t MID2a = MID3a = τb = 0.75✳ ❚♦ s❡❡ ✇❤❡r❡ t❤❡s❡ ❝✉t♦✛s

❝♦♠❡ ❢r♦♠✱ ♥♦t❡ ✜rst t❤❛t ❛♠♦♥❣ t❤❡ 2n t②♣❡ ✶ ❛♥❞ t②♣❡ ✷ st✉❞❡♥ts ✇❤♦ r❛♥❦ c ✜rst ✐♥ t❤✐s

❧❛r❣❡ ♠❛r❦❡t✱ t❤♦s❡ ✇✐t❤ ❧♦tt❡r② ♥✉♠❜❡rs ❧♦✇❡r ✭❜❡tt❡r✮ t❤❛♥ 0.5 ❛r❡ ❛ss✐❣♥❡❞ t♦ c s✐♥❝❡ ✐t ❤❛s ❛

❝❛♣❛❝✐t② ♦❢ n✿ τc = 0.5✳ ❚❤❡ r❡♠❛✐♥✐♥❣ t②♣❡ ✷ st✉❞❡♥ts ✭❤❛❧❢ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♠❛ss ♦❢ t②♣❡ ✷✮✱ ❛❧❧

♦❢ ✇❤♦♠ ❤❛✈❡ ❧♦tt❡r② ♥✉♠❜❡rs ❤✐❣❤❡r ✭✇♦rs❡✮ t❤❛♥ 0.5✱ ♠✉st ❝♦♠♣❡t❡ ✇✐t❤ ❛❧❧ t②♣❡ ✸ st✉❞❡♥ts

❢♦r s❡❛ts ❛t b✳ ❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡ 1.5n s❝❤♦♦❧✲b ❤♦♣❡❢✉❧s ❜✉t ♦♥❧② n s❡❛ts ❛t b✳ ❆❧❧ t②♣❡ ✸ st✉❞❡♥ts

✇✐t❤ ❧♦tt❡r② ♥✉♠❜❡rs ❜❡❧♦✇ 0.5 ❣❡t s❡❛t❡❞ ❛t b ✭t❤❡ t②♣❡ ✷ st✉❞❡♥ts ❛❧❧ ❤❛✈❡ ❧♦tt❡r② ♥✉♠❜❡rs

❛❜♦✈❡ 0.5✮✱ ❜✉t t❤✐s ❞♦❡s♥✬t ✜❧❧ b✳ ❚❤❡ r❡♠❛✐♥✐♥❣ s❡❛ts ❛r❡ t❤❡r❡❢♦r❡ s♣❧✐t ❡q✉❛❧❧② ❜❡t✇❡❡♥ t②♣❡

✷ ❛♥❞ ✸ st✉❞❡♥ts ✐♥ t❤❡ ✉♣♣❡r ❤❛❧❢ ♦❢ t❤❡ ❧♦tt❡r② ❞✐str✐❜✉t✐♦♥✱ ✐♠♣❧②✐♥❣ t❤❛t t❤❡ ❤✐❣❤❡st ❧♦tt❡r②

♥✉♠❜❡r s❡❛t❡❞ ❛t b ✐s τb = 0.75✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✉s❡s t❤❡ ♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ❛♥❞ ▼■❉ ❝♦♥❝❡♣ts t♦ ❞❡✜♥❡ ❛♥ ❡❛s✐❧②✲

❝♦♠♣✉t❡❞ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ t❤❛t ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ ❛♣♣❧✐❝❛♥t t②♣❡✿

❚❤❡♦r❡♠ ✶✳ ❈♦♥s✐❞❡r ❛ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠② ♣♦♣✉❧❛t❡❞ ❜② ❛♣♣❧✐❝❛♥ts ♦❢ t②♣❡ θ ∈ Θ t♦ ❜❡ ❛ss✐❣♥❡❞

t♦ s❝❤♦♦❧s ✐♥❞❡①❡❞ ❜② s ∈ S✳ ❋♦r ❛❧❧ s ❛♥❞ θ ✐♥ t❤✐s ❡❝♦♥♦♠②✱ ✇❡ ❤❛✈❡✿

ps(θ) = ϕs(θ) ≡















0 ✐❢ θ ∈ Θn
s ,

(1−MIDθs) ✐❢ θ ∈ Θa
s ,

(1−MIDθs)×max

{

0,
τs −MIDθs

1−MIDθs

}

✐❢ θ ∈ Θc
s.

✭✸✮

✇❤❡r❡ ✇❡ ❛❧s♦ s❡t ϕs(θ) = 0 ✇❤❡♥ MIDθs = 1 ❛♥❞ θ ∈ Θc
s✳

❚❤❡ ♣r♦♦❢ ❛♣♣❡❛rs ✐♥ ❆♣♣❡♥❞✐① ❆✳✸✳

❚❤❡ ❝❛s❡ ✇✐t❤♦✉t ♣r✐♦r✐t✐❡s ♦✛❡rs ❛ r❡✈❡❛❧✐♥❣ s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤✐s r❡s✉❧t✳ ❲✐t❤♦✉t ♣r✐♦r✐t✐❡s✱

❉❆ ✐s t❤❡ s❛♠❡ ❛s ❛ r❛♥❞♦♠ s❡r✐❛❧ ❞✐❝t❛t♦rs❤✐♣ ✭❘❙❉✮✱ t❤❛t ✐s✱ ❛ s❡r✐❛❧ ❞✐❝t❛t♦rs❤✐♣ ✇✐t❤ ❛♣♣❧✐❝❛♥ts

♦r❞❡r❡❞ ❜② ❧♦tt❡r② ♥✉♠❜❡r ✭s❡❡✱ ❡✳❣✳✱ ❆❜❞✉❧❦❛❞✐r♦❣❧✉ ❛♥❞ ❙♦♥♠❡③ ✶✾✾✽✱ ❙✈❡♥ss♦♥ ✶✾✾✾✱ P❛t❤❛❦

❛♥❞ ❙❡t❤✉r❛♠❛♥ ✷✵✶✵✮✳✹ ❚❤❡♦r❡♠ ✶ t❤❡r❡❢♦r❡ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡

❘❙❉ ♣r♦♣❡♥s✐t② s❝♦r❡✿

✹❊①❛♠ s❝❤♦♦❧ s❡❛ts ❛r❡ ♦❢t❡♥ ❛ss✐❣♥❡❞ ❜② ❛ s❡r✐❛❧ ❞✐❝t❛t♦rs❤✐♣ ❜❛s❡❞ ♦♥ ❛❞♠✐ss✐♦♥ t❡st s❝♦r❡s ✐♥st❡❛❞ ♦❢ r❛♥❞♦♠
♥✉♠❜❡rs ✭s❡❡✱ ❡✳❣✳✱ ❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳ ✷✵✶✹❛✱ ❉♦❜❜✐❡ ❛♥❞ ❋r②❡r ✷✵✶✹✮✳ ❆ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❘❙❉✱ ♠✉❧t✐✲❝❛t❡❣♦r②
s❡r✐❛❧ ❞✐❝t❛t♦rs❤✐♣✱ ✐s ✉s❡❞ ❢♦r ❚✉r❦✐s❤ ❝♦❧❧❡❣❡ ❛❞♠✐ss✐♦♥s ✭❇❛❧✐♥s❦✐ ❛♥❞ ❙ö♥♠❡③✱ ✶✾✾✾✮✳

✶✶



❈♦r♦❧❧❛r② ✶✳ ❈♦♥s✐❞❡r ❛ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠② ✇✐t❤ ♥♦ ♣r✐♦r✐t✐❡s ♣♦♣✉❧❛t❡❞ ❜② ❛♣♣❧✐❝❛♥ts ♦❢ t②♣❡

θ ∈ Θ✱ t♦ ❜❡ ❛ss✐❣♥❡❞ t♦ s❝❤♦♦❧s ✐♥❞❡①❡❞ ❜② s ∈ S✳ ❋♦r ❛❧❧ s ❛♥❞ θ ✐♥ t❤✐s ❡❝♦♥♦♠②✱ ✇❡ ❤❛✈❡✿

ϕs(θ) ≡ (1−MIDθs)×max

{

0,
τs −MIDθs

1−MIDθs

}

= max {0, τs −MIDθs} .

❲✐t❤♦✉t ♣r✐♦r✐t✐❡s✱ Θn
s ❛♥❞ Θa

s ❛r❡ ❡♠♣t②✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ss✐❣♥♠❡♥t ❛t s ✐s t❤❡r❡❢♦r❡ ❞❡✲

t❡r♠✐♥❡❞ s♦❧❡❧② ❜② ❞r❛✇s ❢r♦♠ t❤❡ tr✉♥❝❛t❡❞ ❞✐str✐❜✉t✐♦♥ ♦❢ ❧♦tt❡r② ♥✉♠❜❡rs r❡♠❛✐♥✐♥❣ ❛❢t❡r

❡❧✐♠✐♥❛t✐♥❣ ❛♣♣❧✐❝❛♥ts s❡❛t❡❞ ❛t s❝❤♦♦❧s t❤❡②✬✈❡ r❛♥❦❡❞ ♠♦r❡ ❤✐❣❤❧②✳ ❆♣♣❧✐❝❛♥ts✬ ✇❤♦s❡ ♠♦st

✐♥❢♦r♠❛t✐✈❡ ❞✐sq✉❛❧✐✜❝❛t✐♦♥ ❡①❝❡❡❞s t❤❡ ❝✉t♦✛ ❛t s❝❤♦♦❧ s ❝❛♥♥♦t ❜❡ s❡❛t❡❞ ❛t s ❜❡❝❛✉s❡ ❞✐sq✉❛❧✲

✐✜❝❛t✐♦♥ ❛t ❛ ♠♦r❡ ♣r❡❢❡rr❡❞ s❝❤♦♦❧ ✐♠♣❧✐❡s ❞✐sq✉❛❧✐✜❝❛t✐♦♥ ❛t s✳

■♥ ❛ ♠❛t❝❤ ✇✐t❤ ♣r✐♦r✐t✐❡s✱ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ❛❧s♦ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❢❛❝t t❤❛t r❛♥❞♦♠

❛ss✐❣♥♠❡♥t ❛t s ♦❝❝✉rs ♣❛rt❧② ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♥♦t ❜❡✐♥❣ s❡❛t❡❞ ❛ s❝❤♦♦❧ ♣r❡❢❡rr❡❞ t♦ s✳

❆♣♣❧②✐♥❣ t❤❡s❡ ♣r✐♥❝✐♣❧❡s ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠ ❛❧❧♦✇s ✉s t♦ ❞❡s❝r✐❜❡ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ❛s

❢♦❧❧♦✇s✿

✐✮ ❚②♣❡ Θn
s ❛♣♣❧✐❝❛♥ts ❤❛✈❡ ❛ ❉❆ s❝♦r❡ ♦❢ ③❡r♦ ❜❡❝❛✉s❡ t❤❡s❡ ❛♣♣❧✐❝❛♥ts ❤❛✈❡ ✇♦rs❡✲t❤❛♥✲

♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ❛t s✳

✐✐✮ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ss✐❣♥♠❡♥t ❛t s ✐s 1−MIDθs ❢♦r ❛♣♣❧✐❝❛♥ts ✐♥ Θa
s ❜❡❝❛✉s❡ t❤❡s❡ ❛♣♣❧✐✲

❝❛♥ts ❝❧❡❛r ♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ❛t s✱ ❜✉t ♥♦t ❛t ❤✐❣❤❡r✲r❛♥❦❡❞ ❝❤♦✐❝❡s✳ ❆♣♣❧✐❝❛♥ts ✇❤♦ ❝❧❡❛r

♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ❛t s ❛r❡ ❣✉❛r❛♥t❡❡❞ ❛ s❡❛t t❤❡r❡ ✐❢ t❤❡② ❞♦♥✬t ❞♦ ❜❡tt❡r✳ ◆♦t ❞♦✐♥❣ ❜❡tt❡r

♠❡❛♥s ❢❛✐❧✐♥❣ t♦ ❝❧❡❛r MIDθs✱ t❤❡ ♠♦st ❢♦r❣✐✈✐♥❣ ❝✉t♦✛ t♦ ✇❤✐❝❤ t❤❡②✬r❡ ❡①♣♦s❡❞ ✐♥ t❤❡

s❡t ♦❢ s❝❤♦♦❧s ♣r❡❢❡rr❡❞ t♦ s✳ ❙✐♥❝❡ ❧♦tt❡r② ♥✉♠❜❡rs ❛r❡ ✉♥✐❢♦r♠✱ t❤✐s ❤❛♣♣❡♥s ♦❝❝✉rs ✇✐t❤

♣r♦❜❛❜✐❧✐t② 1−MIDθs✳

✐✐✐✮ ❆♣♣❧✐❝❛♥ts ✐♥ Θc
s ❛r❡ ♠❛r❣✐♥❛❧ ❛t s ❜✉t ❢❛✐❧ t♦ ❝❧❡❛r ♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ❛t ❤✐❣❤❡r✲r❛♥❦❡❞

❝❤♦✐❝❡s✳ ❋♦r t❤❡s❡ ❛♣♣❧✐❝❛♥ts t♦ ❜❡ s❡❛t❡❞ ❛t s t❤❡② ♠✉st ❢❛✐❧ t♦ ❜❡ s❡❛t❡❞ ❛t ❛ ❤✐❣❤❡r✲

r❛♥❦❡❞ ❝❤♦✐❝❡ ❛♥❞ ✇✐♥ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❢♦r s❡❛ts ❛t s✳ ❆s ❢♦r ❛♣♣❧✐❝❛♥ts ✐♥Θa
s ✱ t❤❡ ♣r♦♣♦rt✐♦♥

✐♥ Θc
s ❧❡❢t ❢♦r ❝♦♥s✐❞❡r❛t✐♦♥ ❛t s ✐s 1−MIDθs✳ ❆♣♣❧✐❝❛♥ts ✐♥ Θc

s ❛r❡ ♠❛r❣✐♥❛❧ ❛t s✱ s♦ t❤❡✐r

st❛t✉s ❛t s ✐s ❛❧s♦ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❧♦tt❡r② ❝✉t♦✛ ❛t s✳ ■❢ t❤❡ ❝✉t♦✛ ❛t s✱ τs✱ ❢❛❧❧s ❜❡❧♦✇ t❤❡

tr✉♥❝❛t✐♦♥ ♣♦✐♥t✱MIDθs✱ ♥♦ ♦♥❡ ✐♥ t❤✐s ♣❛rt✐t✐♦♥ ✜♥❞s ❛ s❡❛t ❛t s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥

τs ❡①❝❡❡❞sMIDθs✱ s❡❛ts ❛r❡ ❛✇❛r❞❡❞ ❜② ❞r❛✇✐♥❣ ❢r♦♠ ❛ ❝♦♥t✐♥✉♦✉s ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥

[MIDθs, 1]✳ ❚❤❡ r❡s✉❧t✐♥❣ ❛ss✐❣♥♠❡♥t ♣r♦❜❛❜✐❧✐t② ✐s t❤❡r❡❢♦r❡ (τs−MIDθs)/(1−MIDθs)✳

❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶ t♦ t❤❡ ❧❛r❣❡✲♠❛r❦❡t ✈❡rs✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✷ ❡①♣❧❛✐♥s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥

t②♣❡ ✷ ❛♥❞ t②♣❡ ✸ ♣r♦♣❡♥s✐t② s❝♦r❡s s❡❡♥ ✐♥ ❋✐❣✉r❡ ✶✳ ❲✐t❤ ♥♦ ♣r✐♦r✐t✐❡s✱ ❜♦t❤ t②♣❡s ❛r❡ ✐♥ Θc
s✳

❆s ✇❡✬✈❡ s❡❡♥✱ MID2a = MID3a = τb = 0.75✱ t❤❛t ✐s✱ t②♣❡ ✷ ❛♥❞ ✸ st✉❞❡♥ts s❡❛t❡❞ ❛t a ♠✉st

❤❛✈❡ ❧♦tt❡r② ♥✉♠❜❡rs ❛❜♦✈❡ 0.75✳ ■t r❡♠❛✐♥s t♦ ❝♦♠♣✉t❡ t❤❡ ❝✉t♦✛✱ τa✳ ❚②♣❡s ✷ ❛♥❞ ✸ ❝♦♠♣❡t❡

♦♥❧② ✇✐t❤ t②♣❡ ✹ ❛t a✱ ❛♥❞ ❛r❡ s✉r❡❧② ❜❡❛t❡♥ ♦✉t t❤❡r❡ ❜② t②♣❡ ✹s ✇✐t❤ ❧♦tt❡r② ♥✉♠❜❡rs ❜❡❧♦✇

✵✳✼✺✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ✵✳✷✺ s❡❛ts ❛r❡ s❤❛r❡❞ ❡q✉❛❧❧② ❜❡t✇❡❡♥ t②♣❡s ✷✱ ✸✱ ❛♥❞ ✹✱ ❣♦✐♥❣ t♦ t❤❡ ❜❡st

❧♦tt❡r② ♥✉♠❜❡rs ✐♥ [0.75, 1]✱ ✇✐t❤♦✉t r❡❣❛r❞ t♦ t②♣❡✳ ❚❤❡ ❧♦tt❡r② ❝✉t♦✛ ❛t ❛✱ τa✱ ✐s t❤❡r❡❢♦r❡

✶✷



0.75 + 0.25/3 = 5/6✳ P❧✉❣❣✐♥❣ t❤❡s❡ ✐♥t♦ ❡q✉❛t✐♦♥ ✭✸✮ ❣✐✈❡s t❤❡ ❉❆ s❝♦r❡ ❢♦r t②♣❡s ✷ ❛♥❞ ✸✿

ϕa(θ) = (1−MIDθa)×max

{

0,
τa −MIDθa

1−MIDθa

}

= (1− 0.75)×max

{

0,
5/6− 0.75

1− 0.75

}

=
1

12
.

❚❤❡ s❝♦r❡ ❢♦r t②♣❡ ✹ ✐s t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❜❛❜✐❧✐t②✱ 1− (2×
1

12
) =

5

6
✳

❚❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ✐s ❛ s✐♠♣❧❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ✐♥t❡r♠❡❞✐❛t❡ q✉❛♥t✐t✐❡s✱

s♣❡❝✐✜❝❛❧❧②✱ MIDθs, τs✱ ❛♥❞ ♠❛r❣✐♥❛❧ ♣r✐♦r✐t② st❛t✉s ❛t s ❛♥❞ ❡❧s❡✇❤❡r❡✳ ❆s ✐♥ ❊①❛♠♣❧❡ ✷✱

✐ts ❝♦♠♠♦♥ t♦ ✜♥❞ t❤❛t ❞✐✛❡r❡♥t t②♣❡s ❤❛✈❡ t❤❡ s❛♠❡ ♠❛r❣✐♥❛❧ ♣r✐♦r✐t② st❛t✉s ❛♥❞ MIDθs✱

s✐♠♣❧✐❢②✐♥❣ t❤❡ s❝♦r❡ ✐♥ ❛ ♠❛♥♥❡r t❤❛t ❢❛❝✐❧✐t❛t❡s ❡♠♣✐r✐❝❛❧ ✇♦r❦✳ ■♥ st②❧✐③❡❞ ❡①❛♠♣❧❡s✱ ✇❡ ❝❛♥

❡❛s✐❧② ❝♦♠♣✉t❡ ❝♦♥t✐♥✉✉♠ ✈❛❧✉❡s ❢♦r t❤❡s❡ ♣❛r❛♠❡t❡rs✳ ■♥ r❡❛❧ ♠❛r❦❡ts ✇✐t❤ ❡❧❛❜♦r❛t❡ ♣r❡❢❡r❡♥❝❡s

❛♥❞ ♣r✐♦r✐t✐❡s✱ ✐t✬s ♥❛t✉r❛❧ t♦ ✉s❡ s❛♠♣❧❡ ❛♥❛❧♦❣s ❢♦r s❝♦r❡ ❡st✐♠❛t✐♦♥✳ ❆s ✇❡ s❤♦✇ ❜❡❧♦✇✱ t❤✐s

❣❡♥❡r❛t❡s ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ♦❢ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ❢♦r ✜♥✐t❡ ♠❛r❦❡ts✳

✸✳✸ ❊st✐♠❛t✐♥❣ t❤❡ ❉❆ Pr♦♣❡♥s✐t② ❙❝♦r❡

❲❡✬r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❧✐♠✐t✐♥❣ ❜❡❤❛✈✐♦r ♦❢ s❝♦r❡ ❡st✐♠❛t❡s ❜❛s❡❞ ♦♥ ❚❤❡♦r❡♠ ✶✳ ❚❤❡ ❛s②♠♣✲

t♦t✐❝ s❡q✉❡♥❝❡ ❢♦r ♦✉r ❧❛r❣❡✲♠❛r❦❡t ❛♥❛❧②s✐s ✇♦r❦s ❛s ❢♦❧❧♦✇s✿ r❛♥❞♦♠❧② s❛♠♣❧❡ n st✉❞❡♥ts ❛♥❞

t❤❡✐r ❧♦tt❡r② ♥✉♠❜❡rs ❢r♦♠ ❛ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✱ ❞❡s❝r✐❜❡❞ ❜② t②♣❡ ❞✐str✐❜✉t✐♦♥ F ❛♥❞ s❝❤♦♦❧

❝❛♣❛❝✐t✐❡s✱ {qs}✳ ❈❛❧❧ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t②♣❡s ❛♥❞ ❧♦tt❡r② ♥✉♠❜❡rs ✐♥ t❤✐s s❛♠♣❧❡ Fn✳ ❋✐① t❤❡

♣r♦♣♦rt✐♦♥ ♦❢ s❡❛ts ❛t s❝❤♦♦❧ s t♦ ❜❡ qs ❛♥❞ r✉♥ ❉❆ ✇✐t❤ t❤❡s❡ st✉❞❡♥ts ❛♥❞ s❝❤♦♦❧s✳ ❈♦♠♣✉t❡

MIDθs✱ τs✱ ❛♥❞ ♣❛rt✐t✐♦♥ Θs ❜② ♦❜s❡r✈✐♥❣ ❝✉t♦✛s ĉn ❛♥❞ ❛ss✐❣♥♠❡♥ts ✐♥ t❤✐s s✐♥❣❧❡ r❡❛❧✐③❛t✐♦♥✱

t❤❡♥ ♣❧✉❣ t❤❡s❡ q✉❛♥t✐t✐❡s ✐♥t♦ ❡q✉❛t✐♦♥ ✭✸✮✳ ❚❤✐s ❣❡♥❡r❛t❡s ❛♥ ❡st✐♠❛t❡❞ ♣r♦♣❡♥s✐t② s❝♦r❡✱

p̂ns(θ)✱ ❝♦♥str✉❝t❡❞ ❜② tr❡❛t✐♥❣ ❛ s✐③❡✲n s❛♠♣❧❡ ❡❝♦♥♦♠② ❧✐❦❡ ✐ts ❝♦♥t✐♥✉✉♠ ❛♥❛❧♦❣✳ ❚❤❡ ❛❝t✉❛❧

♣r♦♣❡♥s✐t② s❝♦r❡ ❢♦r t❤✐s ✜♥✐t❡ ❡❝♦♥♦♠②✱ ❝♦♠♣✉t❡❞ ❜② r❡♣❡❛t❡❞❧② ❞r❛✇✐♥❣ ❧♦tt❡r② ♥✉♠❜❡rs ❢♦r

t❤❡ s❛♠♣❧❡ ♦❢ st✉❞❡♥ts ❞❡s❝r✐❜❡❞ ❜② Fn ❛♥❞ t❤❡ s❡t ♦❢ s❝❤♦♦❧s ✇✐t❤ ♣r♦♣♦rt✐♦♥❛❧ ❝❛♣❛❝✐t✐❡s {qs}✱

✐s ❞❡♥♦t❡❞ pns(θ)✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❣❛♣ ❜❡t✇❡❡♥ p̂ns(θ) ❛♥❞ pns(θ) ❛s n ❣r♦✇s✳ ❚❤❡ ❛♥❛❧②s✐s ❤❡r❡

♠❛❦❡s ✉s❡ ♦❢ ❛ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥✿

❆ss✉♠♣t✐♦♥ ✶✳ ✭❋✐rst ❝❤♦✐❝❡ s✉♣♣♦rt✮ ❋♦r ❛♥② s ∈ S ❛♥❞ ♣r✐♦r✐t② ρ ∈ {1, ...,K} ✇✐t❤ F ({i ∈

I : ρis = ρ}) > 0✱ ✇❡ ❤❛✈❡ F ({i ∈ I : ρis = ρ, i r❛♥❦s s ✜rst}) > 0✳

❚❤✐s s❛②s t❤❛t ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✱ ❡✈❡r② s❝❤♦♦❧ ✐s r❛♥❦❡❞ ✜rst ❜② ❛t ❧❡❛st s♦♠❡ st✉❞❡♥ts

✐♥ ❡✈❡r② ♣r✐♦r✐t② ❣r♦✉♣ ❞❡✜♥❡❞ ❢♦r t❤❛t s❝❤♦♦❧✳

■♥ t❤✐s s❡t✉♣✱ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ❡st✐♠❛t❡❞ ❜② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶ t♦ ❞❛t❛ ❞r❛✇♥ ❢r♦♠ ❛

s✐♥❣❧❡ s❛♠♣❧❡ ❛♥❞ ❧♦tt❡r② r❡❛❧✐③❛t✐♦♥ ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ❣❡♥❡r❛t❡❞

❜② r❡♣❡❛t❡❞❧② ❞r❛✇✐♥❣ ❧♦tt❡r② ♥✉♠❜❡rs✳ ❚❤✐s r❡s✉❧t ✐s ♣r❡s❡♥t❡❞ ❛s ❛ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✷✳ ■♥ t❤❡ ❛s②♠♣t♦t✐❝ s❡q✉❡♥❝❡ ❞❡s❝r✐❜❡❞ ❜② Fn ✇✐t❤ ♣r♦♣♦rt✐♦♥❛❧ s❝❤♦♦❧ ❝❛♣❛❝✐t✐❡s ✜①❡❞

❛t {qs} ❛♥❞ ♠❛✐♥t❛✐♥✐♥❣ ❆ss✉♠♣t✐♦♥ ✶✱ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ p̂ns(θ) ✐s ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r

♦❢ pns(θ) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ❋♦r ❛❧❧ θ ∈ Θ ❛♥❞ s ∈ S,

|p̂ns(θ)− pns(θ)|
a.s.
−→ 0.

✶✸



Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✉s❡s ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts✱ ❣✐✈❡♥ ❛s ❧❡♠♠❛s ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♣♣❡♥❞✐①✳ ❚❤❡ ✜rst

❧❡♠♠❛ ❡st❛❜❧✐s❤❡s t❤❛t t❤❡ ✈❡❝t♦r ♦❢ ❝✉t♦✛s ❝♦♠♣✉t❡❞ ❢♦r t❤❡ s❛♠♣❧❡❞ ❡❝♦♥♦♠②✱ ĉn✱ ❝♦♥✈❡r❣❡s

t♦ t❤❡ ✈❡❝t♦r ♦❢ ❝✉t♦✛s ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✳ ❚❤❛t ✐s✱

ĉn
a.s.
−→ c,

✇❤❡r❡ c ❞❡♥♦t❡s t❤❡ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠② ❝✉t♦✛s✳ ❚❤✐s r❡s✉❧t✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥t✐♥✉♦✉s

♠❛♣♣✐♥❣ t❤❡♦r❡♠✱ ✐♠♣❧✐❡s

p̂ns(θ)
a.s.
−→ ϕs(θ).

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ❡st✐♠❛t❡❞ ❜② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶ t♦ ❛ s❛♠♣❧❡❞ ✜♥✐t❡ ❡❝♦♥✲

♦♠② ❝♦♥✈❡r❣❡s t♦ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✳

❆ s❡❝♦♥❞ ❧❡♠♠❛ ❡st❛❜❧✐s❤❡s t❤❛t ❢♦r ❛❧❧ θ ∈ Θ ❛♥❞ s ∈ S,

pns(θ)
a.s.
−→ ϕs(θ).

s✐♥❝❡ ϕs ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ ❝✉t♦✛s✳ ❚❤❛t ✐s✱ t❤❡ ❛❝t✉❛❧ ✭r❡✲r❛♥❞♦♠✐③❛t✐♦♥✲❜❛s❡❞✮ ♣r♦♣❡♥✲

s✐t② s❝♦r❡ ✐♥ t❤❡ s❛♠♣❧❡❞ ✜♥✐t❡ ❡❝♦♥♦♠② ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠

❡❝♦♥♦♠②✳✺

❈♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ r❡s✉❧ts s❤♦✇s t❤❛t ❢♦r ❛❧❧ θ ∈ Θ ❛♥❞ s ∈ S,

|p̂ns(θ)− pns(θ)|
a.s.
−→ |ϕs(θ)− ϕs(θ)| = 0,

❝♦♠♣❧❡t✐♥❣ t❤❡ ♣r♦♦❢✳ ❙✐♥❝❡ ❜♦t❤ Θ ❛♥❞ S ❛r❡ ✜♥✐t❡✱ t❤✐s ❛❧s♦ ✐♠♣❧✐❡s ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡✱ ✐✳❡✳✱

supθ∈Θ,s∈S |p̂ns(θ)− pns(θ)|
a.s.
−→ 0✳

❚❤❡♦r❡♠ ✷ ❥✉st✐✜❡s ♦✉r ✉s❡ ♦❢ t❤❡ ❢♦r♠✉❧❛ ✐♥ ❚❤❡♦r❡♠ ✶ t♦ ❝♦♥tr♦❧ ❢♦r st✉❞❡♥t t②♣❡ ✐♥

❡♠♣✐r✐❝❛❧ ✇♦r❦ ❡st✐♠❛t✐♥❣ s❝❤♦♦❧ ❛tt❡♥❞❛♥❝❡ ❡✛❡❝ts✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ t❤❡♦r❡♠ ❡①♣❧❛✐♥s ✇❤②✱ ❛s

✐♥ ❊①❛♠♣❧❡ ✷✱ ✐t ♠❛② ❜❡ ❡♥♦✉❣❤ t♦ str❛t✐❢② ♦♥ ❛♣♣❧✐❝❛♥ts✬ ♠♦st ✐♥❢♦r♠❛t✐✈❡ ❞✐sq✉❛❧✐✜❝❛t✐♦♥ ❛♥❞

♠❛r❣✐♥❛❧ ♣r✐♦r✐t② st❛t✉s ✐♥st❡❛❞ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ θ ✇❤❡♥ ❡st✐♠❛t✐♥❣ t❤❡ ❝❛✉s❛❧ ❡✛❡❝ts ♦❢

s❝❤♦♦❧ ❛tt❡♥❞❛♥❝❡✳ ◆♦t s✉r♣r✐s✐♥❣❧②✱ ❤♦✇❡✈❡r✱ ❛ ♥✉♠❜❡r ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡t❛✐❧s ❛ss♦❝✐❛t❡❞

✇✐t❤ t❤✐s str❛t❡❣② r❡♠❛✐♥ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❚❤❡s❡ ❣❛♣s ❛r❡ ✜❧❧❡❞ ❜❡❧♦✇✳

✸✳✹ ■❞❡♥t✐✜❝❛t✐♦♥

❈♦♥❞✐t✐♦♥✐♥❣ ♦♥ ❡st✐♠❛t❡s ♦❢ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ t♦ ❝♦♥tr♦❧ ❢♦r t②♣❡✱ ✇❡ ✉s❡ ❉P❙✬s ✜rst✲r♦✉♥❞

❝❤❛rt❡r ♦✛❡rs t♦ ❝♦♥str✉❝t ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s ❡st✐♠❛t❡s ♦❢ t❤❡ ❡✛❡❝ts ♦❢ ❝❤❛rt❡r ❡♥r♦❧❧♠❡♥t ♦♥

❛❝❤✐❡✈❡♠❡♥t✳ ❍♦✇ s❤♦✉❧❞ t❤❡ r❡s✉❧t✐♥❣ ■❱ ❡st✐♠❛t❡s ❜❡ ✐♥t❡r♣r❡t❡❞❄ ❖✉r ■❱ ♣r♦❝❡❞✉r❡ ✐❞❡♥t✐✜❡s

❝❛✉s❛❧ ❡✛❡❝ts ❢♦r ❛♣♣❧✐❝❛♥ts tr❡❛t❡❞ ✇❤❡♥ ❉❆ ♣r♦❞✉❝❡s ❛ ❝❤❛rt❡r ♦✛❡r ❜✉t ♥♦t ♦t❤❡r✇✐s❡❀ ✐♥ t❤❡

❧♦❝❛❧ ❛✈❡r❛❣❡ tr❡❛t♠❡♥t ❡✛❡❝ts ✭▲❆❚❊✮ ❢r❛♠❡✇♦r❦ ♦❢ ■♠❜❡♥s ❛♥❞ ❆♥❣r✐st ✭✶✾✾✹✮ ❛♥❞ ❆♥❣r✐st ❡t

✺❙❡❡ ❛❧s♦ ❆③❡✈❡❞♦ ❛♥❞ ▲❡s❤♥♦ ✭✷✵✶✹✮✱ ✇❤♦ ♣r♦✈✐❞❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❢♦r t❤❡ ❝✉t♦✛s ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧✲♦♥✲t②♣❡
♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ❛ss✐❣♥♠❡♥t ❣❡♥❡r❛t❡❞ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ st❛❜❧❡ ♠❛t❝❤✐♥❣s✱ s❤♦✇✐♥❣ t❤❛t t❤❡ ❡♠♣✐r✐❝❛❧ ❛ss✐❣♥♠❡♥t
r❛t❡s ❢♦r t②♣❡s ✐♥ ❛ ✜♥✐t❡ ♠❛r❦❡t ❝♦♥✈❡r❣❡ t♦ t❤❡ ❝♦♥t✐♥✉✉♠ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ss✐❣♥♠❡♥t✳ ❚❤❡ t✇♦ ❧❡♠♠❛s ✐♥ t❤❡
❛♣♣❡♥❞✐① ❞✐✛❡r ❢r♦♠ ❆③❡✈❡❞♦ ❛♥❞ ▲❡s❤♥♦ ✭✷✵✶✹✮✬s r❡s✉❧ts ✐♥ t❤❛t t❤❡② ✉s❡ ❆ss✉♠♣t✐♦♥ ✶ ❛♥❞ ❛r❡ ♣r♦✈❡❞ ✉s✐♥❣
t❤❡ ❡①t❡♥❞❡❞ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ t❤❡♦r❡♠✳ ❚❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ✐♥ ❚❤❡♦r❡♠ ✶ ❞♦❡s
♥♦t ❛♣♣❡❛r t♦ ❤❛✈❡ ❛♥ ❛♥❛❧♦❣ ✐♥ t❤❡ ❆③❡✈❡❞♦ ❛♥❞ ▲❡s❤♥♦ ✭✷✵✶✹✮ ❢r❛♠❡✇♦r❦✳

✶✹



❛❧✳ ✭✶✾✾✻✮✱ t❤❡s❡ ❛r❡ ❝❤❛rt❡r✲♦✛❡r ❝♦♠♣❧✐❡rs✳ ■❱ ❢❛✐❧s t♦ r❡✈❡❛❧ ❛✈❡r❛❣❡ ❝❛✉s❛❧ ❡✛❡❝ts ❢♦r ❛♣♣❧✐❝❛♥ts

✇❤♦ ❞❡❝❧✐♥❡ ❛ ✜rst r♦✉♥❞ ❉❆ ❝❤❛rt❡r ♦✛❡r ❛♥❞ ❛r❡ ❛ss✐❣♥❡❞ ❛♥♦t❤❡r t②♣❡ ♦❢ s❝❤♦♦❧ ✐♥ r♦✉♥❞ ✷ ✭✐♥

t❤❡ ▲❆❚❊ ❢r❛♠❡✇♦r❦✱ t❤❡s❡ ❛r❡ ♥❡✈❡r✲t❛❦❡rs✮✳ ▲✐❦❡✇✐s❡✱ ■❱ ♠❡t❤♦❞s ❛r❡ ♥♦t ❞✐r❡❝t❧② ✐♥❢♦r♠❛t✐✈❡

❛❜♦✉t t❤❡ ❡✛❡❝ts ♦❢ ❝❤❛rt❡r ❡♥r♦❧❧♠❡♥t ♦♥ ❛♣♣❧✐❝❛♥ts ♥♦t ♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t ✐♥ r♦✉♥❞ ✶✱ ❜✉t

✇❤♦ ♥❡✈❡rt❤❡❧❡ss ✜♥❞ t❤❡✐r ✇❛② ✐♥t♦ ❛ ❝❤❛rt❡r s❝❤♦♦❧ ✐♥ t❤❡ s❡❝♦♥❞ r♦✉♥❞ ✭▲❆❚❊ ❛❧✇❛②s✲t❛❦❡rs✮✳

❚♦ ✢❡s❤ ♦✉t t❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ ✇❤✐❝❤ ✐t r❡sts✱ ❧❡t Ci ❜❡ ❛ ❝❤❛rt❡r

❡♥r♦❧❧♠❡♥t ✐♥❞✐❝❛t♦r ❛♥❞ ❧❡t Di ✐♥❞✐❝❛t❡ t❤❡ ♦✛❡r ♦❢ ❛ ❝❤❛rt❡r s❡❛t✳ ❚❤❡s❡ ✈❛r✐❛❜❧❡s ✐♥❞✐❝❛t❡

❛tt❡♥❞❛♥❝❡ ❛♥❞ ♦✛❡rs ❛t ❛♥② ❝❤❛rt❡r s❝❤♦♦❧✱ r❛t❤❡r t❤❛♥ ❛t ❛ s♣❡❝✐✜❝ s❝❤♦♦❧✳ ❙✐♥❝❡ ❉❆ ♣r♦❞✉❝❡s

❛ s✐♥❣❧❡ ♦✛❡r✱ ♦✛❡rs ♦❢ s❡❛ts ❛t ♣❛rt✐❝✉❧❛r s❝❤♦♦❧s ❛r❡ ♠✉t✉❛❧❧② ❡①❝❧✉s✐✈❡✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡

❝♦♥str✉❝t Di ❜② s✉♠♠✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ❝❤❛rt❡r ♦✛❡r ❞✉♠♠✐❡s✳ ▲✐❦❡✇✐s❡✱ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ❢♦r

t❤✐s ✈❛r✐❛❜❧❡✱ pD(θ) ≡ E[Di|θ]✱ ✐s ♦❜t❛✐♥❡❞ ❜② s✉♠♠✐♥❣ t❤❡ s❝♦r❡s ❢♦r ❛❧❧ ❝❤❛rt❡r s❝❤♦♦❧s t♦ ✇❤✐❝❤

i ❤❛s ❛♣♣❧✐❡❞✳

❚❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❝❤❛rt❡r✲♦✛❡r ❝♦♠♣❧✐❡rs ✭▲❆❚❊s✮ ✐s ❞❡✜♥❡❞ ❜② ♣♦t❡♥t✐❛❧ tr❡❛t♠❡♥t st❛t✉s✳

P♦t❡♥t✐❛❧ tr❡❛t♠❡♥t st❛t✉s ✭❝❤❛rt❡r ❡♥r♦❧❧♠❡♥t st❛t✉s✮ ✐s ✐♥❞❡①❡❞ ❛❣❛✐♥st t❤❡ ❉❆ ♦✛❡r ✐♥str✉♠❡♥t✱

❞❡♥♦t❡❞ Di✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❡❡ ♣♦t❡♥t✐❛❧ tr❡❛t♠❡♥t C1i ✇❤❡♥ Di ✐s s✇✐t❝❤❡❞ ♦♥ ❛♥❞ ♣♦t❡♥t✐❛❧

tr❡❛t♠❡♥t C0i ♦t❤❡r✇✐s❡ ✭❜♦t❤ ♦❢ t❤❡s❡ ❛r❡ ❛❧s♦ ❛ss✉♠❡❞ t♦ ❡①✐st ❢♦r ❛❧❧ i✮✳ ❖❜s❡r✈❡❞ tr❡❛t♠❡♥t

✐s t❤❡r❡❢♦r❡

Ci = C0i + (C1i − C0i)Di.

❈♦♠♣❧✐❡rs ❤❛✈❡ C1i − C0i = 1✱ ❛♥ ❡✈❡♥t t❤❛t ❤❛♣♣❡♥s ✇❤❡♥ C1i = 1 ❛♥❞ C0i = 0✳

❈❛✉s❛❧ ❡✛❡❝ts ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✱ ✐♥❞❡①❡❞ ❛❣❛✐♥st Ci✳ ■♥✐t✐❛❧❧②✱ ✇❡ ❛❧❧♦✇

❢♦r t❤❡ ❢❛❝t t❤❛t ♦✛❡rs ♠✐❣❤t ❤❛✈❡ ❛ ❞✐r❡❝t ❡✛❡❝t ♦♥ ♦✉t❝♦♠❡s ❡✈❡♥ ❦♥♦✇✐♥❣ Ci✳ ❚❤✐s ♣♦ss✐❜✐❧✐t②

✐s ❡①♣r❡ss❡❞ ❜② ✇r✐t✐♥❣ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ❛s Y1i(d) ❛♥❞ Y0i(d)✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❤❡♥ Di = d✱

✇❡ s❡❡ Y1i(d) ✐❢ i ✐s tr❡❛t❡❞ ❛♥❞ ✇❡ s❡❡ Y0i(d) ♦t❤❡r✇✐s❡✳ ❆❧❧ ❢♦✉r ♦❢ t❤❡s❡ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ❛r❡

❛ss✉♠❡❞ t♦ ❡①✐st ❢♦r ❛❧❧ i✳

❊q✉❛t✐♦♥ ✭✶✮ ✐♠♣❧✐❡s t❤❛t ❝♦♥❞✐t✐♦♥❛❧ ♦♥ θi = θ✱ t❤❡ ♦✛❡r ✈❛r✐❛❜❧❡✱ Di✱ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢

♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ❛♥❞ ❛ss✐❣♥♠❡♥ts✳ ■♥ ❛ ♠❛♥♥❡r ❛♥❛❧♦❣♦✉s t♦ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢

s✐♥❣❧❡✲s❝❤♦♦❧ ♦✛❡rs ❞❡s❝r✐❜❡❞ ❜② ❡q✉❛t✐♦♥ ✭✶✮✱ t❤✐s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② ✇r✐t✐♥❣✿

{Y1i(1), Y1i(0), Y0i(1), Y0i(0), C1i, C0i} ⊥⊥ Di|θi; ✭✹✮

✇❤❡r❡ t❤❡ ✈❡❝t♦r {Y1i(1), Y1i(0), Y0i(1), Y0i(0), C1i, C0i} ♣❧❛②s t❤❡ r♦❧❡ ♦❢ Wi✳ ▲✐❦❡✇✐s❡✱ ❛s ❢♦r

s✐♥❣❧❡✲s❝❤♦♦❧ ♦✛❡rs ✐♥ ❡q✉❛t✐♦♥ ✭✷✮✱ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s

{Y1i(1), Y1i(0), Y0i(1), Y0i(0), C1i, C0i} ⊥⊥ Di|pD(θi). ✭✺✮

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❝♦♥❞✐t✐♦♥s ❞❡s❝r✐❜❡❞ ❜② ✭✹✮ ❛♥❞ ✭✺✮ ❛❧❧♦✇ ✉s t♦ ❡st✐♠❛t❡ ❝❛✉s❛❧

❡✛❡❝ts ♦❢ ❝❤❛rt❡r ♦✛❡rs✱ t❤❡ tr❡❛t♠❡♥t ✐♥❞✐❝❛t❡❞ ❜② Di✳ ■♥ ♣r❛❝t✐❝❡✱ ❤♦✇❡✈❡r✱ ✇❡✬r❡ ✐♥t❡r❡st❡❞ ✐♥

t❤❡ ❡✛❡❝ts ♦❢ ❝❤❛rt❡r ❛tt❡♥❞❛♥❝❡✱ t❤❡ tr❡❛t♠❡♥t ✐♥❞✐❝❛t❡❞ ❜② Ci✳

■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❛✈❡r❛❣❡ ❝❛✉s❛❧ ❡✛❡❝ts ♦❢ ❝❤❛rt❡r s❝❤♦♦❧ ❛tt❡♥❞❛♥❝❡ r❡q✉✐r❡s ❛♥ ❡①❝❧✉s✐♦♥

r❡str✐❝t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❛ss✉♠❡

Yji(1) = Yji(0) ≡ Yji; j = 0, 1.

