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Technical Discussion

The main concern of the research under this grant was to inves-

tigate theoretically and experimentally the possibility of passive mode

locking and the concomitant generation of ultrashort optical pulses in

liquids displaying the Kerr effect. Such liquids are made up of

anisotropic molecules which perform an oscillation in the presence of

an optical field containing more than one frequency. This oscillation at

the beat frequency is equivalent to a time dependent index modulation

which in an FM manner generates side bands, thus coupling energy between

the laser modes.

A theoretical investigation revealed that a steady state mode-
t

locked solution as appropriate to ultrashort pulses is induced by the

Kerr liquids. An experimental investigation using a Q-switched ruby

2
laser (^ 100 Mw/cm ) passively mode-locked by the insertion of a Kerr

liquid verified the theory. Pulses of ̂  10 sec have been generated

when the relaxation time of the liquid was temperature tuned to approxi-

mately 10 sec. .

Work in this area is continuing beyond the termination date of

the grant. Also, recent work in the Phillips Research Laboratories

uses this approach for mode locking ruby lasers.

The details of the theory and experiments are contained in the

enclosed reprints.
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Spectral broadening by the nonlinear dielectric
response of anisotropic molecules has been ob-
served and explained by Bloembergen and Lalle-
mand.1 Any two frequencies, say to, and co2, present
in the incident optical beam exert a torque on the
molecules at a frequency (o>, — o>2). The resultant
oscillation of the average molecular orientation
causes a modulation of the dielectric constant at
MI — &>2. A third frequency o>3 experiencing this
modulation acquires side-band components at o>3 ±
/(o)1-w2)/= 1, 2, 3, • • •.

In this Letter we consider theoretically the case
of an anisotropic molecular liquid (henceforth
designated as AML) placed within the optical reso-
nator of a multimode laser. In this case the fre-
quencies a>! and <u2 correspond to two longitudinal
modes so that the side-band energy at o>3 ± /(&», — to2)
coincides in frequency with already oscillating laser
modes. The presence of the AML is thus seen to
give rise to power exchange between the equispaced
laser modes.

In the following we show that this exchange of
energy gives rise, as in the internally modulated
laser2-3 to a phase-locked spectrum characteristic
of. the ultrashort pulse mode of oscillation, where
the pulses are separated by the double transit time
2L/c and should approach, in the limit, a duration

* Research supported in pan by NASA (ERC) through Grant
NGR05-002-W7.

T ~ (AiSgai,,) ' where Afgaln is the linewidth of the
amplifying transition. Such pulses are now obtain-
able from giant pulse lasers containing a saturable
absorber.4-5

Our task consists of solving for the complex nor-
mal mode amplitudes Dn of an optical resonator
containing an AML. These amplitudes are defined
as in ref. 3 by the following expansion for the total
electric and magnetic fields

c.c.

H(r,t) = €-<"«< 77B(F) + c.c.

The summation is over the longitudinal modes
whose resonant frequencies are <an. En(r) and
Hn(f) are the vector spatial eigenmodes as defined
by Slater.6 In a linear medium the modes Dn are
independent of each other. The presence of an
AML spoils this independence and forces a unique
phase and amplitude relationship upon the modes.

The mode expansion (1) is substituted into Max-
well's equation. The nonlinear dielectric properties
of the medium are accounted for by1

p<*>+°»-<"(r, t) =
4- i(o>i —

X
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where e2 is the optical Kerr constant, T is the Debye
molecular reorientation time, and g(f) accounts for
the partial filling of the resonator volume by the
AML. The equations of motion for the modes Dh

are obtained by the usual procedure7 of dot-multi-
plying Maxwell's curl equations by En(r) and Hn(f)
and integrating over the resonator volume. The
complete analysis is of very considerable difficulty.
In order to avoid getting lost in mathematical de-
tail we limit our consideration to all mode pairs
oh and o>2 separated by some multiple, say s, of the
intermode frequency to so that o^ — o>2 =sia. In addi-
tion we assume that: (a) a very large number of
oscillating modes exists so that spectral end effects
are negligible. This assumption can be shown to be
equivalent to the neglect of molecular viscous damp-
ing; (b) the gain is the same for all the modes and is
equal to the loss. If we define the amplitude and
phase of Dn through

D\(t) = fin(t) e (3)

we obtain

1 +
. (4)

where"V is the resonator volume./is the geometrical
filling factor for the AML cell and e is the total
stored electromagnetic energy. Since the right side
of £q...(4) is purely imaginary, we obtain the fol-
lowing solution for the normal mode

D*n(t) = 13 exp {-ze,

The AML is thus seen to give rise to a mode-locked
spectrum of equal amplitudes and zero phases, so
that the optical envelope consists of a train of ultra-
short pulses as discussed above. We notice in passing
that the factor within the square brackets of Eq. (5)
represents frequency pulling which is proportional
to the stored energy &.

As a measure of the strength of the mode coupling
we define a circulation time T0 as the exponential
time constant for the circulation of the energy in
one mode due to its interaction with all the others.

Again, if we limit our attention to mode pairs o>i,
w2 such that <oi — o>2 = so>, we obtain the partial con-
tribution to TO l

(6)

Since T^1 = 2, (TV1), we expect from Eq. (6) that the
shortest circulation time T0, hence the strongest
mode coupling, obtains when the magnitude of the
reorientation time T satisfies

1 1

/gain
(7)

•where (Aci))gain is the gain linewidth of the laser
transition.

In an experiment performed in collaboration
with J. Comly and Dr. E. Garmire, mode locking
and pulses of ~10~n sec duration were observed.
The setup consisted of a Q-switched ruby laser con-
taining a 5-cm nitrobenzene cell in its optical path.
Ultrashort pulses were observed only upon heating
the nitrobenzene to T > 126°C at which point r
becomes small enough (~10~u sec) to satisfy condi-
tion (7). The circulation time T0 at that point is
estimated to be less than 10~9 sec so that modes lock
together in a time short compared to the duration
of a single giant pulse.

A detailed description of the experiment is in
preparation.

The authors are indebted to J. Comly and Dr.
E. Garmire for a number of stimulating discus-
sions.

'N. Bloembergen and P. Lallemand, Phys. Rev. Letters 16, 81
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Mode locking and ultrashort pulses have been produced in a giant-pulse ruby laser with heated nitrobenzene
(T > 110°C) or a-chloronaphthalene (T > 62°C) inside the optical resonator. 10~"-sec pulses were observed with
the two-photon fluorescence technique.

In a previous article1 two of the present authors r is comparable to the inverse of the laser gain line-
analyzed the effect of anisotropic molecular liquid width Avgain, the dielectric nonlinearity of the ani-
on a multilongitudinal mode laser. It was shown sotropic molecular liquid should give rise to mode
that for sufficiently high oscillation power and at a coupling and, consequently, to ultrashort pulses,
temperature where the molecular reorientation time In this Letter we describe the experimental obser-

vation of mode locking and ultrashort pulses in a

* Research supported in part by NASA(ERC). giant-pulse ruby laser induced by the presence of
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either a-chloronaphthalene or nitrobenzene inside
the optical resonator.

The experimental setup consisted of a giant-pulse
ruby laser employing a rotating prism with an aver-
age power density of about 10 MW/cm2 and a 1-m
cavity. Internal reflections were minimized through
the use of Brewster-angle surfaces and a wedge out-
put mirror. A Brewster-angle, 5-cm cell containing
the liquid was placed inside the resonator. The
liquid temperature could be controlled over the
range -95°C to 140°C.

In Fig. 1 we show a typical two-photon fluores-
cence2 display of the output pulse at .694 /i with no
liquid within the resonator. The (longitudinal) uni-

Fig. 1. The two-photon fluorescence display of rhodamine
6G with no anisotropic liquid inside the laser resonator. The
longitudinal uniformity indicates the lack of ultrashort pulses.
The mirror was placed so that pulses separated by a round-trip
cavity time would overlap in the dye.

Fig. 2. Typical two-photon fluorescence displays obtained
when a 5-cm cell containing a-chloronaphthalene at 62°C is
present inside the resonator. The pulse length is approximately
1.2 x 10-" sec.

formity of the exposure indicates that no ultrashort
pulses are present. The introduction of a-chloro-
naphthalene inside the resonator gives rise to ultra-
short pulses as seen in Fig. 2. The temperature of
the liquid is 62°C, and the relaxation time T is esti-
mated to be in the range 2 X 10~n to 4 X 10~n sec.
The pulse duration is estimated from Fig. 2 to be
Tpuise~ 1-2X 10-" sec.

Similar results were obtained using nitrobenzene
except that ultrashort pulses occurred reliably only
when its temperature was raised above 110°C. At
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this temperature, r ~ 1.3 X 10~u sec (compared to
a room temperature value of 4.3 X 10~" sec). The
gain linewidth (Av)gain was measured with a Fabry-
Perot etalon at ~ 1.8 cm"1. The expected pulse width
is3 ~(l/(A^)gain) 1.8 X 10-11 sec, which is comparable
to the measured value Tpulse ~ 1.2 X 10~n, indicating
mode locking across the full gain line-width.

A number of interesting observations made in
the course of this investigation concerns the process
of stimulated Raman emission (SRE) in the aniso-
tropic molecular liquid inside the optical resonator.
When the cell containing a-chloronaphthalene was
placed outside the resonator and in the absence of
ultrashort pulses, we observed self-trapping4 ac-
companied by SRE in the a-chloronaphthalene.
When the cell is introduced inside the resonator no
SRE is observed. This is most likely due to the in-
crease in threshold for self-trapping which occurs
when Tpulse becomes comparable to or shorter than
the molecular relaxation time r.5

With nitrobenzene inside the resonator we ob-
served SRE both at T < 110°C, where ultrashort
pulses are infrequent, and at T > 110°C where
ultrashort pulses occur regularly.

The following observations suggest that in both
of these cases the SRE takes place without self-trap-
ping:

(a) a very nearly exponential dependence of the
Raman intensity on that of the laser, with a gain co-
efficient comparable to the theoretical value; and

(b) the lack of SRE in a-chloronaphthalene which
has nearly the same threshold for self-trapping and
relaxation time as nitrobenzene.

In Fig. 3 we see on the oscillograph both the laser
output and the Raman light generated from a nitro-
benzene cell at 90°C inside the cavity. Note the fast
rise of Raman output with small increase of laser
power. Furthermore, the Raman output is accom-
panied by substantial smoothing in the laser intensity
fluctuations, suggesting the appearance of para-
metric saturation.6

The use of a nonlinear dielectric constant inside
the laser cavity may be a very practical way of gen-
erating ultrashort pulses. Present techniques gen-
erally use a saturable absorber, which tends to en-
hance the filamentary structure of the laser output,
often causing damage to laser components. The
liquids used here reduced the filamentary nature of
the beam even when compared to that without any
liquid. This can be seen by comparing the trans-
verse structures in Figs. 1 and 2. We found no dam-
age to components when ultrashort pulses were
generated by the anisotropic molecular liquids,
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(a)

(b)

(c)

Fig. 3. Laser oscillation and stimulated Raman emission
from nitrobenzene at 90°C inside the laser cavity, (a) Single
pulse showing the large fluctuations in the laser output below
the onset of SRE with a width of 40 nsec. (b) At an increased
pumping level the very beginning of SRE is seen in the small
pulse after the main laser pulse. The SRE pulse is delayed
electronically by 10 7 sec so that a simultaneous single-trace
display is possible, (c) At even higher pumping level; the laser
intensity fluctuations are largely smoothed out.

while it was a frequent problem with saturable ab-
sorbers.

The bandwidth of the nonlinear dielectric coup-
ling is determined by the molecular reorientation
time, which can be varied by temperature tuning or
by changing liquids. The possibility of using this
effect for producing ultrashort pulses of variable
length is being investigated.

The authors acknowledge the excellent technical
assistance of D. Armstrong.

1J. P. Laussade and A. Yariv, scheduled to be published in
Appl. Phys. Letters.

2A. Giordmaine, P. M. Rentzepis, S. L. Shapiro, and K. W.
Wecht, Appl. Phys. Letters 11,216(1967).

3 A. Yariv,/. Appl. Phys. 36, 388 (1965).
4See, for example, R. G. Brewer, J. R. Lifsitz, E. Garmire, R. Y.

Chiao, and C. H. Townes, Phys. Rev. 166, 326 (1968) and refer-
ences cited there.

5S. L. Shapiro, J. A. Giordmaine, and K. W. Wecht, Phys. Rev.
Letters 19, 1093(1967).

6A. E. Siegman, Appl. Opt. 1, 739 (1962); also A. Yariv and
W. H. Louisell, IEEEJ. Quantum Elec. 2, 418 (1966).

178



Copyri;
Reprinted from APPLIED OPTICS, Vol. 8, page iSOJi, August 1969

'right 1969 by the Optical Society of America and reprinted by/permission of thof the copyright owner

Optical Communication Through Random
Atmospheric Turbulence

Jean-Pierre Laussade, Amnon Yariv, and Jack Comly

In this paper we compare the theoretical performances of two schemes of optical communication through
the atmospheric turbulence: (1) heterodyne detection and (2) video detection. The signal-to-noise
ratios (S/N~) in the output current of a detector are expressed for both schemes in terms of the correlation
function of the refractive index fluctuations of the turbulence. The results of a separate theoretical
analysis of optical wave propagation through a random turbulence are used in order to obtain a numeri-
cal estimate of the performance criterion (S/tf)m/(S/N)Q) in terms of the length of propagation through
the atmosphere, the turbulence strength, the wavelength of the optical wave, and the diameter of the re-
ceiving aperture.