■♥ ♦t❤❡r ✇♦r❞s✱ ❝❤❛rt❡r ♦✛❡rs ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✉♥r❡❧❛t❡❞ t♦ ♦✉t❝♦♠❡s ❢♦r ❛♣♣❧✐❝❛♥t i ♦♥❝❡ ✇❡

❦♥♦✇ ✇❤❡t❤❡r t❤✐s ❛♣♣❧✐❝❛♥t ❛tt❡♥❞❡❞ ❛ ❝❤❛rt❡r s❝❤♦♦❧✳ ❚❤❡ ❡①❝❧✉s✐♦♥ r❡str✐❝t✐♦♥ ❛❧❧♦✇s ✉s t♦

✶✺



r❡♣❧❛❝❡ t❤❡ ❢♦✉r ❞♦✉❜❧❡✲✐♥❞❡① ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ✐♥ ✭✹✮ ❛♥❞ ✭✺✮ ✇✐t❤ t✇♦ s✐♥❣❧❡✲✐♥❞❡① ♣♦t❡♥t✐❛❧

♦✉t❝♦♠❡s✱ Y1i ❛♥❞ Y0i✳

❚❤❡ ❝❛s❡ ❢♦r t❤❡ ❡①❝❧✉s✐♦♥ r❡str✐❝t✐♦♥ ✐s ❧❡ss ✐♠♠❡❞✐❛t❡ t❤❛♥ t❤❛t ❢♦r ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡✳

❲❡ ♠✐❣❤t ✇♦rr②✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❛t ♦✉t❝♦♠❡s ❛r❡ ❛✛❡❝t❡❞ ❜② ❧♦tt❡r② ♥✉♠❜❡rs ❡✈❡♥ ❢♦r ❛♣♣❧✐❝❛♥ts

✇❤♦s❡ ❝❤❛rt❡r st❛t✉s ✐s ✉♥❝❤❛♥❣❡❞ ❜② t❤❡ ❧♦tt❡r② ✭t❤❛t ✐s✱ ❢♦r ❛❧✇❛②s✲t❛❦❡rs ❛♥❞ ♥❡✈❡r✲t❛❦❡rs✮✳

❉❡♥✈❡r✬s s❡❝♦♥❞ r♦✉♥❞ ❛❧❧♦❝❛t❡s ❛♥② r❡♠❛✐♥✐♥❣ s❝❤♦♦❧ s❡❛ts ✐♥ ❛♥ ❛❞ ❤♦❝ s❝❤♦♦❧✲❜②✲s❝❤♦♦❧ ❛♣♣❧✐✲

❝❛t✐♦♥ ♣r♦❝❡ss✱ ✉♥r❡❧❛t❡❞ t♦ ❧♦tt❡r② ♥✉♠❜❡rs ❞r❛✇♥ ✐♥ t❤❡ ✜rst r♦✉♥❞✳ ❇✉t ❧♦tt❡r② ♥✉♠❜❡rs ❝❛♥

♥❡✈❡rt❤❡❧❡ss ❛✛❡❝t t❤❡ s❡❝♦♥❞ r♦✉♥❞ ✐♥❞✐r❡❝t❧② ❜② ❝❤❛♥❣✐♥❣ ♦♣♣♦rt✉♥✐t✐❡s✳ ❈♦♥s✐❞❡r✱ ❢♦r ❡①❛♠♣❧❡✱

❛ s❦✐tt✐s❤ ❝❤❛rt❡r ❛♣♣❧✐❝❛♥t ✇❤♦ ❝❤♦♦s❡s ❛ ♣♦♣✉❧❛r ♥♦♥✲❝❤❛rt❡r ♦♣t✐♦♥ ✇❤❡♥ Di = 0 ✐♥ r♦✉♥❞

✶✳ ❋❡❛r✐♥❣ t❤❡ ❧♦♥❣ ❝❤❛rt❡r s❝❤♦♦❧ ❞❛② ❛♥❞ ❤❛✈✐♥❣ ❛♣♣❧✐❡❞ t♦ ❝❤❛rt❡r s❝❤♦♦❧s ♦♥❧② t♦ s❛t✐s❢② ❤✐s

♠♦t❤❡r✱ t❤✐s ❛♣♣❧✐❝❛♥t ❛❧s♦ ❣♦❡s ♥♦♥✲❝❤❛rt❡r ✐❢ ❤✐s Di = 1✳ ❇✉t ✐♥ t❤✐s ❝❛s❡✱ ❤❛✈✐♥❣ ❜❡❡♥ ♦✛❡r❡❞ ❛

❝❤❛rt❡r s❡❛t ✐♥ r♦✉♥❞ ✶✱ ❤❡ ♠✉st s❡tt❧❡ ❢♦r ❛ ❧❡ss ❞❡s✐r❛❜❧❡ ❛♥❞ ♣❡r❤❛♣s ❧♦✇❡r✲q✉❛❧✐t② ♥♦♥✲❝❤❛rt❡r

♦♣t✐♦♥ ✐♥ r♦✉♥❞ ✷✳ ❚❤✐s ✈✐♦❧❛t❡s t❤❡ ❡①❝❧✉s✐♦♥ r❡str✐❝t✐♦♥ ✐❢ Y0i(1) 6= Y0i(0)✳ ❲❡ ♠✉st t❤❡r❡❢♦r❡

❡✐t❤❡r ❛ss✉♠❡ ❛✇❛② ✇✐t❤✐♥✲s❡❝t♦r ❞✐✛❡r❡♥❝❡s ✐♥ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✱ ♦r ✐♥tr♦❞✉❝❡ ❛ ✜♥❡r✲❣r❛✐♥❡❞

♣❛r❛♠❡t❡r✐③❛t✐♦♥ ♦❢ s❝❤♦♦❧ s❡❝t♦r ❡✛❡❝ts✳ ❚❤❡ ❧❛tt❡r ❛♣♣r♦❛❝❤ ✐s ❡①♣❧♦r❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✻✱ ❜❡❧♦✇✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ❡①❝❧✉s✐♦♥ r❡str✐❝t✐♦♥s✱ ✇❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t✱

❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡✱ ❝❤❛rt❡r ♦✛❡rs ❝❛✉s❡ ❝❤❛rt❡r ❡♥r♦❧❧♠❡♥t ❢♦r ❛t ❧❡❛st s♦♠❡

st✉❞❡♥ts✱ ❛♥❞ t❤❛t ❝❤❛rt❡r ♦✛❡rs ❝❛♥ ♦♥❧② ♠❛❦❡ ❝❤❛rt❡r ❡♥r♦❧❧♠❡♥t ♠♦r❡ ❧✐❦❡❧②✱ s♦ t❤❛t C1i ≥ C0i

❢♦r ❛❧❧ i✳ ●✐✈❡♥ t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧✲♦♥✲s❝♦r❡ ■❱ ❡st✐♠❛♥❞ ✐s ❛ ❝♦♥❞✐t✐♦♥❛❧ ❛✈❡r❛❣❡

❝❛✉s❛❧ ❛✛❡❝t ❢♦r ❝♦♠♣❧✐❡rs✱ t❤❛t ✐s✿

E[Yi|Di = 1, pD(θi) = x]− E[Yi|Di = 0, pD(θi) = x]

E[Ci|Di = 1, pD(θi) = x]− E[Ci|Di = 0, pD(θi) = x]
= E[Y1i − Y0i|pD(θi) = x,C1i > C0i], ✭✻✮

✇❤❡r❡ pD(θi) ✐s t❤❡ ❝❤❛rt❡r✲♦✛❡r ♣r♦♣❡♥s✐t② s❝♦r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♣♣❧✐❝❛♥t i✬s t②♣❡ ❛♥❞ x ✐♥❞❡①❡s

✈❛❧✉❡s ✐♥ t❤❡ s✉♣♣♦rt ♦❢ pD(θ)✳

✸✳✺ ❊st✐♠❛t✐♦♥

■♥ ✈✐❡✇ ♦❢ t❤❡ ❢❛❝t t❤❛t ✭✻✮ ❣❡♥❡r❛t❡s ❛ ❞✐st✐♥❝t ❝❛✉s❛❧ ❡✛❡❝t ❢♦r ❡❛❝❤ s❝♦r❡ ✈❛❧✉❡✱ ✐t✬s ♥❛t✉r❛❧ t♦

❝♦♥s✐❞❡r ♣❛rs✐♠♦♥✐♦✉s ♠♦❞❡❧s t❤❛t ✉s❡ ❞❛t❛ ❢r♦♠ ❛❧❧ ♣r♦♣❡♥s✐t②✲s❝♦r❡ ❝❡❧❧s t♦ ❡st✐♠❛t❡ ❛ s✐♥❣❧❡

❛✈❡r❛❣❡ ❝❛✉s❛❧ ❡✛❡❝t✳ ❲❡ ❛❝❝♦♠♣❧✐s❤ t❤✐s ❜② ❡st✐♠❛t✐♥❣ ❛ ✷❙▲❙ s♣❡❝✐✜❝❛t✐♦♥ ✇✐t❤ ✜rst ❛♥❞ s❡❝♦♥❞

st❛❣❡ ❡q✉❛t✐♦♥s t❤❛t ❝❛♥ ❜❡ ✇r✐tt❡♥

Ci =
∑

x

γ(x)di(x) + δDi +X ′
iλ+ νi, ✭✼✮

Yi =
∑

x

α(x)di(x) + βCi +X ′
iµ+ ǫi, ✭✽✮

✇❤❡r❡ t❤❡ di(x)✬s ❛r❡ ❞✉♠♠✐❡s ✐♥❞✐❝❛t✐♥❣ ✈❛❧✉❡s ♦❢ pD(θi)✱ ✐♥❞❡①❡❞ ❜② x✱ ❛♥❞ γ(x) ❛♥❞ α(x) ❛r❡

t❤❡ ❛ss♦❝✐❛t❡❞ ✏s❝♦r❡ ❡✛❡❝ts✑ ✐♥ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ st❛❣❡s✳ ❚❤❡ ❝♦❡✣❝✐❡♥t δ ✐♥ ✭✼✮ ✐s t❤❡ ✜rst✲

st❛❣❡ ❡✛❡❝t ♦❢ ❝❤❛rt❡r ♦✛❡rs ♦♥ ❝❤❛rt❡r ❡♥r♦❧❧♠❡♥t✱ ✇❤✐❧❡ t❤❡ ❝♦❡✣❝✐❡♥t β ✐♥ ✭✽✮ ✐s t❤❡ ❝❛✉s❛❧ ❡✛❡❝t

♦❢ ✐♥t❡r❡st✳ ❚❤❡s❡ ✜rst ❛♥❞ s❡❝♦♥❞ st❛❣❡ ❡q✉❛t✐♦♥s ✐♥❝❧✉❞❡ ❜❛s❡❧✐♥❡ ❝♦✈❛r✐❛t❡s✱ Xi✱ t♦ ✐♥❝r❡❛s❡

♣r❡❝✐s✐♦♥ ❛♥❞ ❛❞❥✉st ❢♦r ❛♥② ❝❤❛♥❝❡ ✐♠❜❛❧❛♥❝❡s ✐♥ st✉❞❡♥t ❝❤❛r❛❝t❡r✐st✐❝s✳

❆s ❛ ❝❤❡❝❦ ♦♥ t❤❡ ✷❙▲❙ s♣❡❝✐✜❝❛t✐♦♥✱ ✇❡ ❛❧s♦ r❡♣♦rt s❡♠✐♣❛r❛♠❡tr✐❝ ❡st✐♠❛t❡s ♦❢ E[Y1i −

Y0i|C1i > C0i]✳ ■♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ❛❞❞✐t✐✈❡ ✷❙▲❙ s❡t✉♣✱ t❤❡ s❡♠✐♣❛r❛♠❡tr✐❝ ♣r♦❝❡❞✉r❡ r❡q✉✐r❡s

✶✻



♦♥❧② ❝♦rr❡❝t s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ t♦ ❣❡♥❡r❛t❡ ❛ s✐♥❣❧❡ ❛✈❡r❛❣❡ ❝❛✉s❛❧ ❡✛❡❝t ❢♦r

❛❧❧ ❝♦♠♣❧✐❡rs✳ ❚❤❡ s❡♠✐♣❛r❛♠❡tr✐❝ str❛t❡❣② ✐s ❢♦✉♥❞❡❞ ♦♥ ❆❜❛❞✐❡ ✭✷✵✵✸✮✬s ♦❜s❡r✈❛t✐♦♥ t❤❛t t❤❡

❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ❡①❝❧✉s✐♦♥ r❡str✐❝t✐♦♥s ✐♠♣❧②✿

E[Y0i|C1i > C0i] =
1

Pr(C1i > C0i)
E

[

CiYi(Di − pD(θi))

(1− pD(θi))pD(θi)

]

,

E[Y1i|C1i > C0i] =
1

Pr(C1i > C0i)
E

[

(1− Ci)Yi((1−Di)− (1− pD(θi)))

(1− pD(θi))pD(θi)

]

.

❙✉❜tr❛❝t✐♥❣ ❛♥❞ r❡❛rr❛♥❣✐♥❣✱ ✇❡ ❤❛✈❡✿

E[Y1i − Y0i|C1i > C0i] =
1

Pr(C1i > C0i)
E

[

Yi(Di − pD(θ))

(1− pD(θi))pD(θi)

]

. ✭✾✮

❚❤❡ ✜rst st❛❣❡ ✐♥ t❤✐s ❝❛s❡✱ P [C1i > C0i]✱ ✐s ❝♦♥str✉❝t❡❞ ✉s✐♥❣

P [C1i > C0i] = E

[

Ci(Di − pD(θi))

(1− pD(θi))pD(θi)

]

. ✭✶✵✮

❚❤❡ s❡♠✐✲♣❛r❛♠❡tr✐❝ ■❱ ❡st✐♠❛t♦r ✉s❡❞ ❤❡r❡ ✐s t❤❡ s❛♠♣❧❡ ❛♥❛❧♦❣ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✾✮

❞✐✈✐❞❡❞ ❜② t❤❡ s❛♠♣❧❡ ❛♥❛❧♦❣ ♦❢ ✭✶✵✮✳✻

✹ ❙❝❤♦♦❧ ❊✛❡❝t✐✈❡♥❡ss ✐♥ ❉❡♥✈❡r

❙✐♥❝❡ t❤❡ ✷✵✶✶ s❝❤♦♦❧ ②❡❛r✱ ❉P❙ ❤❛s ✉s❡❞ ❉❆ t♦ ❛ss✐❣♥ st✉❞❡♥ts t♦ ♠♦st s❝❤♦♦❧s ✐♥ t❤❡ ❞✐str✐❝t✱

❛ ♣r♦❝❡ss ❦♥♦✇♥ ❛s ❙❝❤♦♦❧❈❤♦✐❝❡✳ ❉❡♥✈❡r s❝❤♦♦❧ ❛ss✐❣♥♠❡♥t ✐♥✈♦❧✈❡s t✇♦ r♦✉♥❞s✱ ❜✉t ♦♥❧② t❤❡

✜rst r♦✉♥❞ ✉s❡s ❉❆✳ ❖✉r ❛♥❛❧②s✐s t❤❡r❡❢♦r❡ ❢♦❝✉s❡s ♦♥ t❤❡ ✐♥✐t✐❛❧ r♦✉♥❞✳

■♥ t❤❡ ✜rst r♦✉♥❞ ♦❢ ❙❝❤♦♦❧❈❤♦✐❝❡✱ ♣❛r❡♥ts ❝❛♥ r❛♥❦ ✉♣ t♦ ✜✈❡ s❝❤♦♦❧s ♦❢ ❛♥② t②♣❡✱ ✐♥❝❧✉❞✐♥❣

tr❛❞✐t✐♦♥❛❧ ♣✉❜❧✐❝ s❝❤♦♦❧s✱ ♠❛❣♥❡t s❝❤♦♦❧s✱ ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧s✱ ❛♥❞ ♠♦st ❝❤❛rt❡rs✳ ❆ ♥❡✐❣❤❜♦r✲

❤♦♦❞ s❝❤♦♦❧ ✐s ❛❧s♦ r❛♥❦❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ✭✐❢ ❛ st✉❞❡♥t ❤❛s ❛ ♥❡✐❣❤❜♦r❤♦♦❞ s❝❤♦♦❧✱ t❤❡ ❞✐str✐❝t

❛❞❞s ❤✐s ♥❡✐❣❤❜♦r❤♦♦❞ s❝❤♦♦❧ t♦ ❤✐s ❝❤♦✐❝❡ ❧✐st ❛s t❤❡ ❧❛st ❝❤♦✐❝❡✮✳ ❙❝❤♦♦❧s r❛t✐♦♥ s❡❛ts ✉s✐♥❣ ❛

♠✐① ♦❢ ♣r✐♦r✐t✐❡s ❛♥❞ ❛ s✐♥❣❧❡ ❧♦tt❡r② ♥✉♠❜❡r✳ Pr✐♦r✐t✐❡s ✈❛r② ❛❝r♦ss s❝❤♦♦❧s ❛♥❞ t②♣✐❝❛❧❧② ✐♥✈♦❧✈❡

s✐❜❧✐♥❣s ❛♥❞ ♥❡✐❣❤❜♦r❤♦♦❞s✳ ❙❡❛ts ♠❛② ❜❡ r❡s❡r✈❡❞ ❢♦r ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ s✉❜s✐❞✐③❡❞✲❧✉♥❝❤

st✉❞❡♥ts ❛♥❞ ❢♦r ❝❤✐❧❞r❡♥ ♦❢ s❝❤♦♦❧ st❛✛✳ ❘❡s❡r✈❡❞ s❡❛ts ❛r❡ ❛❧❧♦❝❛t❡❞ ❜② s♣❧✐tt✐♥❣ s❝❤♦♦❧s ❛♥❞

❛ss✐❣♥✐♥❣ t❤❡ ❤✐❣❤❡st ♣r✐♦r✐t② st❛t✉s t♦ st✉❞❡♥ts ✐♥ t❤❡ r❡s❡r✈❡❞ ❣r♦✉♣ ❛t ♦♥❡ ♦❢ t❤❡ s✉❜✲s❝❤♦♦❧s

❝r❡❛t❡❞ ❜② ❛ s♣❧✐t✳ ▼❛t❝❤ ♣❛rt✐❝✐♣❛♥ts ❝❛♥ ♦♥❧② q✉❛❧✐❢② ❢♦r s❡❛ts ✐♥ ❛ s✐♥❣❧❡ ❣r❛❞❡✳

❚❤❡ ❉P❙ ♠❛t❝❤ ❞✐st✐♥❣✉✐s❤❡s ❜❡t✇❡❡♥ ❣r♦✉♣s ♦❢ s❡❛ts ❛t ❛ ❣✐✈❡♥ s❝❤♦♦❧✱ ❦♥♦✇♥ ❛s ✏❜✉❝❦❡ts✳✑

❇✉❝❦❡ts ✐♥ t❤❡ s❛♠❡ s❝❤♦♦❧ ❤❛✈❡ ❞✐st✐♥❝t ♣r✐♦r✐t✐❡s ❛♥❞ ❝❛♣❛❝✐t✐❡s✳ ❉P❙ ❝♦♥✈❡rts ❛♣♣❧✐❝❛♥ts✬ ♣r❡❢✲

❡r❡♥❝❡s ♦✈❡r s❝❤♦♦❧s ✐♥t♦ ♣r❡❢❡r❡♥❝❡s ♦✈❡r ❜✉❝❦❡ts✱ s♣❧✐tt✐♥❣ ♦✛ s❡♣❛r❛t❡ s✉❜✲s❝❤♦♦❧s ❢♦r ❡❛❝❤✳ ❚❤❡

✉♣s❤♦t ❢♦r ♦✉r ♣✉r♣♦s❡s ✐s t❤❛t ❉P❙✬s ✈❡rs✐♦♥ ♦❢ ❉❆ ❛ss✐❣♥s s❡❛ts ❛t t❤❡ s✉❜✲s❝❤♦♦❧s ❞❡t❡r♠✐♥❡❞

❜② s❡❛t r❡s❡r✈❛t✐♦♥ ♣♦❧✐❝✐❡s ❛♥❞ ❜✉❝❦❡ts r❛t❤❡r t❤❛♥ s❝❤♦♦❧s✱ ✇❤✐❧❡ t❤❡ r❡❧❡✈❛♥t ♣r♦♣❡♥s✐t② s❝♦r❡

❝❛♣t✉r❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦✛❡rs ❛t s✉❜✲s❝❤♦♦❧s✳ ❚❤❡ ❞✐s❝✉ss✐♦♥ t❤❛t ❢♦❧❧♦✇s r❡❢❡rs t♦ ♣r♦♣❡♥s✐t②

s❝♦r❡s ❢♦r s❝❤♦♦❧s✱ ✇✐t❤ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ t❤❛t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✉♥✐t ♦❢ ❛ss✐❣♥♠❡♥t ✐s ❛ ❜✉❝❦❡t✱

❢r♦♠ ✇❤✐❝❤ ❛ss✐❣♥♠❡♥t r❛t❡s t♦ s❝❤♦♦❧s ❤❛✈❡ ❜❡❡♥ ❝♦♥str✉❝t❡❞✳✼

✻❈♦✈❛r✐❛t❡s ❛r❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥ t❤❡ s❡♠✐♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❜② ❛❞❞✐♥❣ Xi t♦ ❛ ❧♦❣✐t ♠♦❞❡❧ ❢♦r
E[Di|Xi, pD(θi)] ❛♥❞ ✉s✐♥❣ ✜tt❡❞ ✈❛❧✉❡s ❢r♦♠ t❤✐s ✐♥st❡❛❞ ♦❢ ❡st✐♠❛t❡s ♦❢ pD(θi) ✐♥ ❡q✉❛t✐♦♥s ✭✾✮ ❛♥❞ ✭✶✵✮✳

✼❉P❙ ♠♦❞✐✜❡s tr❛❞✐t✐♦♥❛❧ ❉❆ ♠❡❝❤❛♥✐s♠ ❜② r❡❝♦❞✐♥❣ t❤❡ ❧♦tt❡r② ♥✉♠❜❡rs ♦❢ ❛❧❧ s✐❜❧✐♥❣s ❛♣♣❧②✐♥❣ t♦ t❤❡ s❛♠❡

✶✼



✹✳✶ ❈♦♠♣✉t✐♥❣ t❤❡ ❉❆ Pr♦♣❡♥s✐t② ❙❝♦r❡

❚❤❡ s❝♦r❡ ❡st✐♠❛t❡s ✉s❡❞ ❛s ❝♦♥tr♦❧s ✐♥ ❡q✉❛t✐♦♥s ✭✼✮ ❛♥❞ ✭✽✮ ✇❡r❡ ❝♦♥str✉❝t❡❞ t❤r❡❡ ✇❛②s✳ ❚❤❡

✜rst ✐s ❛ s✐♠✉❧❛t✐♦♥✲❜❛s❡❞ ❜❡♥❝❤♠❛r❦✿ ✇❡ r❛♥ ❉❆ ❢♦r ♦♥❡ ♠✐❧❧✐♦♥ ❧♦tt❡r② ❞r❛✇s ❛♥❞ r❡❝♦r❞❡❞ t❤❡

♣r♦♣♦rt✐♦♥ ♦❢ ❞r❛✇s ✐♥ ✇❤✐❝❤ ❛♣♣❧✐❝❛♥ts ♦❢ ❛ ❣✐✈❡♥ t②♣❡ ✐♥ ♦✉r ✜①❡❞ ❉P❙ s❛♠♣❧❡ ✇❡r❡ s❡❛t❡❞

❛t ❡❛❝❤ s❝❤♦♦❧✳✽ ❇② ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✱ t❤✐s s✐♠✉❧❛t❡❞ s❝♦r❡ ❝♦♥✈❡r❣❡s t♦ t❤❡

❛❝t✉❛❧ ✜♥✐t❡✲♠❛r❦❡t s❝♦r❡ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ❞r❛✇s ✐♥❝r❡❛s❡s✳ ■♥ ♣r❛❝t✐❝❡✱ ♦❢ ❝♦✉rs❡✱ t❤❡ ♥✉♠❜❡r ♦❢

r❡♣❧✐❝❛t✐♦♥s ✐s ❢❛r s♠❛❧❧❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ❧♦tt❡r② ❞r❛✇s✱ s♦ t❤❡ s✐♠✉❧❛t❡❞ s❝♦r❡ t❛❦❡s

♦♥ ♠♦r❡ ✈❛❧✉❡s t❤❛♥ ✇❡✬❞ ❡①♣❡❝t t♦ s❡❡ ❢♦r t❤❡ ❛❝t✉❛❧ s❝♦r❡✳ ❋♦r ❛♣♣❧✐❝❛♥ts ✇✐t❤ ❛ s✐♠✉❧❛t❡❞ s❝♦r❡

str✐❝t❧② ❜❡t✇❡❡♥ ③❡r♦ ❛♥❞ ♦♥❡✱ t❤❡ s✐♠✉❧❛t❡❞ s❝♦r❡ t❛❦❡s ♦♥ ♠♦r❡ t❤❛♥ ✶✱✶✵✵ ❞✐st✐♥❝t ✈❛❧✉❡s ✭✇✐t❤

❢❡✇❡r t❤❛♥ ✶✱✸✵✵ t②♣❡s ✐♥ t❤✐s s❛♠♣❧❡✮✳ ❇❡❝❛✉s❡ ♠❛♥② s✐♠✉❧❛t❡❞ s❝♦r❡ ✈❛❧✉❡s ❛r❡ ❡①❝❡❡❞✐♥❣❧②

❝❧♦s❡ t♦ ♦♥❡ ❛♥♦t❤❡r ✭♦r t♦ ✵ ♦r ✶✮ s♦♠❡ ♦❢ t❤❡ ❡st✐♠❛t♦rs t❤❛t ❝♦♥tr♦❧ ❢♦r t❤❡ s✐♠✉❧❛t❡❞ s❝♦r❡

✉s❡ ✈❛❧✉❡s t❤❛t ❤❛✈❡ ❜❡❡♥ r♦✉♥❞❡❞✳

❲❡✬r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st❡❞ ✐♥ t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❉❆ s❝♦r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳ ❚❤✐s

t❤❡♦r❡t✐❝❛❧ r❡s✉❧t ✐s ✉s❡❞ ❢♦r ♣r♦♣❡♥s✐t② s❝♦r❡ ❡st✐♠❛t✐♦♥ ✐♥ t✇♦ ✇❛②s✳ ❚❤❡ ✜rst✱ ✇❤✐❝❤ ✇❡ ❧❛❜❡❧

❛ ✏❢♦r♠✉❧❛✑ ❝❛❧❝✉❧❛t✐♦♥✱ ❛♣♣❧✐❡s ❡q✉❛t✐♦♥ ✭✸✮ ❞✐r❡❝t❧② t♦ t❤❡ ❉P❙ ❞❛t❛✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❢♦r ❡❛❝❤

❛♣♣❧✐❝❛♥t t②♣❡✱ s❝❤♦♦❧✱ ❛♥❞ ❡♥tr② ❣r❛❞❡✱ ✇❡ ✐❞❡♥t✐✜❡❞ ♠❛r❣✐♥❛❧ ♣r✐♦r✐t✐❡s✱ ❛♥❞ ❛♣♣❧✐❝❛♥ts ✇❡r❡

❛❧❧♦❝❛t❡❞ ❜② ♣r✐♦r✐t② st❛t✉s t♦ ❡✐t❤❡r Θn
s ✱ Θ

a
s ✱ ♦r Θ

c
s✳ ❚❤❡ ❉❆ s❝♦r❡✱ ϕs(θ) ✐s t❤❡♥ ❡st✐♠❛t❡❞ ❜②

❝♦♠♣✉t✐♥❣ t❤❡ s❛♠♣❧❡ ❛♥❛❧♦❣ ♦❢ MIDθs ❛♥❞ τs ✐♥ t❤❡ ❉P❙ ❛ss✐❣♥♠❡♥t ❞❛t❛ ❛♥❞ ♣❧✉❣❣✐♥❣ t❤❡s❡

✐♥t♦ ❡q✉❛t✐♦♥ ✭✸✮✳

❚❤❡ ❜✉❧❦ ♦❢ ♦✉r ❡♠♣✐r✐❝❛❧ ✇♦r❦ ✉s❡s ❛ s❡❝♦♥❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✱ ✇❤✐❝❤ ❛❧s♦ st❛rts

✇✐t❤ ♠❛r❣✐♥❛❧ ♣r✐♦r✐t✐❡s✱ ▼■❉s✱ ❛♥❞ ❝✉t♦✛s ✐♥ t❤❡ ❉P❙ ❞❛t❛✳ ❚❤✐s s❝♦r❡ ❡st✐♠❛t❡✱ ❤♦✇❡✈❡r✱ ✐s

❣✐✈❡♥ ❜② t❤❡ ❡♠♣✐r✐❝❛❧ ♦✛❡r r❛t❡ ✐♥ ❝❡❧❧s ❞❡✜♥❡❞ ❜② t❤❡s❡ ✈❛r✐❛❜❧❡s✳ ❚❤✐s s❝♦r❡ ❡st✐♠❛t❡✱ ✇❤✐❝❤

✇❡ r❡❢❡r t♦ ❛s ❛ ✏❢r❡q✉❡♥❝②✑ ❝❛❧❝✉❧❛t✐♦♥✱ ✐s ❝❧♦s❡r t♦ ❛♥ ❡st✐♠❛t❡❞ s❝♦r❡ ♦❢ t❤❡ s♦rt ❞✐s❝✉ss❡❞ ❜②

❆❜❛❞✐❡ ❛♥❞ ■♠❜❡♥s ✭✷✵✶✷✮ t❤❛♥ ✐s t❤❡ ❢♦r♠✉❧❛ s❝♦r❡✱ ✇❤✐❝❤ ✐❣♥♦r❡s r❡❛❧✐③❡❞ ❛ss✐❣♥♠❡♥t r❛t❡s✳

❚❤❡ ❧❛r❣❡✲s❛♠♣❧❡ ❞✐str✐❜✉t✐♦♥ t❤❡♦r② ✐♥ ❆❜❛❞✐❡ ❛♥❞ ■♠❜❡♥s ✭✷✵✶✷✮ s✉❣❣❡sts t❤❛t ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥

❛♥ ❡st✐♠❛t❡❞ s❝♦r❡ ❜❛s❡❞ ♦♥ r❡❛❧✐③❡❞ ❛ss✐❣♥♠❡♥t r❛t❡s ♠❛② ✐♥❝r❡❛s❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ s❝♦r❡✲❜❛s❡❞

❡st✐♠❛t❡s ♦❢ ❛✈❡r❛❣❡ tr❡❛t♠❡♥t ❡✛❡❝ts✳

Pr♦♣❡♥s✐t② s❝♦r❡s ❢♦r s❝❤♦♦❧ ♦✛❡rs t❡❧❧ ✉s t❤❡ ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛♥ts s✉❜❥❡❝t t♦ r❛♥❞♦♠ ❛ss✐❣♥✲

♠❡♥t ❛t ❡❛❝❤ ❉P❙ ❝❤❛rt❡r s❝❤♦♦❧✳✾ ❚❤❡s❡ ❝♦✉♥ts✱ r❡♣♦rt❡❞ ✐♥ ❝♦❧✉♠♥s ✸✲✺ ♦❢ ❚❛❜❧❡ ✶ ❢♦r t❤❡ t❤r❡❡

s❝❤♦♦❧ t♦ ❜❡ t❤❡ ❜❡st r❛♥❞♦♠ ♥✉♠❜❡r ❤❡❧❞ ❜② ❛♥② ♦❢ t❤❡♠✳ ❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ✭❦♥♦✇♥ ❛s ✏❢❛♠✐❧② ❧✐♥❦✑✮ ❝❤❛♥❣❡s
t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ♦♥❧② ❛❜♦✉t ✵✳✻✪ ♦❢ st✉❞❡♥ts ❢r♦♠ t❤❛t ❣❡♥❡r❛t❡❞ ❜② st❛♥❞❛r❞ ❉❆✳ ❖✉r ❛♥❛❧②s✐s ✐♥❝♦r♣♦r❛t❡s
❢❛♠✐❧② ❧✐♥❦ ❜② ❞❡✜♥✐♥❣ ❞✐st✐♥❝t t②♣❡s ❢♦r ❧✐♥❦❡❞ st✉❞❡♥ts✳

✽❈❛❧s❛♠✐❣❧✐❛ ❡t ❛❧✳ ✭✷✵✶✹✮ ❛♥❞ ❆❣❛r✇❛❧ ❛♥❞ ❙♦♠❛✐♥✐ ✭✷✵✶✺✮ s✐♠✉❧❛t❡ t❤❡ ❇♦st♦♥ ♠❡❝❤❛♥✐s♠ ❛s ♣❛rt ♦❢ ❛♥ ❡✛♦rt
t♦ ❡st✐♠❛t❡ ♣r❡❢❡r❡♥❝❡s ✐♥ ❛ str✉❝t✉r❛❧ ♠♦❞❡❧ ♦❢ ❧❛t❡♥t ♣r❡❢❡r❡♥❝❡s ♦✈❡r s❝❤♦♦❧s✳

✾❚❤❡ ❞❛t❛ ❛♥❛❧②③❡❞ ❤❡r❡ ❝♦♠❡ ❢r♦♠ ✜❧❡s ❝♦♥t❛✐♥✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✉s❡❞ ❢♦r ✜rst✲r♦✉♥❞ ❛ss✐❣♥♠❡♥t ♦❢ st✉❞❡♥ts
❛♣♣❧②✐♥❣ ✐♥ t❤❡ ✷✵✶✶✲✶✷ s❝❤♦♦❧ ②❡❛r ❢♦r s❡❛ts t❤❡ ❢♦❧❧♦✇✐♥❣ ②❡❛r ✭t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐♥❝❧✉❞❡s ♣r❡❢❡r❡♥❝❡ ❧✐sts✱ ♣r✐♦r✐t✐❡s✱
r❛♥❞♦♠ ♥✉♠❜❡rs✱ ❛ss✐❣♥♠❡♥t st❛t✉s✱ ❛♥❞ s❝❤♦♦❧ ❝❛♣❛❝✐t✐❡s✮✳ ❙❝❤♦♦❧✲❧❡✈❡❧ s❝♦r❡s ✇❡r❡ ❝♦♥str✉❝t❡❞ ❜② s✉♠♠✐♥❣
s❝♦r❡s ❢♦r ❛❧❧ ❝♦♠♣♦♥❡♥t s✉❜✲s❝❤♦♦❧s ✉s❡❞ t♦ ✐♠♣❧❡♠❡♥t s❡❛t r❡s❡r✈❛t✐♦♥ ♣♦❧✐❝✐❡s ❛♥❞ t♦ ❞❡✜♥❡ ❜✉❝❦❡ts✳ ❖✉r
❡♠♣✐r✐❝❛❧ ✇♦r❦ ❛❧s♦ ✉s❡s ✜❧❡s ✇✐t❤ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❖❝t♦❜❡r ❡♥r♦❧❧♠❡♥t ❛♥❞ st❛♥❞❛r❞✐③❡❞ s❝♦r❡s ❢r♦♠ t❤❡ ❈♦❧♦r❛❞♦
❙❝❤♦♦❧ ❆ss❡ss♠❡♥t Pr♦❣r❛♠ ✭❈❙❆P✮ ❛♥❞ t❤❡ ❚r❛♥s✐t✐♦♥❛❧ ❈♦❧♦r❛❞♦ ❆ss❡ss♠❡♥t Pr♦❣r❛♠ ✭❚❈❆P✮ t❡sts✱ ❣✐✈❡♥
❛♥♥✉❛❧❧② ✐♥ ❣r❛❞❡s ✸✲✶✵✳ ❆ ❞❛t❛ ❛♣♣❡♥❞✐① ❞❡s❝r✐❜❡s t❤❡s❡ ✜❧❡s ❛♥❞ t❤❡ ❡①tr❛❝t ✇❡✬✈❡ ❝r❡❛t❡❞ ❢r♦♠ t❤❡♠✳ ❋♦r
♦✉r ♣✉r♣♦s❡s✱ ✏❈❤❛rt❡r s❝❤♦♦❧s✑ ❛r❡ s❝❤♦♦❧s ✐❞❡♥t✐✜❡❞ ❛s ✏❝❤❛rt❡r✑ ✐♥ ❉P❙ ✷✵✶✷✲✷✵✶✸ ❙❝❤♦♦❧❈❤♦✐❝❡ ❊♥r♦❧❧♠❡♥t

●✉✐❞❡ ❜r♦❝❤✉r❡s ❛♥❞ ♥♦t ✐❞❡♥t✐✜❡❞ ❛s ✏✐♥t❡♥s✐✈❡ ♣❛t❤✇❛②s✑ s❝❤♦♦❧s✱ ✇❤✐❝❤ s❡r✈❡ st✉❞❡♥ts ✇❤♦ ❛r❡ ♠✉❝❤ ♦❧❞❡r t❤❛♥
t②♣✐❝❛❧ ❢♦r t❤❡✐r ❣r❛❞❡✳

✶✽



❞✐✛❡r❡♥t s❝♦r❡ ❡st✐♠❛t♦rs✱ r❛♥❣❡ ❢r♦♠ ♥♦♥❡ t♦ ♦✈❡r ✸✵✵✳ ❚❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ❛♣♣❧✐❝❛♥ts s✉❜❥❡❝t

t♦ r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t ✈❛r✐❡s ♠❛r❦❡❞❧② ❢r♦♠ s❝❤♦♦❧ t♦ s❝❤♦♦❧✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♠♣❛r✐♥❣

t❤❡ ❝♦✉♥t ♦❢ ❛♣♣❧✐❝❛♥ts s✉❜❥❡❝t t♦ r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t ✇✐t❤ t❤❡ t♦t❛❧ ❛♣♣❧✐❝❛♥t ❝♦✉♥t ✐♥ ❝♦❧✉♠♥

✶✳ ❚❤❡ r❛♥❞♦♠✐③❡❞ ❛♣♣❧✐❝❛♥t ❝♦✉♥t ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❢r❡q✉❡♥❝② ❛♥❞ ❢♦r♠✉❧❛ s❝♦r❡ ❡st✐♠❛t❡s ❛r❡

❝❧♦s❡✱ ❜✉t s♦♠❡ ❞✐✛❡r❡♥❝❡s ❡♠❡r❣❡ ✇❤❡♥ ❛ s✐♠✉❧❛t❡❞ s❝♦r❡ ✐s ✉s❡❞✳✶✵

❈♦❧✉♠♥ ✺ ♦❢ ❚❛❜❧❡ ✶ ❛❧s♦ ❡st❛❜❧✐s❤❡s t❤❡ ❢❛❝t t❤❛t ❛t ❧❡❛st s♦♠❡ ❛♣♣❧✐❝❛♥ts ✇❡r❡ s✉❜❥❡❝t t♦

r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t ❛t ❡✈❡r② ❝❤❛rt❡r ❡①❝❡♣t ❢♦r t❤❡ ❉❡♥✈❡r ▲❛♥❣✉❛❣❡ ❙❝❤♦♦❧✱ ✇❤✐❝❤ ♦✛❡r❡❞ ♥♦

s❡❛ts✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❡✈❡r② s❝❤♦♦❧ ❜❡s✐❞❡s t❤❡ ❉❡♥✈❡r ▲❛♥❣✉❛❣❡ ❙❝❤♦♦❧ ❤❛❞ ❛♣♣❧✐❝❛♥ts ✇✐t❤ ❛

s✐♠✉❧❛t❡❞ ♣r♦♣❡♥s✐t② s❝♦r❡ str✐❝t❧② ✐♥ t❤❡ ✉♥✐t ✐♥t❡r✈❛❧✳ ❚❤r❡❡ s❝❤♦♦❧s ❢♦r ✇❤✐❝❤ t❤❡ s✐♠✉❧❛t❡❞

s❝♦r❡ s❤♦✇s ✈❡r② ❢❡✇ r❛♥❞♦♠✐③❡❞ ❛♣♣❧✐❝❛♥ts ✭P✐♦♥❡❡r✱ ❙❖❆❘ ❖❛❦❧❛♥❞✱ ❲②❛tt✮ ❤❛✈❡ ❛♥ ❡♠♣✐r✐❝❛❧

♦✛❡r r❛t❡ ♦❢ ③❡r♦✱ s♦ t❤❡ ❢r❡q✉❡♥❝② ✈❡rs✐♦♥ ♦❢ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ✐s ③❡r♦ ❢♦r t❤❡s❡ s❝❤♦♦❧s

✭❛♣♣❧✐❝❛♥t ❝♦✉♥ts ❜❛s❡❞ ♦♥ ✐♥t❡r✈❛❧s ❞❡t❡r♠✐♥❡❞ ❜② ❉❆ ❢r❡q✉❡♥❝② ❛♥❞ ❢♦r♠✉❧❛ s❝♦r❡s ❛♣♣❡❛r ✐♥

❝♦❧✉♠♥s ✸ ❛♥❞ ✹✮✳

❉❆ ♣r♦❞✉❝❡s r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t ♦❢ s❡❛ts ❢♦r st✉❞❡♥ts r❛♥❦✐♥❣ ❝❤❛rt❡rs ✜rst ❢♦r ❛ ♠✉❝❤ s♠❛❧❧❡r

s❡t ♦❢ s❝❤♦♦❧s✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡ ✶✱ ✇❤✐❝❤ r❡♣♦rts t❤❡ ♥✉♠❜❡r ♦❢ ❛♣♣❧✐✲

❝❛♥ts ✇✐t❤ ❛ s✐♠✉❧❛t❡❞ s❝♦r❡ str✐❝t❧② ❜❡t✇❡❡♥ ③❡r♦ ❛♥❞ ♦♥❡✱ ✇❤♦ ❛❧s♦ r❛♥❦❡❞ ❡❛❝❤ s❝❤♦♦❧ ✜rst✳ ❚❤❡

r❡❞✉❝❡❞ s❝♦♣❡ ♦❢ ✜rst✲❝❤♦✐❝❡ r❛♥❞♦♠✐③❛t✐♦♥ ✐s ✐♠♣♦rt❛♥t ❢♦r ♦✉r ❝♦♠♣❛r✐s♦♥ ♦❢ str❛t❡❣✐❡s ✉s✐♥❣

t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ✇✐t❤ ♣r❡✈✐♦✉s❧②✲❡♠♣❧♦②❡❞ ■❱ str❛t❡❣✐❡s ✉s✐♥❣ ✜rst✲❝❤♦✐❝❡ ✐♥str✉♠❡♥ts✳

❋✐rst✲❝❤♦✐❝❡ ✐♥str✉♠❡♥ts ❛♣♣❧✐❡❞ t♦ t❤❡ ❉P❙ ❝❤❛rt❡r s❡❝t♦r ♥❡❝❡ss❛r✐❧② ✐❣♥♦r❡ ♠❛♥② s❝❤♦♦❧s✳ ◆♦t❡

❛❧s♦ t❤❛t ✇❤✐❧❡ s♦♠❡ s❝❤♦♦❧s ❤❛❞ ♦♥❧② ❛ ❤❛♥❞❢✉❧ ♦❢ ❛♣♣❧✐❝❛♥ts s✉❜❥❡❝t t♦ r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t✱

♦✈❡r ✶✱✹✵✵ st✉❞❡♥ts ✇❡r❡ r❛♥❞♦♠✐③❡❞ ✐♥ t❤❡ ❝❤❛rt❡r s❡❝t♦r ❛s ❛ ✇❤♦❧❡✳

❚❤❡ ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛♥ts r❛♥❞♦♠✐③❡❞ ❛t ♣❛rt✐❝✉❧❛r s❝❤♦♦❧s ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❢✉rt❤❡r ✉s✐♥❣

❚❤❡♦r❡♠ ✶✳ ❲❤② ❞✐❞ ❙❚❘■❱❊ Pr❡♣ ✲ ●❱❘ ❤❛✈❡ ✶✶✻ ❛♣♣❧✐❝❛♥ts r❛♥❞♦♠✐③❡❞✱ ❡✈❡♥ t❤♦✉❣❤ ❚❛❜❧❡

✶ s❤♦✇s t❤❛t ♥♦ ❛♣♣❧✐❝❛♥t ✇✐t❤ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ♦✛❡r r✐s❦ r❛♥❦❡❞ t❤✐s s❝❤♦♦❧ ✜rst❄ ❘❛♥❞♦♠ ❛s✲

s✐❣♥♠❡♥t ❛t ●❱❘ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠❛♥② ●❱❘ ❛♣♣❧✐❝❛♥ts r❛♥❞♦♠✐③❡❞ ❜② ❛❞♠✐ss✐♦♥s ♦✛❡rs

❛t s❝❤♦♦❧s t❤❡②✬❞ r❛♥❦❡❞ ♠♦r❡ ❤✐❣❤❧②✳ ❚❤✐s ❛♥❞ r❡❧❛t❡❞ ❞❡t❡r♠✐♥❛♥ts ♦❢ ♦✛❡r r✐s❦ ❛r❡ ❞❡t❛✐❧❡❞

✐♥ ❚❛❜❧❡ ✷✱ ✇❤✐❝❤ ❡①♣❧♦r❡s t❤❡ ❛♥❛t♦♠② ♦❢ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ❢♦r ✻t❤ ❣r❛❞❡ ❛♣♣❧✐❝❛♥ts t♦

❢♦✉r ♠✐❞❞❧❡ s❝❤♦♦❧s ✐♥ t❤❡ ❙❚❘■❱❊ ♥❡t✇♦r❦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❡❡ ✭✐♥ ❝♦❧✉♠♥ ✽ ♦❢ t❤❡ t❛❜❧❡✮

t❤❛t ❛❧❧ r❛♥❞♦♠✐③❡❞ ●❱❘ ❛♣♣❧✐❝❛♥ts ✇❡r❡ r❛♥❞♦♠✐③❡❞ ❜② ✈✐rt✉❡ ♦❢ ❤❛✈✐♥❣ MIDθs ✐♥s✐❞❡ t❤❡ ✉♥✐t

✐♥t❡r✈❛❧✱ ✇✐t❤ ♥♦ ♦♥❡ r❛♥❞♦♠✐③❡❞ ❛t ●❱❘✬s ♦✇♥ ❝✉t♦✛ ✭❝♦❧✉♠♥ ✼ ❝♦✉♥ts ❛♣♣❧✐❝❛♥ts r❛♥❞♦♠✐③❡❞

❛t ❡❛❝❤ s❝❤♦♦❧✬s ❝✉t♦✛✮✳

■♥ ❝♦♥tr❛st ✇✐t❤ ❙❚❘■❱❊✬s ●❱❘ s❝❤♦♦❧✱ ❢❡✇ ❛♣♣❧✐❝❛♥ts ✇❡r❡ r❛♥❞♦♠✐③❡❞ ❛t ❙❚❘■❱❊✬s ❍✐❣❤✲

❧❛♥❞✱ ▲❛❦❡✱ ❛♥❞ ▼♦♥t❜❡❧❧♦ ❝❛♠♣✉s❡s✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ♠♦st ❍✐❣❤❧❛♥❞✱

▲❛❦❡✱ ❛♥❞ ▼♦♥t❜❡❧❧♦ ❛♣♣❧✐❝❛♥ts ✇❡r❡ ❧✐❦❡❧② t♦ ❝❧❡❛r ♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ❛t t❤❡s❡ s❝❤♦♦❧s ✭❤❛✈✐♥❣

ρθs < ρs✮✱ ✇❤✐❧❡ ❤❛✈✐♥❣ ✈❛❧✉❡s ♦❢ MIDθs ♠♦st❧② ❡q✉❛❧ t♦ ③❡r♦ ♦r ✶✱ ❡❧✐♠✐♥❛t✐♥❣ r❛♥❞♦♠ ❛s✲

s✐❣♥♠❡♥t ❛t s❝❤♦♦❧s r❛♥❦❡❞ ♠♦r❡ ❤✐❣❤❧②✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❋❡❞❡r❛❧ ❛♥❞ ❲❡st✇♦♦❞ ❝❛♠♣✉s❡s ❛r❡

t❤❡ ♦♥❧② ❙❚❘■❱❊ s❝❤♦♦❧s t♦ s❡❡ ❛♣♣❧✐❝❛♥ts r❛♥❞♦♠✐③❡❞ ❛r♦✉♥❞ t❤❡ ❝✉t♦✛ ✐♥ t❤❡ s❝❤♦♦❧✬s ♦✇♥

♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ❣r♦✉♣✳ ❲❡ ❝♦✉❧❞ t❤❡r❡❢♦r❡ ❧❡❛r♥ ♠♦r❡ ❛❜♦✉t t❤❡ ✐♠♣❛❝t ♦❢ ❛tt❡♥❞❛♥❝❡ ❛t ❋❡❞✲

❡r❛❧ ❛♥❞ ❲❡st✇♦♦❞ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ❝✉t♦✛ t❤❡r❡ ✭❡✳❣✳✱ ❜② ❝❤❛♥❣✐♥❣ ❝❛♣❛❝✐t②✮✱ ✇❤❡r❡❛s s✉❝❤ ❛

✶✵❚❤❡ ❣❛♣ ❤❡r❡ ✐s ♣r♦❜❛❜❧② ❞✉❡ t♦ ♦✉r tr❡❛t♠❡♥t ♦❢ ❢❛♠✐❧② ❧✐♥❦✳ ❚❤❡ ❇❧❛✐r ❝❤❛rt❡r s❝❤♦♦❧✱ ✇❤❡r❡ t❤❡ s✐♠✉❧❛t❡❞
s❝♦r❡ r❛♥❞♦♠✐③❛t✐♦♥ ❝♦✉♥t ✐s ❢❛rt❤❡st ❢r♦♠ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❉❆ s❝♦r❡ ❝♦✉♥ts✱ ❤❛s ♠♦r❡ ❛♣♣❧✐❝❛♥ts ✇✐t❤ ❢❛♠✐❧②
❧✐♥❦ t❤❛♥ ❛♥② ♦t❤❡r s❝❤♦♦❧✳ ❯♥❧✐❦❡ ♦✉r ❉❆ s❝♦r❡ ❝❛❧❝✉❧❛t✐♦♥✱ ✇❤✐❝❤ ✐❣♥♦r❡s ❢❛♠✐❧② ❧✐♥❦✱ t❤❡ s✐♠✉❧❛t❡❞ s❝♦r❡
❛❝❝♦♠♠♦❞❛t❡s ❢❛♠✐❧② ❧✐♥❦ ❜② ❛ss✐❣♥✐♥❣ ❛ ✉♥✐q✉❡ t②♣❡ t♦ ❡✈❡r② st✉❞❡♥t ❛✛❡❝t❡❞ ❜② ❛ ❧✐♥❦✳

✶✾



❝❤❛♥❣❡ ✇♦✉❧❞ ❜❡ ♦❢ ❧✐tt❧❡ ❝♦♥s❡q✉❡♥❝❡ ❢♦r ❡✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ♦t❤❡r s❝❤♦♦❧s✳

❚❛❜❧❡ ✷ ❛❧s♦ ❞♦❝✉♠❡♥ts t❤❡ ✇❡❛❦ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❛♣♣❧✐❝❛♥t r❛♥❞♦♠✐③❛t✐♦♥ ❝♦✉♥ts ❛♥❞ ❛

♥❛✐✈❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦✈❡r✲s✉❜s❝r✐♣t✐♦♥ ❜❛s❡❞ ♦♥ s❝❤♦♦❧ ❝❛♣❛❝✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦❧✉♠♥s ✷ ❛♥❞ ✸

r❡✈❡❛❧ t❤❛t ❢♦✉r ♦✉t ♦❢ s✐① s❝❤♦♦❧s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ t❛❜❧❡ ✉❧t✐♠❛t❡❧② ♠❛❞❡ ❢❡✇❡r ♦✛❡rs t❤❛♥ t❤❡②

❤❛❞ s❡❛ts ❛✈❛✐❧❛❜❧❡ ✭❢❛r ❢❡✇❡r ✐♥ t❤❡ ❝❛s❡ ♦❢ ▼♦♥t❜❡❧❧♦✮✳ ❊✈❡♥ s♦✱ ❛ss✐❣♥♠❡♥t ❛t t❤❡s❡ s❝❤♦♦❧s

✇❛s ❢❛r ❢r♦♠ ❝❡rt❛✐♥✿ t❤❡② ❝♦♥tr✐❜✉t❡ t♦ ♦✉r s❝♦r❡✲❝♦♥❞✐t✐♦♥❡❞ ❝❤❛rt❡r s❝❤♦♦❧ ✐♠♣❛❝t ❛♥❛❧②s✐s✳

❆ ❜r♦❛❞ s✉♠♠❛r② ♦❢ ❉P❙ r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t ❛♣♣❡❛rs ✐♥ ❋✐❣✉r❡ ✷✳ P❛♥❡❧ ✭❛✮ ❝❛♣t✉r❡s t❤❡

✐♥❢♦r♠❛t✐♦♥ ✐♥ ❝♦❧✉♠♥s ✸ ❛♥❞ ✻ ♦❢ ❚❛❜❧❡ ✶ ❜② ♣❧♦tt✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ✜rst✲❝❤♦✐❝❡ ❛♣♣❧✐❝❛♥ts

s✉❜❥❡❝t t♦ r❛♥❞♦♠✐③❛t✐♦♥ ❛s ❜❧❛❝❦ ❞♦ts✱ ✇✐t❤ t❤❡ t♦t❛❧ r❛♥❞♦♠✐③❡❞ ❛t ❡❛❝❤ s❝❤♦♦❧ ♣❧♦tt❡❞ ❛s

❛♥ ❛rr♦✇ ♣♦✐♥t✐♥❣ ✉♣ ❢r♦♠ t❤❡s❡ ❞♦ts ✭s❝❤♦♦❧s ❛r❡ ✐♥❞❡①❡❞ ♦♥ t❤❡ ①✲❛①✐s ❜② t❤❡✐r ❝❛♣❛❝✐t✐❡s✮✳

❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ❤✐❣❤❧✐❣❤ts t❤❡ ❞r❛♠❛t✐❝ ❣❛✐♥s ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ s❝❤♦♦❧s ❛♥❞ t❤❡ ♣r❡❝✐s✐♦♥

✇✐t❤ ✇❤✐❝❤ t❤❡② ❝❛♥ ❜❡ st✉❞✐❡❞ ❛s ❛ ♣❛②♦✛ t♦ ♦✉r ❢✉❧❧✲✐♥❢♦r♠❛t✐♦♥ ❛♣♣r♦❛❝❤ t♦ t❤❡ ❉❆ r❡s❡❛r❝❤

❞❡s✐❣♥✳ ❚❤❡s❡ ❜❡♥❡✜ts ❛r❡ ♥♦t ❧✐♠✐t❡❞ t♦ t❤❡ ❝❤❛rt❡r s❡❝t♦r✱ ❛ ❢❛❝t ❞♦❝✉♠❡♥t❡❞ ✐♥ P❛♥❡❧ ✭❜✮ ♦❢

t❤❡ ✜❣✉r❡✱ ✇❤✐❝❤ ♣❧♦ts t❤❡ s❛♠❡ ❝♦♠♣❛r✐s♦♥s ❢♦r ♥♦♥✲❝❤❛rt❡r s❝❤♦♦❧s ✐♥ t❤❡ ❉P❙ ♠❛t❝❤✳

✹✳✷ ❉P❙ ❉❛t❛ ❛♥❞ ❉❡s❝r✐♣t✐✈❡ ❙t❛t✐st✐❝s

❚❤❡ ❉P❙ ♣♦♣✉❧❛t✐♦♥ ❡♥r♦❧❧❡❞ ✐♥ ❣r❛❞❡s ✸✲✾ ✐♥ t❤❡ ❋❛❧❧ ♦❢ ✷✵✶✶ ✐s r♦✉❣❤❧② ✻✵✪ ❍✐s♣❛♥✐❝✱ ❛ ❢❛❝t

r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✸✱ ❛❧♦♥❣ ✇✐t❤ ♦t❤❡r ❞❡s❝r✐♣t✐✈❡ st❛t✐st✐❝s✳ ❲❡ ❢♦❝✉s ♦♥ ❣r❛❞❡s ✸✲✾ ✐♥ ✷✵✶✶

❜❡❝❛✉s❡ ♦✉t❝♦♠❡ s❝♦r❡s ❝♦♠❡ ❢r♦♠ ❚❈❆P t❡sts t❛❦❡♥ ✐♥ ❣r❛❞❡s ✹✲✶✵ ✐♥ t❤❡ s♣r✐♥❣ ♦❢ t❤❡ ✷✵✶✷✲✶✸

s❝❤♦♦❧ ②❡❛r✳✶✶ ❚❤❡ ❤✐❣❤ ♣r♦♣♦rt✐♦♥ ❍✐s♣❛♥✐❝ ♠❛❦❡s ❉P❙ ❛♥ ❡s♣❡❝✐❛❧❧② ✐♥t❡r❡st✐♥❣ ❛♥❞ ✉♥✉s✉❛❧

✉r❜❛♥ ❞✐str✐❝t✳ ◆♦t s✉r♣r✐s✐♥❣❧② ✐♥ ✈✐❡✇ ♦❢ t❤✐s✱ ❛❧♠♦st ✸✵ ♣❡r❝❡♥t ♦❢ ❉P❙ st✉❞❡♥ts ❤❛✈❡ ❧✐♠✐t❡❞

❊♥❣❧✐s❤ ♣r♦✜❝✐❡♥❝②✳ ❈♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❤✐❣❤ ♣♦✈❡rt② r❛t❡s s❡❡♥ ✐♥ ♠❛♥② ✉r❜❛♥ ❞✐str✐❝ts✱ t❤r❡❡

q✉❛rt❡rs ♦❢ ❉P❙ st✉❞❡♥ts ❛r❡ ♣♦♦r ❡♥♦✉❣❤ t♦ q✉❛❧✐❢② ❢♦r ❛ s✉❜s✐❞✐③❡❞ ❧✉♥❝❤✳ ❘♦✉❣❤❧② ✷✵✪

♦❢ t❤❡ ❉P❙ st✉❞❡♥ts ✐♥ ♦✉r ❞❛t❛ ❛r❡ ✐❞❡♥t✐✜❡❞ ❛s ❣✐❢t❡❞✱ ❛ ❞❡s✐❣♥❛t✐♦♥ t❤❛t q✉❛❧✐✜❡s t❤❡♠ ❢♦r

❞✐✛❡r❡♥t✐❛t❡❞ ✐♥str✉❝t✐♦♥ ❛♥❞ ♦t❤❡r ♣r♦❣r❛♠s✳

◆❡❛r❧② ✶✶✱✵✵✵ ♦❢ t❤❡ r♦✉❣❤❧② ✹✵✱✵✵✵ st✉❞❡♥ts ❡♥r♦❧❧❡❞ ✐♥ ❣r❛❞❡s ✸✲✾ ✐♥ ❋❛❧❧ ✷✵✶✶ s♦✉❣❤t t♦

❝❤❛♥❣❡ t❤❡✐r s❝❤♦♦❧ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ②❡❛r ❜② ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ t❤❡ ❛ss✐❣♥♠❡♥t✱ ✇❤✐❝❤ ♦❝❝✉rs ✐♥

t❤❡ s♣r✐♥❣✳ ❚❤❡ s❛♠♣❧❡ ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ t❤❡ ❛ss✐❣♥♠❡♥t✱ ❞❡s❝r✐❜❡❞ ✐♥ ❝♦❧✉♠♥ ✷ ♦❢ ❚❛❜❧❡ ✸✱

❝♦♥t❛✐♥s ❢❡✇❡r ❝❤❛rt❡r s❝❤♦♦❧ st✉❞❡♥ts t❤❛♥ ❛♣♣❡❛r ✐♥ t❤❡ t♦t❛❧ ❉P❙ ♣♦♣✉❧❛t✐♦♥✱ ❜✉t ✐s ♦t❤❡r✇✐s❡

❞❡♠♦❣r❛♣❤✐❝❛❧❧② s✐♠✐❧❛r✳ ■t✬s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ♦✉r ✐♠♣❛❝t ❛♥❛❧②s✐s ✐s ❧✐♠✐t❡❞ t♦ st✉❞❡♥ts

❡♥r♦❧❧❡❞ ✐♥ ❉P❙ ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ✭♣r❡✲❛ss✐❣♥♠❡♥t✮ ②❡❛r ♦❢ ✷✵✶✶✳ ❚❤❡ s❛♠♣❧❡ ❞❡s❝r✐❜❡❞ ✐♥ ❝♦❧✉♠♥

✷ ✐s t❤❡r❡❢♦r❡ ❛ s✉❜s❡t ♦❢ t❤❛t ❞❡s❝r✐❜❡❞ ✐♥ ❝♦❧✉♠♥ ✶✳ ❚❤❡ ✷✵✶✷ s❝❤♦♦❧ ❛ss✐❣♥♠❡♥t✱ ✇❤✐❝❤ ❛❧s♦

❞❡t❡r♠✐♥❡s t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡✱ ✐♥❝❧✉❞❡s t❤❡ ❝♦❧✉♠♥ ✷ s❛♠♣❧❡ ♣❧✉s ♥❡✇ ❡♥tr❛♥ts✳

❈♦❧✉♠♥ ✸ ♦❢ ❚❛❜❧❡ ✸ s❤♦✇s t❤❛t ♦❢ t❤❡ ♥❡❛r❧② ✶✶✱✵✵✵ ❉P❙✲❛t✲❜❛s❡❧✐♥❡ st✉❞❡♥ts ✐♥❝❧✉❞❡❞ ✐♥ t❤❡

❛ss✐❣♥♠❡♥t✱ ❛❧♠♦st ✺✱✵✵✵ r❛♥❦❡❞ ❛t ❧❡❛st ♦♥❡ ❝❤❛rt❡r s❝❤♦♦❧✳ ❲❡ r❡❢❡r t♦ t❤❡s❡ st✉❞❡♥ts ❛s ❝❤❛rt❡r

❛♣♣❧✐❝❛♥ts❀ t❤❡ ❡st✐♠❛t❡❞ ❝❤❛rt❡r ❛tt❡♥❞❛♥❝❡ ❡✛❡❝ts t❤❛t ❢♦❧❧♦✇ ❛r❡ ❢♦r s✉❜s❡ts ♦❢ t❤✐s ❛♣♣❧✐❝❛♥t

❣r♦✉♣✳ ❉P❙ ❝❤❛rt❡r ❛♣♣❧✐❝❛♥ts ❤❛✈❡ ❜❛s❡❧✐♥❡ ❛❝❤✐❡✈❡♠❡♥t ❧❡✈❡❧s ❛♥❞ ❞❡♠♦❣r❛♣❤✐❝ ❝❤❛r❛❝t❡r✐st✐❝s

❜r♦❛❞❧② s✐♠✐❧❛r t♦ t❤♦s❡ s❡❡♥ ❞✐str✐❝t✲✇✐❞❡✳ ❚❤❡ ♠♦st ♥♦t❡✇♦rt❤② ❢❡❛t✉r❡ ♦❢ t❤❡ ❝❤❛rt❡r ❛♣♣❧✐❝❛♥t

s❛♠♣❧❡ ✐s ❛ r❡❞✉❝❡❞ ♣r♦♣♦rt✐♦♥ ✇❤✐t❡✱ ❢r♦♠ ❛❜♦✉t ✶✾✪ ✐♥ t❤❡ ❝❡♥tr❛❧✐③❡❞ ❛ss✐❣♥♠❡♥t t♦ ❛ ❧✐tt❧❡

♦✈❡r ✶✷✪ ❛♠♦♥❣ ❝❤❛rt❡r ❛♣♣❧✐❝❛♥ts✳ ■t✬s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❝❤❛rt❡r ❛♣♣❧✐❝❛♥ts ❤❛✈❡ ❜❛s❡❧✐♥❡

✶✶●r❛❞❡ ✸ ✐s ♦♠✐tt❡❞ ❢r♦♠ t❤❡ ♦✉t❝♦♠❡ s❛♠♣❧❡ ❜❡❝❛✉s❡ ✸r❞ ❣r❛❞❡rs ❤❛✈❡ ♥♦ ❜❛s❡❧✐♥❡ t❡st✳

✷✵



t❡st s❝♦r❡s ❝❧♦s❡ t♦ t❤❡ ❉P❙ ❛✈❡r❛❣❡✳ ❚❤✐s ❝♦♥tr❛sts ✇✐t❤ t❤❡ ♠♦❞❡st ♣♦s✐t✐✈❡ s❡❧❡❝t✐♦♥ ♦❢ ❝❤❛rt❡r

❛♣♣❧✐❝❛♥ts s❡❡♥ ✐♥ ❇♦st♦♥ ✭r❡♣♦rt❡❞ ✐♥ ❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳ ✷✵✶✶✮✳

❆ ❧✐tt❧❡ ♦✈❡r ✶✱✹✵✵ ❝❤❛rt❡r ❛♣♣❧✐❝❛♥ts ❤❛✈❡ ❛ ❢r❡q✉❡♥❝② ❡st✐♠❛t❡ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝❤❛rt❡r

❛ss✐❣♥♠❡♥t ❜❡t✇❡❡♥ ③❡r♦ ❛♥❞ ♦♥❡❀ t❤❡ ❝♦✉♥t ♦❢ ❛♣♣❧✐❝❛♥ts s✉❜❥❡❝t t♦ r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t r✐s❡s t♦

❛❜♦✉t ✶✱✺✵✵ ✇❤❡♥ t❤❡ s❝♦r❡ ✐s ❡st✐♠❛t❡❞ ❜② s✐♠✉❧❛t✐♦♥✳ ❈❤❛rt❡r ❛♣♣❧✐❝❛♥ts s✉❜❥❡❝t t♦ r❛♥❞♦♠

❛ss✐❣♥♠❡♥t ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❝♦❧✉♠♥s ✹ ❛♥❞ ✻ ♦❢ ❚❛❜❧❡ ✸✳ ❆❧t❤♦✉❣❤ ♦♥❧② ❛❜♦✉t ✸✵✪ ♦❢ ❝❤❛rt❡r

❛♣♣❧✐❝❛♥ts ✇❡r❡ r❛♥❞♦♠❧② ❛ss✐❣♥❡❞ ❛ ❝❤❛rt❡r s❡❛t✱ t❤❡s❡ st✉❞❡♥ts ❧♦♦❦ ♠✉❝❤ ❧✐❦❡ t❤❡ ❢✉❧❧ ❝❤❛rt❡r

❛♣♣❧✐❝❛♥t ♣♦♦❧✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s ❛ ❤✐❣❤❡r ♣r♦♣♦rt✐♦♥ ♦❢ ❛♣♣❧✐❝❛♥ts ♦❢ r❛♥❞♦♠✐③❡❞ ❛♣♣❧✐❝❛♥ts

♦r✐❣✐♥❛t✐♥❣ ❛t ❛ ❝❤❛rt❡r s❝❤♦♦❧ ✭t❤❛t ✐s✱ ❛❧r❡❛❞② ❡♥r♦❧❧❡❞ ❛t ❛ ❝❤❛rt❡r ❛t t❤❡ t✐♠❡ t❤❡② ❛♣♣❧✐❡❞ ❢♦r

s❡❛ts ❡❧s❡✇❤❡r❡✮✳ ❈♦❧✉♠♥s ✺ ❛♥❞ ✼✱ ✇❤✐❝❤ r❡♣♦rt st❛t✐st✐❝s ❢♦r t❤❡ s✉❜s❡t ♦❢ t❤❡ r❛♥❞♦♠✐③❡❞ ❣r♦✉♣

t❤❛t ❡♥r♦❧❧s ✐♥ ❛ ❝❤❛rt❡r s❝❤♦♦❧✱ s❤♦✇ s❧✐❣❤t❧② ❤✐❣❤❡r ❜❛s❡❧✐♥❡ s❝♦r❡s ❛♠♦♥❣ ❝❤❛rt❡r st✉❞❡♥ts✳

✹✳✸ ❙❝♦r❡✲❇❛s❡❞ ❇❛❧❛♥❝❡

❈♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡✱ ❛♣♣❧✐❝❛♥ts ♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t s❤♦✉❧❞ ❧♦♦❦ ♠✉❝❤ ❧✐❦❡ t❤♦s❡

♥♦t ♦✛❡r❡❞ ❛ s❡❛t✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡ ♦✛❡rs ❛r❡ r❛♥❞♦♠❧② ❛ss✐❣♥❡❞ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ s❝♦r❡✱ ✇❡

❡①♣❡❝t t♦ s❡❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❛❧❛♥❝❡ ✐♥ ❛❧❧ ❛♣♣❧✐❝❛♥t ❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞ ♥♦t ❥✉st ❢♦r t❤❡ ✈❛r✐❛❜❧❡s

t❤❛t ❞❡✜♥❡ ❛♥ ❛♣♣❧✐❝❛♥t✬s t②♣❡✳ ❲❡ ❛ss❡ss t❤❡ ❜❛❧❛♥❝✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡

✉s✐♥❣ s✐♠✉❧❛t❡❞ ❡①♣❡❝t❛t✐♦♥s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❞r❛✇✐♥❣ ❧♦tt❡r② ♥✉♠❜❡rs ✹✵✵ t✐♠❡s✱ ✇❡ r❛♥ ❉❆ ❛♥❞

❝♦♠♣✉t❡❞ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ❡❛❝❤ t✐♠❡✱ ❛♥❞ t❤❡♥ ❝♦♠♣✉t❡❞ ❛✈❡r❛❣❡ ❝♦✈❛r✐❛t❡ ❞✐✛❡r❡♥❝❡s

❜② ♦✛❡r st❛t✉s✳ ❚❤❡ ❜❛❧❛♥❝❡ ❛♥❛❧②s✐s ❜❡❣✐♥s ✇✐t❤ ✉♥❝♦♥tr♦❧❧❡❞ ❞✐✛❡r❡♥❝❡s ✐♥ ❛✈❡r❛❣❡ ❛♣♣❧✐❝❛♥t

❝❤❛r❛❝t❡r✐st✐❝s✱ ❢♦❧❧♦✇❡❞ ❜② r❡❣r❡ss✐♦♥✲❛❞❥✉st❡❞ ❞✐✛❡r❡♥❝❡s t❤❛t ♣✉t ❛♣♣❧✐❝❛♥t ❝❤❛r❛❝t❡r✐st✐❝s ♦♥

t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ r❡❣r❡ss✐♦♥ ♠♦❞❡❧s ❧✐❦❡ ❡q✉❛t✐♦♥ ✭✼✮✱ ♦♠✐tt✐♥❣ t❤❡ ❝♦✈❛r✐❛t❡ ❝♦♥tr♦❧s✱ Xi✳

❯♥❝♦♥tr♦❧❧❡❞ ❝♦♠♣❛r✐s♦♥s ❜② ♦✛❡r st❛t✉s✱ r❡♣♦rt❡❞ ✐♥ ❝♦❧✉♠♥s ✶ ❛♥❞ ✷ ♦❢ ❚❛❜❧❡ ✹✱ s❤♦✇

❧❛r❣❡ ❞✐✛❡r❡♥❝❡s ✐♥ ❛✈❡r❛❣❡ st✉❞❡♥t ❝❤❛r❛❝t❡r✐st✐❝s✱ ❡s♣❡❝✐❛❧❧② ❢♦r ✈❛r✐❛❜❧❡s r❡❧❛t❡❞ t♦ ♣r❡❢❡r❡♥❝❡s✳

❋♦r ✐♥st❛♥❝❡✱ ❛❝r♦ss ✹✵✵ ❧♦tt❡r② ❞r❛✇s✱ t❤♦s❡ ♥♦t ♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t r❛♥❦❡❞ ❛♥ ❛✈❡r❛❣❡ ♦❢

✶✳✹ ❝❤❛rt❡rs✱ ❜✉t t❤✐s ✜❣✉r❡ ✐♥❝r❡❛s❡s ❜② ❛❧♠♦st ❤❛❧❢ ❛ s❝❤♦♦❧ ❢♦r ❛♣♣❧✐❝❛♥ts ✇❤♦ ✇❡r❡ ♦✛❡r❡❞ ❛

❝❤❛rt❡r s❡❛t✳ ▲✐❦❡✇✐s❡✱ ✇❤✐❧❡ ❢❡✇❡r t❤❛♥ ✸✵✪ ♦❢ t❤♦s❡ ♥♦t ♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t ❤❛❞ r❛♥❦❡❞ ❛

❝❤❛rt❡r s❝❤♦♦❧ ✜rst✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❛♣♣❧✐❝❛♥ts r❛♥❦❡❞ ❛ ❝❤❛rt❡r ✜rst ✐♥❝r❡❛s❡s t♦ ♦✈❡r ✵✳✾ ✭t❤❛t

✐s✱ ✵✳✷✾✰✵✳✻✷✮ ❢♦r t❤♦s❡ ♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t✳ ❈♦❧✉♠♥ ✷ ❛❧s♦ r❡✈❡❛❧s ✐♠♣♦rt❛♥t ❞❡♠♦❣r❛♣❤✐❝

❞✐✛❡r❡♥❝❡s ❜② ♦✛❡r st❛t✉s❀ ❍✐s♣❛♥✐❝ ❛♣♣❧✐❝❛♥ts✱ ❢♦r ❡①❛♠♣❧❡✱ ❛r❡ s✉❜st❛♥t✐❛❧❧② ♦✈❡r✲r❡♣r❡s❡♥t❡❞

❛♠♦♥❣ t❤♦s❡ ♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t✳✶✷

❈♦♥❞✐t✐♦♥✐♥❣ ♦♥ ❢r❡q✉❡♥❝② ❡st✐♠❛t❡s ♦❢ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ r❡❞✉❝❡s ❞✐✛❡r❡♥❝❡s ❜② ♦✛❡r

st❛t✉s ♠❛r❦❡❞❧②✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❝♦❧✉♠♥s ✸✲✺ ♦❢ ❚❛❜❧❡ ✹✳ ❚❤❡ ✜rst s❡t ♦❢ ❝♦♥❞✐t✐♦♥❛❧ r❡s✉❧ts✱

✇❤✐❝❤ ❝♦♠❡ ❢r♦♠ r❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✇✐t❤ ❧✐♥❡❛r ❝♦♥tr♦❧ ❢♦r t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ r❛t❤❡r t❤❛♥

❞✉♠♠✐❡s✱ s❤♦✇ ✈✐rt✉❛❧❧② ♥♦ ❞✐✛❡r❡♥❝❡ ❜② ♦✛❡r st❛t✉s ✐♥ t❤❡ ♦❞❞s ❛ ❝❤❛rt❡r ✐s r❛♥❦❡❞ ✜rst ♦r t❤❛t

❛♥ ❛♣♣❧✐❝❛♥t ✐s ❍✐s♣❛♥✐❝✳ ❖✛❡r ❣❛♣s ✐♥ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ ❞❡♠♦❣r❛♣❤✐❝ ✈❛r✐❛❜❧❡s ❛r❡ ❛❧s♦ ♠✉❝❤

r❡❞✉❝❡❞ ✐♥ t❤✐s s♣❡❝✐✜❝❛t✐♦♥✳ ❈♦❧✉♠♥s ✹ ❛♥❞ ✺ ♦❢ t❤❡ t❛❜❧❡ s❤♦✇ t❤❛t ♥♦♥✲♣❛r❛♠❡tr✐❝ ❝♦♥tr♦❧ ❢♦r

t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ✭✐♠♣❧❡♠❡♥t❡❞ ❜② ❞✉♠♠②✐♥❣ ❛❧❧ s❝♦r❡ ✈❛❧✉❡s ✐♥ t❤❡ ✉♥✐t ✐♥t❡r✈❛❧✱ ✇✐t❤

❛♥ ❛✈❡r❛❣❡ ♦❢ ✸✾ ✈❛❧✉❡s ❛❝r♦ss s✐♠✉❧❛t✐♦♥s ✇❤❡♥ r♦✉♥❞❡❞ t♦ ♥❡❛r❡st ❤✉♥❞r❡❞t❤ ❛♥❞ ❛♥ ❛✈❡r❛❣❡

✶✷❚❛❜❧❡ ✹ ♦♠✐ts st❛♥❞❛r❞ ❡rr♦rs ❜❡❝❛✉s❡ t❤❡ ♦♥❧② s♦✉r❝❡ ♦❢ ✉♥❝❡rt❛✐♥t② ❤❡r❡ ✐s t❤❡ ♠♦❞❡st s✐♠✉❧❛t✐♦♥ ❡rr♦r
❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✇❡✬✈❡ ❞r❛✇♥ ❧♦tt❡r② ♥✉♠❜❡rs ✹✵✵ ✐♥st❡❛❞ ♦❢ ✐♥✜♥✐t❡❧② ♠❛♥② t✐♠❡s✳

✷✶



✹✼ ✇✐t❤♦✉t r♦✉♥❞✐♥❣✮ r❡❞✉❝❡s ♦✛❡r ❣❛♣s ❡✈❡♥ ❢✉rt❤❡r✳ ❚❤❡s❡ r❡s✉❧ts ❡st❛❜❧✐s❤ t❤❛t ❛ s✐♥❣❧❡ ❉P❙

❛♣♣❧✐❝❛♥t ❝♦❤♦rt ✐s ❧❛r❣❡ ❡♥♦✉❣❤ ❢♦r t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ t♦ ❡❧✐♠✐♥❛t❡ s❡❧❡❝t✐♦♥ ❜✐❛s✳✶✸

❈♦❧✉♠♥s ✻✲✽ ♦❢ ❚❛❜❧❡ ✹✱ ✇❤✐❝❤ r❡♣♦rt ❡st✐♠❛t❡❞ ♦✛❡r ❣❛♣s ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❛ s✐♠✉❧❛t❡❞ ♣r♦♣❡♥✲

s✐t② s❝♦r❡✱ s❤♦✇ t❤❛t t❤❡ s✐♠✉❧❛t❡❞ s❝♦r❡ ❞♦❡s ❛ ❜❡tt❡r ❥♦❜ ♦❢ ❜❛❧❛♥❝✐♥❣ tr❡❛t♠❡♥t ❛♥❞ ❝♦♥tr♦❧

❣r♦✉♣s t❤❛♥ ❞♦❡s t❤❡ ❉❆ s❝♦r❡✳ ❉✐✛❡r❡♥❝❡s ❜② ♦✛❡r st❛t✉s ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ s✐♠✉❧❛t❡❞ s❝♦r❡✱

✇❤❡t❤❡r ❡st✐♠❛t❡❞ ❧✐♥❡❛r❧② ♦r ✇✐t❤ ♥♦♥♣❛r❛♠❡tr✐❝ ❝♦♥tr♦❧s✱ ❛♣♣❡❛r ♠♦st❧② ✐♥ t❤❡ t❤✐r❞ ❞❡❝✐♠❛❧

♣❧❛❝❡✳ ❚❤✐s r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t s✐♠✉❧❛t✐♦♥ r❡❝♦✈❡rs t❤❡ ❛❝t✉❛❧ ✜♥✐t❡✲♠❛r❦❡t ♣r♦♣❡♥s✐t② s❝♦r❡

✭✉♣ t♦ s✐♠✉❧❛t✐♦♥ ❡rr♦r✮✱ ✇❤✐❧❡ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ✐s ❛♥ ❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ t❤❛t

s❤♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ t♦ ♣r♦✈✐❞❡ ♣❡r❢❡❝t tr❡❛t♠❡♥t✲❝♦♥tr♦❧ ❜❛❧❛♥❝❡ ♦♥❧② ✐♥ t❤❡ ❧✐♠✐t✳ ■t✬s ✇♦rt❤

♥♦t✐♥❣✱ ❤♦✇❡✈❡r✱ t❤❛t t❤❡ s✐♠✉❧❛t❡❞ s❝♦r❡ st❛rts ✇✐t❤ ✶✱✶✹✽ ✉♥✐q✉❡ ✈❛❧✉❡s✳ ❆s ❛ ♣r❛❝t✐❝❛❧ ♠❛tt❡r✱

t❤❡ s✐♠✉❧❛t❡❞ s❝♦r❡ ♠✉st ❜❡ s♠♦♦t❤❡❞ t♦ ❛❝❝♦♠♠♦❞❛t❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❝♦♥tr♦❧✳ ❘♦✉♥❞✐♥❣ t♦

t❤❡ ♥❡❛r❡st ❤✉♥❞r❡❞t❤ ❧❡❛✈❡s ✉s ✇✐t❤ ✺✶ ♣♦✐♥ts ♦❢ s✉♣♣♦rt✱ ❝❧♦s❡ t♦ t❤❡ ♥✉♠❜❡r ♦❢ s✉♣♣♦rt ♣♦✐♥ts

s❡❡♥ ❢♦r t❤❡ ❉❆ s❝♦r❡✳ ❘♦✉♥❞✐♥❣ t♦ t❤❡ ♥❡❛r❡st t❡♥✲t❤♦✉s❛♥❞t❤ ❧❡❛✈❡s ✶✷✶ ♣♦✐♥ts ♦❢ s✉♣♣♦rt✳

❋✐♥❡r r♦✉♥❞✐♥❣ ♣r♦❞✉❝❡s ♥♦t✐❝❡❛❜❧② ❜❡tt❡r ❜❛❧❛♥❝❡ ❢♦r t❤❡ ♥✉♠❜❡r✲♦❢✲s❝❤♦♦❧s✲r❛♥❦❡❞ ✈❛r✐❛❜❧❡✳

❖✉r ❡①♣❧♦r❛t✐♦♥ ♦❢ s❝♦r❡✲❜❛s❡❞ ❜❛❧❛♥❝❡ ✐s r♦✉♥❞❡❞ ♦✉t ✇✐t❤ t❤❡ r❡s✉❧ts ❢r♦♠ ❛ tr❛❞✐t✐♦♥❛❧

❜❛❧❛♥❝❡ ❛♥❛❧②s✐s s✉❝❤ ❛s ✇♦✉❧❞ ❜❡ s❡❡♥ ✐♥ ❛♥❛❧②s❡s ♦❢ ❛ r❛♥❞♦♠✐③❡❞ tr✐❛❧✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❚❛❜❧❡ ✺

❞♦❝✉♠❡♥ts ❜❛❧❛♥❝❡ ❢♦r t❤❡ ❉P❙ ♠❛t❝❤ ❜② r❡♣♦rt✐♥❣ t❤❡ ✉s✉❛❧ t ❛♥❞ ❋✲st❛t✐st✐❝s ❢♦r ♦✛❡r ❣❛♣s

✐♥ ❝♦✈❛r✐❛t❡ ♠❡❛♥s✳ ❆❣❛✐♥✱ ✇❡ ❧♦♦❦ ❛t ❜❛❧❛♥❝❡ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♣r♦♣❡♥s✐t② s❝♦r❡s ❢♦r ❛♣♣❧✐❝❛♥ts

✇✐t❤ s❝♦r❡s str✐❝t❧② ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❚❛❜❧❡ ✺❛✱ ❛♣♣❧✐❝❛t✐♦♥ ❝♦✈❛r✐❛t❡s ❛r❡ ✇❡❧❧✲

❜❛❧❛♥❝❡❞ ❜② ♥♦♥✲♣❛r❛♠❡tr✐❝ ❝♦♥tr♦❧ ❢♦r ❡✐t❤❡r ❉❆ ♦r s✐♠✉❧❛t❡❞ s❝♦r❡ ❡st✐♠❛t❡s ✭❧✐♥❡❛r ❝♦♥tr♦❧

❢♦r t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ❧❡❛✈❡s ❛ s✐❣♥✐✜❝❛♥t ❣❛♣ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛rt❡r s❝❤♦♦❧s r❛♥❦❡❞✮✳✶✹

❚❛❜❧❡ ✺❛ ❛❧s♦ ❞❡♠♦♥str❛t❡s t❤❛t ❢✉❧❧ ❝♦♥tr♦❧ ❢♦r t②♣❡ ❧❡❛✈❡s ✉s ✇✐t❤ ❛ ♠✉❝❤ s♠❛❧❧❡r s❛♠♣❧❡

t❤❛♥ ❞♦❡s ❝♦♥tr♦❧ ❢♦r t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡✿ ♠♦❞❡❧s ✇✐t❤ ❢✉❧❧ t②♣❡ ❝♦♥tr♦❧ ❛r❡ r✉♥ ♦♥ ❛ s❛♠♣❧❡ ♦❢

s✐③❡ ✸✵✶✱ ❛ s❛♠♣❧❡ s✐③❡ r❡♣♦rt❡❞ ✐♥ t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ t❤❡ t❛❜❧❡✳ ▲✐❦❡✇✐s❡✱ t❤❡ ❢❛❝t t❤❛t s❛t✉r❛t❡❞

❝♦♥tr♦❧ ❢♦r t❤❡ s✐♠✉❧❛t❡❞ s❝♦r❡ r❡q✉✐r❡s s♦♠❡ s♠♦♦t❤✐♥❣ ❝❛♥ ❜❡ s❡❡ ✐♥ t❤❡ s❡❝♦♥❞ ❧❛st ❝♦❧✉♠♥

s❤♦✇✐♥❣ t❤❡ r❡❞✉❝❡❞ s❛♠♣❧❡ ❛✈❛✐❧❛❜❧❡ ❢♦r ❡st✐♠❛t✐♦♥ ♦❢ ♠♦❞❡❧s t❤❛t ❝♦♥tr♦❧ ❢✉❧❧② ❢♦r ❛ s✐♠✉❧❛t❡❞

s❝♦r❡ r♦✉♥❞❡❞ t♦ t❤❡ ♥❡❛r❡st t❡♥✲t❤♦✉s❛♥❞t❤✳

◆♦t s✉r♣r✐s✐♥❣❧②✱ ❛ ❢❡✇ s✐❣♥✐✜❝❛♥t ✐♠❜❛❧❛♥❝❡s ❡♠❡r❣❡ ✐♥ ❜❛❧❛♥❝❡ t❡sts ❢♦r t❤❡ ❧♦♥❣❡r ❧✐st ♦❢

❜❛s❡❧✐♥❡ ❝♦✈❛r✐❛t❡s✱ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✺❜✳ ❍❡r❡✱ t❤❡ s✐♠✉❧❛t❡❞ s❝♦r❡ s❡❡♠s t♦ ❜❛❧❛♥❝❡ ❝❤❛r❛❝✲

t❡r✐st✐❝s s♦♠❡✇❤❛t ♠♦r❡ ❝♦♠♣❧❡t❡❧② t❤❛♥ ❞♦❡s t❤❡ ❉❆ s❝♦r❡✱ ❜✉t t❤❡ ❋✲st❛t✐st✐❝s ✭r❡♣♦rt❡❞ ❛t

t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ t❛❜❧❡✮ t❤❛t ❥♦✐♥t❧② t❡st ❜❛❧❛♥❝❡ ♦❢ ❛❧❧ ❜❛s❡❧✐♥❡ ❝♦✈❛r✐❛t❡s ❢❛✐❧ t♦ r❡❥❡❝t t❤❡ ♥✉❧❧