I. Introduction

In this paper we consider the effect of propagation
through a turbulent atmosphere on two archetypes of
optical communication schemes: (1) a superhetero-
dyne and (2) a video communication system.

We are aiming our analysis specifically at electrooptic
modulation systems which, fundamentally, control the
phase of the optical carrier. This modulation is often
converted into amplitude modulation by means of
polarizers, or recovered as phase modulated inter-
mediate frequency signal in a heterodyne detection sys-
tem. Since our main interest in this analysis is in the
loss of signal information due to random phase fluctua-
tions and not in the many possible detection schemes, we
define, somewhat arbitrarily, our signal power as that of
the modulation frequency sidebands in the output of the
optical nonlinear detector. In the case of the hetero-
dyne system, the detector output, being phase modu-
lated, requires further demodulation to recover the
signal. It is assumed that this process does not change
the signal-to-noise ratio materially, so that the com-
parison between the video and heterodyne schemes can
be carried out at the same point of the communication
link, i.e., at the output of the first (optical) detector.

To be specific, in scheme (1) the linearly polarized
output field of a laser oscillating at «0 is phase modulated
at a frequency «m. After propagating through a turbu-
lent atmosphere, it is incident on the surface of a non-
linear optical detector along with a local oscillator sig-
nal1 whose frequency is «o — Aw. For the purposes of
this analysis, we define the signal as the components of
the detector current oscillating at (Aw ± wm).

In scheme (2), the video communication system, the
phase modulation at um is impressed on one of the two
mutually orthogonal polarizations which initially add
up to form the linearly polarized laser field. These two
polarizations, having traversed together the turbulent
path, are mixed in the nonlinear detector to produce an
output current at wm to which we refer as the signal.
From the point of view of signal-to-noise ratio, the best
we can do is have the main source of noise in the output
of the detector be the shot noise generated by the local
oscillator in case (1) or the optical signal itself in case
(2).*»

The main purpose of this work is to apply the results
of a theoretical analysis of propagation through random
atmospheric turbulence4 to evaluate the signal-to-noise
ratio following detection in the cases of a superhetero-
dyne receiver and a video receiver as described above.
The relative performance of these systems is calculated
as a function of optical wavelength, the path length, the
receiver diameter, and the strength of the turbulence.

II. Signal-to-Noise Ratio in Optical
Mixing Detection

In the most general case, we assume that in the plane
of the detector the reference and the information signals
have random amplitudes and phases due to the random
fluctuations of the refractive index along the propaga-
tion path in the atmosphere. At a point defined by the
coordinates (L,r) in the plane of the detector, the
modulated optical electric field is

Es(L,r) = As(L,r) (D

The authors are with the California Institute of Technology,
Pasadena, California 91109.

Received 6 January 1969!

where L is the length of the communication link, AS(L,-
r) are the random amplitude and phase due to the turbu-
lent nature of the transmission medium, u0 is the fre-
quency of the optical wave, <£m(0 is the modulation

August 1969 / Vol. 8, No. 8 / APPLIED OPTICS 1607



phase containing the information. We consider the
case of harmonic phase modulation so that <t>m(t) = &
sin wm(2), where S is the modulation index and wm is the
(angular) modulation frequency.

The complex reference electric field is taken as

ER(L,r) = AR(L,t) exp{t[(«o - A«)( + <t> + 4>R(L,i)}}, (2)

where AR(L,r) and <f>R(L,r) are the random amplitude
and phase due to the turbulent transmission medium; <i>
is a constant phase factor; and Aw is the frequency offset
from the carrier frequency. (For video detection, Aw =
0.) The total electric field in the plane of the detector is
the sum of the information and reference electric fields:

ET(L,T) = ES(L,T) + ER(L,r\ (3)

and the output current of the nonlinear detector (after
averaging over a few optical periods) is taken as

= ST dTET(L,i)ET*(L,r), (4)

where r) is the quantum efficiency of the detector, v
equals w0/2ir, q is the electronic charge, and S is the area
of the detector.

The output current i(t) has a dc part IDC and oscillat-
ing components at sideband frequencies Aw ± wm, where
m = ± 1, ±2,. . . . Here we consider only the part of
the current oscillating at frequencies Aw ± wm. Since
this oscillating component is the replica of the modu-
lated information; we call it 4*3(1). From Eqs. (l)-(4)
with <f> = ir/2,f we find

IDC = • (5)

and

i
dTAK(L,T)Aa(L,r)

X cos'Awi ,r)], (6)

where Ji(5) is the first order Bessel function and A<£(Z/,r)
is the random phase difference between the information
and the reference signal:

- <t>R(L,r). (7)

Equations (5) and (6) are used below to derive expres-
sions for the signal-to-noise ratio in heterodyne and
video communication schemes.

III. Signal-to-Noise Ratio for
Superheterodyne Detection

In a heterodyne detection scheme, the amplitude of
the reference signal is constant over the plane of the
detector AR(L,r) = A« and the phase does not contain
any fluctuations <t>x(L,r) = 0. In this case, A</»(L,r) =

t In the case of the video scheme, the optical bias <t> = v/2,
along with an output polarizer, is used to convert the phase mod-
ulation to amplitude modulation. In the heterodyne case, the
choice of <f> is immaterial and 0 = ir/2 is used for the sake of
definiteness.

0(D (L,r) where fa (L,r) is the phase of the modulated
optical signal. The subscript (1) refers to heterodyne
detection.

From Eq. (6) the signal part of the current is

n
ia(t) = /Js

drAm(L,T)

X cos[A«t ,r)]; (8)

is(t), as expressed by Eq. (8), is the result of the beating
of both sidebands of the signal beam at frequencies
wo + «m and w0 — wm with the reference beam at fre-
quency w0 — Aw. In the remainder of this analysis, we
use a slightly different expression for is(t). We con-
sider the current obtained by twice the contribution of a
single sideband. It is expressed as

ia(t) =

X t + <t>w(L,r)]. (9)

It is simpler to relate is(t) as expressed by Eq. (9) to
known functions describing the turbulence, and the
final result for S/N is within a factor of one-half of the
correct result which could be obtained from Eq. (8).

The signal power in the output current of the detector
Sm(i) is defined as Sa,(0 = t's2(0- From Eq. (9),

|* dr, f dr*4(,,-(L,ri)A(,)(L,rO

X sint(A« + wm)t + <t>m(L,ii)] sin[(A« + ««)< + <t>m(L,rt)]. (10)

The signal power SH) averaged over a time large com-
pared with 2 IT/ (Aw + um) is

i fdr, j

) - 4>M(L,Tt)], (U)

and the total statistically averaged power in the output
current of the detector is expressed as

« f I

(12)

where the ( ) denote ensemble averages and M(i,(L,r) is
the wave function U(i)(L,r) = A»)(L,r) exp[i^(i)-
(L,r)] of the optical beam carrying the information.
(S(u) is thus a function of the two-point correlation of
the wave function in the plane of the detector.

In a detector where the largest source of noise is the
shot noise generated by the local oscillator (reference)
beam, the noise power is

Nm = = (7,3 VM#A «'(*•£ V4), (13)

where Eq. (5) has been used; B is the bandwidth of the
circuit following the detector and D is the diameter of
the detector. From Eqs. (12) and (13), the signal-to-
noise ratio for a heterodyne detection system is

X <u(1)(L,r,)u*(,,(L,r,)>. (14)

1608 APPLIED OPTICS / Vol. 8. No. 8 / August 1969



(a) (b)

Fig. 1. Configuration of the polarizations in the case of a video
communication scheme. The direction X is the direction of the

laser polarization and of the parallel polarizer.

IV. Signal-to-Noise Ratio for
Video Communication

In the video communication scheme, the amplitude
and phase fluctuations of both the information signal
and the reference signal are the same, since they follow
the same atmospheric path:

<t>R(L,r) = <t>s(L,r) or 0. (15)

We call A(»(L,r) = Aa(L,r) = AR(L,r) the common
amplitude. The subscript (2) refers to the part of the
beam carrying the information. With the help of Eqs.
(6) and (15), the total statistically averaged signal
power in the output current of the detector in a video
communication scheme can be expressed as

(Sm) = f f (16)

where 7(8)(L,r) = Aw
s(7/,r) is the intensity (W/m2)

of the optical wave at the plane of the detector. (7(2)-
(L,ri)7(2>(L,rj)) is the two-point correlation function of
the intensity fluctuations in the plane of the detector.

In order to calculate (S/N)&, we assume that the
largest source of noise is the shot noise due to the optical
signal itself. This condition corresponds to the ideal
mode of operation of a video communication system.
In a practical situation, a careful evaluation of all the
parameters (areas of the transmitter and the receiver,
length of propagation, wavelength, transmitted power,
absorption coefficient of the atmosphere, sensitivity and
noise equivalent power of the detector) is needed in
order to determine whether this condition is satisfied.*-8

According to Eq. (5), the statistically averaged signal
shot noise power is

(Nm) = 2B f- f dT(Im(L,t)), (17)
hv Js

and (S/AO(z) is given by the following expression:

JJ/'"*'
(S/N)m = r^

L
(18)

The signal-to-noise ratio for video communication is
thus a function of the correlation function of the inten-
sity fluctuations in the plane of the detector.

V. Comparison of the Performances

We define the quantity R = (S/N)m/(S/N)m which
is a measure of the performance of a video communica-
tion system relative to that of a heterodyne communica-
tion system. According to Eqs. (14) and (18),

R =
2

I I dridi,Him(L,T,,r,)

I drBvm(L,r,r) I I dr,drjBu(1)(L,r,,rz)
«/2 JzJs

(19)

where Bu(L,ii,Tt) = (u(L,ii) w*(I/,r2)) is the correlation
function of the wave function and 7?/(Z/,ri,r2) = (I(L,Ti)-
7(L,r2)) is the correlation function of the intensity.
The subscripts (1) and (2) refer to the part of the optical
beam carrying the information in the heterodyne and
video communication schemes, respectively.

In the absence of turbulence R = ^(A^/A^*, we
assume that the same laser optical beam with amplitude
AD at the plane of the detector is used as a carrier for
both communication schemes. In the case of hetero-
dyne detection, the phase of the total laser electric
vector is modulated; then Aw = A0. In the case of
video communication, the laser polarization is chosen to
have equal components along two perpendicular direc-
tions. One polarization component is used as the infor-
mation signal, the other as the transmitted reference
signal; then only the amplitude A0/(2)* is modulated
[see Fig. l(a)]. A polarizer is used at the detector to
mix the information and the reference signals. If the
polarizer is parallel to the laser polarization, the ampli-
tude of the modulated optical signal in this direction is
A(2) = [A0/(2)'][1/(2)M = (Ao/2) [see Fig. l(b)].
Then in the absence of turbulence, R = £; i.e., the S/N
for the superheterodyne system is larger by a factor of
eight than that of a video system.

In order to calculate 72 in the presence of atmospheric
turbulence, we use the results of a theoretical analysis of
optical wave propagation through a random medium
which is reported elsewhere.4

Assuming that the refractive index fluctuations are a
homogeneous6 gaussian random process, the wave func-
tion correlation function is expressed in terms of the

I05r*

Fig. 2. R vsD for a weak turbulence C. = 10-» m"1" at X = IM-
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0 (cm)

Fig. 3. ft vs D for an intermediate turbulence Cn = 3 X 10~8

m~"' at X = 1 it.

D t c m )

L - I O z m L • IO5m

Fig. 4. RvaD for a strong turbulence C» = 10-' m"1" at X

!*••

correlation function of the index of refraction BB(«) in
the following way:

,p) = Aw
f exp -2k'L

a I* (•(Ltp-pW \ ~|

Bn(<*)da - j B»(a' + p«)» J do, ; (20)

Z/o is the outer scale of the turbulence, and p = TI — r2.
No theory to date has proven successful in finding an
exact analytical expression for the intensity correlation
function Bi(L,Ti,Tt) which is applicable beyond the
limits of validity of the Rytov approximation4 (long
propagation paths, strong turbulences). For the pur-
pose of a numerical application, we choose an expression
for B, which fits the recent experimental data of
Gracheva for small and large <ri(L,0)4'6 as defined by
Eq. (22).

B/<,)(L,r,,r,) = B,m(L,p) = Am* [ 2 - * 1, (21)
|_ 1 + <ns(L,p)J

where

<ri«(L,p) = 8rlfc!L I Jt(Kp)
Jo
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Din +,(K)K dK; (22)-

4>n(K) is the three-dimensional Fourier transform of the
refractive index correlation function. In deriving Eq.
(21), we have used the assumption which is supported
by experimental evidence,6"9 that the amplitude of an
optical wave propagating through atmospheric turbu-
lence has a log-normal probability distribution function.

With the help of Eqs. (20)-(22) and (19), we have per-
formed a numerical calculation of R using the Kol-
mogoroff-Obukhov model of turbulence:10

for K < Km

for K > K „

5.48//0

and have expressed R in terms of the diameter of the
detector D, the wavelength X, the communication
distance L, and the turbulence strength as represented
by the structure constant Cn. The results are presented
in Figs. 2-6.