❤②♣♦t❤❡s✐s ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❜❛❧❛♥❝❡ ❢♦r ❛♥② s♣❡❝✐✜❝❛t✐♦♥ r❡♣♦rt❡❞✳

❇❛s❡❧✐♥❡ s❝♦r❡ ❣❛♣s ❛s ❧❛r❣❡ ❛s −0.1σ ❛♣♣❡❛r ✐♥ s♦♠❡ ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥s ❛t t❤❡ ❜♦tt♦♠ ♦❢

t❤❡ t❛❜❧❡✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡s❡ ❣❛♣s ❛r❡ ♥♦t ♠✐rr♦r❡❞ ✐♥ t❤❡ ❝♦♠♣❛r✐s♦♥s ✐♥ ❚❛❜❧❡ ✹ s✉❣❣❡sts t❤❡

❞✐✛❡r❡♥❝❡s ✐♥ ❚❛❜❧❡ ✺ ❛r❡ ❞✉❡ t♦ ❝❤❛♥❝❡✳ ❙t✐❧❧✱ ✇❡ ❝❛♥ ♠✐t✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ ❝❤❛♥❝❡ ❞✐✛❡r❡♥❝❡s ♦♥

✷❙▲❙ ❡st✐♠❛t❡s ♦❢ ❝❤❛rt❡r ❡✛❡❝ts ❜② ❛❞❞✐♥❣ ❜❛s❡❧✐♥❡ s❝♦r❡ ❝♦♥tr♦❧s ✭❛♥❞ ♦t❤❡r ❝♦✈❛r✐❛t❡s✮ t♦ ♦✉r

❡♠♣✐r✐❝❛❧ ♠♦❞❡❧s✳ ❚❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡s❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥tr♦❧s ❛❧s♦ ❤❛s t❤❡ s❛❧✉t❛r② ❡✛❡❝t ♦❢ ♠❛❦✐♥❣

✶✸❆♣♣❡♥❞✐① ❚❛❜❧❡ ❇✹ ♣r♦✈✐❞❡s ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ❜② r❡♣♦rt✐♥❣ ♦✛❡r ❣❛♣s ♦❢ t❤❡ s♦rt s❤♦✇♥ ✐♥
❚❛❜❧❡ ✹ ❢♦r s❝❛❧❡❞✲✉♣ ✈❡rs✐♦♥s ♦❢ t❤❡ ❉P❙ ❡❝♦♥♦♠②✳ ❉♦✉❜❧✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛♥ts ❛♥❞ s❡❛ts ❛t ❡❛❝❤ s❝❤♦♦❧
✐♥ t❤❡ ❉P❙ ♠❛r❦❡t ♣✉s❤❡s ❝♦♥❞✐t✐♦♥❛❧ ❣❛♣s ❞♦✇♥ ♠❛r❦❡❞❧②✱ ❛♥❞ ♠✉❧t✐♣❧❡s ♦❢ ✹ ❛♥❞ ✽ ♠❛❦❡ t❤❡s❡ s♠❛❧❧ ❣❛♣s ❡✈❡♥
s♠❛❧❧❡r✳

✶✹❚❛❜❧❡ ✺ r❡♣♦rts t❤❡ r❡s✉❧ts ❝♦♥tr♦❧❧✐♥❣ ❢♦r ❢r❡q✉❡♥❝② ❡st✐♠❛t❡s ♦❢ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ❛♥❞ t❤❡ s✐♠✉❧❛t❡❞
♣r♦♣❡♥s✐t② s❝♦r❡✳ ❇❛❧❛♥❝❡ r❡s✉❧ts ✉s✐♥❣ ❢♦r♠✉❧❛ ❡st✐♠❛t❡s ♦❢ t❤❡ s❝♦r❡ ❛♣♣❡❛r ✐♥ ❆♣♣❡♥❞✐① ❚❛❜❧❡ ❇✸✳

✷✷



t❤❡ ✷❙▲❙ ❡st✐♠❛t❡s ♦❢ ✐♥t❡r❡st ❝♦♥s✐❞❡r❛❜❧② ♠♦r❡ ♣r❡❝✐s❡ ✭❝♦✈❛r✐❛t❡s ✐♥❝❧✉❞❡ ❞✉♠♠✐❡s ❢♦r ❣r❛❞❡

t❡st❡❞✱ ❣❡♥❞❡r✱ ♦r✐❣✐♥ s❝❤♦♦❧ ❝❤❛rt❡r st❛t✉s✱ r❛❝❡✱ ❣✐❢t❡❞ st❛t✉s✱ ❜✐❧✐♥❣✉❛❧ st❛t✉s✱ s✉❜s✐❞✐③❡❞ ❧✉♥❝❤

❡❧✐❣✐❜✐❧✐t②✱ s♣❡❝✐❛❧ ❡❞✉❝❛t✐♦♥✱ ❧✐♠✐t❡❞ ❊♥❣❧✐s❤ ♣r♦✜❝✐❡♥t st❛t✉s✱ ❛♥❞ ❜❛s❡❧✐♥❡ t❡st s❝♦r❡s❀ ❜❛s❡❧✐♥❡

s❝♦r❡ ❝♦♥tr♦❧s ❛r❡ r❡s♣♦♥s✐❜❧❡ ❢♦r ♠♦st ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣r❡❝✐s✐♦♥ ❣❛✐♥✮✳ ❋✐♥❛❧❧②✱ ✐t✬s ✇♦rt❤ ♥♦t✐♥❣

t❤❛t t❤❡ ✐♠❜❛❧❛♥❝❡ ❧❡❢t ❛❢t❡r ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ t✉r♥s ♦✉t t♦ ♠❛tt❡r ❧✐tt❧❡

❢♦r t❤❡ ✷❙▲❙ ❡st✐♠❛t❡s ✇❡✬r❡ ✉❧t✐♠❛t❡❧② ❛❢t❡r✳

▼♦❞❡s ♦❢ ■♥❢❡r❡♥❝❡

❊❝♦♥♦♠❡tr✐❝ ✐♥❢❡r❡♥❝❡ t②♣✐❝❛❧❧② tr✐❡s t♦ q✉❛♥t✐❢② t❤❡ ✉♥❝❡rt❛✐♥t② ❞✉❡ t♦ r❛♥❞♦♠ s❛♠♣❧✐♥❣✳ ❲❤❛t

t❤❡♥✱ t♦ ♠❛❦❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ❛♥❛❧②s✐s r❡♣♦rt❡❞ ❤❡r❡ ✉s❡s ❞❛t❛ ♦♥ ❛❧❧ ❉P❙ ❛♣♣❧✐❝❛♥ts ❢r♦♠

✷✵✶✷❄ ❖♥ ♦♥❡ ❤❛♥❞✱ ✇❡ ♠✐❣❤t ✐♠❛❣✐♥❡ t❤❛t t❤❡ ❛♣♣❧✐❝❛♥ts ✇❡ ❤❛♣♣❡♥ t♦ ❜❡ st✉❞②✐♥❣ ❝♦♥st✐✲

t✉t❡ ❛ r❛♥❞♦♠ s❛♠♣❧❡ ❢r♦♠ s♦♠❡ ❧❛r❣❡r ♣♦♣✉❧❛t✐♦♥ ♦❢ ♣♦ss✐❜❧❡ ❛♣♣❧✐❝❛♥ts✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱

t❤❡ st❛t✐st✐❝❛❧ ✉♥❝❡rt❛✐♥t② ✐♥ ♦✉r ❡♠♣✐r✐❝❛❧ ✇♦r❦ ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠

❛ss✐❣♥♠❡♥t ✿ ✇❡ s❡❡ ♦♥❧② ❛ s✐♥❣❧❡ ❧♦tt❡r② ❞r❛✇ ❢♦r ❡❛❝❤ ❛♣♣❧✐❝❛♥t✱ ♦♥❡ ♦❢ ♠❛♥② ♣♦ss✐❜✐❧✐t✐❡s ❡✈❡♥

✇❤❡♥ t❤❡ s❛♠♣❧❡ ♦❢ ❛♣♣❧✐❝❛♥ts ✐s ✈✐❡✇❡❞ ❛s ✜①❡❞✳

■♥ ❛♥ ❡✛♦rt t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ s❛♠♣❧✐♥❣ ✐♥❢❡r❡♥❝❡ ❛♥❞ r❛♥❞♦♠✲

✐③❛t✐♦♥ ✐♥❢❡r❡♥❝❡ ♠❛tt❡rs ❢♦r ♦✉r ♣✉r♣♦s❡s✱ ✇❡ ❝♦♠♣✉t❡❞ r❛♥❞♦♠✐③❛t✐♦♥ ♣✲✈❛❧✉❡s ❜② r❡♣❡❛t❡❞❧②

❞r❛✇✐♥❣ ❧♦tt❡r② ♥✉♠❜❡rs ❛♥❞ ❝❛❧❝✉❧❛t✐♥❣ ♦✛❡r ❣❛♣s ✐♥ ❝♦✈❛r✐❛t❡s ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ s✐♠✉❧❛t❡❞

♣r♦♣❡♥s✐t② s❝♦r❡✳ ❘❡❣r❡ss✐♦♥ ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ t❤❡ s✐♠✉❧❛t❡❞ s❝♦r❡ ♣r♦❞✉❝❡s ♥❡❛r✲♣❡r❢❡❝t ❜❛❧❛♥❝❡

✐♥ ❚❛❜❧❡ ✹ s♦ t❤✐s ❞✐str✐❜✉t✐♦♥ ✐s ✇❤❛t ✇❡ s❤♦✉❧❞ ❡①♣❡❝t t♦ s❡❡ ✉♥❞❡r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ ♥♦

❞✐✛❡r❡♥❝❡ ❜② tr❡❛t♠❡♥t ❛ss✐❣♥♠❡♥t✳ ❘❛♥❞♦♠✐③❛t✐♦♥ ♣✲✈❛❧✉❡s ❛r❡ t❤❡r❡❢♦r❡ ❣✐✈❡♥ ❜② q✉❛♥t✐❧❡s ♦❢

t❤❡ t✲st❛t✐st✐❝s ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡s❡ r❡♣❡❛t❡❞ ❞r❛✇s✳

❚❤❡ ♣✲✈❛❧✉❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝♦♥✈❡♥t✐♦♥❛❧ r♦❜✉st t✲st❛t✐st✐❝s ❢♦r ❝♦✈❛r✐❛t❡ ❜❛❧❛♥❝❡ t✉r♥ ♦✉t

t♦ ❜❡ ❝❧♦s❡ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❛♥❞♦♠✐③❛t✐♦♥ ♣✲✈❛❧✉❡s✳ ❋♦r t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛rt❡r s❝❤♦♦❧s

❛♥ ❛♣♣❧✐❝❛♥t ❤❛s r❛♥❦❡❞✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ♣✲✈❛❧✉❡ ❢♦r ❜❛❧❛♥❝❡ ✐s ✵✳✽✽✺ ✇❤✐❧❡ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ r❛♥❞♦♠✐③❛t✐♦♥ ♣✲✈❛❧✉❡ ✐s ✵✳✽✺✵✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❛ ❝❧❛ss✐❝ r❡s✉❧t ♦♥ t❤❡

❛s②♠♣t♦t✐❝ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ r❛♥❞♦♠✐③❛t✐♦♥ ❛♥❞ s❛♠♣❧✐♥❣ t❡sts ❢♦r ❞✐✛❡r❡♥❝❡s ✐♥ ♠❡❛♥s ✭s❡❡✱ ❡✳❣✳✱

✶✺✳✷ ✐♥ ▲❡❤♠❛♥♥ ❛♥❞ ❘♦♠❛♥♦ ✷✵✵✺✮✳

❆❜❛❞✐❡ ❡t ❛❧✳ ✭✷✵✶✹✮ ❣❡♥❡r❛❧✐③❡ r❡s✉❧ts ♦♥ t❤❡ ❧❛r❣❡✲s❛♠♣❧❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ r❛♥❞♦♠✐③❛t✐♦♥ ❛♥❞

s❛♠♣❧✐♥❣ ✐♥❢❡r❡♥❝❡ t♦ ❝♦✈❡r r❡❣r❡ss✐♦♥ ❡st✐♠❛t❡s ♦❢ tr❡❛t♠❡♥t ❡✛❡❝ts ❛♥❞ t❡sts ❢♦r ❝♦✈❛r✐❛t❡ ❜❛❧✲

❛♥❝❡ ♦❢ t❤❡ s♦rt r❡♣♦rt❡❞ ❤❡r❡✳ ■❢ t❤❡ r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❧✐♥❡❛r ❛♥❞ t❤❡ r❡❣r❡ss✐♦♥ ♦❢ tr❡❛t♠❡♥t

♦♥ ❝♦♥tr♦❧s ✐s ❧✐♥❡❛r✱ t❤❡ ✉s✉❛❧ r♦❜✉st ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ r❛♥❞♦♠ s❛♠♣❧✐♥❣ ✐s

❛s②♠♣t♦t✐❝❛❧❧② ✈❛❧✐❞ ❢♦r t❤❡ s❛♠♣❧✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐♥❞✉❝❡❞ ❜② r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t✳ ❚❤❡ tr❡❛t✲

♠❡♥t ✐♥ ♦✉r ❝❛s❡ ✐s ❛♥ ♦✛❡r ❞✉♠♠②✱ ✇❤✐❧❡ t❤❡ ❝♦♥tr♦❧s ❛r❡ ❞✉♠♠✐❡s ♦r ❛ ❧✐♥❡❛r ♠♦❞❡❧ ❢♦r t❤❡

♣r♦♣❡♥s✐t② s❝♦r❡✳ ❚❤❡ s❡❝♦♥❞ ♦❢ t❤❡s❡ r❡q✉✐r❡♠❡♥ts ❤♦❧❞s ❤❡r❡ ✇❤❡♥ t❤❡ ❝♦♥tr♦❧s ❢✉❧❧② s❛t✉r❛t❡

t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ✭✐❣♥♦r✐♥❣ ❛♥② ❛❞❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛t❡s✮✳ ❚❤❡ ✜rst r❡q✉✐r❡s ❝♦♥st❛♥t ♦✛❡r ❡❢✲

❢❡❝ts ❣✐✈❡♥ ❛ s❛t✉r❛t❡❞ ♠♦❞❡❧ ❢♦r t❤❡ s❝♦r❡✳ ❚❤❡ ♠♦❞❡❧s ❡st✐♠❛t❡❞ ❤❡r❡ ❞♦♥✬t q✉✐t❡ s❛t✐s❢② t❤❡s❡

❝♦♥❞✐t✐♦♥s ✭t❤❡②✬r❡ ♥♦t ❢✉❧❧② s❛t✉r❛t❡❞✮ ❜✉t ❞♦ ♥♦t s❡❡♠ t♦ ❜❡ s♦ ❢❛r ♦✛ t❤❛t t❤✐s ♠❛tt❡rs ❢♦r

✐♥❢❡r❡♥❝❡✳

❆ r❡❧❛t❡❞ ✐ss✉❡ ❛r✐s❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡♠♣✐r✐❝❛❧ str❛t❡❣② ✉s❡❞ ❤❡r❡ ❝♦♥❞✐t✐♦♥s ♦♥

❡st✐♠❛t❡s ♦❢ t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ✭t❤❡ s✐♠✉❧❛t❡❞ s❝♦r❡ ✐s ❛❧s♦ ❛♥ ❡st✐♠❛t❡ s✐♥❝❡ ✐t✬s ❜❛s❡❞ ♦♥ ❛ ✜♥✐t❡

♥✉♠❜❡r ♦❢ ❞r❛✇s✮✳ ❆s ♥♦t❡❞ ❜② ❍✐r❛♥♦ ❡t ❛❧✳ ✭✷✵✵✸✮ ❛♥❞ ❆❜❛❞✐❡ ❛♥❞ ■♠❜❡♥s ✭✷✵✶✷✮✱ ❝♦♥❞✐t✐♦♥✐♥❣

✷✸



♦♥ ❛♥ ❡st✐♠❛t❡❞ ❛s ♦♣♣♦s❡❞ t♦ ❛ ♥♦♥✲st♦❝❤❛st✐❝ ❦♥♦✇♥ s❝♦r❡ ♠❛② ❛✛❡❝t s❛♠♣❧✐♥❣ ❞✐str✐❜✉t✐♦♥s ♦❢

t❤❡ r❡s✉❧t✐♥❣ ❡st✐♠❛t❡❞ ❝❛✉s❛❧ ❡✛❡❝ts✳ ❲❡ t❤❡r❡❢♦r❡ ❝❤❡❝❦❡❞ ❝♦♥✈❡♥t✐♦♥❛❧ ❧❛r❣❡✲s❛♠♣❧❡ ♣✲✈❛❧✉❡s

❛❣❛✐♥st r❛♥❞♦♠✐③❛t✐♦♥ ♣✲✈❛❧✉❡s ❢♦r t❤❡ r❡❞✉❝❡❞✲❢♦r♠ ❝❤❛rt❡r ♦✛❡r ❡✛❡❝ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✷❙▲❙

❡st✐♠❛t❡s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❘♦❜✉st ❛s②♠♣t♦t✐❝ s❛♠♣❧✐♥❣ ❢♦r♠✉❧❛s ❛❣❛✐♥ ❣❡♥❡r❛t❡

♣✲✈❛❧✉❡s ❝❧♦s❡ t♦ ❛ r❛♥❞♦♠✐③❛t✐♦♥✲✐♥❢❡r❡♥❝❡ ❜❡♥❝❤♠❛r❦✱ r❡❣❛r❞❧❡ss ♦❢ ❤♦✇ t❤❡ s❝♦r❡ ❜❡❤✐♥❞ t❤❡s❡

❡st✐♠❛t❡s ✇❛s ❝♦♥str✉❝t❡❞✳ ■♥ ✈✐❡✇ ♦❢ t❤❡s❡ ✜♥❞✐♥❣s✱ ✇❡ r❡❧② ♦♥ t❤❡ ✉s✉❛❧ r♦❜✉st st❛♥❞❛r❞ ❡rr♦rs

❛♥❞ t❡st st❛t✐st✐❝s ❢♦r ✐♥❢❡r❡♥❝❡ ❛❜♦✉t ✷❙▲❙ ❡st✐♠❛t❡s ♦❢ tr❡❛t♠❡♥t ❡✛❡❝ts✳✶✺

✹✳✹ ❊✛❡❝ts ♦❢ ❈❤❛rt❡r ❊♥r♦❧❧♠❡♥t

✷❙▲❙ ❡st✐♠❛t❡s ♦❢ ❝❤❛rt❡r ❛tt❡♥❞❛♥❝❡ ❡✛❡❝ts ❛r❡ r❡♠❛r❦❛❜❧② s✐♠✐❧❛r t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡♠✐✲

♣❛r❛♠❡tr✐❝ ❡st✐♠❛t❡s✳ ❚❤✐s ✐s ❛♣♣❛r❡♥t ✐♥ ❚❛❜❧❡ ✻✱ ✇❤✐❝❤ ❝♦♠♣❛r❡s ✷❙▲❙ ❡st✐♠❛t❡s ♦❢ ♠♦❞❡❧s

✇✐t❤ ❛❞❞✐t✐✈❡ s❝♦r❡ ❝♦♥tr♦❧s t♦ s❡♠✐♣❛r❛♠❡tr✐❝ ❡st✐♠❛t❡s ♦❢ ❛✈❡r❛❣❡ tr❡❛t♠❡♥t ❡✛❡❝ts ❝♦♥str✉❝t❡❞

✉s✐♥❣ t❤r❡❡ ✈❡rs✐♦♥s ♦❢ t❤❡ s❝♦r❡✳ ❈♦♠♣❛r❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❢r❡q✉❡♥❝②✲s❝♦r❡✲❝♦♥tr♦❧❧❡❞ ✷❙▲❙ ❡st✐✲

♠❛t❡s ♦❢ ❡✛❡❝ts ♦♥ ♠❛t❤ ❛♥❞ r❡❛❞✐♥❣ ♦❢ ✵✳✹✾✻ ❛♥❞ ✵✳✶✷✼ ✇✐t❤ s❡♠✐♣❛r❛♠❡tr✐❝ ❡st✐♠❛t❡s ❛r♦✉♥❞

✵✳✹✹ ❛♥❞ ✵✳✶✶✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ st❛♥❞❛r❞ ❡rr♦rs ❢♦r t❤❡ s❡♠✐♣❛r❛♠❡tr✐❝ ❡st✐♠❛t❡s ❛r❡ ❤✐❣❤❡r

t❤❛♥ t❤♦s❡ ❢♦r ✷❙▲❙ ✭s❡♠✐♣❛r❛♠❡tr✐❝ ♣r❡❝✐s✐♦♥ ✐s ❡st✐♠❛t❡❞ ✉s✐♥❣ ❛ ❇❛②❡s✐❛♥ ❜♦♦tstr❛♣ t❤❛t

r❛♥❞♦♠❧② r❡✇❡✐❣❤ts ♦❜s❡r✈❛t✐♦♥s❀ s❡❡ ❙❤❛♦ ❛♥❞ ❚✉ ✭✶✾✾✺✮ ❢♦r ❛♥ ✐♥tr♦❞✉❝t✐♦♥✮✳ ❙❡♠✐♣❛r❛♠❡tr✐❝

❡st✐♠❛t❡s ✇❡✐❣❤t❡❞ ✉s✐♥❣ ❛ s✐♠✉❧❛t❡❞ s❝♦r❡ ❛r❡ ❡s♣❡❝✐❛❧❧② ✐♠♣r❡❝✐s❡✳ ❚❤❡ s✐♠✐❧❛r✐t② ♦❢ ✷❙▲❙ ❛♥❞

s❡♠✐♣❛r❛♠❡tr✐❝ ❡st✐♠❛t❡s ❛♥❞ t❤❡ r❡❧❛t✐✈❡ s✐♠♣❧✐❝✐t② ♦❢ ✷❙▲❙ ❡st✐♠❛t✐♦♥ ❧❡❛❞s ✉s t♦ r❡♣♦rt ♦♥❧②

✷❙▲❙ ❡st✐♠❛t❡s ✐♥ ✇❤❛t ❢♦❧❧♦✇s✳✶✻

❆ ❉❆✲❣❡♥❡r❛t❡❞ ❝❤❛rt❡r ♦✛❡r ❜♦♦sts ❝❤❛rt❡r s❝❤♦♦❧ ❛tt❡♥❞❛♥❝❡ r❛t❡s ❜② ❛❜♦✉t ✵✳✹✳ ❚❤❡s❡

✜rst st❛❣❡ ❡st✐♠❛t❡s✱ s❤♦✇♥ ✐♥ t❤❡ ✜rst r♦✇ ♦❢ ❚❛❜❧❡ ✼✱ ❛r❡ ❝♦♠♣✉t❡❞ ❜② ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥

✭✼✮✳ ❚❤❡ ✜rst st❛❣❡ ♦❢ ✵✳✹ r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t ♠❛♥② ❝❤❛rt❡r ❛♣♣❧✐❝❛♥ts ✇❤♦ ❛r❡ ♥♦t ♦✛❡r❡❞ ❛

s❡❛t ✐♥ t❤❡ ❙❝❤♦♦❧❈❤♦✐❝❡ ✜rst r♦✉♥❞ ✉❧t✐♠❛t❡❧② ✜♥❞ t❤❡✐r ✇❛② ✐♥t♦ ❛ ❝❤❛rt❡r s❝❤♦♦❧ ❜② ❛♣♣❧②✐♥❣

t♦ s❝❤♦♦❧s ❞✐r❡❝t❧② ✐♥ t❤❡ s❡❝♦♥❞ r♦✉♥❞ ✭s♣❡❝✐✜❝❛❧❧②✱ ✹✸✪ ♦❢ t❤❡ ❝❤❛rt❡r ❛♣♣❧✐❝❛♥ts ❛♥❛❧②③❡❞ ✐♥

❚❛❜❧❡ ✼ ❛r❡ ❛❧✇❛②s✲t❛❦❡rs ✇❤♦ ❡♥r♦❧❧ ✐♥ ❝❤❛rt❡rs ❡✈❡♥ ✇✐t❤♦✉t ❛ ✜rst✲r♦✉♥❞ ❝❤❛rt❡r ♦✛❡r✱ ✇❤✐❧❡

❢❡✇❡r t❤❛♥ ✷✵✪ ♦❢ t❤❡ ❛♥❛❧②s✐s s❛♠♣❧❡ ❛r❡ ♥❡✈❡r✲t❛❦❡rs ✇❤♦ ❞❡❝❧✐♥❡ ❝❤❛rt❡r ♦✛❡rs✮✳ ❋✐rst✲st❛❣❡

❡st✐♠❛t❡s ♦❢ ❛r♦✉♥❞ ✵✳✻✽ ❝♦♠♣✉t❡❞ ✇✐t❤♦✉t s❝♦r❡ ❝♦♥tr♦❧s✱ s❤♦✇♥ ✐♥ ❝♦❧✉♠♥ ✹ ♦❢ t❤❡ t❛❜❧❡✱ ❛r❡

❝❧❡❛r❧② ❜✐❛s❡❞ ✉♣✇❛r❞s✳✶✼

✶✺❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❚❛❜❧❡ ❇✷ r❡♣♦rts ❝♦♥❞✐t✐♦♥❛❧✲♦♥✲s❝♦r❡ ❡st✐♠❛t❡s ♦❢ ❛ttr✐t✐♦♥ ❞✐✛❡r❡♥t✐❛❧s ❜② ♦✛❡r st❛t✉s✳
❍❡r❡✱ ✇❡ s❡❡ ♠❛r❣✐♥❛❧❧② s✐❣♥✐✜❝❛♥t ❣❛♣s ♦♥ t❤❡ ♦r❞❡r ♦❢ ✹✲✺ ♣♦✐♥ts ✇❤❡♥ ❡st✐♠❛t❡❞ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ❉❆ ♣r♦♣❡♥s✐t②
s❝♦r❡✳ ❆ttr✐t✐♦♥ ❞✐✛❡r❡♥t✐❛❧s ❢❛❧❧ t♦ ❛ st❛t✐st✐❝❛❧❧② ✐♥s✐❣♥✐✜❝❛♥t ✸ ♣♦✐♥ts ✇❤❡♥ ❡st✐♠❛t❡❞ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❛ s✐♠✉❧❛t❡❞
s❝♦r❡✳ ❚❤❡ ❡st✐♠❛t❡❞ ❝❤❛rt❡r ❛tt❡♥❞❛♥❝❡ ❡✛❡❝ts ❞✐s❝✉ss❡❞ ❜❡❧♦✇ ❛r❡ s✐♠✐❧❛r ✇❤❡♥ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❡✐t❤❡r t②♣❡ ♦❢
s❝♦r❡ ❝♦♥tr♦❧✱ s♦ ✐t s❡❡♠s ✉♥❧✐❦❡❧② t❤❛t ❞✐✛❡r❡♥t✐❛❧ ❛ttr✐t✐♦♥ ✐s ❛ s♦✉r❝❡ ♦❢ ❜✐❛s ✐♥ ♦✉r ✷❙▲❙ ❡st✐♠❛t❡s✳

✶✻✷❙▲❙ ❛❧s♦ ♦❜✈✐❛t❡s t❤❡ ♥❡❡❞ ❢♦r ❥✉❞❣❡♠❡♥ts r❡❣❛r❞✐♥❣ ❜♦♦tstr❛♣ ♠❡t❤♦❞s ♦r ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❲❡ ❢♦✉♥❞✱ ❢♦r
❡①❛♠♣❧❡✱ t❤❛t ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ♥♦♥♣❛r❛♠❡tr✐❝ ❜♦♦tstr❛♣ ❢♦r t❤❡ s❡♠✐♣❛r❛♠❡tr✐❝ ❡st✐♠❛t♦rs r❡q✉✐r❡s tr✐♠♠✐♥❣ ♦r
t✉♥✐♥❣ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♦❝❝❛s✐♦♥❛❧ s♠❛❧❧ ✜rst st❛❣❡ ❡st✐♠❛t❡s✳

✶✼❚❤❡ ❡st✐♠❛t❡s r❡♣♦rt❡❞ ✐♥ t❤✐s t❛❜❧❡ ❝♦♥tr♦❧ ❢♦r ❜❛s❡❧✐♥❡ t❡st s❝♦r❡s ❛♥❞ t❤❡ ❝♦✈❛r✐❛t❡s ❞❡s❝r✐❜❡❞ ❡❛r❧✐❡r✳ ❚❤❡s❡
❡①tr❛ ❝♦♥tr♦❧s ❛r❡ ♥♦t ♥❡❝❡ss❛r② ❢♦r ❝♦♥s✐st❡♥t ❝❛✉s❛❧ ✐♥❢❡r❡♥❝❡ ❜✉t t❤❡✐r ✐♥❝❧✉s✐♦♥ ✐♥❝r❡❛s❡s ♣r❡❝✐s✐♦♥ ✭❊st✐♠❛t❡s
✇✐t❤♦✉t ❝♦✈❛r✐❛t❡s ❛♣♣❡❛r ✐♥ t❤❡ ❛♣♣❡♥❞✐①✮✳ ❊st✐♠❛t❡s ❤❡r❡ ❛r❡ ❢♦r s❝♦r❡s ✐♥ ❣r❛❞❡s ✹✲✶✵✳ ❚❤❡ ♣❛tt❡r♥ ♦❢ r❡s✉❧ts
✐♥ ❛♥ ❛♥❛❧②s✐s t❤❛t s❡♣❛r❛t❡s ❤✐❣❤ s❝❤♦♦❧s ❢r♦♠ ♠✐❞❞❧❡ ❛♥❞ ❡❧❡♠❡♥t❛r② s❝❤♦♦❧s ✐s s✐♠✐❧❛r✳ ❚❤❡ s❛♠♣❧❡ ✉s❡❞ ❢♦r
■❱ ❡st✐♠❛t✐♦♥ ✐s ❧✐♠✐t❡❞ t♦ ❝❤❛rt❡r ❛♣♣❧✐❝❛♥ts ✇✐t❤ t❤❡ r❡❧❡✈❛♥t ♣r♦♣❡♥s✐t② s❝♦r❡ ✐♥ t❤❡ ✉♥✐t ✐♥t❡r✈❛❧✱ ❢♦r ✇❤✐❝❤
s❝♦r❡ ❝❡❧❧s ❤❛✈❡ ♦✛❡r ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ❞❛t❛ ❛t ❤❛♥❞ ✭t❤❡s❡ r❡str✐❝t✐♦♥s ❛♠♦✉♥t t♦ t❤❡ s❛♠❡ t❤✐♥❣ ❢♦r t❤❡ ❢r❡q✉❡♥❝②
s❝♦r❡✮✳ ❚❤❡ ❖▲❙ ❡st✐♠❛t✐♦♥ s❛♠♣❧❡ ✐♥❝❧✉❞❡s ❝❤❛rt❡r ❛♣♣❧✐❝❛♥ts✱ ✐❣♥♦r✐♥❣ s❝♦r❡✲ ❛♥❞ ❝❡❧❧✲✈❛r✐❛t✐♦♥ r❡str✐❝t✐♦♥s✳

✷✹



✷❙▲❙ ❡st✐♠❛t❡s ♦❢ ❝❤❛rt❡r ❛tt❡♥❞❛♥❝❡ ❡✛❡❝ts ♦♥ t❡st s❝♦r❡s✱ r❡♣♦rt❡❞ ❜❡❧♦✇ t❤❡ ✜rst✲st❛❣❡

❡st✐♠❛t❡s ✐♥ ❚❛❜❧❡ ✼✱ s❤♦✇ r❡♠❛r❦❛❜❧② ❧❛r❣❡ ❣❛✐♥s ✐♥ ♠❛t❤✱ ✇✐t❤ s♠❛❧❧❡r ❡✛❡❝ts ♦♥ r❡❛❞✐♥❣✳ ❚❤❡

♠❛t❤ ❣❛✐♥s r❡♣♦rt❡❞ ❤❡r❡ ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ❢♦✉♥❞ ❢♦r ❝❤❛rt❡r st✉❞❡♥ts ✐♥ ❇♦st♦♥ ✭s❡❡✱ ❢♦r

❡①❛♠♣❧❡✱ ❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳ ✷✵✶✶✮✳ Pr❡✈✐♦✉s ❧♦tt❡r②✲❜❛s❡❞ st✉❞✐❡s ♦❢ ❝❤❛rt❡r s❝❤♦♦❧s ❧✐❦❡✇✐s❡

r❡♣♦rt s✉❜st❛♥t✐❛❧❧② ❧❛r❣❡r ❣❛✐♥s ✐♥ ♠❛t❤ t❤❛♥ ✐♥ r❡❛❞✐♥❣✳ ❍❡r❡✱ ✇❡ ❛❧s♦ s❡❡ ❧❛r❣❡ ❛♥❞ st❛t✐st✐❝❛❧❧②

s✐❣♥✐✜❝❛♥t ❣❛✐♥s ✐♥ ✇r✐t✐♥❣ s❝♦r❡s✳

■♠♣♦rt❛♥t❧② ❢♦r ♦✉r ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❛❣❡♥❞❛✱ t❤❡ ❡st✐♠❛t❡❞ ❝❤❛rt❡r ❛tt❡♥❞❛♥❝❡ ❡✛❡❝ts r❡♣♦rt❡❞

✐♥ ❚❛❜❧❡ ✼ ❛r❡ ❧❛r❣❡❧② ✐♥✈❛r✐❛♥t t♦ ✇❤❡t❤❡r t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ✐s ❡st✐♠❛t❡❞ ❜② s✐♠✉❧❛t✐♦♥

♦r ❜② ❛ ❢r❡q✉❡♥❝② ♦r ❢♦r♠✉❧❛ ❝❛❧❝✉❧❛t✐♦♥ t❤❛t ✉s❡s ❚❤❡♦r❡♠ ✶✳ ❈♦♠♣❛r❡✱ ❢♦r ❡①❛♠♣❧❡✱ ♠❛t❤

✐♠♣❛❝t ❡st✐♠❛t❡s ♦❢ ✵✳✹✾✻✱ ✵✳✺✷✹✱ ❛♥❞ ✵✳✺✹✸ ✉s✐♥❣ ❢r❡q✉❡♥❝②✲✱ ❢♦r♠✉❧❛✲✱ ❛♥❞ s✐♠✉❧❛t✐♦♥✲❜❛s❡❞

s❝♦r❡ ❝♦♥tr♦❧s✱ ❛❧❧ ❡st✐♠❛t❡❞ ✇✐t❤ s✐♠✐❧❛r ♣r❡❝✐s✐♦♥✳ ❚❤✐s ❛❧✐❣♥♠❡♥t ✈❛❧✐❞❛t❡s t❤❡ ✉s❡ ♦❢ ❚❤❡♦r❡♠

✶ t♦ ❝♦♥tr♦❧ ❢♦r ❛♣♣❧✐❝❛♥t t②♣❡✳

❊st✐♠❛t❡s t❤❛t ♦♠✐t ♣r♦♣❡♥s✐t② s❝♦r❡ ❝♦♥tr♦❧s ❤✐❣❤❧✐❣❤t t❤❡ r✐s❦ ♦❢ s❡❧❡❝t✐♦♥ ❜✐❛s ✐♥ ❛ ♥❛✐✈❡

✷❙▲❙ ❡♠♣✐r✐❝❛❧ str❛t❡❣②✳ ❚❤✐s ✐s ❞♦❝✉♠❡♥t❡❞ ✐♥ ❝♦❧✉♠♥ ✹ ♦❢ ❚❛❜❧❡ ✼✱ ✇❤✐❝❤ s❤♦✇s t❤❛t ✷❙▲❙

❡st✐♠❛t❡s ♦❢ ♠❛t❤ ❛♥❞ ✇r✐t✐♥❣ ❡✛❡❝ts ❝♦♥str✉❝t❡❞ ✉s✐♥❣ ❉❆ ♦✛❡r ✐♥str✉♠❡♥ts ✇❤✐❧❡ ♦♠✐tt✐♥❣

♣r♦♣❡♥s✐t② s❝♦r❡ ❝♦♥tr♦❧s ❛r❡ t♦♦ s♠❛❧❧ ❜② ❛❜♦✉t ❤❛❧❢✳ ❆ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t ♦❢ ❖▲❙ ❡st✐♠❛t❡s

✇✐t❤♦✉t ♣r♦♣❡♥s✐t② s❝♦r❡ ❝♦♥tr♦❧s✱ r❡♣♦rt❡❞ ✐♥ ❝♦❧✉♠♥ ✺ ♦❢ t❤❡ t❛❜❧❡✱ ❛❧s♦ t❡♥❞s t♦ ✉♥❞❡r❡st✐♠❛t❡

t❤❡ ❣❛✐♥s ❢r♦♠ ❝❤❛rt❡r ❛tt❡♥❞❛♥❝❡ ❛tt❡♥❞❛♥❝❡✳ ❚❤❡ r❡s✉❧ts ✐♥ ❝♦❧✉♠♥ ✻ s❤♦✇ t❤❛t ❛❞❞✐♥❣ s❝♦r❡

❝♦♥tr♦❧s t♦ t❤❡ ❖▲❙ ♠♦❞❡❧ ♣✉❧❧s t❤❡ ❡st✐♠❛t❡s ✉♣ ❛ ❧✐tt❧❡✱ ❜✉t ❛ s✉❜st❛♥t✐❛❧ ❣❛♣ ❜❡t✇❡❡♥ ❜❡t✇❡❡♥

t❤❡s❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t ♦❢ ✷❙▲❙ ❡st✐♠❛t❡s r❡♠❛✐♥s✳

✹✳✺ ❆❧t❡r♥❛t✐✈❡ ■❱ ❙tr❛t❡❣✐❡s

❲❡✬r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝♦♠♣❛r✐♥❣ ✷❙▲❙ ❡st✐♠❛t❡s ❝♦♥str✉❝t❡❞ ✉s✐♥❣ ❛ ❉❆ ♦✛❡r ❞✉♠♠② ❛s ❛♥ ✐♥str✉✲

♠❡♥t ✇❤✐❧❡ ❝♦♥tr♦❧❧✐♥❣ ❢♦r t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡ ✇✐t❤ s✉✐t❛❜❧②✲❝♦♥tr♦❧❧❡❞ ❡st✐♠❛t❡s ❝♦♥str✉❝t❡❞

✉s✐♥❣ ✜rst✲❝❤♦✐❝❡ ❛♥❞ q✉❛❧✐✜❝❛t✐♦♥ ✐♥str✉♠❡♥ts✳ ❆s ♥♦t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✱ ✇❡ ❡①♣❡❝t ❉❆✲♦✛❡r ✐♥✲

str✉♠❡♥ts t♦ ②✐❡❧❞ ❛ ♣r❡❝✐s✐♦♥ ❣❛✐♥ ❛♥❞ t♦ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ s❝❤♦♦❧s r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡

❡st✐♠❛t✐♦♥ s❛♠♣❧❡ r❡❧❛t✐✈❡ t♦ t❤❡s❡ t✇♦ ♣r❡✈✐♦✉s❧②✲❡♠♣❧♦②❡❞ ■❱ str❛t❡❣✐❡s✳✶✽

▲❡t R(θi) ❜❡ ❛ ✈❛r✐❛❜❧❡ t❤❛t ✉♥✐q✉❡❧② ✐❞❡♥t✐✜❡s t❤❡ ❝❤❛rt❡r s❝❤♦♦❧ t❤❛t ❛♣♣❧✐❝❛♥t i r❛♥❦s ✜rst✱

❛❧♦♥❣ ✇✐t❤ ❤✐s ♣r✐♦r✐t② st❛t✉s ❛t t❤✐s s❝❤♦♦❧✱ ❞❡✜♥❡❞ ❢♦r ❛♣♣❧✐❝❛♥ts ✇❤♦s❡ ✜rst ❝❤♦✐❝❡ ✐s ✐♥❞❡❡❞

❛ ❝❤❛rt❡r s❝❤♦♦❧✳ R(θi) ✐❣♥♦r❡s ♦t❤❡r s❝❤♦♦❧s t❤❛t ♠✐❣❤t ❤❛✈❡ ❜❡❡♥ r❛♥❦❡❞✳ ❚❤❡ ✜rst✲❝❤♦✐❝❡

str❛t❡❣② ✐s ✐♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✷❙▲❙ s❡t✉♣✿

Yi =
∑

x

α(x)di(x) + βCi + ǫi,

Ci =
∑

x

γ(x)di(x) + δDf
i + νi,

✇❤❡r❡ t❤❡ di(x)✬s ❛r❡ ❞✉♠♠✐❡s ✐♥❞✐❝❛t✐♥❣ ✈❛❧✉❡s ♦❢ R(θi)✱ ✐♥❞❡①❡❞ ❜② x✱ ❛♥❞ γ(x) ❛♥❞ α(x) ❛r❡

t❤❡ ❛ss♦❝✐❛t❡❞ ✏r✐s❦ s❡t ❡✛❡❝ts✑ ✐♥ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ st❛❣❡s✳ ❚❤❡ ✜rst✲❝❤♦✐❝❡ ✐♥str✉♠❡♥t✱ Df
i ✱

✶✽❙t✉❞✐❡s ✉s✐♥❣ ✜rst✲❝❤♦✐❝❡ ✐♥str✉♠❡♥ts t♦ ❡✈❛❧✉❛t❡ s❝❤♦♦❧s ✐♥ ❞✐str✐❝ts ✇✐t❤ ❝❡♥tr❛❧✐③❡❞ ❛ss✐❣♥♠❡♥t ✐♥❝❧✉❞❡
❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳ ✭✷✵✶✸✮✱ ❉❡♠✐♥❣ ✭✷✵✶✶✮✱ ❉❡♠✐♥❣ ❡t ❛❧✳ ✭✷✵✶✹✮✱ ❛♥❞ ❍❛st✐♥❣s ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❋✐rst✲❝❤♦✐❝❡
✐♥str✉♠❡♥ts ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ✉s❡❞ ✇✐t❤ ❞❡❝❡♥tr❛❧✐③❡❞ ❛ss✐❣♥♠❡♥t ♠❡❝❤❛♥✐s♠s ✭ ❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ❈✉❧❧❡♥
❡t ❛❧✳ ✭✷✵✵✻✮✱ ❉♦❜❜✐❡ ❛♥❞ ❋r②❡r ✭✷✵✶✶✮✱ ❛♥❞ ❍♦①❜② ❡t ❛❧✳ ✭✷✵✵✾✮✮✳ ❉♦❜❜✐❡ ❛♥❞ ❋r②❡r ✭✷✵✶✹✮✱ ▲✉❝❛s ❛♥❞ ▼❜✐t✐ ✭✷✵✶✹✮✱
❛♥❞ P♦♣✲❊❧❡❝❤❡s ❛♥❞ ❯rq✉✐♦❧❛ ✭✷✵✶✸✮ ✉s❡ q✉❛❧✐✜❝❛t✐♦♥ ✐♥str✉♠❡♥ts✳

✷✺



✐s ❛ ❞✉♠♠② ✈❛r✐❛❜❧❡ ✐♥❞✐❝❛t✐♥❣ i✬s q✉❛❧✐✜❝❛t✐♦♥ ❛t ❤✐s ♦r ❤❡r ✜rst✲❝❤♦✐❝❡ s❝❤♦♦❧✳ ■♥ ♦t❤❡r ✇♦r❞s✱

Df
i = 1[πis ≤ cs ❢♦r ❝❤❛rt❡r s t❤❛t i ❤❛s r❛♥❦❡❞ ✜rst].