In Fig. 2, the performance criterion R is plotted as a
function of the detector diameter D for a communica-
tion link at 1 n propagating up to a distance of 100 km
through a weak turbulence (Cn = 10 ~8 m~*). R vs D
plots for the same communication system in intermedi-

Fig. 5. R v s D for an intermediate turbulence Ca = 3 X 10~'
m-1" at X = 10 M-

D(cm)

Fig. 6. RvsD for a strong turbulence C» = 10~7 m"1" at X =
10 n.



ate (Cn = 3 X 10"* m~*) and strong (Cn = 10~7

TO"*) turbulences are given in Figs. 3 and 4, respec-
tively. It is found that R is an increasing function of
the detector diameter of the propagation distance and of
the turbulence strength. For a propagation distance of
10 km at 1 /i, as an example, the video communication
scheme has a larger signal-to-noise ratio than the hetero-
dyne detection scheme (R > 1) when D > 40 cm, D > 10
cm, and D > 2 cm in weak, intermediate, and strong
turbulences, respectively. A video communication
scheme would perform even better for longer propaga-
tion distances, stronger turbulences, and shorter wave-
lengths. This is due to the cancellation of the phase
fluctuations between the reference and the signal parts
of the beam.

In Figs. 5 and 6, we have represented R va D for a
communication link at a wavelength of 10 M under inter-
mediate and strong turbulences. In this case, R in-
creases more slowly with D, L, and Cn than for \ = 1 p.
It is only for long communication lengths under strong
turbulence (L = 100 km, Cn = 10 ~7 m~*) that a video
system would be preferable to a superheterodyne detec-
tion system. This is due to the fact that the correlation
function Bu(L,p), as expressed by Eq. (20), varies as
e~1/x> and therefore decreases more slowly with a longer
wavelength. The phase fluctuations are less important
at 10 /i than at 1 \t.

VI. Conclusion
We have calculated the (S/N) for (1) a superhet-

erodyne and (2) a video optical communication system,
involving propagation through the atmospheric turbu-
lence. It has been found that for long propagation
distances in a weak turbulence, or for a propagation
distance of a few kilometers in an intermediate turbu-
lence, scheme (2) operating at 1 /* has a larger signal-

to-noise ratio than scheme (1). However, a heterodyne
system operating at 10 /i is less sensitive to the random
phase fluctuations introduced by the atmosphere than a
system at 1 /*.

As far as the effects of atmospheric turbulence are
concerned, at 1 M and smaller wavelengths a video sys-
tem is preferable to a superheterodyne system, while at
10 p and longer wavelengths, the inverse is true. These
theoretical results are in agreement with some recent
experimental results.11 '

The authors wish to thank the Army Research
Office—Durham, and the NASA Electronic Research
Center, for the support of this work.
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Analysis of Mode Locking and Ultrashort Laser
Pulses With a Nonlinear Refractive Index

JEAN-PIERRE LAUSSADE AND AMNON YARIV, MEMBER, IEEE

Abstract—A new method for locking the longitudinal modes of
a laser resonator and generating ultrashort pulses of light is de-
scribed. The cavity modes are coupled together when a medium
with a refractive index nonlinearity is placed in the cavity.

A theoretical study is presented which analyzes the mode struc-
ture of a laser resonator containing a cell filled with an anisotropic
molecular liquid. It is found that under certain conditions the
energy exchange between the modes gives rise to a mode-locked
spectrum and to the attendant generation of ultrashort pulses of
light (~ 10~u second for a ruby laser, 10~12 second for a Nd3+:
glass laser).

INTRODUCTION

THE OUTPUT electric field of a. laser is equal to
the sum of the electric fields of the individual modes
of the cavity that are amplified by the laser medium,

i.e., whose frequencies lie within the gain linewidth Avg of
the amplifying transition.

In the normal mode of oscillation of a laser (no perturba-
tion inside the cavity), the phases of the modes are random
and uncorrelated, and the output intensity is fluctuating
randomly in time around its mean value Nl, where N
is the number of oscillating cavity modes and / is the
average mode intensity,

It has been shown [l]-[3] that if the losses of the laser
cavity are modulated at a frequency equal to the inter-
mode spacing frequency c/2L (L is the length of the
cavity), mode locking results and the output of the laser
consists of a continuous train of pulses that have the
following properties..

1) The pulsewidth is equal to the reciprocal of the gain
linewidth l/Ai>0.

2) The pulses are separated in time by the double
transit time of the light inside the cavity 2L/c.

3) The peak power is equal to N times the average
power of the laser where N is the number of coupled
modes. •

Using internal modulators, ultrashort pulses have been
obtained in continuous-wave gas lasers [2] (with a width
of 2.5 X 10~9 second) and solid-state lasers [3] (8 X KT11

second) with a pulsewidth approaching the theoretical
value l/Ai<0. Internal modulators have also been used to
generate ultrashort pulses in pulsed solid-state lasers where

Manuscript received January 6, 1969; revised April 22, 1969.
This work was supported by the Army Research Office, Durham,
N. C., and the NASA Electronic Research Center.

The authors are with the Division of Engineering and Applied
Science, California Institute of Technology, Pasadena, Calif.

the duration of the pulsing (~1 /js) is larger than the
modulating period [4], [5]. The observed pulsewidths were
2 X 10~9 second for ruby and 0.5 X 10~9 second for
Nd: glass, while the theoretical values are, respectively,
10"" second and 4 X 10~13 second, iiidicating that the
whole linewidth is either not fully mode locked, or that
the frequency is swept.

An increase in the output power of solid-state lasers
has been obtained by the technique of Q switching [6].
The output of a non-mode-locked Q-switched solid-state
laser consists typically of a pulse of 10-50 X 10~* second
with a peak power of up to a few hundred megawatts.
In these lasers, mode locking has been obtained by in-
serting a saturable absorber inside the cavity [7], [8].
A saturable absorber is an element whose optical trans-
mission is an increasing function of the intensity of the
incident beam. Pulses whose duration is ~ 10~n second
as short in ruby lasers and ~ 10~12 second in Nd: glass
lasers with peak intensities in excess of 109 watts have
been observed by using this technique.

In this paper we analyze a new method [9], [10] for
generating high-intensity picosecond pulses in Q-switched
solid-state lasers.

We show theoretically that the introduction of a re-
fractive index nonlinearity inside a laser resonator gives
rise to a mode-locked spectrum, characteristic of the
ultrashort pulse mode of oscillation. The nonlinearities
we consider are provided by liquids consisting of aniso-
tropic uniaxial molecules. -These molecules, of which
nitrobenzene and CS2 are two representative examples,
have different polarizabilities along their axis of sym-
metry and along any other axis .perpendicular to it. We
call these polarizabilities «B and a± respectively. A linearly
polarized electric field applied to such a. liquid induces
a nonlinear polarization in the medium that is propor-
tional to the difference (aB — a±) and to the cube of the
electric field and therefore produces a change in the
dielectric constant of the medium proportional to the
square of the electric field. When a liquid with anisotropic
molecules is placed inside a laser resonator where the
optical electric fields are large enough to produce an
appreciable change of the dielectric constant, it couples
the longitudinal modes of the resonator together in the
following way. Let us assume that three modes of the
resonator (0), (+1), and (—1) osculate with their re-
spective frequencies w0, w0 + &, <•><> — &• 8 is the radian
intermode frequency ft = irc/L.
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The two modes (0) and (+1), for example, induce a
change in the dielectric constant of the liquid At « EoEi,
where E0 and Ei are the electric fields of the two modes.
Thus A« has a component oscillating at the frequency
(w0 + fi) — w0 = 0- The mode (—1), incident upon the
liquid, "sees" a modulation of the dielectric constant at
frequency Q, which causes the generation of sideband
frequencies at (w0 — fi) + mfl, m = ±1, ±2, • • • . As an
example, the sideband at («0 — Q) + ft = o>0 coincides
in frequency with mode (0). The effect of the nonlinearity
Ae « E2 is thus seen to be one of coupling modes together,
i.e., introducing unique relationships between the ampli-
tudes and the phases of the modes.

We present below a detailed theoretical analysis of the
intuitive picture described in the last paragraph. The
results of an experimental investigation have been re-
ported elsewhere [9], [10].

The third-order nonlinear polarization induced in the
laser cavity by the anisotropic molecular liquid is expressed
ha terms of the parameters of the liquid as a triple summa-
tion over the cavity modes. Maxwell's equations with the
nonlinear polarization acting as a driving term are then
used to find a differential equation obeyed by the modes'
amplitudes. A steady-state self-consistent solution is
found. This solution applies to practical experimental
situations only if sufficient energy exchange takes place
between the modes in a time shorter than the duration
of a Q-switched pulse. The energy exchange time constant
To is calculated in terms of the parameters of the liquid
and of a given laser system. We find that under reasonable
experimental situations T0 can be made short enough so
that mode locking can take place during the duration
"" 10-30 X 10~9 second of a typical Q-switched laser
pulse.

NONLINEAR POLARIZATION INDUCED IN THE ANISOTROPIC
MOLECULAR LIQUID

The dipole moment of an anisotropic molecule induced
by a linearly (||z) polarized electric field E along its own
direction of polarization is

= E(at — aj.) cos2 0 + (1)

where 6 is the angle between the direction of the electric
field and the axis of symmetry of the molecule (see Fig. 1).

The average induced dipole moment of one anisotropic
molecule is found by replacing cos2 6 by its statistical
average (cos2 6) taken over the ensemble of molecules

- cO<cos2 0) + (2)

In the absence of any electric field, all the orientations of
the molecular axis of symmetry are equally probable and
(cos2 0) = J. In the presence of a strong electric field,
the molecules tend to align with their axes parallel to the
field direction and (cos2 0) is different from f. We write

Fig. 1. Orientation of an anisotropic molecule in an electric field.

The quantity s determines the average deviation of the
orientation of anisotropic molecules from a purely random
orientation, s is the first diagonal element of the anisotropy
tensor [11]. From (2) and (3) we obtain

t

^ _LE

- «i)s + -5 (4)

The anisotropy tensor element s can be shown to obey
the following differential equation [11]:

ds
dt (5)

where E is the linearly polarized electric field. T is the
time constant with which the molecules regain their
random orientation after the electric field has been turned
off. It is often called the Debye relaxation time [12] or
the orientational relaxation time. X can be shown by a
simple thermal equilibrium argument [11] to be given by

_ 1 fa — gj.)
15 kTr

We look for a solution of the differential equation (5) in
the case where the electric field is the sum of the electric
fields of the modes of a laser resonator. For this purpose
we find it advantageous to introduce, first, the normal
mode formalism for describing the optical resonator field.

Normal Mode Formalism

In order to describe the mode spectrum of the laser
resonator, we introduce a set of orthonormal electric and
magnetic vector functions Ea(r) and H,(r) as defined by
Slater [13], [14]. They are related by the following rela-
tionships:

fcn£n(r) = V X Hn(r), knH0(r) = V X E,(r) (6)

V-£n(r) = V-ffn(r) = 0 (7)

where &„ is a constant and n is the index mode number.
According to (6) and (7), they satisfy the following
differential equations:

(cos2 9) = s + J. (3) (V2 + 0, (V2 + = 0 (8)
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and they are defined so as to obey the normalization
conditions

f £n(r)-£ra(r) dr = «„„, f Hn(r)-Hm(f) dr = «„„. (9)
Jv Jv

The above integrations are performed over the total
volume of the cavity.

We express the total electric field E(r, t) (here we go
over to a scalar notation appropriate for TEM-like optical
resonator modes), and the total magnetic field H(r, f)
inside the cavity as

E(r, 0 = - Z —f

H(r, 0

where wn is defined by

(10)

(ID

(12)

and where E*(r) and Hn(r) are the electric and magnetic
scalar functions defined above. The summation is per-
formed over the total number of modes of the cavity.
€0 and pt0 are the dielectric constant and the permeability
of the medium filling the cavity. pn(0 and qn(t) are un-
known functions of time describing the amplitudes and
phases of the individual longitudinal cavity modes.

Expression of the Anisotropy Tensor Element s in a Laser
Cavity

With the help of the formalism presented above we
rewrite the differential equation (5) as follows:

| + ; = f Z Z ^ P«(t)Pb(»Ea(r)Eb(f). (13)

We assume a solution for pa(t) in the form

where «„ is the optical frequency of the oscillating mode n
and Dn(t) and D*(0 are slowly varying functions of time
compared to e"""'. D*n(t) is the complex conjugate of Dn(0-
The phase and amplitude evolution of mode n is thus
contained completely in D*n(t). p0(0 and pb(t) are replaced
in (13) by (14). The product p*(t)pi>(t) is made up of two
frequency components, one at frequency o>a + «» and
the other at frequency u, — ub. Both w0 and ub are optical
frequencies ~1016 rad/s, so co0 + o>4 is an optical fre-
quency. Since the orientational relaxation tune of the
liquid is of the order of 10~10 to 10~12 second, the molecules
cannot respond to fields at optical frequencies. The only
term to which the molecules can respond is the term at
frequency u, — ut, which ranges from wa — «» = 0 to
w« — w» ~ 2»r Aj/a where Av0 is the gain linewidth of the

laser medium. Then

5 + ;-f ZZ^W)^a t T « * o 6 ^ * o

•(Dl(t)Db(t) exp [*(«. - «.)<] + c.c.). (15)

We look for a solution for s hi the following form:

« = Z Z s°*(0 exP [*(<•><> — "»)*] + c-°- (16)
a b

where s*b(f) is a slowly varying function of time compared
to exp [i(ta, — cat)t] when a 7* b. Therefore for a ^ b
we neglect ds*b(t)/dt with respect to (wa — ub)s*b(t). By
substituting (16) for s in (15) we find the following expres-
sion for s*L(t):

Using this last result in (16) leads to

i(ua — <ab)r

•exp [t(«. - udf[E.(r)E>(r) + c.c. (18)

We thus find that the average molecular orientation
oscillates at integral multiples of the intermode frequency
(since co0 — w6 = mirc/L, m = ±1, ±2, • • •). The ampli-
tude of each frequency component is proportional to the
product of two laser fields D* Db and lags by <t>ab =
tan"1 [(wa — <O»)T].