❋✐rst ❝❤♦✐❝❡ q✉❛❧✐✜❝❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ✜rst ❝❤♦✐❝❡ ♦✛❡r s✐♥❝❡ ✉♥❞❡r ❉❆✱ ❛♣♣❧✐❝❛♥ts ✇❤♦ r❛♥❦ a

✜rst ❛r❡ ♦✛❡r❡❞ ❛ s❡❛t t❤❡r❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② q✉❛❧✐❢② ❛t a✳

❚❤❡ q✉❛❧✐✜❝❛t✐♦♥ str❛t❡❣② ❡①♣❛♥❞s t❤❡ s❛♠♣❧❡ t♦ ✐♥❝❧✉❞❡ ❛❧❧ ❝❤❛rt❡r ❛♣♣❧✐❝❛♥ts✱ ✇✐t❤ t❤❡ r✐s❦

s❡ts ✭R(θi)✮ ❢♦r q✉❛❧✐✜❝❛t✐♦♥ ✐♥str✉♠❡♥ts ✐❞❡♥t✐❢②✐♥❣ t❤❡ s❡t ♦❢ ❛❧❧ ❝❤❛rt❡r s❝❤♦♦❧s t❤❛t i r❛♥❦s✱

❛❧♦♥❣ ✇✐t❤ ❤✐s ♦r ❤❡r ♣r✐♦r✐t② st❛t✉s ❛t ❡❛❝❤ ♦❢ t❤❡s❡ s❝❤♦♦❧s✳ ■♥ t❤✐s ❝❛s❡✱ R(θi) ✐❣♥♦r❡s t❤❡

♦r❞❡r ✐♥ ✇❤✐❝❤ s❝❤♦♦❧s ❛r❡ r❛♥❦❡❞✱ ❝♦❞✐♥❣ ♦♥❧② t❤❡✐r ✐❞❡♥t✐t✐❡s✱ ❜✉t ♣r✐♦r✐t✐❡s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤

s❝❤♦♦❧s✳✶✾ ❚❤❡ q✉❛❧✐✜❝❛t✐♦♥ ✐♥str✉♠❡♥t✱ Dq
i ✱ ✐♥❞✐❝❛t❡s q✉❛❧✐✜❝❛t✐♦♥ ❛t ❛♥② ❝❤❛rt❡r ❤❡ ♦r s❤❡ ❤❛s

r❛♥❦❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱

Dq
i = 1[πis ≤ cs ❢♦r ❛t ❧❡❛st ♦♥❡ ❝❤❛rt❡r s t❤❛t i ❤❛s r❛♥❦❡❞].

■♥ ❧❛r❣❡ ♠❛r❦❡ts✱ t❤❡ ✐♥str✉♠❡♥ts Df
i ❛♥❞ Dq

i ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t②♣❡ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ R(θi)❀ s❡❡

❆♣♣❡♥❞✐① ❆✳✺ ❢♦r ❞❡t❛✐❧s✳

❆ ♣r✐♠❛r② s♦✉r❝❡ ♦❢ ✐♥❡✣❝✐❡♥❝② ✐♥ t❤❡ ✜rst✲❝❤♦✐❝❡ ❛♥❞ q✉❛❧✐✜❝❛t✐♦♥ str❛t❡❣✐❡s ✐s ❛♣♣❛r❡♥t ✐♥

P❛♥❡❧ ❆ ♦❢ ❚❛❜❧❡ ✽✳ ❚❤✐s ♣❛♥❡❧ r❡♣♦rts t✇♦ s♦rts ♦❢ ✜rst st❛❣❡ ❡st✐♠❛t❡s ❢♦r ❡❛❝❤ ✐♥str✉♠❡♥t✿

t❤❡ ✜rst ♦❢ t❤❡s❡ r❡❣r❡ss❡s ❛ ❞✉♠♠② ✐♥❞✐❝❛t✐♥❣ ❛♥② ❝❤❛rt❡r ♦✛❡r✕t❤❛t ✐s✱ ♦✉r ❉❆ ❝❤❛rt❡r ♦✛❡r

✐♥str✉♠❡♥t✱ Di✕♦♥ ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ ✐♥str✉♠❡♥ts ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳ ❆ r❡❣r❡ss✐♦♥ ♦❢ Di ♦♥ ✐ts❡❧❢

♥❡❝❡ss❛r✐❧② ♣r♦❞✉❝❡s ❛ ❝♦❡✣❝✐❡♥t ♦❢ ♦♥❡✳ ❇② ❝♦♥tr❛st✱ ❛ ✜rst✲❝❤♦✐❝❡ ♦✛❡r ❜♦♦sts t❤❡ ♣r♦❜❛❜✐❧✐t②

♦❢ ❛♥② ❝❤❛rt❡r ♦✛❡r ❜② ♦♥❧② ❛r♦✉♥❞ ✵✳✼✼ ✐♥ t❤❡ s❛♠♣❧❡ ♦❢ t❤♦s❡ ✇❤♦ ❤❛✈❡ r❛♥❦❡❞ ❛ ❝❤❛rt❡r ✜rst✳

❚❤✐s r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t✱ ✇❤✐❧❡ ❛♥②♦♥❡ r❡❝❡✐✈✐♥❣ ❛ ✜rst ❝❤♦✐❝❡ ❝❤❛rt❡r ♦✛❡r ❤❛s s✉r❡❧② ❜❡❡♥

♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t✱ r♦✉❣❤❧② ✷✸✪ ♦❢ t❤❡ s❛♠♣❧❡ r❛♥❦✐♥❣ ❛ ❝❤❛rt❡r ✜rst ✐s ♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t

❛t s❝❤♦♦❧s ♦t❤❡r t❤❛♥ t❤❡✐r ✜rst ❝❤♦✐❝❡✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ Dq
i ❛♥❞ ❝❤❛rt❡r ♦✛❡rs ✐s ❡✈❡♥

✇❡❛❦❡r✱ ❛t ❛r♦✉♥❞ ✵✳✹✽✳ ❚❤✐s r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t ❢♦r s❝❤♦♦❧s ❜❡❧♦✇ t❤❡ ♦♥❡ r❛♥❦❡❞ ✜rst✱ ❝❤❛rt❡r

q✉❛❧✐✜❝❛t✐♦♥ ✐s ♥♦t s✉✣❝✐❡♥t ❢♦r ❛ ❝❤❛rt❡r ♦✛❡r✳

❚❤❡ ❞✐♠✐♥✐s❤❡❞ ✐♠♣❛❝t ♦❢ t❤❡ t✇♦ ❛❧t❡r♥❛t✐✈❡ ✐♥str✉♠❡♥ts ♦♥ ❝❤❛rt❡r ♦✛❡rs tr❛♥s❧❛t❡s ✐♥t♦

❛ ✇❡❛❦❡♥❡❞ ✜rst st❛❣❡ ❢♦r ❝❤❛rt❡r ❡♥r♦❧❧♠❡♥t✳ ❚❤❡ ❜❡st ❝❛s❡ s❝❡♥❛r✐♦✱ ✉s✐♥❣ ❛❧❧ ❉❆✲❣❡♥❡r❛t❡❞

♦✛❡rs ✭t❤❛t ✐s✱ Di✮ ❛s ❛ s♦✉r❝❡ ♦❢ q✉❛s✐✲❡①♣❡r✐♠❡♥t❛❧ ✈❛r✐❛t✐♦♥✱ ♣r♦❞✉❝❡s ❛ ✜rst st❛❣❡ ♦❢ ❛r♦✉♥❞

✵✳✹✶✳ ❇✉t ✜rst✲❝❤♦✐❝❡ ♦✛❡rs ❜♦♦st ❝❤❛rt❡r ❡♥r♦❧❧♠❡♥t ❜② ❥✉st ✵✳✸✷✱ ✇❤✐❧❡ q✉❛❧✐✜❝❛t✐♦♥ ❛♥②✇❤❡r❡

②✐❡❧❞s ❛ ❝❤❛rt❡r ❡♥r♦❧❧♠❡♥t ❣❛✐♥ ♦❢ ♦♥❧② ✵✳✶✽✳ ❆s ❛❧✇❛②s ✇✐t❤ ❝♦♠♣❛r✐s♦♥s ♦❢ ■❱ str❛t❡❣✐❡s✱ t❤❡

s✐③❡ ♦❢ t❤❡ ✜rst st❛❣❡ ✐s ❛ ♣r✐♠❛r② ❞❡t❡r♠✐♥❛♥t ♦❢ r❡❧❛t✐✈❡ ♣r❡❝✐s✐♦♥✳

❆t ✵✳✵✼✶✱ t❤❡ st❛♥❞❛r❞ ❡rr♦r ♦❢ t❤❡ ❉❆✲♦✛❡r ❡st✐♠❛t❡ ✐s ♠❛r❦❡❞❧② ❧♦✇❡r t❤❛♥ t❤❡ st❛♥❞❛r❞

❡rr♦r ♦❢ ✵✳✶✵✷ ②✐❡❧❞❡❞ ❜② ❛ ✜rst✲❝❤♦✐❝❡ str❛t❡❣② ❛♥❞ ✇❡❧❧ ❜❡❧♦✇ t❤❡ st❛♥❞❛r❞ ❡rr♦r ♦❢ ✵✳✶✹✾ ❣❡♥✲

❡r❛t❡❞ ❜② q✉❛❧✐✜❝❛t✐♦♥ ✐♥str✉♠❡♥ts✳ ■♥ ❢❛❝t✱ t❤❡ ♣r❡❝✐s✐♦♥ ❧♦ss ❤❡r❡ ✐s ✈✐rt✉❛❧❧② t❤❡ s❛♠❡ ❛s t❤❡

❞❡❝❧✐♥❡ ✐♥ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✜rst st❛❣❡s r❡❝♦r❞❡❞ ✐♥ t❤❡ ✜rst r♦✇ ♦❢ t❤❡ t❛❜❧❡ ✭❝♦♠♣❛r❡ ✵✳✼✼✹ ✇✐t❤

0.071/0.102 = 0.696 ❛♥❞ ✵✳✹✼✻ ✇✐t❤ 0.071/0.149 = 0.477✮✳ ❚❤❡ ❧♦ss ❤❡r❡ ✐s s✉❜st❛♥t✐❛❧✿ ❝♦❧✉♠♥s

✹ ❛♥❞ ✺ s❤♦✇ t❤❡ s❛♠♣❧❡ s✐③❡ ✐♥❝r❡❛s❡ ♥❡❡❞❡❞ t♦ ✉♥❞♦ t❤❡ ❞❛♠❛❣❡ ❞♦♥❡ ❜② ❛ s♠❛❧❧❡r ✜rst st❛❣❡

❢♦r ❡❛❝❤ ❛❧t❡r♥❛t✐✈❡ ✐♥str✉♠❡♥t✳✷✵

✶✾❋♦r ❡①❛♠♣❧❡✱ ❛♥ ❛♣♣❧✐❝❛♥t ✇❤♦ r❛♥❦s ❆ ❛♥❞ ❇ ✇✐t❤ ♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ♦♥❧② ❛t ❆ ✐s ❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠ ❛♥
❛♣♣❧✐❝❛♥t ✇❤♦ r❛♥❦s ❆ ❛♥❞ ❇ ✇✐t❤ ♠❛r❣✐♥❛❧ ♣r✐♦r✐t② ♦♥❧② ❛t ❇✳

✷✵❚❤❡ s❛♠♣❧❡ ✉s❡❞ t♦ ❝♦♥str✉❝t t❤❡ ❡st✐♠❛t❡s ✐♥ ❝♦❧✉♠♥s ✶✲✸ ♦❢ ❚❛❜❧❡ ✽ ✐s ❧✐♠✐t❡❞ t♦ t❤♦s❡ ✇❤♦ ❤❛✈❡ ✈❛r✐❛t✐♦♥
✐♥ t❤❡ ✐♥str✉♠❡♥t ❛t ❤❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ r❡❧❡✈❛♥t r✐s❦ s❡ts ❝♦♥tr♦❧s✳

✷✻



❖♥❧② ❤❛❧❢ ❛s ♠❛♥② s❝❤♦♦❧s ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ✜rst✲❝❤♦✐❝❡ ❛♥❛❧②s✐s s❛♠♣❧❡ ❛s ✐♥ t❤❡ ❉❆

s❛♠♣❧❡ ✭❆t ✷✹✱ t❤❡ ♥✉♠❜❡r ♦❢ s❝❤♦♦❧s ✐♥ t❤❡ q✉❛❧✐✜❝❛t✐♦♥ s❛♠♣❧❡ ✐s ❝❧♦s❡r t♦ t❤❡ ❢✉❧❧ ❝♦♠♣❧❡♠❡♥t

♦❢ ✸✵ s❝❤♦♦❧s ❛✈❛✐❧❛❜❧❡ ❢♦r st✉❞② ✇✐t❤ ❉❆ ♦✛❡rs✮✳ ❋✐rst✲❝❤♦✐❝❡ ❛♥❛❧②s❡s ❧♦s❡ s❝❤♦♦❧s ❜❡❝❛✉s❡ ♠❛♥②

❧♦tt❡r✐❡s ❢❛✐❧ t♦ r❛♥❞♦♠✐③❡ ✜rst✲❝❤♦✐❝❡ ❛♣♣❧✐❝❛♥ts ✭❛s s❡❡♥ ✐♥ ❚❛❜❧❡ ✶✮✳ ■t✬s t❤❡r❡❢♦r❡ ✐♥t❡r❡st✐♥❣

t♦ ♥♦t❡ t❤❛t t❤❡ ✜rst✲❝❤♦✐❝❡ ❡st✐♠❛t❡ ♦❢ ❡✛❡❝ts ♦♥ ♠❛t❤ ❛♥❞ r❡❛❞✐♥❣ s❝♦r❡s ❛r❡ ♥♦t✐❝❡❛❜❧② ❧❛r❣❡r

t❤❛♥ t❤❡ ❡st✐♠❛t❡s ❣❡♥❡r❛t❡❞ ✉s✐♥❣ ❉❆ ♦✛❡r ❛♥❞ q✉❛❧✐✜❝❛t✐♦♥ ✐♥str✉♠❡♥ts ✭❝♦♠♣❛r❡ t❤❡ ❡st✐♠❛t❡

♦❢ ✵✳✺ ✉s✐♥❣ ❉❆ ♦✛❡rs ✇✐t❤ ❡st✐♠❛t❡s ♦❢ ✵✳✻ ❛♥❞ ✵✳✹✶ ✉s✐♥❣ ✜rst✲❝❤♦✐❝❡ ❛♥❞ q✉❛❧✐✜❝❛t✐♦♥ ✐♥str✉✲

♠❡♥ts✮✳ ❚❤✐s ✜♥❞✐♥❣ ♠❛② r❡✢❡❝t ❛♥ ❛❞✈❛♥t❛❣❡ ❢♦r t❤♦s❡ ❛✇❛r❞❡❞ ❛ s❡❛t ❛t t❤❡✐r ✜rst ❝❤♦✐❝❡ s❝❤♦♦❧

✭❍❛st✐♥❣s ❡t ❛❧✳ ✷✵✵✾❀ ❉❡♠✐♥❣ ✷✵✶✶❀ ❉❡♠✐♥❣ ❡t ❛❧✳ ✷✵✶✹ ✜♥❞ ❛ ❣❡♥❡r❛❧ ✏✜rst ❝❤♦✐❝❡ ❛❞✈❛♥t❛❣❡✑ ✐♥

❛♥❛❧②s❡s ♦❢ s❝❤♦♦❧ ❛tt❡♥❞❛♥❝❡ ❡✛❡❝ts✳✮ ❇② ❝♦♥tr❛st✱ t❤❡ ❉❆ ♦✛❡r ✐♥str✉♠❡♥t ②✐❡❧❞s ❛♥ ❡st✐♠❛♥❞

t❤❛t ✐s ♠♦r❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❢✉❧❧ ❝♦♠♣❧❡♠❡♥t ♦❢ ❝❤❛rt❡r s❝❤♦♦❧s ✐♥ t❤❡ ♠❛t❝❤✳ ■♥ t❤❡ s❛♠❡

s♣✐r✐t✱ ✐t✬s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ ✜rst✲❝❤♦✐❝❡ ❛♥❞ q✉❛❧✐✜❝❛t✐♦♥ ■❱ s❛♠♣❧❡s ✐♥❝❧✉❞❡ ♥♦ ✶✵t❤ ❣r❛❞❡rs✳

✹✳✻ ❈❤❛rt❡r ❙❝❤♦♦❧ ❊✛❡❝ts ✇✐t❤ ❛ ▼✐①❡❞ ❈♦✉♥t❡r❢❛❝t✉❛❧

❚❤❡ ✷❙▲❙ ❡st✐♠❛t❡s ✐♥ ❚❛❜❧❡s ✼ ❛♥❞ ✽ ❝♦♥tr❛st ❝❤❛rt❡r ♦✉t❝♦♠❡s ✇✐t❤ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ❣❡♥✲

❡r❛t❡❞ ❜② ❛tt❡♥❞❛♥❝❡ ❛t ❛ ♠✐① ♦❢ tr❛❞✐t✐♦♥❛❧ ♣✉❜❧✐❝ s❝❤♦♦❧s ❛♥❞ s❝❤♦♦❧s ❢r♦♠ ♦t❤❡r ♥♦♥✲❝❤❛rt❡r

s❡❝t♦rs✳ ❲❡✬❞ ❧✐❦❡ t♦ s✐♠♣❧✐❢② t❤✐s ♠✐① s♦ ❛s t♦ ♣r♦❞✉❝❡ s♦♠❡t❤✐♥❣ ❝❧♦s❡r t♦ ❛ ♣✉r❡ s❡❝t♦r✲

t♦✲s❡❝t♦r ❝♦♠♣❛r✐s♦♥✳ ❆❧❧♦✇❛♥❝❡ ❢♦r ♠♦r❡ t❤❛♥ ♦♥❡ tr❡❛t♠❡♥t ❝❤❛♥♥❡❧ ❛❧s♦ ❛❞❞r❡ss❡s ❝♦♥❝❡r♥s

❛❜♦✉t ❝❤❛rt❡r✲♦✛❡r✲✐♥❞✉❝❡❞ ❝❤❛♥❣❡s ✐♥ ❝♦✉♥t❡r❢❛❝t✉❛❧ ♦✉t❝♦♠❡s t❤❛t ♠✐❣❤t ❝❛✉s❡ ✈✐♦❧❛t✐♦♥s ♦❢

t❤❡ ❡①❝❧✉s✐♦♥ r❡str✐❝t✐♦♥✳

❖✉r ✜rst st❡♣ ✐♥ t❤✐s ❡✛♦rt ✐s t♦ ❞❡s❝r✐❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♥♦♥✲❝❤❛rt❡r s❝❤♦♦❧ ❝❤♦✐❝❡s ❢♦r

❛♣♣❧✐❝❛♥ts ✇❤♦ ✇❡r❡ ❛♥❞ ✇❡r❡♥✬t ♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t ✐♥ t❤❡ ❉P❙ ❛ss✐❣♥♠❡♥t✳ ❲❡ t❤❡♥ ✐❞❡♥t✐❢②

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝♦✉♥t❡r❢❛❝t✉❛❧ ✭♥♦♥✲❝❤❛rt❡r✮ s❝❤♦♦❧ s❡❝t♦rs ❢♦r t❤❡ ❣r♦✉♣ ♦❢ ❝❤❛rt❡r✲❧♦tt❡r②

❝♦♠♣❧✐❡rs✳ ❋✐♥❛❧❧②✱ ✇❡ ✉s❡ t❤❡ ❉❆ ♠❡❝❤❛♥✐s♠ t♦ ❥♦✐♥t❧② ❡st✐♠❛t❡ ❝❛✉s❛❧ ❡✛❡❝ts ♦❢ ❛tt❡♥❞❛♥❝❡ ❛t

s❝❤♦♦❧s ✐♥ ❞✐✛❡r❡♥t s❡❝t♦rs✱ t❤❡r❡❜② ♠❛❦✐♥❣ t❤❡ ♥♦♥✲❝❤❛rt❡r ❝♦✉♥t❡r❢❛❝t✉❛❧ ✐♥ ♦✉r ✷❙▲❙ ❡st✐♠❛t❡s

♠♦r❡ ❤♦♠♦❣❡♥❡♦✉s✳

❚❤❡ ❛♥❛❧②s✐s ❤❡r❡ ❜✉✐❧❞s ♦♥ ❛ ❝❛t❡❣♦r✐❝❛❧ ✈❛r✐❛❜❧❡✱ Wi✱ ❝❛♣t✉r✐♥❣ s❝❤♦♦❧ s❡❝t♦r ✐♥ ✇❤✐❝❤ i

✐s ❡♥r♦❧❧❡❞✳ ■♠♣♦rt❛♥t ❉P❙ s❡❝t♦rs ❜❡s✐❞❡s t❤❡ ❝❤❛rt❡r s❡❝t♦r ❛r❡ tr❛❞✐t✐♦♥❛❧ ♣✉❜❧✐❝ s❝❤♦♦❧s✱

✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧s✱ ♠❛❣♥❡t s❝❤♦♦❧s✱ ❛♥❞ ❛❧t❡r♥❛t✐✈❡ s❝❤♦♦❧s✳ ■♥♥♦✈❛t✐♦♥ ❛♥❞ ♠❛❣♥❡t s❝❤♦♦❧s

❛r❡ ♠❛♥❛❣❡❞ ❜② ❉P❙✳ ■♥♥♦✈❛t✐♦♥ s❝❤♦♦❧s ❞❡s✐❣♥ ❛♥❞ ✐♠♣❧❡♠❡♥t ✐♥♥♦✈❛t✐✈❡ ♣r❛❝t✐❝❡s ♠❡❛♥t t♦

✐♠♣r♦✈❡ st✉❞❡♥t ♦✉t❝♦♠❡s ✭❢♦r ❞❡t❛✐❧s ❛♥❞ ❛ ❞❡s❝r✐♣t✐✈❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧s✱ s❡❡

❈♦♥♥♦rs ❡t ❛❧✳ ✷✵✶✸✮✳ ▼❛❣♥❡t s❝❤♦♦❧s s❡r✈❡ st✉❞❡♥ts ✇✐t❤ ♣❛rt✐❝✉❧❛r st②❧❡s ♦❢ ❧❡❛r♥✐♥❣✳ ❆❧t❡r✲

♥❛t✐✈❡ s❝❤♦♦❧s s❡r✈❡ ♠❛✐♥❧② ♦❧❞❡r st✉❞❡♥ts str✉❣❣❧✐♥❣ ✇✐t❤ ❢❛❝t♦rs t❤❛t ♠❛② ♣r❡✈❡♥t t❤❡♠ ❢r♦♠

s✉❝❝❡❡❞✐♥❣ ✐♥ ❛ tr❛❞✐t✐♦♥❛❧ s❝❤♦♦❧ ❡♥✈✐r♦♥♠❡♥t✳ ❙♠❛❧❧❡r s❝❤♦♦❧ s❡❝t♦rs ✐♥❝❧✉❞❡ ❛ s✐♥❣❧❡ ❝❤❛rt❡r

♠✐❞❞❧❡ s❝❤♦♦❧ ♦✉ts✐❞❡ t❤❡ ❝❡♥tr❛❧✐③❡❞ ❉P❙ ❛ss✐❣♥♠❡♥t ♣r♦❝❡ss ✭♥♦✇ ❝❧♦s❡❞✮ ❛♥❞ ❛ ♣r✐✈❛t❡ s❝❤♦♦❧

❝♦♥tr❛❝t❡❞ t♦ s❡r✈❡ ❉P❙ st✉❞❡♥ts✳

❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡♥r♦❧❧♠❡♥t s❡❝t♦rs ❢♦r st✉❞❡♥ts ✇❤♦ ❞♦ ❛♥❞ ❞♦♥✬t r❡❝❡✐✈❡ ❛ ❝❤❛rt❡r ♦✛❡r

❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✜rst t✇♦ ❝♦❧✉♠♥s ♦❢ ❚❛❜❧❡ ✾✳ ❚❤❡s❡ ❝♦❧✉♠♥s s❤♦✇ ❛ ❝❤❛rt❡r ❡♥r♦❧❧♠❡♥t

r❛t❡ ♦❢ ✽✼✪ ✐♥ t❤❡ ❣r♦✉♣ ♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t✱ ❛❧♦♥❣ ✇✐t❤ s✉❜st❛♥t✐❛❧ ❜✉t ♠✉❝❤ s♠❛❧❧❡r ❝❤❛rt❡r

❡♥r♦❧❧♠❡♥t ✐♥ t❤❡ ♥♦♥✲♦✛❡r❡❞ ❣r♦✉♣✳✷✶ P❡r❤❛♣s s✉r♣r✐s✐♥❣❧②✱ ♦♥❧② ❛r♦✉♥❞ ✹✶✪ ♦❢ t❤♦s❡ ♥♦t

✷✶❆s ♥♦t❡❞ ✐♥ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ✜rst st❛❣❡ ❡st✐♠❛t❡s ✐♥ ❚❛❜❧❡ ✼✱ ❛♣♣❧✐❝❛♥ts ✉♥❤❛♣♣② ✇✐t❤ t❤❡ ♦✛❡r t❤❡②✬✈❡
r❡❝❡✐✈❡ ✐♥ t❤❡ ✜rst r♦✉♥❞ ♦❢ ❙❝❤♦♦❧❈❤♦✐❝❡ ❝❛♥ ❛♣♣❧② t♦ s❝❤♦♦❧s ✐♥❞✐✈✐❞✉❛❧❧② ✐♥ ❛ s❡❝♦♥❞ r♦✉♥❞✳

✷✼



♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t ❡♥r♦❧❧ ✐♥ ❛ tr❛❞✐t✐♦♥❛❧ ♣✉❜❧✐❝ s❝❤♦♦❧s✱ ✇✐t❤ t❤❡ r❡st ♦❢ t❤❡ ♥♦♥✲♦✛❡r❡❞

❣r♦✉♣ ❞✐str✐❜✉t❡❞ ♦✈❡r ❛ ✈❛r✐❡t② ♦❢ s❝❤♦♦❧ t②♣❡s✳ ■♥♥♦✈❛t✐♦♥ s❝❤♦♦❧s ❛r❡ t❤❡ ❧❡❛❞✐♥❣ ♥♦♥✲❝❤❛rt❡r

❛❧t❡r♥❛t✐✈❡ t♦ tr❛❞✐t✐♦♥❛❧ ♣✉❜❧✐❝ s❝❤♦♦❧s✳ ■♥♥♦✈❛t✐♦♥ s❝❤♦♦❧s ♦♣❡r❛t❡ ✉♥❞❡r ❛♥ ✐♥♥♦✈❛t✐♦♥ ♣❧❛♥

t❤❛t ✇❛✐✈❡s s♦♠❡ ♣r♦✈✐s✐♦♥s ♦❢ t❤❡ r❡❧❡✈❛♥t ❝♦❧❧❡❝t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ❛❣r❡❡♠❡♥ts ✭❢♦r ❛ ❞❡s❝r✐♣t✐✈❡

❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡s❡ s❝❤♦♦❧s✱ s❡❡ ❈♦♥♥♦rs ❡t ❛❧✳ ✷✵✶✸✮✳✷✷

❚❤❡ s❡❝t♦r ❞✐str✐❜✉t✐♦♥ ❢♦r ♥♦♥✲♦✛❡r❡❞ ❛♣♣❧✐❝❛♥ts ✇✐t❤ ♥♦♥✲tr✐✈✐❛❧ ❝❤❛rt❡r r✐s❦ ❛♣♣❡❛rs ✐♥ ❝♦❧✲

✉♠♥ ✸ ♦❢ ❚❛❜❧❡ ✾✱ ❛❧♦♥❣s✐❞❡ t❤❡ s✉♠ ♦❢ t❤❡ ♥♦♥✲♦✛❡r❡❞ ♠❡❛♥ ❛♥❞ ❛ ❝❤❛rt❡r✲♦✛❡r tr❡❛t♠❡♥t ❡✛❡❝t

♦♥ ❡♥r♦❧❧♠❡♥t ✐♥ ❡❛❝❤ s❡❝t♦r ✐♥ ❝♦❧✉♠♥ ✹✳ ❚❤❡s❡ ❡①t❡♥❞❡❞ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s✱ ❝♦♠♣✉t❡❞ ❜②

♣✉tt✐♥❣ ✐♥❞✐❝❛t♦rs 1(Wi = j) ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✼✮✱ ❝♦♥tr♦❧ ❢♦r t❤❡ ❉❆ ♣r♦♣❡♥s✐t②

s❝♦r❡ ❛♥❞ t❤❡r❡❢♦r❡ ❤❛✈❡ ❛ ❝❛✉s❛❧ ✐♥t❡r♣r❡t❛t✐♦♥✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛♥ts ♥♦t ♦✛❡r❡❞ ❛ s❡❛t

✇❤♦ ❡♥❞ ✉♣ ✐♥ ❛ ❝❤❛rt❡r s❝❤♦♦❧ ✐s ❤✐❣❤❡r ❢♦r t❤♦s❡ ✇✐t❤ ♥♦♥✲tr✐✈✐❛❧ ❝❤❛rt❡r ♦✛❡r r✐s❦ t❤❛♥ ✐♥ t❤❡

❢✉❧❧ ❛♣♣❧✐❝❛♥t s❛♠♣❧❡✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♠♣❛r✐♥❣ ❝♦❧✉♠♥s ✸ ❛♥❞ ✶✳ ❚❤❡ ❝❤❛rt❡r ❡♥r♦❧❧♠❡♥t ✜rst

st❛❣❡ t❤❛t✬s ✐♠♣❧✐❝✐t ✐♥ t❤❡ ❝♦❧✉♠♥ ✹✲✈s✲✸ ❝♦♠♣❛r✐s♦♥ ♠❛t❝❤❡s t❤❡ ✜rst st❛❣❡ ✐♥ ❚❛❜❧❡ ✼✳ ❋✐rst

st❛❣❡s ❢♦r ♦t❤❡r s❡❝t♦rs s❤♦✇ ❝❤❛rt❡r ♦✛❡rs s❤❛r♣❧② r❡❞✉❝❡ ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧ ❡♥r♦❧❧♠❡♥t ❛s ✇❡❧❧

❛s r❡❞✉❝✐♥❣ ❡♥r♦❧❧♠❡♥t ✐♥ tr❛❞✐t✐♦♥❛❧ ♣✉❜❧✐❝ s❝❤♦♦❧s✳

❚❤❡ ✷❙▲❙ ❡st✐♠❛t❡s r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✼ ❝❛♣t✉r❡ ❝❛✉s❛❧ ❡✛❡❝t ❢♦r ❝❤❛rt❡r ❧♦tt❡r② ❝♦♠♣❧✐❡rs✳ ❲❡

❞❡s❝r✐❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s❝❤♦♦❧ s❡❝t♦rs ❢♦r ❝♦♠♣❧✐❡rs ❜② ❞❡✜♥✐♥❣ ♣♦t❡♥t✐❛❧ s❡❝t♦r ❡♥r♦❧❧♠❡♥t

✈❛r✐❛❜❧❡s✱W1i ❛♥❞W0i✱ ✐♥❞❡①❡❞ ❛❣❛✐♥st ❝❤❛rt❡r ♦✛❡rs✱Di✳ P♦t❡♥t✐❛❧ ❛♥❞ ♦❜s❡r✈❡❞ s❡❝t♦r ✈❛r✐❛❜❧❡s

❛r❡ r❡❧❛t❡❞ ❜②

Wi = W0i + (W1i −W0i)Di.

■♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❝❤❛rt❡r✲♦✛❡r ❝♦♠♣❧✐❡rs✱ W1i = charter ❢♦r ❛❧❧ i✿ ❜② ❞❡✜♥✐t✐♦♥✱ ❝❤❛rt❡r✲♦✛❡r

❝♦♠♣❧✐❡rs ❛tt❡♥❞ ❛ ❝❤❛rt❡r s❝❤♦♦❧ ✇❤❡♥ t❤❡ ❉P❙ ❛ss✐❣♥♠❡♥t ♦✛❡rs t❤❡♠ t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❞♦ s♦✳

❍❡r❡✱ ✇❡✬r❡ ✐♥t❡r❡st❡❞ ✐♥ E[1(W0i = j)|C1i > C0i]✱ t❤❛t ✐s✱ t❤❡ s❡❝t♦r ❞✐str✐❜✉t✐♦♥ ❢♦r ❝❤❛rt❡r✲♦✛❡r

❝♦♠♣❧✐❡rs ✐♥ t❤❡ s❝❡♥❛r✐♦ ✇❤❡r❡ t❤❡② ❛r❡♥✬t ♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t✳ ❲❡ r❡❢❡r t♦ t❤✐s ❞✐str✐❜✉t✐♦♥

❛s ❞❡s❝r✐❜✐♥❣ ❡♥r♦❧❧♠❡♥t ❞❡st✐♥✐❡s ❢♦r ❝♦♠♣❧✐❡rs✳

❊♥r♦❧❧♠❡♥t ❞❡st✐♥✐❡s ❛r❡ ♠❛r❣✐♥❛❧ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡ ❞✐str✐❜✉t✐♦♥s ❢♦r ❝♦♠♣❧✐❡rs✳ ❆s s❤♦✇♥ ❜②

❆❜❛❞✐❡ ✭✷✵✵✷✮✱ t❤❡s❡ ❛r❡ ✐❞❡♥t✐✜❡❞ ❜② ❛ s✐♠♣❧❡ ✷❙▲❙ ❡st✐♠❛♥❞✳ ❚❤❡ ❞❡t❛✐❧s ♦❢ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥

♦❢ t❤✐s ✐❞❡♥t✐✜❝❛t✐♦♥ str❛t❡❣② ❢♦❧❧♦✇ t❤♦s❡ ✐♥ ❆♥❣r✐st ❡t ❛❧✳ ✭✷✵✶✺✮✱ ✇✐t❤ t❤❡ ♠♦❞✐✜❝❛t✐♦♥ t❤❛t

✐♥st❡❛❞ ♦❢ ❡st✐♠❛t✐♥❣ ♠❛r❣✐♥❛❧ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡ ❞❡♥s✐t✐❡s ❢♦r ❛ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡✱ t❤❡ ♦✉t❝♦♠❡s

♦❢ ✐♥t❡r❡st ❤❡r❡ ❛r❡ ❇❡r♥♦✉❧❧✐✳✷✸

❈♦❧✉♠♥ ✺ ♦❢ ❚❛❜❧❡ ✾ r❡✈❡❛❧s t❤❛t ♦♥❧② ❛❜♦✉t ❤❛❧❢ ♦❢ ❝❤❛rt❡r ❧♦tt❡r② ❝♦♠♣❧✐❡rs ❛r❡ ❞❡st✐♥❡❞ t♦

❡♥❞ ✉♣ ✐♥ ❛ tr❛❞✐t✐♦♥❛❧ ♣✉❜❧✐❝ s❝❤♦♦❧ ✐❢ t❤❡② ❛r❡♥✬t ♦✛❡r❡❞ ❛ ❝❤❛rt❡r s❡❛t✳ ❚❤❡ s❡❝♦♥❞ ♠♦st✲❧✐❦❡❧②

❝♦✉♥t❡r❢❛❝t✉❛❧ ❞❡st✐♥② ❢♦r t❤❡ ②♦✉♥❣❡r ❛♣♣❧✐❝❛♥t ❣r♦✉♣ ✐s ❛♥ ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧✱ ✇✐t❤ ♥❡❛r❧② ❛

t❤✐r❞ ♦❢ ♥♦♥✲♦✛❡r❡❞ ❝♦♠♣❧✐❡rs ❡♥r♦❧❧✐♥❣ ✐♥ ♦♥❡ ♦❢ t❤❡s❡✳ ❚❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ ❛♥ ❡♥r♦❧❧♠❡♥t ❞❡st✐♥②

♦✉ts✐❞❡ t❤❡ ❝❤❛rt❡r✱ tr❛❞✐t✐♦♥❛❧✱ ❛♥❞ ✐♥♥♦✈❛t✐♦♥ s❡❝t♦rs ✐s ♠✉❝❤ s♠❛❧❧❡r✳

✷✷■♥♥♦✈❛t✐♦♥ ✇❛✐✈❡rs ❛r❡ s✉❜❥❡❝t t♦ ❛♣♣r♦✈❛❧ ❜② t❤❡ ❉❡♥✈❡r ❈❧❛ssr♦♦♠ ❚❡❛❝❤❡rs ❆ss♦❝✐❛t✐♦♥ ✭✇❤✐❝❤ ♦r❣❛♥✐③❡s
❉❡♥✈❡r ♣✉❜❧✐❝ s❝❤♦♦❧ t❡❛❝❤❡rs✬ ❜❛r❣❛✐♥✐♥❣ ✉♥✐t✮✱ ❛♥❞ t❤❡② ❛❧❧♦✇✱ ❢♦r ❡①❛♠♣❧❡✱ ✐♥❝r❡❛s❡❞ ✐♥str✉❝t✐♦♥ t✐♠❡✳ ❉P❙ ✐♥✲
♥♦✈❛t✐♦♥ s❝❤♦♦❧s ❛♣♣❡❛r t♦ ❤❛✈❡ ♠✉❝❤ ✐♥ ❝♦♠♠♦♥ ✇✐t❤ ❇♦st♦♥✬s ♣✐❧♦t s❝❤♦♦❧s✱ ❛ ♠♦❞❡❧ ❡①❛♠✐♥❡❞ ✐♥ ❆❜❞✉❧❦❛❞✐r♦➜❧✉
❡t ❛❧✳ ✭✷✵✶✶✮✳

✷✸❇r✐❡✢②✱ ♦✉r ♣r♦❝❡❞✉r❡ ♣✉ts (1−Ci)1(Wi = j) ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ❛ ✈❡rs✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✽✮ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s
✈❛r✐❛❜❧❡ 1 − Ci✳ ❚❤❡ ❝♦❡✣❝✐❡♥t ♦♥ t❤✐s ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛❜❧❡ ✐s ❛♥ ❡st✐♠❛t❡ ♦❢ E[1(W0i = j)|C1i > C0i, Xi]✳ ❚❤❡
❝♦✈❛r✐❛t❡s ❛♥❞ s❛♠♣❧❡ ✉s❡❞ ❤❡r❡ ❛r❡ t❤❡ s❛♠❡ ❛s ✉s❡❞ t♦ ❝♦♥str✉❝t t❤❡ ✷❙▲❙ ✐♠♣❛❝t ❡st✐♠❛t❡s r❡♣♦rt❡❞ ✐♥ ❝♦❧✉♠♥
✶ ♦❢ ❚❛❜❧❡ ✼✳

✷✽



■s♦❧❛t✐♥❣ ❛♥ ■♥♥♦✈❛t✐♦♥ ❙❝❤♦♦❧ ❊✛❡❝t

❚❤❡ ♦✉ts✐③❡ r♦❧❡ ♦❢ ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧s ✐♥ ❝♦✉♥t❡r❢❛❝t✉❛❧ ❞❡st✐♥✐❡s ♠♦t✐✈❛t❡s ❛♥ ❡♠♣✐r✐❝❛❧ str❛t❡❣②

t❤❛t ❛❧❧♦✇s ❢♦r ❞✐st✐♥❝t ❝❤❛rt❡r ❛♥❞ ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧ tr❡❛t♠❡♥t ❡✛❡❝ts✳ ❇② ♣✉❧❧✐♥❣ ✐♥♥♦✈❛t✐♦♥

s❝❤♦♦❧s ♦✉t ♦❢ t❤❡ ♥♦♥✲❝❤❛rt❡r ❝♦✉♥t❡r❢❛❝t✉❛❧✱ ✇❡ ❝❛♣t✉r❡ ❝❤❛rt❡r tr❡❛t♠❡♥t ❡✛❡❝ts ❞r✐✈❡♥ ♠❛✐♥❧②

❜② t❤❡ ❝♦♥tr❛st ❜❡t✇❡❡♥ ❝❤❛rt❡r ❛♥❞ tr❛❞✐t✐♦♥❛❧ ♣✉❜❧✐❝ s❝❤♦♦❧s✳ ❈♦♠♣❛r✐s♦♥s ✇✐t❤ ❛ ♠♦r❡ ❤♦✲

♠♦❣❡♥❡♦✉s ❝♦✉♥t❡r❢❛❝t✉❛❧ ❛❧s♦ ♠✐t✐❣❛t❡s ❜✐❛s t❤❛t ♠✐❣❤t ❛r✐s❡ ❢r♦♠ ✈✐♦❧❛t✐♦♥s ♦❢ t❤❡ ❡①❝❧✉s✐♦♥

r❡str✐❝t✐♦♥ ✭❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✮✳ ❆♥❞✱ ♦❢ ❝♦✉rs❡✱ t❤❡ ✐♥♥♦✈❛t✐♦♥ tr❡❛t♠❡♥t ❡✛❡❝t ✐s ❛❧s♦ ♦❢

✐♥t❡r❡st ✐♥ ✐ts ♦✇♥ r✐❣❤t✳

❋♦r t❤❡ ♣✉r♣♦s❡s ♦❢ t❤✐s ❞✐s❝✉ss✐♦♥✱ ✇❡ ❝♦❞❡ t❤❡ s❡❝t♦r ✈❛r✐❛❜❧❡✱ Wi✱ ❛s t❛❦✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡

✷ ❢♦r ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧s✱ t❤❡ ✈❛❧✉❡ ✶ ❢♦r ❝❤❛rt❡rs✱ ❛♥❞ ✵ ♦t❤❡r✇✐s❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦t❡♥t✐❛❧

♦✉t❝♦♠❡s ❛r❡ Y2i, Y1i, ❛♥❞ Y0i✳ ■♥ ♣r✐♥❝✐♣❛❧✱ t❤✐s ❧❡❛❞s t♦ ♠✉❧t✐♣❧❡ ❤❡t❡r♦❣❡♥♦✉s ❝❛✉s❛❧ ❡✛❡❝ts✱

Y2i − Y0i ❛♥❞ Y1i − Y0i✱ ❜✉t t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ♠✉❧t✐♣❧❡✲tr❡❛t♠❡♥t ♠♦❞❡❧s ✇✐t❤ ✉♥r❡str✐❝t❡❞

❤❡t❡r♦❣❡♥❡✐t② r❛✐s❡s ✐ss✉❡s t❤❛t ❣♦ ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✳✷✹ ❉❡✜♥✐♥❣ ❝♦♥st❛♥t ❡✛❡❝ts

✇✐t❤ t❤❡ ♥♦t❛t✐♦♥

Y2i − Y0i = β2,

Y1i − Y0i = β1,

♦✉r t✇♦✲s❡❝t♦r ✐❞❡♥t✐✜❝❛t✐♦♥ str❛t❡❣② ❝❛♥ ❜❡ ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛ss✉♠♣✲

t✐♦♥✱

Y0i ⊥⊥ Zi|θi, ✭✶✶✮

✇❤❡r❡ Zi ✐s ❛ ❝❛t❡❣♦r✐❝❛❧ ✈❛r✐❛❜❧❡ t❤❛t r❡❝♦r❞s ❉❆✲❣❡♥❡r❛t❡❞ ♦✛❡rs ✐♥ ❡❛❝❤ s❡❝t♦r s❡❝t♦r ✭❝❤❛rt❡r✱

✐♥♥♦✈❛t✐♦♥✱ ♦t❤❡r✮✳

❚❤❡ ✐♥str✉♠❡♥ts ❤❡r❡ ❛r❡ ✐♥❞✐❝❛t♦rs ❢♦r ❝❤❛rt❡r ❛♥❞ ✐♥♥♦✈❛t✐♦♥✲s❡❝t♦r ♦✛❡rs✱ D1
i = 1[Zi =

1] ❛♥❞ D2
i = 1[Zi = 2]✳ ❚❤❡s❡ ❞✉♠♠② ✐♥str✉♠❡♥ts ❛r❡ ✉s❡❞ ✐♥ ❛ ✷❙▲❙ ♣r♦❝❡❞✉r❡ ✇✐t❤ t✇♦