Total Nonlinear Polarization

The total average polarization P induced in the aniso-
tropic molecular liquid per unit volume is P = N0(n.)
where N0 is the number of molecules per unit volume and
(/*,) is given by (4). In MKS units the displacement
vector D is expressed as D = eoE + P, which can be
written as D = eLE + PNL where eL is the dielectric
constant of the liquid and PNL is the total nonlinear
polarization induced hi the liquid. According to (4) the
scalar polarization field is

PNL can be expressed in terms of the cavity mode wave
functions Dn(t)Ea(r) with the help of (10), (14), and (18):

P - — "U* V V V* IfL — 0162 / . / . / .
a 6 c

D*a(f)Db(f)D*e(i
X̂

(20)

where «3 is the optical Kerr constant expressed ha MKS
units

_ _
135 kT

(21)
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SOLUTION OF MAXWELL EQUATIONS WITH A
THIED-OKDER NONLINEAR POLARIZATION

In order to find an expression for the electric field in
a laser resonator in the presence of an anisotropic molec-
ular liquid, a nonlinear polarization driving term is in-
cluded in the Maxwell equations:

(22)

(23)

V X E = -MO

V X H + -- (foE + PNL)
at

where o- is the electrical conductivity of the medium. For
simplicity, we have assumed that the linear dielectric
constant of the liquid is equal to 1.

By this procedure we first find a differential .equation
obeyed by the mode amplitudes D*n(t).

Differential Equation jor the Mode Amplitude Dn(t)

We replace the electric field and magnetic field by their
expressions (10) and. (11) in the first of the. Maxwell
equations (22). Both sides of the equation are then multi-
plied by Hm(r) and integrated over the volume of the
cavity. With the help of (9) and (12), we find

\P.(0 = 9i(<). (24)

The first Maxwell equation (22) has provided a relation-
ship between pn(t) and qa(t). According to (24) and (14)
we can now express ga(t) and then the magnetic field
H(r, t) in terms of the complex amplitude D*n(t) of the
nth cavity mode:

1
e'-1 + Dn(t)e-'""). (25)

It has been assumed in deriving expression (25) that,
Dn(t) is a very slowly varying function of time compared
toe" i.e.,

dDn(t)
dt

A second relationship between pn(t) and qn(t) is obtained
by using (23) in which E, H, and PNL are replaced by
their expressions (10), (11), and (20). Both sides of the
equation are multiplied by Em(r) and integrated over
the volume of the cavity. The relationships (6) and (9)
are used to find the differential equation

where

= r— 7^ a
2 V2 £0

' v,/ , s (D*(t)Db(t)D*(t)
X (&>« — «6 + Wc) L _/Y - V-U + l(w, — wb)T

•exp [»•(«. - a* + «.)<] + c.c.j

as defined by the relationship

(26)

E.(r)E.(r)Eb(r)E.(r) dV (27)

volume of the

anisotropic liquid

is a factor that depends upon the dimensions and the
position of the anisotropic liquid inside the laser cavity.

The equation pn(t) = q'n(t) has allowed us to express
qa(t) in terms of D*n(t) and Dn(t). We then replace pn(t)
and qn(t) by their expressions (14) and (25) and find a
differential equation for D* (t) instead of pn(t):

D*a(t)Db(t)D*(t)

where only the modes o, 6, and c such that

(28)

(29)

can provide synchronous driving of the oscillation at un.
The frequency of the nth mode is defined as

<on = nQ (30)

where 12 = irc/L and n is a very large number equal to
the number of half-wavelengths contained in the length
of the resonator. With the definition (30), the condition
(29) becomes a — 6 + c .= n. The triple summation
over a,b,c in (28) is replaced by a double summation
over m and p such that a = n + m, b = n + m + p,
and c = n + p. The above substitution leads to the dif-
ferential equation

dD*
dt (1-

(31)

where we have assumed that the gain provided by the
laser medium is equal to the losses of the cavity (reflection
losses at the mirror and diffraction losses), so that the
effective conductivity a is taken as zero.

The nth cavity mode has the spatial dependence:

(32)

where A is the cross section of the beam. The factor
Sn.m,v is calculated explicitly, using (27), when a liquid
cell of length 21 is inserted in an optical cavity of length L
at a distance Z/0 from a mirror that is taken as the origin
of the coordinates (see Fig. 2):

1
sin —- cos

L

1 . 2mirl 2irmLa\-—sm —=— cos —j—)•
2mir L L I

(33).

Solution of the Differential Equation jor D*n(t)

We find a solution of the differential equation (31) in
the case when the liquid cell fills half of the laser cavity
L0 = I = L/4. According to (31) and (33),
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Fig. 2. Position of the liquid cell (Ic) inside the cavity formed
by the two mirrors (m).

439

In (36) we have used the fact that the total electro-
magnetic energy 8r stored hi the cavity can be expressed
according to (9)-(ll), (14), (25), and (35) as

volume of
the cavi ty

dt

^ Dn+, D*+p \Dn L < * „ , „ _ . J- (34)

In order to specify the values of p and m over which
the summations in (34) are performed, we discuss in
some detail the mechanism of power exchange between
modes. The above equation describes the coupling be-
tween four modes labeled n, n + p, n + m + p, and
n + m. The susceptibility for this coupling is x — «2/
(1 — ip^lr). We can write the susceptibility x as a real
part x' plus an imaginary part -Hx"- The transfer of
energy between the modes n and n + p is proportional
to X" = «»(pOr)/[l + (pfir)2].

The rate at which energy is transferred into one mode
via another mode separated hi frequency by pfi is thus pro-
portional to the function f(p/m0) = (p/m0)/[l + (p/wi0)

2]
where m0 = l/J2r. This function has a maximum for
p = m0 and decreases to zero for p > m0. We neglect
the interaction of the nth mode with the n + pth mode
when p > 2m0; the summation over p is then limited
to — 2m0 and 2m0. We label NI and A^ the lowest and
highest frequency modes of the gain linewidth; the total
number of modes is N = N2 — N!. We look for a solution,
of (34) in the form

= jS(0e-"*(l>

(35)

where /8(<) and $(<) are real functions of time. In this
assumed form the cavity modes have the same amplitude
|8(0 and the phase difference between two adjacent modes
is the same for all the modes and is equal to $(0- We
substitute for D* and Dn in (34) their expressions (35),
and perform the summations with the limits described
above to find

dt

(36)

The last term in the parentheses on the right-hand side
of (36) is roughly equal to I/AT times the sum of the
first two terms. Since N is very large, it can be neglected
and we write

dfl(t)" I
Z

1

(37)

The right-hand side of (37) is purely imaginary. There-
fore d()(i)/dt = 0 and /3(0 = |S = constant. The amplitudes
of the cavity modes are constant, in time and a solution
of (37) is the following:

(38)

Therefore the presence of an anisotropic molecular liquid
inside a laser resonator gives rise to a mode-locked spec-
trum of equal amplitudes and zero phases. The term
inside the "parenthesis in the exponential represents fre-
quency pulling. It is easy to show that a solution in the
form of (38) results even for an arbitrary placement of
the cell within the resonator. The time envelope E(t) oc
(£» D*(i) exp (iwnt) + c.c.), where D*(t) is given by
(38), consists of a train of ultrashort laser pulses of very
high intensity. These pulses are separated hi time by the
double transit time of the light inside the cavity 2L/c
and approach a duration T ~ (Ai^)"1 where A^ff is the
gain linewidth of the amplifying transition [1]. The res-
onance frequency of the nth mode is slightly pulled from
its initial value <OB by an amount proportional to the
stored energy Sr.