❡♥❞♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✱ C1
i ❢♦r ❝❤❛rt❡r s❝❤♦♦❧ ❡♥r♦❧❧♠❡♥t ❛♥❞ C2

i ❢♦r ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧ ❡♥r♦❧❧♠❡♥t✳

Pr♦♣❡♥s✐t② s❝♦r❡ ❝♦♥❞✐t✐♦♥✐♥❣ ✐s ❥✉st✐✜❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ r❡❧❛t✐♦♥ ✭✶✶✮

✐♠♣❧✐❡s

Y0i ⊥⊥ Zi | p1(θ), p2(θ), ✭✶✷✮

✇❤❡r❡ p1(θ) = E[D1
i |θ] ❛♥❞ p2(θ) = E[D2

i |θ]✳

❚❤❡ ✷❙▲❙ s❡t✉♣ ✐♥ t❤✐s ❝❛s❡ ❝♦♥s✐sts ♦❢

Yi =
∑

x

α1(x)d
1
i (x) +

∑

x

α2(x)d
2
i (x) + β1C

1
i + β2C

2
i + ǫi, ✭✶✸✮

C1
i =

∑

x

γ11(x)d
1
i (x) +

∑

x

γ12(x)d
2
i (x) + δ11D

1
i + δ12D

2
i + νi, ✭✶✹✮

C2
i =

∑

x

γ21(x)d
1
i (x) +

∑

x

γ22(x)d
2
i (x) + δ21D

1
i + δ22D

2
i + ηi, ✭✶✺✮

✷✹❙❡❡ ❇❡❤❛❣❤❡❧ ❡t ❛❧✳ ✭✷✵✶✸✮ ❛♥❞ ❇❧❛❝❦✇❡❧❧ ✭✷✵✶✺✮ ❢♦r r❡❝❡♥t ♣r♦❣r❡ss ♦♥ t❤✐s ✐ss✉❡✳

✷✾



✇❤❡r❡ t❤❡ ❞✉♠♠② ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s✱ d1i (x) ❛♥❞ d2i (x)✱ s❛t✉r❛t❡ ❡st✐♠❛t❡s ♦❢ t❤❡ s❝♦r❡s ❢♦r ❡❛❝❤

tr❡❛t♠❡♥t✱ p̂1(θi) ❛♥❞ p̂2(θi)✱ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ s❝♦r❡ ❡✛❡❝ts ❞❡♥♦t❡❞ ❜② γ✬s ❛♥❞ α✬s ✐♥ t❤❡ ✜rst

❛♥❞ s❡❝♦♥❞ st❛❣❡ ♠♦❞❡❧s✳ ❚❤❡ s❛♠♣❧❡ ✉s❡❞ ❢♦r t❤✐s ❛♥❛❧②s✐s ✐s t❤❡ ✉♥✐♦♥ ♦❢ ❝❤❛rt❡r ❛♥❞ ✐♥♥♦✈❛t✐♦♥

s❝❤♦♦❧ ❛♣♣❧✐❝❛♥ts✳

❆s ♥♦t❡❞ ❜② ■♠❜❡♥s ✭✷✵✵✵✮ ❛♥❞ ❨❛♥❣ ❡t ❛❧✳ ✭✷✵✶✹✮✱ t❤❡ ❦❡② ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ r❡❧❛t✐♦♥

✐♥ t❤✐s ❝♦♥t❡①t ✭❡q✉❛t✐♦♥ ✭✶✷✮✮ s✉❣❣❡sts ✇❡ s❤♦✉❧❞ ❝❤♦♦s❡ ❛ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ t❤❛t ✜①❡s ❝♦♥❞✐t✐♦♥❛❧

♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ❛ss✐❣♥♠❡♥t ❢♦r ❛❧❧ tr❡❛t♠❡♥t ❧❡✈❡❧s ❥♦✐♥t❧②✳ ❏♦✐♥t s❝♦r❡ ❝♦♥tr♦❧ r❡♣❧❛❝❡s t❤❡ ❛❞❞✐t✐✈❡

s❝♦r❡ ❝♦♥tr♦❧s ✐♥ ❡q✉❛t✐♦♥s ✭✶✸✮✱ ✭✶✹✮✱ ❛♥❞ ✭✶✺✮ ✇✐t❤ s❝♦r❡ ❝♦♥tr♦❧s ♦❢ t❤❡ ❢♦r♠

d12i (x1, x2) = 1[p̂1(θi) = x1, p̂2(θi) = x2],

✇❤❡r❡ ❤❛ts ❞❡♥♦t❡ s❝♦r❡ ❡st✐♠❛t❡s ❛♥❞ t❤❡ ✐♥❞✐❝❡s✱ x1 ❛♥❞ x2✱ r✉♥ ✐♥❞❡♣❡♥❞❡♥t❧② ♦✈❡r ❛❧❧ ✈❛❧✉❡s ✐♥

t❤❡ s✉♣♣♦rt ❢♦r ❡❛❝❤ s❝♦r❡✳ ❚❤✐s ♠♦❞❡❧ ❣❡♥❡r❛t❡s ❢❛r ♠♦r❡ s❝♦r❡ ✜①❡❞ ❡✛❡❝ts t❤❛♥ ❞♦❡s ❡q✉❛t✐♦♥

✭✶✸✮✳✷✺ ❋♦rt✉♥❛t❡❧②✱ ❤♦✇❡✈❡r✱ t❤❡ ❛❧❣❡❜r❛ ♦❢ ✷❙▲❙ ♦❜✈✐❛t❡s t❤❡ ♥❡❡❞ ❢♦r ❥♦✐♥t s❝♦r❡ ❝♦♥tr♦❧❀

❛❞❞✐t✐✈❡ ❝♦♥tr♦❧ ✐s ❡♥♦✉❣❤✳

❚♦ s❡❡ ✇❤② ❛❞❞✐t✐✈❡ ❝♦♥tr♦❧ ✐s ❛❞❡q✉❛t❡ ❢♦r ✷❙▲❙ ♠♦❞❡❧s t❤❛t ❡①♣❧♦✐t ✭✶✷✮✱ ♥♦t❡ ✜rst t❤❛t

✷❙▲❙ ❡st✐♠❛t❡s ♦❢ t❤❡ s❡❝♦♥❞ st❛❣❡ ❡q✉❛t✐♦♥✱ ✭✶✸✮✱ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ✜rst r❡❣r❡ss✐♥❣ ❡❛❝❤ ♦✛❡r

❞✉♠♠② ♦♥ t❤❡ ❢✉❧❧ s❡t ♦❢ d1i (x) ❛♥❞ d2i (x) ❛♥❞ t❤❡♥ ✉s✐♥❣ t❤❡ r❡s✐❞✉❛❧s ❢r♦♠ t❤✐s r❡❣r❡ss✐♦♥ ❛s

✐♥str✉♠❡♥ts ❛❢t❡r ❞r♦♣♣✐♥❣ t❤❡s❡ ❝♦♥tr♦❧s ❢r♦♠ t❤❡ ♠♦❞❡❧ ✭s❡❡✱ ❡✳❣✳✱ ❆♥❣r✐st ❛♥❞ P✐s❝❤❦❡ ✷✵✵✾✮✳

◆♦t❡ ❛❧s♦ t❤❛t ❜♦t❤ s❡ts ♦❢ r❡❣r❡ss♦rs ✐♥ t❤✐s ❛✉①✐❧✐❛r② ✜rst✲st❡♣ ♠♦❞❡❧ ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ t②♣❡✳

❆ r❡❣r❡ss✐♦♥ ♦❢ Dj
i ♦♥ t❤❡ ❢✉❧❧ s❡t ♦❢ d1i (x) ❛♥❞ d2i (x) t❤❡r❡❢♦r❡ r❡t✉r♥s ✜tt❡❞ ✈❛❧✉❡s ❣✐✈❡♥ ❜②

E[Dj |θ] = pj(θi)✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t ✇❡ r❡♣❧❛❝❡ ❛❞❞✐t✐✈❡ ❝♦♥tr♦❧s✱ d1i (x) ❛♥❞ d2i (x)✱ ✇✐t❤ t❤❡ ❢✉❧❧ s❡t ♦❢ ❞✉♠♠✐❡s✱

d12i (x1, x2)✱ ♣❛r❛♠❡t❡r✐③✐♥❣ t❤❡ ❥♦✐♥t❧②✲❝♦♥tr♦❧❧❡❞ ♠♦❞❡❧✳ ❙✐♥❝❡ t❤❡ ♠♦❞❡❧ ❤❡r❡ ✐s s❛t✉r❛t❡❞✱ ❛

r❡❣r❡ss✐♦♥ ♦❢ Dj
i ♦♥ t❤❡ ❢✉❧❧ s❡t ♦❢ d12i (x1, x2) ❞✉♠♠✐❡s r❡❝♦✈❡rs t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥

❢✉♥❝t✐♦♥ ♦❢ ♦✛❡rs ❣✐✈❡♥ ❜♦t❤ s❝♦r❡s✳ ❇② t❤❡ ❧❛✇ ♦❢ ✐t❡r❛t❡❞ ❡①♣❡❝t❛t✐♦♥s✱ ❤♦✇❡✈❡r✱ t❤✐s ✐s

E[Dj
i |p1(θi), p2(θi)] = E{E[Dj

i |θi]|p1(θi), p2(θi)]} = pj(θi).

❋r♦♠ t❤✐s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ■❱ ❡q✉✐✈❛❧❡♥t ♦❢ ✷❙▲❙ ✐s t❤❡ s❛♠❡ ✐♥ t❤❡ ❛❞❞✐t✐✈❡ ❛♥❞ ❥♦✐♥t❧②✲

❝♦♥tr♦❧❧❡❞ ♠♦❞❡❧s✳✷✻

❆s ❛ ❜❡♥❝❤♠❛r❦✱ ❝♦❧✉♠♥s ✶✲✷ ♦❢ ❚❛❜❧❡ ✶✵ ❝♦♠♣❛r❡ ❝❤❛rt❡r✲♦♥❧② ❛♥❞ ✐♥♥♦✈❛t✐♦♥✲♦♥❧② ❡st✐♠❛t❡s

❝♦♠♣✉t❡❞ ✉s✐♥❣ ❉❆ ✭❢r❡q✉❡♥❝②✮ s❝♦r❡ ❝♦♥tr♦❧s✳ ❊❛❝❤ s❛♠♣❧❡ ✐s ❧✐♠✐t❡❞ t♦ ❛♣♣❧✐❝❛♥ts t♦ t❤❡

r❡❧❡✈❛♥t s❡❝t♦r✳✷✼ ❆ ♣❛r❛❧❧❡❧ s❡t ♦❢ s✐♥❣❧❡✲s❡❝t♦r ❡st✐♠❛t❡s ✉s✐♥❣ s✐♠✉❧❛t❡❞ s❝♦r❡ ❝♦♥tr♦❧s ❛♣♣❡❛rs

✐♥ ❝♦❧✉♠♥s ✺ ❛♥❞ ✻✳ ❚❤❡ ✐♥♥♦✈❛t✐♦♥ ✜rst st❛❣❡ ✭t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧ ♦✛❡r ♦♥

✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧ ❡♥r♦❧❧♠❡♥t✮ ✐s ❛r♦✉♥❞ ✵✳✸✺✳ ❚❤❡ ♣♦♦❧❡❞ s✐♥❣❧❡✲s❡❝t♦r ❝❤❛rt❡r ❡st✐♠❛t❡s ✐♥

❚❛❜❧❡ ✶✵ ❛r❡ t❤❡ s❛♠❡ ❛s t❤♦s❡ ✐♥ ❚❛❜❧❡ ✼✳ ◆♦t s✉r♣r✐s✐♥❣❧② ✐♥ ✈✐❡✇ ♦❢ t❤❡ s✉❜st❛♥t✐❛❧❧② r❡❞✉❝❡❞

✷✺❲❤❡♥ p1(θ) t❛❦❡s ♦♥ k1 ✈❛❧✉❡s ❛♥❞ p2(θ) t❛❦❡s ♦♥ k2 ✈❛❧✉❡s✱ t❤❡ ❛❞❞✐t✐✈❡ ♠♦❞❡❧ ❤❛s k1+k2−2 s❝♦r❡ ♣❛r❛♠❡t❡rs✱
✇❤✐❧❡ t❤❡ ❥♦✐♥t ♠♦❞❡❧ ❤❛s k1k2 − 1✳

✷✻❚❤✐s ❝♦♥❝❧✉s✐♦♥ ❤♦❧❞s ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ ❜✉t ♥❡❡❞ ♥♦t ❤♦❧❞ ❡①❛❝t❧② ✐♥ ♦✉r ❞❛t❛ ✭❜❡❝❛✉s❡ s❝♦r❡s ❤❡r❡ ❛r❡
❡st✐♠❛t❡❞ ❜② s♦♠❡t❤✐♥❣ ♠♦r❡ ❡❧❛❜♦r❛t❡ t❤❛♥ ❛ s❛♠♣❧❡ ♠❡❛♥ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t②♣❡✮ ♦r ❢♦r ♠♦❞❡❧s t❤❛t ✐♥❝❧✉❞❡
❛❞❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛t❡s ❜❡②♦♥❞ s❛t✉r❛t❡❞ s❝♦r❡ ❝♦♥tr♦❧s✳

✷✼❆♣♣❡♥❞✐① ❚❛❜❧❡ ❇✻ ❧✐sts ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧s ❛♥❞ ❞❡s❝r✐❜❡s t❤❡ r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t ♣❛tt❡r♥ ❛t t❤❡s❡ s❝❤♦♦❧s
❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢ ❚❛❜❧❡ ✶ ❢♦r ❝❤❛rt❡r s❝❤♦♦❧s✳ ❈♦✈❛r✐❛t❡ ❜❛❧❛♥❝❡ ❛♥❞ ❞✐✛❡r❡♥t✐❛❧ ❛ttr✐t✐♦♥ r❡s✉❧ts ❢♦r ✐♥♥♦✈❛t✐♦♥
s❝❤♦♦❧s ❛r❡ r❡♣♦rt❡❞ ✐♥ ❆♣♣❡♥❞✐① ❚❛❜❧❡ ❇✼✳

✸✵



♥✉♠❜❡r ♦❢ ❛♣♣❧✐❝❛♥ts ✇✐t❤ ♥♦♥✲tr✐✈✐❛❧ ✐♥♥♦✈❛t✐♦♥ ♦✛❡r r✐s❦ ✭✺✹✻ ✐♥ ❝♦❧✉♠♥ ✷ ❛♥❞ ✻✶✸ ✐♥ ❝♦❧✉♠♥

✻ ♦❢ ❚❛❜❧❡ ✶✵✮✱ ❛♥❞ t❤❡ s♠❛❧❧❡r ✐♥♥♦✈❛t✐♦♥ ✜rst st❛❣❡✱ t❤❡ ✐♥♥♦✈❛t✐♦♥ ❛tt❡♥❞❛♥❝❡ ❡✛❡❝ts ❛r❡

r❡❧❛t✐✈❡❧② ✐♠♣r❡❝✐s❡✳ ❚❤✐s ✐♠♣r❡❝✐s✐♦♥ ♥♦t✇✐t❤st❛♥❞✐♥❣✱ t❤❡ ✐♥♥♦✈❛t✐♦♥✲♦♥❧② ♠♦❞❡❧ ❣❡♥❡r❛t❡s ❛

❧❛r❣❡ ♥❡❣❛t✐✈❡ ❛♥❞ ♠❛r❣✐♥❛❧❧② s✐❣♥✐✜❝❛♥t ❡✛❡❝t ♦♥ r❡❛❞✐♥❣ ✇❤❡♥ ❡st✐♠❛t❡❞ ✇✐t❤ t❤❡ ❉❆ s❝♦r❡✳

✷❙▲❙ ❡st✐♠❛t❡s ♦❢ ❡q✉❛t✐♦♥ ✭✶✸✮ ❛♣♣❡❛r ✐♥ ❝♦❧✉♠♥s ✸ ❛♥❞ ✼ ♦❢ ❚❛❜❧❡ ✶✵✳ ❈❤❛rt❡r s❝❤♦♦❧ ❡✛❡❝ts

❝❤❛♥❣❡ ❧✐tt❧❡ ✐♥ t❤✐s s♣❡❝✐✜❝❛t✐♦♥✱ ❜✉t ✭✐♥s✐❣♥✐✜❝❛♥t✮ ♥❡❣❛t✐✈❡ ✐♥♥♦✈❛t✐♦♥ ❡st✐♠❛t❡s ❢♦r ♠❛t❤ ✢✐♣

t♦ ♣♦s✐t✐✈❡ ✇❤❡♥ ❡st✐♠❛t❡❞ ✉s✐♥❣ ❛ ♠♦❞❡❧ t❤❛t ❛❧s♦ ✐s♦❧❛t❡s ❝❤❛rt❡r tr❡❛t♠❡♥t ❡✛❡❝ts✳ ❚❤❡

♥❡❣❛t✐✈❡ ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧ ❡✛❡❝ts ♦♥ r❡❛❞✐♥❣ s❡❡♥ ✐♥ ❝♦❧✉♠♥s ✷ ❛♥❞ ✻ ❛❧s♦ ❜❡❝♦♠❡ s♠❛❧❧❡r ✐♥ t❤❡

t✇♦✲❡♥❞♦❣❡♥♦✉s✲✈❛r✐❛❜❧❡s ♠♦❞❡❧s✳ ▼♦st ✐♥t❡r❡st✐♥❣❧②✱ ♣❡r❤❛♣s✱ t❤❡ ♠❛r❣✐♥❛❧❧② s✐❣♥✐✜❝❛♥t ♣♦s✐t✐✈❡

❝❤❛rt❡r s❝❤♦♦❧ ❡✛❡❝t ♦♥ r❡❛❞✐♥❣ ✭✇❤❡♥ ❡st✐♠❛t✐♥❣ ✉s✐♥❣ ❉❆ s❝♦r❡ ❝♦♥tr♦❧s✮ ❛❧s♦ ❞✐s❛♣♣❡❛rs✳ ❲❤✐❧❡

❝❤❛rt❡r st✉❞❡♥ts✬ r❡❛❞✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❡①❝❡❡❞s ✇❤❛t ✇❡ ❝❛♥ ❡①♣❡❝t t♦ s❡❡ ✇❡r❡ t❤❡s❡ st✉❞❡♥ts t♦

❡♥r♦❧❧ ✐♥ ❛ ♠✐① ♦❢ tr❛❞✐t✐♦♥❛❧ ❛♥❞ ✭❧♦✇✲♣❡r❢♦r♠✐♥❣✮ ✐♥♥♦✈❛t✐♦♥ s❝❤♦♦❧s✱ t❤❡ r❡❛❞✐♥❣ ❣❛♣ ❜❡t✇❡❡♥

❝❤❛rt❡rs ❛♥❞ tr❛❞✐t✐♦♥❛❧ ♣✉❜❧✐❝ s❝❤♦♦❧s ✐s ❛ ❧✐tt❧❡ s♠❛❧❧❡r✳

❆s t❤❡ t❤❡♦r❡t✐❝❛❧ ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡ ❧❡❛❞s ✉s t♦ ❡①♣❡❝t✱ t❤❡ r❡s✉❧ts ♦❢ ❡st✐♠❛t✐♦♥ ✇✐t❤ ❥♦✐♥t

s❝♦r❡ ❝♦♥tr♦❧s✱ s❤♦✇♥ ✐♥ ❝♦❧✉♠♥s ✹ ❛♥❞ ✽ ♦❢ ❚❛❜❧❡ ✶✵✱ ❞✐✛❡r ❧✐tt❧❡ ❢r♦♠ t❤❡ ❡st✐♠❛t❡s ❝♦♥str✉❝t❡❞

✉s✐♥❣ ❛❞❞✐t✐✈❡ s❝♦r❡ ❝♦♥tr♦❧s r❡♣♦rt❡❞ ✐♥ ❝♦❧✉♠♥s ✸ ❛♥❞ ✼ ✭❛ ♠❛r❣✐♥❛❧❧② s✐❣♥✐✜❝❛♥t t❤♦✉❣❤ st✐❧❧

✐♠♣r❡❝✐s❡❧② ❡st✐♠❛t❡ ♣♦s✐t✐✈❡ ✐♥♥♦✈❛t✐♦♥ ❡✛❡❝t ♦♥ ♠❛t❤ s❝♦r❡s ❡♠❡r❣❡s ✐♥ ❝♦❧✉♠♥ ✹✮✳ ❖✈❡r❛❧❧✱ ✐t

s❡❡♠s ❢❛✐r t♦ s❛② t❤❛t t❤❡ ✜♥❞✐♥❣s ♦♥ ❝❤❛rt❡r ❡✛❡❝t✐✈❡♥❡ss ✐♥ ❚❛❜❧❡ ✼ st❛♥❞ ✇❤❡♥ ❝❤❛rt❡r ❡✛❡❝ts

❛r❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ ❛ ♣r♦❝❡❞✉r❡ t❤❛t r❡♠♦✈❡s t❤❡ ✐♥♥♦✈❛t✐♦♥ s❡❝t♦r ❢r♦♠ t❤❡ ❝❤❛rt❡r ❡♥r♦❧❧♠❡♥t

❝♦✉♥t❡r❢❛❝t✉❛❧✳

✺ ❙✉♠♠❛r② ❛♥❞ ❉✐r❡❝t✐♦♥s ❢♦r ❋✉rt❤❡r ❲♦r❦

❲❡ ✐♥✈❡st✐❣❛t❡ r❡s❡❛r❝❤ str❛t❡❣✐❡s t❤❛t ❡①♣❧♦✐t t❤❡ r❛♥❞♦♠ ❧♦tt❡r② ♥✉♠❜❡r ❡♠❜❡❞❞❡❞ ✐♥ ♠❛r❦❡t

❞❡s✐❣♥ s♦❧✉t✐♦♥s t♦ s❝❤♦♦❧ ♠❛t❝❤✐♥❣ ♣r♦❜❧❡♠s✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❢r✉✐t ♦❢ t❤✐s ✐♥q✉✐r② ✐s t❤❡

❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡✱ ❛♥ ❡❛s✐❧②✲❝♦♠♣✉t❡❞ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ss✐❣♥♠❡♥t

t♦ ♣❛rt✐❝✉❧❛r s❝❤♦♦❧s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ st✉❞❡♥t ♣r❡❢❡r❡♥❝❡s ❛♥❞ ♣r✐♦r✐t✐❡s✳ ❚❤❡ ❉❆ ♣r♦♣❡♥s✐t②

s❝♦r❡ ♠❛①✐♠✐③❡s t❤❡ ♥✉♠❜❡r ♦❢ st✉❞❡♥ts ❛♥❞ s❝❤♦♦❧s t❤❛t ❝❛♥ ❜❡ st✉❞✐❡❞ ❜② r❛♥❞♦♠ ❛ss✐❣♥♠❡♥t✱

✇❤✐❧❡ ❛❧s♦ r❡✈❡❛❧✐♥❣ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❡s✐❣♥ ❣❡♥❡r❛t❡❞ ❛s ❛ ❜②✲♣r♦❞✉❝t ♦❢ ❞❡❢❡rr❡❞

❛❝❝❡♣t❛♥❝❡ ❛♥❞ r❡❧❛t❡❞ ♠❛t❝❤✐♥❣ s❝❤❡♠❡s✳ ❲❡ ❛❧s♦ s❤♦✇ ❤♦✇ t❤❡ ❉❆ s❝♦r❡ ❝❛♥ ❜❡ ✉s❡❞ t♦

❡st✐♠❛t❡ ❝❛✉s❛❧ ❡✛❡❝ts ✐♥ ♠♦❞❡❧s ✇✐t❤ ♠✉❧t✐♣❧❡ s❡❝t♦rs ♦r s❝❤♦♦❧s✳

❆ s❝♦r❡✲❜❛s❡❞ ❛♥❛❧②s✐s ♦❢ ❞❛t❛ ❢r♦♠ ❉❡♥✈❡r✬s ✉♥✐✜❡❞ s❝❤♦♦❧ ♠❛t❝❤ r❡✈❡❛❧s s✉❜st❛♥t✐❛❧ ❣❛✐♥s

❢r♦♠ ❛tt❡♥❞❛♥❝❡ ❛t ♦♥❡ ♦❢ ❉❡♥✈❡r✬s ♠❛♥② ❝❤❛rt❡r s❝❤♦♦❧s✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝❤❛rt❡r ❡✛❡❝ts ❛r❡

s✐♠✐❧❛r t♦ t❤♦s❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ s✐♥❣❧❡✲s❝❤♦♦❧ ❧♦tt❡r② str❛t❡❣✐❡s ❢♦r ❇♦st♦♥✬s ❝❤❛rt❡rs r❡♣♦rt❡❞ ✐♥

❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ❛s ✇✐t❤ ♣r❡✈✐♦✉s❧② r❡♣♦rt❡❞ r❡s✉❧ts ❢♦r ❇♦st♦♥

P✐❧♦t s❝❤♦♦❧s✱ ❉❡♥✈❡r✬s ■♥♥♦✈❛t✐♦♥ ♠♦❞❡❧ ❞♦❡s ♥♦t ❛♣♣❡❛r t♦ ❣❡♥❡r❛t❡ s✉❜st❛♥t✐❛❧ ❛❝❤✐❡✈❡♠❡♥t

❣❛✐♥s✳ ❖✉r ❛♥❛❧②s✐s ❢♦❝✉s❡s ♦♥ ❞❡✜♥✐♥❣ ❛♥❞ ❡st✐♠❛t✐♥❣ t❤❡ ❉❆ ♣r♦♣❡♥s✐t② s❝♦r❡✱ ❣✐✈✐♥❣ ❧❡ss

❛tt❡♥t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❤♦✇ ❜❡st t♦ ✉s❡ t❤❡ s❝♦r❡ ❢♦r ❡st✐♠❛t✐♦♥✳ ❙t✐❧❧✱ s✐♠♣❧❡ ✷❙▲❙ ♣r♦❝❡❞✉r❡s

s❡❡♠ t♦ ✇♦r❦ ✇❡❧❧✱ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❡st✐♠❛t❡s ♦❢ ❉P❙ ❝❤❛rt❡r ❡✛❡❝ts ❞✐✛❡r ❧✐tt❧❡ ❢r♦♠ t❤♦s❡

❣❡♥❡r❛t❡❞ ❜② s❡♠✐♣❛r❛♠❡tr✐❝ ❛❧t❡r♥❛t✐✈❡s✳

❚❤❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ❤❡r❡ s❤♦✉❧❞ ❜❡ ❜r♦❛❞❧② ❛♣♣❧✐❝❛❜❧❡ t♦ ♠❛r❦❡ts ✉s✐♥❣ t❤❡ ❉❆ ❢❛♠✐❧② ♦❢

♠❡❝❤❛♥✐s♠s ❢♦r ❝❡♥tr❛❧✐③❡❞ ❛ss✐❣♥♠❡♥t✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ s♦♠❡ ♠❛r❦❡ts ❛♥❞ ♠❛t❝❤❡s ✉s❡ ♠❡❝❤✲

✸✶



❛♥✐s♠s ♥♦t ❝♦✈❡r❡❞ ❜② t❤❡ ❉❆ ❢r❛♠❡✇♦r❦✳ ▼♦st ✐♠♣♦rt❛♥t ♦♥ t❤✐s ❧✐st ✐s t❤❡ t♦♣ tr❛❞✐♥❣ ❝②❝❧❡s

✭❚❚❈✮ ♠❡❝❤❛♥✐s♠ ✭❙❤❛♣❧❡② ❛♥❞ ❙❝❛r❢✱ ✶✾✼✹❀ ❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❛♥❞ ❙ö♥♠❡③✱ ✷✵✵✸✮✱ ✇❤✐❝❤ ❛❧❧♦✇s

st✉❞❡♥ts t♦ tr❛❞❡ ♣r✐♦r✐t✐❡s r❛t❤❡r t❤❛♥ tr❡❛t✐♥❣ ♣r✐♦r✐t✐❡s ❛s ✜①❡❞✳ ❲❡ ❤♦♣❡ t♦ r❡♣♦rt t❤❡♦r❡t✐❝❛❧

r❡s✉❧ts ♦♥ t❤❡ ❚❚❈ ♣r♦♣❡♥s✐t② s❝♦r❡ s♦♦♥✱ ❛❧♦♥❣ ✇✐t❤ r❡s✉❧ts ❢r♦♠ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ◆❡✇ ❖r❧❡❛♥s

❘❡❝♦✈❡r② ❙❝❤♦♦❧ ❉✐str✐❝t✱ ✇❤✐❝❤ ❤❛s ❡①♣❡r✐♠❡♥t❡❞ ✇✐t❤ ❚❚❈ ♠❛t❝❤✐♥❣ ✭❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳✱

✷✵✶✹❜✮✳

❋✐♥❛❧❧②✱ ♠❛♥② ♠❛t❝❤✐♥❣ ♣r♦❜❧❡♠s✱ s✉❝❤ ❛s t❤❡ s❡❧❡❝t✐✈❡ ❡①❛♠ s❝❤♦♦❧s ❛♥❛❧②③❡❞ ❜② ❏❛❝❦s♦♥

✭✷✵✶✵✮❀ ❉♦❜❜✐❡ ❛♥❞ ❋r②❡r ✭✷✵✶✹✮❀ ❆❜❞✉❧❦❛❞✐r♦➜❧✉ ❡t ❛❧✳ ✭✷✵✶✹❛✮❀ ▲✉❝❛s ❛♥❞ ▼❜✐t✐ ✭✷✵✶✹✮❀ P♦♣✲

❊❧❡❝❤❡s ❛♥❞ ❯rq✉✐♦❧❛ ✭✷✵✶✸✮ ✉s❡ ♥♦♥✲r❛♥❞♦♠❧②✲❛ss✐❣♥❡❞ t✐❡✲❜r❡❛❦❡rs r❛t❤❡r t❤❛♥ ❛ ❧♦tt❡r②✳ ❚❤❡s❡
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Table 1: DPS charter schools

Propensity score in (0,1)

School Total applicants

Applicants 

offered seats

DA score 

(frequency)

DA score 

(formula) Simulated score

Simulated score 

(first choice)

(1) (2) (3) (4) (5) (6)

Elementary and middle schools

Cesar Chavez Academy Denver 62 9 7 9 8 3

Denver Language School 4 0 0 0 0 0

DSST: Cole 281 129 31 40 44 0

DSST: College View 299 130 47 67 68 0

DSST: Green Valley Ranch 1014 146 324 344 357 291

DSST: Stapleton 849 156 180 189 221 137

Girls Athletic Leadership School 221 86 18 40 48 0

Highline Academy Charter School 159 26 69 78 84 50

KIPP Montbello College Prep 211 39 36 48 55 20

KIPP Sunshine Peak Academy 389 83 41 42 44 36

Odyssey Charter Elementary 215 6 20 21 22 14

Omar D. Blair Charter School 385 114 135 141 182 99

Pioneer Charter School 25 5 0 2 2 0

SIMS Fayola International Academy Denver 86 37 7 18 20 0

SOAR at Green Valley Ranch 85 9 41 42 43 37

SOAR Oakland 40 4 0 9 7 2

STRIVE Prep - Federal 621 138 170 172 175 131

STRIVE Prep - GVR 324 112 104 116 118 0

STRIVE Prep - Highland 263 112 2 21 18 0

STRIVE Prep - Lake 320 126 18 26 26 0

STRIVE Prep - Montbello 188 37 16 31 35 0

STRIVE Prep - Westwood 535 141 235 238 239 141

Venture Prep 100 50 12 17 17 0

Wyatt Edison Charter Elementary 48 4 0 3 2 0

High schools

DSST: Green Valley Ranch 806 173 290 343 330 263

DSST: Stapleton 522 27 116 117 139 96

Southwest Early College 265 76 34 47 55 0

Venture Prep 140 39 28 42 45 0

KIPP Denver Collegiate High School 268 60 29 37 40 24

SIMS Fayola International Academy Denver 71 15 6 22 22 0

STRIVE Prep - SMART 383 160 175 175 175 175

Notes: This table describes DPS charter applications. Column 1 reports the number of applicants ranking each school. Columns 3-6 count applicants with propensity score values 

strictly between zero and one according to different score computation methods. Column 6 shows the subset of applicants from column 5 who rank each school as their first 

choice. 



Table 2: DA Score anatomy

DA Score = 0 DA Score in (0,1) DA Score = 1

Capacity Offers 0≤MID≤1 MID ≥ τs MID = 1 MID < τs 0<MID<1 MID = 0

Campus (1) (2) (3) (4) (5) (6) (7) (8) (9)

GVR 324 147 112 0 0 159 0 116 49

Lake 274 147 126 0 0 132 0 26 116

Highland 244 147 112 0 0 121 0 21 102

Montbello 188 147 37 0 0 128 0 31 29

Federal 574 138 138 78 284 3 171 1 37

Westwood 494 141 141 53 181 4 238 0 18

Notes: This table shows how formula scores are determined for STRIVE school seats in grade 6 (all 6th grade seats at these schools are assigned in a 

single bucket; ineligible applicants, who have a score of zero, are omitted). Column 3 records offers made to these applicants. Columns 4-6 show the 

number of applicants in partitions with a score of zero. Columns 7 and 8 show the number of applicants subject to random assignment. Column 9 shows 

the number of applicants with certain offers.

Eligible 

applicants

Θ𝑠𝑠𝑛𝑛 Θ𝑠𝑠𝑐𝑐 Θ𝑠𝑠𝑎𝑎 Θ𝑠𝑠𝑐𝑐 Θ𝑠𝑠𝑎𝑎 Θ𝑠𝑠𝑎𝑎 



Table 3: DPS student characteristics

Propensity score in (0,1)

DA score (frequency) Simulated score

Charter applicants Charter students Charter applicants Charter students

(1) (2) (3) (4) (5) (6) (7)

Origin school is charter 0.133 0.080 0.130 0.259 0.371 0.230 0.357

Female 0.495 0.502 0.518 0.488 0.496 0.506 0.511

Race

Hispanic 0.594 0.593 0.633 0.667 0.713 0.636 0.711

Black 0.141 0.143 0.169 0.181 0.161 0.192 0.168

White 0.192 0.187 0.124 0.084 0.062 0.098 0.059

Asian 0.034 0.034 0.032 0.032 0.039 0.033 0.037

Gifted 0.171 0.213 0.192 0.159 0.152 0.165 0.149

Bilingual 0.039 0.026 0.033 0.038 0.042 0.032 0.037

Subsidized lunch 0.753 0.756 0.797 0.813 0.818 0.800 0.823

Limited English proficient 0.285 0.290 0.324 0.343 0.378 0.337 0.380

Special education 0.119 0.114 0.085 0.079 0.068 0.083 0.070

Baseline scores

Math 0.000 0.015 0.021 0.037 0.089 0.037 0.062

Reading 0.000 0.016 0.005 -0.011 0.007 0.008 -0.002

Writing 0.000 0.010 0.006 0.001 0.039 0.016 0.035

N 40,143 10,898 4,964 1,436 828 1,523 781

Notes: This table decribes the population of Denver 3rd-9th graders in 2011-2012, the baseline and application year. Statistics in column 1 are for charter and non-

charter students. Column 2 describes the subset that submitted an application to the SchoolChoice system for a seat in grades 4-10 at another DPS school in 2012-2013. 

Column 3 reports values for applicants ranking any charter school. Columns 4-7 show statistics for charter applicants with propensity score values strictly between zero 

and one. Test scores are standardized to the population in column 1.

Denver 

students

SchoolChoice 

applicants

Charter 

applicants



Table 4: Expected balance

Propensity score controls

DA score (frequency) Simulated score

Nonparametric Nonparametric

Non-offered 

mean No controls

Rounded 

(hundredths) Saturated

Rounded 

(hundredths)

Rounded (ten 

thousandths

Covariate (1) (2) (3) (4) (5) (6) (7) (8)

A. Application covariates

Number of schools ranked 4.375 -0.341 0.107 0.065 0.052 0.012 0.013 0.001

Number of charter schools ranked 1.426 0.474 0.109 0.069 0.055 0.004 0.004 0.000

First school ranked is charter 0.290 0.616 0.004 0.004 0.001 -0.002 -0.002 0.000

B. Baseline covariates

Origin school is charter 0.083 0.115 -0.017 -0.002 0.001 0.001 -0.001 0.000

Female 0.521 -0.007 0.002 0.003 0.003 0.002 0.001 0.001

Race

Hispanic 0.595 0.094 -0.010 -0.005 -0.005 0.003 0.002 0.000

Black 0.182 -0.031 0.005 0.001 0.001 -0.001 0.000 0.000

Gifted 0.201 -0.022 -0.003 -0.004 -0.005 0.000 0.001 0.000

Bilingual 0.025 0.020 0.001 0.001 0.001 0.000 0.001 0.000

Subsidized lunch 0.767 0.073 0.003 0.003 0.003 0.002 0.002 0.000

Limited English proficient 0.290 0.084 -0.004 -0.004 -0.005 0.000 0.000 -0.001

Special education 0.087 -0.004 -0.004 -0.004 -0.003 0.001 0.000 0.000

Baseline scores

Math 0.017 0.010 -0.023 -0.019 -0.020 -0.001 -0.002 -0.002

Reading 0.034 -0.070 -0.016 -0.014 -0.014 -0.002 -0.002 -0.003

Writing 0.029 -0.056 -0.019 -0.016 -0.016 -0.001 -0.002 -0.002

Average risk set points of support 87 39 47 1,148 51 121

Notes: This table reports average covariate balance by charter offer status across 400 lottery draws, with DA rerun each time. Balance is estimated by regressing each covariate on an any-

charter simulated offer dummy, controlling for the propensity score variables indicated in each column header. The table reports averages of these balance coefficients.  The sample 

includes applicants for 2012-13 charter seats in grades 4-10 who were enrolled in Denver at baseline. The charter offer variable indicates an offer at any charter school, excluding 

alternative charters. Column 1 reports the baseline characteristics of charter applicants who did not receive a charter offer. The average risk set points of support reported at the bottom of 

the table count the average number of unique values found in the support of the relevant propensity score. Except for columns 3 and 6, this excludes values of zero and one.  The 

estimates in columns 4, 7 and 8 use score values rounded as indicated in the column header; the estimates in column 5 control for every score value seen in the data. 

Linear control Linear control



Table 5a: Statistical tests for balance in application covariates

Propensity score controls

DA score (frequency) Simulated score

Nonparametric Nonparametric

No controls

Rounded 

(hundredths) Saturated

Rounded 

(hundredths)

Rounded (ten 

thousandths)

Application variable (1) (2) (3) (4) (5) (6) (7) (8)

Number of schools ranked -0.341*** 0.097 0.059 0.028 0.014 0.001 -0.061 -0.015

(0.046) (0.103) (0.095) (0.094) (0.102) (0.095) (0.125) (0.042)

Number of charter schools ranked 0.476*** 0.143*** 0.100** 0.074 0.020 -0.017 0.009 0.007

(0.024) (0.052) (0.047) (0.047) (0.048) (0.043) (0.061) (0.010)

First school ranked is charter 0.612*** 0.012 0.002 -0.001 -0.030 -0.042* 0.012 0.000

(0.011) (0.025) (0.022) (0.020) (0.027) (0.022) (0.027) (0.000)

N 4,964 1,436 1,289 1,247 1,523 1,290 681 301

Risk set points of support 88 40 47 1,148 51 126 61

Robust F-test for joint significance 1190 2.70 1.70 1.09 0.49 1.26 0.31 0.34

p-value 0.000 0.044 0.165 0.352 0.688 0.287 0.817 0.710

Full applicant 

type controls

Notes: This table reports coefficients from regressions of the application variables in each row on a dummy for charter offers. The sample includes applicants for 2012-13 charter seats in grades 4-

10 who were enrolled in Denver at baseline. Columns 1-7 are from regressions like those used to construct expected balance in Table 4, except that the tests reported here use realized DA offers, 

with test statistics and standard errors computed in the usual way.  Column 8 reports the balance test generated by a regression with saturated controls for applicant type (that is, unique 

combinations of applicant preferences over school programs and school priorities in those programs). Robust standard errors are reported in parentheses. P-values for robust joint significance tests 

are estimated by stacking outcomes and clustering  at the student level.

*significant at 10%; **significant at 5%; ***significant at 1%

Linear control Linear control



Table 5b: Statistical tests for balance in student characteristics

Propensity score controls

DA score (frequency) Simulated score

Nonparametric Nonparametric

No controls

Rounded 

(hundredths) Saturated

Rounded 

(hundredths)

Rounded (ten 

thousandths)

Student characteristics (1) (2) (3) (4) (5) (6) (7)

Origin school is charter 0.108*** -0.051** -0.037** -0.029* -0.039* -0.036** -0.037*

(0.010) (0.024) (0.017) (0.017) (0.023) (0.017) (0.022)

Female -0.005 0.024 0.021 0.019 0.016 0.030 0.010

(0.014) (0.034) (0.034) (0.034) (0.033) (0.034) (0.054)

Race

Hispanic 0.095*** -0.022 -0.013 -0.007 0.005 -0.001 -0.018

(0.014) (0.031) (0.028) (0.028) (0.031) (0.029) (0.042)

Black -0.033*** -0.002 -0.005 -0.007 -0.012 -0.012 0.011

(0.011) (0.026) (0.025) (0.025) (0.026) (0.026) (0.039)

Gifted -0.028** -0.026 -0.028 -0.030 -0.032 -0.035 -0.037

(0.011) (0.026) (0.026) (0.026) (0.025) (0.026) (0.042)

Bilingual 0.023*** 0.016 0.014 0.015 0.012 0.014 0.011

(0.005) (0.014) (0.013) (0.014) (0.014) (0.014) (0.021)

Subsidized lunch 0.073*** -0.003 -0.004 0.001 0.001 -0.005 0.024

(0.011) (0.027) (0.025) (0.025) (0.027) (0.026) (0.037)

Limited English proficient 0.086*** -0.002 -0.002 0.001 0.011 0.001 0.004

(0.014) (0.032) (0.032) (0.032) (0.032) (0.032) (0.053)

Special education 0.004 0.034** 0.032* 0.032* 0.043** 0.044** 0.035

(0.008) (0.017) (0.017) (0.017) (0.017) (0.018) (0.028)

N 4,964 1,436 1,289 1,247 1,523 1,290 681

Baseline scores

Math -0.002 -0.087 -0.083 -0.082 -0.068 -0.078 -0.053

(0.027) (0.061) (0.060) (0.061) (0.061) (0.061) (0.094)

Reading -0.085*** -0.096* -0.100* -0.108* -0.081 -0.086 -0.070

(0.026) (0.057) (0.056) (0.056) (0.056) (0.056) (0.087)

Writing -0.072*** -0.097* -0.096* -0.101* -0.085 -0.094* -0.053

(0.026) (0.056) (0.054) (0.055) (0.055) (0.054) (0.083)

N 4,889 1,420 1,275 1,234 1,504 1,275 675

Robust F-test for joint significance 19.1 1.20 1.13 0.99 1.04 1.35 0.71

p-value 0.000 0.278 0.329 0.454 0.408 0.183 0.743

See notes to Table 5a.

*significant at 10%; **significant at 5%; ***significant at 1%

Linear control Linear control



Table 6: Comparison of 2SLS and semiparametric estimates of charter effects

Frequency (saturated) Formula (saturated) Simulation (hundredths)

2SLS Semiparametric 2SLS Semiparametric 2SLS Semiparametric

(1) (2) (3) (4) (5) (6)

Math 0.496*** 0.443*** 0.524*** 0.486*** 0.543*** 0.474**

(0.076) (0.105) (0.071) (0.105) (0.075) (0.212)

{0.071} {0.076} {0.079}

Reading 0.127* 0.106 0.120* 0.118 0.106 0.127

(0.065) (0.107) (0.073) (0.115) (0.069) (0.173)

{0.065} {0.069} {0.071}

Writing 0.325*** 0.326*** 0.356*** 0.364*** 0.324*** 0.305**

(0.079) (0.102) (0.082) (0.113) (0.079) (0.145)

{0.077} {0.080} {0.080}

N 1,102 1,093 1,083 1,081 1,137 1,137

Notes: This table compares 2SLS and semiparametric estimates of charter attendance effects on the 2012-13 TCAP scores of Denver 4th-

10th graders. The instrument is an any-charter offer dummy. The semiparametric estimator is described in Section 3.5.  In addition to score 

variables, 2SLS estimates include controls for grade tested, gender, origin school charter status, race, gifted status, bilingual status, 

subsidized price lunch eligibility, special education, limited English proficient status, and baseline test scores. Semiparametric models use 

these same variables as controls when computing the score weighting function. Standard errors in parentheses are from a Bayesian 

bootstrap. Conventional robust standard errors for 2SLS estimates are reported in braces.