ENERGY CIRCULATION TIME CONSTANT

As a measure of the strength of the mode coupling
due to the refractive index nonlinearity, we define a
circulation time T0 as the exponential time constant for
the circulation, of the energy in one mode due to its
interactions with all others, once phase locking is achieved.
If 8n is the energy of the nth mode, then

Sn

(39)

Calculation of T0

The energy of the nth mode is &„ = unD* Dn. = uji1

where D* and Dn have been replaced by their expressions
(35). Therefore, according to (39)
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(40)

We have found earlier that j3' = 0 and /3 = constant.
This is true because in the steady state as expressed by
(38) and, assuming a very large number of modes, as
much energy flows into the nth mode via the higher
frequency modes as flows out of it via the lower fre-
quency modes. We want to calculate the rate at which
energy is flowing into the nth mode. Therefore, in order
to find &', we keep in the summation of p of expression
(36), only the terms where p is positive.

Only the real part of the right-hand side of (36) gives
rise to power exchange between the modes. Equating
/3'(0 to the real part of the right-hand side of (36) and
using the definition (40) yields

The term

L V t=i

pflr
£fl + (pQr)2'

accounting for the number of modes interacting with any
one mode, is approximately equal to 1/flr. Therefore

(41)

The rate at which energy is exchanged between modes
is proportional to the electromagnetic energy stored per
unit volume in the cavity 8r/y, to the ratio of the length
of the liquid cell to the length of the cavity l/L, to the
optical Kerr constant «2, and inversely proportional to
OT. «2 in (41) is given in MKS units. Using the Ken-
constant 50[15] in esu units, 1/T0 is expressed in the
following way:

(42)

where X is the wavelength of the solid-state laser and
XA is the wavelength of the argon laser used in [15] for
measuring the optical Kerr constants, X^ = 4880 A.
For the following experimental situation—a 5-cm cell
containing nitrobenzene (B0 = 2.9 X 10"7 esu, r300°K =
5 X 10~" second) and a laser cavity 1 meter long with
a beam cross section of 1 cm2 and a total energy of 0.1
joule—we find a circulation time T0 of the order of
1 ns and, therefore, sufficient energy exchange between
cavity modes is expected to take place to produce efficient
mode coupling within the duration of typical Q-switched
laser pulses (> 10~8 second).

DISCUSSION AND CONCLUSION

The important parameters of the anisotropic molecular
liquid are its optical Kerr constant e2 and its orientational
relaxation time r. The rate of energy exchange as ex-

pressed by (41) is proportional to «2 and inversely pro-
portional to Qr; therefore, for stronger mode coupling
flr should be as small as possible. However, there is a
lower limit to the possible values of fir. This is explained
by examining the physical significance of this parameter.

The rate at which energy is exchanged between the
nth mode and the (n + p)th mode, for example, is
proportional to the quantity pGr/[l + (pQrf], which is
equal to the imaginary part of the nonlinear susceptibility
of an anisotropic molecule in an electric field with radian
beat frequency pQ. The maximum of this quantity occurs
at p = l/J2r.

If fir » 1, the molecular orientation does not respond
to optical envelope variations at frequency 0 or higher
and the amount of refractive index nonlinearity is too
small to couple the modes together.

If Jir = 1, the nth mode exchanges energy principally
with adjacent modes. The rate at which it receives energy
from higher frequency modes is maximum for the (n+ l)th
mode and decreases rapidly for the (n + 2),(n + 3) modes,
and so on. In order to couple more modes faster, the
relaxation time ^ of the molecule has to be made shorter
so that the molecules respond to more frequency com-
ponents. But there is a limit to how short Qr should be.
If QT <C 1/N, where N is the total number of oscillating
modes, the nth mode is coupled most effectively with
modes n + p and n — p where p ^ N, so that these
modes are outside the gain linewidth. In that case most
of the energy is coupled outside the gain linewidth and
lost without giving rise to any appreciable coupling be-
tween the oscillating modes. In Fig. 3 the function
f(pflr) = pftr/1 + (p2&V), which is a measure of the
mode-coupling strength, is presented for Qr = 1, l/N <
fir < 1 and fir < l/N. For producing strong mode
coupling, the relaxation time must be chosen so that

2 1

and is thus determined by the laser transition. For ex-
2 cm" shouldample, in a ruby laser with a Ava

be tt 10" u second.
The relaxation tune T is given by the expression [12]

T = itV/kT where

i/ = the viscosity of the liquid
V = the volume of one molecule
T = the temperature of the liquid.

The viscosity T; is a decreasing function of temperature
[16]. It varies as AeB/T where A and B are two, empirically
found, constants characteristic of the liquid. The relaxa-
tion time r is thus a decreasing function of the tem-
perature. This dependence has been experimentally veri-
fied for nitrobenzene by Rank et al. [17] who measured
the frequency shift of the stimulated Rayleigh line as a
function of temperature from T = 12 to 117°C.

The relaxation time of the anisotropic molecular liquid
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Fig. 3. The strength of the mode coupling, as represented by the
function p&r/[l + (pttr)*], is a function of Or.

can be adjusted by controlling its temperature. For the
optimum value of T given above, nitrobenzene with a
room temperature relaxation tune of 50 X 10~12 second
requires heating, while carbon disulfide with a room tem-
perature relaxation time of 10"12 second requires cooling.

The dependence of mode locking on the proper value
of the molecular orientation time T and its manipulation
by temperature has been verified experimentally [9], [10].

One important problem that we have not considered
is the following. We have shown that a nonlinear refractive
index can give rise to a steady-state mode locking via
physical exchange of energy between the longitudinal
modes of the laser. What we have not shown, however,
is that starting from a nonlocked mode spectrum (i.e.,
arbitrary phases) the effect of the nonlinearity is -to force
the phases to lock. That this may be the case is suggested
by the model of pulse steepening in a medium in which
the index of refraction increases with the wave intensity
[18]. This point is left open and it is hoped that a numerical
transient analysis now in progress will help clarify it.

In conclusion, an analysis has been presented that
treats the problem of multimode laser oscillation in the
presence of a nonlinear dielectric medium. The steady-
state laser field corresponds to mode-locked oscillation
of the type giving rise to ultrashort pulses.
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