*significant at 10%; **significant at 5%; ***significant at 1%



Table 7: Comparison of 2SLS and OLS estimates of charter attendance effects

DA score

(1) (2) (3) (4) (5) (6)

First stage 0.410*** 0.389*** 0.377*** 0.683***

(0.031) (0.032) (0.032) (0.012)

Math 0.496*** 0.524*** 0.543*** 0.306*** 0.304*** 0.386***

(0.071) (0.076) (0.079) (0.021) (0.015) (0.034)

Reading 0.127** 0.120* 0.106 0.093*** 0.103*** 0.093***

(0.065) (0.069) (0.071) (0.020) (0.014) (0.029)

Writing 0.325*** 0.356*** 0.324*** 0.183*** 0.180*** 0.202***

(0.077) (0.080) (0.080) (0.023) (0.015) (0.036)

N 1,102 1,083 1,137 4,317 4,317 1,102

Notes: This table compares 2SLS and OLS estimates of charter attendance effects using the same sample and instruments as for Table 6. The OLS 

estimates in column 6 are from a model that includes saturated control for frequency estimates of the DA score. In addition to score variables, all 

models include controls for grade tested, gender, origin school charter status, race, gifted status, bilingual status, subsidized price lunch eligibility, 

special education, limited English proficient status, and baseline test scores. Robust standard errors are reported in parentheses.

*significant at 10%; **significant at 5%; ***significant at 1%

2SLS estimates

Simulated score

rounded (hundredths)

Frequency

(saturated)

Formula

(saturated)

No score 

controls OLS

OLS with 

score controls



Table 8: Other IV strategies

Charter attendance effect

(1) (2) (3) (4) (5)

A. First stage estimates

1.000 0.774*** 0.476***

-- (0.026) (0.024)

0.410*** 0.323*** 0.178***

(0.031) (0.035) (0.027)

B. 2SLS estimates

Math 0.496*** 0.596*** 0.409***

(0.071) (0.102) (0.149) 2.0 4.4

Reading 0.127** 0.227** 0.229

(0.065) (0.102) (0.144) 2.5 4.9

Writing 0.325*** 0.333*** 0.505***

(0.077) (0.119) (0.162) 2.4 4.5

N (students) 1,102 1,125 1,969

N (schools) 30 15 24

Notes: This table compares alternative 2SLS estimates of charter attendance effects using the same sample and control variables used to construct the 

estimates in Tables 6-7. Column 1 repeats the estimates using a DA offer instrument from column 1 in Table 7. The row labeled "First stage for charter 

offers" reports the coefficient from a regression of any-charter offer dummy (the instrument used in column 1) on other instruments, conditioning on the 

same controls used in the corresponding first stage estimates for charter enrollment. Column 2 reports 2SLS estimates computed using a first-choice 

charter offer instrument. Column 3 reports charter attendance effects computed using an any-charter qualification instrument. These alternative IV 

models control for risk sets making the first-choice and qualification instruments conditionally random; see Section 4.5 for details. Columns 4 and 5 

report the multiples of the first-choice offer sample size and qualification sample size needed to achieve a precision gain equivalent to the gain from 

using the any-charter offer instrument. The last row counts the number of schools for which we observe in-sample variation in offer rates conditional on 

the score controls included in the model.

*significant at 10%; **significant at 5%; ***significant at 1%

Offer instrument with 

DA score (frequency) 

controls (saturated)

First choice charter 

offer with risk set 

controls

Qualification 

instrument with risk 

set controls

Sample size increase 

for equivalent gain 

(col 2 vs col 1)

Sample size increase 

for equivalent gain 

(col 3 vs col 1)

First stage for charter 

offers

First stage for charter 

enrollment



Table 9: Enrollment destinies for charter applicants

Charter applicants with DA score (frequency) in (0,1)

All charter applicants All applicants Compliers

No charter offer Charter offer

Non-offered 

mean

First stage 

+ col 3 No charter offer Charter offer

(1) (2) (3) (4) (5) (6)

Enrolled in a study charter 0.147 0.865 0.347 0.757 -- 1.000

         … in a traditional public 0.405 0.081 0.257 0.054 0.497 --

         … in an innovation school 0.234 0.023 0.241 0.107 0.328 --

         … in a magnet school 0.192 0.021 0.116 0.078 0.094 --

         … in an alternative school 0.009 0.005 0.018 0.006 0.030 --

         … in a contract school 0.012 0.004 0.018 -0.001 0.047 --

         … in a non-study charter 0.001 0.000 0.002 0.000 0.005 --

N 2,555 1,833 498 1,102 -- --

Notes: This table describes school enrollment outcomes for charter applicants in the sample used to construct the estimates reported in Table 7. Columns 1-2 show 

enrollment by sesctor for all applicants without and with a charter offer. The remaining columns look only at those with a DA (frequency) score strictly between 

zero and one. Column 4 adds the non-offered mean in column 3 to the first stage estimate of the effect of charter offers on charter enrollment. School sectors are 

classified by grade. Innovation schools design and implement innovative practices to improve student outcomes. Magnet schools serve students with particular 

styles of learning. Alternative schools serve students struggling with academics, behavior, attendance, or other factors that may prevent them from succeeding in a 

traditional school environment; the latter offer faster pathways toward high school graduation, such as GED preparation and technical education. There is a single 

contract school, Escuela Tlatelolco, a private school contracted to serve DPS students, and a single non-study charter that closed in May 2013. Complier means in 

columns 5 and 6 were estimated using the 2SLS procedures described by Abadie(2002), with the same propensity score and covariate controls as were used to 

construct the estimates in Table 7.



Table 10: DPS charter and innovation school attendance effects

DA score (frequency) controls (saturated) Simulated score controls rounded (hundredths)

Charter and innovation Charter and innovation

(1) (2) (3) (4) (5) (6) (7) (8)

Charter First Stage 0.410*** -- 0.405*** 0.398*** 0.377*** -- 0.437*** 0.417***

(0.031) -- (0.034) (0.035) (0.032) -- (0.032) (0.035)

Innovation First Stage -- 0.348*** 0.347*** 0.348*** -- 0.345*** 0.301*** 0.300***

-- (0.042) (0.042) (0.044) -- (0.041) (0.040) (0.043)

A. Math

Charter 0.496*** -- 0.534*** 0.517*** 0.543*** -- 0.618*** 0.550***

(0.071) -- (0.077) (0.082) (0.079) -- (0.073) (0.082)

Innovation -- -0.035 0.177 0.286* -- -0.180 0.199 0.146

-- (0.136) (0.134) (0.147) -- (0.137) (0.159) (0.174)

B. Reading

Charter 0.127** -- 0.076 0.072 0.106 -- 0.105 0.089

(0.065) -- (0.078) (0.084) (0.071) -- (0.075) (0.085)

Innovation -- -0.285** -0.231 -0.190 -- -0.203 -0.074 -0.162

-- (0.141) (0.153) (0.165) -- (0.136) (0.161) (0.185)

C. Writing

Charter 0.325*** -- 0.357*** 0.334*** 0.324*** -- 0.348*** 0.393***

(0.077) -- (0.087) (0.094) (0.080) -- (0.079) (0.087)

Innovation -- -0.119 0.115 0.052 -- -0.057 0.063 0.004

-- (0.136) (0.148) (0.156) -- (0.132) (0.153) (0.167)

N 1,102 546 1,418 1,274 1,137 613 1,583 1,274

Notes: This table reports 2SLS estimates of charter and innovation attendance effects for applicants to schools in one or both sectors. The estimates for charter applicants in columns 

1 and 5 are the same as reported in column 1 of Table 7. Columns 2 and 6 report innovation attendance effects for innovation applicants, estimated in models using an innovation 

offer instrument and innovation-specific saturated score controls constructed like those used for charter applicants. Columns 3 and 7 report coefficients from a two-endogenous-

variable/two-instrument 2SLS model for the attendance effects of charters and innovations, conditioning additively on charter-specific and innovation-specific saturated score 

controls. Columns 4 and 8 show results from joint-effect models that add interactions between the two scores to the specification that generated column 7.  

*significant at 10%; **significant at 5%; ***significant at 1%

Additive score

controlsInnovation onlyCharter only

Joint score 

controls

Additive score 

controlsInnovation onlyCharter only

Joint score 

controls



❆ ❚❤❡♦r❡t✐❝❛❧ ❆♣♣❡♥❞✐①

❆✳✶ ❉❡✜♥✐♥❣ ❉❆✿ ❉❡t❛✐❧s

❖✉r ❣❡♥❡r❛❧ ❢♦r♠✉❧❛t✐♦♥ ❞❡✜♥❡s t❤❡ ❉❆ ♠❛t❝❤ ❛s ❞❡t❡r♠✐♥❡❞ ❜② ❝✉t♦✛s ❢♦✉♥❞ ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❛

s❡q✉❡♥❝❡✳ ❘❡❝❛❧❧ t❤❛t t❤❡s❡ ❝✉t♦✛s ❡✈♦❧✈❡ ❛❝❝♦r❞✐♥❣ t♦

ct+1
s =

{

K + 1 ✐❢ F (Qs(c
t)) < qs,

max
{

x ∈ [0,K + 1] | F ({i ∈ Qs(c
t) s✉❝❤ t❤❛t πis ≤ x}) ≤ qs

}

♦t❤❡r✇✐s❡✱

✇❤❡r❡ Qs(c
t) ✐s t❤❡ ❞❡♠❛♥❞ ❢♦r s❡❛ts ❛t s❝❤♦♦❧ s ❢♦r ❛ ❣✐✈❡♥ ✈❡❝t♦r ♦❢ ❝✉t♦✛s ct ❛♥❞ ✐s ❞❡✜♥❡❞ ❛s

Qs(c
t) = {i ∈ I | πis ≤ cts ❛♥❞ s ≻i s̃ ❢♦r ❛❧❧ s̃ ∈ S s✉❝❤ t❤❛t πis̃ ≤ cts̃}. ✭✶✻✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝♦♥✜r♠s t❤❛t t❤❡s❡ ❧✐♠✐t✐♥❣ ❝✉t♦✛s ❡①✐st✱ ✐✳❡✳✱ t❤❛t t❤❡ s❡q✉❡♥❝❡ ct ❝♦♥✈❡r❣❡s✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❈♦♥s✐❞❡r ❛♥ ❡❝♦♥♦♠② ❞❡s❝r✐❜❡❞ ❜② ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ st✉❞❡♥ts F ❛♥❞ s❝❤♦♦❧ ❝❛♣❛❝✲

✐t✐❡s ❛s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳ ❈♦♥str✉❝t ❛ s❡q✉❡♥❝❡ ♦❢ ❝✉t♦✛s✱ cts✱ ❢♦r t❤✐s ❡❝♦♥♦♠② ❛s ❞❡s❝r✐❜❡❞

❛❜♦✈❡✳ ❚❤❡♥✱ limt→∞ cts ❡①✐sts✳

Pr♦♦❢✳ cts ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❢♦r ❛❧❧ t ≥ 1 ❛♥❞ ❛❧❧ s ∈ S s✐♥❝❡ ✐t ✐s ❡✐t❤❡r K + 1 ♦r t❤❡ ♠❛①✐♠✐③❡r ♦❢

❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦✈❡r ❛ ❝♦♠♣❛❝t s❡t✳ ❲❡ ✇✐❧❧ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t {cts} ✐s ❛ ❞❡❝r❡❛s✐♥❣

s❡q✉❡♥❝❡ ❢♦r ❛❧❧ s✳

❋♦r t❤❡ ❜❛s❡ ❝❛s❡✱ c2s ≤ c1s ❢♦r ❛❧❧ s s✐♥❝❡ c1s = K + 1 ❛♥❞ c2s ≤ K + 1 ❜② ❝♦♥str✉❝t✐♦♥✳

❋♦r t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣✱ s✉♣♣♦s❡ t❤❛t cts ≤ ct−1
s ❢♦r ❛❧❧ s ❛♥❞ ❛❧❧ t = 1, ..., T. ❋♦r ❡❛❝❤ s✱ ✐❢

cTs = K + 1✱ t❤❡♥ cT+1
s ≤ cTs s✐♥❝❡ cts ≤ K + 1 ❢♦r ❛❧❧ t ❜② ❝♦♥str✉❝t✐♦♥✳ ❖t❤❡r✇✐s❡✱ s✉♣♣♦s❡ t♦

t❤❡ ❝♦♥tr❛r② t❤❛t cT+1
s > cTs ✳ ❙✐♥❝❡ cTs < K + 1✱ F ({i ∈ Qs(c

T−1) s✉❝❤ t❤❛t πis ≤ cTs }) = qs✳

❚❤❡♥✱

F ({i ∈ Qs(c
T ) s✉❝❤ t❤❛t πis ≤ cT+1

s })

= F ({i ∈ Qs(c
T ) s✉❝❤ t❤❛t πis ≤ cTs }) + F ({i ∈ Qs(c

T ) s✉❝❤ t❤❛t cTs < πis ≤ cT+1
s })

≥ F ({i ∈ Qs(c
T−1) s✉❝❤ t❤❛t πis ≤ cTs }) + F ({i ∈ Qs(c

T ) s✉❝❤ t❤❛t cTs < πis ≤ cT+1
s }) ✭✶✼✮

≥ qs + F ({i ∈ Qs(c
T ) s✉❝❤ t❤❛t cTs < πis ≤ cT+1

s }) ✭✶✽✮

> qs. ✭✶✾✮

❊①♣r❡ss✐♦♥ ✭✶✼✮ ❢♦❧❧♦✇s ❜❡❝❛✉s❡

{i ∈ Qs(c
T ) s✉❝❤ t❤❛t πis ≤ cTs }

= {i ∈ I | πis ≤ cTs ❛♥❞ s ≻i s̃ ❢♦r ❛❧❧ s̃ ∈ S s✉❝❤ t❤❛t πis̃ ≤ cTs̃ }

⊇ {i ∈ I | πis ≤ cTs ❛♥❞ s ≻i s̃ ❢♦r ❛❧❧ s̃ ∈ S s✉❝❤ t❤❛t πis̃ ≤ cT−1
s̃ } (❜② cTs̃ ≤ cT−1

s̃ )

= {i ∈ Qs(c
T−1) s✉❝❤ t❤❛t πis ≤ cTs }.

❊①♣r❡ss✐♦♥ ✭✶✽✮ ❢♦❧❧♦✇s ❜② t❤❡ ✐♥❞✉❝t✐✈❡ ❛ss✉♠♣t✐♦♥ ❛♥❞ s✐♥❝❡ cTs < K + 1✳

❊①♣r❡ss✐♦♥ ✭✶✾✮ ❢♦❧❧♦✇s s✐♥❝❡ ✐❢ F ({i ∈ Qs(c
T ) s✉❝❤ t❤❛t cTs < πis ≤ cT+1

s }) = 0✱ t❤❡♥

F ({i ∈ Qs(c
T−1) s✉❝❤ t❤❛t πis ≤ cT+1

s }) = F ({i ∈ Qs(c
T−1) s✉❝❤ t❤❛t πis ≤ cTs }) ≤ qs,

✹✻



✇❤✐❧❡ cT+1
s > cTs ✱ ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ cTs ✳

❊①♣r❡ss✐♦♥ ✭✶✾✮ ❝♦♥tr❛❞✐❝ts t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ cT+1 s✐♥❝❡ t❤❡ ❝✉t♦✛ ❛t st❡♣ T + 1 r❡s✉❧ts ✐♥

❛♥ ❛❧❧♦❝❛t✐♦♥ t❤❛t ❡①❝❡❡❞s t❤❡ ❝❛♣❛❝✐t② ♦❢ s❝❤♦♦❧ s✳ ❚❤✐s t❤❡r❡❢♦r❡ ❡st❛❜❧✐s❤❡s t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣

t❤❛t cT+1
s ≤ cTs ✳

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ ♦❜s❡r✈❡ t❤❛t s✐♥❝❡ {cts} ✐s ❛ ❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ✐♥

t❤❡ ❝♦♠♣❛❝t ✐♥t❡r✈❛❧ [0,K + 1]✱ cts ❝♦♥✈❡r❣❡s ❜② t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✳

◆♦t❡ t❤❛t t❤✐s r❡s✉❧t ❛♣♣❧✐❡s t♦ t❤❡ ❝✉t♦✛s ❢♦r ❜♦t❤ ✜♥✐t❡ ❛♥❞ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠✐❡s✳ ■♥ ✜♥✐t❡

♠❛r❦❡ts✱ ❛t ❝♦♥✈❡r❣❡♥❝❡✱ t❤❡s❡ ❝✉t♦✛s ♣r♦❞✉❝❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ ✇❡ ❣❡t ❢r♦♠ t❤❡ ✉s✉❛❧ ❞❡✜♥✐t✐♦♥ ♦❢

❉❆ ✭❡✳❣✳✱ ❛s ✐♥ ●❛❧❡ ❛♥❞ ❙❤❛♣❧❡② ✭✶✾✻✷✮✮✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❜② ♥♦t✐♥❣ t❤❛t

max{x ∈ [0,K + 1] | F ({i ∈ Qs(c
t) s✉❝❤ t❤❛t πis ≤ x}) ≤ qs}

= max{x ∈ [0,K + 1] | |{j ∈ Qs(c
t) : πjs ≤ x}| ≤ ks},

✐♠♣❧②✐♥❣ t❤❛t t❤❡ t❡♥t❛t✐✈❡ ❝✉t♦✛ ❛t s❝❤♦♦❧ s ✐♥ st❡♣ t ✐♥ ♦✉r ❉❆ ❢♦r♠✉❧❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❞❡t❡r♠✐♥❡❞

❜② t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ❡q✉❛❧✐t②✱ ✐s t❤❡ s❛♠❡ ❛s t❤❛t ✐♥ ●❛❧❡ ❛♥❞ ❙❤❛♣❧❡② ✭✶✾✻✷✮✬s ❉❆

❢♦r♠✉❧❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❡q✉❛❧✐t②✳ ❖✉r ❉❆ ❢♦r♠✉❧❛t✐♦♥

❛♥❞ t❤❡ ●❛❧❡ ❛♥❞ ❙❤❛♣❧❡② ✭✶✾✻✷✮ ❢♦r♠✉❧❛t✐♦♥ t❤❡r❡❢♦r❡ ♣r♦❞✉❝❡ t❤❡ s❛♠❡ ❝✉t♦✛ ❛t ❡❛❝❤ st❡♣✳

❚❤✐s ❛❧s♦ ✐♠♣❧✐❡s t❤❛t✱ ✐♥ ✜♥✐t❡ ♠❛r❦❡ts✱ ♦✉r ❉❆ ❝✉t♦✛s ❛r❡ ❢♦✉♥❞ ✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s✱

s✐♥❝❡ ❉❆ ❛s ❞❡s❝r✐❜❡❞ ❜② ●❛❧❡ ❛♥❞ ❙❤❛♣❧❡② ✭✶✾✻✷✮ ❝♦♥✈❡r❣❡s ✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❡♣s✳

❆✳✷ ❈♦♥❞✐t✐♦♥❛❧ ■♥❞❡♣❡♥❞❡♥❝❡ ♦❢ ❉❆✲❣❡♥❡r❛t❡❞ ❖✛❡rs

Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t Wi ❜❡ ❛♥② ✈❛r✐❛❜❧❡ t❤❛t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❧♦tt❡r② ♥✉♠❜❡rs ❛♥❞ ✇r✐t❡ P [Di(s) =

1|Wi, θ] ❢♦r P [Di(s) = 1|Wi, θi = θ]✳ ❚❤❡♥

P [Di(s) = 1|Wi, θ] = P [Di(s) = 1|θ].

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t ❉❆ ❝♦♥✈❡r❣❡s ❛t ✐t❡r❛t✐♦♥ ❚✳ ❉❡♠❛♥❞ ❣✐✈❡♥ ❝✉t♦✛s✱ Q(cT )✱ ❛ ❢✉♥❝t✐♦♥ ♦❢

r❛♥❞♦♠ ♥✉♠❜❡rs✱ ♣r❡❢❡r❡♥❝❡s✱ ❛♥❞ ♣r✐♦r✐t✐❡s✱ ❞❡t❡r♠✐♥❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♦✛❡rs✳ ❊q✉❛t✐♦♥ ✭✶✻✮

t❤❡r❡❢♦r❡ ✐♠♣❧✐❡s t❤❛t

P [Di(s) = 1|Wi, c
T , θ] = P [Di(s) = 1|cT , θ]. ✭✷✵✮

❊q✉❛t✐♦♥ ✭✷✵✮ ❞♦❡s ♥♦t ❝♦♥tr❛❞✐❝t t❤❡ ❢❛❝t t❤❛t cT ✐s ❞❡t❡r♠✐♥❡❞ ✐♥ ♣❛rt ❜② ✐♥t❡r❛❝t✐♦♥s

❜❡t✇❡❡♥ t②♣❡s ❛♥❞ r❡❛❧✐③❡❞ ❧♦tt❡r② ♥✉♠❜❡rs✱ ✐♥t❡r❛❝t✐♦♥s t❤❛t ♠❛② ❞✐st♦rt t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

❧♦tt❡r② ♥✉♠❜❡rs ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❝✉t♦✛s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✭✷✵✮ ❤♦❧❞s ❡✈❡♥ ✐❢ ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ cT ♠❛❦❡s

t❤❡ ❧♦tt❡r② ♥✉♠❜❡r ❞✐str✐❜✉t✐♦♥ ❞❡♣❡♥❞ ♦♥ θ✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡

♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❞❡♠❛♥❞ ❢♦r ❉❆✱ ♦✛❡rs ❛♥❞ ❝✉t♦✛s ❛r❡ ❥♦✐♥t❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ Wi ❣✐✈❡♥ θ✳✷✽

✷✽❯s✐♥❣ t❤❡ s❤♦rt❤❛♥❞ ♥♦t❛t✐♦♥ P [Di(s),Wi, c
T , θ] t♦ ❞❡♥♦t❡ ❥♦✐♥t ♣r♦❜❛❜✐❧✐t② st❛t❡♠❡♥ts ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞

❝♦♥❞✐t✐♦♥❛❧s ✇✐t❤♦✉t s♣❡❝✐❢②✐♥❣ r❡❛❧✐③❡❞ ✈❛❧✉❡s✱ ✇❡ ❤❛✈❡✿

P [Di(s)|Wi, c
T
, θ] =

P [Di(s), c
T |Wi, θ]

P [cT |Wi, θ]
=

P [Di(s), c
T |θ]

P [cT |θ]
= P [Di(s)|c

T
, θ].

❏♦✐♥t ✐♥❞❡♣❡♥❞❡♥❝❡ ✐s ✉s❡❞ ❢♦r t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t②✳

✹✼



◆♦t❡ ❛❧s♦ t❤❛t ❝✉t♦✛s s❛t✐s❢②

cT ⊥⊥ Wi|θ, ✭✷✶✮

❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t cT ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ i ✐♥ ❡✈❡r② ❧♦tt❡r② ❞r❛✇✳

❋✐♥❛❧❧②✱ ✉s✐♥❣ ✭✷✵✮✱ ✇❡ ❤❛✈❡

P [Di(s) = 1|Wi, θ] = E{E[Di|Wi, θ, c
T ]|Wi, θ} = E{E[Di|c

T , θ]|Wi, θ},

❛♥❞ t❤❡ ❢✉rt❤❡r ✐♠♣❧✐❝❛t✐♦♥ ❜② ✭✷✶✮ t❤❛t

E{E[Di|c
T , θ]|Wi, θ} = E{E[Di|c

T , θ]|θ} = P [Di(s) = 1|θ],

❝♦♠♣❧❡t✐♥❣ t❤❡ ♣r♦♦❢ ❢♦r ✜♥✐t❡ ♠❛r❦❡ts✳

❊①t❡♥s✐♦♥ t♦ t❤❡ ❝♦♥t✐♥✉✉♠ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Q(c) ❢♦r t❤❡ ❧✐♠✐t✐♥❣ ❛❧❧♦❝❛t✐♦♥ ✐♥

t❤❡ ❝♦♥t✐♥✉✉♠ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❧✐♠✐t✐♥❣ ❝✉t♦✛ ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠✱ c✱ ✐s ♥♦♥✲st♦❝❤❛st✐❝✳

❆✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶

❆❞♠✐ss✐♦♥s ❝✉t♦✛s c ✐♥ ❛ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠② ❛r❡ ✐♥✈❛r✐❛♥t t♦ ❧♦tt❡r② ♦✉t❝♦♠❡s (ri)✿ ❉❆ ✐♥ t❤❡

❝♦♥t✐♥✉✉♠ ❞❡♣❡♥❞s ♦♥ (ri) ♦♥❧② t❤r♦✉❣❤ F (I0) ❢♦r s❡ts I0 = {i ∈ I | θi ∈ Θ0} ✇✐t❤ ✈❛r✐♦✉s ❝❤♦✐❝❡s

♦❢ Θ0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ F (I0) ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ ❧♦tt❡r② r❡❛❧✐③❛t✐♦♥s✳ ▲✐❦❡✇✐s❡✱ ♠❛r❣✐♥❛❧ ♣r✐♦r✐t②

ρs̃ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❢♦r ❡✈❡r② s❝❤♦♦❧ s̃✳

❈♦♥s✐❞❡r t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ❢♦r s❝❤♦♦❧ s. ❙t✉❞❡♥ts ✇❤♦ ❞♦♥✬t r❛♥❦ s ❤❛✈❡ ϕs(θ) = 0✳

❆♠♦♥❣ t❤♦s❡ ✇❤♦ ❞♦ r❛♥❦ s✱ t❤♦s❡ ♦❢ t②♣❡ θ ∈ Θn
s ❤❛✈❡ ρθs > ρs. ❚❤❡r❡❢♦r❡ ϕs(θ) = 0 ❢♦r ❡✈❡r②

θ ∈ Θn
s ∪ (Θ\Θs).

❙t✉❞❡♥ts ♦❢ t②♣❡ θ ∈ Θa
s∪Θc

s ♠❛② ❜❡ ❛ss✐❣♥❡❞ s̃ ∈ Bθs, ✇❤❡r❡ ρθs̃ = ρs̃✳ ❙✐♥❝❡ ❧♦tt❡r② ♥✉♠❜❡rs

❛r❡ ✉♥✐❢♦r♠✱ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ t②♣❡ θ st✉❞❡♥ts ❛ss✐❣♥❡❞ s♦♠❡ s̃ ∈ Bθs ✇❤❡r❡ ρθs̃ = ρs̃ ✐s MIDθs̃✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♥♦t ❜❡✐♥❣ ❛ss✐❣♥❡❞ ❛♥② s̃ ∈ Bθs ✇❤❡r❡ ρθs̃ = ρs̃ ❢♦r ❛ t②♣❡

θ st✉❞❡♥t ✐s 1 − MIDθs. ❊✈❡r② st✉❞❡♥t ♦❢ t②♣❡ θ ∈ Θa
s ✇❤♦ ✐s ♥♦t ❛ss✐❣♥❡❞ ❛ ❤✐❣❤❡r ❝❤♦✐❝❡ ✐s

❛ss✐❣♥❡❞ s ❜❡❝❛✉s❡ ρθs < ρs, ❛♥❞ s♦

ϕs(θ) = (1−MIDθs) ❢♦r ❛❧❧ θ ∈ Θa
s .

❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r st✉❞❡♥ts ♦❢ t②♣❡ θ ∈ Θc
s ✇❤♦ ❛r❡ ♥♦t ❛ss✐❣♥❡❞ ❛ ❤✐❣❤❡r ❝❤♦✐❝❡✳ ❚❤❡ ❢r❛❝t✐♦♥

♦❢ st✉❞❡♥ts θ ∈ Θc
s ✇❤♦ ❛r❡ ♥♦t ❛ss✐❣♥❡❞ ❛ ❤✐❣❤❡r ❝❤♦✐❝❡ ✐s 1−MIDθs✳ ❆❧s♦✱ t❤❡ r❛♥❞♦♠ ♥✉♠❜❡rs

♦❢ t❤❡s❡ st✉❞❡♥ts ✐s ❧❛r❣❡r t❤❛♥ MIDθs✳ ■❢ τs < MIDθs, t❤❡♥ ♥♦ s✉❝❤ st✉❞❡♥t ✐s ❛ss✐❣♥❡❞ s. ■❢

τs ≥ MIDθs, t❤❡♥ t❤❡ r❛t✐♦ ♦❢ st✉❞❡♥ts t❤❛t ❛r❡ ❛ss✐❣♥❡❞ s ✇✐t❤✐♥ t❤✐s s❡t ✐s ❣✐✈❡♥ ❜② τs−MIDθs

1−MIDθs
.

❍❡♥❝❡✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ θ ∈ Θc
s ❛♥❞ ♥♦t ❜❡✐♥❣ ❛ss✐❣♥❡❞ ❛ ❝❤♦✐❝❡ ❤✐❣❤❡r t❤❛♥ s, t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢

❜❡✐♥❣ ❛ss✐❣♥❡❞ s ✐s ❣✐✈❡♥ ❜② max{0, τs−MIDθs

1−MIDθs
}. ❚❤❡r❡❢♦r❡✱

ϕs(θ) = (1−MIDθs)×max

{

0,
τs −MIDθs

1−MIDθs

}

❢♦r ❛❧❧ θ ∈ Θc
s.

✹✽



❆✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

❲❡ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ ❜② ♣r♦✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ✐♥t❡r♠❡❞✐❛t❡

r❡s✉❧ts✳

▲❡♠♠❛ ✶✳ ✭❈✉t♦✛ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡✮ ĉn
a.s.
−→ c✳

▲❡♠♠❛ ✷✳ ✭Pr♦♣❡♥s✐t② s❝♦r❡ ❛❧♠♦st s✉r❡ ❝♦♥✈❡r❣❡♥❝❡✮ ❋♦r ❛❧❧ θ ∈ Θ ❛♥❞ s ∈ S, pns(θ)
a.s.
−→ ϕs(θ)✳

❆✳✹✳✶ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶

❲❡ ✉s❡ t❤❡ ❊①t❡♥❞❡❞ ❈♦♥t✐♥✉♦✉s ▼❛♣♣✐♥❣ ❚❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✶✾✳✶ ✐♥ ✈❛♥ ❞❡r ❱❛❛rt ✭✷✵✵✵✮✮

t♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛✳ ❲❡ ✜rst s❤♦✇ ❞❡t❡r♠✐♥✐st✐❝ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❝✉t♦✛s ✐♥ ♦r❞❡r t♦ ✈❡r✐❢② t❤❡

❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ t❤❡♦r❡♠✳

▼♦❞✐❢② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ F t♦ ❞❡s❝r✐❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❧♦tt❡r② ♥✉♠❜❡rs ❛s ✇❡❧❧ t②♣❡s✿ ❋♦r

❛♥② s❡t ♦❢ st✉❞❡♥t t②♣❡s Θ0 ⊂ Θ ❛♥❞ ❢♦r ❛♥② ♥✉♠❜❡rs r0, r1 ∈ [0, 1] ✇✐t❤ r0 < r1✱ ❞❡✜♥❡ t❤❡ s❡t

♦❢ st✉❞❡♥ts ♦❢ t②♣❡s ✐♥ Θ0 ✇✐t❤ r❛♥❞♦♠ ♥✉♠❜❡rs ✇♦rs❡ t❤❛♥ r0 ❛♥❞ ❜❡tt❡r t❤❛♥ r1 ❛s

I(Θ0, r0, r1) = {i ∈ I | θi ∈ Θ0, r0 < ri ≤ r1}.

■♥ ❛ ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✱

F (I(Θ0, r0, r1)) = E[1{θi ∈ Θ0}]× (r1 − r0),

✇❤❡r❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s ❛ss✉♠❡❞ t♦ ❡①✐st✳ ■♥ ❛ ✜♥✐t❡ ❡❝♦♥♦♠② ✇✐t❤ n st✉❞❡♥ts✱

F (I(Θ0, r0, r1)) =
|I(Θ0, r0, r1)|

n
.

▲❡t F ❜❡ t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ F ✬s ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❋♦r ❛♥② t✇♦ ❞✐str✐❜✉t✐♦♥s F ❛♥❞ F ′, t❤❡ s✉♣♥♦r♠

♠❡tr✐❝ ✐s ❞❡✜♥❡❞ ❜②

d(F, F ′) = sup
Θ0⊂Θ,r0,r1∈[0,1]

|F (I(Θ0, r0, r1))− F ′(I(Θ0, r0, r1))|.

❚❤❡ ♥♦t❛t✐♦♥ ✐s ♦t❤❡r✇✐s❡ ❛s ✐♥ t❤❡ t❡①t✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ❞❡t❡r♠✐♥✐st✐❝ s❡q✉❡♥❝❡ ♦❢ ❡❝♦♥♦♠✐❡s ❞❡s❝r✐❜❡❞ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s

{fn} ♦✈❡r st✉❞❡♥ts✱ t♦❣❡t❤❡r ✇✐t❤ ❛ss♦❝✐❛t❡❞ s❝❤♦♦❧ ❝❛♣❛❝✐t✐❡s✱ s♦ t❤❛t ❢♦r ❛❧❧ n✱ fn ∈ F ✐s ❛

♣♦t❡♥t✐❛❧ r❡❛❧✐③❛t✐♦♥ ♣r♦❞✉❝❡❞ ❜② r❛♥❞♦♠❧② ❞r❛✇✐♥❣ n st✉❞❡♥ts ❛♥❞ t❤❡✐r ❧♦tt❡r② ♥✉♠❜❡rs ❢r♦♠

F ✳ ❆ss✉♠❡ t❤❛t fn → F ✐♥ ♠❡tr✐❝ s♣❛❝❡ (F , d)✳ ▲❡t cn ❞❡♥♦t❡ t❤❡ ❛❞♠✐ss✐♦♥s ❝✉t♦✛s ✐♥ fn. ◆♦t❡

t❤❡ cn ✐s ❝♦♥st❛♥t ❜❡❝❛✉s❡ t❤✐s ✐s t❤❡ ❝✉t♦✛ ❢♦r ❛ ♣❛rt✐❝✉❧❛r r❡❛❧✐③❡❞ ❡❝♦♥♦♠② fn✳

❚❤❡ ♣r♦♦❢ ✜rst s❤♦✇s ❞❡t❡r♠✐♥✐st✐❝ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❝✉t♦✛s ❢♦r ❛♥② ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡

♦❢ fn✳ ▲❡t {f̃n} ❜❡ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ r❡❛❧✐③❡❞ ❡❝♦♥♦♠✐❡s {fn}✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝✉t♦✛s ❛r❡

❞❡♥♦t❡❞ {c̃n}✳ ▲❡t c̃ ≡ (c̃s) ❜❡ t❤❡ ❧✐♠✐t ♦❢ c̃n. ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❧❛✐♠s ❡st❛❜❧✐s❤ t❤❛t c̃n → c✱

t❤❡ ❝✉t♦✛ ❛ss♦❝✐❛t❡❞ ✇✐t❤ F ✳

❈❧❛✐♠ ✶✳ c̃s ≥ cs ❢♦r ❡✈❡r② s ∈ S.

✹✾



Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✶✳ ❚❤✐s ✐s ♣r♦✈❡❞ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ ✐♥ ✸ st❡♣s✳ ❙✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t

c̃s < cs ❢♦r s♦♠❡ s. ▲❡t S′ ⊂ S ❜❡ t❤❡ s❡t ♦❢ s❝❤♦♦❧s t❤❡ ❝✉t♦✛s ♦❢ ✇❤✐❝❤ ❛r❡ str✐❝t❧② ❧♦✇❡r

✉♥❞❡r c̃✳ ❋♦r ❛♥② s ∈ S′✱ ❞❡✜♥❡ Isn = {i ∈ I|c̃ns < πis ≤ cs ❛♥❞ i r❛♥❦s s ✜rst} ✇❤❡r❡ I ✐s t❤❡

s❡t ♦❢ st✉❞❡♥ts ✐♥ F ✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ s❡t ♦❢ st✉❞❡♥ts ✐♥ fn ❢♦r ❛❧❧ n✳ ■♥ ♦t❤❡r ✇♦r❞s✱ Isn
❛r❡ t❤❡ s❡t ♦❢ st✉❞❡♥ts r❛♥❦✐♥❣ s❝❤♦♦❧ s ✜rst ✇❤♦ ❤❛✈❡ ❛ st✉❞❡♥t r❛♥❦ ✐♥ ❜❡t✇❡❡♥ c̃ns ❛♥❞ cs✳

❙t❡♣ ✭❛✮✿ ❲❡ ✜rst s❤♦✇ t❤❛t ❢♦r ♦✉r s✉❜s❡q✉❡♥❝❡✱ ✇❤❡♥ t❤❡ ♠❛r❦❡t ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡r❡

♠✉st ❜❡ s♦♠❡ st✉❞❡♥ts ✇❤♦ ❛r❡ ✐♥ Isn✳ ❚❤❛t ✐s✱ t❤❡r❡ ❡①✐sts N s✉❝❤ t❤❛t ❢♦r ❛♥② n > N ✱ ✇❡

❤❛✈❡ f̃n(I
s
n) > 0 ❢♦r ❛❧❧ s ∈ S′✳

❚♦ s❡❡ t❤✐s✱ ✇❡ ❜❡❣✐♥ ❜② s❤♦✇✐♥❣ t❤❛t ❢♦r ❛❧❧ s ∈ S′✱ t❤❡r❡ ❡①✐sts N s✉❝❤ t❤❛t ❢♦r ❛♥② n > N ✱

✇❡ ❤❛✈❡ F (Isn) > 0✳ ❙✉♣♣♦s❡✱ t♦ t❤❡ ❝♦♥tr❛r②✱ t❤❛t t❤❡r❡ ❡①✐sts s ∈ S′ s✉❝❤ t❤❛t ❢♦r ❛❧❧ N ✱

t❤❡r❡ ❡①✐sts n > N s✉❝❤ t❤❛t F (Isn) = 0✳ ❲❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✉❜s❡q✉❡♥❝❡ ♦❢ r❡❛❧✐③❡❞

❡❝♦♥♦♠✐❡s {f̃n}✱ ✇❡ ✜♥❞ t❤❛t

f̃n({i ∈ Qs(cn) s✉❝❤ t❤❛t πis ≤ cs})

= f̃n({i ∈ Qs(cn) s✉❝❤ t❤❛t πis ≤ c̃ns}) + f̃n({i ∈ Qs(cn) s✉❝❤ t❤❛t c̃ns < πis ≤ cs})

= f̃n({i ∈ Qs(cn) s✉❝❤ t❤❛t πis ≤ c̃ns}) ✭✷✷✮

≤ qs. ✭✷✸✮

❊①♣r❡ss✐♦♥ ✭✷✷✮ ❢♦❧❧♦✇s ❢r♦♠ ❆ss✉♠♣t✐♦♥ ✶ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥✳ ✭✷✷✮ ❞♦❡s ♥♦t ❤♦❧❞✱ ✐✳❡✳✱

f̃n({i ∈ Qs(cn) s✉❝❤ t❤❛t c̃ns < πis ≤ cs}) > 0 ♦♥❧② ✐❢ F ({i ∈ I|c̃ns < πis ≤ cs}) > 0✳

❚❤✐s ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶ ✐♠♣❧② F ({i ∈ I|c̃ns < πis ≤ cs ❛♥❞ i r❛♥❦s s ✜rst}) ≡ F (Isn) > 0✱ ❛

❝♦♥tr❛❞✐❝t✐♦♥ t♦ F (Isn) = 0✳ ❙✐♥❝❡ f̃n ✐s r❡❛❧✐③❡❞ ❛s n ✐✐❞ s❛♠♣❧❡s ❢r♦♠ F ✱ f̃n({i ∈ I|c̃ns <

πis ≤ cs}) = 0✳ ❊①♣r❡ss✐♦♥ ✭✷✸✮ ❢♦❧❧♦✇s ❜② ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ ❉❆✱ ✇❤✐❝❤ ❝❛♥ ♥❡✈❡r ❛ss✐❣♥ ♠♦r❡

st✉❞❡♥ts t♦ ❛ s❝❤♦♦❧ t❤❛♥ ✐ts ❝❛♣❛❝✐t② ❢♦r ❡❛❝❤ ♦❢ t❤❡ n s❛♠♣❧❡s✳ ❲❡ ♦❜t❛✐♥ ♦✉r ❝♦♥tr❛❞✐❝t✐♦♥

s✐♥❝❡ c̃ns ✐s ♥♦t ♠❛①✐♠❛❧ ❛t s ✐♥ f̃n s✐♥❝❡ ❡①♣r❡ss✐♦♥ ✭✷✸✮ ♠❡❛♥s ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♥❝r❡❛s❡ t❤❡

❝✉t♦✛ c̃ns t♦ cs ✇✐t❤♦✉t ✈✐♦❧❛t✐♥❣ t❤❡ ❝❛♣❛❝✐t② ❝♦♥str❛✐♥t✳

●✐✈❡♥ t❤❛t ✇❡✬✈❡ ❥✉st s❤♦✇♥ t❤❛t ❢♦r ❡❛❝❤ s ∈ S′✱ F (Isn) > 0 ❢♦r s♦♠❡ n✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦

✜♥❞ ❛♥ n s✉❝❤ t❤❛t F (Isn) > ǫ > 0✳ ❙✐♥❝❡ fn → F ❛♥❞ s♦ f̃n → F ✱ t❤❡r❡ ❡①✐sts N s✉❝❤

t❤❛t ❢♦r ❛❧❧ n > N ✱ ✇❡ ❤❛✈❡ f̃n(I
s
n) > F (Isn) − ǫ > 0✳ ❙✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ s❝❤♦♦❧s ✐s ✜✲

♥✐t❡✱ s✉❝❤ N ❝❛♥ ❜❡ t❛❦❡♥ ✉♥✐❢♦r♠❧② ♦✈❡r ❛❧❧ s ∈ S✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ❛r❣✉♠❡♥t ❢♦r ❙t❡♣ ✭❛✮✳

❙t❡♣ ✭❛✮ ❛❧❧♦✇s ✉s t♦ ✜♥❞ s♦♠❡ N s✉❝❤ t❤❛t ❢♦r ❛♥② n > N ✱ f̃n(I
s
n) > 0 ❢♦r ❛❧❧ s′ ∈ S′✳ ▲❡t

s̃n ∈ S ❛♥❞ t ❜❡ s✉❝❤ t❤❛t c̃t−1
ns ≥ cs ❢♦r ❛❧❧ s ∈ S ❛♥❞ c̃tns̃n < cs̃n . ❚❤❛t ✐s✱ s̃n ✐s ♦♥❡ ♦❢ t❤❡

✜rst s❝❤♦♦❧s t❤❡ ❝✉t♦✛ ♦❢ ✇❤✐❝❤ ❢❛❧❧s str✐❝t❧② ❜❡❧♦✇ cs̃n ✉♥❞❡r t❤❡ ❉❆ ❛❧❣♦r✐t❤♠ ✐♥ f̃n, ✇❤✐❝❤

❤❛♣♣❡♥s ✐♥ r♦✉♥❞ t ♦❢ t❤❡ ❉❆ ❛❧❣♦r✐t❤♠✳ ❙✉❝❤ s̃n ❛♥❞ t ❡①✐st s✐♥❝❡ t❤❡ ❝❤♦✐❝❡ ♦❢ n ❣✉❛r❛♥t❡❡s

f̃n(I
s
n) > 0 ❛♥❞ s♦ c̃ns < cs ❢♦r ❛❧❧ s ∈ S′✳

✺✵



❙t❡♣ ✭❜✮✿ ❲❡ ♥❡①t s❤♦✇ t❤❛t t❤❡r❡ ❡①✐st ✐♥✜♥✐t❡❧② ♠❛♥② ✈❛❧✉❡s ♦❢ n s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞

s̃n ✐s ✐♥ S′ ❛♥❞ f̃n(I
s
n) > 0 ❢♦r ❛❧❧ s ∈ S′✳ ■t ✐s ❜❡❝❛✉s❡ ♦t❤❡r✇✐s❡✱ ❜② ❙t❡♣ ✭❛✮✱ t❤❡r❡ ❡①✐sts N

s✉❝❤ t❤❛t ❢♦r ❛❧❧ n > N ✱ ✇❡ ❤❛✈❡ s̃n 6∈ S′✳ ❙✐♥❝❡ t❤❡r❡ ❛r❡ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② s❝❤♦♦❧s✱ {s̃n}

❤❛s ❛ s✉❜s❡q✉❡♥❝❡ {s̃m} s✉❝❤ t❤❛t s̃m ✐s t❤❡ s❛♠❡ s❝❤♦♦❧ ♦✉ts✐❞❡ S′ ❢♦r ❛❧❧ m✳ ❇② ❞❡✜♥✐t✐♦♥

♦❢ s̃n✱ c̃ms̃m ≤ c̃tms̃m
< cs̃m ❢♦r ❛❧❧ m ❛♥❞ s♦ c̃s̃m < cs̃m ✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ s̃m 6∈ S′✳ ❚❤❡r❡❢♦r❡✱

✇❡ ❤❛✈❡ ♦✉r ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❙t❡♣ ✭❜✮✳

❋✐① s♦♠❡ n s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ s̃n ✐s ✐♥ S′ ❛♥❞ f̃n(l
s
n) > 0 ❢♦r ❛❧❧ s ∈ S′✳ ❙t❡♣ ✭❜✮

❣✉❛r❛♥t❡❡s t❤❛t s✉❝❤ n ❡①✐sts✳ ▲❡t Ãns̃n ❛♥❞ As̃n ❜❡ t❤❡ s❡ts ♦❢ st✉❞❡♥ts ❛ss✐❣♥❡❞ s̃n ✉♥❞❡r

f̃n ❛♥❞ F, r❡s♣❡❝t✐✈❡❧②✳ ❆❧❧ st✉❞❡♥ts ✐♥ I s̃nn ❛r❡ ❛ss✐❣♥❡❞ s̃n ✐♥ F ❛♥❞ r❡❥❡❝t❡❞ ❜② s̃n ✐♥ f̃n.

❙✐♥❝❡ t❤❡s❡ st✉❞❡♥ts r❛♥❦ s̃n ✜rst✱ t❤❡r❡ ♠✉st ❡①✐st ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ✭✇✐t❤ r❡s♣❡❝t t♦ f̃n✮

♦❢ st✉❞❡♥ts ♦✉ts✐❞❡ I s̃nn ✇❤♦ ❛r❡ ❛ss✐❣♥❡❞ s̃n ✐♥ f̃n ❛♥❞ s♦♠❡ ♦t❤❡r s❝❤♦♦❧ ✐♥ F ❀ ❞❡♥♦t❡ t❤❡ s❡t

♦❢ t❤❡♠ ❜② Ãns̃n\As̃n ✳ f̃n(Ãns̃n\As̃n) > 0 s✐♥❝❡ ♦t❤❡r✇✐s❡✱ ❢♦r ❛♥② n s✉❝❤ t❤❛t ❙t❡♣ ✭❜✮ ❛♣♣❧✐❡s✱

f̃n(Ãns̃n) ≤ f̃n(As̃n \ I s̃nn ) = f̃n(As̃n)− f̃n(I
s̃n
n ),

✇❤✐❝❤ ❜② ❙t❡♣ ✭❛✮ ❝♦♥✈❡r❣❡s t♦ s♦♠❡t❤✐♥❣ str✐❝t❧② s♠❛❧❧❡r t❤❛♥ F (As̃n) s✐♥❝❡

f̃n(As̃n) → F (As̃n) ❛♥❞ f̃n(I
s̃n
n ) > 0 ❢♦r ❛❧❧ ❧❛r❣❡ ❡♥♦✉❣❤ n ❜② ❙t❡♣ ✭❛✮✳ ◆♦t❡ t❤❛t

F (As̃n) ✐s ✇❡❛❦❧② s♠❛❧❧❡r t❤❛♥ qs̃n ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ n✱ f̃n(Ãns̃n) < qs̃n ✱ ❛

❝♦♥tr❛❞✐❝t✐♦♥ t♦ Ãns̃n ✬s ❜❡✐♥❣ t❤❡ s❡t ♦❢ st✉❞❡♥ts ❛ss✐❣♥❡❞ s̃n ❛t ❛ ❝✉t♦✛ str✐❝t❧② s♠❛❧❧❡r t❤❛♥

t❤❡ ❧❛r❣❡st ♣♦ss✐❜❧❡ ✈❛❧✉❡ K + 1✳ ❋♦r ❡❛❝❤ i ∈ Ãns̃n \ As̃n , ❧❡t si ❜❡ t❤❡ s❝❤♦♦❧ t♦ ✇❤✐❝❤ i ✐s

❛ss✐❣♥❡❞ ✉♥❞❡r F ✳

❙t❡♣ ✭❝✮✿ ❚♦ ❝♦♠♣❧❡t❡ t❤❡ ❛r❣✉♠❡♥t ❢♦r ❈❧❛✐♠ ✶✱ ✇❡ s❤♦✇ t❤❛t s♦♠❡ i ∈ Ãns̃n \ As̃n ♠✉st

❤❛✈❡ ❜❡❡♥ r❡❥❡❝t❡❞ ❜② si ✐♥ s♦♠❡ st❡♣ t̃ ≤ t − 1 ♦❢ t❤❡ ❉❆ ❛❧❣♦r✐t❤♠ ✐♥ f̃n. ❚❤❛t ✐s✱ t❤❡r❡

❡①✐sts i ∈ Ãns̃n \As̃n ❛♥❞ t̃ ≤ t− 1 s✉❝❤ t❤❛t πisi > c̃t̃nsi ✳ ❙✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t ❢♦r ❛❧❧

i ∈ Ãns̃n \ As̃n ❛♥❞ t̃ ≤ t − 1✱ ✇❡ ❤❛✈❡ πisi ≤ c̃t̃nsi ✳ ❊❛❝❤ s✉❝❤ st✉❞❡♥t i ♠✉st ♣r❡❢❡r si t♦ s̃n
❜❡❝❛✉s❡ i ✐s ❛ss✐❣♥❡❞ si 6= s̃n ✉♥❞❡r F t❤♦✉❣❤ πis̃n ≤ c̃ns̃n < cs̃n ✱ ✇❤❡r❡ t❤❡ ✜rst ✐♥❡q✉❛❧✐t②

❤♦❧❞s ❜❡❝❛✉s❡ i ✐s ❛ss✐❣♥❡❞ s̃n ✐♥ F̃n ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❞♦❡s ❜❡❝❛✉s❡ s̃n ∈ S′✳ ❚❤✐s

✐♠♣❧✐❡s ♥♦♥❡ ♦❢ Ãns̃n \As̃n ✐s r❡❥❡❝t❡❞ ❜② si✱ ❛♣♣❧✐❡s ❢♦r s̃✱ ❛♥❞ ❝♦♥tr✐❜✉t❡s t♦ ❞❡❝r❡❛s✐♥❣ c̃tns̃n
❛t ❧❡❛st ✉♥t✐❧ st❡♣ t ❛♥❞ s♦ c̃tns̃n < cs̃n ❝❛♥♥♦t ❜❡ t❤❡ ❝❛s❡✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡

❤❛✈❡ ♦✉r ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥ ♦❢ ❙t❡♣ ✭❝✮✳

❈❧❛✐♠ ✶ ❝❛♥ ♥♦✇ ❜❡ ❡st❛❜❧✐s❤❡❞ ❜② s❤♦✇✐♥❣ t❤❛t ❙t❡♣ ✭❝✮ ✐♠♣❧✐❡s t❤❡r❡ ❛r❡ i ∈ Ãns̃n \ As̃n

❛♥❞ t̃ ≤ t − 1 s✉❝❤ t❤❛t πisi > c̃t̃nsi ≥ c̃nsi , ✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✐s ✐♠♣❧✐❡s ❜② t❤❡ ❢❛❝t

t❤❛t ✐♥ ❡✈❡r② ❡❝♦♥♦♠②✱ ❢♦r ❛❧❧ s ∈ S ❛♥❞ t ≥ 0, ✇❡ ❤❛✈❡ ct+1
s ≤ cts. ❆❧s♦✱ t❤❡② ❛r❡ ❛ss✐❣♥❡❞ si

✐♥ F s♦ t❤❛t πisi ≤ csi . ❚❤❡s❡ ✐♠♣❧② csi > c̃t̃nsi ≥ c̃nsi . ❚❤❛t ✐s✱ t❤❡ ❝✉t♦✛ ♦❢ si ❢❛❧❧s ❜❡❧♦✇ csi
✐♥ st❡♣ t̃ ≤ t− 1 < t ♦❢ t❤❡ ❉❆ ❛❧❣♦r✐t❤♠ ✐♥ f̃n✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s̃n ❛♥❞ t.

❚❤❡r❡❢♦r❡ c̃s ≥ cs ❢♦r ❛❧❧ s ∈ S, ❛s ❞❡s✐r❡❞✳

❈❧❛✐♠ ✷✳ ❇② ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t✱ c̃s ≤ cs ❢♦r ❡✈❡r② s ∈ S.

❙✐♥❝❡ c̃s ≥ cs ❛♥❞ c̃s ≤ cs ❢♦r ❛❧❧ s✱ ✐t ♠✉st ❜❡ t❤❡ ❝❛s❡ t❤❛t c̃n → c✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✐♠ ✉s❡s

t❤✐s t♦ s❤♦✇ t❤❛t cn → c✳

❈❧❛✐♠ ✸✳ ■❢ c̃n → c ❢♦r ❡✈❡r② ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡ {c̃n} ♦❢ {cn}✱ t❤❡♥ cn → c✳

✺✶



Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✸✳ ❙✐♥❝❡ {cn} ✐s ❜♦✉♥❞❡❞ ✐♥ [0,K + 1]|S|, ✐t ❤❛s ❛ ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡

❜② t❤❡ ❇♦❧③❛♥♦✲❲❡✐❡rstr❛ss t❤❡♦r❡♠✳ ❙✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t ❢♦r ❡✈❡r② ❝♦♥✈❡r❣❡♥t

s✉❜s❡q✉❡♥❝❡ {c̃n}, ✇❡ ❤❛✈❡ c̃n → c, ❜✉t cn 6→ c. ❚❤❡♥ t❤❡r❡ ❡①✐sts ǫ > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧

k > 0, t❤❡r❡ ❡①✐sts nk > k s✉❝❤ t❤❛t ||cnk
− c|| ≥ ǫ. ❚❤❡♥ t❤❡ s✉❜s❡q✉❡♥❝❡ {cnk

}k ⊂ {cn}

❤❛s ❛ ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡ t❤❛t ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ t♦ c ✭s✐♥❝❡ ||cnk
− c|| ≥ ǫ ❢♦r ❛❧❧ k✮✱

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ s✉♣♣♦s✐t✐♦♥ t❤❛t ❡✈❡r② ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡ ♦❢ {cn} ❝♦♥✈❡r❣❡s t♦

c.

❚❤❡ ❧❛st st❡♣ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶ r❡❧❛t❡s t❤✐s ❢❛❝t t♦ st♦❝❤❛st✐❝ ❝♦♥✈❡r❣❡♥❝❡✳

❈❧❛✐♠ ✹✳ cn → c ✐♠♣❧✐❡s ĉn
a.s.
−→ c

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✹✳ ❚❤✐s ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t✇♦ ♦✛✲t❤❡✲s❤❡❧❢ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ❢r♦♠ ♠❛t❤❡✲

♠❛t✐❝❛❧ st❛t✐❝s✳ ❋✐rst✱ ❧❡t Fn ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦✈❡r I(Θ0, r0, r1)✬s ❣❡♥❡r❛t❡❞ ❜② r❛♥❞♦♠❧②

❞r❛✇✐♥❣ n st✉❞❡♥ts ❢r♦♠ F ✳ ◆♦t❡ t❤❛t Fn ✐s r❛♥❞♦♠ s✐♥❝❡ ✐t ✐♥✈♦❧✈❡s r❛♥❞♦♠❧② ❞r❛✇✐♥❣ n

st✉❞❡♥ts✳ Fn
a.s.
→ F ❜② t❤❡ ●❧✐✈❡♥❦♦✲❈❛♥t❡❧❧✐ t❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✶✾✳✶ ✐♥ ✈❛♥ ❞❡r ❱❛❛rt ✭✷✵✵✵✮✮✳

◆❡①t✱ s✐♥❝❡ Fn
a.s.
→ F ❛♥❞ cn → c✱ t❤❡ ❊①t❡♥❞❡❞ ❈♦♥t✐♥✉♦✉s ▼❛♣♣✐♥❣ ❚❤❡♦r❡♠ ✭❚❤❡♦r❡♠

✶✽✳✶✶ ✐♥ ✈❛♥ ❞❡r ❱❛❛rt ✭✷✵✵✵✮✮ ✐♠♣❧✐❡s t❤❛t ĉn
a.s.
−→ c✱ ❝♦♠♣❧❡t✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳

❆✳✹✳✷ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛♥② ❞❡t❡r♠✐♥✐st✐❝ s❡q✉❡♥❝❡ ♦❢ ❡❝♦♥♦♠✐❡s {fn} s✉❝❤ t❤❛t fn ∈ F ❢♦r ❛❧❧ n ❛♥❞

fn → F ✐♥ t❤❡ (F , d) ♠❡tr✐❝ s♣❛❝❡✳ ▲❡t pns(θ) ❜❡ t❤❡ ✭✜♥✐t❡✲♠❛r❦❡t✱ ❞❡t❡r♠✐♥✐st✐❝✮ ♣r♦♣❡♥s✐t②

s❝♦r❡ ❢♦r ❛ ♣❛rt✐❝✉❧❛r fn✳ ◆♦t❡ t❤❛t t❤✐s s✉❜t❧② ♠♦❞✐✜❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ pns(θ) ❢r♦♠ t❤❛t ✐♥

t❤❡ t❡①t✳ ❚❤❡ ❝❤❛♥❣❡ ❤❡r❡ ✐s t❤❛t t❤❡ ♣r♦♣❡♥s✐t② s❝♦r❡ ❢♦r fn ✐s ♥♦t ❛ r❛♥❞♦♠ q✉❛♥t✐t②✱ ❜❡❝❛✉s❡

❡❝♦♥♦♠② fn ✐s ✈✐❡✇❡❞ ❛s ✜①❡❞✳

❋♦r ▲❡♠♠❛ ✷✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ ❞❡t❡r♠✐♥✐st✐❝ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s ✜♥✐t❡✲♠❛r❦❡t s❝♦r❡✱ t❤❛t

✐s✱ pns(θ) → ϕs(θ) ❛s fn → F ✳ ❚♦ s❡❡ t❤✐s✱ ❧❡t Fn ❜❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦✈❡r I(Θ0, r0, r1)✬s ✐♥❞✉❝❡❞

❜② r❛♥❞♦♠❧② ❞r❛✇✐♥❣ n st✉❞❡♥ts ❢r♦♠ F ✳ ◆♦t❡ t❤❛t Fn ✐s r❛♥❞♦♠ ❛♥❞ t❤❛t Fn
a.s.
→ F ❜② t❤❡

●❧✐✈❡♥❦♦✲❈❛♥t❡❧❧✐ t❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✶✾✳✶ ✐♥ ✈❛♥ ❞❡r ❱❛❛rt ✭✷✵✵✵✮✮✳ Fn
a.s.
→ F ❛♥❞ pns(θ) → ϕs(θ)

❛❧❧♦✇ ✉s t♦ ❛♣♣❧② t❤❡ ❊①t❡♥❞❡❞ ❈♦♥t✐♥✉♦✉s ▼❛♣♣✐♥❣ ❚❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✶✽✳✶✶ ✐♥ ✈❛♥ ❞❡r ❱❛❛rt

✭✷✵✵✵✮✮ t♦ ♦❜t❛✐♥ p̃ns(θ)
a.s.
−→ ϕs(θ)✳

❲❡ ♣r♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ pns(θ) → ϕs(θ) ❛s ❢♦❧❧♦✇s✳ ▲❡t c̃ns ❛♥❞ c̃ns′ ❜❡ t❤❡ r❛♥❞♦♠ ❝✉t♦✛s

❛t s ❛♥❞ s′✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥ fn✱ ❛♥❞

τθs ≡ cs − ρθs✱

τθs− ≡ maxs′≻θs{cs′ − ρθs′}✱

τ̃nθs ≡ c̃ns − ρθs✱ ❛♥❞

τ̃nθs− ≡ maxs′≻θs{c̃ns′ − ρθs′}✳

❲❡ ❝❛♥ ❡①♣r❡ss ϕs(θ) ❛♥❞ pns(θ) ❛s ❢♦❧❧♦✇s✳

ϕs(θ) = max{0, τθs − τθs−}

pns(θ) = Pn(τ̃nθs ≥ R > τ̃nθs−)

✺✷



✇❤❡r❡ Pn ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ✐♥❞✉❝❡❞ ❜② r❛♥❞♦♠❧② ❞r❛✇✐♥❣ ❧♦tt❡r② ♥✉♠❜❡rs ❣✐✈❡♥ fn✱ ❛♥❞ R ✐s

❛♥② t②♣❡ θ st✉❞❡♥t✬s r❛♥❞♦♠ ❧♦tt❡r② ♥✉♠❜❡r ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ U [0, 1]✳ ❇② ▲❡♠♠❛ ✶✱ ✇✐t❤

♣r♦❜❛❜✐❧✐t② ✶✱ ❢♦r ❛❧❧ ǫ1 > 0✱ t❤❡r❡ ❡①✐sts N1 s✉❝❤ t❤❛t ❢♦r ❛❧❧ n > N1✱

|c̃ns′ − cs′ | < ǫ1 ❢♦r ❛❧❧ s′✱

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✱

|τ̃nθs− − τθs− |

❂|{c̃ns1 − ρθs1} − {cs2 − ρθs2}|

<

{

|{c̃ns1 − ρθs1} − ({c̃ns1 − ρθs2}+ ǫ1)| ✐❢ cs2 − ρθs2 ≥ c̃ns1 − ρθs1

|{c̃ns1 − ρθs1} − ({c̃ns1 − ρθs2} − ǫ1)| ✐❢ cs2 − ρθs2 < c̃ns1 − ρθs1
= ǫ1

✇❤❡r❡ ✐♥ t❤❡ ✜rst ❡q✉❛❧✐t②✱ s1 ≡ argmaxs′≻θs{c̃ns′ − ρθs′} ❛♥❞ s2 ≡ argmax{cs′ − ρθs′}✳ ❚❤❡

✐♥❡q✉❛❧✐t② ✐s ❜② |c̃ns′ − cs′ | < ǫ1 ❢♦r ❛❧❧ s′✳ ❋♦r ❛❧❧ ǫ > 0✱ t❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥t ✇✐t❤ s❡tt✐♥❣ ǫ1 < ǫ/2

✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts N s✉❝❤ t❤❛t ❢♦r ❛❧❧ n > N ✱

pns(θ)

= Pn(τ̃nθs ≥ R > τ̃nθs−})

∈ (max{0, τθs − τθs− − ǫ,max{0, τθs − τθs− + ǫ)

∈ (ϕs(θ)− ǫ, ϕs(θ) + ǫ)✱

✇❤❡r❡ t❤❡ s❡❝♦♥❞✲t♦✲❧❛st ✐♥❝❧✉s✐♦♥ ✐s ❜❡❝❛✉s❡ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✱ t❤❡r❡ ❡①✐sts N s✉❝❤ t❤❛t ❢♦r ❛❧❧

n > N s✉❝❤ t❤❛t |τ̃nθs − τθs|, |τ̃nθs− − τθs− | < ǫ1 ❛♥❞ R ∼ U [0, 1]✳ ❚❤✐s ♠❡❛♥s pns(θ) → ϕs(θ)✱

❝♦♠♣❧❡t✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳

❆✳✺ ❋✐rst ❈❤♦✐❝❡ ❛♥❞ ◗✉❛❧✐✜❝❛t✐♦♥ ■♥str✉♠❡♥ts✿ ❉❡t❛✐❧s

▲❡t Df
i ❜❡ t❤❡ ✜rst ❝❤♦✐❝❡ ✐♥str✉♠❡♥t ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✺ ❛♥❞ ❧❡t s̃i ❜❡ i✬s ✜rst ❝❤♦✐❝❡ s❝❤♦♦❧✳

❚❤❡ ✜rst ❝❤♦✐❝❡ r✐s❦ s❡t ✐s Q(θi) ≡ (s̃i, ρis̃)✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ■♥ ❛♥② ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✱ Df
i ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ θi ❝♦♥❞✐t✐♦♥❛❧ ♦♥ R(θi)✳

Pr♦♦❢✳ ■♥ ❣❡♥❡r❛❧✱

Pr(Df
i = 1|θi = θ)

= Pr(πis̃i ≤ cs̃i |θi = θ)

= Pr(ρis̃i + ri ≤ cs̃i |θi = θ)

= Pr(ri ≤ cs̃i − ρis̃i |θi = θ)

= cs̃i − ρis̃i ✱

✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ θi ♦♥❧② t❤r♦✉❣❤ R(θi) ❜❡❝❛✉s❡ ❝✉t♦✛s ❛r❡ ✜①❡❞ ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠✳✳

▲❡t Dq
i ❛♥❞ R(θi) ❜❡ t❤❡ q✉❛❧✐✜❝❛t✐♦♥ ✐♥str✉♠❡♥t ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ r✐s❦ s❡t ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥

✹✳✺✳ ❚❤❡ ❧❛tt❡r ✐s ❣✐✈❡♥ ❜② t❤❡ ❧✐st ♦❢ s❝❤♦♦❧s i r❛♥❦s ❛♥❞ ❤✐s ♣r✐♦r✐t② st❛t✉s ❛t ❡❛❝❤✱ t❤❛t ✐s✱

R(θi) ≡ (Si, (ρis)s∈Si
) ✇❤❡r❡ Si ✐s t❤❡ s❡t ♦❢ ❝❤❛rt❡r s❝❤♦♦❧s i r❛♥❦s✳

✺✸



Pr♦♣♦s✐t✐♦♥ ✹✳ ■♥ ❛♥② ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✱ Dq
i ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ θi ❝♦♥❞✐t✐♦♥❛❧ ♦♥ R(θi)✳

Pr♦♦❢✳ ■♥ ❣❡♥❡r❛❧✱ ✇❡ ❤❛✈❡

Pr(Dq
i = 1|θi = θ)

= Pr(πis ≤ cs ❢♦r s♦♠❡ s ∈ Si|θi = θ)

= Pr(ρis + ri ≤ cs ❢♦r s♦♠❡ s ∈ Si|θi = θ)

= Pr(ri ≤ cs − ρis ❢♦r s♦♠❡ s ∈ Si|θi = θ)

= Pr(ri ≤ maxs∈Si
(cs − ρis)|θi = θ)

= maxs∈Si
(cs − ρis✮✱

✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ θi ♦♥❧② t❤r♦✉❣❤ R(θi) ❜❡❝❛✉s❡ ❝✉t♦✛s ❛r❡ ✜①❡❞ ✐♥ t❤❡ ❝♦♥t✐♥✉✉♠✳

❆✳✻ ❊①t❡♥s✐♦♥ t♦ ❛ ●❡♥❡r❛❧ ▲♦tt❡r② ❙tr✉❝t✉r❡

❲❛s❤✐♥❣t♦♥ ❉❈✱ ◆❡✇ ❖r❧❡❛♥s✱ ❛♥❞ ❆♠st❡r❞❛♠ ✉s❡ ❉❆ ✇✐t❤ ♠✉❧t✐♣❧❡ ❧♦tt❡r② ♥✉♠❜❡rs✱ ♦♥❡ ❢♦r

❡❛❝❤ s❝❤♦♦❧ ✭s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❞❡ ❍❛❛♥ ❡t ❛❧✳ ✭✷✵✶✺✮✮✳ ❲❛s❤✐♥❣t♦♥✱ ❉❈ ✉s❡s ❛ ✈❡rs✐♦♥ ♦❢ ❉❆ t❤❛t

✉s❡s ❛ ♠✐①t✉r❡ ♦❢ s❤❛r❡❞ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ s❝❤♦♦❧ ❧♦tt❡r✐❡s✳ ❚❤✐s s❡❝t✐♦♥ ❞❡r✐✈❡s t❤❡ ❉❆ ♣r♦♣❡♥s✐t②

s❝♦r❡ ❢♦r ❛ ♠❡❝❤❛♥✐s♠ ✇✐t❤ ❛♥② s♦rt ♦❢ ♠✉❧t✐♣❧❡ t✐❡✲❜r❡❛❦✐♥❣✳

▲❡t ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Ris ❞❡♥♦t❡ st✉❞❡♥t i✬s ❧♦tt❡r② ♥✉♠❜❡r ❛t s❝❤♦♦❧ s. ❆ss✉♠❡ t❤❛t ❡❛❝❤

Ris ✐s ❞r❛✇♥ ❢r♦♠ U [0, 1]✱ ✐♥❞❡♣❡♥❞❡♥t❧② ✇✐t❤ s❝❤♦♦❧s✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ❧♦tt❡r② str✉❝t✉r❡

✇❤❡r❡ Ris 6= Ris′ ❢♦r s♦♠❡ ✭♥♦t ♥❡❝❡ss❛r✐❧② ❛❧❧✮ s, s′ ∈ S ❛♥❞ i ∈ I✳

❘❡❝❛❧❧ Bθs ✐s ❞❡✜♥❡❞ ❛s {s′ ∈ S | s′ ≻θ s}. P❛rt✐t✐♦♥ Bθs ✐♥t♦ m̄ ❞✐s❥♦✐♥t s❡ts B1
θs, ..., B

m̄
θs✱ s♦

t❤❛t s′ ❛♥❞ s′′ ✉s❡ t❤❡ s❛♠❡ ❧♦tt❡r② ✐❢ ❛♥❞ ♦♥❧② ✐❢ s′, s′′ ∈ Bm
θs ❢♦r s♦♠❡ m. ◆♦t❡ t❤❛t t❤✐s ♣❛rt✐t✐♦♥

✐s s♣❡❝✐✜❝ t♦ t②♣❡ θ✳ ❲✐t❤ s✐♥❣❧❡✲s❝❤♦♦❧ ❧♦tt❡r✐❡s✱ m̄ s✐♠♣❧✐✜❡s t♦ |Bθs|✱ t❤❡ ♥✉♠❜❡r ♦❢ s❝❤♦♦❧s

t②♣❡ θ r❛♥❦s ❛❤❡❛❞ ♦❢ s✳

❚❤❡ ♠♦st ✐♥❢♦r♠❛t✐✈❡ ❞✐sq✉❛❧✐✜❝❛t✐♦♥✱ MIDm
θs✱ ✐s ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ m ❛s

MIDm
θs ≡











0 ✐❢ ρθs̃ > ρs̃ ❢♦r ❛❧❧ s̃ ∈ Bm
θs,

1 ✐❢ ρθs̃ < ρs̃ ❢♦r s♦♠❡ s̃ ∈ Bm
θs,

max{τs̃ | s̃ ∈ Bm
θs ❛♥❞ ρθs̃ = ρs̃} ✐❢ ρθs̃ = ρs̃ ❢♦r s̃ ∈ Bm

θs ❛♥❞ ρθs̃ > ρs̃ ♦t❤❡r✇✐s❡.

▲❡t m∗ ❜❡ t❤❡ ✈❛❧✉❡ ♦❢ m ❢♦r s❝❤♦♦❧s ✐♥ t❤❡ ♣❛rt✐t✐♦♥ t❤❛t ✉s❡ t❤❡ s❛♠❡ ❧♦tt❡r② ❛s s✳ ❉❡♥♦t❡ t❤❡

❛ss♦❝✐❛t❡❞ MID ❜② MID∗
θs✳ ❲❡ ❞❡✜♥❡ MID∗

θs = 0 ✇❤❡♥ t❤❡ ❧♦tt❡r② ❛t s ✐s ✉♥✐q✉❡ ❛♥❞ t❤❡r❡

✐s ♥♦ m∗✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❡①t❡♥❞s ❚❤❡♦r❡♠ ✶ t♦ ❛ ❣❡♥❡r❛❧ ❧♦tt❡r② str✉❝t✉r❡✳ ❚❤❡ ♣r♦♦❢ ✐s

♦♠✐tt❡❞✳

❚❤❡♦r❡♠ ✶ ✭●❡♥❡r❛❧✐③❛t✐♦♥✮✳ ❋♦r ❛❧❧ s ❛♥❞ θ ✐♥ ❛♥② ❝♦♥t✐♥✉✉♠ ❡❝♦♥♦♠②✱ ✇❡ ❤❛✈❡✿

Pr[Di(s) = 1|θi = θ] = ϕs(θ) ≡















0 ✐❢ θ ∈ Θn
s ,

Πm̄
m=1(1−MIDm

θs) ✐❢ θ ∈ Θa
s ,

Πm̄
m=1(1−MIDm

θs)×max

{

0,
τs −MID∗

θs

1−MID∗
θs

}

✐❢ θ ∈ Θc
s.

✇❤❡r❡ ✇❡ s❡t ϕs(θ) = 0 ✇❤❡♥ MID∗
θs = 1 ❛♥❞ θ ∈ Θc

s✳

◆♦t❡ t❤❛t ✐♥ t❤❡ s✐♥❣❧❡ t✐❡ ❜r❡❛❦❡r ❝❛s❡✱ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r ϕs(θ) r❡❞✉❝❡s t♦ t❤❛t ✐♥ ❚❤❡♦r❡♠ ✶

s✐♥❝❡ m̄ = 1 ✐♥ t❤❛t ❝❛s❡✳

✺✹



❆✳✼ ❚❤❡ ❇♦st♦♥ ✭■♠♠❡❞✐❛t❡ ❆❝❝❡♣t❛♥❝❡✮ ▼❡❝❤❛♥✐s♠

❙t✉❞✐❡s ❜② ❍❛st✐♥❣s✲❑❛♥❡✲❙t❛✐❣❡r ✭✷✵✵✾✮✱ ❍❛st✐♥❣s✲◆❡✐❧s♦♥✲❩✐♠♠❡r♠❛♥ ✭✷✵✶✷✮✱ ❛♥❞ ❉❡♠✐♥❣✲

❍❛st✐♥❣s✲❑❛♥❡✲❙t❛✐❣❡r ✭✷✵✶✸✮✮✱ ❛♠♦♥❣ ♦t❤❡rs✱ ✉s❡ ❞❛t❛ ❣❡♥❡r❛t❡❞ ❢r♦♠ ✈❡rs✐♦♥s ♦❢ t❤❡ ❇♦st♦♥

♠❡❝❤❛♥✐s♠✳ ●✐✈❡♥ str✐❝t ♣r❡❢❡r❡♥❝❡s ♦❢ st✉❞❡♥ts ❛♥❞ s❝❤♦♦❧s✱ t❤❡ ❇♦st♦♥ ♠❡❝❤❛♥✐s♠ ✐s ❞❡✜♥❡❞

❛s ❢♦❧❧♦✇s✿

• ❙t❡♣ ✶✿ ❊❛❝❤ st✉❞❡♥t ❛♣♣❧✐❡s t♦ ❤❡r ♠♦st ♣r❡❢❡rr❡❞ ❛❝❝❡♣t❛❜❧❡ s❝❤♦♦❧ ✭✐❢ ❛♥②✮✳ ❊❛❝❤ s❝❤♦♦❧

❛❝❝❡♣ts ✐ts ♠♦st✲♣r❡❢❡rr❡❞ st✉❞❡♥ts ✉♣ t♦ ✐ts ❝❛♣❛❝✐t② ❛♥❞ r❡❥❡❝ts ❡✈❡r② ♦t❤❡r st✉❞❡♥t✳

■♥ ❣❡♥❡r❛❧✱ ❢♦r ❛♥② st❡♣ t ≥ 2✱

• ❙t❡♣ t ✿ ❊❛❝❤ st✉❞❡♥t ✇❤♦ ❤❛s ♥♦t ❜❡❡♥ ❛❝❝❡♣t❡❞ ❜② ❛♥② s❝❤♦♦❧ ❛♣♣❧✐❡s t♦ ❤❡r ♠♦st ♣r❡❢❡rr❡❞

❛❝❝❡♣t❛❜❧❡ s❝❤♦♦❧ t❤❛t ❤❛s ♥♦t r❡❥❡❝t❡❞ ❤❡r ✭✐❢ ❛♥②✮✳ ❊❛❝❤ s❝❤♦♦❧ ❛❝❝❡♣ts ✐ts ♠♦st✲♣r❡❢❡rr❡❞

st✉❞❡♥ts ✉♣ t♦ ✐ts r❡♠❛✐♥✐♥❣ ❝❛♣❛❝✐t② ❛♥❞ r❡❥❡❝ts ❡✈❡r② ♦t❤❡r st✉❞❡♥t✳

❚❤✐s ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s ❛t t❤❡ ✜rst st❡♣ ✐♥ ✇❤✐❝❤ ♥♦ st✉❞❡♥t ❛♣♣❧✐❡s t♦ ❛ s❝❤♦♦❧✳ ❇♦st♦♥

❛ss✐❣♥♠❡♥ts ❞✐✛❡r ❉❆ ✐♥ t❤❛t ❛♥② ♦✛❡r ❛t ❛♥② st❡♣ ✐s ✜①❡❞❀ st✉❞❡♥ts r❡❝❡✐✈✐♥❣ ♦✛❡rs ❝❛♥♥♦t ❜❡

❞✐s♣❧❛❝❡❞ ❧❛t❡r✳

❚❤✐s ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡ ♥♦t✇✐t❤st❛♥❞✐♥❣✱ t❤❡ ❇♦st♦♥ ♠❡❝❤❛♥✐s♠ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛

s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❉❆ ❜② r❡❞❡✜♥✐♥❣ ♣r✐♦r✐t✐❡s ❛s ❢♦❧❧♦✇s✿

Pr♦♣♦s✐t✐♦♥ ✺✳ ✭❊r❣✐♥ ❛♥❞ ❙ö♥♠❡③ ✭✷✵✵✻✮✮ ❚❤❡ ❇♦st♦♥ ♠❡❝❤❛♥✐s♠ ❛♣♣❧✐❡❞ t♦ (≻i)i ❛♥❞ (≻s)s
♣r♦❞✉❝❡s t❤❡ s❛♠❡ ❛ss✐❣♥♠❡♥t ❛s ❉❆ ❛♣♣❧✐❡❞ t♦ (≻i)i ❛♥❞ (≻∗

s)s ✇❤❡r❡ ≻∗
s ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ❋♦r k = 1, 2...✱ {st✉❞❡♥ts ✇❤♦ r❛♥❦ s k✲t❤} ≻∗
s {st✉❞❡♥ts ✇❤♦ r❛♥❦ s k + 1✲t❤}

✷✳ ❲✐t❤✐♥ ❡❛❝❤ ❝❛t❡❣♦r②✱ ≻∗
s r❛♥❦s t❤❡ st✉❞❡♥ts ✐♥ t❤❡ s❛♠❡ ♦r❞❡r ❛s ♦r✐❣✐♥❛❧ ≻s✳

❚❤✐s ❡q✉✐✈❛❧❡♥❝❡ ❛❧❧♦✇s ✉s t♦ ❝♦♥str✉❝t ❛ ❇♦st♦♥ ♣r♦♣❡♥s✐t② s❝♦r❡ ❜② r❡❞❡✜♥✐♥❣ ♣r✐♦r✐t✐❡s s♦ t❤❛t

♣r✐♦r✐t② ❣r♦✉♣s ❛t ❛ ❣✐✈❡♥ s❝❤♦♦❧ ❝♦♥s✐sts ♦❢ ❛♣♣❧✐❝❛♥ts ✇❤♦ ✭✐✮ s❤❛r❡ t❤❡ s❛♠❡ ♦r✐❣✐♥❛❧ ♣r✐♦r✐t②

st❛t✉s ❛t t❤❡ s❝❤♦♦❧ ❛♥❞ ✭✐✐✮ ❣✐✈❡ t❤❡ s❛♠❡ r❛♥❦ t♦ t❤❡ s❝❤♦♦❧✳

✺✺
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♦❢ ❊❝♦♥♦♠❡tr✐❝s✱ ✷✵✵✸✱ ✶✶✸✭✷✮✱ ✷✸✶✕✷✻✸✳
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❆❜❞✉❧❦❛❞✐r♦❣❧✉✱ ❆t✐❧❛ ❛♥❞ ❚❛②❢✉♥ ❙♦♥♠❡③✱ ✏❘❛♥❞♦♠ ❙❡r✐❛❧ ❉✐❝t❛t♦rs❤✐♣ ❛♥❞ t❤❡ ❈♦r❡ ❢r♦♠

❘❛♥❞♦♠ ❊♥❞♦✇♠❡♥ts ✐♥ ❍♦✉s❡ ❆❧❧♦❝❛t✐♦♥ Pr♦❜❧❡♠s✱✑ ❊❝♦♥♦♠❡tr✐❝❛✱ ✶✾✾✽✱ ✻✻✭✸✮✱ ✻✽✾✕✼✵✶✳

❆❜❞✉❧❦❛❞✐r♦➜❧✉✱ ❆t✐❧❛ ❛♥❞ ❚❛②❢✉♥ ❙ö♥♠❡③✱ ✏❙❝❤♦♦❧ ❈❤♦✐❝❡✿ ❆ ▼❡❝❤❛♥✐s♠ ❉❡s✐❣♥ ❆♣✲

♣r♦❛❝❤✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✷✵✵✸✱ ✾✸✱ ✼✷✾✕✼✹✼✳

✱ ❏♦s❤ ❆♥❣r✐st✱ ❛♥❞ P❛r❛❣ P❛t❤❛❦✱ ✏❚❤❡ ❊❧✐t❡ ■❧❧✉s✐♦♥✿ ❆❝❤✐❡✈❡♠❡♥t ❊✛❡❝ts ❛t ❇♦st♦♥

❛♥❞ ◆❡✇ ❨♦r❦ ❊①❛♠ ❙❝❤♦♦❧s✱✑ ❊❝♦♥♦♠❡tr✐❝❛✱ ✷✵✶✹✱ ✽✷✭✶✮✱ ✶✸✼✕✶✾✻✳

✱ ❏♦s❤✉❛ ❉✳ ❆♥❣r✐st✱ ❙✉s❛♥ ▼✳ ❉②♥❛rs❦✐✱ ❚❤♦♠❛s ❏✳ ❑❛♥❡✱ ❛♥❞ P❛r❛❣ ❆✳ P❛t❤❛❦✱
✏❆❝❝♦✉♥t❛❜✐❧✐t② ❛♥❞ ❋❧❡①✐❜✐❧✐t② ✐♥ P✉❜❧✐❝ ❙❝❤♦♦❧s✿ ❊✈✐❞❡♥❝❡ ❢r♦♠ ❇♦st♦♥✬s ❈❤❛rt❡rs ❛♥❞ P✐❧♦ts✱✑

◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✷✵✶✶✱ ✶✷✻✭✷✮✱ ✻✾✾✕✼✹✽✳

✱ P❛r❛❣ ❆✳ P❛t❤❛❦✱ ❆❧✈✐♥ ❊✳ ❘♦t❤✱ ❛♥❞ ❚❛②❢✉♥ ❙ö♥♠❡③✱ ✏❈❤❛♥❣✐♥❣ t❤❡ ❇♦st♦♥ ❙❝❤♦♦❧

❈❤♦✐❝❡ ▼❡❝❤❛♥✐s♠✱✑ ✷✵✵✻✳ ◆❇❊❘ ❲♦r❦✐♥❣ ♣❛♣❡r✱ ✶✶✾✻✺✳

✱ ✱ ❛♥❞ ✱ ✏❉❡s✐❣♥✐♥❣ t❤❡ ◆❡✇ ❖r❧❡❛♥s ❙❝❤♦♦❧ ▼❛t❝❤✿ ❚❚❈ ✈s✳ ❉❆✱✑ ❲♦r❦✐♥❣ P❛♣❡r✱ ▼■❚

✷✵✶✹✳

✱ ❲❡✐✇❡✐ ❍✉✱ ❛♥❞ P❛r❛❣ P❛t❤❛❦✱ ✏❙♠❛❧❧ ❍✐❣❤ ❙❝❤♦♦❧s ❛♥❞ ❙t✉❞❡♥t ❆❝❤✐❡✈❡♠❡♥t✿ ▲♦tt❡r②✲

❇❛s❡❞ ❊✈✐❞❡♥❝❡ ❢r♦♠ ◆❡✇ ❨♦r❦ ❈✐t②✱✑ ✷✵✶✸✳ ◆❇❊❘ ❲♦r❦✐♥❣ ♣❛♣❡r✱ ✶✾✺✼✻✳

✱ ❨❡♦♥✲❑♦♦ ❈❤❡✱ ❛♥❞ ❨♦s✉❦❡ ❨❛s✉❞❛✱ ✏❊①♣❛♥❞✐♥❣ ✏❈❤♦✐❝❡✧ ✐♥ ❙❝❤♦♦❧ ❈❤♦✐❝❡✱✑ ❆♠❡r✐❝❛♥

❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✱ ✷✵✶✺✱ ✼✭✶✮✱ ✶✕✹✷✳

❆❣❛r✇❛❧✱ ◆✐❦❤✐❧ ❛♥❞ P❛✉❧♦ ❙♦♠❛✐♥✐✱ ✏❉❡♠❛♥❞ ❆♥❛❧②s✐s ❯s✐♥❣ ❙tr❛t❡❣✐❝ ❘❡♣♦rts✿ ❆♥ ❆♣✲

♣❧✐❝❛t✐♦♥ t♦ ❛ ❙❝❤♦♦❧ ❈❤♦✐❝❡ ▼❡❝❤❛♥✐s♠✱✑ ✷✵✶✺✳ ❲♦r❦✐♥❣ P❛♣❡r✳

❆♥❣r✐st✱ ❏♦s❤✉❛ ❉✳ ❛♥❞ ❏✐♥②♦♥❣ ❍❛❤♥✱ ✏❲❤❡♥ t♦ ❈♦♥tr♦❧ ❢♦r ❈♦✈❛r✐❛t❡s❄ P❛♥❡❧ ❆s②♠♣t♦t✐❝s

❢♦r ❊st✐♠❛t❡s ♦❢ ❚r❡❛t♠❡♥t ❊✛❡❝ts✱✑ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ✷✵✵✹✱ ✽✻✭✶✮✱ ✺✽✕

✼✷✳

❛♥❞ ❏ör♥✲❙t❡✛❡♥ P✐s❝❤❦❡✱ ▼♦st❧② ❍❛r♠❧❡ss ❊❝♦♥♦♠❡tr✐❝s✿ ❆♥ ❊♠♣✐r✐❝✐st✬s ❈♦♠♣❛♥✐♦♥✱

Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✾✳

✺✻
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